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Abstract

This paper is concerned with models for sampling from populations in which there
exists a total order on the collection of types, but only the relative ordering of types
which actually appear in the sample is known. The need for consistency between
different sample sizes limits the possible models to what are here called ‘consistent
ordered sampling distributions’. We give conditions under which weak convergence
of population distributions implies convergence of sampling distributions and
conversely those under which population convergence may be inferred from
convergence of sampling distributions. A central result exhibits a collection of
‘ordered sampling functions’, none of which is continuous, which separates measures
in a certain class. More generally, we characterize all consistent ordered sampling
distributions, proving an analogue of de Finetti’s theorem in this context. These
results are applied to an unsolved problem in genetics where it is shown that
equilibrium age-ordered population allele frequencies for a wide class of exchange-
able reproductive models converge weakly, as the population size becomes large, to
the so-called GEM distribution. This provides an alternative characterization which
is more informative and often more convenient than Kingman’s (1977) charac-
terization in terms of the Poisson-Dirichlet distribution.

EXCHANGEABILITY; WEAK CONVERGENCE; RANDOM RANKINGS; PARTITION STRUC-
TURES; GEM DISTRIBUTION; AGE-ORDERED ALLELE FREQUENCIES; POISSON-DIRICHLET
DISTRIBUTION; GENEALOGY

1. Introduction

Consider a (possibly infinite) population of individuals, with each of which is
associated a type or label. Further suppose that the collection of possible types, I
say, may be (totally) ordered and denote the order by >. Our concern is with the
modelling of sampling from such a population in the case when the population itself
is unobservable and the entire collection of possible types unknown, but the relative
ordering of the types which occur in the sample is known. That is, if the sample
contains / different types, T;, T;, ---T,, say, the restriction of > to the set
{T.,, T;,, - - - T,} = T is known, so that the individuals in the sample may be ranked
in a natural way: if the type of the ith individual in the sample is 7; and that of the
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jth, T;, we say that i ranks above j in the sample if 7;> T}, that i ranks below j if
T;> T, and that i and j share the same rank if 7; = 7. Note that the same framework
is appropriate if the initial assignment of types to individuals in the population is
random.

Denote by B, the set
{n=U;n,n2 -, m)il=1,2,---,n,n€eNforeach i, and n;+---+n,=n}.

(Here and throughout ‘we use N to denote the set {1,2,3, - -}.) Within the above
context a sample of size n from the population may be described by a point
n=(;ny, -+, n) € B, The interpretation is that the sample contains / distinct
types, and if we write the types in order as T(;y> T > - - - > Ty, then there are 7,
representatives of the type Tj; in the sample, i=1,2,---,L A function P,:B,—
[0, 1] will be said to be an ordered sampling distribution if

2 P.(n)=1

neB,
There is, however, nothing special about the particular value of n under considera-
tion and a model for this situation should define sampling distributions for a range of
values of n. Furthermore, the observation that one way of obtaining a sample of size
n is first to take a sample of size m > n and to choose a subsample of size n from this
sample forces a natural consistency on the distributions P, for different values of n.
Say that a collection {P,},,; of ordered sampling distributions is consistent if for

eachn,mel, n<m, andeach n=(l;n,, -+, m)€B,
m -1 «; @;,
(1) rw=3 (7)) 3 (%) (%)pu@
«€B, \N h<iy<--<i=k \M1 Ul

where a generic element a € B,, is written a = (k; a4, - - -, a;). Observe that (1) is
exactly the requirement that the subsample of n from m (with the ordering in the
sample of »n induced by that in the larger sample) should have distribution P, when
the sample of m has distribution P,,.

The motivation for this work comes from population genetics. Within that context
one may associate a genetic type, or allele, with each individual. New alleles arise by
mutation and the alleles present in the population or in a sample at any given time
may be ordered by age: allele A, ranks above allele A, if it is older, that is if the time
‘since it first appeared in the population (its age) is greater than the corresponding
time for A,. (The possibility that two or more alleles may share the same age is a
nuisance with which we shall deal later, but for the present it will be ignored.) We
note, however, that the general framework is more widely applicable. The types
may correspond to species in some area in which case several different orderings
may be of interest, for example a ‘pecking order’ or an ordering reflecting demand
for a particular resource. More generally, in the spirit of recent work on
measure-valued diffusions, it is possible to accommodate quite complicated and
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highly informative type spaces. If a total order on the type space does not arise
naturally, one might be obtained through the amalgamation of types. Indeed, if the
order is of primary interest it may not be particularly meaningful to distinguish
between types which share the same ranking.

For the sake of definiteness we shall often adopt the terminology appropriate to
an age ordering, and speak of the type, and sometimes of the individuals, which
rank above all other types in the sample as the oldest in the sample, those ranking
next as the second oldest and so on, with a similar convention for the population. It
should be stressed that this is a matter of convenience. The following is much more
generally applicable.

Our interest centres on two types of question. The first of these, convergence,
concerns the situation in which ordered sampling distributions corresponding to a
sequence of discrete populations converge to something, and asks for conditions
under which this convergence of sampling distributions guarantees convergence of
population distributions. Conversely it is of interest to know when population
convergence implies convergence of ordered sampling distributions. These issues are
discussed, and the questions answered, in Section 2. More generally, one might ask
whether it is possible to characterize consistent ordered sampling distributions. In
view of the structure inherent in the consistency relation (1), this corresponds (in
another guise and another language) to the identification of a particular projective
limit or the description of the extreme points of a particular Choquet simplex. In
Section 3.1 we give a characterization result appropriate to most cases of biological
relevance. Section 3.2 treats the general case by making explicit the role of
exchangeability, proving an analogue of de Finetti’s theorem in the context of what
we call exchangeable random rankings. In the final section we use these results to
solve an outstanding problem in population genetics, proving that for a wide class of
reproductive models the equilibrium distribution of age-ordered allele frequencies in
the population converges, as the population size becomes large, to a particular,
tractable, distribution known as the GEM distribution. The analogous results for
samples, which provides the starting point here, was proved in Donnelly and Tavaré
(1986).

There are close connections between our work and work by Kingman (1978a, b),
(1982b), see also Aldous (1985), on partition structures and exchangeable equiv-
alence relations. In our terminology these would correspond to consistent unordered
sampling distributions: there is no order relation on the types to be observed, nor is
there any natural labelling of these types; the only salient feature is that it is possible
to distinguish between different types. When it is appropriate, the introduction of
ordering is of course more informative. We shall also see that it gives rise to a richer
structure and rather more formidable technical problems (because quantities of
interest no longer live naturally on the ordered simplex, a space of considerably
more topological convenience than those which follow). In a similar manner, our
characterization of age-ordered populations in genetics in terms of the GEM
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distribution is analogous to Kingman’s (1977) characterization of the population
order statistics in terms of the Poisson-Dirichlet distribution. In this setting,
somewhat paradoxically, the reward for keeping track of age ordering is not only a
more informative but a vastly more tractable characterization.

This is a good time to introduce some notation. A finite population of size N of
which a,; individuals are of the oldest type, a, of the second oldest, and so on, may
be conveniently described by a point in the set

Av={x=(@N Y aN' -, ayN'0,0,---):a,e NU{0},
a,+---+ay=N, a=0>a,=0fork=j+1,j+2,---, N}

which lists, in order, the proportions of each of the types present. Hypothetically
infinite populations will arise as limits of finite populations and also as objects from
which one might sample in order to generate consistent ordered sampling distribu-
tions. In many circumstances it is natural to describe such a population by a point in
the set

A= {x =(xy, X2, X3, - - *):x; =0 for each i, 2 X, = 1}.
i=1
The interpretation of this description is that a proportion x, of the population are of
the oldest type, x, of the second oldest, and so on. There are two assumptions
implicit in such a description. The first is that the total proportion of individuals
whose types are represented only a finite number of times in the population is zero,
and the second is that there is a well defined oldest, second-oldest, - - -, type.
Kingman (1978a, b) argues convincingly that the first assumption is appropriate in
most (or all) situations of biological relevance and we would claim that the second
is equally reasonable. (Of course if there is a well-defined youngest, second
youngest, - - -, type, the ordering could be reversed.) The point is that while more
general constructions may give rise to consistent ordered sampling distributions, and
herein lies the interest in the characterization results of Section 3.2, they are
unlikely to arise as limits of real populations.
It is topologically convenient to regard A as a subset of the set

A={x=(x1,x2,---):x,~§0,i=1,2,---,Ex,»él}.
i=1

Topologize A as a closed and hence compact subset of the product space [0, 1]V, and
endow it with the Borel o-algebra. Probability measures will arise as descriptions of
random populations and are to be thought of as being defined on A. (The sets Ay
and A defined above and A* to be defined below, are easily checked to be
measurable.) Throughout, the symbol = is used to denote weak convergence.

Finally we introduce another subset of A which is destined to play a central role.
Let

A*={x=(x, %, - )eA:ix;=0>x,=0,k=j+1,j+2,---}.

https://doi.org/10.2307/1427746 Published online by Cambridge University Press


https://doi.org/10.2307/1427746

Consistent ordered sampling distributions: characterization and convergence 233

The set A* consists of those points in A which do not have ‘zeros in the middle’. Its
importance is in a sense technical, but note that in our framework (because of
relative rather than absolute ordering) a population which has, say, no individuals of
the second- or third-oldest type but some of the fourth-oldest, and hence a
description (x4, 0, 0, x4, - - -) ¢ A* (where x,>0) is not very meaningful.

Before continuing, we remark that it may also appear natural to identify A with
P(N) the set of probability measures on N, and to endow it with the topology of
weak convergence. Although we do not give the details, this approach is equivalent
to the one we adopt here. (For example it is straightforward to verify that if
x, xP, x® ... €A, then x™—x in the product topology if and only if x™ = x as
probability measures on N.)

2. Convergence

One way of ensuring consistency in sampling distributions is to construct them as
samples from a real population. For n € B, define P(n, x) to be the probability of
obtaining the configuration 7 when taking a sample of size n, without replacement,
from a population of size N (Zn) with a description x. That is, for x € Ay

N\! i .~
@ PN(n, x)= ( ) ) <Nx,,) L (Nx,,>.
n i1<iz<--<i=N \ M1 Ul

More generally, the population configuration might be random, so if uy is a measure
on A with uy(Ay) =1, define

Pn, ) = [ PG, yun(d).

It is easy to check that the family {PY}}_, is consistent.
Alternatively, one could sample from a hypothetically infinite population. If the
population description is x € A, then for n € B,

n!
3 n(x) = e
( ) n i,<i2§-~<i1 n]! “e. ’71' i i

is the probability of obtaining a sample with configuration 7. Again, if x is random
with distribution u on A, with u(A) = 1, this probability is

@ [ onan.

A
It is evident that the prescription (4) gives rise to a consistent family of ordered
sampling distributions with index n e N.

Our first result is that if the finite populations converge in distribution to an
infinite population described (almost surely) by a point in A, then the corresponding
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sampling distributions converge to (4). Note that this result is not immediate
because none of the sampling function ¢, is continuous (see Remark 2 after
Theorem 3). However, since ¢, = sup; ¢}, where for each j

n!

Phx) =

M.,..ym
I R Xy
i<ip<--<i=j M1+ Y

is a function depending continuously on a finite number of coordinates and hence
continuous, the ¢, are all lower semicontinuous.

Theorem 1. If uy=> u and u(A) =1, then as N—

PY(n, pn)— L ¢, du.

Proof. The proof is similar in spirit to parts of Kingman’s (1978a) frequency limit
theorem. First observe from (2) that

! N i Mm...(N; f ™
PYn s —— [ 3 Gl ()
Mt M JA h<i<<i gm _ (n)N,,_l

(1) o

Note that for all x € A

!
z ¢,,(X)= E 2 "‘,n—.TxZ"“x,-',"

duy.
S)]

neB, neB, iy<--<ig M1t * " M-
©) = (i xi)n
i=1
Also
) > PY(n, un)=1.
neB,

From (5), (6), and (7), we obtain
(1=(5)n )= Pon men =1 | @, du,
and so

n

® (1= (N )Pren )= [ @y duns (1= (S)N)PYn, )+ (S)N

The lower semicontinuity of ¢, and the hypothesis uy = u imply that

lim inf f 0 duNéj_ ¢, du,
A A

N—x
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but using (6)

2 L O dI‘N)

n'eBy
n'#n

=1- D, liminfj &, dun
n'eBy N—x A
n'#n

lim supf ¢, duy =lim sup (1 -
N—x A N—x

s1- ) f ¢, du.
n'eBy JA
n'#n

Thus [5 ¢, duy— [ @, di, and from (8), PX(n, )= [5 b, dp as required.
With any n=(l;7,, -+, 7)) € B, we can associate a point x, € A, in a natural
way: x,=(n"'n, n7'ny -+, n7'n, 0,0, ). Any sampling distribution P, then

naturally induces an atomic measure, which we call B,, on A: for any Borel set A,
put

©) B()= > PR

neB,: x,€A

Clearly, P,(A,) =1. If, for each n, P, is defined by (4), for some u with u(A) =1,
this construction associates a sequence of measures {P,} with u. We now extend this
construction. Let

An: {y=(n_la1) n_laZ) ) n‘lab 0) 0’ ot ‘)GA:I;”, a,’EN
for eachi and a, + - - - + aq,=n}.

Fory=(n"'a;,n"'a,---,n"'a,0,0,---)eA,, define the function ¢}:A— [0, 1]

by
fid (n—a1—a—---—ay)
(10) Py(x)= cy<1 - z x,~) XXEE X!
i=1 <---<iy
where
n!
11 = .
(1) K alay ---al(n—a—a,—---—a)!

If u is a measure on A, define the sampling measure P, associated with u by

(12) O

yeANA, JA
forn=1,2, --- and any Borel set A c A. Note that P, is atomic and that if neB,,
#3,(x) = ¢, (x) for all x € A. Thus (12) is an extension of (4) (with P, defined by (9))
and our use of a very similar notation for the functions (3) and (10) might be
excused. Our next result says that these functions separate measures which are
concentrated on A*.
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Theorem 2. (a) Suppose u is a measure on A with u(A*)=1. If for each n and
Borel set A A, the measure P, is given by

p@w= 3 [ ovdu
yEANA,

then as n—, B,> u.
(b) Suppose u and v are measures on A with u(A*) = v(A*) = 1. If for each n and
eachyeA,,

[ opau= opav
A A
then u=v.

Proof. First note that (b) follows easily from (a). For Borel sets A, define

f ¢y dv

and use (a) to deduce that P, > u and B,>v,sou=w.

Let & be the collection of continuous functions f : A— R for which f(x) depends
only on the first k coordinates of x, for some k=1, and 0=f(x)=1forallx e A. As
a consequence of the compactness of A and the Stone—Weierstrass theorem, part (a)
of the theorem will follow if

B@w= S | opdu=

YEANA, YEANA,

(13) [ sat.~ [ rau

for all f € A.
Fix f € A. Then, by assumption,

[ £ap.= 3 FOIBD

= 3 ) [ #3miax)
(14) yEA, A
- 3 ro)es0uan)

= | Eona)

say, where F,:A— [0, 1] is given by
=\ rO-y—y— W)
15  E@=3 3 ofoura(i-Zx) .

YEA, i1<---<ij i=1

We show that for x € A*, F,(x)— f(x) as n— . Since, for some k, f only depends
on the first k coordinates of x we shall often write f(x,, - - -, x,) for f(x). The key to
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the proof is to make explicit the multinomial sampling implicit in (14) (or more
fundamentally in (10)) and then to use the strong law and the structure of A*. Fix
x € A* and let {X;} be a sequence of independent and identically distributed random
variables with

PX;=0)=1-2x
j=1

and for j=1,2,3, .-+, P(X;=j)=x;. Define V}=|{i: X;=j,i=1,2,---,n}|, j=
1,2, 3, - - - (where |B| denotes the cardinality of a set B) and forj=1,2,3, - - -, put
Y?=n"'V}. Note that the strong law of large numbers ensures that for each j,
Yi—x; as n—>». Now, for Y"= (Y], Y3, ---) define 0,Y" to be the sequence
(Y:, Y7, .-+, Y?) where iy, iy, - - -, i are defined by

iy =inf {i: Y7 >0}, L=inf {i>i;:Y?>0},
and so on. Put inf (¢)) = « and if i, = « for some / we put
akYn =(YZ) Y:;; ] YZ_I) 0) 0) ] 0)

p— n n n n n n
= (Yi,, Yizx Tty Yi,_p i1+ 1 Yi,_,+2, tt Yi,_|+k—l+1)-

(16)

Note that the mapping o, is one way of formalizing the idea that absolute
population ordering is lost, but relative ordering is maintained in the sample. With
this set-up we can rewrite (15) as F,(x) = E(f(0,Y")). The rest of the proof rests on
the fact that for large enough n, since x € A*, 0, Y" will be (Y7, Y3, - - -, Y%) with
high probability, and the strong law, which guarantees that (Y7§, Y3, -+, Yz)—
(x1, -+, x,) as n—x. Denote by C, , the event {a,Y,=(Y;,---, Y,)}, and by
C,.« its complement. In the light of (16),

Cho={3i,j;i=1,2,---,k j>i, with Y7 =0, Y7 >0},

SO
k

P(C, )=, (1—x,~)"<1—<1— i x,-)n).

i=1 j=i+1

If x; =0, then since x € A*, x; =0Vj>i, so the ith term in the above summation is
zero. If x; >0, then the ith term in the summation converges to zero as n— .
Writing 1, , for the indicator of the event C, , we have

E(]‘Cn,kf(okY")) SF(x)SE(f(0cY™)).

As a consequence of the definition of C, , and the fact that 0=f(x) =1 forallx € A,
it follows that

171 E(lc,, SM, -, Y)SEFRE)=E(c, f(V, - -+, Vi) + P(Chu).

We have just shown that P(C, ;)— 0 as n— «. Thus, the strong law, and continuity
of f imply that 1c, f(Y:, -+, Yi)=>f(x1, - -+, x,) almost surely as n—», so
dominated convergence in (17) gives F,(x)—f(xy, -+, x)=f(x) as n—>o. A
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further application of dominated convergence (|F,(x)| =1 for all n) and the fact that
u(A*) =1 completes the proof of the theorem, since from (14) we now have

[orar.= | Beoman =] R@u@r[ reu@=[ rau

We are now in a position to prove the major result of this section, a partial
converse to Theorem 2 which gives conditions under which convergence of sampling
distributions implies convergence of population measures.

Theorem 3. Suppose {uy} is a sequence of measures on A with uy(Ay)=1 for
each N. If
}Ilm PnN(n’ ,uN) = Pn(n) say,

exists for each n and each ne€ B,, then {P,},. is a consistent family of ordered
sampling distributions. If for each limit point v of the sequence {uy}, v(A*) =1 and
V(A)=1, then there exists a u with u(A*)=1 such that uy=>pu and P,(n)=
[a ¢, du, for each n and each 1 € B,.

Proof. First observe that for each n

2 P,,(T]) = Z lim PnN(n’ “N) = lim 2 PnN(n’ I-‘N) =1,

neB, neB, N—= N—» pep,

and for n € B,, and m > n,

P =lim PX ) =lim 3 S (")) (%), )

N—>® geB,, iy<ip<--<isk \N N1 YT
N>m
-1
m «; a;,
«€B,, i1<iy<---<i=k \N M m

since the summation contains only a finite number of terms. (We have again written
a=(k;a, -+, &) for a generic element of B,,.) This proves that {P,},. is a
consistent family of ordered sampling distributions.

Since A is compact, the sequence {uy} is tight. Suppose that v and v’ are the
limits of two different weakly convergent subsequences {N,} and {N,.} say. By
assumption v(A) = v'(A) =1, so an application of Theorem 1 gives

Po(n) = lim PG, ) = [ 9, v,
19) :

P.(m) = lim PY(n, i) = [ 4, v
for each n and n € B,. We have also assumed that v(A*) = v'(A*) =1, so Theorem

2(b) implies that v = v'. Thus all weakly convergent subsequences of {uy} converge
to the same limit. Call this limit 4. Then uy=pu, u(A*)=1 by assumption, and
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from (18), P,(n) = [z ¢, du for each n and each 71 € B,, so we have established the
result.

The next result provides alternative conditions in the case in which the structure
of the limiting consistent ordered sampling distribution is known.

Theorem 4. Suppose {uy} is a sequence of measures on A with uy(Ay)=1 for
each N. If limy_,.. PY(n, uy) = P,(n) say, exists for each n and each n € B,, then
{P,}.en is a consistent family of ordered sampling distributions. Suppose there exists
a u with u(A) =1 and P,(n) = [z ¢, du for each n and each n € B,. If for each limit
point v of the sequence {uy}, v({x:x;>0 for each i}) =1, then uy=> p.

Proof. We shall show that the given conditions imply that v(A) = 1 for every limit
point v of the sequence {uxy}. The result will then follow from Theorem 3. First
note that it is straightforward to prove that for any measure u on A,

k
(19) w(A) =1 if and only if lim | > xu(dx)=1.
k—o JA i=1

Let EY, denote the event that an individual selected at random from a sample of
n taken from the population described by uy belongs to one of the k oldest types in
the sample. Then

P(EY ) = P(individual belongs to k oldest types in population)

+ P(at least one of k oldest population types is not represented in
(20) sample N EY )

= P(individual belongs to k oldest types in population)

+ P(at least one of the k oldest population types is not represented
in sample).

A calculation similar to that in the proof of Theorem 1 shows that the second
probability on the right of (20) is bounded above by

n -1 k
(1-(On ) [ 2 a=xyruta.
2 A i=1
The first equals [z XF_; x;up(dx), so

e PES [ 3@+ (1- (N[ 3 a-xyma.

Also
P(EY,) = ZB n'(m+ -+ n)PY(n, pa)
neB,
(22) - E}B nl (i + -+ )Pu(n)
neb,

k
= | 2 x:P.(dx)
Ai=1
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as N— «, by assumption. (If n = (/; 5y, - - -, n;) has fewer than k components, put
M1, * * * » Mi €qual to zero.)

Suppose v is the limit of some subsequence of {uy} and for convenience index the
subsequence by N. Then, for any k, since Y%, x; is continuous and bounded,

k k
E x;v(dx) = lim 2 xipn(dx)
Ai=1 N—x JA i=1
-1 k
23) = lim P(EY,) — lim (1 - (;)N"‘> S (1 - ) un(d)
N— N—o Ai=1

= | 2 xbuan) - [ 3 (- xyrvian),

in the light of (21) and (22). Now let n— . Theorem 2(a) ensures that B, => u, and
the assumption that v(A*)=1 and dominated convergence ensure that the second
term in (23) converges to zero. Thus

J'_ i xv(dx)= | i xiu(dx)—1

as k— =, since by assumption u(A) = 1. It follows from (19) that v(A) =1, and the
proof is complete.

Remark 1. Since ¢,(x;, X3, )= ¢,(0,x,, x5, )= ¢,(x1,0, x5, --*) etc., (and
similarly for ¢7) it is clear that the ‘avoidance of zeros’ implicit in the conditions of
Theorems 2, 3, and 4 is necessary.

Remark 2. If n=(;n,, - -+, n,) € B, and for each k, x® € A is given by
11 1

x(")=(0,0,"',0, , =,
————— n n n

k zeros

then x®—(0,0,---) as k—>x, but ¢,(x*)=n"'c, 4 ¢,((0,0,---))=0. One
novelty of the above results is that a collection of functions, none of which is
continuous, is used to separate measures within a particular class and determine
convergence within that class.

Remark 3. Lower semicontinuity and the observation that for x € A

¢n(x) =1- 2 ¢n’(x)
n'eB,
n'#n
means that as functions on A, the ¢, are continuous. This seems of little value,
however, since a Stone—Weierstrass approximation argument requires a compact
space and furthermore the ¢, are not continuous on A*. (These comments apply

equally to the ¢7).

https://doi.org/10.2307/1427746 Published online by Cambridge University Press


https://doi.org/10.2307/1427746

Consistent ordered sampling distributions: characterization and convergence 241

Remark 4. The condition ux(Ay)=1 in both Theorems 3 and 4 merely ensures
that the functions P}(n, uy) defined via (2) make sense. While this requirement
seems natural for the applications we envisage, it is in no other sense essential to the
proof. It is clear that provided the sampling functions are defined appropriately the
results will hold in greater generality, but we omit the details. (For example the
measure u, may describe a finite population whose size is fixed but different from N
or which may, as in Kingman (1978a), even be random.)

3. Characterization

3.1. The representable case. Throughout this section {P,},.n Wwill denote a
consistent family of ordered sampling distributions, and we focus attention on
characterizing such structures. The main result of this subsection, Theorem 6, is that
all such consistent families of biological relevance have the form (4).

Theorem 5. If {P,}.en is a consistent family of ordered sampling distributions and
if for each n, P, is the measure on A associated (via (9)) with P,, then there is a
measure i on A with u(A*) =1 such that B, u as n— .

Proof. The first part, convergence, is very similar to the proof in Kingman
(1978b), so we merely sketch the details. With Q =[I7_; A denoting the cartesian
product of copies of A (compact in the product topology) and % the product (and
Borel) o-algebra, the Daniel-Kolmogorov theorem and consistency guarantee the
existence of a probability measure P on (2, %) such that, for all n

Plow:w,=x"(r=1,2,---,n)}=L,x") [] §,x", xD)
r=2

where w,:Q— A is the rth coordinate function and the (sampling) function S, is
defined by S,(x®, x"™V)=gq,/r if

xO=(r"ay, r'ay, -, r'a,0,0,--)  aeN, a+---+a=r
X V=((r-D7"ay, -, r =) Y& -1), -+, (r—1)""a,0,0,- )
forsome i, i=1,2,---,],

and S,(x”, x*"Y)=0 otherwise. Thus if x’ e A, describes a sample of size
r, S,(x®, x"~V) is the probability that when one individual is discarded at random
the resulting sample of size r — 1 will have description x“ ™.

For x € A, define, for k=1,2, - -, au(x) =X, x;. Thus if w is a random
element of (Q, ¥, P), we may think of a,(w,) as the proportion of individuals in a
simple of size r (with distribution P,) who are of the k oldest types in the sample. If
the sample of r is a subsample of a larger collection of m individuals then observe
that the expected proportion of the k oldest types in the smaller sample is not less
than the proportion of the k oldest types in the larger sample. Hence for m >r

[E(ak(wr) | Wpyy Wpyy 15 )é ak(wm)y
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(where E denotes expectation with respect to P), so that for each k =1 the random
sequence {ay(w,),r=1,2,---} is a reversed submartingale with values in [0, 1].
Thus y, = lim,_... &4 (®,) a.s. exists for all k =1. Write
2 = Yr+1 — Y& k=1’2)"')

and note that by Fatou’s lemma Y3, z; = 1. This shows that B, = u as n— o where
u is the distribution of the random element z = (2, 25, - * *).

Fork=1,2,---,and l=1,2, -, define the sets A, ; by

A ={2c=0,241=0, - - 24y = 0, 24+, > 0}.

Now for m >r imagine taking a subsample of size r from the sample of m. An
individual will be of the k oldest types of the smaller sample if it is one of the k
oldest types in the larger sample, or if it is one of the k — 1 oldest types of the larger
sample or of the (k+[)th oldest type of the larger sample and none of the
kth, - - -, (k +1—1)th oldest types of the larger sample are chosen in the smaller
sample. These are not the only possibilities. Thus

m —m(@si-1(0m) — “k—l(wm))><m)_l

r r

E(eu(®,) | 0n) Z @) + (

¥~ 1(Wm) + Op k1

1= (s 1-1( @) = - 1(@,))
where w,,; refers to the jth coordinate of the point w,, € A. Thus writing B, (®,,)
for @4 1(Wp) — ax—1(®y),

E(ai(w,)) Z E(aw(0m)) + E(1 = Bri(@,) —m ™ (r + 1))

X (1= B (@) " (A= 1(0) + Oy ic12))-

Let m — = and invoke dominated convergence to obtain
Elow(w,) Z=E(y) + E(L =2 —- - — Zier11) " (Vi + Ziewr)
ZE(ye) +E(Ly, (A —2 = - — Zew1=1) " (Vk=1 + Zkw))-

Now let r— . Dominated convergence and the definition of A, give

E(ye) Z E(yie) + E(La, (k-1 + 21))-

Hence E(14,,2)) =0, but since by definition z,>0 on A, ;, we must have P(A,,) =0.
However,

(zeAary = UAe
k=1 1=1

s0 P({z € A\A*}) =0. That is, u(A*)=1.

Kingman (1978a), Section 4, argues convincingly that u(A) =1 in most cases of
biological interest. Following him we call the measure pu which arises in the above
theorem the representing measure of the family of consistent ordered sampling
distributions and we say that families with u(A) =1 are representable.
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Theorem 6. Suppose {P,},cn is a consistent family of ordered sampling distribu-
tions with representing measure u, and that u(A) =1. Then, for all n, and n € B,,,

en) Pa(m) = [ ¢, du

Furthermore this representation is unique in the sense that yu is the only measure with
u(A*) =1 for which (24) holds.

Proof. For m > n, rewrite the consistency relation (1) as P,(n) = P7(y, P,), and
now let m— ., Theorems 1 (and this is where the requirement u(A) =1 is crucial)
and (5) imply that the right-hand side converges to [z ¢, du and (24) follows. The
uniqueness, in the sense specified, follows from Theorem 2(b).

3.2. Exchangeable random rankings. For a general characterization result we
need a richer environment. It is also helpful to make explicit the role played by
exchangeability. Both Kingman (1982b) and Aldous (1985) have done so in the
setting of partition structures. To begin, we express the problem in a slightly
different form.

Say that a function R:N X N— {0, 1} is a ranking if

() RG,i)=1, VieN

(i) RG,j)=0>R(j,i)=1 Vi jeN

(i) RG,j)=1, R(j,k)=1>R(,k)=1 Vi j keN
R(G,/)=0, R(j,k)=0>R(i, k)=0 Vi j, keN.

Now we imagine our infinite population consisting of individuals labelled by the
positive integers. The interpretation of the function R is that R(i, j) = 0 if and only if
individual i ranks lower than j in the ordering of the population (i.e. if 7; > T; where
T; and T; are the types of individuals i and j respectively). Thus in the terminology of
an age ordering, R(i, j) =0 if i is strictly younger than j and R(i, j) =1 if i is older
than j or the same age as j. (Terminology is difficult here. We envisage a total order
on the set of possible types. This induces an order relation on the individuals which
is reflexive and transitive, but because several individuals may share the same type
this induced relation is not antisymmetric and hence not a partial order.) By a
random ranking we shall mean a mapping from some probability space into the set
of all such rankings, with the property that each of functions R(i, j)(w) (i, j € N) is
measurable. A random ranking R will be called exchangeable if

(R@, j), i, j € N) 2 (R(T1(), TI(j)), i, j € N)

for any finite permutation IT on N. (A permutation is finite if |{i:i #II(i)}| <. As
usual, |A| denotes the cardinality of a set A and 2 denotes equality in distribution.)

We first show that there is a one-to-one correspondence between families of
consistent ordered sampling distributions and exchangeable random rankings. With
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a ranking R there is an associated equivalence relation, £, say:
(25) i R jif and only if R(i, j) = R(j, i) = 1.

Furthermore, R induces a total order on the equivalence classes of R in an obvious
way. Now suppose R is an exchangeable random ranking. For n =1, 2, - - -, define
an ordered sampling distribution P,(-) by

P,(I;my, + -+, 7)) = P (the restriction of ® to {1,2, - - -, n} has [ equivalence classes,
with the ‘oldest’ having 7, members, - - - , and the ‘youngest’
having 7,).

That the family {P,},.n is consistent is an easy consequence of the exchangeability
of R. Conversely, suppose {P,},n is a consistent family of ordered sampling
distributions. Let o, be the uniform random permutation of {1,2,---,n} and
define R”, a random ranking of {1, 2, ---, n}, by insisting that with probability
P.(I;n1, N2, - -+, M), R™ will have [ equivalence classes, the oldest of which is
{0,(1), - - -, 0,(ny)}, the second oldest is {o,(n,+ 1), -, 0,(n;+ 1)}, ---, and
the youngest is {o,(n,+ -+ m1), -+, 0,(n)}. Consistency of {P,} and prop-
erties of o, ensure that for each n, R" is a (finitely) exchangeable ranking of
{1,2,---,n} and that

(R™(i, j):i,je{1,2,---,n}) 2 (R*(, j):i,je€{1,2,---, n}).

The Daniel-Kolmogorov theorem then guarantees the existence of an exchangeable
random ranking R (of N) with the property that

(R(i’j):i’je {1’ ) n}) 2 (R"(i,j):i,je {1’ 2,00, n}))

for each n = 1.

A characterization of exchangeable random rankings is thus equivalent to a
characterization of consistent ordered sampling distributions. We give the former,
proving an analogue of de Finetti’s theorem in this setting. The role of independent
and identically distributed sequences is played by the following ‘paintbox process’.
Let u be a probability measure on [0, 1], and let &, &,, - - - be i.i.d. u. Define a
random ranking R by

(26) R(i, j) =1 if and only if & Z E,.

Clearly R is exchangeable. We call it the paintbox process with distribution u. The
terminology (Kingman (1982b), Aldous (1985)) stems from the idea of using the real
numbers 0 = x =1 to label the colours of the spectrum, and imagining a collection of
objects 1,2, - - - being coloured at random by painting object i with colour ;. The
equivalence classes of R consist of those objects which are identically coloured.
(Observe that with probability 1 these are either infinite, in which case they
correspond to atoms of u, or singletons.) The equivalence classes here are ordered
by their colours, or equivalently by the usual order on [0,1]. Note that the
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distribution of R depends only on the sizes of the ordered atoms of u and on the
ordered collection of masses between neighbouring atoms. We denote the distribu-
tion of R by P*.

It should now be clear that the characterization results of Section 3.1 cannot be
extended beyond the representable case because different paintbox processes (and
hence different families of consistent ordered sampling distributions) share the same
representing measure.

Before proving the general result, we collect together some of the properties
enjoyed by exchangeable random rankings. We abuse terminology and refer to the
equivalence classes of the induced equivalence relation (25) as (equivalence) classes
of the ranking itself.

Proposition 7. Let R be an exchangeable random ranking with classes
C.={k:R(i, k)=R(k, i)=1}, i=1,2,---
(i) For each i, P(|C;|=1 or |C|=®)=1. On the set {|C;| = =},
(27) limn '|CN{1,2,---,n} =W,

n—o

exists almost surely and P(W,>0 | |C;| = ») = 1.
(ii) Let S = {i:|C;| = 1} denote the set of singleton classes in R. Then P(|S| =0 or
|S| =) =1 and on the set {|S| = =},

limn ' |SN{1,2,- -, n}=W,

n—o

exists almost surely, and P(W,>0 | |S|=®)=1.
(ili) Let j €N be fixed and denote by S;” and S; the set of singleton classes in R
which are ranked above and below j respectively:
S ={ieS:R(j,i)=0} S; ={ieS:R(,j)=0}.
Then P(|S;"| =0 or |S;"| = =) =1 and on the set {|S}| = =}
limn~' S/ N{1,2, -, n}|=W7

exists almost surely, and P(W3 >0 ||S}'| =) =1. Analogous statements hold for
S,
(iv) Let jeN be fixed. Suppose |S|>0 and let i€S, i#j, correspond to a
singleton class. Let A; denote the set of singleton classes ranked between i and j:
A;={keS:R(i, k)=0and R(k, j)=0} U {k € S:R(j, k) =0 and R(k, i) =0}.
Then
limn™'|4,;U{1,2,---,n}|=W,

n—o

exists almost surely, and P(W,>0||S|>0)=1.
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Proof. First note that if R is an exchangeable random ranking, then ® the
equivalence relation induced by R is an exchangeable random equivalence relation.
Statements (i) and (ii) concern the equivalence classes of ® and the results follow
from Kingman’s (1982b) characterization of exchangeable random equivalence
relations. For (iii), define a sequence X, X5, - -, X;_1, Xj41, - - - of {0, 1}-valued
random variables by

X—{l’ ifieSand R(j,i)=0
o, otherwise.

It is straightforward to check that this sequence inherits exchangeability from R, and
the result for S/ is then a consequence of de Finetti’s theorem. The result for §;
follows mutatis mutandis.

We prove (iv) in the case R(j, i) =0. The other case is similar. Let a, =[S/ N
{1,2,---,n} and b,=14;N {1, 2, - - -, n}|. By exchangeability, the distribution of

b, conditional on a,, is uniform on {0, 1, - - -, a, — 1}. Since |S;7| =1, it follows from
(iii) that a, — o a.s. and hence that
(28) ba/a, >V,

say, where V has a uniform distribution on [0, 1]. Again by exchangeability
E(bn/an Iam’ bm; A+, bm+1: o ') = bm/am;

so {b,/a,;n=1,2, -} is a reversed martingale (bounded above by 1) from which
it follows that b,/a,— V almost surely for some V. It follows from (28) that V has a
uniform distribution on [0, 1], and hence in particular that P(V >0) = 1.

Now by assumption |S;7| =1 so from (iii), |S;"| = < a.s. and

. . b,a,

limn~'14,N{1,2, -, n}|=lim ==

n—o n—»ooan
=VW3

almost surely. Writing W, = VW3 we have
PW,=0)=P(V=0)+P(W3=0)=0
which completes the proof of (iv).

We can now characterize any exchangeable random ranking as a mixture of
paintbox processes.

Theorem 8. Let R be an exchangeable random ranking. There exists a random
probability measure i on [0, 1] for which the conditional distribution of R given
ji = p is P¥ the paintbox process with distribution p.

Proof. The sequence {R(i, j):j=1,2,---,j#i} is an exchangeable sequence of
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zeros and ones. Define p; to be the limiting proportion of ones:

pi=limn ' |{j=n,j#i:R(3,j)=1}
which exists (almost surely) by de Finetti’s theorem. Observe that we can write
(p1, P2, - =) =f(R(, J), i, j e N) for a particular function f, and furthermore that if
I is a finite permutation on N, then f(R(i, j)) £ f(R(, T1(j))).
Now for such a permutation

(Pn(l)» Pney, ) =f(R(I1(P), (j)) = F(R(II(), I1(})))
2 f(RG, 1) =(p1, P2 - ),

so the sequence p;, p,, - - - is exchangeable. Invoke de Finetti’s theorem once more
and denote by fi the random directing measure of this sequence: conditional on
f=u, pi,p - are i.i.d. u. We claim that conditional on ji=pu, R has the
distribution of a paintbox process with distribution u. In fact we show that
R(i, j)=1if and only if p; = p;.

First suppose R(i, j) = 1. By transitivity

(k=n:R(j,k)=1}c {k=n:R(@, k) =1}

so clearly p; Zp;. A similar argument shows that R(i, j)) = 0= p; = p;, so p;>p;>
R(i, j)= 1. It only remains to show that p, =p; > R(i, j)=1.
Suppose p; = p; but R(j, k) =0. Let B;={k:R(i, k) =0, R(j, k) =1}. Then

(29) 0=p,—p;=limn™" [B;N{1,2,--, n}l.

As in Proposition 7, denote by C; and C; respectively the classes containing i and j,
and note that R(i, j) = 0> C; # C;. From Proposition 7(i), with probability 1 either
|Ci| =|C;| = = or at least one of C; or C; is a singleton. In the first case C; c B;; and
(27) and P(W;>0) gives a contradiction to (29). In the second case apply
Proposition 7(iv) and observe that A; c B;; to obtain a contradiction.

Remark 1. This technique provides another proof of Kingman’s representation of
partition structures (1978b) or equivalently of exchangeable equivalence relations
(1982b). The original proof, using martingale techniques, was similar in spirit to the
arguments of Section 3.1, and to some proofs of de Finetti’s theorem (see for
example Aldous (1985), pp. 21, 22). Aldous (1985) provides an elegant proof using
the device of ‘external randomization’ and another by exploiting deep results on
partial exchangeability.

Remark 2. In the unordered case the extension from the representable case
simply has to cope with the possibility of singleton classes. Allowing representing
measures on A, with 1 — u(A) representing the proportion of singleton classes, is
sufficient for this.
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Remark 3. The class, € say, of all exchangeable random rankings, or more
precisely of their distributions, or equivalently the class of families of consistent
ordered sampling distributions, may be regarded as a particular projective limit,
with the projections arising from (1) for ordered sampling distributions and
restriction (to {1,2, - -, n}) for exchangeable random rankings (of {1, 2, - - -, m},
m>n). As a projective limit, the class € is (Davies and Vincent-Smith (1968)) a
Choquet simplex. Within this framework the characterization problem addressed
here may be translated as the problem of describing the simplex €, or as is by
Choquet theory the same, of identifying its extreme points. We have proved that the
extreme points may be labelled by the equivalence classes of the set of probability
measures on [0, 1] (with two such measures being equivalent if they give rise to
paintbox processes with the same distribution), and that these extreme points are
exactly the (distributions of) paintbox processes. In a related setting this is (like
partition structures) a concrete example of the theory of Lauritzen (1974) in whose
terminology the paintbox processes would be called ‘extreme models’.

4. Convergence of age-ordered population frequencies in genetics

As has already been mentioned, ordered sampling distributions arise naturally in
population genetics. In haploid, single-locus, models we can associate a unique
genetic type, or allele, with each individual in the population. New alleles arise by
mutation and at any time the collection of alleles present in the population may be
ordered by age, that is time since their first appearance in the population.
Furthermore for many models, at least at equilibrium and in the so-called diffusion
limit (that is as the population size becomes large) the ordering by age is well
defined. (Ties in ages occur with probability zero.) Sampling distributions are of
genuine interest because it is in this form that the geneticist actually obtains data.

If information about ages is either unavailable or of no interest then under certain
conditions the Ewens sampling formula (Ewens (1972)) provides a robust descrip-
tion of samples from a wide range of populations at equilibrium. Kingman (1977)
has related this sampling distribution to a Poisson-Dirichlet population structure.
For problems where the age structure is of interest an analogue of the Ewens
sampling formula has recently been found (Donnelly and Tavaré (1986)). Our
purpose here is exhibit the population structure implied by this family of ordered
sampling distributions and to exploit the convergence of sampling distributions (as
the population size N— =) for a range of discrete models, to prove (in the spirit of
Section 2) convergence of age-ordered population frequencies.

We first describe a general model, initially introduced by Cannings (1974) for the
reproduction of a haploid population. Assume a population evolves in discrete,
non-overlapping generations, and that each generation is of fixed size N. (In fact as
noted in Kingman (1982a) and elsewhere, the following results apply to a number of
models with overlapping generations, notably the Moran model, and varying
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population sizes.) Label the members of the rth generation in random order, and
let v; be the number of offspring born to the ith member. The random variables
vy, V3, * + -, vy are then exchangeable and v, + v, + - - -+ vy = N. Further assume
that the v; are independent of family sizes in other generations (this is an assumption
of genetic neutrality) and that the joint distribution of the v; does not depend on r.
The most celebrated model of population genetics, the Wright-Fisher model,
corresponds to the case in which the joint distribution of these offspring numbers is
symmetric multinomial. Introduce mutation by assuming that an offspring adopts the
type of its parent with probability (1 —u) and otherwise is of a novel type, never
before seen in the population, all such choices being independent of each other
and of the past history of the population. (This is the so-called infinite alleles
assumption.) Throughout the following we shall also assume that the reproductive
model satisfies the following moment conditions:

(i) var (v;)—> 0*>0as N—>

(30) (i) supE(vH) <, k=1,2,---
N

00°
(iii) u =W+O(N_l)’ for some 8 >0 as N— .

Focus attention on a particular exchangeable model and a given population size
N. After ¢ generations there will be a certain number of alleles present. Label these
in decreasing order of age, so that allele 1 is the oldest in the population, allele 2 the
second oldest, and so on. For convenience adopt the convention that if two or more
alleles share a particular age (because they arose as novel mutations in the same
generation) they will be ordered at random. Denote by Yx(f) (€ Ay) the proportion
of the population of each of these types, ordered by age. It follows from the form of
the reproductive model that {Yy(¢);¢=0,1,---} is an irreducible Markov chain
with state space An, and since this is finite, there exists a unique equilibrium
distribution which we denote by Ay.

Considerable progress in the analysis of such models has recently been made by
concentrating on the genealogy which they induce. In particular if one studies the
genealogy of a sample of fixed size, n, say, then with an appropriate time scaling (by
No~? in the notation of (30)) the genealogical process associated with any of the
exchangeable models satisfying (30) converges weakly as N— o to a particularly
tractable limiting process called an n-coalescent with ages. (See Kingman (1982c) in
the case of no mutation. The extension to allow for mutation and the age ordering is
due to Donnelly and Tavaré (1986).) The fact that the sample size is fixed as the
population size increases is crucial to the proofs of these results, so that they do not
immediately give any information about population behaviour. (Donnelly (1991)
gives an extension to population ancestral processes, but that is in some sense
complementary to the result of interest here.) One consequence of the main result
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of Donnelly and Tavaré (1986) is convergence of age-ordered sampling distributions
at equilibrium. For convenience we restate that part of the result which is needed
here.

Theorem 9. Denote by Ay the equilibrium distribution of age-ordered population
frequencies in one of the exchangeable models satisfying (30), and as in (2) by
PY(-, An) the equilibrium distribution of age-ordered samples of size n. Then as
N— o, for each n € B,

(31) PR (n, An)— P.(n)

where (here and subsequently) P,(-) is given by
)

0
32 Pn l; , e, = —
G2 @ m ") Oy (M + M=) === (M Mma + -+ 1)

where 0,,,=60(0+1)---(0+n—1).

n!

It follows from Theorem 3 that {P,},.n is a consistent family of ordered sampling
distributions. (Verification of consistency is in any case merely an exercise in
algebra.) It is natural to ask about its representing measure.

Let Z,, Z,, - - - be a collection of independent and identically distributed random
variables with common probability density function f(z)=6(1—2)°"!, 0=z=1.
Construct a random element X of A by putting X =(Z,, (1-Z))Z,, 1-Z,)(1 -
Z,)Zs, - - +), and define a measure A on A by putting A(A) = P(X € A) for Borel sets
A. Note that A(A) = 1. The measure 4 is the so called Griffiths—Engen—McCloskey,
or GEM distribution. Its properties are quite remarkable (see for example Donnelly
(1986) or Ewens (1990) for an exploitation of these) and fully justify the acronym.

Theorem 10. The measure A corresponding to the GEM distribution is the
representing measure of the family {P,},.n and

(33) P.(n) = L ¢, dh.

Proof. Donnelly and Tavaré ((1986), Proposition 6.1) prove that if n™ has
the distribution P, given by (32) then for fixed r, the joint distribution of
(n ', n e, -, n7'n®™) converges to that of (Z,,(1-Z)Z,,---,(1—
Z)1-2,)---(1—=2Z,_,)Z,). 1t follows from this and the fact that the functions
which depend on only a finite number of coordinates are dense in C(A), the
continuous functions from A to R, that (in the notation of (9)) P,=> . From
Theorem 5 we know that P, = pu, the representing measure of {P,},cn, SO #t = A.
Since A(A) =1, (33) follows from Theorem 6.

Theorem 11. Denote by Ay the equilibrium distribution of age-ordered population
frequencies in a population of size N evolving according to a particular exchangeable
model satisfying (30). Then if v denotes a limit point of the sequence {An},
v({x:x;>0Vi})=1.
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The proof of the theorem requires a more detailed analysis of the time evolution of
genealogical processes associated both with samples and with the whole population,
and we defer it to the end of the section.

Theorem 12. Denote by Ay the equilibrium distribution of age-ordered population
frequencies for a population of size N evolving according to a particular exchangeable
model satisfying (30). Then as N— <, Ay = A, where A is the measure associated with
the GEM distribution.

Proof. In the light of (31), (33), and Theorem 11, the result is an immediate
consequence of Theorem 4.

Remark 1. The key ingredients used to prove Theorem 12 were the convergence
of ordered sampling distributions (31) and the fact that limit points of the sequence
{An} place mass 1 on {x:x;,>0Vi}. As mentioned at the beginning of the section,
the convergence (31) holds for a class of models somewhat wider than those
described in Theorem 9 so that if Theorem 11 could be proved for one such model,
then Theorem 12 would also be valid for that model. The proof of Theorem 11 rests
heavily on convergence of non-equilibrium sampling distributions. This too is likely
to be true for other models (those for which (31) holds), in which case the required
result should follow by the same means.

Remark 2. For one specific model not encompassed by the conditions of Theorem
12, the Moran model, the equilibrium distribution Ay is known explicitly (Donnelly
and Tavaré (1986)). It has the form Py (with Py given by (32) with n=N.) The
result A, = A then follows immediately from the fact that P>

Remark 3. One could imagine proving Theorem 12 directly for a particular
model, say the Wright-Fisher model. Such a scheme would involve explicit
calculation of Ay, or a good approximation of it, or possibily of the whole (forward)
process for which Ay is the equilibrium distribution, and in the spirit of, say, Ethier
and Kurtz (1986), Chapter 10, is likely to be highly model-specific. One advantage
of the genealogical approach, here and elsewhere, is that the results apply to a wide
range of models. At the sample level (Kingman (1982c), Donnelly and Tavaré
(1986)) this involves few model-specific calculations, and the transition here to
population results involves no further model-specific calculations.

Remark 4. Kingman (1977) effectively proves the analogue of Theorem 12 in the
case where age ordering is of no interest. The population distribution there is the
Poisson—Dirichlet and the route is rather easier because populations may be
described by points of the subset V of A consisting of sequences whose components
are non-increasing.

Proof of Theorem 11. Throughout, we consider a fixed exchangeable reproduc-
tive model satisfying (30). The idea is to study the population genealogy associated
with the model, and to exploit known results to prove convergence of the marginal
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distribution of an appropriate genealogical process. For a given allele in the
population at equilibrium this gives information about the behaviour of the
population since that allele first arose, and hence information about its frequency.

We first recall the appropriate definitions and facts. For a more leisurely account
see Donnelly and Tavaré (1986) for sample results and Donnelly and Tavaré (1987)
for population genealogy. Fix some reference time (and call this time 0) and
consider the composition of the population with respect to the ancestral population ¢
generations into the past. Say that a pair of individuals are in the same old class if
they share a common ancestor in generation —¢ and there is no mutation in their
lines of descent from the common ancestor to the present. Say that they are in the
same new class if they share a common ancestor in generation —r, 0 <r =t, where
that ancestor itself is a mutant and there is no further mutation in their lines of
descent from this common ancestor to the present. This partitions the population of
N (or a sample from it) into a collection of old and new classes. All the individuals
in a given (old or new) class will be of the same allelic type and (because of the
infinite alleles assumption) different new classes correspond to different types. The
new classes may then be ordered by age (of the corresponding allele), and again we
suppose that ties are broken at random. If there are K old classes with sizes
a,>a,>- -+ >ag say, and F new classes with sizes b,, b,, - - -, bg, say, written in
age order (so that the type of the new class of size b, is the oldest, that of the b, the
second oldest and so on) the genealogy of the population may be described by a
point

(34  MM()=(N"'a;, N'ay, -, N 'ag; N'by, N by, - -+, N7'bp).

As t increases this gives rise to a stochastic (in fact Markov) process. Note that
changes in the process take one of two forms: either two or more of the old classes
coalesce (due to a sharing of ancestors) or one of the old classes becomes the oldest
of the new classes (because the ancestor of the old class is a mutant). In the limit as
t— o, all of the classes will be new, and furthermore the distribution of age-ordered
class frequencies will be given by Ay, the equilibrium distribution of the forward
process of allele frequencies with age ordering. (This last in particular and the whole
genealogical approach in general corresponds to a form of duality.) In order to show
that limit points of Ay concentrate on {x:x; >0Vi}, for each / we effectively bound
N~'b, below in probability (uniformly in N) by bounding the old class sizes prior to
the time when that particular new class was formed.

We now recall some known results. Denote by A" (¢) the number of old classes in
MY([No~?t]) (where [y] denotes the integer part of y) and by D.(-) the Markov
death processes on E = {0, 1,2, - - -, ©} with entrance boundary (and initial value)
at « and death rates k(k + 6 — 1)/2 from state k. Then (Donnelly (1991), Section 5,
where AN() is called BN(-)) as N—>», AY(-)> D.(-) as elements of Dg[0, «).
Further suppose a sample of size n (in which the individuals are labelled from the set
{1,2, - - -, n}) is taken from the population at time 0, and its genealogy with respect
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to the ancestral population at time ¢ is described by listing the individuals in the old
and (age-ordered) new classes. That is, RY(¢) = (&,, - - -, & &1, - - -, &) if there are
k old classes (written in arbitrary order) the ith of which consists of the individuals
with labels in the subset §; = {1,2,---,n}i=1,2, ---, k and / new classes with the
individuals in &; having the oldest new type, those in §, the second oldest, and so
on. (Denote by &, the state space of R}(-) and observe that it is finite.) The central
result of Donnelly and Tavaré (1986) ensures that if the population is evolving

according to one of the exchangeable models satisfying the conditions (30), then as
N—

(35) RY(INo™])=>R.()
(as elements of Dg[0, ©)) where {R,(t);t=0} is a particularly tractable process
called an n-coalescent with ages.

Now focus attention on the old classes of the process M™(-) defined at (34).
Specifically, define a process X" (¢) by X" (¢) = t(M"([No~?])), where 7 is defined
by

Ty, X2, 0 X3 Y1, Y2, 05 YE) = (0, X2, 00, x4, 0,0, - ).
Recall from (34) that x; Zx, = - - - 2 x;.

The appropriate limiting process X (-) is the restriction to old classes (rearranged
in descending order of class sizes) of the infinite population coalescent with ages of
Donnelly and Tavaré (1987). For our purposes it suffices to observe that X(-) takes
values in the space V={x € A:x; =x,2x;=- - -}, (which we topologize as a closed
subset of A), and that the distribution of X (¢) has the following representation. For
k=1,2,---, let V, be a random variable with probability density function

T'(k + 6)
filv) == ~——v*!
NGRON
Independent of V,, let U® have a uniform distribution on the simplex
{1, -, X)) 620, x;+ -+ +x,=1} and let UE), U, ---, UL denote the

descending order statistics of its components. Then X (0)=(0,0, ---) and for a
Borel subset A of A,

P(X(t) € A) = P(D(t) = 0)1(0,0,--yea}

(1-v)®1, 0=v=1

+ 2, P(D(t) = k)10, viv®, - viUg}0.--)eA)
k=1

)’
for t > 0.
Proposition 13. For each t >0, as N— o, X™(t)= X (t) as random elements of V.

Proof. Denote by 9, the set of subpartitions of the integer n:%,={A=
{ay,  ++,a}:a,€N, a;+---+a,=n} and by @7 :V— [0, 1] the sampling function

w1 = () (1= £ ) S S
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where A={a,,---,a}, ap=n—a;—---—aandforj=1,2,---,n, B;is equal to
the number of a; (i=1, - - -, l) which take the value j. The second summation is
over all [-tuples of distinct positive integers i;, - - -, i, Endow %, with the discrete
topology.

Our present concern is only with the sizes of the old classes of the sample
coalescent RY, so define the restriction map 7: &, — %, by

i(&l) ) ‘f:fk, Cl’ CZ’ Tty Cl)__' {I&llr I§2|) RS IEkl}

where |E| denotes the number of elements in the class &. Write W}(¢) for
ZRY([No~%]) and W,(¢) for R,(t). The continuous mapping theorem and (35)
guarantee that as N— o, W5 (-)=> W,(-) as elements of Dg [0, ). Observe that the
set of fixed jumps of W, is empty, that is

Tw = {0} U {t>0: P(W,(t—) = W,(1)) = 1} = [0, ).

The fact that WY describes the genealogy of a sample of size n from the
population of N, and calculations analogous to those in the proof of Theorem 1
give, for any A € 4,

(36) CNE[$A(XN ()] — Hy = P(W} (1) = A) = ChE[@4(X ™ ()]

for constants Cy and Hy (depending on N) with the property that Cy— 1, Hy—0
as N— . Thus, from (36)

Jlim E [PAXN ()] = P(W,.(1) = A).

The distribution of W,(t) is given in Watterson (1984), Equation 3.4.1. A
straightforward calculation, which we omit in the interests of brevity, shows that

P(W,(t) = A) = E[¢5(X())].

(The key to performing the calculation of the right-hand side is first to condition on
the number of old classes in X(¢), proceeding as in the derivation of Equation (3.19)
of Kingman (1982b), and then to relate the distribution of the number of old classes
in X (¢) to the number of old classes in R,(t), via Equation (7.15) of Tavaré (1984).)
Hence

(37) lim E[¢%(X"(1)] = E[¢4(X(1)].

Kingman (1977) shows that a subset of the family {¢%, Ae B, n=1,2,---}
generates an algebra which is dense in C(V), the continuous functions from V into
R, so (37) ensures Xn(t) > X () as required.

Now suppose v is a limit point of the sequence {ix}. For convenience, index the
relevant convergent subsequence by N. Thus in what follows Ay = v by assumption.
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We show that for any i, v({x; >0})=1, and hence that

o

v({x;>0Vi})=1— V(U {x:x; =0}) Z1-D v({x:x;=0})=1.

i=1

First observe that
v({x; >0}) = 1 if only if for each ¢ >0, 3 6 >0 with v({x;=6})>1—¢.

Now the set {x:x;= 8} is closed in A, so by the portmanteau theorem it is enough
to establish that given £ >0, 3 § > 0 with

limsup Ay({x;Z=6})>1—¢.
N—oo

Fix a value of ¢, to be specified presently. The central idea in what follows is that
if ¢ is small enough, then with high probability the ith new class (at equilibrium) will
have been an old class at time ¢ in the genealogical process X™(-), and so its size is
bounded below by the size of the smallest of the old classes at time ¢, which in turn
may be bounded away from zero with high probability.

Define the random variables

Q7 = the number of new classes formed in a k-coalescent with ages
from the population of size N,
C™(t) = the number of new classes formed from time [No~>t] onwards
in MV(-).
Conditional on A™(f) =k, the k ancestors of the old classes in MY([No~%]) are
equally likely to be any of the (1:) possible subsets of ancestors, and the number of

new classes formed from [No~%] onwards is a function only of the genealogy of
these k ancestors. Thus, conditional on AY(¢) = k, the distribution of CV(¢) is that of
Qr, which does not depend on t. Note further that the number of new classes
formed in M™(-) from time [No %] onwards is a function of the number of old
classes in MY([No~%]) and not on their sizes, so that C¥(t) and X™(t) are
conditionally independent given A™(¢).

Write XM(t) i=1,2,--- for the components of X™(¢f) and recall that these
components are written in decreasing order. Define the function A:V— [0, 1] by
A((xy, x5, - - -)) = inf {x;:x; >0}, (with inf ¢ = 0) so that in particular if x has only a
finite number of non-zero components, then A(x) is the smallest of these. Then in
view of the comments in the preceding paragraph and the fact that on {A™(t) = k},
AXN (D) = XX (@),

I Z ) Z P(AXM (1) Z 6, CV(1) Zi)
= k§=jo P(AN()=k)P(CN()Zi | AN(t) = k)
(38) X P(ACXM(8)) = 8 | AN(1) = k, CN (1) =)

= zo P(AN()) =k)P(QR Zi)P(XR()= 6 | AN(t) = k).
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Now suppose k > 1. The genealogical process R,(-), say, associated with a sample of
size | may be naturally embedded in (i.e. coupled with) that associated with a
sample of size k, R.(-), by restricting attention to the first / elements of the larger
sample. (This is Kingman’s (1982a) natural coupling.) In this coupling the number of
new classes formed in R,(-) is not larger than the number of new classes formed in
Ri(-). Thus the random variables Q} are stochastically non-decreasing in k. It
follows from (38) that for any N> L > K =0,

A({xiZ8}) ZP(QXZi) D P(AN() =k)P(X{(1)Z 8 | AN(r) = k)
(39) k=K

=P(QXzi) EK P(XY()Z 8, X{1(t) =0).

Now, since the sets {x; =9, x,_, >0} each have boundary contained in the set
{x, =6}, an event which (provided 6 > 0) has probability zero under the distribu-
tion of X (¢f), we may invoke Proposition 13 to write

P(X(6)Z 6, Xi(t) = 0) = P(X(1) Z 6, AY(1) = k)
=P(XY()Z 6, AN() >k —1)— P(XX(1)Z 8, AN(1) > k)
= P(X}{(t) 2 8) - P(XE() 2 6, X{1i(1)>0)

— P(X(1) Z 8) — P(Xi(t) Z 8, Xs1(1) > 0)
= P(X,(t)Z 6, D.(t) = k)
= P(D.(t) = H)P(Xi () Z 8 | Do) = k),

(40)

where X, (¢) denotes the kth component of X (¢). Also, as a consequence of (35),
(41) lim P(QX=Zi)=P(Qk =i)
N—

where Q is the number of new classes formed in Rg(-), the K-coalescent with ages.
Recall (Donnelly and Tavaré (1986), Equation (5.1)) that Qx has the repre-
sentation Qx =Xk, x; where the x; are independent random variables with
P(x;j=1)=1—-P(x;=0)=6/(j + 6 —1). The Borel-Cantelli lemma ensures that
Qx—  in probability as K— =, so choose and fix K large enough to ensure

(42) P(Qxzi)>(1-¢)
Also D.(t)— < a.s. as t— 0, so choose and fix ¢t > 0 (depending on K) to ensure that
(43) P(D()ZK)>(1—€)i+(1—(1—¢)3)/2.

But for t >0, E(D.(t)) <, so (for example by Markov’s inequality), choose and fix
L (depending on ¢) so that

(44) P(D(t)>L)<(1—(1-¢g)3)/2.
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Equations (43) and (44) then guarantee that
(45) P(K=D,(t)=L)>(1- ¢)b.
Finally note that P(X,(f)=0|D.(f)=L)=0, so

lim P(XL(t) >% ‘ D.(t)= L) =P(X,(t)>0|D.()=L)=1

and we may choose 6 >0 (depending on L) with
(46) P(X.()Z= 8 | DL(t)=L)> (1— ¢)s.

Observe that for fixed 8, P(X,(f) = 8 | D.(t) = k) is non-increasing in k. Thus in
view of (39)—(46), for the given & and the above choice of K, ¢, L, and 6, we can
write

fim sup Ay((x 2 5)) ZP(Qx Z0) 3, P(D) = KIP(X()Z 6 | D.(0)= k)

ZP(QxZ)P(X L (1)= 6 | D.(t)=L)P(K=D.(t)=L)
>1-—¢,

and the result follows.
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