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Abstract. How to effectively simulate the interaction between fluid and solid elements
of different sizes remains to be challenging. The discrete element method (DEM) has
been used to deal with the interactions between solid elements of various shapes and
sizes, while the material point method (MPM) has been developed to handle the multi-
phase (solid-liquid-gas) interactions involving failure evolution. A combined MPM-
DEM procedure is proposed to take advantage of both methods so that the interaction
between solid elements and fluid particles in a container could be better simulated.
In the proposed procedure, large solid elements are discretized by the DEM, while
the fluid motion is computed using the MPM. The contact forces between solid ele-
ments and rigid walls are calculated using the DEM. The interaction between solid
elements and fluid particles are calculated via an interfacial scheme within the MPM
framework. With a focus on the boundary condition effect, the proposed procedure is
illustrated by representative examples, which demonstrates its potential for a certain
type of engineering problems.
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1 Introduction

Interaction between a large number of solid elements (bodies or particles) and surround-
ing fluid occurs in many natural and engineering settings such as sediment transport in
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rivers and coastal oceans, debris flows during flooding, cuttings transport in petroleum-
well drilling, mineral particle size reduction in grinding mills, as well as powder han-
dling and pneumatic conveying in pharmaceutical industries [1]. In the category of dense
granular flow, the collisions between solid elements and shear drag from surrounding
fluid play a dominant role. As for the study of the interaction between solid elements,
discrete element method (DEM) is one of the most efficient approaches, which has found
a firm place in powder mechanics and rock mechanics [2—4]. One of the key challenges
of the DEM, as highlighted in a review paper by Weerasekara et al. [2], is the need for
adequately simulating the fine particles in engineering applications. The fine particles
represent a reasonable volume of the charge, and modify the collision and transport be-
haviors of the coarse particles. Due to their small size, the number of the fine particles is
tremendously large, which the DEM is unable to handle.

As for the interaction between solid elements and fluid, many efforts have been made
in the past based on computational fluid dynamics (CFD), such as combined DEM and
moving particle semi-implicit method [5], and combined DEM and CFD [6-9]. The
smoothed-particle hydrodynamics (SPH) method has been developed to simulate the
motion of fluid [10, 11]. The SPH method was originally introduced to simulate the
problems in astrophysics, which involve fluid particles moving arbitrarily in the ab-
sence of boundaries [12,13]. One type of combined DEM-SPH simulation is based on
one-way coupling, namely, one phase contributing to the motion of others while the re-
action from others is ignored [14, 15]. Recent research focus has been on the two-way
coupling [16,17]. The verification and validation of the combined DEM-SPH has been
recently conducted [18]. However, the SPH solution is unstable or not convergent in
some cases [19,20]. Hence, further improvement is required on the SPH, or an alternative
approach must be found.

It is proposed in this paper that the material point method (MPM) be combined with
the DEM to simulate the interaction between solid elements of different sizes and sur-
rounding fluid particles. The MPM is an extension of the particle-in-cell (PIC) method
in CFD to the field of computational solid dynamics (CSD), and is a particle method
formulated with the same weak formulation as that used for the finite element method
(FEM) [21]. Because the deformation history is recorded with material points for history-
dependent constitutive equations, the MPM is able to handle the problems with large
deformation, failure evolution and multi-phase interactions, such as impact, penetration,
perforation, and fluid-structure interaction with strong shocks, as demonstrated in previ-
ous studies [22-31]. In addition, the MPM has been combined with the FEM to improve
the computational efficiency [32]. Another approach to improve the computational ef-
ficiency is to combine the MPM with the adaptive mesh refinement (AMR) techniques.
This approach has been adopted to simulate fluid-structure interaction problems [33].
The MPM has also been employed in multi-scale simulation [34]. By taking advantages
of both the MPM and DEM, hence, an effective spatial discretization procedure might be
designed to better simulate the interactions among various kinds of solid elements with
surrounding fluid particles.
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It is worthy to be aware the difference between the MPM and the SPH. The MPM is
developed to seek a numerical solution based on a week form of the differential equa-
tions, similar to Finite Element Method. Shape functions are used to complete interpo-
lation and gradient operation. The SPH is a particle based method and kernel functions
are utilized to calculate the interpolation and gradient.

The remaining part of this paper is organized as follows. In Section 2, we derive
the equations that govern the physical process considered. The discretization with a
corresponding algorithm is then laid out in Section 3. The proposed procedure is verified
with three representative examples in Section 4. Finally, the concluding remarks and
future work are given in Section 5.

2 Governing equations

Let 0 be the volume fraction of the fluid, p f the density of the fluid, and u f the velocity of
the fluid. The fluid phase is continuous and the solid phase is discrete. Take a free body
diagram shown in Fig. 1. Let the fluid section of boundary be Ay, the boundary crossing
the solid particles be Ap, the surface of solid particles inside the control volume V be %,
and the surface of solid particles crossing boundary be 3.

o O
O ¥
O

(A) (B)

Figure 1: (A) Control volume V with fluid and particles, (B) Fluid volume V¢, excluding solid volume; modified
after [35].

2.1 Continuity equations

Applying mass conservation law for the fluid inside a control volume V with boundary
A, in the case where no fluid is generated or consumed, one gets

0
g/vepdeJr/A(pruf)-ndA:O,

where n denotes the outward normal vector on the boundary of control volume V, A =
Ap+Ay. According to the divergence theorem, the above equation can be rewritten as

9 (9py)
|, =52 av+ [ V- (80sus)av =o.
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Since the control volume V is arbitrary, we have

d(0
%w- (Opfur) =0 2.1)

which is similar with the formula of the continuous single phase in [36].

2.2 Momentum equations

Applying Newton’s second law of motion to the fluid part within the control volume V,

we get
Du
Jav=] v |
Opf—= |dV = | OprgdV dA, 2.2
/V< P Dt ) 14 Pr8EVE Afuz’uzlm 22

where o is the stress tensor, n is the outward normal vector at A £, 01 pointing to the solid
particles at &' UX. The fluid pressure p, stress o and deviatoric stress T have the following
relationship.

c=—pl+T. (2.3)

We break the second term on the right hand side of Eq. (2.2) by applying (2.3),

/ . ondA= ondA— | pndA+/ pndA+/, TndA—/ TndA. (2.4)
Apuz/ U AfUA, z'us Ay 2'us Ay

An empirical formula [9, 18,37,38] is used to calculate the contribution of the devia-
toric stress at the solid-fluid interface:

/)E’UZTndA_A,,TndA:j_lﬁj (vs (xj) —uys (7)) Vj, (2.5)

where m is the number of solid particles in the control volume, X is the coordinate of the
mass center of the j-th solid particle, v; is the velocity of solid particle, and uy is the fluid
velocity, which can be regarded as an averaged value of fluid velocity around the solid
particle, equivalent to the velocity at the mass center as if the space occupied by the solid
particle were filled with the fluid. §; is the drag coefficient and V; the volume of the j-th
solid particle.

Similar to Eq. (2.5), we use the concentrated force to represent the resultant force due
to the pressure on the solid particle surface, that is, we treat a solid particle either in one
cell or another, but not in between. The pressure terms on the right hand side of Eq. (2.4)
can be rewritten by using the divergence theorem as:

_ dA+/ dA:—/ dA—---—/ dA:/V dV+---+/ Vpdv
/Z,Upn Appn len Zmpn i P Vin P

m
%vp(xl)vl+"‘+vf7(xm)vm:va(xj) Vi, (2.6)
=1

https://doi.org/10.4208/cicp.OA-2016-0050 Published online by Cambridge University Press


https://doi.org/10.4208/cicp.OA-2016-0050

1262 Y. Yang, P. Sun and Z. Chen / Commun. Comput. Phys., 21 (2017), pp. 1258-1281

where ¥q,---,%,, are the surfaces of the solid particles.

Although the left side of Eq. (2.6) takes account of the solid particles crossing the
border of the control volume, the right side contains only the whole particles, for all
solid particles are treated either in one control volume or another, but not in between
(This approach is just for the purpose of calculating the resultant force. The effect of the
position of the solid particle mass center will be counted in the MPM, see Section 3). In
this way the pressure term and the deviatoric stress term are treated consistently. The
first term on the right hand side of Eq. (2.4) can be rewritten by applying the divergence

theorem as
/ ondA— / V-odV. 2.7)
AfUA, 1%
Combining (2.2), (2.4) and (2.7), one gets
Duf 11 M
/‘/prﬁdV:/Vprng—F/VV-(rdV%—ZVp(x]-)V]-+Z,Bj(vs (xj) —us (%)) Vi (2.8)
j=1 j=1

To get the differential form of the governing equation, we use Dirac delta function to
represent the distribution of the concentrated forces.

ZVp(x]) /Zw Vi (x—x;)dV, (29)
Z,B] v (%) —1up (%)) V= Z/ B (vs(x) —us (x)) Vié (x—x;)dV.  (210)
Substituting (2.9) and (2.10) into (2.8), we have
/ 0oy Df dv
:/V{prg-l—V%T-i—i [Vp(x)Vié (x—x))+B; (vs(x)—uf(x))‘/jé(x—xj)]}dV. (211)

Since the domain V in the above equation is arbitrary, to make two integrals equal
we shall require the integrands on both sides equal. Thus we get the general form of
governing equation in the differential form as follows

Du
Ops - =6psg+ V- 0+Z; Vp(x) 4B (0s—1uf) | Vid (x—x,), 2.12)
]

where M is the number of solid particles in the whole computational domain. If the
interaction force from the solid phase is represented by R, i.e. R= Z]-Ail [Vp(x)+Bj(vs —
us)|V;d(x—x;), Eq. (2.12) becomes the same form of momentum conservation equation of
a continuous single phase derived in [36].
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In the combined DEM-MPM, the motion of a solid particle is based on the resultant
force the particle receives, including the contribution from the fluid field. The shear from
the fluid is the reaction force of B;(vs(x;) —us(x;))V;, and the pressure on a solid particle
is the buoyance force, which can be calculated as

/pndA:—/ VpdV~—-V;Vp(xj), (2.13)
Zj Vi

where ¥ and V; are the surface and volume of the j-th solid particle, respectively.
The resultant force on fluid phase from the solid particle j is marked as f ;, defined as

fr=Vi{Vp (%)) +B;[vs (%)) —us (x))] }- (2.14)

The average reaction force of the buoyance force (exerted on the fluid phase) per
unit volume in the control volume can be estimated as follows, for the case in which
the gradient of pressure is constant over each solid particle.

V/‘/Z;Vp(x) Vié (x—x;)dV = VZ;VP(xj) Vi= VPZ;V]:VP(l—G)' (2.15)
j= j= j=

Here the locally averaged solid volume fraction over the control volume, %Z;”Zl Vi=1-6,
is applied. Since }. | Vp(x)V;é(x—x;) represents the force per unit volume, and has the
same resultant force over the fluid inside the control volume, (i.e. Vp(1—6)V), in the
case where the solid particles are very tiny and control volume is very small (so that the
constant gradient of pressure would approximately hold. Mathematically, the gradient
of pressure is independent of the location in the control volume as the control volume
approaches infinitesimal). The Eq. (2.12) is thus rewritten as

Duf M
T :9pfg+v-0'+Vp(1—9)—|—Z;‘Bj (vs—us) Vid (x—x;)
]:

M
=00;8—OVp+V-T+)_B;(0s—us) Vi (x—x;). (2.16)
j=1

If Ff is used to represent the shear drag force per unit volume on fluid phase, which is
the last term in the above equation, we get the exact same form of momentum equation
as derived by Anderson and Jackson [39], though our derivation is much short and with
fewer assumptions. In many applications, the shear drag force is actually calculated
using formula (2.5), but an abstract symbol Fy or a term like (vs —uy) appears in the
momentum conservation equation. The connection between F; and the shear drag is
missing. And, B(vs—uy) does not reflect the essence of the empirical formula which
basically is an estimate of a resultant force concentrated at the mass center. By using the
Dirac delta function here, the nature of shear drag as an empirically determined resultant
force concentrated at the mass point of dispersed solid phase is thus correctly represented
in the momentum conservation equation.
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2.3 Constitutive equations
The continuity equation (2.1) can be rewritten as

D (6py)
Dt

:—prV-uf, (217)

where D /Dt denotes the substantial (material) derivative. Eq. (2.17) can be rewritten as
——=—Vur———. (2.18)

In the Lagrangian description, D8/Dt turns out to be d0/dt which is the rate of
change of fluid volume fraction of a given fluid particle, and Dps/Dt becomes dp/dt
which is the rate of change of fluid density. The fluid particle will be simulated using the
MPM described in next section. The density py is the fluid particle density, not the den-
sity described at a fixed spatial point in the flow field in Eulerian description. In another
word we will use Lagrangian description through this study.

Eq. (2.18) can be approximated by a finite difference form as

1 A0

A —
L (Vg o ) ar=— (a0 20, 2.19)

Pf

where At is the time increment, and 6 is the fluid volume fraction at the previous time
step.

The pressure change is related to the density change through bulk modulus in a linear
relationship, i.e., Ap=KAp¢/pr, thus we have

Ap=—K (AtV-uf—i—G_G()O). (2.20)

The density of the fluid evolves from p% at the previous time step to p;’(ﬂ at the current

time step as
n

P
nt1_ Uf
O Sy (2.21)
Hence, the current fluid density may be roughly calculated from the current pressure
0
p**1 through p;ﬁl = %, where p? is the density in the initial condition and the

initial pressure is assumed to be zero.
The deviatoric stress T is assumed to follow Navier-Poisson Law of a Newtonian
fluid:
T=21¢}, (2.22)

where é‘} is the deviatoric strain rate and 7 is the dynamic viscosity of the fluid.
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2.4 The equation of solid particle motion

The motion of solid particles is considered at the level of each individual particle. The
motion of mass center of each individual particle follows Newton’s second law of motion
for a single mass point, and the rotation of the particle follows Euler’s Theorem, which is
an extension of Newton’s law to the motion of a rigid body.

do

msd_iS =, —ff—l—msg, (2.23)
dwg

IC?—FUJSX(IC(US):TC—FTJI, (224)

where, m;, g, f. are the mass of the solid particle, gravitational acceleration, and the
reaction force due to contact (collision) with other solid particles or solid structures, re-
spectively. The method for calculating f. is the so called linear spring-dashpot model
proposed by Cundall and Strack [40], where the spring is used for the elastic deforma-
tion while the dashpot accounts for the viscous dissipation and the damping factor is
determined from a restitution coefficient provided. I. is momentum of inertia relative
to the particle mass center, and w; is the angular velocity of the solid particle. T, is the
torque due to the contact force from other solid particles or solid structures. Ty is the
torque due to the interaction with fluid phase. Because only force at the mass center of
each solid particle is calculated, the torque relative to the mass center of the solid particle
due to the interaction with fluid is neglected at the current model.

The motion of the solid particles is solved using the Discrete Element Method (DEM).
The solid particle velocity and fluid velocity at the previous time step are used for calcu-
lating the shear drag at the current time step. The solid particle velocity is updated by
solving the above equation. The angular velocity is used for calculating the shear force
at the contact. The shear force is limited by applying Coulomb’s friction law. The contact
force is calculated based on the overlap between solid particles or solid structures using a
viscous damped free vibration model. Further details can be found in the literature [6,40].

3 Discretization of governing equations

The material point method (MPM) is exploited to solve the above governing equations,
in particular, the momentum balance equation (2.12).
Now we assume a trial function # in the form

N
h(x,t)=) hi(t)S;(x), (3.1)
j=1

where, hj(t) is a function of time and S;(x) a function of spatial coordinate. The trial func-
tion h(x,t) consists of N products of these two basic functions. When this trial function
is applied to an element of N nodes, ;(t) is the solution at j-th node varying with time,
and S;(x) is the spatial interpolation function.
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Multiplying (3.1) to (2.12), and then integrating the resulting equation over a compu-
tational domain (), one gets

z

Duf
]Z;h]-(t)/n@pfﬁs]-(x)dv

M=z 1

N
| i (1) /Q Sj(x)ﬁpfgdv—f-];hj(t) /Q $;(x) Voo

I
—

Nep

N
+) ki (t) /st (x) [Z [Vp(x)+Bx (vs—us) ] Vid (x—xx) | do, (3.2)
j=1 k=1

where N, is the number of solid particles in domain ().
Now we introduce the material point method (MPM) by defining the mass of a fluid
particle in a space w as follows

Mp:/‘Uprdw. (3.3)

The particle mass M, never changes with time. It can also be regarded as 6V, pr. The
macro density is defined as the mass divided by the total volume, i.e. M,/V,, which is
equivalent to the product of micro density (material density) and volume fraction, shown

as follows u
__r
bpr= V. (3.4)

Eq. (3.4) holds only if 6py is constant in space w. This requirement can be avoided in the

MPM, where, the mass of a material particle is treated as being concentrated at a point
(that is why it is termed as the material point method). On the other hand, clearly,

[ My (3= ) deo =M, (), (3.5)

where x; is the coordinate of the material point at time t. Comparing (3.3) and (3.5), and
considering that w is arbitrary, we have

6ps=M,d (x—x;,> . (3.6)

In the case where there are N, material particles inside the space (2, by a similar argu-
ment, we have

NP
Ops =Y Myd (x—x} ). (37)
p=1

The solution process of the momentum conservation equations will be significantly sim-
plified by using the concept of the material point, as shown below.
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Similar to the finite element method, the solution u £ (x,t) can be obtained through the
interpolation of values at the nodes of a regular grid using shape functions:

NTl

t):Z;uf](t)S] (x), (38)
j=

where N, is the number of nodes in a grid cell (MPM mesh).
Substituting (3.7) into (3.2), one gets the left side

Jih]-(t)/ﬂepf%sj(x)do:ihj(t)/n%M,,(s(x—x@ %”tfs'( x)d0
10| s (50) ()|

rllqz

1

~.
Il

N dmii ¢;
=y i —2, (3.9)
j=1
where
NP
Wf] = Z:lMpuf (xé,t) S] (xé) (310)
p:

is the momentum of the fluid particle at grid node j, obtained by mapping momentum
from material particles. The conversion from Duy/Dt to duy/dt is because the fluid
velocity is calculated at the point occupied by the moving fluid particle in Lagrangian
description, not a fixed spatial point in Eulerian description.

Eq. (3.10) defines a mapping from particles in a cell to the grid nodes of the cell. This
technique is also applied to locally calculate the averaged volume fraction of each phase
at the grid nodes. The solid phase volume fraction and fluid phase volume fraction are
calculated as follows.

%VSP 5i(,), (3.11)
]sp 1
9j=l22125( ). (3.12)

where the subscript sp represents the solid particle, V;, is the volume of solid particle sp
and V; is the volume of all cells associated with the nodej, given as

V= /Q S, (x)dQ0. (3.13)
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Because 0,;+0; =1, the fluid volume fraction can be calculated from the solid particle

volume fraction as follows,
0;=1-0;. (3.14)

As an inverse operation, the following mapping converts nodal variables to variables
at the position of particles.

p(xt)=)_pi(t)Si(x), (3.15)
0(x,t)=Y_6;(t)S;(x), (3.16)

oc(xt)=) oi(t)S(x). (3.17)

The first item on the right side of Eq. (3.2) is the gravitational force.

NP
/Qf)pfgSj (x)dQ) :g/Q ZMpé (x—x;) Si(x)dQ= Mg, (3.18)
p=1
where
NP
M= ZlMp (1) (%) (3.19)
p:

is a mapping of mass from particles in a cell to the grid node of the cell.
The second item on the right side of Eq. (3.2) can be rewritten as

/Q 5;(x)V-cdQ = /S S, (x) onds — /Q oVS;(x)dQ0. (3.20)

The first term on the right side in the above is related to the boundary condition and is
marked as

= /SS]- (x)onds, (3.21)

and the second term is the internal force

fit== [ ovs;@dn=- /pfvvs dQ_——/ ZMP x—x,) °VS; (x)d0

:_%pNZ:Mpas(x;) ():__2 vpvs() (322)

where, the specific stress ¢® =0/pr is used in the derivation of Eq. (3.22). Eq. (3.7) is
also applied to derive Eq. (3.22). Note that the fluid volume fraction is obtained by local
averaging at the space ().
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The last term in (3.2) is rewritten as:

Nsp

N

Zhj(t)/QS]- (x) [Z [Vp(x)+Br (vs—us)] Vid (x—xi) | A
j=1 k=1

N Nsp

=) h(t) Z [Vp (xx)+Bj (vs () — s (1)) ] S (26) Vi, (3.23)

j=1 k=1

where, V} is the volume of solid particle k. Since the solid particles are regarded as rigid,
the volume can be calculated either as V. = mg/ps or Vi = (4/ 3)7tr§k if the particle is
treated as a sphere, where my, psx and g are the mass, density and radius of the solid
particle, respectively.

Let f]S be the interaction from the solid particles projected at node j.

Nsp

f; :k; [Vp () +Bj (05 () —up (x50)) | VieSj (xx). (3.24)

The damping coefficient B is given by Ergun’s equation [38] in the dense region and by
Wen and Yu's equation [41] in the dilute region, as follows

1721;3) [150(1—0)+1.75Re], 0<0.8,
5l n (3.25)

3Cp U027 Re, 6>0.8,
sk

where dg is the diameter of a solid particle k, and Cp, is the drag coefficient and obtained
using following expression

24(14-0.15Re*%7) /Re, Re <1000,
CD_{ 0.43, Re>1000, (3.26)
where
— fod
Re— 12 (40 =7 (3|60 (327)

n

A dimensionless parameter is advisable so that the viscosity and the particles size are
removed from (3.25). In this way, a new parameter is defined

) (1-6) - <
g — —3 — [150(1 293—|—1.75R€], 6<0.8, (3.28)
1Cp(1-0)07""Re, 6>0.8.
Accordingly, Eq. (3.24) is rewritten as
Nip .
fj = Z [Vp(xk) + ﬁﬁk (Us (xk) —uy (xk)) VkS] (xk) . (329)
k=1 sk
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For sphere solid particles, Vi = (71/6)dg°

Nsp
f]s :I; Vp(xk) Vk+ HZSkﬂ‘Blk (Z)S (xk) —uf (xk)):| S] (xk) . (330)

Therefore, equation (3.2) can be rewritten as

N AT ¢ N ‘
]ghj(f) n;zlf] =j_21hj(f) (M,,jg+f?6+f}”t+fj). (3.31)

Since Z]-I\il hj(t) is arbitrary, we have

i, -
G =My = (3:32)

Given mu fj”H and ij” the moment at two consecutive time steps, we have
" A 4 AL (3.33)

Eq. (3.33) is the MPM formula used for solving the momentum equation (2.12). Itis a
general form and has been applied to solve momentum equation in many applications
(e.g. [21, 34]). To obtain convergent solutions, the time step must follow the stability
condition. It is recommended to use time step that is one tenth of the period in which
sound wave passes through the cell. Artificial lower sound wave speed (artificial lower
density of the fluid) may be explored to achieve high computational efficiency in practice.
Once the new momentum at the nodes becomes known, the velocity at the nodes can

be updated as

— n+l

w1 = % (3.34)

Then the fluid material point velocity is updated as

Nn
ufn+1 _ Z;”fjnﬂsj (x;). (3.35)
j=

The nodal acceleration is updated as

n—+1
a,n—&-l — f]

j M, (3.36)
and the acceleration of the fluid particle is updated as
NTI
a," 1= Z;uj”+1sj () (3.37)
]:
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The strain rate tensor, stress tensor will be updated based on the fluid velocity ‘J’Z“,

which is calculated from the fluid particle acceleration,

a;“ =u;"+a," " AL, (3.38)
The updated position of the fluid particle is calculated as

xf" M =x " u AL (3.39)

Note the operation for updating the fluid particle coordinate will not be done until the
calculation of interaction force (contact force) for the solid particle is finished, because
the position should all be at the previous time step in order to calculate the forces for
both fluid particles and solid particles based upon the known positions. This algorithm
is called modified update stress last (MUSL) [42].

4 Verification and validation

In order to accurately predict a process using numerical methods, a new code must pass
verification and validation. Code verification is a prerequisite to code validation. The
former one requires that the code is correct, mathematically. If there exists an analytic
solution, the code should be able to produce a numerical result that approximates to the
analytic solution in a certain convergence rate. The latter one requires that the code can
reproduce the numerical result that is close to the result of physical experiments. Once
the code passes the validation, the confidence to predict the real world events is then
established.

Though there are many issues around the DEM, the confidence in using DEM to sim-
ulate multi-body motion is widely established in industries [3]. Thus we will not address
the verification and validation of the DEM in this paper, instead, we focus our attention
on the verification and validation of the MPM in the simulation of multiphase fluid mo-
tion. So far the analytical solution of a multiphase flow problem has not been found.
Our stratagem of code verification is to try many different cases and check if the model
predictions are correct in mathematics and in physics. For example, when the volume
fraction is assumed to be 100%, the multiphase model actually becomes a single phase
model, therefore, the new code should be able to reproduce the results of a single phase
experiment. Models of varying size of background mesh put the MPM-DEM on the con-
vergence test. These tests are not a sufficient condition to approve the code, but a very
useful step in the code development. Further validation is completed in another test in
which both solid phase and fluid phase are presented.

4.1 Water flow after reservoir dam breakage

First we compare our result with that obtained by Mast, Mackenzie-Helnwein et al. [43]
simply because we adopt similar stratagem and there are experimental data available
in [44].
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A simplified dam break is sketched in Fig. 2. A water column of initial height, h, and
length, Iy, is initially constrained horizontally and rests on a smooth, flat surface. The
dynamic code is run about 0.3 second to allow the static pressure field being stabilized.
Now we mark the time t =0 when the gate on the right-hand side is removed and the
water is allowed to flow freely under the force of gravity. The following parameters
describe the free surface run out:

h(T)
o

T—t h()_g, L(T):&, and H(T):

lo

(4.1)

where T, L(T) and H(T) are the dimensionless time, length, and height ratios, respec-
tively. The parameters /g and [y are 4.0 meters each. The term ¢ = |g| =9.8 m/s*>. The
viscosity of water is taken as 0.001 Pas. There are 2 x2x 1 particles in each cell initially.
The physical experiment is basically a 2D case. Our numerical model takes a thin slice
in 3D space of 4 meter high and 24 meter long. The thickness of this slice is the size of
a fluid particle. The initial configuration of the water column is of square shape with
length of 4 meters, which can be divided into regular meshes. The rest domain is divided
into regular meshes of the same size. The cell resolution is 0.125 meter in length, 0.125
meter in height and 0.0625 meter in thickness for model MPM32. Table 1 summarizes the
parameters used in the numerical tests.

Gate

-
o

— o ———] [ o |
Figure 2: Dam breakage simulation.

The predictions from the MPM is shown in Fig. 3 by a series of snaps taken at time
T=0,0.5,1.0,1.5,2.0,2.5, 3.0. It is observed that water surface tilting and the right corner
flowing out. The water flow predicted from the MPM model is comparable with that by
Mast, Mackenzie-Helnwein et al. [43].

The quantitative comparison between the model predictions and experimental data
are shownin Fig. 4. In Fig. 4A, the predictions from a MPM model with free-slip and non-
slip boundary conditions are given, respectively. The former one is marked as MPM1
and the latter one as MPM2. The MPM1 predicts the result which is identical to that
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Table 1: Physical properties and computational parameters.

Item value
Water column initial height (m) 4.0
Water column initial length (m) 4.0
MPM mesh cell size (m) Varying from 0.125 to 0.25
Initial Number of particle per cell 2x2x1
Density (kg/m?) 1000
Bulk modulus (Pa) 2.2e9
Dynamic viscosity (Pas) 0.001
Time step (s) 1.0e-5
=0 T=0.5
T=1.0
T=15
T=2.0
T=25
T=3.0

Figure 3: Dam breakage sequence predicted from a MPM simulation.

by Mast, Mackenzie-Helnwein et al. [43]. This is understandable because we use the cell-
based anti-locking technique as they did. Note that the predicted length is larger than the
length from the experimental data. The MPM2 gives a much better fit to the experimental
data. It is reasonable that free-slip boundary condition promotes the flow while non-slip
boundary condition represents the physical condition better.

The resolution of the MPM grid is another factor that may affect the model predic-
tions. The Fig. 4B shows the predictions from three MPM models. There are 16 cells
in the length of initial length 4.0 m in the model MPM16, and 24 in MPM24, and 32 in
MPM32. It is very clear from Fig. 4B that the prediction becomes better and better as the
spatial resolution improves.

The height history predicted from these models is also shown in Fig. 4(C and D).
Generally, they are comparable with the experimental data. Larger error happens at the
T > 2.5 when the water layer becomes very thin (see Fig. 3).
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Figure 4: Comparison between MPM simulation and experimental data for dam breakage model.

Both visual and quantitative comparisons show the cell-based implementations in our
code are successful, but this only shows our code can be used for the simulation of pure
fluid case. We need to demonstrate more examples to show the success of our method in

the multiphase flow.

4.2 Motion of glass beads and water in a tank

Here we demonstrate a case very similar to the water dame breakage, however, this time
there is a solid phase-glass beads mingled with water inside the rectangular tank. This
case is presented in the research paper by Sun et al. [18]. For the readers’ convenience, a
brief description is given below.

The mixture of water and glass beads has an altitude of 0.1 m. The mass of glass
beads is 200 gram and the density is 2500 kg/m?>. The diameter of the beads is 2.7 mm.
The dimensions of the tank are 0.2 m in length, 0.1 m in width and 0.15 m in altitude. The
mixture is contained in the left side with the gate being set at 0.05 m from the left side wall
of the tank. Time starts at the moment when the gate is raised at a rate of 0.68 m/s. The
stiffness, restitution coefficient and friction coefficient of the solid particles are chosen as
1000 N/m, 0.9 and 0.2, respectively, same as those used in SPH-DEM simulation by Sun
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Table 2: Physical properties and computational parameters.

Item value
Solid phase

DEM particle number 7762
Particle diameter (m) 0.0027
Density (kg/ m?) 2.5e3
Stiffness (N/m) 1.0e3
Restitution coefficient 0.9
Friction coefficient 0.2
Liquid phase

MPM particle number 26,879
MPM mesh cell size (m) 0.005
Initial Number of particle per cell 2x2x2
Density (kg/m?) 1000
Dynamic viscosity (Pas) 0.001
Virtual bulk modulus (Pa) 2.2e7
Solid structural boundary

Dimensions (m) 0.2x0.1x0.15
Number of triangle meshes 22

Gate rising rate (m/s) 0.68

et al. [18]. Non-slip boundary condition is applied where water contacts the walls and
the bottom of the tank. A fixed time increment of 1.0x 107> s is used throughout the
simulation. We simulate water with 26879 material particles and the background mesh
of 0.005 m resolution. The physical and model parameters are listed in Table 2.

We first prepare settled configuration of the mixture before the gate being raised,
and then simulate the process of two-phase flow. Fig. 5 shows four snapshots of the
result from the simulation, for selected time instants of t =0.05, 0.1, 0.15 and 0.2 s. And
quantitative comparison with experimental data is presented in Fig. 6. It is observed that
the solid particles fall a little bit behind the water front, consistent with the experimental
data. Quantitative comparison in Fig. 6 gives us sufficient evidence that the proposed
DEM-MPM method is capable of making prediction with high fidelity.

4.3 Solid-fluid flow in a rotating jar

Our original idea is to validate the new method with more experimental data. The case
of solid-fluid flow in a rotating jar presented by Sun et al. [18] is chosen for this purpose.
Because no boundary condition is described, we simply apply non-slip condition on the
wall of the jar whenever the fluid contacts. It turns out this model is unable to reproduce
what it is observed in the experiment.
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Figure 5: Simulation of two-phase flow in a tank, 4 snapshots from numerical modeling. The dark blue dots

stand for the glass beads, while light blue dots for water.
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Figure 6: Comparison between numerical results and experimental data for two-phase flow.

This model simulates the solid-fluid flow in a cylindrical jar with both inner diameter
and depth being 100 mm. The jar contains 7755 solid spherical particles (glass beads) with
diameter 2.7 mm and density 2700 kg/m?3. It also contains 0.297 kg of water with density
1000 kg/m? and viscosity 0.001 Pas. The jar rotates at the rate of 104 revolutions per
minute. The DEM is exploited to simulate the glass beads, and the stiffness, restitution
coefficient and friction coefficient are set to be 1000 N/m, 0.8 and 0.3, respectively. The
MPM is for fluid phase with 15406 particles of identical fluid mass. There are 36 x 36 x 10
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Table 3: Physical properties and computational parameters.

Item value
Solid phase

DEM particle number 7755
Particle diameter (m) 2.7e3
Density (kg/ m?) 2.5e3
Stiffness (N/m) 1.0e3
Restitution coefficient 0.9
Friction coefficient 0.3
Liquid phase

MPM particle number 15,406
MPM mesh cell size (m) 0.00278
Initial Number of particle per cell 2x2x2
Density (kg/m?) 1000
Dynamic viscosity (Pas) 0.001
Virtual bulk modulus (Pa) 2.2e7
Solid structural boundary

Number of triangle meshes 1440
Rotation speed (rpm) 104

cells evenly distributed in 100 mm x 100 mm x 100 mm cubic space with 1 x1 x4 MPM
particles in each cell when the cell is full of fluid particles at the initial condition. The
interior surfaces of the jar are simulated with 1440 triangles. These parameters for the
simulation are listed in Table 3.

Because of the constant rotating rate, the configuration of the glass beads inside the jar
will take a stable shape after a certain period of transition. The configuration of the beads
is measured and simulated. In the experiment, the maximum altitude of the beads in the
stable state is 62.18 mm in average with standard deviation 1.71 mm. In the simulation
with non-slip boundary condition applied, the model predicted maximum altitude in
bead bed is 67 mm. We also noticed that the water particles diffuse over space inside the
jar. There is no clear free surface observed. The comparison is shown in Fig. 7(A) and (B).

What causes this difference? We notice the difference in the first case of pure water
flow and the influence of boundary condition. Strictly speaking, non-slip boundary con-
dition and free-slip condition are two end-member in describing the interaction between
the boundary and the interior mass. Non-slip boundary works better in the case of low
Reynolds number while free-slip for the large Reynolds number. In reality, the interaction
may exist between the two end-member conditions. In the case using non-slip boundary
condition, the boundary has the strongest coupling with the interior mass. This is the
case for rotating jar: when non-slip boundary condition is applied, more energy is trans-
ferred from boundary wall to the interior mass including glass beads and water. The

https://doi.org/10.4208/cicp.OA-2016-0050 Published online by Cambridge University Press


https://doi.org/10.4208/cicp.OA-2016-0050

1278 Y. Yang, P. Sun and Z. Chen / Commun. Comput. Phys., 21 (2017), pp. 1258-1281

(A) (B) ©)

Figure 7: Comparison between numerical results and physical experiment for rotating jar. The dark blue dots
stand for the glass beads, while light blue dots for water. A) Model with non-slip boundary condition; B) Stable
state of beads and water in a rotating jar in physical experiment (based on Sun et al. [18]); C) Models with
50% of sticky boundary condition.

lifting force is high and the final balanced altitude is higher than the real value observed
in the laboratory.

A reasonable guess is that the boundary may partially sticky (non-slip) and partially
slippery (free slip). To check this hypothesis, we tested a case in which 50% of the bound-
ary velocity is sticky and the rest is slippery. The result is shown in Fig. 7(C). It is obvious
that the simulation fits the experiment result much better. The water particles form a
clear free surface and the maximum altitude in bead bed is 61 mm. In the case water is
full in the rotating jar, the Reynolds number could be estimated up to 2x 107, much higher
than the value for the laminate flow in which non-slip boundary is justified. How to find
a proper boundary condition for high Reynolds number flow is something we should
continue to explore. The comparison shown in this case highlights the importance of
boundary condition in fidelity of numerical modeling.

The combined MPM-DEM method developed in this study applies for the interac-
tion among solid discrete elements and the fluid in between. Theoretically it works for
both liquid saturated or unsaturated and gas. So far we have verified that it works for
liquid, further verification is required for gas. The proposed MPM-DEM method is far
from perfect. In this method the MPM cell is required to be larger than the size of solid
particles. In an industrial application like a sieve, in which small particles are allowed to
pass but big particles (compared with sieve size) are not, the accuracy of this method and
the applicability of this method is a problem. Future study in this direction is in need.

5 Conclusions

In this study, a combined DEM-MPM method is proposed and demonstrated for the sim-
ulation of multiphase flow. By applying Newton’s law of motion on the fluid phase,
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we derive the equation of momentum conservation, which is consistent with the exist-
ing equation. However, our derivation is much shorter and has fewer assumptions. The
fluid motion and the interaction between the solid phase and fluid are simulated using
the MPM, while the contact forces between solid particles and solid structure are cal-
culated using the DEM. Due to the nature of the MPM, the free surface of the fluid is
naturally formed without invoking any special treatment.

The proposed method is verified and validated using both experimental data and
similar numerical tests. The reduced form of the model is validated in a water flow ex-
periment, and the full scale solid-liquid interaction is validated in a water-glass beads
mixture flow test. The dynamic behavior of fluid head is well reproduced in the nu-
merical simulation. The quantitative comparison shows the consistency with previous
numerical results and with physical experiments. The simulation results obtained with
the proposed method also demonstrate the effects of spatial resolution and boundary
condition on the fidelity of numerical simulation. Thus, we have shown that the com-
bined DEM-MPM method is effective in simulating a certain type of solid-liquid flow
problems. However, much research remains to be performed to verify and validate the
proposed procedure for general engineering applications.
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