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Abstract. This paper establishes the geometric rigidity of certain holomorphic correspon-
dences in the family (w — ¢)? = z”, whose post-critical set is finite in any bounded domain
of C. In spite of being rigid on the sphere, such correspondences are J-stable by means
of holomorphic motions when viewed as maps of C2. The key idea is the association
of a conformal iterated function system to the return branches near the critical point,
giving a global description of the post-critical set and proving the hyperbolicity of these
correspondences.
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1. Introduction

Holomorphic correspondences are relations z — w given by p(z, w) = 0, where p is a
polynomial in two complex variables. Finitely generated Kleinian groups and rational
maps are two types of correspondences. Matings between Kleinian groups and rational
maps provide a third type. An important topic of the theory involves deciding when
an abstract mating between a polynomial map and a Kleinian group I' can be realized
by a holomorphic correspondence. For example, if I is Hecke group, matings between
pinched polynomial-like maps f and I' are generated by holomorphic correspondences
if and only if f is Chebyshev-like [3]. Bullett and Penrose [5] discovered a family of
matings whose connectedness locus is (conjecturally) homeomorphic to the Mandelbrot
set. This phenomenon suggests an interesting dictionary between the dynamics of certain
holomorphic correspondences (e.g. matings), rational maps and Kleinian groups [6]. The
theory of holomorphic motions [14] has already been extended to the family f. of all
multifunctions z — w determined by

(w -0 =z", (D

where p > q. This is a formal generalization of the quadratic family. If 8 = p/q in reduced
form, then f.(z) = z# + ¢, where z# = exp p log(z). We shall see in this paper that each
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f. presents features of both polynomial maps and conformal iterated function systems
(CIFSs).

1.1. Rigidity. A dynamical system is described as rigid if every deformation either
keeps the system unchanged (up to isomorphism), or else radically alters its dynamics,
for example by destroying topological conjugacy.

Post-critically finite rational maps are rigid. Critically finite correspondences (those for
which the full orbit of every critical point is finite) are rigid; indeed, in the quadratic
case there are only 11 critically finite correspondences up to conformal conjugacy (see
Bullett [2]).

Julia sets of hyperbolic rational maps f are geometrically rigid in the sense that if J(f)
is a Jordan curve, then either J(f) is a circle in Cor

dimyg J(f) > 1,

where dimy stands for Hausdorff dimension. (More recently, Urbarniski [16] has extended
this result to a class of meromorphic functions with finitely many singularities). In this
example, we cannot deform the circle without transforming it into a fractal. In Theorem 1.1
we have another example of geometric rigidity where a finite set cannot be deformed
without transforming it into a Cantor set.

1.2. Geometric rigidity for correspondences. The Julia set J. can also be defined for
f.; it is the closure of all repelling cycles (see page 2691 for a detailed reference to all
terminology). The analysis of the post-critical set plays a central role in the dynamics of
rational maps, mainly because of the following two properties: (a) the set of attracting
cycles is always finite for rational maps f; and (b) every attracting cycle attracts the
orbit of a critical point of f. In general, the closure of the set of attracting cycles
of f. is uncountably infinite. Property (b) still holds for the family of holomorphic
correspondences f.. Therefore, the set of attracting cycles is still very important to study
the dynamics of f., but its structure can be very complicated, as the following theorem
indicates. For this reason, we define the dual Julia set J} as the closure of all attracting
cycles of f., except co.
The following result will be restated as Corollary 3.2.1.

THEOREM 1.1. (Geometric rigidity) If the critical point of £, has only one bounded
forward orbit, and this orbit is a cycle containing zero, then the dual Julia set J is finite,
and J} is a Cantor set for every ¢ # a in a neighbourhood of a.

Under the conditions of Theorem 1.1, the post-critical set P, is finite in any bounded
domain of C and P, is accumulated in a Cantor set when ¢ # a is sufficiently close to a.
Therefore, Theorem 1.1 is somewhat related to the post-critically finite rigidity of rational
maps. As remarked above, critically finite correspondences are rigid. If a correspondence
is not critically finite, there is still the chance that the post-critical set is finite in every
bounded domain, that is, that the only possible accumulation point is co. This is precisely
the structure of the post-critical set P, under the hypothesis of Theorem 1.1. However, P,
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FIGURE 1. Julia sets of (w + ¢)?> = z* forc = —1 and ¢ = —1 + i /10, respectively.

presents uncountably many accumulation points, for any infinitesimal perturbation ¢ of
a. This fact could be used to show that f, : C — C is not structurally stable (a precise
meaning of structural stability of multifunctions involves C? extensions;see [14] for a
detailed reference).

1.3. Conformal iterated function systems. The geometric rigidity established in
Theorem 1.1 comes from the association of an iterated function system whose limit
set is precisely the closure of attracting periodic orbits. We will illustrate this idea in a
particular example (see Figure 1). The interplay between iterated function systems and
multifunctions is a well-known topic in conformal dynamics and the situation described in
Figure 1 is just one instance. See, for example, Bousch [1], Miinzner and Rasch [11], and
Przytycki and Urbariski [12].

In Figure 1, the Julia set of ¢; = —1 is drawn in black, and some of the bounded
components of the Fatou set C — J;, (which are conformally isomorphic to the unit disk)
are coloured in grey, with labels 1,2, ..., 5.

If we denote the ith component in the figure by C;, then the sequence of maps of
components given by

®1 2 3 f ®s5
ClL—=>C = C3 = Cs4—=>Cs5s>Cs

is eventually periodic, where each ¢; is a conformal isomorphism, fori = 1, 2, 3, 5.
Since the critical point O belongs to C4, there is no univalent branch defined on Cjy.
Under f;,, every point z in C4 has two images in Cs, except when z = 0. The fifth
component is mapped back onto the fourth by a univalent branch ¢s, making a cycle of
components of length 2. We define the filled Julia set K. as the union of J. with all
bounded components of the Fatou set. The structure of K, can be deduced from Figure 1.
It turns out that every point in K. has one bounded forward orbit; on the other hand,
every forward orbit of a point in the complement of K. converges to oo exponentially fast.
Except for the fifth component (the central one in the figure), every bounded component
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U of the Fatou set of f., which does not contain the critical point determines two univalent
branches of the correspondence; one of them sends U onto another bounded component
contained in K., and the other sends U to the complement of K.. This gives a global
description of the dynamics on the Fatou set.

For this particular example, every component is pre-periodic and is eventually mapped
into the cycle of components (fourth and fifth disks). What makes this example especial is
that

O —1+ 0 )

is the only bounded orbit of the critical point. Under this combinatorial condition, it is
possible to prove that every forward orbit in the Fatou set either escapes to infinity or
converges to the cycle (2). Since every non-zero point has uncountably many forward
orbits, such well-organized behaviour is the first indication of the hyperbolicity of f;,.

The right-hand side of this figure displays the Julia set of f.,, where ¢, is a small
perturbation of the parameter c;. A Cantor set is produced near the cycle (2), and every
forward orbit of a point in the Fatou set of f., either escapes to infinity or accumulates in
this Cantor set. In the following paragraph we shall explain the construction that yields this
Cantor set.

In Figure 1, the correspondence f., maps the disk A around the critical point onto the
disk B, which is centred at ¢. Clearly, the mapping f., is not single-valued and every
point in A has two images in B, except for the critical point, which is mapped to c¢;. In
a second step, f., determines two univalent branches on B; one of them sends B into the
complement of K,, and the other branch, say ¢, maps B onto the disk C. The following
fact is very important: C is contained in A and also avoids the critical point. Furthermore,
the image of C under f,, splits into two disks inside of B. Now ¢ sends the two disks
contained in B onto two disks contained in C. The process can be repeated indefinitely,
producing two conformal iterated function systems G; whose limit sets A(G;) are Cantor
sets contained in B and C, respectively.

The general version of the following result is Theorem 3.1.

THEOREM 1.2. The limit set A obtained from the two conformal iterated function systems
G; above is precisely the closure of all attracting cycles; that is,

Joy, = AG1) U A(G).

Furthermore, the post-critical set P., is accumulated in this Cantor set, and f., expands
the hyperbolic metric of the Riemann surface C — P.,. As a consequence, the Julia set is
hyperbolic.

Every correspondence (w — a)? = z2¢ with a?~! = —1 and d > 1 displays the same
features described in Figure 1 and Theorem 1.2. In all such examples, a is a simple centre;
that is, the critical point has only one bounded orbit and this orbit is a cycle. In the next
section we explain why simple centres are important.

1.4. Combinatorial description of the parameter space. In the quadratic family, the
post-critically finite rigidity is related to a special coding of the hyperbolic components
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of the interior of the Mandelbrot set M. Every hyperbolic component U of the interior of
M has a centre, corresponding to a post-critically finite f, determined by the unique c € U
such that f.(z) = z% + ¢ has an attracting cycle with multiplier X = 0. See Douady and
Hubbard [7, 8]. Every centre is thus determined by a solution of f*(0) = 0. The period n
is not fixed, and by collecting all possible solutions of f(0) = 0 we obtain a coding of
infinitely many components of the interior of M.

Although f. : C — Cisrigid at the centre ¢ € U, all quadratic maps in U are J-stable
by means of holomorphic motions; see Maié et al. [10]. (Somewhat similar results for f,
are Theorems 1.1 and 1.4).

Following the same principle, we say that c is a centre for the family f, if only finitely
many forward orbits of 0 return to 0 and the others are eventually contained in the basin
of infinity. Equivalently, we say that c is a centre if g (0) = 0, for some n > 0, where g,
is the multifunction defined on the filled Julia set K., given by g.(z) = f.(z) N K. (Since
K. consists of every z with at least one bounded forward orbit under f., we conclude that
g. is well defined.)

The study of centres is the easiest approach to the hard problem of topologically
classifying the dynamics of all correspondences in the family. This problem is related
to the topological properties of the connectedness locus Mg of the family (w — ¢)? = z?,
where 8 = p/q and B > 1. By definition, Mg is the set of all parameters ¢ such that K is
connected.

The set Mg consists of all ¢ € C such that 0 € K. For the quadratic family, this set is
equal to Mg. Therefore, the two sets corresponding to 8 = 2 are equal to the Mandelbrot
set M. Topology and dynamics are related by the well-known fact that if the boundary of
M is locally connected then hyperbolic maps are dense in the quadratic family.

In this paper we show that Mgy C Mg. Moreover, every centre belongs to Mg and
our results concern the dynamical properties of correspondences near centres (such as
Theorem 1.3 below), providing an initial picture of Mg as a space of dynamical systems.
(For more information on Mg and a new class of Julia sets named carpets, see [4].)

The following result is also presented as Theorem 5.11.

THEOREM 1.3. There is an open set Hg containing C — Mg and every simple centre,
such that ¢ v J. and c v J} are continuous on Hg with respect to the Hausdorff
distance.

According to Siqueira and Smania [14, Theorem 3.4], this theorem implies structural
stability and the existence of branched holomorphic motions, as stated in Theorem 5.10,
which is the general version of the following result.

THEOREM 1.4. (Holomorphic motions) If co is in Hg, there is a normal branched
holomorphic motion h, based at co and parameterized on U, such that h.(J.)) = Je, for
everyc € U.

Branched holomorphic motions and structural stability are related by C? extensions, as
explained in [14, Theorem 2.1]. Indeed, to every c in the parameterization domain U of
the branched motion h there corresponds a holomorphic map f. : V — C2, where V is an
open subset of C2. The closure of periodic points of £, is denoted by J ( ). The dynamics

https://doi.org/10.1017/etds.2021.49 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.49

2666 C. Sigueira

of f. on J. is a factor of
Se o J(fe) = J(fe).

The sets J(f.) are related by a (non-branched) holomorphic motion 4 : U x J(f¢)) —
J (f.) whose projection onto C is precisely h.

Since every h¢: J(fe,) = J(f:) is a topological conjugacy, this construction in
dimension 2 reveals that f, is structurally stable on J. when viewed as a map of C2, at
every parameter in Hg.

1.5. Hyperbolic correspondences. In this paper we give a precise meaning of hyperbol-
icity for correspondences. Recall that (i) a quadratic map f is hyperbolic if the critical
point zero is attracted to an attracting cycle. This definition presents little information
on the dynamics, but it is well known that if f is hyperbolic then (ii) the union of all
the attracting cycles (including the one at infinity) attracts the whole Fatou set. The two
properties are equivalent, and the second can be extended to correspondences, yielding
some results which are well known for the quadratic family. There is also a generalization
of hyperbolicity for finitely generated holomorphic families of rational semigroups

Gc = (fl,Cs e fn,c)

satisfying certain conditions. Sumi has proved that if G, is hyperbolic, then the Julia
set J(G.) moves holomorphically at ¢ =a and G, is hyperbolic, for every ¢ in a
neighbourhood of a (see [15]).

In our context, we say that the correspondence f, is hyperbolic if

C—J.={zeC:wif)c J Ui},

where w(z, f.) denotes the w-limit set of a point z.
The following result is also stated as Corollary 5.7.1.

THEOREM 1.5. (Hyperbolicity) There is an open set Hg containing C — Mg o and every
simple centre such that £, is hyperbolic, for every ¢ in Hg. Moreover, backward orbits of
any point in C — P. accumulate on J. when c € Hpg.

This result could be used to show that f. has no wandering domains when ¢ € Hg, as
Figure 1 indicates for the particular example (w + 1)¢ = z”. We do not prove this result
in this paper.

The second assertion of Theorem 1.5 is the basis of the algorithm used to generate
Figure 1 and reveals that the notion of Julia set introduced in this paper (closure of repelling
periodic orbits) displays an expected feature already known for limit sets of Kleinian
groups.

Recall that for a non-elementary Kleinian group I', there are several equivalent
definitions of its limit set A (I"): it is the complement of its domain of discontinuity Q2 (I"),
and also the closure of repelling fixed points; moreover, A (I") is the set of accumulation
points of any full orbit under I'.

The foundations for a systematic study of regular and limit sets of general holomorphic
correspondences are given by Bullett and Penrose in [6]. The generalizations of the
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various equivalent definitions of A(I") are no longer equivalent in the larger category
of holomorphic correspondences. It is possible to give a general definition of regular
domain [5], and a notion of equicontinuity set for a correspondence [6]. The Julia set of a
correspondence as defined in this paper satisfies at least two of the equivalent definitions
of the Julia set of a rational function: it is the closure of repelling periodic cycles, and for
every ¢ in Hg, backward orbits of any point in C — P, accumulate on J..

2. First steps: recurrence near simple centres
We start with some preliminary results on the speed of convergence of iterates in the basin
of infinity.

Recall that a multifunction from A to B is any relation h C A x B such that, for every
zin A, there is w in B such that (z, w) belongs to h. The notationh : A — B,

h(z)={weB:(zw)eh} and h(4)=|]h()

zeA

is commonly used. The composition h; o hy of multifunctions is defined by the relation
consisting of all pairs (z, w) for which there is x such that (z, x) € hy and (x, w) € hy.
If a multifunction is surjective, that is, h(A) = B, then its inverse h!':B—> A always
exists. In this case, h™! (w) is the set of all z € A such that (z, w) € h.

Each member of the one-parameter family of holomorphic correspondences (w —
¢)? = z” (where the integers p > g > 1 are fixed) is a multifunction f, : ¢ - C.
Therefore, f.(z) is the set of all w such that (w — ¢)? = zP.

A sequence (z;) is a forward orbit (or simply, orbit) if z;41 € f.(z;), for every i. If
Zi+1 € f?l (z;) forevery i, then (z;) is a backward orbit. A set B is called forward invariant
if f.(B) C B.If fc_l(B) C B, then B is backward invariant. 1f k > 0, then

ff=f.0...0f, and f*=(f7H%
k
Fix any \ > 1. Given ¢ € C, the equation x?/¢ — Ax — |c| = 0 has two solutions in x.
Let xq be the greatest solution. Any R > xg is, by definition, an escaping radius of f.. The
following result shows that the region determined by |z| > R is forward invariant under f,,
and that every orbit in this region converges exponentially fast to co.

LEMMA 2.1. (Escaping radius) An escaping radius R can be chosen locally constant at
every c € C.If |z| > R, then any forward orbit (z;) of z under f, satisfies

< lzal > Mzaotl > Mzaal > - > Wzl.
Consequently, (z;) converges exponentially fast to oo, and
£." = (Br) € £." (Br),
where Bg = {z € C : |z] < R}.

Proof. Let R be an escaping radius of f.. If w is an image of z under f. and |z| > R, then
lw| > |w — | = le| = |z|P/7 —|e| > Mzl. O
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As a corollary, the filled Julia set

o0 o0
K. =)t Br) = () 15 (Br) 3)
k=0 k=0
is non-empty. This definition is independent of R. Due to the following lemma, a point
belongs to K, if and only if it has at least one bounded forward orbit.

LEMMA 2.2. (Choice) Suppose z € A and, for every n > 0, there is a forward orbit 7 —
71 > - - - > 7, contained in A. Then there is an infinite forward orbit of 7 in A (and
similarly for backward orbits).

Proof. Use the fact that every point has at most ¢ images to find repeated terms and extract
an infinite orbit out of infinitely many finite orbits. O

2.1. Connectedness locus. It follows from (3) that f 1(K,) = K. Hence every point in
K has one infinite forward orbitin K. and g. : K. — K is the well-defined multifunction
given by

gc(z) = C(Z) m KC’

for every z € K.. We let Mg be the set of all ¢ such that K is connected, and
Mgy ={ceC:0eK,.}.

We intend to show that Mg contains Mg . For the quadratic family, both sets are equal
to the Mandelbrot set and M — M> is empty. (If g is sufficiently close to 1, then the
complement of Mg in Mg represents a large class of filled Julia sets called carpets (see
[4] for more details).

THEOREM 2.3. For any rational B > 1, the set Mg is contained in the connectedness
locus Mg.

We shall need the following lemma. (Recall that a region is a non-empty open connected
set.)

LEMMA 24. IfV =f.(U)and 0 € U, then U is a region if and only if V is a region.

Proof. Connectedness in the main concern. Notice that U is a union of connected sets L
containing 0 such that f.(L) is connected (e.g., if L is a line segment, then f.(L) consists
of ¢ line segments). The sets f.(L) have a point in common, namely, c¢. The union of
connected sets with a point in common is also connected. Hence V is connected if U is
connected. O

Proof of Theorem 2.3. If 0 € K, then ¢ has a bounded forward orbit and, in particular,
¢ is in £.™(Bg), for every m, where R is an escaping radius. It follows from Lemma
2.4 that every f.""" (Bg) is connected. Hence the nested intersection K. = (), £, (Br) is
connected. (The nested intersection of compact and connected subsets of a metric space is
compact and connected.) This proves that Mgy C Mg. O]
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2.2. Recurrence. A forward orbit (z;) which is also a periodic sequence is called a cycle.
Centres are those parameters ¢ for which every forward orbit of 0 under f, either escapes
to oo or comes back to 0, forming a cycle. More precisely, a parameter c is a centre if
2" (0) = {0}, for some n > 0. In particular, if there is only one bounded forward orbit of 0
under f, and this orbit is necessarily a cycle, then ¢ is by definition a simple centre. (See
§1 for examples of simple centres.)

A holomorphic map ¢ is a branch of f. if (¢(z) — ¢)? = zP, for every z in the domain
of ¢.

A cycle (z;); of period n is said to be attracting in two situations: (i) when zero belongs
to the cycle (in this case, it is called super-attracting); or (ii) when the multiplier

n—1
A= l_[ @i (zi)
i=0

satisfies |\| < 1, where each ¢; is a branch of f, taking z; to z;11 (¢; exists only if z; is
non-zero). If |k| > 1, the cycle is said to be repelling.

Let By = {|z| < d}. Every region which is conformally isomorphic to B, is a conformal
disk, or simply a disk. Suppose ¢ = a is a simple centre. Then there is only one bounded
forward orbit (z;) of zero under f,,, and this orbit is necessarily a cycle of length n. We say
that n is a minimal period if no other element of the cycle is zero, except for the first one.

THEOREM 2.5. Suppose a is a simple centre, with a cycle (z;) of minimal period n. For
every d in some interval (0, €) and c in a neighbourhood V of a, there is only one sequence
of maps

Bl D Dy 2 D eV, )
satisfying: (a) every D; . is a disk and ¢; . : D; . — Dji11 . is a conformal isomorphism;
(b) for every c fixed, the disks D, . are pairwise disjoint and D, . € Bg; (c) every ¢; ¢ is
a branch of £, and there are branches ¢; of £y such that ¢; . = ¢; + ¢ on D; ., for every
c € V (in this sense, we say that ¢; . is a perturbation of ¢; o), and (d) the orbit of zero
under successive compositions of the maps @; 4 is precisely the cycle (z;).

Proof. A sequence of disks satisfying D, , € By exists because the cycle (z;) contains
zero and is super-attracting. The maps ¢; , are uniquely determined. By continuity, a small
perturbation of each ¢; , yields a family of sequences (4) with D, . € By, for every cina
neighbourhood of a. O

The dual Julia set J is the closure of all attracting cycles except co. For rational maps,
this set is always finite, but for correspondences its geometry can be as puzzling as the
Julia set J,., which is by definition, the closure of all repelling cycles of f,.

We shall prove that J is a Cantor set associated with a CIFS when c is sufficiently
close to a simple centre.

The first step towards this assertion is Theorem 2.5. The second step is provided by
Theorem 2.7 below. It can be regarded as an improvement of the previous theorem, in the
sense that Dy, . is now proved to avoid the critical point.
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Since f.(z) = ¢ + exp((log z7)/q), for every disk D avoiding O there are g univalent
branches ¢; : D — C determining f.(D) = {J; ¢;(D). If this union is pairwise dis-
joint, D is said to be a univalent disk. The polar coordinates form of f,. is (r, 0) —
(rP/4, (p/q)0) + c. Thus f. bijectively transforms sectors of angle 27r/p at 0 to sectors
of angle 2 /g at c. This fact can be used to prove the following lemma.

LEMMA 2.6. Any disk D contained in an open sector of angle 27 /p and vertex 0 is a
univalent disk.

The family of sequences of Theorem 2.5 depends on two parameters d and c. For this
reason we shall denote it by S, 4 in the following theorem.

THEOREM 2.7. (Recurrence) For every c in a punctured neighbourhood V — {a} of a
simple centre a, there is d(c) such that the sequence S. 4 satisfies: (a) the radius d(c) of
the first disk By approaches zero as ¢ — a; (b) Dy € By — {0} is a univalent disk; (c)
some iterate £ K(BR) is a connected set containing the union of all disks of the sequence
Sc.a; and (d) every D; . is mapped into q different disks under f., and only one of them,
D;1 1, is contained in fc_k(BR).

We include here an analysis of Figure 1 to illustrate this theorem. In that particular
example, n = 2 and By is the disk labelled A in Figure 1. By Theorem 2.7(a), the size
of the disk A is very small when c is close to the simple centre —1. As a consequence,
the Cantor set J described in Figure | is very close to the cycle 0 — —1 — 0 when c is
sufficiently close to —1.

Statement (b) of Theorem 2.7 simply means that the disk C = D, avoids 0 and its
image splits into two small disks contained in B = D1 .. The region f, k(Bg) contains the
filled Julia set, and can be visualized in Figure 1 as a good approximation of K. for high
values of k.

Proof of Theorem 2.7. Forc € V,letg. : D1 — Dy begivenby g.(2) = ¢p—1c0---0
@1,c(2). If (z; ¢)7_, denotes the orbit of 7o, = 0 under the sequence of maps in (4), then
Zen = 8c(c). Let f 1V — C be given by f(c) = gc(c). Since ¢; (z) = ¢i(z) + ¢ for a
certain branch ¢; of z — z? with B = p/q, it is possible to show that f(z) is indeed
holomorphic and non-constant. Hence, f : V — C is an open map. (For example, if n = 4
then f(z) is a branch of the multifunction ((z? + z)# + z)# + z, and therefore f(z) cannot
be constant.)

There is a constant Co such that |g.(z)| < Co, for every ¢ € V and z € Dj .. Since
Dy, =1.(By), it follows that D; . is the open ball B(c, dP). Notice that gc maps the
centre of Dj . to f(c). Using the mean value inequality applied to g. : Di . — Dy, We
conclude that D, . is contained in the open ball of radius Cod? and centre f (o).

The main argument is as follows. in order to show (a) and (b), we shall prove that
there is a neighbourhood V; of a such that, for every c in V| — {a}, there is d satisfying
() | f(c)] + Cod? < d and (ii) Cod? < | f(c)] sin(zw/p). Since D, is contained in the
open ball of radius Cod? and centre f(c), the first inequality implies D, . € By. Using
basic trigonometry, we conclude that (ii) implies D, . € Sz, for some open sector S,/
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of angle 27 /p and vertex 0. According to Lemma 2.6, the disk D, is univalent and
compactly contained in By — {0}.

Recall that 8 = p/q and let y = B — 1. There is dp > 0 with 3C0dg < sin(r/p). Let
r= Codg / sin(z/ p). Since a is an isolated zero of f, the set £~!(B,) contains an open
set Vi C V around a such that 0 < |f(c)| < r, for every ¢ € V| — {a}. If we choose d
with y := Cod?/ sin(r/ p) sufficiently close to | f(c)], then y < | f(c)| < 2y. Since y <
| f(c)| < r, it follows that d < dp. By the assumption, 3C0dg < sin(w/p). Since d < dy,
we have 3Cod? < d sin(r/ p). Therefore,

Cod?® 2Cod? Cod?
e e 1 0 | [P iy S L S oY, 3
sin(r/ p) sin(rr/ p) sin(7r/ p)

which completes the main argument.

We now show that we may reduce V; even more so that, for any ¢ in V; — {a} and
d = d(c), the set f;k(BR) satisfies assertions (c) and (d).

Since the cycle (z,4)}_ is the only orbit of zero under g,, z;+1,4 is the only image of
zi o under £, which is contained in K,,.

Hence f,(zi 4) — {Zi+1,4} 1s contained in the complement of K,. By (3), there is m > 0
such that £' maps f,(z; 4) — {zi+1,4} into the complement of Bg, for every 0 < i < n. By

continuity, if ¢ is sufficiently close to a, then ;' maps
fc(Di,c) - Di+1,c

into the complement of Bg (notice that the diameter of D; . tends to zero as ¢ — a).
Therefore, f. maps D; . into g different disks, and only one of them, D; ., is contained
in £, (Bg). The set . (Bg) is connected (by Lemma 2.4) and satisfies assertions (c)
and (d). O]

Property (b) of Theorem 2.7 states that D, . avoids the critical point when d = d(c).
The following result reveals that D, . contains the critical point in many situations where

d # d(c).

THEOREM 2.8. Let a be a simple centre. For every d in a small interval (0, €), there is a
neighbourhood Vy of a such that, if ¢ € Vg, then the sequence S¢ 4 of Theorem 2.5 satisfies

0€ D, € By,

and properties (c) and (d) of Theorem 2.7 still hold in this case.

Proof. Fix ¢ =a and find an interval (0, €) such that 0 € D,,, € By, for every d in
(0, €). Since D, is open and varies continuously with ¢, for every d in (0, €) there is
a neighbourhood V; such that 0 € D, . € By, whenever ¢ € V. O]

Definition 2.9. (Critical and non-critical systems) Any sequence of maps satisfying the
conditions of Theorem 2.7 is a non-critical system and is denoted by F.. Any sequence
satisfying the conditions of Theorem 2.8 is a critical system and is denoted by A,.
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As described in Theorem 2.5, in both cases the sequence is given by disks D; .. We
define

n n—1
dom(F,) = J Die and dom (A) = | J Die-
i=1 i=0
The main difference between dom(F,) and dom(.A.) is that the critical point belongs
only to the latter. However, both sets are contained in K, and iterations inside them will
always converge to the Cantor set J., as we shall see in Theorems 3.1, 3.4 and equation (8).
Iterating inside dom(F,) naturally produces a CIFS.

3. Conformal iterated function systems

In view of Theorem 2.7, to every c # a sufficiently close to a simple centre a there
corresponds a non-critical system . given by (4). Since D,, . is simply connected and 0 ¢
Dy, ¢, there are ¢ holomorphic maps ¥y : D, — C such that f.(Dy ) = (U ¥k (D).
Let

fk(Z) = @n—-1,c9 0P| O Y (2), ©)

where the sequence of maps ¢; . is determined by F..

Since fx(Dyc) € Dy, for every 0 < k < g, by the Schwarz—Pick lemma each fj is a
contraction of the hyperbolic metric, and { fk}? defines a CIFS without overlaps on D, ..
Since D, . is univalent (see Theorem 2.7(b)), the limit set

Ao= () H'(Duo) (©)

j>0

is a Cantor set, where H is the Hutchinson operator given by H(A) = UZ: 1 Ji(A), for
A C Dy
By Theorem 2.7(c)—(d), the region f k(BR) contains dom(F.), and

g.(dom(F.)) C dom(F,).

Therefore, it makes sense to define

n—1
AF) =] g0 @)

J=0

as the limit set of F.. In (8) and (9) we present a dynamical interpretation of A (F.).

By definition, a point z, belongs to w(z, g.) if and only if there is a forward orbit
under g, starting at z which has a subsequence converging to z,. If we allow only orbits
under compositions of maps of F, then we obtain wz, (z). Notice that every orbit of a
point outside £, k(Bg) is attracted to infinity. Combining this fact with Theorem 2.7(d), we
conclude that, if z € dom(F,) or z € By, then any forward orbit of z under g, is also an
orbit under the maps of F., and

0(z,8.) = wF, (2) = A(Fe). (8)
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The system F. induces a CIFS not only on Dy ., but also on every D; .. If A; denotes the
limit set of the CIFS induced on D; ., then

n—1

A(F,) = U A;. )

i=0

3.1. Hyperbolic sets. We say that A is a hyperbolic attractor of g, if g.(A) = A and g,
attracts a conformal metric || - || defined on a neighbourhood of A; thatis, sup ||¢’(2)| < 1,
where sup is taken over all z € A and every branch ¢ of g. such that ¢(z) € A. (If we
replace g, by f. in this definition, we obtain a hyperbolic attractor of f,.)

Recall that J* was defined as the closure of all attracting cycles. Under the presence of
a non-critical system J., we shall prove that J;* is a hyperbolic attractor obtained from the
limit set A(F¢). In the following theorem, we say that a cycle (z;); attracts a forward orbit
(w;)g° of the critical point wo = 0 if {z;}{; is the set of limits of convergent subsequences
of (w,-)go.

THEOREM 3.1. Any attracting cycle of £, attracts a forward f.-orbit of the critical point.
If F. is a non-critical system, then the Cantor set A(F;) is a hyperbolic attractor of . and

Jr = A(Fe). (10)
We shall use the following lemma.

LEMMA 3.2. If U is simply connected and ¢ ¢ U, then for any wo € U and 7o in f?l (wo)
there is a unique univalent branch ¢ : U — C off:1 such that ¢ (wg) = zo.

Proof. A consequence of analytic continuation applied to the algebraic curve determined
by f-1. O

Proof of Theorem 3.1. Let Ag be the limit set defined by (6). Then Ay = h(X,), where
%, denotes {1, . . . ,q}NO and

h(k) = (") fro © fiy 0 -+ - 0 fi; (D),
J

for any sequence k = (k;) in X,. Give X, the product topology.

Periodic points of the left shift o on X, are dense in X, and 4 maps a periodic k into
a periodic z € A, since h(ck) = Uj Sy 00 fi; (D)

If o/ (k) = k, then g(z) = z, where g = fi, 0 - - o fi,_,. Therefore, z is an attracting
periodic point of f.. Since & : £; — Ao is continuous and surjective, Aq is contained
in J}. Using the same reasoning, the limit set A; in (9) is also contained in J}. Hence,
A(Fe) C JE.

We will now show that attracting cycles attract a forward orbit of the critical point. Let
Zx — - -+ — 7] — Zo be an attracting cycle of f. of period k, that is, zx = zo. Suppose
this cycle does not attract any orbit of the critical point, and that no element of this cycle
is 0.
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Any point z in a sufficiently small neighbourhood By of zg is attracted to the attracting
cycle. By a repeated application of Lemma 3.2, we construct a sequence of conformal
isomorphisms

LN VN TN N AN S

where each B; is a topological disk containing z; and the maps ¢; satisfy the following
extension property: By 1yn+j O Bin+j» and @41)n4-j restricted to By j i ¢ppj. This
construction is possible because at each step j, we have ¢ ¢ B; (otherwise the cycle would
attract an orbit of the critical point). Hence the family of disks B; avoid {0, ¢, oo} (we may
suppose ¢ # 0, for if ¢ = 0, then every point outside the unit circle is attracted to either O
or oo. In this case there is nothing to prove, since fy has only one attracting cycle, namely,
the fixed point z = 0.)

It follows that B, = U?io Bjy is a nested union of disks; hence B, is also a simply
connected set avoiding a three-point set {0, ¢, oo}. Therefore, B, is isomorphic to the unit
disk. There is a conformal isomorphism ¢ : B, — B, such that

BBy = PGi—Dk+1 0" 0 Pjk,

for every j. In particular, ¢ has an attracting fixed point at z.

By the Schwarz lemma, the map ¢ : B, — B, is conformally conjugate to a rotation of
the unit disk, and the existence of an attracting fixed point yields a contradiction. Hence
the cycle must attract at least one orbit of the critical point. In other words, every attracting
cycle is contained in @ (0, g.). Since w (0, g.) is closed, J* C w(0, g.). A final application

of (8) yields
J: C C()(O, gc) = A(]:L) C Jj’
thereby proving (10).
It is clear from g.(dom(F,)) C dom(F,) that g. attracts a conformal metric defined on
a neighbourhood of J} = A(F;). Therefore, J} is a hyperbolic attractor of g,. O

The combination of Theorems 3.1 and 2.7 establishes the geometric rigidity of dual
Julia sets at simple centres by proving that simple centres are isolated in the parameter
space.

COROLLARY 3.2.1. (Geometric rigidity) The dual Julia set J} is finite at every simple
centre ¢ = a, and a Cantor set for any ¢ # a sufficiently close to a.

There is a theorem analogous to Theorem 3.1 for critical systems .A,.

THEOREM 3.3. Let A, be a critical system given by (4), that is, a sequence By —

-+ — Dy . Then dom(A.) is forward invariant under g, and g'(Bg) € By. If some
iterate g’g" (Bg) is a hyperbolic Riemann surface contained in a disk D € By — {0},
then the restriction of g to g]f,”(Bd) is given by finitely many conformal maps g; :
gf"(Bd) — g];”(Bd) which are contractions with respect to the hyperbolic metric of
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g];”(Bd). Therefore, {g;} is a CIFS. If A denotes its limit set, then

n—1
oz g) =] gwo =17, (1)
i=0
for every z in dom(A.).
Proof. A repetition of the arguments used to prove (5), (7), (8) and Theorem 3.1. O

The following is a version of Theorem 2.7 for critical systems.

THEOREM 3.4. Let a be a simple centre. For every d in some interval (0, €) there is a
neighbourhood V4 of a such that, for any c in V4, the sequence S¢ 4 of Theorem 2.5 is a
critical system A, and

0 (z, 8) = JZ, 12)

for every z € dom(A,).

Proof. The proof is divided into two steps.

Step 1: preliminaries. By Theorem 2.8, for every d in some interval (0, €1), there is a
neighbourhood W, of the simple centre a such that the sequence S, 4 in (4) is a critical
system, for every c € Wj.

For c € Wy and z € D, let g.(z) = gp—1c0- - 0@1(z), where (g;c); is the
sequence of maps of S. 4. Therefore, the domain of g. is D1, and g, maps Dj . onto
D,, . Recall that D1 = f.(By). The following properties hold for the family g.:

(a) there exists a constant Cp > 1 such that

lgc(2)] < Co,

foreveryd € (0, €1),c € Wy and z € f.(By);
(b)  f(c) = gc(c) defines an open holomorphic map f : Wy — C with an isolated zero
atc =a.
Notice that f(c) is the final point of the orbit of zero under the sequence of maps
in S, 4. Now fix d; in (0, €1), A = 1/3, and 0 < € < d such that Coef~! <\ where
B=p/qg > 1. Let

Vi = Wa N Wy,

for every d € (0, €1).

Step 2: the V4 just defined satisfies the properties of the theorem. Indeed, let d € (0, €).
Then a € Vy and w(z, g.) = J} if ¢ = a. (As a matter of fact, every orbit under g, inside
dom(S, 4) is attracted to the only cycle (z;); of g, containing zero. In this case, J; is
precisely {z1, ..., zn—1}.)

We will show that w(z, g.) = J} if c € Vg and ¢ # a. Let § = | f(c)|. Since a is an
isolated zero, § > 0. If z € By, then |z| < € and |z]#~! < \. Since g" = g. of. on By,
from (a) of step 1 we conclude that

22(2) — f(©)] = 1€} () — 4(0)] < Colz — 0 <z, (13)
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where | - | is also used to denote the diameter of a set. Since g/ is a multifunction, g7 (z) is
a set and (13) means that if we replace g.(z) by any w in g.(z), then (13) holds.

It follows that g maps B, into a subset of the ball B(f(c), r) of radius r = \d. Hence
g (By) is contained in B, , where r| = § + \d. Using induction, we conclude that g’c‘" (Bg)
is contained in the ball B, where

=841+ -+ 115 kg

Choose k such that \**t1d < §/2. Tt follows that g£k+1)"(Bd) is contained in the ball
B(f(c), s), where
PN
s=wp =M+ N2+ ks ki d < ﬁ5+x’<+1d <4

Combining this with Lemma 2.4, we conclude that gﬁ"*”" (Bg) is a connected open set

contained in a disk D € By — {0}. A final application of Theorem 3.3 yields the desired
result. H

The following corollary gives an approximation of J in terms of g (By).

COROLLARY 3.4.1. If A, is a critical system in the conditions of Theorem 3.4 and By
denotes the disk of A. containing zero, then for every open set U containing J} there is
no > 0 such that

Jrc | gy cu.

n>ng

Proof. Use Theorems 3.4, 3.3 and the following general fact: if a CIFS is represented by
finitely many maps f; : X — X, then any high iterate H”(X) is an approximation of the
limit set, where H(A) = |J; fx(A) is the Hutchinson operator. O]

4. Post-critical set
The post-critical set of £ is P, = Un>0 £2(0). Since f.(P,) C P, the complement C — P,
is backward invariant under f,..

The set of accumulation points of P, is denoted by P/. Therefore z € P/ if and only if

there is a sequence z; # z in P, converging to z.

THEOREM 4.1. (Post-critical sets) Let a be a simple centre of the family ..

(a) Suppose c =a.If P, C K, then P} = (; otherwise, P) = {oo}.

(b) Suppose ¢ # a is sufficiently close to a. Then P/ is a Cantor set. If P. C K, then
P/ = J¥; otherwise, P} 2 J* U {o0}.

(c) Ifcisin the complement of Mg, then P] = {oo}.

Proof. (a)If P, C K,, then P, is bounded. Hence every forward orbit of zero is trapped
into the critical system and, consequently, P, consists of the finitely many points of an
attracting cycle containing zero. Thus, P, = @.

If P, is not contained in K,, then some orbit of zero escapes to infinity. Therefore, oo
belongs to P,. Since a is a simple centre, there is a region f k(Bg) satisfying properties
(c) and (d) of Theorem 2.7. As a consequence of Theorem 2.8, the intersection of P, with a
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certain iterate f, k(Bg) is a cycle containing zero; and since every point of P, which is not
inf; k(Bg) is attracted to infinity exponentially fast, there can be no other accumulation
point except co. Thus, P, = {o0}.

(b) Suppose ¢ # a is sufficiently close to a. If f k(Bg)isa region satisfying properties
(c) and (d) of Theorem 2.7, then every forward orbit of zero is either trapped into the
non-critical system J. or eventually leaves f, (Bg). Hence,

PN (BR) = w(0,g,) = JF,

where the second inequality comes from Theorem 3.1 and equation (8). By Corollary 3.2.1,
J¥ is a Cantor set. Hence, P/ N fgk (Bpg) is a Cantor set. If P, C K., then in particular P,
is contained in f_ k(Bg), and P/ is therefore a Cantor set.

Now suppose P, is not contained in K.. Then

W = P/N(C—f*(Bg))

is non-empty. Indeed, (D N J¥) is a Cantor set contained in W, for every univalent
branch ¢ : D — C defined in an open set D intersecting J. Iterations of ¢(D N J¥)
are still contained in W and converge to oo in the Hausdorff distance. It can be shown
that the whole set W can be described in this way. Hence both W and P/ are Cantor sets
containing oo.

(c) If ¢ is in the complement of Mg, then 0 is not in K.. Hence every orbit of zero
escapes to oo. It follows that P = {o0}. L]

Definition 4.2. We shall use Hg to denote the union of the complement of Mg with a
sufficiently small neighbourhood of the set of all simple centres a € Mg . We shall see in
Lemma 5.3 that Hpg is open.

Remark 4.3. If Hg appears in two different statements, then we have two different sets
Hg; their intersection is again another Hg which works for both statements.
In Corollary 5.7.1 we show that every parameter in Hg is hyperbolic, for some Hg.

THEOREM 4.4. (Hyperbolic metric) For every non-zero parameter c in Hg, the set C — P
is a hyperbolic Riemann surface and f. expands its hyperbolic metric. Equivalently,

de(9(2), p(w)) > dc(z, w), (14)

for any z, w € U and any forward holomorphic branch ¢ : U — C — P., where d, is the
distance function associated with the hyperbolic metric of C — P..

For every family By of branches ¢ as above such that ¢(U) is contained in the same
compact set K C C — P, there is a constant p > 1 such that every ¢ € By expands d. by
the uniform factor p.

This theorem does not hold for ¢ = 0 because C — Py = C* is not hyperbolic.

Proof. A key role is played by the Schwarz—Pick lemma. We have to show thatif ¢ ¢ Mg
or c is sufficiently close to a simple centre, then (a) C — P, is connected and P, contains
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at least two points; (b) £, ! (P:) 2 P.; and (c) every holomorphic branch ¢ whose image is
contained in C — P, is indeed an expansion of the hyperbolic metric.

(a) If ¢ = a is a simple centre, then P, contains {0, a}, and a # 0. By Theorem 4.1, the
set of accumulation points P, is either empty or {co}. Hence C — P, is connected and its
complement in C contains at least three points. We conclude that C — P, is a hyperbolic
Riemann surface.

If ¢ # a is close to a simple centre, then PC/ is a Cantor set, and therefore C — P,
is connected. (All Cantor sets are homeomorphic. Furthermore, a Cantor set never
disconnects the plane, as a consequence of the Schoenflies theorem, which states that any
homeomorphism between plane Cantor sets can be extended to a homeomorphism of C.)

By Theorem 4.1, if ¢ & Mg, then P/ is a single point set and P. contains an infinite
forward orbit of zero converging to oo. It follows that C — P, is a hyperbolic Riemann
surface.

(b) Our second claim is f_ ! (P) 2 P..

Case 1. Suppose ¢ # a is sufficiently close to a simple centre a. Then 0 = fjl(c) isa
point of f 1(P.), which has a bounded orbit contained in dom(F,). In particular, 0 € K.
Since P. N K. C dom(F.) and dom(F.) avoids 0, we conclude that O is not in P.. Hence
i:l (P:) 2 P, in this case.

Case 2. Now ¢ = a is a simple centre. Suppose for a moment that f 1 (P,) = P,. Recall
that p > 2and g > 1. Every z # a has at least two pre-images and C = P, N K, is acycle
containing 0. Since both P, and K, are backward invariant, f; 1(C) = C. Since a # 0, the
cycle C must contain at least two points; thus C = {a} U Cq, where card(C1) = N > 1
and every element of C| has p > 2 pre-images in C. Different points x, y in C determine
disjoint sets f; '(x) and f, ! () contained in C. Proving that f; (x) and f, ! (y) are disjoint
is not immediate because f, is a multifunction. In this specific case, since f, 1(x) and
f, I y) are contained in C, if the two sets are not disjoint, then there is a point z of the
cycle C with two different images in C. This implies that O has two different bounded
orbits under f,;, but this is impossible because a is a simple centre.

Therefore

1+ N = card(C) = card £, 1(C) > 1 4+ 2N,

which is a contradiction. Therefore, f; ! (Py) 2 P,

Case 3, Suppose ¢ ¢ Mg . Equivalently, O is not in K. Since 0 belongs to £ L(Py, it
suffices to show that 0 is not in P.. Since P, = {o0}, if 0 € P. then 0 € fi,(O), for some
i > 0. Hence 0 € P, implies the existence of a cycle containing 0, which contradicts the
fact 0 € K.

(c) Suppose ¢ € Hg. Consider the Riemann surface

X={(zw) eC’: wé¢P).

The two projections 71 (z, w) = z and m2(z, w) = w define holomorphic maps on X. Since
72| x omits at least two points of C, it follows that X is hyperbolic. Since 73 : X — C — P,
is a covering map, it is an isometry (by the Schwarz lemma). On the other hand, 7y : X —
C — P, is not onto because f 1 (P:) 2 P.. Hence m is a strict contraction with respect
to the hyperbolic metrics of X and C — P.. If ¢ : U — C — P, is a holomorphic branch,
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then U C C — P, and g is also a branch of 73 o 77, I therefore ¢ expands the hyperbolic
metric of C — P.. O

5. Stability and hyperbolicity

A subset A of the plane is a hyperbolic repeller for f. if £ '(A) = A and f. expands a
conformal metric | - || defined on a neighbourhood of A; that is, sup |¢’(z)| > 1, where
sup is taken over all z € A and every branch ¢ of f. such that p(z) € A.

The main goal of this section to prove that, if ¢ € Hg, then J. is a hyperbolic repeller
which is stable by means of holomorphic motions. In spite of the several complications of
iterations of multivalued functions (e.g., uncountably many orbits of a point) the dynamics
of f. is quite well understood when ¢ € Hg. The hyperbolic geometry of C — P, is
responsible for such nice behaviour.

We define a(z, f.) as the set of all ¢ € C such that ¢ is a limit point of a backward orbit
of z under f.. The following result provides approximations of J., and reveals that a(z, f;)
is independent of z.

THEOREM 5.1. For every c in Hpg, the Julia set J. is a hyperbolic repeller for f., and J
is a hyperbolic attractor for g... If z is in C — Py, then

Ol(z, fc) = Jc- (15)

In particular, backward orbits are dense in J., and for any e-neighbourhood U of J. there
isng > 0 such that £, (z) C U, for every n > ny.

The proof of Theorem 5.1 will be given in a sequence of lemmas.

LEMMA 5.2. If ¢ is sufficiently close to a simple centre, then J* C dom(A,) and J. is
contained in the complement of dom(A.), for any critical system A.. In particular, J; is
disjoint from J}.

Proof. The first assertion follows from Corollary 3.4.1, since g/ (B4) is always contained
in dom(.A.). For the second, notice that if dom(.4,) contains one point of a repelling cycle,
then the whole cycle must be contained in dom(.A.). But any cycle contained in dom(A,)
is attracting. O

LEMMA 5.3. If ¢ is in the complement of Mgy, then J! is empty. Furthermore, for
every neighbourhood U of oo there is ng > 0 such that £(0) C U, for every n > ny.
Consequently, Mg is closed and Hg is open.

Proof. The dual Julia set is empty because any attracting cycle attracts a bounded
orbit of the critical point (Theorem 3.1), and in this case no forward orbit of zero is
bounded.

Let Uy C U be a forward invariant neighbourhood of co. We will show that £.°(0) C
Ui, for some ng. (Consequently, f(0) C U, for every n > ng.). If no iterate £20(0) is
contained in Uy, than by Lemma 2.2 there is a forward orbit of zero contained in C — Uy,
contradicting the fact that every orbit of zero converges to co when ¢ is not in Mg .
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If ¢o is not in Mg, then there exist n and a neighbourhood of infinity U such that
f7,(0) C U; by continuity, £:(0) C U for every c in a neighbourhood V of co. Hence,
0 ¢ K. for every c € V. Therefore, cq is an interior point of the complement of Mgy.
Since ¢y is arbitrary, Mg is closed and Hg is consequently open. O

LEMMA 5.4. For any parameter c in Hg there is a region D, such that
(D) c D, and J.C D, €C— P.
Moreover, for any bounded set A € C — P, there is n > 0 such that £, (A) C D,.

Proof. Since J. is the closure of repelling cycles (which are contained in K.) and K, is
closed, it follows that J. C K. Therefore, J. C £, (Bg), for every m > 0.

First suppose c is sufficiently close to a simple centre a. By Theorem 2.8 there exist a
critical system A, and a region f_ k(Bg) containing dom(A,) satisfying properties (c) and
(d) of Theorem 2.7. Since dom(.A,) is a disjoint union of disks, D, = £, " (Bg) — dom(A.)
is connected. From Lemma 5.2 we conclude that D, contains J.. Since c is sufficiently
close to a simple centre, P. Nf."(Bg) € dom(A.). Taking complements, we obtain D, €
C-P.

Let A €@ C — P. be a bounded set. It remains to show that some backward iterate
of A is contained in D,.. Since A is bounded, there is r > 0 such that A C B,. From
Lemma 2.1, there is kg such that fC_kO(Br) € Bpg. If we let k; = kg + n, and define A
to be fc_k1 (A), then Ay € f,"(Bg). Denote the Euclidean distance d(A1, J) by 8. Since
C — P, is backward invariant, A is compactly contained in C — P.. By Theorem 3.1, we
have J* C P.. Thus, § > 0. Let U denote {z : d(z, J}) < §}.

Let Eg = A; Ndom(A,). If Eg =@, then A} C D, and there is nothing to prove.
Otherwise, let

E; =f'(A)) Ndom(A.) = £, (Eg) N dom(A,).

(In the second equality, we have used the definition of 4. and the following facts: A} C
f " (Br), and dom(A,) is forward invariant under g.). Inductively, we obtain a sequence
Er C dom(A,) such that

Ep =71 (Er_1) Ndom(A.) = £.5(A1) N dom(A,).

By Corollary 3.4.1, there is jy such that, if z is any point having a backward orbit of
length greater than jy contained in dom(A.), then z is in U. As it turns out, if Ej is
non-empty, then there is an orbit 7y — - - - — z; — zindom(A,) withz € A.If k > o,
then z € U; and since U is disjoint from A1, it follows that E; = #if k > jy. We conclude
that £ k (A1) C D,, and a backward iterate of A is contained in D, when c is sufficiently
close to a simple centre.

Now suppose that ¢ € Mgo. By Lemma 5.3, some backward iterate f."(Bg) is
compactly contained in C — P,. We may take D, = f."(Bg) in this case. If A C C — P,
is bounded, then A is contained in some ball B, for which there is m such that f.""(B,) €
Bg. Therefore, fj("J”")(A) € D.. O

Proof of Theorem 5.1. Suppose ¢ € Hg andletz € C — P..
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First claim: a(z, f.) is contained in J.. If z, is in a(z, f;) and (z,) is a backward orbit
of z with a subsequence converging to z,, then in view of Lemma 5.4, there is n such that
Zn € D, for n > n;. Consider the distance function d,. given by the hyperbolic metric of
C — P, (Theorem 4.4). By Lemma 5.4, an e-neighbourhood of D, is compactly contained
in C — P,. By Theorem 4.4, there is . < 1 such that every branch ¢ : B(w, €) — C off:1
with w € D, contracts distances by p. Since z,; — zx, We may suppose z,, and z,, are
contained in B(zy, €/4) and u"2~"! < 1/4. Since B(zy,, €) C C — P, there is a backward
orbit

U B U 2 Uy = By ©)
where every ¢; is a conformal isomorphism and z; € U;. It follows that U; is contained
in B(z;, ,uj_’”e), and so Uy, is contained in B(z,,, €/4) C B(zy,, 3¢/4). Hence U,, €
U,,, and by the Banach fixed point theorem, there is a fixed point of ¢,, 1100 @y,
in Uy,, which necessarily comes from a repelling cycle of f.. Since U, C B(zu,,€/4) C
B(zx, €/2) and € is arbitrary, we conclude that z, € J,.

Second claim: «a(z,f:) C D, is closed and independent of z in C — P.. Since P/ is
either a single-point set or a Cantor set (see Theorem 4.1), for every two points z and
w in C — P, there is a simply connected set U C C — P, such that z, w € U. Given an
infinite backward orbit (z,) of z, a repeated application of Lemma 3.2 yields a sequence
of univalent branches of f,

@ $1
o> Uy = Upoy - —> Upg=U,

where each ¢; : U; — U;_1 is a conformal isomorphism taking z; to z;_1. This sequence
of maps also produces a backward orbit (w,) of w with ¢; (w;) = w;_;. By Lemma 5.4
and Theorem 4.4, there are ng and u < 1 such that U, C D, and

diam(U,) < p" 7" diam(Uy,),

for every n > nyg. Since z, and w, belong to U,, and the diameter of U, goes to zero as
n — 0o, every limit point of (z,) is a limit point of (w,). We conclude that «(z, f.) C
a(w, f.). The same argument may be used to prove the other inclusion. Hence a(w, f.) =
a(z, ).

In order to prove that a(z, f.) is closed, let x be the limit of a convergent sequence (x,)
in a(z, f.). Let €, be a sequence of positive real numbers converging to zero. Since x1 is
in a(z, f.), there is a backward orbit

Zng = ing—1 > > 2 > 2

such that z,,, is in C — P. and d(z,,, x1) < €1. Since x is in a(z,,, f.) = a(z, f.), there
is a backward orbit z,, — - - - = z,, such that d(z,,, x2) < €. Inductively, we construct
a backward orbit (z,) of z such that d(z,,, x;) < €;, from which we conclude that x is in
a(z, £.). In other words, a/(z, f.) is closed.

Third claim: the set «(z, f;) is backward invariant, that is, ijl (a(z, f.)) = a(z, f.). Let
x be in a(z, f.) and €, — 0. By Lemma 5.4, x is in D, C C — P.. Any pre-image of x
is determined by a univalent branch ¢ of f I at x. We will show that @(x) is in a(z, f.).
There is a backward orbit z,, — - - - — z; — z such that |[x — z,,,| < €. Define z,,,41 as
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©(z,). Since
a(@(zn), f) = a(z, 1),

there is another backward orbit z,, = - - - = @(z,,) = 2z, With |x — z,,,| < €. In this
way, we construct a backward orbit (zx) of z such that |z,; — x| <€; and z,;41 =
®(zn;). By taking limits, we conclude that ¢(x) belongs to «(z, f¢). This proves that
tjl(a(z, f.)) C a(z, f.). For the other inclusion it suffices to show that any ¢ in «(z, f.)
has at least one image in «(z, f.). Indeed, if ¢ is in «a(z, f;), then there is a backward
orbit (z,-)go of z such that { = lim,en, z,, where Ny is an infinite subset of N (lim, e,
means the limit of the subsequence (z,)nen,). Since ¢ € D, we have ¢ 7# 0 and there are
g univalent branches ¢y, . . ., ¢, of £, at {. By deleting finitely many n € Ny, if necessary,
we may suppose that z,, is in the domain of ¢;, for every i andn € Nj.Ifn € Ny, then there
isk, € {1, ..., q} such that ¢, (z,) = z,—1. The sequence (k,)nen, has an element that
repeats infinitely many times, say k| = k,, for every n in an infinite set No C N;. Hence
@k, (zn) = zp—1 for every n € N». We conclude that

o1, () = nlérl{,lz O, (2n) = nlérg]lz Zn—1

belongs to a(z, f.). Hence ¢ has at least one image in «(z, f.), as desired.

Fourth claim: J. C a(z, f;). Indeed, let (z,-)g be a repelling cycle. Recall that J, is
contained in C — P. when ¢ is in Hg. By the second claim, every z; is in a(zo, f.) =
a(z, f.). Hence a(z, f.) contains all repelling cycles. Since «(z, ;) is closed, J. is a subset
of a(z, f.).

Using the first, third and fourth claims, we conclude that J. C C — P, is a hyperbolic
repeller. By Theorem 3.1, J* is a hyperbolic attractor for g,..

Let U be an open set containing J. and z € C — P.. We want to show that there is n
such that f_ " (z) is contained in U. Since J. is a hyperbolic repeller, U contains a smaller
backward invariant neighbourhood of J... It suffices to prove that f." (z) is contained in the
smaller neighbourhood, which we denote by U as well. Suppose the assertion f."(z) C U
is not true for every n. ,Since U is backward invariant, for every n there is a backward
orbit of z with length n which is contained in the complement of U. Using Lemma 2.2
we extract an infinite backward orbit of z in the complement of U, with a limit point in
C — J., contradicting J. = a(z, f). O

COROLLARY 5.4.1. Ifcisin Hg, then any D, under the conditions of Lemma 5.4 satisfies
Je =[5 D). (16)
k>0

In particular, if w has an infinite forward orbit contained in a compact set E C C — J7,
then w € J..

Proof. Since J. is backward invariant and contained in D., we only need to prove that
the nested intersection (16)—temporarily denoted by L—is contained in J.. By Lemma
2.2, a point z belongs to L if and only if z has an infinite forward orbit contained in
D.. If z has an infinite forward orbit in D., we will show that d(z, J.) < €, for every
€ > 0, where d denotes the hyperbolic distance function of C — P.. Indeed, the orbit (z,,)
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is bounded and has a limit point z, in C — P,. By Theorem 4.4, every univalent branch of
f ! contract distances by a factor © < 1 on D, € C — P,. Let w be a point of J.. Since P/
is either a single point set or a Cantor set, there is a bounded simply connected U C C — P,
containing {z,, w}. By Lemma 5.4, there is ng such that f."°(U) C D,. Since zy is a limit
point, there is n > 2ng such that z, € U and p"~"° diam(D,) < €, where diam denotes
diameter with respect to the hyperbolic metric of C — P..

By Lemma 3.2, there is a backward orbit of U,

Pn—1

Uoﬂ)Ulg---—>Un=U, (17

given by conformal isomorphisms ¢; : U; — Uj11, with z; € U; C C — P.. Every ¢; is a
univalent branch of f.. Let (wi)g be the orbit determined by w; € U;, ¢; (w;) = w;4+1 and
wy, = w. Since n > 2ng, we have
Un—ny C£."(U) C D..
Therefore,
diam(Up) < p"*™"0 diam(Uy,—y,) < u"7"° diam(D,) < e.

Since J. is backward invariant (Theorem 5.1), every point of (wj;) is in J.. Both z = zg
and wg belong to Uy. Hence d(zg, wo) < € and d(z, J.) < €, as desired.

Now suppose (z;) is an infinite forward orbit contained in a compact set E C C — J}.
We want to show that every z; belongs to J... Since every z; has a bounded orbit, it follows
that z; € K. In particular, the whole sequence (z;) is contained in f."(Bg), for every
n > 0. For the case where c is sufficiently close to a simple centre, there exists a critical
system A, and no point of (z;) can be in dom(.A4.); indeed, if some zj is in dom(.A4.), then
there is a subsequence converging to a point of J (see Theorem 3.4), contradicting the
fact that z; never escapes E.

Recall from the proof of Theorem 5.4 that, if ¢ is sufficiently close to a simple centre,
then D, = f"(Bgr) — dom(A.). If c is not in Mg then D, = £ (Bp), for some n > 0.
In any case, the sequence (z;) is contained in D,. Since we have already proved that (16)
holds, it follows that every point of the sequence (z;) is in J,. O

THEOREM 5.5. If c is not in Mg, then J. = K. and the dual Julia set is empty. In this
case, for any point z in the complement of J. and any e€-neighbourhood U of oo, there
exists ng such that £ (z) C U, for every n > ny.

Proof. By Lemma 5.3, if ¢ is not in Mg, then some backward iterate A = f. "0(BR) is
contained in C — P.. Since A is bounded, by Lemma 5.4 there is n; such that £, (A)
is contained in D.. Let k; = no + ny. Since £, ki (BR) is contained in D, from Corollary
5.4.1 we have
Ke= () £"(Br) = (| £." (& (Br)) C Je.
n>kj n>0

By Theorem 5.1 the Julia set is backward invariant and, therefore, J. C K.. Hence
J. = K..

Let U be a neighbourhood of co and z € (o J.. We may suppose, without loss of
generality, that U is forward invariant. If no iterate {7 (z) is contained in U, then for every
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n there corresponds a forward orbit of z with length » which is in the complement of U.
Using Lemma 2.2 we extract an infinite forward orbit of z which is in the complement of
U. In particular, z has a bounded forward orbit and we conclude that z € K, = J., which
contradicts the assumption. O

5.1. Hyperbolicity. Hyperbolic rational maps play a central role in holomorphic dynam-
ics and can be defined in several equivalent ways. We shall present a dynamical definition
first and then prove that any parameter in Hpg is hyperbolic.

The basin of attraction of J* U {oo} consists of every point z of the Riemann sphere
such that w(z, ;) C JF U {o0}.

From the dynamical point of view, hyperbolic correspondences are those which display
simplest possible behaviour, in which J. is source and J is a sink. More precisely, we
have the following definition.

Definition 5.6. (Hyperbolicity) We say that f. is hyperbolic, or that ¢ is a hyperbolic
parameter, if the basin of attraction of J} U {oo} is C — J..

Both J. and J} are contained in the filled Julia set K. For the quadratic family, for
example, J. is the boundary of K. Therefore, understanding the dynamics of g. : K, —
K is the first step in showing that f.. is hyperbolic when ¢ € Hg. Indeed, under the action
of g., any orbit of a point in K. — J, is attracted to J}.

THEOREM 5.7. Suppose c is sufficiently close to a simple centre. Then J} is non-empty
and is contained in the interior of K.. The Julia set J. is properly contained in K.. For
everyz € K. — J.,

w(z,8.)=J7, (18)

and for any open set U D J7, there is no > 0 such that g\'(z) C U, for every n > ny. In
particular, forward orbits are dense in J}.

Proof. Since J is contained in dom(A,) C K, (see Theorem 5.2), it follows that J is
contained in the interior of K. Since J. is contained in the complement of dom(.A.), we
have J. C K.

Let U D J} be an open set and z € K. — J.. We will show that there is n > 0 such that
g (z) C U. Since dom(A,) is forward invariant under g, there is another open set Uy C U
containing J which is forward invariant under g,.. It suffices to show that g’ (z) C Uy, for
some n > 0. Indeed, if no g (z) is contained in Uy, then for every n there is a finite forward
orbit zo — - - - = z, of g. with zo = z and z,, & U;. Since U is forward invariant under
g., the whole sequence is in the complement of Uj. Using Lemma 2.2, we extract an
infinite forward orbit (z;) under g. which is in C — Uj. Since (z;) is an orbit of g., we
have z; € K., for every i. Thus (z;) is an infinite forward orbit contained in the compact
set E = K. — U;. By Corollary 5.4.1, the sequence (z;) is contained in J., which is a
contradiction, since zq is in K, — J..

Equation (18) follows from Theorem 3.3. O
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In the following corollary, recall from Definition 4.2 that Hg is the union of the
complement of Mg with a sufficiently small neighbourhood of the set of all simple
centres.

COROLLARY 5.7.1. Ifcisin Hg, thenf. is hyperbolic.

Proof. Since any forward orbit converges exponentially fast to co on C — K., the corollary
is a consequence of Theorems 5.7 and 5.5. O

5.2. Sensitive dependence on initial conditions. The Julia set J (f) of a rational function
f satisfies the following property: for any open set U intersecting J, there is n > 0 such
that

ungy=J.

In general, any mapping g : X — X from a topological space that eventually maps every
open set U onto the whole space, ¢g"(U) = X, is called locally eventually onto (LEO).
This property implies sensitive dependence on initial conditions, leading to a very precise
characterization of chaos.

It is the purpose of this section to prove a similar result for the Julia set of f. when
¢ € Hg. Roughly speaking, this means that the interesting dynamics of f. : C—Cis
concentrated in J. when ¢ € Hg. We shall see that J. is stable by means of holomorphic
motions.

If A is a hyperbolic repeller of f., then the restriction f.|5(z) =f.(z) N A is a
well-defined multifunction from A to A (since every point of A has at least one image
in A). We say that A is LEO (with respect to f.) if for every open set U intersecting A,
there is n > 0 such that

f2IAUNA) =A. (19)

Since the complement of a hyperbolic repeller is forward invariant under f, it follows that
(19) is equivalent to £ (U) D A.

THEOREM 5.8. Ifc € Hg, then J. is a LEO hyperbolic repeller of f..

Proof. Due to Theorem 5.1, we only need to show that J. is LEO. Let U be an open set
intersecting J.. Let d. denote the hyperbolic distance function of C — P. (Theorem 4.4).
If z € J. N U, then some ball B(z, §) of radius § > 0 and centre z with respect to d. is
contained in U. Consider a forward orbit (z;) of z contained in J.. (Recall that every point
of J. has at least one image in J.). Since the sequence (z,) is bounded, it has a limit
point z, € J.. For every x € J., the set {x, z,} is contained in C — P, D J.. Recall from
Theorem 4.1 that P/ is either a single point set or a Cantor set. Hence, there is a bounded
simply connected set Vy D {x, z.} such that V, C C — P.. The open cover {V} ;. of the
compact set J. has a finite sub-cover {V,, }f.‘zl with k open sets. According to Lemma 5.4,
there is a backward invariant open set D, € C — P, such that J, C D,.

By Theorem 4.4 and Lemma 5.4, there are u < 1 and np > 1 such that every univalent
branch of £, ! defined on a subset of D, contracts the hyperbolic metric by the factor ,
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and

k
ku'™ diam.(D.) < §/2 and U £ V) C D,
i=1
where diam, denotes the diameter with respect to d.. Let X = ﬂle Vi -
Since z, belongs to X, there is nj > 2ng such that z,, € X. By Lemma 3.2, every
Vy; C C — P, determines a sequence of maps

UO,i ﬂ) Ul,i &) s m Unl,i = Vx[,
where each ¢;; : Uj_1; — Uj; is a conformal isomorphism (and also a branch of f.),
zj € Uj;, and @;; sends z; 1 to z;. (This is possible because z,, € Vy,;). In particular,
z = 70 belongs to Uy ;, for every i.
Let W = |J; Uop,. Since n| > 2nq and fC_"O(in) is contained in D., we have U,,; C
De. Thus,

diamc(UO,i) = Mno diamC(Ung,i) =< Mno diam.(D,);

and since (7); Up,; is non-empty,

k
diam. (W) < Y " diam,(Up,) < kp" diam, (D) < 6/2.
i=1

It turns out that W C B(z, 8) C U, and
£y > wy) s Ve o e

1

Therefore, J. is a LEO hyperbolic repeller. O

5.3. Holomorphic motions. Holomorphic motions arise naturally in the study of struc-
turally stable rational maps. For holomorphic correspondences on the plane and holo-
morphic maps in higher dimensions we need a new definition which allows branches. This
leads to the definition of branched holomorphic motion originally introduced by Dujardin
and Lyubich [9] for dissipative polynomial automorphisms of C2. The following definition
is an adaptation for holomorphic correspondences given in [14].

Definition 5.9. (Branched holomorphic motion) Let A and U be non-empty subsets of
C and suppose U is open. A multifunction h: U x A — C is a branched holomorphic
motion with base point @ in U if:
(1) hy(z) ={z}, forevery z € A;
(i1)
U{(c, w):ceU,weh ()} = U Gy,
ZEA feF
where F is a family of holomorphic functions f : U — C and G is the graph of
f. (Notice that the left-hand side of the above equation is a union of graphs of
multifunctions given by ¢ — h,.(z).) The holomorphic motion is said to be normal if
JF'is normal.
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THEOREM 5.10. (Structural stability) For every parameter co in Hg there is a normal
branched holomorphic motion

h:UxJ,—C

with base point ¢y such that h.(J¢,) = Je, for every c € U.

The dual Julia set and the Julia set move continuously for parameters in Hg (see
Theorem 5.11). Since h. is multivalued and J. is the image of J., under h,, the geometry
of J. is likely to change drastically as we move c close to cp, and therefore we cannot expect
J. to be homeomorphic to Ji,. In particular, the dynamics restricted to the Julia sets cannot
be topologically conjugate. However, h,. is the projection of a holomorphic motion in C?
given by a family of conjugacies in the usual sense; see [14].

Every hyperbolic repeller (such as J. when ¢ € Hg) is a particular example of a
hyperbolic set, as defined in [14]. According to [14, Theorem 3.4], hyperbolic Julia sets
of f. move holomorphically, in the sense that if J., is a hyperbolic set, then there exist a
normal branched holomorphic motion h : U x J., — C with base point ¢y, and an open
set €2 containing J, such that

hc(-’co) =QNJ,

for every ¢ € U. In addition, if ¢ — J, is continuous at cq, then J,. remains within 2 for
every c sufficiently close to cg. In this way, Theorem 5.10 is a corollary of the following
result.

THEOREM 5.11. (Stability) The set functions ¢ — J} and c «— J. are continuous at every
¢ € Hp.

The proof of Theorem 5.11 will be given in the remaining pages of this paper, after the
following lemma (the proof of which can be skipped at a first reading).

LEMMA 5.12. If cg is in Hg, then there exist a neighbourhood V of cy, a compact set E,
and €y > 0 such that

Je Cint(E) C (E)3¢, C C — P, (20)
for every c € V, where (E)3, is the set of all z such that d(z, E) < 3€p and d is the

Euclidean distance.

Proof. By Lemma 2.1, we can fix an escaping radius R such that R — 1 is also an escaping
radius of f., for every c in a neighbourhood Vj of ¢g. By taking R sufficiently large, we
may suppose that

Izl > R—1 = [f(2)| > R, (21)
for every ¢ € Vy. As usual, by |f.(z)| > R we mean that |w| > R, whenever w € f.(2).

Step 1: sandwich. We will show that, for every m > 1, there is a neighbourhood V,, C Vj
of ¢¢ such that

£, "2(Bg) C £, (Br) C £, (Bg), (22)

for every ¢ € V.
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Since fjo’"*z(BR) S fjomfl(BR) there exists € > 0 such that
(F,"2(Br))e C £," " (Br).

The set E = C — (fc_o’"_z(BR))6 is compact. Since E is compact and contained in the
complement of (t:om_z(BR))E, we have |f’:(')+2(z)| > R, for every z € E. The following
is a standard compactness argument. By continuity, for every point z of E there are a
neighbourhood U, of z and a neighbourhood W, of ¢¢ such that |f2"+2(w)| > R, for every
(¢, w) in W, x U;. Since E is compact, there is a finite cover {U}; and if V,, is the
intersection of V with N; W, then |f’C"+2(z)| > R, for every (c, z) in V,; x E. In other
words, E C C — f;m_z(BR), for every ¢ € V,,. By taking complements,

£, 2(Br) CC— E =1£.""(Br) C£,""'(Br), c€ V.

This proves the first inclusion of (22).

We shall need the following property: since R is an escaping radius of every f. with
c eV,

(P) the set A = {|z| > R} is contained in

{z:f""1(2)| = R} = {z : |w| = R whenever w € f"*!(z)},

for every ¢ € V.
It follows that {z : |£'(z)| > R} — A is contained in the compact set E; = {|z] < R},
for every ¢ € V,,. By continuity, given € > 0 we may reduce V,, so that

du(f? (2), £7,(2)) <, (23)

> Yco

whenever ¢ € V,,, and z € E|, where dy denotes Hausdorff distance. (Here we have
used another compactness argument to prove uniform continuity.) Take € = 1 and let
¢ € V. We want to show that {|f' (z)| > R} is contained in {|f’:(’)+1(z)| > R}; equivalently,
f;o”’_l(BR) C f." (Bg), which completes step 1. Indeed, if z is in {|f/ (z)| > R} — A, then
z € Ey, and by (23) we have |fz'(‘)(z)| > R — 1. From (21) we conclude that |f£’.;+l(z)| > R.
On the other hand, if z is in {|f'(z)| > R} N A, then by (P) the point z is also in
{|f’C’(’)+1(z)| > R}. Step 1 is complete.

Step 2: prove (20) for co close to a simple centre. Let a be a simple centre. Using
Theorem 2.8, we construct four critical systems Aé, i=1,...,4, parameterized in a
neighbourhood U of a, such that

dom(Ail) C dom(.Ags) - dom(Afz) - dom(Al.l), (24)

for every c1, c2, c3and ¢4 in U.

According to Theorem 2.8, there is m > 1 such that . (Bpg) is a region satisfying the
conditions (c) and (d) of Theorem 2.7 with respect to all critical systems Aé, for any i and
¢ € U. Hence, the iterates of the critical point either remain in dom(.Aé) or are sent to the
complement of f," (Bg). In particular, £, (Bg) — dom(.A‘cl) is contained in C — P..

According to step 1, there is a neighbourhood V,,, C U of ¢g such that f;o’”_l(BR) C
£ (BR), for every ¢ € Vj,. If n > m, then f;o"_l(BR) c f;o’”_l(BR). In view of step 1,
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we may reduce V,, so that fj”fz(BR) C f;)"fl(BR), for every c in V,,,. By Lemma 5.2,

Jo C£7"72(Bg) — dom(A}) C """ (Bg) — dom(A2)
€ £,/ (Br) — dom(A})
C £, (Bg) —dom(A}) c C — P, (25)

for every ¢ € V,,. If E is the closure of fC_O"_l(B R) — dom(.A%o), then E satisfies (20) for
some €.

Step 3: prove (20) when cq is not in Mg . According to Lemma 2.1, there is an escaping
radius R that holds for every f,. with ¢ sufficiently close to cg. Since |ff:)(0)| > R, for some
m > 1, by continuity we conclude that |[f'(0)| > R, for every c in a neighbourhood V of
co. This implies £, (Bg) C C — P,, for if z belongs to P, N £ (Bg), then in particular it
belongs to P, N Bg; and since R is an escaping radius, z must be in fi(O), for some natural
number i < m. Hence |f" (z)| > R, which contradicts z € £, (Bg). By step 1, we can find
n > m + 1 and replace V by a smaller neighbourhood of cq such that, for every ¢ € V,

Je C "\ (Bg) C £, (Bg) € £, (Bg) C £, (Bg) C C — P..
This proves (20) with £ = f;o" (BR). The proof of Lemma 5.12 is complete. O

Proof of Theorem 5.11. Since a is a simple centre, there is only one bounded orbit of zero
under f,, and this orbit is a cycle (z;). For every ¢ # a in a neighbourhood V of a,

n—1
JE=AF) = A

i=0
where each A; . is a Cantor set with A; . — {z;} as ¢ — a (in the Hausdorff topology).
This follows from Theorem 3.1, equation (9) and Theorem 2.7. Since J, is just the cycle
(zi) containing zero, we conclude that ¢ = J is continuous at ¢ = a. The continuity at
points ¢ € V — {a} follows from J* = A(F.) and Theorem 2.5(c).

By Lemma 5.3, if ¢g is in C — Mg then J is empty on a neighbourhood of ¢ and the

map ¢ — J} is clearly continuous at c¢o. We conclude that ¢ — J is continuous at every
point of Hg.

On the continuity of c +— J.. The continuity of ¢ — J, at cop = 0 is a delicate subject,
since C — Py is not hyperbolic. It must be handled separately. Fortunately, this proof has
already been presented in [14, Theorem 4.1]. From now on, assume ¢y # 0.

Step 1: preliminary assumptions. Suppose co is in Hg. Let E be a compact set satisfying
the properties stated in Lemma 5.12. For every c in a neighbourhood of ¢y, let d. denote the
hyperbolic distance function of C — P,.. Since any two conformal metrics are equivalent
on compact sets, there exist a constant C > 1 and a neighbourhood V' of ¢y such that

de(z, 2 +w) < Clw|, (26)

for every z in (E)¢,, ¢ € V, and |w| < €g. (Recall that (A)s is the set of all points which
are within distance § of A, with respect to the Euclidean metric.) We may reduce V if
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necessary and consider a constant C1 > 1 such that, for every c € V,
{z1de(z, E) < 2€0/C1} C (E)ag 27)
and
Crlde(z, w) < de(z,w) < Crde(z,w), 2w € (B)eps (28)

where d, denotes the Euclidean distance. Using Theorem 4.4 and a compactness argument,
we find p < 1 such that, for any ¢ € V and any holomorphic branch ¢ : U — C of f_ !
with U C (E)2¢,, we have

de(9(2), p(w)) < pde(z, w), (29)

forany z and w in U.

From Theorem 5.1, the Julia set J., is a hyperbolic repeller and any sufficiently small
neighbourhood Uy, of J., is backward invariant under f. Since J., is contained in the
interior of E, we may fix one such neighbourhood U, C E.

Fix z € U,. By Theorem 5.1, a(z, f,)) = J,. Let (zi)go be a backward orbit of z under
f.,. Hence zo = z and £, sends every z; 41 to z;. Since U, is backward invariant, every z;
belongs to E.

Let B; denote the ball centred at z; of radius 2¢p/Cy with respect to the metric dq,.
Since d, < Cd,,, the ball B; is contained in (E)2¢,. Hence B; is contained in C — P,
and for every i there is a univalent branch ¢; of fC_O1 defined on B; sending z; to z;41. Since
@; is a contraction, @; (B;) is contained in Bj41.

The main idea of the proof is given in the following two steps. Given 0 < € < €, we
shall prove that if ¢, cp € V satisfy

o0
e —col Y 1'C <e/Ch, (30)
i=0
then dy(Je, Jo)) < €, where dy is the Hausdorff distance obtained from the Euclidean
metric. Equivalently, we shall prove that J., C (J.)e and J. C (J¢)e, establishing the
continuity of the Julia set at every point of Hg.
Step 2: shadowing. We will define a backward orbit (w;)3° of z under f. satisfying the
following conditions: the sequence (w;) must be contained in (E)¢, and

dey (Wi, 2i) < uCle — col + u*Cle — col + - - - + ' Cle — col, 31

for every i > 0. The proof will be given by induction. Let wy = z. In order to define wy,
we shall use the following fact: for any branch ¢ of fC_Ol, the map

> @z — ¢+ o)

is a branch of f 1 By (26) and (30), the distance d.,(wo — ¢ + cp, wo) is not greater than
Clc — cg| < €/Cy. Therefore, wog — ¢ + cp is in the domain of ¢y and we may define w; as
o(wo — ¢ + cp). It follows that f. sends w1 to wy. Since ¢g contracts distances on (E)2¢,,
from (29) and (30) we have

dey (w1, 21) < pdey(wo — ¢ + co, wo) < uCle —col < €/Cy.
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Since d, < Cid,, and z; € E, the point w; belongs to (E)c. Hence (31) is true for
i = 1.If (31) is true for i = n, then

n
: €
deg(wn — ¢ + €0, 20) = Cle = ol +deywn, 2) < Y @I Cle—col < =, (32)
; 1
Jj=0

and so wy, — ¢ + ¢g is in B,,. Since the domain of ¢, contains B,,, we may define w, 4 by
on(wy, — ¢ + ¢g). It follows from (32) that

n+1

dey(Wnt15 Zn41) < pdey(wn — ¢ + 0, 20) < Y p/Cle — ol < €/Ch.
Jj=1

Since d, < C1d,,, the point w41 is in (E)¢,. This completes the induction process and
step 2.

Step 3: continuity. It follows from step 2 that, for every limit point z, of (z;), there is a
limit w, of a subsequence of (w;) such that d.,(ws, z+) < €/Cj. Since (z;) is arbitrary,
and taking into account that «(z, f,)) = J., and a(wo, f.) = J., we conclude that

Joy C {zeC: dC()(Z7 Jo) <€/C1} C (Je)e.

Starting with ¢ instead of c¢g, the same argument of step 2 can be applied to construct a
shadowing of any backward orbit under f.. In the same way, we obtain J. C (J,)e. The
proof of Theorem 5.11 is complete. O
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A. Appendix. List of symbols

(a) The exponent 8 of the family £, is a rational number p/q > 1 (see page 2661); £, is
a holomorphic correspondence and R > 0 is an escaping radius (page 2667); z —
Z1 > - - - is a forward orbit (page 2667).

(b) f;l(u)) and f.(z) are defined by {z : (w — ¢)? =z} and {w : (w — ¢)? = zP} (page
2667); f.(A) and fC_I(A) are defined by | .. 4 fc(z) and (J. 4 fc_l(z) (page 2667);
A € B means that A C E C B for some compact set E (page 2667).

(c) Mg is the connectedness locus and Mgy = {c € C: 0 € K.} (page 2668); every
open ball centred at zero is denoted by B, = {z € C: |z| < r} (page 2607); g, is
defined by g.(z) = f.(2) N K., where K is the filled Julia set of f. (page 2668); ¢ is
a branch of f. or f ! (page 2669).
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(d)

(e)

®

(€]

(1]
[2]

[31
41
[51
[6]
(71
[8]
91
[10]
[11]
[12]
[13]
[14]

[15]
[16]

fc . n—1,c
S, s the sequence of maps By — Di . ﬂ) e (p—l> D, (page 2670). J. and

J¥ are the Julia set and dual Julia set of f. (page 2669); dom(F;) is the domain of a
non-critical system (page 2672).

dom(A,.) is the domain of a critical system (page 2671); F, is a non-critical system
and A, is a critical system (page 2671); w(z, g.) is the w-limit set under g. (page
2672).

A (F,) is the limit set of a non-critical system (page 2673); P, is the post-critical set
of f. (page 2676); Hpg is a subset consisting of hyperbolic parameters (page 2677).
d. is the hyperbolic distance function of C-P. (page 2677); a(z, f.) is the «-limit
set of z (page 2679); h, denotes a branched holomorphic motion (page 2686);
{|f:(z)| > r} is a short version of the set {z € C: |w| > r for any w € f.(z)} (page
2687).
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