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Abstract. Entropy dimension is an entropy-type quantity which takes values in [0, 1] and
classifies different levels of intermediate growth rate of complexity for dynamical systems.
In this paper, we consider the complexity of skew products of irrational rotations with
Bernoulli systems, which can be viewed as deterministic walks in random sceneries, and
show that this class of models can have any given entropy dimension by choosing suitable
rotations for the base system.
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1. Introduction
Complexity for dynamical systems describes the growth rate of orbits under the iteration
of the actions. We measure the complexity via the iterated partitions in a probability
measure space and via the iterated open covers in a topological setting. If a system has
positive entropy, then it has exponential growth rate. Positive entropy systems have been
studied and much understood in recent decades and they are known to be chaotic and
unpredictable. Hence the word complexity is used mostly for entropy zero systems. Many
examples of polynomial growth rate, such as irrational rotations, adding machines, interval
exchange maps and some billiards on polygons are well known. However, the systems of
sub-exponential but super-polynomial growth rate (called intermediate growth rate) are not
well understood yet, and hence are wide open to further development.

In the study of more general group actions, for example, Z>-systems, the sub-exp-
onential growth arises naturally and some of their properties have been investigated in
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[19, 20] and also in [15]. The notions of slow entropy or entropy dimension have been intro-
duced to distinguish different levels of intermediate growth rate of zero entropy systems
[7, 12, 13, 16]. For Z-actions, several definitions of entropy dimensions for topological and
measurable dynamical systems are introduced and investigated in [3, 7, 9, 10, 11, 12].

In [6], a class of uniformly recurrent infinite words with given intermediate complexity
was constructed, and it was shown in [3] that the systems generated by the words are
uniquely ergodic. Moreover, it was shown in [3] that entropy dimension does not have
the property of variational principle. In [9, 10], systems of uniform entropy dimension
(u.d., for short) were constructed. They have the property that all finite open covers have
the same topological entropy dimension which corresponds to topological property of
uniformly positive entropy (u.p.e.) or all finite measurable partitions have the same metric
entropy dimension which corresponds to the metric property of K-mixing. Since the study
of systems with intermediate complexity is still at the beginning stage, we have many
interesting and basic questions. Apart from the properties mentioned above, very little
is known in the way of general results and the developments have focused on examples.
Some examples related to intermediate complexity can be found in [14, 18], but all of these
examples are via constructive methods to have desired properties. Hence we would like to
provide examples of intermediate growth rate from more familiar models.

Aaronson showed the relative complexity of intermediate growth rate for a class of
random walks in random sceneries [1]. However, the model itself has positive entropy
(exponential growth rate) since the base is Bernoulli. We consider a class of models which
we call deterministic walks in random sceneries (DWRS, for short). The deterministic
walks are chosen to be the irrational rotations of the unit circle T and the random sceneries
are chosen to be the orbits of Bernoulli systems (or, more generally, positive entropy
systems). One can refer to [2, 4, 8] for DWRS on Z.

In our DWRS models, the unit circle of the base is divided into two subintervals of
the same length. If, after a rotation, a base point lies in the first interval, it will walk
forward along its scenery; it will walk backward otherwise. Due to the construction, at
time 7, the point can only walk o(n) distance away from the starting point along the orbit
of the scenery system, and hence the entropy should be zero. The scenery supplies the
‘randomness’ for this skew-product system and the base controls the growth rate of the
complexity. By choosing suitable irrational rotation number « of the base, we will show
that our DWRS model has intermediate growth rate. More precisely, for any 7 € [0, 1],
there exists o such that the skew-product system has the upper entropy dimension 7.

We should note that there are several ways to give the definitions of entropy dimensions.
In this paper, we proceed with those appearing in [3, 9, 10, 11] via entropy generating
sequences. Due to the choice of taking lim sup or lim inf in the definitions of entropy
dimensions, we have upper entropy dimensions and lower entropy dimensions. It is shown
in [9, 10] that both of them are isomorphism invariants. However, it is not hard to construct
non-isomorphic systems of the same upper entropy dimension. In most of the constructive
examples, we can the increase the upper dimension by adding more independencies and
we can also decrease the lower dimension by adding more repetitions. In fact, making
the upper and lower dimensions agree demands more careful choice of parameters at the
successive steps [10, 11, 12]. We remark that this is unlike computing the entropy of a
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system, which can never increase in longer blocks (names). When we consider factor maps
between systems, the so-called localization theory in dynamics or the u.d. property, the
upper entropy dimension appears to carry more meaning [9, 10]. Hence, in this paper,
when we talk about entropy dimension, it refers to the upper entropy dimension.

The paper is organized as follows. In §2, we give the definitions of entropy dimensions
via entropy generating sequences in both topological settings and measure-theoretic
settings. Together with a brief review on the best approximation and continued fraction
expansion of irrationals, we will also introduce the construction and some preliminaries
of the DWRS models. In §3, we will discuss some recurrence properties of the irrational
rotation and, in §§4 and 5, we will show the existence of any given topological and metric
entropy dimensions by choosing the rotations properly.

2. Preliminaries
2.1. Entropy dimension. Let S = {s; <s2 < ---} be an increasing sequence of inte-
gers. We define the upper dimension and the lower dimension of the sequence S by

logn

D(S) = lim sup

n—oo 108 Sy
and
1
D(S) = lim inf —27

n—oo log sy

respectively. Equivalently,

D(S) = inf {‘L’ >0 : lim sup

n—oo (5p)7

=0}=sup{1'20:limsup " :oo}
n—soo (sn)7

and

Q(S):inf{rzo:liminf " =0}=sup{r20:liminf " =oo}.
n—oo (s,)° n—>00 (s,)"

Clearly, 0 < D(S) < D(S) < 1.When D(S) = D(S) = 7, we say that the sequence S has
dimension 7. For example, the dimension of the sequence {1, 4,9, ..., n, .. .}is % and,
more generally, the dimension of the sequence {n’} (¢ is a positive integer) is 1/¢.

By a topological dynamical system (TDS, for short) we mean a pair (X, T), where X
is a compact metric space and 7T is a continuous onto self-map on X. Let (X, T) be a
TDS and let ¢/ be a finite open cover of X. We say that an increasing sequence of positive
integers S = {s1 < s2 < - - - } is an entropy generating sequence of U if

1 n
lim inf — log N( \/ TW) >0,

n—oo n
i=1

where N (V) denotes the minimal cardinality of subcovers of the open cover V of X.
Then the (upper) entropy dimension of U is defined by

D(T,U) = sup{D(S) : S is an entropy generating sequence of I/}
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and the (upper) topological entropy dimension of the TDS (X, T) is defined by

D(X,T) =sup D(T,U),
u

where the supremum is taken over all the finite open covers U of X.

Remark 2.1. The following results will be used for the computation of topological entropy
dimension which appeared in [9].

(1) There are alternative equivalent definitions for D(T, {): that is,

n—1
— 1 .
D(T,U) = inf {r >0 : lim sup —tN< \/ T’u) - 0}
i=0

n—oo N

—1
IR ,
= sup {r > 0 : lim sup —N( \/ T"U) = oo}.
n—oo NF ,
i=0
(2) IfU is a generating open cover, that is, lim,,_, o diam(\/?z_ol T"U) =0, then
DX, T)=D(T,U).
Similarly, we can define entropy dimension for measurable dynamical systems. By
a measurable dynamical system (MDS, for short), we mean a quadruple (X, B, u, T),
where (X, B, i) is a probability space and T is a measurable transformation on X that
preserves wu. Let (X, B, u, T) be an MDS and let P be a finite measurable partition of

X. An increasing sequence of positive integers S = {s1 < s» < - - - } is called an entropy
generating sequence of P (with respect to p) if

1 s
lim inf —H,L< \/ T“P) > 0.

rmeen i=1
Then the (upper) entropy dimension of P is defined by
BM(T, P) = sup{D(S) : S is an entropy generating sequence of P (W.r.t i)}
The (upper) entropy dimension of the MDS (X, 5, u, T) is defined by

B/L(X9 T) = sup B[L(T’ P),
P

where the supremum is taken over all the finite measurable partitions P of X. It is shown
in [10] that D, (X, T) equals D, (T, P) when P is a generating partition.

2.2. DWRS. LetT = R/Z be the unit circle and let « € (0, 1) be an irrational number.
Let (T, @) be the rotation by o on the unit circle. For any 6 € T, we define a bi-infinite
{—1,1} sequence z =z(0) = (...,2-1,20,21 - - -) by
1 if6+namodl €0, §),
Z =
! -1 if@—}—namodle[%, 1).
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Let Z = cl{o"z(0) : n € Z}, where o is the left-shift map. Then (Z, o) forms a TDS
which is called a Sturmian flow of type («, %) (see [21, (2.53)]). Since a and % are
rationally independent, (Z, o) is minimal and uniquely ergodic. Moreover, (Z, o) is
an almost one-to-one extension of the irrational rotation (T, ). Let ¢ be the factor
map between (Z,oc) and (T, «). It is known that (p_l(O) has exactly two points if
0 € Orb(0)U Orb(%) and that ¢~ 1(9) = z(0) otherwise.

Let Bt and Bz be the Borel o-algebra of T and Z, respectively. Let m and p be the
unique ergodic invariant probability measures of (T, «) and (Z, o), respectively. Then m
is the Haar-Lebesgue measure of T and, moreover, from the measure-theoretic point of
view, the MDSs (T, Br, m, @) and (Z, Bz, i, o) are conjugate.

Sometimes we will not distinguish between T and Z in this paper.

Let (Y, S) be an invertible TDS. We definethe map 7 : Z x Y — Z x Y by

T(z,y) = (oz, §y),

forz=1(..,z2-12021 - -) € Z. Thatis, for any point (z, y) € Z x Y, if zg is 1, we then
push y forward to Sy; otherwise we pull y backward to S~!y. Hence we have constructed
a skew-product system (Z x Y, T). For the measure-theoretic case, for an invertible MDS
(Y, D, v, S), this skew-product system can also be viewed as a deterministic walk along
the orbits of (Y, D, v, S).

For simplicity, we let 2) denote either the invertible TDS (Y, S) or the invertible
MDS (Y, D, v, S). We denote by X = Xy 9) either the TDS (Z x Y, T) or the MDS
(ZxY,Bz®TD, uxv,T) and call it a deterministic walk with rotation « along ). In
particular, when %) is a Bernoulli system (or a positive entropy system), we call X a DWRS.

Remark 2.2. Since (T, B, m, @) and (Z, Bz, i, o) are conjugate, sometimes X is also
viewed as (T x Y, Br ® D, m x v, T). In this case, T also denotes the corresponding
skew-product mapon T x Y.

It is easy to see that the following propositions hold and we omit the proofs.
Proposition 2.3. X is minimal (respectively, transitive or ergodic) if and only if ) is.
Proposition 2.4. For every o € T and any system 2), the entropy of X is zero.

Letz=1(..,z-12021 ---) € Z.Forany m, n € N with m < n, denote

o mn) =Yz, oz 1,n)=0@n).

For 6 € T, denote
w(®,m,n) =w(z®),m,n), o, n=wz®),n =w®,l, n)
and
w®) = w(0,n) = w(z(0),n).

If ¢ (z) does not belong to the orbits of 0 and %, then w(z, k) = w(¢(2), k). Otherwise,
lw(z, k) — w(@(2), k)| < 2.
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Denote

M@,n) = max w(0,£), m@,n) = min w0, )
1<t=zn 1<t<n

and

M(z,n) = max w(z, ), m(z,n) = min w(z, ).
I<t=<n 1<t<n

If ¢(z) does not belong to the orbits of 0 and % then M(z,n) = M(¢(2),n)
and m(z,n) = m(p(z),n). Otherwise, |M(z,n) — M(p(z),n)| <2 and |m(z,n) —
m(p(z),n)| < 2.

Let0 e Tandz=2z(0)=(...,2-12021 - -) € Z. Recall that T'(z, y) = (oz, §%0y).
Hence, fori > 0,

Ti(z,y) = (07, §2@0=D )
Tz, y) = (67'z, wa(ofiz,O,ifl)y), o
Where CL)(Z, 0, _1) = 0

2.3. The best approximation and continued fraction expansion of irrationals. Fix an
irrational number o € (0, 1). The growth of w(n) depends on the recurrent properties of
«. Here we collect some basic facts on the continued fraction expansion of irrationals (see
Khinchin’s classic book [17] for details).

For a real number g, let | 8| = min{{8}, 1 — {8}}, where {8} denotes the fractional part
of B.

Let [ao; a1, az,...] be the continued fraction expansion of o and let p,/q, =

[ao; a1, az, . . ., a,] be the continued fraction approximation of . Then
po P2 p3 D1
—_— < —_— < e < a < P < —_— < —_—
q0 q2 q3 q1
and
qn = Anqn-1 + qn-2, 2.2)

where g_1 =0 and g_» = 1. Since « is chosen from (0, 1), we have that ag = 0 and
qo = 1. Moreover, p, and g, have the following properties:

{gna} if n = 2k,
lgnecll = 1" _ (2.3)
1 —{gpa} ifn=2k+1;
lgn—1a|l < |lka|| forall k < gn, k # gn—1; 2.4)
Pn 1
— < (=) (a — —) < . 2.5)
n(qn + qn+1) 4qn qndn+1

3. Some recurrence properties of (T, o)
Let « be a fixed irrational in [0, 1). In this section, we will discuss the growth of w (6, n)
for 6 € T, which will be related to the complexity of our DWRS models. First, we study
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the growth of w(n). For convenience, we will identify T with the interval [0, 1). When we
talk about some point £, it should be understood as £o mod 1 due to the context. And
when we talk about some interval, it should be understood as an arc of T. For each n € N,
let O, ={ka:1<k<gq,} CT.

The following two propositions will show that the points in @, have ‘almost
equi-distribution’ properties on T with respect to any translation of the partition {[0, %),

[3. D}
Proposition 3.1. Let p,/q, be the continued fraction approximation of . Then

0 if g, = 2r,
w(gn) =11 ifg, =2r +1and n = 2k,
—1 ifg,=2r+1landn =2k + 1.

Proof. We will just prove the case when n = 2k since a parallel argument holds for n =
2k + 1.

We note that ||g,«| = {g,o}.

For 1 <€ <gq,—1, if ta € (0,%), then —la € (3, 1). Hence (g, — O € (3 +
lgnell, 1 + llgne]l). Since no element in Q, belongs to [0, ||g,«|), we know that
(@n — O € (3 + llgnell, 1). Likewise, if Lo € (X + llgaet]l, 1), then (g, — O € (0, 1).
Moreover, o € (%, % + |lgn]) if and only if (¢, — £)a € (%, % + llgneell)-

If g, =2r, then ro = § + 3llgact|l € (3, 5 + llgnexll). Note that g € [0, §), and
hence w(g,) = 0.If g, = 2r + 1, then no element of the set O, belongs to (%, % + llgnell)
since, otherwise, there will be two elements of Q, belonging to this interval, which
contradicts the fact that p, /g, is the best approximation of «. Hence w(g,) = 1. [

Proposition 3.2. For 6 € T, the following hold.

(1) Ifw(gy) =0,thenw(d,q,) =0o0r £2.

2) IHfw(gy) = =*1,thenw (8, g,) = £1 or £ 3.

(3) Ifg,=2r+1andkq, < gn+1, then |w(kg,)| < k.

Proof. (1) Suppose w(g,) = 0.If60 =0or %, then, obviously, w (6, g,) = 0. Now we treat
the case for0 < 0 < %; the case for % < 0 < 1 is similar. Then

w0, gn) =#((0 + 0) N[0, 1)) —#((6 + ) N[3. 1))
=#(Qn N ([=0.0) U [0. 5 —0))) = #(Qn N ([3 — 0. 3) U [3. —9)))
=#(Qn N[=6,0) +#(Qa N[0, 5)) =#(2u N[; =6, 5))
—#(0a N[ =0, 1)) = #(Q,N[L, 1)) +#(0n N[0, 0)).
Since w(gn) = #(Qy N[0, 3)) — #(Q, N [5. 1)) =0,
(0, gn) = 2(#(Q, N [—0,0)) — #(0, N1 — 0, 1))). (3.0)

From Proposition 3.1, w(g,) = 0 if and only if g, = 2r for some r. As before, we will
just consider this for the case when n = 2k. Note that, in this case, ||g,«| = {g,o} and
ra = 5 + 5llgaa]l. Hence @ N[5 — 3llgnll, 5 + 3llgncr]l) = 2.
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ForO < ¢ <r,
la €[—60,0) & (L +ra e[t =0+ Llgual, 3+ Ligael) (3.2)
& (+nae[t—0+ Sl 3).
Forr < € <gq,,
ta €[—60,0) & (L —ra €[5 —0— gl 5 — 3llgnal) (3.3)
& (U—raels—0-Ligal }).

Notice that [% -6 — %||qnot||, % -0+ %ana”) contains at most one point of Q, (since
the length of this interval is ||g,a||). Together with (3.1), (3.2) and (3.3), we conclude that

2 if(—nael[;—0—Flgal, 5 —0) forsomer <€ < gy,

w(®,q0) =12 if+ree[s—0,1 -6+ Lgal)forsome0 <t <r,
0 otherwise.
(2) We just consider the case for w(g,) = 1; the case for w(g,) = —1 is similar.

By Proposition 3.1, if w(g,) = 1, thenn = 2k and g, = 2r + 1.
It is clear that w(0,q,) =1if 6 =0 and w(0,q,) = —1if 0 = % Now assume that
0 <6 < 5. Similarly to (3.1),

(0, gn) = 2(#(Q, N[—0,0) —#(0, N[5 — 0. 1))) + 1. (3.4)

Assume that % € (s1a, s2a), where s1a, soa € O, and (s1a, o) N Q,, =B Ifsp < g, —
gn—1, then (s2 + gn—1)a € Oy and no element of Q, can lie between (s2 + g,—1)o and
soa. Hence s1 = 52 + gy—1 and |s2a — s1| = ||gn—1¢¢|]. If 52 > g5y — gn—1, then (s2 +
gn—1 — qn)a € Q, and no element of Q, can lie between (s2 + ¢,—1 — gn) and s2c.
Hence s1 = 52 + qn—1 — qn and |s200 — 51| = [|gn—10]l + lIgnet||. SO (=0 + 5100, —0 +
spa) contains at most two elements in Q,,.

For 0 < ¢ < g, — 52, since O, N [%, sHa) = @,

la € [—0,0) & L+ s)a € [—0 + s, sra) 3.5
& (L +5)a € [0 + s, ).

For g, — 55 < £ < gy, since no element of Q,, lies between soa — ||g | and L

Lo € [-0,0) & (L + 52 — gn)a € [0 + 520 — ||gnex ]|, 20 — [lgn])) (3.6)
& (U452 —gna € [0 + 50 — |lgnll, 3).

In the proof of Proposition 3.1 (the last paragraph), we have shown that Q, does not
intersect the interval (1, 1 + [lgaa|)) when g, = 2r + 1. So s2a — [lgs|| > %. Noticing
that [—0 + %, —6 + spa) contains at most two elements of Q, and that [—0 + %, —0 +
soa — ||gn]|) contains at most one element of Q,,, together with (3.4), (3.5) and (3.6), we
conclude that w (0, g,) = &1 or — 3.

If% <6 < 1,thenw(, qy) = —w (@ — %, qn), and hence (8, g,,) = +1 or 3.

B)If g, =2r + 1 and n = 2¢, that is, w(g,) = 1, then ||g,|| = {gno}. We now order
the points in Q, 0nTby0<qna<~~<s1a<%<sza<'~<q,,_1a< 1. Since
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kg, < gu+1, the points in {Ea}lzgl should be ordered as

0 < qno <2qpoe < -+ - < kqpo

<sjx < (s1+qn)o<---<(s1+ k—Dgpa
<sa < (2+ga <--- < (s2+ (k—Dgna

<gn-10 < (@un—-1 +gn)a < -+ < (gn—1+ k= Dgpa < 1.

Owing to the place where % lies, obviously, |w(kg,)| < k.
Similarly, when g, = 2r 4+ 1 and n = 2¢ + 1, we also have |w(kg,)| < k. O]

The following proposition gives estimates for m (0, g,) and M (9, g;).

Proposition 3.3. Let 8 € T. Then we have the following estimation.
(1) Forgy <t =<qnt1, M(0,1) < M0, qn) +3[t/qn].

(2) Forg, <t <qn+1,m@O,1t) =m0, q,) —3[t/q,].

(3)  max{M (0, gn+1), Im(0, gnt-Dl} = |0 (gn)l1Gn+1/6¢n].

Proof. For any 0 < { <t, we write £ = £y + kg,, where 0 < {p < g, and 0 <k <
Llt/qn]. Then

=0, o) + O+ loa, gn) + - -+ @0 + (bo + (k — Dgn)x, gn).

Hence, by Proposition 3.2,
m(0,qn) — 3k <w@,0) <M@®, q,) + 3k.

This proves (1) and (2).

Now we prove (3). Obviously, (3) is true if w(g,) = 0. Without loss of generality, we
assume that w(g,) = 1.

Suppose s < % < spa, where 0 < 51, 52 < g, and no element in Q,, lies between
s1a and spa. From the property of p, /q, (inequality (2.4)), |s1 — s2| < gn—1 and ||sj —

s20]| = llgn-r]l. It 3 — {s1} < lIgne|l, then

1 ifk=1,

w(O, (k - 1)‘];1 +1, an) =

. 37
1 ifk:2,3,...,{—”q" ”"”J. G-D

gnet]
If L — {s1a} > l|gnall, then

1
1 ifk=1.2 ... {MJ
lgnecll

w(0, (k — Dgn + 1, kqy) = L (s} [ of
—1 ifk:LLJJrL---[q";J-
lgne|l lgnexll

(3.8)
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We also note that, by inequality (2.5),

lgn—1|l - 1
lgnall = gu-1(gn-1+ qn)

> l\‘Qn+lJ > CIn+1J'
21 gn L 2qn

Gn+1 1
= lgnell < 5 lgnorell. (3.9)
6g, | 3

We assume that g,+1 > 6g, (otherwise (3) already holds).

If §—sia> Jlgnarall= llgael), then [(§ — {sia)/llgnell] = [(Gns1)/6Gn]-
By (3.8), w(kgy,) =k for any k=1,2,..., I_(% — {s1a})/llgne]|l]. So, in this case,

MO, gnt1) = l0(gn)|Lgn+1/6Gn].
If gnall < 4 —s100 < %HCIH—IO(”’then» by (3.8), w(kgn) = 2L (3 — {s1e})/lgnetll] — k
for any L(% = {siaD)/lgnell] <k < Llign-121l/llgnall]. So, in this case,

Ign-12] L= (sia) || lgumsel
m(0, gn+1) < a)(\‘"— an ) =2 3 B n
< _{@J
69
If 3 —sie < gllga-rer]l and 3 — {s1r} < [|gner]l, then, by (3.7), it obviously holds that
1 T
llgnal| llgnell

< —V"—“J.
6%1 D

qn+1 J q;%

qnqn+1 = {
o qn Jan-1Gn-1+qn)

This implies that

Denote

M (k) = max M(z, k) and m(k) = min m(z, k).
z€Z zeZ

Proposition 3.4. For g, <k < gn+1,
k " qi
M) < q1 +3[—W +3> 1142
qn = qj—1

and
k " q]'
mk) = —q1 =3| — | =3 ) [—]-2
qn = qgj—1

Proof. By (1) of Proposition 3.3, for g, < k < gp+1,

n

M, k) < M0, gn) +3[£—‘ <.
q
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<M(9q1)+3’7 1+3Z[ W
qj—1
<C]1+3’7 —‘-1-32’7 —‘
qj—1

Hence
M (k) = max M(z, k) < max M0, k) +2
zeZ 0eT
k - qj
<qi+3] —|+3) +2.
qn — qj—1
]_
The proof is similar for m (k). 0

4. Topological entropy dimension
Let X = X4,9 be the DWRS with rotation « along ), where 2) is an invertible TDS with
positive entropy. In this section, we will show that, for any t € [0, 1), there exists « such
that X has topological entropy dimension t.

Let t € [0, 1) be given. For any positive integers {t{, 2, . . ., tx}, we define an irrational
number a(t1, tr, ..., tx) = [0;ay,az,...] € [0, 1) as follows.

Ak4+1 = A2 = 2 lf qkgk—1 iS Odd,

an =ty forl <n <k;{ar 1 =3,ar32 =2 ifgy_1isevenand g isodd, (4.1)
Agrl = aAgsn =3 if gy is even and g, —1 is odd;

nt1 = 2an "] forn > k+2.

By (2.2), gn4+1 = an+19n + gn—1 is odd for every n > k. We remark here that if g, is even,

then g,—1 must be odd (otherwise, g,—2, . . ., g1, gqo are all even, which contradicts the
fact that gp = 1).
Denote by E; the collection of such irrational numbers «(#1, t2, . . ., fx). Then E; is

dense in [0, 1).
Let o € E; be fixed. By (2.2), a simple estimation shows that, for any ¢ > 0,

qn+1 1—
It gy ~ zq;ﬂ 2

> n¢, 4.2)

4n
when # is sufficiently large.
Letl, = [(gn+1)/12g,]. By (2.5),

lgn—1ell > 1/(gn-1+ qn) > qn+1

lgnecl = 1/(gn+1)  ~ 2qn
Hence
”511110{”J
<|—-1. 4.3)
! { 6llgnal
Moreover, by (4.2), there exists ng such that /, > 0 and Z"_,:O l; < I, whenever n > ny.

https://doi.org/10.1017/etds.2021.41 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.41

Entropy dimension for DWRS 1919
Now we set

oo
F=Jgn2n . lgn) ={s1 <s2<---}. (4.4)
n=ng

LEMMA 4.1.

D(F) > 1.

Proof. From the definition of F,

o 1 lo "ol
n—soo logs, — m—oo log(luqm)
loglw 10g|gm-+1/12Gm |

> Ilim =
m—>00 log(lngm)  m—>00 10g(Lgm+1/12qm 1qm)
— lim log((gm+1)/qm) _ /(1 —-1) (by (4.2))
m—00 108 @41 t/(1—17)+1
=T. O

The following lemma will be used while computing the entropy dimension.

LEMMA 4.2. When n is large enough,

B 1
m{@ €T w®,ig) =i, 1<i< LM” > -
6llgnall 8

Proof. We only consider the case when n = 2¢; the case n = 2¢ + 1 is similar. By
Proposition 3.1, w(g,) = 1. Also, we note that {g,a} = ||g,a]|.

Order the pointsin @, onTby 0 < o < - - - < s100 < % <$Ho << gpoia < 1.
Then |s2a — s1|| = |lgn—1]|. We note that, from (4.2), when n is sufficiently large,

Ign_12ll > llgneell.
Case I. |3 = siall > Sllgn—1ct].

CLAIM 4.3. For any fa € Q, and 0<6 < ||% — 51|l — llgn|, w(a+86,q,) =
w(gqn) = L.

Proof of Claim 4.3. Notice that

a+0+4+ Q=00+l +{a,2a,...,(q,—0a}) |_|(0 + llgnell + {a, 2e, . . ., La}).

Comparing elements in fo + 6 + O, with elements in Q,,, we see that the first part of the
right-hand side of the above equality is a translation by 6 of a subset of Q,, and the second
part is a translation by 6 + ||g,«|| of a subset of Q,. Since the distance of sjo and % is
larger than 6 + ||g, ||, we have that w (ba + 6, g,) = w(gn) = 1. O

For any fa € Qu, 0<6 < lgoiel and 0<i < |lgurell/4lgnell] —1, it is
easy to see that 0 +illghall + llgaa]l < II% — siae|. Hence, for 1 <i < [|lgn_1]l/
4||gnee||] — 1, by the claim,

wla+0,ig,) =wla+0,q,) +olx+ 0+ |guall, gn)
4+ Fola+04+ 0 —1)|gunall, gn) =1i.
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By (2.5),

_ —1 1 1
lgn—1all = gn—1(=1)" l<Oé — Dn ) > > :
qn—1 qn + gn-1 24,

Let n be large enough to make [ ([lg—1o1)/6llgatll] < Llign—1ell/4llgner]l] — 1. Since
0T w0, ig) =il<i<| 12l 3|i| to+ [0, Lig_arl
Qn 6||q,,ot|| ) 4 qufl L)

(=1

we have that

lgn—1cl 1 1
mifeT:w®, ig,) =i,1< oar 1= lgn—1a]l > <.
6llgnell 8

1 1
Case 2. |} = sia]l < $lgn1al.

CLAIM 4.4. For any Lo € Q, and ||% — 51l <0 < |lgn—1¢ll — llgn|l, w({a+6,
qn) = —

Proof of Claim 4.4. As in the proof of Claim 4.3,
la+6+Q, = (9 + Lo+ {a, 20, . . ., (gn —E)(x}) |_| (9+ lgnell + {a, 2c, . . .,Ea}).

Then elements in o 4+ 0 + Q,, are obtained by translating elements in Q,, by 6 or 6 +
llgnc||. We see that only one element sj« is moved from the upper semicircle to the lower
semicircle. Hence w (¢a + 6, q,,) = —1. O]

Similarly to Case 1, when 7 is large enough,
lgn—1l 1 1
{9 ET: 00.ig) =i, 1 V— > guylaniel > 3.
6llgnll 8

THEOREM 4.5. Let X = Xy 9) be the DWRS with rotation o along %), where o is defined
by (4.1) and ) is a TDS with positive entropy. Then the topological entropy dimension of
Xist.

Proof. Suppose that ) = (¥, S) and X = (Z x Y, T) as defined in §2. Let U/ be a
finite open cover of Z and let V be a finite open cover of Y. For g, < k < g,4+1 and

i=1, , k, we now partition Z due to the range of w(z,i) for z € Z. Note that
m(z) < a)(z z) < M(i). Let Ulg ={z€eZ:w(z,i) =1}, where m(i) < ¢ < M(i). Then
{Ul m(,), U,,m(,)ﬂ, R U, ,M(i)} 1s an open cover of Z. Note that z € oity; ¢ifand

only ifw(z,0,i — 1) = w(@~*tDz, i) = £. Hence

k k
\/ T7'U x V) < \/ THU v ) x V)
i=1 i=1

k . ' N M (k) .
< (VU_’(MVG’+1Ui)> x ( \/ S‘JV>.
i=1 j=m(k)
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So

k
log N( \/ T (U x V))
i=1
M (k)

510gN<(\]yaf(uVoi+1zZ>) ><< \/ SjV>>

i=1 j=m(k)

k k M (k)
510gN<\/U_iZ/{>+logN<\/a(L7i))+10gN( \/ S—f'v)
i=1 i=1 j=m(k)

k

k
< log N< \/ a—"u> +log N( \/ a(ZZ-)) + (M (k) — m(k) + 1) log N(V).

i=1 i=1

For the Sturmian system (Z, o), its sequence entropy and entropy dimension are both
zero. Noticing that \/f=1 o (U;) < {the cover formed by the blocks of length k + 1}, we

have that, for any € > 0,

k
1 .
lim sup T (log N( \/ cf’Ll) + log N(

k—o00

k

\/ a(L’Z-)>> =0.

i=1 i=1

For each k, there exists a unique n(k) such that g,y < k < guk)+1. By Proposition 3.4,

1

lim sup M) —m(k) + 1)

k—o00 krte
1 k - qi
< lim su 6| — | +6 (k)—f+2q1+5>
k—>oop ktte ( qu;z(k)—‘ ; qj—1
. 6(k/qny) | .. 61n(k)(Gn(k)/ qn—1)
< lim sup kt—fe( + lim sup 2r+e "
k— o0 k— 00
1-7 1-1
q Gy (k)
< 6<lim sup 2@+ + lim sup L) =
koo Guik® koo n-1k€

Hence, by (1) of Remark 2.1, D(X, T) < .

If t =0, D(X,T) =0 has already been proved. In the following, we will show that
D(X,T) >t fort > 0.

Since hop(Y, §) > 0, there exist two non-empty disjoint closed sets Ay, A of Y, such
that hp(S, {A], A5} > 0 (c.f. [5]). Let U=1{Z x Af{, Z x A5}, which is an open cover
of X.

By Lemma 4.2, when n is large enough, we can take any small closed interval from
(0eT:w@®,igy) =i,1 <i <|(lgn-12ll)/6llgne|l]} and denote it by /. Together with
(4.3), for any fixed 1 <i <1, and any point z € e U, w(z,igy) =1i. By (2.1), for
=12

T (0 N(ign + Da+ 1) x A)) =9 Na+1)x STIA;.
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Hence, forany 1 < ¢ <1,

4
N( \/ T7{Z x AS, Z x A§}>
i=1
14

> N( \/ T7 (0™ (lign + D+ 1) x ADS, (97 (ign + D + 1) x Az)c}>
i=1
12

<\/{(<p N+ 1) x STADS, (97 M+ 1) x ST Ay)" })

L
(\/{ T+ x YU(p_l(oc—i—I) X S_iAf,
i=1

e Na+DxYUg N a+1) x S‘l’A§}>

14
= N( \/ STH{AS, A§}>.

i=1

Now let F = {s; <s <---}, as defined in (4.4). For any k, there exists n(k) such
that g,y < Sk < gu()+1. Assume that sg = £guq). Then k = Z"(k)_l li +¢ and

i=ng
max(_ 1N g ey > Lk
Hence, along the sequence F,

k
CO 1 —S; c c
11]€ri£sz(\/lT (Z x AS, Z x AS)
1=

In(k)—1
1 i
: : _ —Uqn(k)— 5 ¢
zhmmfkmax{N( \/ T <k>1{ZxA,ZxA2}),

k— 00 .
i=1

14
N( \/ T7H0(Z x A, Z x AE})}

i=1

In(ky—1 ¢
o1 _ _
zhkmmf£max{N( \/ s ’{AC,A§}> (l\/s {AS, A§}>}

N(Viei $7'1AS, AE})}
¢

o1 i o
L1 NV S7HAS, ASY)
In(ky—1

>

??‘I(\

= lim inf max
k—00

> 1hip(S, {AS, AS) > 0.

So F is an entropy generating sequence of /. Noticing that D(F) = t, we can deduce that
B(X, T) > t. Hence DX, T)=r. O]
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5. Metric entropy dimension
Let X = X4,9 be the DWRS with rotation « along 9), where o € E; is defined as in §4
and %) is an MDS with positive metric entropy. In this section, we will show that the metric
entropy dimension of X also equals t.

By Remark 2.2, in this section, we assume that X = (X, B, u, T) = (T x Y, By ® D,
mx v, T).

Let us consider a measurable partition of X, say, P = {T x A, T x A€}, where {A, A€}
is a measurable partition of Y with £, (S, {A, A}) > 0.

Proposition 5.1. Let F ={s1 < sy <---} be defined by (4.4). Then F is an entropy
generating sequence of P. Hence, by Lemma 4.1,

D,(T,P)>r.
Proof. For A ={Ay, As, ..., Ay}, a collection of measurable subsets of X (which does
not need to be a partition), we stlll denote H,(A) = Z w(A;) log /,L(A ).
Let W =Aor A°anddenote I; = {0 € T : w(0, 1qn) = z} and I = ﬂlzl I;. Then, by
(2.1),
70T x W) = | 0 — iguar, ST00 a0l =Dy
0eT
S{0eT:w®,0,igy—1)=i}x S™'W
=Ui4+a)x STW.

So

)4

12
HM(\/Tiqn ) <\/ o) x STHA, AC}>
i=1

¢
(ﬂ(l +ot)><\/S A, A‘)

4

= —m(I) logm(I) + m(I)HU( \/ s7(a, A"})

i=1
1 J4
> _H STHA, A°Y).
_8U<i\:/1 { })

For any k, there exists n(k) such that g, k) < sx < qnk)+1. Assume that sy = £q, ). Then
k=Y 4 cand max (Y0 L 0y > Lk

i=no
Hence, along the sequence F,

lim inf — H (\/T S’P)

k— o0

1 n(k)l
> i f= T~ inw0-1p T~ i P
s [V e (V7o)
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1 1 n(k)l —i C —i C
>11krggfkmax{ (\/s {AA) (\/S {AA)}

bgo—1 HuOVES™ STHALAD € By (VY STAL A
8k Ln(—1 " 8k ¢

= lim inf max
k—o00

1
Z 3_2hv(S7 {A’ AC}) > 0
So F is an entropy generating sequence of P. O

Since the metric entropy dimension is bounded from above by the topological entropy
dimension, together with Theorem 4.5 and Proposition 5.1, we have the following theorem.

THEOREM 5.2. The metric entropy dimension of X equals .

Remark 5.3. (1) Take an increasing sequence {t,} such that lim,— . 7, = 1. In the
construction of the irrational number @ = «(t1, 12, . .., tx) = [0; a1, ap, . . .] (see (4.1)),
when n > k + 2, modify a,41 by a,4+1 = 2Lq,,”/(1 T”)J By a proof snmlar to those of
Lemma 4.1 and Proposition 5.1, we can show that the metric entropy dimension of X
equals 1 for such «. Hence the topological entropy dimension is also 1.

(2) For 7 € [0, 1), since E; is dense in [0, 1), by Theorem 4.5 and Theorem 5.2, the
collection of irrational « such that the system X has entropy dimension t is dense.

Acknowledgements. We are grateful to the referee for their careful reading and many
valuable comments which have improved the paper. The first author is supported by NNSF
of China (Grant No. 11790274, 11401220 and 11431012). The second author is supported
in part by NRF 2010-0020946.

REFERENCES

[1] J. Aaronson. Relative complexity of random walks in random sceneries. Ann. Probab. 40(6) (2012),
2460-2482.

[2] J. Aaronson and M. Keane. The visits to zero of some deterministic random walks. Proc. Lond. Math. Soc.
44 (1982), 535-553.

[3]1 Y. Ahn, D.Dou and K. K. Park. Entropy dimension and its variational principle. Studia Math. 199(3) (2010),
295-3009.

[4] A. Avila, D. Dolgopyat, E. Duryev and O. Sarig. The visits to zero of a random walk driven by an irrational
rotation. Israel J. Math. 207 (2015), 653-717.

[5] F. Blanchard. A disjointness theorem involving topological entropy. Bull. Soc. Math. France 121 (1993),
465-478.

[6] J. Cassaigne. Constructing infinite words of intermediate complexity. Developments in Language Theory
(Lecture Notes in Computer Science, 2450). Springer, Berlin, 2003, pp. 173-184.

[71 M. De Carvalho. Entropy dimension of dynamical systems. Portugal. Math. 54(1) (1997), 19-40.

[8] J.-P. Conze and M. Keane. Ergodicité dun flot cylindrique. Séminaire de Probabilités, I (Université de
Rennes, Rennes, 1976). Département de Mathématiques et Informatique, Université de Rennes, Rennes,
1976, Exp. No. 5.

[9] D. Dou, W. Huang and K. K. Park. Entropy dimension of topological dynamics. Trans. Amer. Math. Soc.
363 (2011), 659-680.

[10] D. Dou, W. Huang and K. K. Park. Entropy dimension of measure preserving systems. Trans. Amer. Math.
Soc. 371 (2019), 7029-7065.

https://doi.org/10.1017/etds.2021.41 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.41

[11]
[12]

[13]
[14]
[15]
[16]

[17]
(18]

[19]
[20]
[21]

Entropy dimension for DWRS 1925

D. Dou and K. K. Park. Examples of entropy generating sequence. Sci. China Math. 54(3) (2011), 531-538.
S. Ferenczi and K. K. Park. Entropy dimensions and a class of constructive examples. Discrete Contin. Dyn.
Syst. 17(1) (2007), 133-141.

M. Hochman. Slow entropy and differentiable models for infinite-measure preserving Z¥actions. Ergod.
Th. & Dynam. Sys. 32(2) (2012), 653-674.

U. Jung, J. Lee and K. K. Park. Constructions of subshifts with positive topological entropy dimension.
Preprint, 2016, arXiv:1601.07259v1.

U. Jung, J. Lee and K. K. Park. Topological entropy dimension and directional entropy dimension for
Z?*-subshifts. Entropy 19 (2017), Paper No. 46, 13 pp.

A. Katok and J.-P. Thouvenot. Slow entropy type invariants and smooth realization of commuting
measure-preserving transformations. Ann. Inst. Henri Poincaré Probab. Stat. 33(3) (1997), 323-338.

A.'Y. Khinchin. Continued Fractions. Noordhoff, Groningen, 1963.

H. Kim and S. Park. Toeplitz sequences of intermediate complexity. J. Korean Math. Soc. 48(2) (2011),
383-395.

K. K. Park. On directional entropy functions. Israel J. Math. 113 (1999), 243-267.

K. K. Park. A counterexample of the entropy of a skew product. Indag. Math. 9(4) (1998), 537-548.

J. de Vries. Elements of Topological Dynamics. Kluwer, Dordrecht, 1993.

https://doi.org/10.1017/etds.2021.41 Published online by Cambridge University Press


https://arxiv.org/abs/1601.07259v1
https://doi.org/10.1017/etds.2021.41

	1 Introduction
	2 Preliminaries
	2.1 Entropy dimension
	2.2 DWRS
	2.3 The best approximation and continued fraction expansion of irrationals

	3 Some recurrence properties of (T,α)
	4 Topological entropy dimension
	5 Metric entropy dimension
	Acknowledgements
	References

