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ABSTRACT 

Although the numerical properties of a step-by-step integration method can be evaluated based on the 
currently available techniques, there is still lack of a technique for evaluating its capability to capture dy-
namic loading.  In this work, the amplitude error caused by the step discretization error is identified and 
the correlation between the relative amplitude error and relative step discretization error is analytically 
established.  As a result, it is thoroughly confirmed that the asymptotic constant of the discretization er-
ror amplification factor for the displacement response to a cosine loading can be considered as an indica-
tor of the capability to capture dynamic loading for a general step-by-step integration method. 
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1.  INTRODUCTION 

The step-by-step integration method (Newmark [1]; 
Hilber et al. [2]; Chang [3-5]) might be the most pow-
erful technique for nonlinear dynamic analysis.  Sta-
bility, convergence and accuracy are the three important 
requirements for an integration method (Belytschko and 
Hughes [6]).  Accuracy implies that an integration 
method should give a result close enough to the exact 
solution.  This is because that any integration method 
can only give an approximate solution to the equations 
of motion due to simplifying assumptions used in the 
integration procedure.  In general, numerical errors 
will be introduced due to the use of difference equations, 
inaccurate representation of dynamic loading and the 
assumption that structural properties remain unchanged 
within a time step.  The numerical properties of an 
integration method regarding numerical accuracy have 
been explored.  However, it seems that all the evalua-
tion techniques for numerical accuracy are based on the 
free vibration response and the influence of dynamic 
loading force is neglected.  

Since the dynamic loading usually has a major effect 
on a solution of the equation of motion, it is of need to 
capture it properly so that a reliable solution can be 
obtained.  However, there is still lack of an evaluation 
technique that can be used to determine if the dynamic 
loading is accurately captured.  Hence, it is needed to 
study the capability in capturing dynamic loading for an 
integration method.  To develop a technique for this 
purpose, the accuracy of the displacement responses to 
some analytical loading types for a single degree of 
freedom system is evaluated by comparing numerical 
solutions to exact solutions, which are theoretically 

obtained.  In this work, two schemes are applied to 
yield the displacement responses.  One is to use a 
spectral decomposition technique to obtain the dis-
placement responses from the Newmark family method 
and the other is obtained from the fundamental theory 
of the structural dynamics.  After comparing the nu-
merical solutions to exact solutions, numerical accuracy 
of the displacement response to a dynamic loading can 
be evaluated.  

2.  THEORETICAL DISPLACEMENT 
RESPONSES 

In structural dynamics, the equation of motion for a 
single degree of freedom system can be expressed as 

 mu cu ku f     (1) 

where u, u  and u  are the displacement, velocity and 
acceleration, respectively.  In general, a closed-form 
solution of this equation can be obtained if f consists of 
simple analytical functions.  Hence, some specific 
loading types are considered and expressed as 

2

( )           (Polynomial Loading)

2
( ) sin                       (Sine Loading)

2
( ) cos                      (Cosine Loading)

d d

d

d

t t
f t a b c

t t

t
f t a

t

t
f t a

t

   
     

   
 

  
 
 

  
 

 

  (2) 

* 
Corresponding author (changsy@ntut.edu.tw) 

DOI : 10.1017/jmech.2013.68 
Copyright © 2014 The Society of Theoretical and Applied Mechanics, R.O.C. 

https://doi.org/10.1017/jmech.2013.68 Published online by Cambridge University Press

https://doi.org/10.1017/jmech.2013.68


58   Journal of Mechanics, Vol. 30, No. 1, February 2014 

where t  td and td is the loading duration; a, b and c are 
constants.  Both theoretical and numerical solutions of 
Eq. (1) subject to these three dynamic loadings will be 
obtained so that the numerical accuracy of the dis-
placement response to each dynamic loading can be 
evaluated.  The choices of the three dynamic loading 
types are due to the fact that (a) a recorded ground mo-
tion is generally made up of a series of zigzag dynamic 
loadings, which is a special case of the polynomial 
loading if choosing c  0; (b) any dynamic loading can 
be considered as a combination of sine and cosine 
loadings based on the concept of Fourier series.  Thus, 
the results may be applied to a general dynamic loading 
except for load discontinuity (Chang [7]). 

Apparently, closed-form solutions to the three dy-
namic loadings with the initial conditions of d0 and v0 
can be obtained (Chopra [8]).  If the loading duration 
is equally subdivided into p time steps and the step size 
is taken as t, after substituting td p(t) and t (n  1) 
(t) into the theoretical solutions, the discrete dis-
placements at the (n  1)-th time step are found to be 
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for the three dynamic loadings, where  (t) and 

/k m   is the natural frequency of the system.  In 
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 is 

defined.  Since t  td is assumed in the derivations   
(n 1)  p must be satisfied. 

3.  NUMERICAL DISPLACEMENT RESPONSES 

Many integration methods can be used to solve Eq. 
(1).  In this study, the Newmark family method is con-
sidered and it can be expressed as 
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where dn, vn and an are approximations to u(tn), ( )nu t  
and ( )nu t  at the n-th time step.  Since  1/2 is nec-
essary for the Newmark family method to at least have 
an accuracy of second order, the subfamily of     
1/2 is studied.  There are four well-known members 
of this subfamily.  They are the Newmark explicit 
method (NEM,   0), the Fox-Goodwin method (FGM, 
  1/12), the linear acceleration method (LAM,   1/6) 
and the constant average acceleration method (AAM,  
  1/4).  In general, they have an order of accuracy 2 
except that the Fox-Goodwin method is third-order ac-
curate (Belytschko and Hughes [6]; Bathe [9]). 

Numerical solutions will be obtained by spectral de-
composition (Belytschko and Hughes [6]; Strang [10]).  
For this purpose, the subfamily of the Newmark family 
method can be rewritten in a recursive matrix form as 
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where Xn[dn, (t)vn, (t)2an]
T and X0[d0, (t)v0, 

2(f0/kd0)]
T.  A pair of complex conjugate eigenval-

ues in addition to a zero eigenvalue can be found from 
(A I) X  0 and are  
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;   is a 

numerical damping ratio and ( )t    ；  and   
are often considered as the quantities corresponding to 
 and  in a numerical solution.  There is no numeri-
cal dissipation for this subfamily of integration methods 
since 0   is indicated by 1e  . 

After spectral decomposition and algebraic manipu-
lations, the discrete solutions to the three dynamic 
loadings at the (n  1)-th step as (i 1)  p for using the 
subfamily of the Newmark method are found to be 
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.  The first term on the right hand side of the first 

line is the transient response while the rest terms are the steady-state responses.  Meanwhile, the first term on the 
right hand side of the second and third lines is the transient response and the other term is the steady-state response. 

 
4.  DISCRETIZATION OF DYNAMIC LOAING 

Any discretization error in the dynamic loading will 
result in a displacement response error.  A discretiza-
tion error is due to the use of a finite number of integra-
tion points to represent an analytical function.  This 
case is schematically shown in Fig. 1, where a sine 
loading is captured by 4 integration time steps and a 
cosine loading is captured by 8 integration time steps.  
In this figure, a sine loading and a cosine loading, 
which are in an analytical form, are discretized so that 
they can match the input for the step-by-step integration.  
Thus, the shaded area as shown in Fig. 1(a) is the dis-
cretization error occurred within the j-th time step.  
This step error can be computed by using the following 
procedure.   
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the time-axis at the j-th time step and is an exact input 
area while ( )app

jA  is the area enclosed by the dotted 
line and the time-axis and is an approximation to the 
exact area.  Apparently, the difference between the 
areas of ( )exa

jA  and ( )app
jA  is the step discretization 

error at the j-th time step.  Thus, the relative step dis-
cretization error for this time step can be defined as 
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(a) 4 integration time steps to capture sine loading 

 
(b) 8 integration time steps to capture sine loading 

Fig. 1  Discretization of dynamic loading 

Thus, if td for the three dynamic loadings, as shown 
in Eq. (2), is equally subdivided into p time steps, Ej for 
each dynamic loading can be evaluated and is summa-
rized in Table 1.  In addition, the variation of Ej with p 
is plotted Fig. 2. 

In the second column of Table 1, there will be no 
step discretization error for the polynomial loading if  
c = 0 in addition to any values of a and b, while Ej is 
constant if a  b  0 for a given j.  This constant dras-
tically decreases from j  1 to j  2; subsequently it 
decreases step by step as j increases and finally tends to 
zero as p and j are large enough.  This is manifested 
from Fig. 2.  On the other hand, for the sine loading 
and cosine loading, the absolute value of the relative 
step discretization error decreases with the increase of 
the number of time steps.  In addition, it will be re-
duced to zero for a large enough p value. 
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Table 1  Relative step discretization error 

Loading Type Polynomial Loading Sine Loading Cosine Loading 
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Fig. 2 Variation of relative step discretization error 

with p 

5.  AMPLITUDE DISTORTION 

Period and amplitude distortions are usually found in 
a numerical solution, and thus are best suited to evalu-
ating the numerical accuracy of the response.  Both the 
theoretical and numerical solutions as shown in Eqs. (3) 
and (7) reveal that the state-state response is closely 
related to the dynamic loading and the value of  while 
the transient response only depends upon the value of .  
Hence, if the dynamic loading is not realistically cap-
tured in the step-by-step integration procedure, numer-
ical errors will be found in the total response.   

Since period distortion in the transient response has 
been well studied (Belytschko and Hughes [6]) and 
there is no period distortion found in the steady-state 
response for the three dynamic loadings, only the am-
plitude distortion is addressed.  It is appropriate to 
define the relative amplitude error, which is similar to 
the relative period error, so that amplitude distortion 
can be assessed.  As a result, it is defined as 

 amp

A A
E

A


  (10) 

where A  is the amplitude of the numerical solution 
and A is that of the theoretical solution.  A positive 
relative amplitude error implies amplitude growth while 
amplitude decay is indicated by a negative value.  The 
symbol of ( )tra

ampE  is the relative amplitude error for the 
transient response while ( )ste

ampE  is that for the steady- 
state response.   

6.  DISCRETIZATION ERROR  
AMPLIFICATION FACTOR 

It is anticipated that the maximum displacement am-
plitude error will be closely correlated to the relative 
step discretization error of the dynamic loading for a 
step-by-step integration method.  Thus, it is very 
straightforward to define a discretization error amplifi-
cation factor, which is the ratio of the relative amplitude 
error, as shown in Eq. (10), over its corresponding rela-
tive step discretization error, as given in Eq. (9).  
Consequently, it can be expressed as 
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where Atra is the discretization error amplification factor 
for the transient response, while that for the steady-state 
response is denoted by Aste.  These two discretization 
error amplification factors can be used to evaluate the 
numerical properties of a step-by-step integration 
method regarding to the maximum displacement am-
plitude error, which arises from the step discretization 
error of a dynamic loading.   

7.  COMPARISONS OF THEORETICAL AND 
NUMERICAL SOLUTIONS 

After obtaining the theoretical and numerical solu-
tions for a single degree of freedom system subject to 
the three dynamic loadings, and the introduction of the 
relative amplitude error and the discretization error am-
plification factors, the numerical properties of the sub-
family of the Newmark method in capturing the dy-
namic loadings can be thoroughly discussed next. 

7.1  Polynomial Loading 

After comparing the first line of Eq. (7) to the first 
line of Eq. (3), it is found that the steady-state response 
to the specified polynomial loading is perfectly ob-
tained for any member of the subfamily of the New-
mark family method.  However, errors are generally 
introduced in period and amplitude for the transient 
response.  The period is generally distorted from  to 
  for the transient response.  To gain an insight into 
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the amplitude distortion of the transient response, the 
variation of ( )tra

ampE  with p is shown in Fig. 3 and its 
corresponding Atra with p is plotted in Fig. 4.  It is 
worth noting that the case of a  c  0 and b  0 is con-
sidered because this case will lead to a very significant 
period distortion.  Since the loading duration td is 
equally subdivided into p time steps, a large value of p 
will lead to a small value of .  Hence, it is appropri-
ate to plot the relative amplitude error with p td.  
This is because that only the small values of  are of 
interest for a large value of p.   

In Fig. 3, the relative amplitude error increases with 
the increase of p for NEM, FGM and LAM while it is 
always equal to 0 for AAM.  In general, for a small 
value of p, the relative amplitude error is close to zero 
for the four methods.  Thus, they have roughly the 
same capability to capture the polynomial loading.  In 
each plot of Fig. 4, the discretization error amplification 
factor starts from the origin and then increases gradu-
ally for each curve except that it is always equal to 0 for 
AAM.  The four curves are almost overlapped together 
in each plot.  This implies that the relative step dis-
cretization error is amplified by roughly the same factor 
for a given p and thus a large time step will lead to a 
large relative amplitude error since a large time step 
generally has a relatively large relative step discretiza-
tion error for a given p as shown in Fig. 3 except for 
Fig. 3(d). 

7.2  Sine Loading 

Comparing the second line of Eq. (3) to that of Eq. 
(7), the differences between the theoretical and numer-
ical solutions for a sine loading can be evaluated.  
Both period and amplitude are distorted in the transient 
response, while there is only amplitude distortion in the 
steady-state response.  The variations of amplitude 
distortion with p for the transient response are plotted 
in Fig. 5 while those for the steady-state response are 
shown in Fig. 6. 

Amplitude decay is generally found in each plot of 
Fig. 5 except that in Figs. 5(a) and 5(b) amplitude 
growth is found as p is greater than a certain value, 
such as the value about 3.64 in Fig. 5(a) and the value 
between 5 and 6 in Fig. 5(b).  On the other hand, am-
plitude growth is found in Figs. 6(a) and 6(b) while 
amplitude decay is found in Figs. 6(c) and 6(d).  In 
general, amplitude distortion decreases with the in-
crease of p for a given p for the transient and steady- 
state responses.  The relative amplitude error does not 
tend to zero as p approaches zero except for a large p 
value.  This implies that the p value must be chosen to 
be large enough so that the sine loading can be faith-
fully captured or amplitude distortion will occur even if 
p is very small.  After the comparisons of the four 
plots of Fig. 5, amplitude distortion in the transient re-
sponse is roughly the same for all the four methods for 
a small p.  However, in the steady-state response, 
AAM shows the largest amplitude distortion among the 
four methods for a small p; NEM and LAM have the 

 
Fig. 3 Relative amplitude error of response to 

polynomial loading 

 

Fig. 4 Discretization error amplification factor for 
polynomial loading 

 

Fig. 5 Relative amplitude error for sine term of 
transient response to sine loading 

moderate amplitude distortion and FGM shows the 
smallest amplitude distortion.  Comparing Figs. 5 to 6, 
it is found that amplitude distortion in the transient re-
sponse is roughly the same as that in the steady-state 
response for NEM and LAM, while that in the transient 
response is larger than that in the steady-state response 
for FGM and that in the transient response is less than 
that in the steady-state response for AAM.    
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Fig. 6 Relative amplitude error of steady-state 

response to sine loading 

The variations of the discretization error amplifica-
tion factors for Atra with p are plotted in Fig. 7 while 
those for Aste are shown in Fig. 8.  Figure 7 shows that 
Atra starts from 1 for each method and then decreases 
gradually with increasing p for NEM and FGM while 
for LAM and AAM it increases gradually with the in-
crease of p.  It is also found that the four curves are 
almost clustered together for a small p in each plot.  
In each plot Fig. 8, each curve of the discretization error 
amplification factor no longer starts from 1 for the four 
methods.  However, these curves in each plot seem to 
converge to the curve which corresponds to a large 
enough p value.  Furthermore, the converged starting 
value of each plot of this figure are found to be 1, 0 1 
and 2 in correspondence to NEM, FGM, LAM and 
AAM as the value of p is large enough. 

7.3  Cosine Loading 

Comparing the second line to the third line in Eq. (3), 
it is found that the absolute values of the coefficients 
for both the transient response and the steady-state re-
sponse in the third line are exactly the same as that of 
the steady-state response in the second line.  This rela-
tion is also found in the numerical solution of Eq. (7).  
This implies that amplitude distortion in the steady- 
state response and the transient response to the cosine 
loading is exactly the same as that in the steady-state 
response to the sine loading.  Thus, the variations of 
the relative amplitude errors ( )tra

ampE  and ( )ste
ampE  with 

p, and their corresponding discretization error ampli-
fication factors for the cosine loading for each method 
are the same as those shown in Figs. 6 and 8, respec-
tively.  Hence, there is no need to plot these results 
again. 

8.  CAPABILITY IN CAPTURING 
DYNAMIC LOADING 

In each plot of Fig. 4, Atra starts from the origin in 
each curve for the transient response as a single degree 

 

Fig. 7 Discretization error amplification factor for 
sine term of transient response to sine loading 

 

Fig. 8 Discretization error amplification factor of 
steady-state response to sine loading 

of freedom system is subjected to a polynomial loading.  
A very similar phenomenon is also found in Fig. 7 for 
the transient response as the same system is excited by 
a sine loading, except that Atra starts from 1 in each 
curve.  In Fig. 8, it is found that Aste no longer starts 
from the same value of 0 or 1 as p  0 and p   in 
each curve as the system is subjected to a sine loading.  
The starting value varies not only with p but also the 
method used in Fig. 8.  Although the starting value of 
each curve is different in each plot a certain asymptotic 
constant is converged for a specific method as the value 
of p is large enough. 

It is of great interest to mathematically derive the 
asymptotic constants of the discretization error ampli-
fication factors for the four methods so that the results 
shown in Figs. 4, 7 and 8 can be confirmed.  The as-
ymptotic constants for the three dynamic loadings can 
be obtained by evaluating the limiting values of the 
discretization error amplification factors.  The results 
loadings are listed in Table 2.  The limiting values are 
achieved by expressing the harmonic functions as infin-
ites series and then evaluating the limits.  The results 
shown in Figs. 4, 7 and 8 are highly consistent with the 
asymptotic constants shown in Table 2. 

In Fig. 4, the asymptotic constant is 0 for the four 
methods.  This implies that the relative amplitude 

https://doi.org/10.1017/jmech.2013.68 Published online by Cambridge University Press

https://doi.org/10.1017/jmech.2013.68


Journal of Mechanics, Vol. 30, No. 1, February 2014 63 

Table 2 Asymptotic constants of discretization error 
amplification factors 

Loading 
Type 

Polynomial 
Loading 

Sine 
Loading 

Cosine 
Loading 

(sin)

0
lim tra

p
A


 0 1 N.A. 

(cos)

0
lim tra

p
A


 N.A. N.A. 

1
12

12
   
 

0
lim ste

p
A


 0 

1
12

12
   
 

 
1

12
12

   
 

 
 
error in the transient response to the polynomial loading 
tends to zero as p  0 for the four methods.  Thus, 
the capability to capture the polynomial loading is 
roughly the same for small p for the four methods.  
On the other hand, an asymptotic constant of 1 is found 
for the four methods in Fig. 7.  It is indicated that the 
relative amplitude error for the transient response to the 
sine loading is equal to the step discretization error as 
p  0 for the four methods.  In Fig. 8, different as-
ymptotic constants are found for the four methods and 
they are 0, 1, 1 and 2 in correspondence to FGM, 
LAM, NEM and AAM.  This reveals that the relative 
amplitude errors for the steady-state response to the 
sine loading are different for small p for the four 
methods.  In fact, for a small value of p, the relative 
amplitude error is roughly equal to the step discretiza-
tion error for LAM and NEM, while it is about 2 times 
of the step discretization error for AAM and it will re-
duce to be smaller than the step discretization error for 
FGM. 

In general, a step discretization error will lead to 
amplitude distortion and it seems appropriate to con-
sider the asymptotic constant of the discretization error 
amplification factor as an indicator of the capability to 
capture dynamic loading for a step-by-step integration 
method since it is closely correlated to the step dis-
cretization error.  In fact, the asymptotic constant of 
the discretization error amplification factor for a spe-
cific response to a given dynamic loading represents the 
amplification factor of the relative step discretization 
error as p tends to zero and p is large enough.  Hence, 
a large asymptotic constant implies a large amplitude 
distortion.   

9.  NUMERICAL CONFIRMATIONS OF 
ANALYTICAL RESULTS 

In order to confirm the analytical results, some nu-
merical examples are examined next.  For this purpose, 
a single degree of freedom system subject to a polyno-
mial loading, a sine loading and a cosine loading are 
computed by using NEM, FGM, LAM and AAM.  The 
lumped mass of the system is taken as 1kg and the stiff-
ness is assumed to be 42 / 25N/m.  As a result, the pe-
riod of the system is found to be 5sec.  The system an-
alyzed is assumed to be linear elastic so that the difficul-
ty caused by linearization errors can be avoided.  The 
use of the four methods is intended to study the capabil-
ity of each method in capturing dynamic loading. 

9.1 Separation of Transient Response and 
Steady-State Response 

The system is subjected to a linear polynomial load-
ing of f (t) t / td, a sine loading of f (t) sin(2t / td) 
and a cosine loading of f (t) cos(2t / td), where the 
unit for these loadings is N.  It is worth noting that the 
response to any one of the three dynamic loadings is 
obtained from the following sequence so that the tran-
sient response and steady-state response can be yielded 
separately.  The first step is to obtain the numerical 
solution by conducting the step-by-step integration with 
the specified initial conditions so that the transient re-
sponses in Eq. (7) can be eliminated.  As an example, 
the initial conditions of d0 a / k 2c / kp2 and      
v0 b / ktd must be adopted for the system subject to a 
polynomial loading.  The next step is to compute the 
response with zero initial conditions so that the total 
response can be achieved.  As a result, the difference 
in the displacement response between the two numeri-
cal solutions gives the transient response.   

Numerical results for the linear polynomial loading 
of are plotted in Fig. 9 for the transient response.  
Meanwhile, the numerical solutions for the sine loading 
are plotted in Figs. 10 and 11 and those shown in Figs. 
12 and 13 are the results for the cosine loading.  The 
loading duration td is taken to be 5sec for each loading 
case.  The vibration period of the sine loading and 
cosine loading is chosen to be td  2sec and the loading 
duration is chosen to be 10sec.   

9.2  Response to Linear Polynomial Loading  

The time steps of t = 0.5, 0.25 and 0.125sec, which 
correspond to p 10, 20 and 40, are used for the solu-
tions of the responses to the linear polynomial loading.  
Since the value of t / T t / td 1/p is found, there is 
almost no period distortion for using t = 0.125 and 
0.25sec and the use of t = 0.5sec will only lead to a 
slight period distortion.  This is manifested from Fig. 9.  
In this figure, amplitude distortion is not very signifi-
cant for the four methods and it seems to be less signif-
icant than period distortion in each plot, especially for 
the numerical results obtained from t = 0.5sec.  
These results are consistent with the discretization error 
amplification factors shown in Fig. 4 and the asymptot-
ic constants shown in the second column of Table 2.  
For brevity, the steady-state responses to the linear 
polynomial loading for using the four methods are not 
presented herein since they are exactly obtained and are 
consistent with the analytical results.  Period distortion 
is manifested from Fig. 9, where NEM leads to period 
shrinkage while period elongation is found for the other 
three methods.  FGM shows the least period distortion 
among the four methods since it is a third-order accu-
rate method while the rest methods are second-order 
accurate.  This example in addition to the discretiza-
tion error amplification factors reveals that the four 
methods will lead to roughly the same amplitude distor-
tion for the transient response to linear polynomial 
loading while the steady-state response is exactly ob-
tained. 
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Fig. 9 Comparisons of transient responses to linear 

polynomial loading 

 
Fig. 10 Comparisons of transient responses to sine 

loading 

 
Fig. 11 Comparisons of steady-state responses to sine 

loading 

9.3  Response to Sine and Cosine Loadings 

In this example, the responses to the sine loading  
f (t) sin(2t/td) and the cosine loading f (t) cos(2t/td) 
are obtained from using the four methods.  The value 
of td is taken to be 2sec and the time steps of t  0.5, 
0.25 and 0.125sec, which correspond to p  4, 8 and 16, 
are used to compute the responses to the sine and cosine 
loadings.  Apparently, these time steps will lead to 
insignificant period distortion since the period of the 
structural system is 5sec.  In each plot of Fig. 10, it 

 

Fig. 12 Comparisons of transient responses to cosine 
loading 

 

Fig. 13 Comparisons of steady-state responses to co-
sine loading 

seems that the use of p  4 results in too much ampli-
tude distortion while that of p  8 provides an accepta-
ble solution and p  16 leads to a very accurate solution.  
Amplitude decay is found in each plot of Fig. 10 and 
the amount of amplitude decay is decreased with the 
decrease of the time step.  In addition, the amount of 
amplitude distortion is roughly the same for the four 
methods.  These phenomena are in good agreement 
with the analytical predictions shown in Fig. 5 and the 
third column of Table 2, where the asymptotic constant 
of the transient response to sine loading is 1 for the four 
methods.  In Fig. 11, the results obtained from NEM 
and FGM show amplitude growth for the steady-state 
response to sine loading while those obtained from 
LAM and AAM display amplitude decay.  Similarly, 
the amount of amplitude distortion decreases with the 
decrease of the time step.  Meanwhile, the amount of 
amplitude distortion from the smallest to the largest for 
the four methods is in the order of FGM, LAM, NEM 
and AAM.  These phenomena are highly consistent 
with the analytical results shown in Fig. 6 and the third 
column of Table 2, where the asymptotic constant of the 
steady-state response to the sine loading is 0, 1, 1 and 
2 corresponding to FGM, LAM, NEM and AAM. 

In general, the phenomena found in Figs. 12 and 13 
for both the transient and steady-state responses to co-
sine loading are similar to those found in Fig. 11 for the 
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steady-state responses to sine loading.  This is con-
sistent with the analytical results shown in Eqs. (3) and 
(7), where amplitude distortion in the steady-state re-
sponse and the transient response for the cosine loading 
is exactly the same as that in the steady-state response 
for the sine loading. 

As a summary of this study of the response to har-
monic loading, it seems that the use of the four methods 
with p  8 will give an acceptable response.  However, 
a smaller time step may be recommended for AAM 
since it leads to more amplitude distortion when com-
pared to the other three methods.  This is because that 
it has the largest asymptotic constant 2 among the four 
methods for the steady-state response to sine loading, 
and the transient response and the steady-state response 
to cosine loading.   

10.  CONCLUSIONS 

A technique to evaluate the capability to capture a 
specific dynamic loading for an integration method is 
developed herein.  In fact, the asymptotic constant of 
the discretization error amplification factor for cosine 
loading is a good indicator for an integration method in 
capturing a dynamic loading.  This study reveals that 
asymptotic constants of the discretization error ampli-
fication factor for both the transient and steady-state 
responses to cosine loading is found to be 12( 1/12) 
for the subfamily of Newmark method with  1/2.  
This asymptotic constant is generally larger than those 
of the other dynamic loadings and thus it is very indica-
tive for a specific integration method although many 
dynamic loading types might be encountered in the 
step-by-step integration.  It is also very important to 
find that although the subfamily of Newmark method 
with  1/2 generally has the second-order accuracy in 
period distortion, each member shows different capabil-
ity to capture dynamic loading.  As a result, it is 
needed to evaluate the capability to capture dynamic 
loading in developing a novel step-by-step integration 
method. 
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