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ABSTRACT 

An exact analytical solution to the three-dimensional elasticity problem for a transversely-isotropic 
composite layer is constructed by making use of the direct integration method along with the Fourier 
double-integral transform.  The original problem is reduced to a system of governing partial-differential 
equations for separate stress-tensor components.  The governing equations are accompanied with corre-
sponding local and integral boundary conditions, obtained on the basis of the original local boundary 
conditions imposing the normal and shearing forces on the limiting planes of the layer.  The numerical 
analysis of the obtained solution is presented for certain transversely-isotropic composite materials. 
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1.  INTRODUCTION 

The rapid development of modern technologies im-
plementing different kinds of composite materials, have 
heightened the need for efficient modeling and analysis 
of structure members exhibiting anisotropic mechanical 
properties [1].  Among different kinds of practical ani-
sotropic materials, the transversely isotropic materials 
(TIM), whose physical properties are symmetric about an 
axis that is normal to a plane of isotropy, are of the spe-
cial interest.  The aforementioned kind of symmetry is 
typical for lattices of the hexagonal syngony [2, 3], vari-
ous kinds of thin-layer laminates implemented in the way 
that the macroscopic material properties are likely the 
same in parallel to the layer orientation but differ from 
the ones in the transversal direction [4, 5] as well as for 
the fiber composites with hexagonal fiber packing [6-8]. 

The three-dimensional elastic analysis of TIM for both 
dynamic and static cases presents a challenge due to the 
complexity of the governing system of partial-differential 
equations involving dissimilar elastic moduli.  There-
fore, a considerable amount of literature has been pub-
lished on particular classes of the elasticity problems 
implying certain simplifying assumptions, e.g., the theo-

ries of pates and shells, plane (stress/strain) problems, 
anti-plane problems, problems on the pure torsion, 
bending etc.  Extensive reviews on solutions for plane, 
axisymmetric and spatial problems of the elasticity theo-
ry for TIM bodies have been reported, e.g., by 
Podil’chuk [9], Nemish [10], and Wang et al. [11].  In 
[12, 13], Lekhnitskii presented the solutions to the plane 
and axisymmetric elasticity problems by generalizing the 
Airy and Love biharmonic stress-functions, respectively, 
for anisotropic bodies.  These solutions have later been 
extended to the three-dimensional case [14, 15].  An 
alternative representation of the solutions has been sug-
gested by Elliot [16] and Lodge [17] through the three 
independent harmonic functions.  The latter representa-
tion has been used in [18-21] for the solution of 
three-dimensional problems for TIM solids of canonical 
shape.  Liao and Wang [22] presented a review of re-
sults obtained on the three-dimensional elasticity prob-
lems for a TIM half-space subjected to a point-force load 
over its limiting plane or in the interior of the half-space.  
By making use of the integral-transform method, they 
constructed a solution to the specified problem in a 
closed form which complies with solutions given by 
Lekhitskii [13].  This solution has latter been extended 
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to the case of complex loading types [23].  In [24], the 
Lekhnitskii representation has been employed alongside 
with the method of homogeneous solutions in order to 
solve three-dimensional problems for simply- and multi-
ply-connected plates.  Similarly to the isotropic materi-
als, the complex variable method has been developed for 
the analysis of TIM by making use of an appropriate 
solution representation through the potential functions 
being analytical in the domain of consideration [3, 25].  
In [26], the theory of p-analytical functions has been 
employed for the analysis of non-axisymmetric elasticity 
problems for TIM solids.  A solution based on the im-
plementation of a Green function has been obtained in 
[27] by making use of the Stroh formalism and 
two-dimensional Fourier transform.  Various methods 
for the solution of one-, two-, and three-dimensional 
elasticity problems for the TIM solids are summarized by 
Ding et al. [28].  The exhaustive reviews on the numer-
ical methods developed for the solution of TIM-related 
problems are given, e.g., in [29-31]. 

The implementation of methods involving potential 
functions for the TIM is often associated with both analyt-
ical and numerical complications concerning with i) the 
derivatives of the higher order (in comparison to the orig-
inal equations either in terms of stresses or displacements) 
and ii) the fact that the coefficients or eigenvalues of the 
relevant auxiliary or spectral problems are expressed 
through the combinations of dissimilar material constants 
(see, e.g., the studies on the uniqueness and completeness 
of the generalized harmonic and biharmonic solutions in 
[32-34]). 

In this paper, we implement the direct integration 
method [35-37] in order to construct a closed form ana-
lytical solution to a three-dimensional elasticity problem 
for a TIM composite layer subjected to external force 
loadings.  The application of this method allows for the 
formulation of a closed system of governing equations in 
terms of stresses along with the sufficient number of lo-
cal and integral boundary conditions.  By making use of 
the Fourier double-integral transform with respect to the 
in-plane coordinates, the explicit solutions to the above-
mentioned equations are obtained.  The efficiency of 
solution is analyzed numerically for certain composite 
materials. 

2.  FORMULATION OF THE PROBLEM 

Consider a TIM layer related to the dimensionless 
Cartesian coordinate system as ∞ < x < ∞, ∞ < y < ∞, 
1 ≤ z ≤ 1 so that the plane of isotropy is parallel to the 
(xy)-plane.  Here, / ,x x h  / ,y y h  / ,z z h  ,x

,y  and z  are the dimensional Cartesian coordinates, 

and h is the half-thickness of the layer.  Assume the 
layer to be in the state of elastic equilibrium, which is 
governed by the equations [38, 39] 
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applied to the limiting planes z = 1.  Here, σ and  

({,} = {x,y,z},   ,  = ) are the normal and she-
aring stress-tensor components, respectively, and pj and 
q j ( = {x,y}, j = 1, 2) are given functions vanishing at 
the points of infinity x,y  ∞.  The continuity of the 
material is described by the strain-compatibility equa-
tions 
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where ε and  ({,} = {x,y,z},   ,  = ) denote 
the normal and shearing strains, respectively.  The 
stress- and strain-tensor components are related by 
means of the physical relations [28, 38]: 
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Here,  is the Poisson ratio characterizing the transverse 
contraction in response to the tension applied in the plane 
of isotropy,   denotes the ratio characterizing the trans-
verse contraction in response to the tension applied 
transversely to the plane of isotropy, E and E  are the 
Young moduli at tension or compression in the plane of 
isotropy and in the transversal direction, respectively, 
and G = E/(2 + 2) and G  stand for the shearing moduli 
in the plane of isotropy and in the transversal direction, 
respectively. 

The objectives of this research are to: i) reduce Eqs. 
(1)-(4) to a system of governing equations in terms of 
stresses, accompanied with corresponding local and in-
tegral conditions, and ii) construct the explicit expres-
sions for the stress-tensor components within the formu-
lated problem. 

3.  GOVERNING EQUATIONS AND 
CONDITIONS 

In order to derive the governing equation for the 
stresses determination, we employ the direct integration 
method [35-37].  First, we use Eq. (1) to express the 
shearing stresses in terms of the normal ones as follows: 
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Assuming  = x and  = y in the first Eq. (3) and making use of Eqs. (1) and (4), we can derive the following gov-
erning equation 
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With Eqs. (1), (4), (6), and (7) in view, the first Eq. (3) for  = y and  = z takes the form 
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can be obtained for  = x and  = z in the first Eq. (3). 
Equations (6), (8), (9) can be given in an alternative form 
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By summing up Eqs. (10)-(12) with Eq. (7) in mind, we can obtain the following equation 
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Having applied operator  to Eq. (6) and operator xy to Eq. (13), we derive the equation 
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which serves for the determination of stress σz.  After this stress is found, the total stress σ can be easily determined 
from Eq. (6).  Then, the in-plane stresses σx and σy can be found from Eq. (7) and either Eq. (8) or Eq. (9). 

Due to the fact that Eq. (14) is a fourth-order partial- differential equation, it is necessary to have four boundary con-
ditions for the stress σz.  The two of them are given by Eq. (2).  Two more conditions can be given in the form 
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by making use of Eq. (1) and the boundary conditions (2) for the shearing stresses. 
Note that the satisfaction of the second Eq. (3) implies [36] the following integral condition 
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4.  CONSTRUCTION OF THE SOLUTION 

Introduce the Fourier double-integral transformation [40] 
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where sx and sy are the parameters of transformation with respect to x and y and i2 = -1.  In the mapping space, Eq. (14) 
and conditions (15) and (2), for the normal stress, take the following form 
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A solution to Eq. (18) can be found in the form 
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which makes the eigenvalues (22) to be real numbers for any physically permitted values of the material constants.  In 
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Putting Eq. (23) into Eq. (25) yields 
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where function φ1(z) is given in Appendix by Eq. (A2) and the C1 and C2 are unknown constants of integration. 
On the basis of Eq. (5) for  = y,  = z,  = x along with Eqs. (7), (17) and (24), we can obtain the following expres-

sion 
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
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
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(29)

 

Here, function φ2(z) is given in Appendix by Eq. (A2). 
Putting formula (29) into the second boundary condition (2) for the searing stress allows for the determination of 

constant C1.  In order to determine constant C2, we use Eq. (16), which, in view of Eq. (17), takes the form 

   2 2 , 1.y x x y x y y xz x yz

d
s s is s s s z

dz
         

Making use of Eqs. (2), (4), (7), and (24), allows for the representation of the latter condition as 

2 2 3
2 2 2

2 22 3
2 , 1.

2 2
y y x z

x x y y y x x

d s s d G E G E
k is s s q s s q z

dz G E G Ek dz

                           
 (30) 

Putting Eqs. (23) and (27) into Eq. (30) yields an algebraic equation for the determination of constant C2.  The ex-
pressions for C1 and C2 are given in Appendix by Eq. (A3). 

In such manner the stresses z ,  , y , and yz  are found in the mapping domain in the form (23), (24), (27), 

and (29), respectively.  The normal stress x  can now be easily determined by Eqs. (7) and (17) as 

.x y z       

Then, the shearing stress xz  can be determined in the mapping domain by making use of Eq. (5) at  = x,  = z,  = 

y along with Eqs. (7), (17), and (24). 
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As the stress-tensor components are determined in the 
mapping domain, we can employ the inverse transfor-
mation [40] 

 2

1
( , , ) ( )exp ( )

4
x y x yf x y z f z i s x s y ds ds


 

 
   (31) 

in order to determine the stresses in the physical domain. 

5.  NUMERICAL EXAMPLES AND DISCUSSION 

Consider the computation of stresses induced in a 
TIM-composite layer by the symmetrical normal loading 
(2), where 

 
2 2

1 2 exp( ),

0, { , }, 1, 2,

x y

j

p p p c x c y

q x y j 

   

  
 

(32)
 

and p is an arbitrary constant in the dimension of stresses.  
The exhaustive analysis of the stress-tensor components 
in an isotropic layer due to the force loading (32) has 
been presented in [36] for cx = 3 and cy = 5 (we keep the 
same values in what follows).  Note that for E   E, G  
 G, and     = 0.3, the distributions of stresses 
computed by means of  the obtained solution coincide 
with the ones presented in [36] for the case of homoge-
neous isotropic material.  By taking into consideration 
the symmetry of loading (32), the computation of stress- 
tensor components in the physical domain has been im-
plemented by means of the formulae (A4), presented in 
Appendix, which are obtained from Eq. (31), where the 
integration over sx and sy is narrowed from the infinite 
range to the finite domain [0,L] × [0,L], beyond which 
the integrands vanish.  It can be shown that for the con-
sidered loading (32), we can sufficiently impose L = 40.  
For the practical computations of the integrals over sx 
and sy, we employed the sixth-order quadrature formula. 

In Figs. 1-3, the normal, σz and σy, and shearing yz 
stress-tensor components are presented in the physical 
domain versus the half-thickness of the layer for the 
cases of TIM composites, whose properties are given in  
 

 

 

Fig. 1 Distribution of the normal stress σz versus z at 
x = y = 0. 

 

Fig. 2 Distribution of the normal stress σy versus z at x 
= y = 0. 

 
 

 

Fig. 3 z-Distribution of the shearing stress yz for x = 0, 
y = 0.5. 

 
 
Table 1 (the curve numbers in figures correspond to 
those given in the first column of the table).  Note that 
for the loading (32), the normal components are even 
functions of z, while the shearing stress yz is an odd 
function of z and y and an even function of x. 

The distribution of the stress σz is presented in Fig. 1 
for the coordinates x = y = 0 those correspond to the 
maximum of the applied loading (32).  Being the same 
on the limiting planes of the layer z = 1 (due to the 
boundary conditions), this stress is, however, signifi-
cantly affected by the anisotropy in elastic properties 
when moving away from the boundaries and approaching 
the mid-plane of the layer, where it makes the minimum 
compression.  For the considered cases 1-3, the stress σz, 
computed for the Ceramic PZT-4 (curve 2), exhibits the 
highest decrement when approaching the mid-plane 
in-parallel to the z-axis (the value of compression on the 
mid-plane drops over 62% from the maximum observed 
on the boundary plane), while the one computed for the 
60% fiber composite (curve 3) decreases much slower so 
that the difference between the maximum (on the bound-
ary) and the minimum (on the mid-plane) compressive 
values falls within 18%. 

In Fig. 2, the normal stress σy is depicted for the same  
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Table 1 Material properties of the transversally isotropic composites (computed by the compliance coefficients given in 
[28]). 

 Material E (GPa) E  (GPa)    G (GPa) G  (GPa) 

1 Carbon fiber 15 232 0.49 0.28 5.03 24 

2 Ceramic PZT-4 81.28 64.53 0.33 0.34 30.56 25.6 

3 Composite 60% fiber 9.95 141.1 0.5 0.27 3.32 6 

 
 
 
values of x and y.  In contrast to the previously analyzed stress, the maximum difference in the stress distribution for 
the three considered cases is observed when approaching the limiting planes of the TIM composite layer.  Again, the 
stress computed for the Ceramic PZT-4 (curve 2) exhibits the significant (comparing to the other cases) variation along 
the z-axis, while the stress for the 60% fiber composite (curve 3) varies lesser.  Similar conclusion can be drawn for the 
shearing stress yz presented in Fig. 3. 
 

6.  CONCLUSIONS 

An analytical solution is constructed to the general three-dimensional elasticity problem for a TIM composite layer 
subjected to external force loadings on its limiting planes.  By making use of the direct integration method, the prob-
lem is reduced to solution of the governing equations for the separate stress-tensor components, which were obtained on 
the basis of the compatibility equations in terms of strains.  Analogously, the local and integral boundary conditions 
were derived for the sufficient determination of the stress-tensor components.  The obtained boundary-value problems 
for the governing equations have been solved by making use of the Fourier double-integral transformation.  The solu-
tion is convenient for the analysis as well as the practical computation of the stress state.  It is also potentially attrac-
tive for the verification of the analytical or numerical methods developed for the analysis of TIM. 
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APPENDIX 

The constants of integration Aj and Bj, j = 1,2, appearing in Eq. (23): 
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(A1)

 

where 1 1 2 2 1 2 1 1 2 2 1 2sinh cosh cosh sinh , cosh sinh sinh cosh .a k k k k b k k k k                

Functions φj(z), j = 1,2, appearing in Eqs. (27) and (29): 
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(A2)

 

Constants Cj, j = 1,2, appearing in Eq. (29): 
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The formulae for the computation of stresses obtained by simplification of Eq. (31) for the loading (32): 
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