
Probability in the Engineering and Informational Sciences, 32, 2018, 144–162.

doi:10.1017/S0269964816000462

ON CONSISTENCY OF LS ESTIMATORS IN THE
ERRORS-IN-VARIABLE REGRESSION MODEL

XUEJUN WANG AND MENGMEI XI

School of Mathematical Sciences,
Anhui University,

Hefei 230601,
People’s Republic of China

E-mail: wxjahdx2000@126.com

HONGXIA WANG

Department of Statistics,
Nanjing Audit University,

Nanjing 211815,
People’s Republic of China

SHUHE HU

School of Mathematical Sciences,
Anhui University,

Hefei 230601,
People’s Republic of China

Under some mild conditions, the strong consistency and complete consistency of the LS
estimators in the errors-in-variable regression model with weakly negative dependent errors
are obtained, which generalize the corresponding ones for negatively associated random
variables. In addition, the simulation study shows that the biases of our method are small,
and our method performs well.
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1. INTRODUCTION

Consider the following simple linear EV (errors in variables) regression model:

ηi = θ + βxi + εi, ξi = xi + δi, 1 ≤ i ≤ n, (1.1)

where θ, β, x1, x2, . . . are unknown constants (parameters), (ε1, δ1), (ε2, δ2), . . . are random
vectors and ξi, ηi, i = 1, 2, . . . are observable. From (1.1) we have

ηi = θ + βξi + νi, νi = εi − βδi, 1 ≤ i ≤ n. (1.2)
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Consider (1.2) as a usual regression model of ηi on ξi, we can get the LS estimators of θ
and β as follows:

β̂n =
∑n

i=1(ξi − ξ̄n)(ηi − η̄n)∑n
i=1(ξi − ξ̄n)2

, θ̂n = η̄n − β̂nξ̄n, (1.3)

where ξ̄n = n−1
∑n

i=1 ξi, and other similar notations, such as η̄n, δ̄n and x̄n, are defined in
the same way.

The simple EV regression model was proposed by Deaton [6]. Since then, many authors
studied the limiting behaviors for the LS estimators β̂n and θ̂n in the EV model. For the case
that the errors are independent random variables, one can refer to Amemiya and Fuller [1],
Cui and Chen [4], Gleser [8], Hslao, Wang, and Wang [9], Lai, Robbins, and Wei [12], Liu and
Chen [14] among others. Under the case that the errors are dependent random variables,
Fan et al. [7] and Miao, Wang, and Zheng [16] Miao et al. [17] studied the consistency
of LS estimators in the EV regression model with stationary α-mixing errors, negatively
associated (NA, in short) errors and martingale difference errors, respectively; Wang et al.
[29] established the complete convergence for weighted sums of negatively superadditive
dependent (NSD) random variables and gave its application in the EV regression model,
and so on. For more details about the EV regression model and applications, one can refer
to Carroll et al. [2], Dagenais and Dagenais [5], Jung [11], Li [13] and Taupin [26] among
others. The main purpose of the paper is to further investigate the complete consistency
and strong consistency of LS estimators in the EV regression model with weakly negative
dependent errors.

Now, let us recall the concept of weakly negative dependence.

Definition 1.1: A finite collection of random variables X1,X2, . . . , Xn is said to be weakly
negative dependent (WND, in short) if there exist a constant M1 ≥ 1 such that

f(x1, x2, . . . , xn) ≤ M1

n∏
i=1

fi(xi)

for all x1, x2, . . . , xn ∈ R, where f(x1, x2, . . . , xn) and fi(xi)′s are joint density and marginal
densities of random variables X1,X2, . . . , Xn, respectively.

The sequence of WND random variables and arrays of rowwise WND random variables
are defined as follows.

Definition 1.2: An infinite sequence {Xn, n ≥ 1} is said to be WND if every finite
subcollection is WND.

An array of random variables {Xni, i ≥ 1, n ≥ 1} is called rowwise WND if for every
n ≥ 1, {Xni, i ≥ 1} is WND.

The concept of WND random variables was introduced by Ranjbar, Amini, and Bozorg-
nia [19] in bivariate case, which contains a large class of multinomial distribution functions.
Since then some interesting application for WND sequence have been found. See for exam-
ple, Ranjbar et al. [19] studied the asymptotic behavior of convolution of WND random
variables with heavy-tail distribution, Ranjbar et al. [20] obtained the asymptotic behavior
of product of two heavy-tails WND random variables, and so on.

https://doi.org/10.1017/S0269964816000462 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964816000462


146 X. Wang et al.

The next concept of negative dependence is extended negatively dependence, which was
introduced by Liu [15] as follows.

Definition 1.3: A finite collection of random variables X1,X2, . . . , Xn is said to be
extended negatively dependent (END, in short) if there exists a constant M2 > 0 such that
both

P (X1 > x1,X2 > x2, . . . , Xn > xn) ≤ M2

n∏
i=1

P (Xi > xi)

and

P (X1 ≤ x1,X2 ≤ x2, . . . , Xn ≤ xn) ≤ M2

n∏
i=1

P (Xi ≤ xi)

hold for all real numbers x1, x2, . . . , xn. An infinite sequence {Xn, n ≥ 1} is said to be END
if every finite subcollection is END.

For more details about the limiting behaviors of END random variables and their appli-
cations, one can refer to Chen, Chen, and Ng [3], Qiu et al. [18], Shen [21,23], Wang and
Wang [27], Wang et al. [28,30,31], Wu and Guan [32] for instance.

Remark 1.1: It is easily checked that WND implies END following by the definitions of
WND and END random variables.

The paper is organized as follows: some important lemmas are provided in Section 2.
The main results of the paper including the strong consistency and complete consistency of
the LS estimators in the EV regression model with WND errors will be given in Section 3.
Simulation study and the proofs of the main results are presented in Sections 4 and 5,
respectively.

Throughout the paper, let C, M1 and M2 be positive constants not depending on n,
which may be different in various places. Denote log x = ln max(x, e), x+ = xI(x ≥ 0) and
x− = −xI(x < 0).

2. PRELIMINARIES

To prove the main results of the paper, we need the following important lemmas. The first
one is a basic property for END random variables, which can be found in Liu [15].

Lemma 2.1: Let X1,X2, . . . , Xn be END random variables. If f1, f2, . . . , fn are all non-
decreasing (or all non-increasing) functions, then random variables f1(X1), f2(X2), . . . ,
fn(Xn) are also END.

Lemma 2.2: Let X1,X2, . . . , Xn and Y1, Y2, . . . , Yn be both WND random variables. If
random variables X1,X2, . . . , Xn and Y1, Y2, . . . , Yn are independent, then X1 + Y1,X2 +
Y2, . . . , Xn + Yn are END random variables.
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Proof: For any z1, z2, . . . , zn ∈ R, denote A = (x1 + y1 > z1, x2 + y2 > z2, . . . , xn + yn > zn).
It follows from the definition of WND random variables that

P (X1 + Y1 > z1,X2 + Y2 > z2, . . . , Xn + Yn > zn)

=
∫

A

f(x1, . . . , xn, y1, . . . , yn)dx1 · · · dxndy1 · · · dyn

=
∫

A

f1(x1, . . . , xn)f2(y1, . . . , yn)dx1 · · · dxndy1 · · · dyn

≤ M1M2

∫
A

fX1(x1) · · · fXn
(xn)fY1(y1) · · · fYn

(yn)dx1 · · · dxndy1 · · · dyn

= M1M2

∫
x1+y1>z1

fX1(x1)fY1(y1)dx1dy1 · · ·
∫

xn+yn>zn

fXn
(xn)fYn

(yn)dxndyn

= M1M2P (X1 + Y1 > z1) P (X2 + Y2 > z2) · · ·P (Xn + Yn > zn) .

Similarly, we have

P (X1 + Y1 ≤ z1,X2 + Y2 ≤ z2, . . . , Xn + Yn ≤ zn)

≤ M1M2P (X1 + Y1 ≤ z1) P (X2 + Y2 ≤ z2) · · ·P (Xn + Yn ≤ zn) .

Hence, by the definition of END random variables, we can see that X1 + Y1,X2 +
Y2, . . . , Xn + Yn are END random variables. The proof is completed. �

Combining Lemmas 2.1 and 2.2, we can get the following important property for WND
and END random variables, which will be used to prove the main results of the paper.

Corollary 2.1: Let X1,X2, . . . , Xn and Y1, Y2, . . . , Yn be both WND random variables. If
random variables X1,X2, . . . , Xn and Y1, Y2, . . . , Yn are independent, then for any β ∈ R,
X1 + βY1,X2 + βY2, . . . , Xn + βYn are END random variables.

The next lemma is the Rosenthal-type inequality for END random variables. The first
inequality can be found in Shen [21], and the second one could be proved by the first
inequality and the same argument as that of Theorem 2.3.1 in Stout [25].

Lemma 2.3: Let p ≥ 2 and {Xn, n ≥ 1} be a sequence of END random variables with EXn =
0 and E|Xn|p < ∞ for every n ≥ 1. Then there exists a positive constant Cp depending only
on p such that for every n ≥ 1,

E

∣∣∣∣∣
n∑

i=1

Xi

∣∣∣∣∣
p

≤ Cp

⎧⎨⎩
n∑

i=1

E|Xi|p +

(
n∑

i=1

EX2
i

)p/2
⎫⎬⎭

and

E

(
max

1≤j≤n

∣∣∣∣∣
j∑

i=1

Xi

∣∣∣∣∣
p)

≤ C logp n

⎧⎨⎩
n∑

i=1

E|Xi|p +

(
n∑

i=1

EX2
i

)p/2
⎫⎬⎭ .

The following one is the Kolmogorov-type exponential inequality for END random
variables. The proof is similar to that of Lemma 2.4 in Shen [22]. So we omit the details.
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Lemma 2.4: Let {Xn, n ≥ 1} be a sequence of END random variables with zero means and
finite second moments. Denote Sn =

∑n
i=1 Xi and B2

n =
∑n

i=1 EX2
i for each n ≥ 1. Then

there exists a positive constant M2 such that for all x > 0 and y > 0,

P (|Sn| ≥ x) ≤ 2P

(
max

1≤i≤n
|Xi| ≥ y

)
+ 2M2 exp

{
− x2

2(xy + B2
n)

[
1 +

2
3

log
(

1 +
xy

B2
n

)]}
.

With the above lemmas accounted for, we can get the following results on strong con-
vergence and complete convergence for weighted sums of END random variables, which will
be applied to prove the main results of the paper. The proof of Lemma 2.5 is similar to that
of Jing and Liang [10], and the proof of Lemma 2.6 will be given in Appendix 5.

Lemma 2.5: Let {Xn, n ≥ 1} be a sequence of END random variables, which is stochastically
dominated by a random variable X such that E|X|p < ∞ for some p > 0. Assume further
that EXn = 0 if p > 1. Let {bni, i ≥ 1, n ≥ 1} be an array of constants satisfying

max
1≤i≤n

|bni| = O(n−1/p) (2.1)

and ⎧⎪⎪⎨⎪⎪⎩
n∑

i=1

|bni|p = O
(
n−δ
)

for some δ > 0, if 0 < p ≤ 2,

n∑
i=1

b2
ni = o

(
(log n)−1

)
, if p > 2.

(2.2)

Then

Tn
.=

n∑
i=1

bniXi → 0 a.s. (2.3)

Lemma 2.6: Let {Xn, n ≥ 1} be a sequence of END random variables, which is stochastically
dominated by a random variable X such that E|X|2p < ∞ for some p > 0. Assume further
that EXn = 0 if p > 1. Let {bni, i ≥ 1, n ≥ 1} be an array of constants satisfying

max
1≤i≤n

|bni| = O(n−1/p) (2.4)

and ⎧⎪⎪⎨⎪⎪⎩
n∑

i=1

|bni|p = O(n−δ) for some δ > 0, if 0 < p ≤ 1,

n∑
i=1

b2
ni = o((log n)−1), if p > 1.

(2.5)

Then
∞∑

n=1

P

(∣∣∣∣∣
n∑

i=1

bniXi

∣∣∣∣∣ > ε

)
< ∞ for all ε > 0. (2.6)

The following concept of stochastic domination will be used in the paper.

Definition 2.1: A sequence {Xn, n ≥ 1} of random variables is said to be stochastically
dominated by a random variable X if there exists a positive constant C such that

P (|Xn| > x) ≤ CP (|X| > x)

for all x ≥ 0 and n ≥ 1.
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By the integration by parts, we can get the following property for stochastic domination.
For the proof, one can refer to Shen, Zhang, and Volodin [24] for instance.

Lemma 2.7: Let {Xn, n ≥ 1} be a sequence of random variables which is stochastically dom-
inated by a random variable X. For any α > 0 and b > 0, the following two statements hold:

E|Xn|αI (|Xn| ≤ b) ≤ C1 [E|X|αI (|X| ≤ b) + bαP (|X| > b)] , (2.7)

E|Xn|αI (|Xn| > b) ≤ C2E|X|αI (|X| > b) , (2.8)

where C1 and C2 are positive constants. Consequently, E|Xn|α ≤ CE|X|α, where C is a
positive constant.

3. MAIN RESULTS

The model (1.1) to be studied can be exactly described as follows:{
ηi = θ + βxi + εi, ξi = xi + δi, 1 ≤ i ≤ n;
Eεi = Eδi = 0, 1 ≤ i ≤ n.

(3.1)

Here (ξi, ηi), 1 ≤ i ≤ n are observable, while xi, 1 ≤ i ≤ n, θ, β are unknown constants
(parameters). In what follows, we assume that the two error sequences {εi, i ≥ 1}, {δi, i ≥ 1}
are independent with each other, where {εi, i ≥ 1} and {δi, i ≥ 1} are both sequences of
WND random variables with identical distribution. Denote Sn =

∑n
i=1(xi − x̄n)2 for each

n ≥ 1.
Based on the notations above, we can get that

β̂n − β =
∑n

i=1(δi − δ̄n)εi +
∑n

i=1(xi − x̄n)(εi − βδi) − β
∑n

i=1(δi − δ̄n)2∑n
i=1(ξi − ξ̄n)2

(3.2)

and
θ̂n − θ = (β − β̂n)x̄n + (β − β̂n)δ̄n + ε̄n − βδ̄n. (3.3)

These relations above will play important roles to prove the main results of this paper.
Our main results are as follows, including the strong consistency and complete

consistency of LS estimators in the EV regression model with WND errors.

3.1. Strong Consistency

Theorem 3.1: Under the model (3.1), let E|ε1|2p < ∞ and E|δ1|2p < ∞ for some p > 1.
Suppose that there exist some τ > 0 such that

max
1≤i≤n

|xi − x̄n|√
Snnτ−1/p

= O(1), (3.4)

nτ

√
Sn

= O(1) (3.5)

and
n1−τ

√
Sn

→ 0. (3.6)

Assume further that τ > 1/p − 1/2 if 1 < p ≤ 2. Then
√

Sn

nτ
(β̂n − β) → 0 a.s. (3.7)
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Theorem 3.2: Suppose that the conditions of Theorem 3.1 are satisfied. Assume further
that there exist some 0 < ν < min(1 − 1/p, 1/2) such that

nτ+ν

√
Sn

|x̄n| = O(1). (3.8)

Then
nν(θ̂n − θ) → 0 a.s. (3.9)

3.2. Complete Consistency

Theorem 3.3: Under the model (3.1), let E|ε1|4p < ∞ and E|δ1|4p < ∞ for some p > 1.
Suppose that there exist some τ > 0 such that (3.4)–(3.6) hold. Then for any ε > 0,

∞∑
n=1

P

(∣∣∣∣√Sn

nτ
(β̂n − β)

∣∣∣∣ > ε

)
< ∞,

that is, √
Sn

nτ
(β̂n − β) → 0 completely. (3.10)

Theorem 3.4: Suppose that the conditions of Theorem 3.3 are satisfied. Assume further
that there exist some 0 < ν < min(1 − 1/p, 1/2) such that (3.8) holds. Then

nν(θ̂n − θ) → 0 completely. (3.11)

Remark 3.1: Comparing Theorem 3.1 with Theorem 3.3, and Theorem 3.2 with
Theorem 3.4, respectively, the strong consistency is improved to complete consistency.

4. SIMULATION

In this section, we carry out three models with different θ and β to show how our method
performs. In the EV regression model (1.1), we set xi, i = 1, . . . , n are independent and
identically distributed (i.i.d.) from a standard normal distribution. δi, i = 1, . . . , n are i.i.d.
from normal distribution with mean 0 and variance 0.01, 0.001. εi, i = 1, . . . , n are i.i.d.
from normal distribution with mean 0 and variance 0.05, 0.005.

For the three models, we conduct 100 simulations with sample size n = 100, 500, 1000.
Tables 1–3 display the simulation results. Form Tables 1–3, we can see that the biases of
our method are small, our method performs well.

Table 1. Estimators and Biases with different variances for θ = 0.5 and β = 2 in 100
simulations

θ = 0.5, β = 2

n 100 500 1000

Var(δ) 0.01 0.001 0.01 0.001 0.01 0.001
Var(ε) 0.05 0.005 0.05 0.005 0.05 0.005

β̂ 1.99971 2.000003 1.999762 1.999995 1.999682 2.000008

β̂ − β −0.0003 3.35 × 10−6 −0.0002 −4.92 × 10−6 −0.0003 8.36 × 10−6

θ̂ 0.499965 0.5000103 0.5000373 0.5000039 0.5000024 0.5000002

θ̂ − θ −3.50 × 10−5 1.03 × 10−5 3.73 × 10−5 3.93 × 10−6 2.37 × 10−6 2.22 × 10−7
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Table 2. Estimators and Biases with different variances for θ = 0.8 and β = 3.5 in 100
simulations

θ = 0.8, β = 3.5

n 100 500 1000

Var(δ) 0.01 0.001 0.01 0.001 0.01 0.001
Var(ε) 0.05 0.005 0.05 0.005 0.05 0.005

β̂ 3.499652 3.499966 3.499655 3.499988 3.499588 3.499996

β̂ − β −0.0003 −3.37 × 10−5 −0.0003 −1.20 × 10−5 −0.0004 −4.23 × 10−6

θ̂ 0.8001787 0.7999784 0.8000234 0.8000033 0.800054 0.8000119

θ̂ − θ 0.0002 −2.16 × 10−5 2.43 × 10−5 3.33 × 10−6 5.40 × 10−5 1.19 × 10−5

Table 3. Estimators and Biases with different variances for θ = 1.5 and β = 5 in 100
simulations

θ = 1.5, β = 5

n 100 500 1000

Var(δ) 0.01 0.001 0.01 0.001 0.01 0.001
Var(ε) 0.05 0.005 0.05 0.005 0.05 0.005

β̂ 4.999896 5.000022 4.999414 4.999972 4.999533 4.999997

β̂ − β −0.0001 2.16 × 10−5 −0.0006 −2.83 × 10−5 −0.0005 −3.29 × 10−6

θ̂ 1.500583 1.499996 1.500177 1.499995 1.500045 1.499999

θ̂ − θ 0.0006 −4.13 × 10−6 0.0002 −4.80 × 10−6 4.53 × 10−5 −5.81 × 10−7

5. PROOFS OF THE MAIN RESULTS

Proof of Theorem 3.1: In view of (3.2), to prove the main result (3.7), it suffices to
show that

1√
Snnτ

n∑
i=1

(δi − δ̄n)2 → 0 a.s., (5.1)

1√
Snnτ

n∑
i=1

(δi − δ̄n)εi → 0 a.s., (5.2)

1√
Snnτ

n∑
i=1

(xi − x̄n)(εi − βδi) → 0 a.s. (5.3)

and

1
Sn

n∑
i=1

(ξi − ξ̄n)2 → 1 a.s. (5.4)

To prove (5.1), we first prove that

J1n
.=

1√
Snnτ

n∑
i=1

[
δ2
i I(δi ≥ 0) − Eδ2

i I(δi ≥ 0)
]→ 0 a.s. (5.5)
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and

J2n
.=

1√
Snnτ

n∑
i=1

[
δ2
i I(δi < 0) − Eδ2

i I(δi < 0)
]→ 0 a.s. (5.6)

It is easily seen that {δ2
i I(δi ≥ 0) − Eδ2

i I(δi ≥ 0), i ≥ 1} and {δ2
i I(δi < 0) − Eδ2

i I(δk <
0), i ≥ 1} are END random variables by Remark 1.1 and Lemma 2.1. Applying Lemma 2.5
with Xi = δ2

i I(δi ≥ 0) − Eδ2
i I(δi ≥ 0) and bni = 1√

Snnτ , we have by E|δ1|2p < ∞ and (3.6)
that:

(i) E|X1|p ≤ CE|δ1|2p < ∞;

(ii) max1≤i≤n bni = 1√
Snnτ ≤ n1−τ√

Sn
· 1

n1/p = O(n−1/p);

(iii) if p > 2, then
n∑

i=1

b2
ni =

n2−2τ

Sn
· 1
n

= o((log n)−1);

if 1 < p ≤ 2, then

n∑
i=1

|bni|p =
n

S
p/2
n npτ

= n1−p ·
(

n1−τ

√
Sn

)p

= O
(
n−(p−1)

)
.

That is to say, the conditions of Lemma 2.5 are satisfied. Hence, (5.5) follows from
Lemma 2.5 immediately. Similarly, we can also get (5.6).
Noting that Eδ2

1 < ∞ by E|δ1|2p < ∞ for p > 1, we have

1√
Snnτ

n∑
i=1

(
δi − δ̄n

)2 ≤ 1√
Snnτ

n∑
i=1

(
δ2
i − Eδ2

i

)
+

1√
Snnτ

n∑
i=1

Eδ2
i

= J1n + J2n +
n1−τ

√
Sn

Eδ2
1 . (5.7)

Hence (5.1) follows by (5.5)–(5.7) and (3.6) immediately.

Similar to the proof of (5.1), we can get that

1√
Snnτ

n∑
i=1

(εi − ε̄n)2 → 0 a.s. (5.8)

Note that ∣∣∣∣∣
n∑

i=1

(δi − δ̄n)εi

∣∣∣∣∣ =
∣∣∣∣∣

n∑
i=1

(δi − δ̄n)(εi − ε̄n)

∣∣∣∣∣
≤ 1

2

[
n∑

i=1

(δi − δ̄n)2 +
n∑

i=1

(εi − ε̄n)2
]

, (5.9)

which together with (5.1) and (5.8) yields (5.2).
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It is easily checked that for any r > 0,

n∑
i=1

|xi − x̄n| ·
∣∣δi − δ̄n

∣∣ ≤
√√√√ n∑

i=1

(xi − x̄n)2 ·
√√√√ n∑

i=1

(δi − δ̄n)2

=

√√√√r

n∑
i=1

(xi − x̄n)2 ·
√√√√1

r

n∑
i=1

(δi − δ̄n)2

≤ r
∑n

i=1(xi − x̄n)2 + 1
r

∑n
i=1(δi − δ̄n)2

2

=
r

2
Sn +

1
2r

n∑
i=1

(δi − δ̄n)2,

which implies that∣∣∣∣∣
n∑

i=1

(ξi − ξ̄n)2 − Sn

∣∣∣∣∣ =
∣∣∣∣∣2

n∑
i=1

(xi − x̄n)(δi − δ̄n) +
n∑

i=1

(δi − δ̄n)2
∣∣∣∣∣

≤ 2
n∑

i=1

|xi − x̄n| ·
∣∣δi − δ̄n

∣∣+ n∑
i=1

(δi − δ̄n)2

≤ rSn +
1 + r

r

n∑
i=1

(δi − δ̄n)2. (5.10)

Hence, we have by (5.10), (3.5) and (5.1) that∣∣∣∣∣ 1
Sn

n∑
i=1

(ξi − ξ̄n)2 − 1

∣∣∣∣∣ ≤ r +
1 + r

r

1
Sn

n∑
i=1

(δi − δ̄n)2

= r +
1 + r

r
· nτ

√
Sn

· 1√
Snnτ

n∑
i=1

(δi − δ̄n)2 → r a.s. (5.11)

Since r > 0 is arbitrary, it follows from (5.11) that

1
Sn

n∑
i=1

(ξi − ξ̄n)2 − 1 → 0 a.s.,

which implies (5.4).
Finally, we will prove (5.3). Denote

bni =
xi − x̄n√

Snnτ
, Xi = εi − βδi.

It follows from Corollary 2.1 that {Xi, i ≥ 1} is a sequence of END random variables. In
addition, we have by E|ε1|2p < ∞, E|δ1|2p < ∞ and (3.4) that:
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(i) E|X1|p = E|ε1 − βδ1|p ≤ CE|ε1|p + CE|δ1|p < ∞;
(ii) max

1≤i≤n
|bni| = O

(
n−1/p

)
;

(iii) if p > 2, then
n∑

i=1

b2
ni =

1
n2τ

= o
(
(log n)−1

)
;

if 1 < p ≤ 2, noting that τ > 1/p − 1/2, we have
n∑

i=1

|ani|p =
1

S
p/2
n npτ

n∑
i=1

|xi − x̄n|p

≤ 1

S
p/2
n npτ

· n
(

1
n

n∑
i=1

|xi − x̄n|2
)p/2

= n1−p/2−pτ = O
(
n−(pτ+p/2−1)

)
.

That is to say, the conditions of Lemma 2.5 are satisfied. Hence, (5.3) follows from
Lemma 2.5 immediately. This completes the proof of the theorem.

�

Proof of Theorem 3.2: According to the relation (3.3), to prove (3.9), it suffices to show
that

nν(ε̄n − βδ̄n) → 0 a.s., (5.12)

nν(β − β̂n)x̄n → 0 a.s. (5.13)

and
nν(β − β̂n)δ̄n → 0 a.s. (5.14)

Firstly, we will prove (5.12). It is easily seen that

nν(ε̄n − βδ̄n) =
1

n1−ν

n∑
i=1

(εi − βδi).

Applying Lemma 2.5 with bni = 1
n1−ν , Xi = εi − βδi, and noting that 0 < ν < min(1 −

1/p, 1/2), p > 1, we can see that:

(i) E|X1|p = E|ε1 − βδ1|p ≤ CE|ε1|p + CE|δ1|p < ∞;
(ii) max1≤i≤n |bni| = n−(1−ν) = O

(
n−1/p

)
;

(iii) if p > 2, then
n∑

i=1

b2
ni =

1
n1−2ν

= o
(
(log n)−1

)
;

if 1 < p ≤ 2, noting that p − 1 − pν > 0, we have
n∑

i=1

|bni|p =
n

np(1−ν)
= O
(
n−(p−1−pν)

)
.

That is to say, the conditions of Lemma 2.5 are satisfied. Hence, (5.12) follows from
Lemma 2.5 immediately.
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Next, we will prove (5.13). It can be checked that

nν(β − β̂n)x̄n =
√

Sn

nτ
(β − β̂n) · nτ+ν

√
Sn

x̄n. (5.15)

Hence, (5.13) follows from (5.15), (3.8) and Theorem 3.1 immediately.
Finally, we will prove (5.14). Similarly to the proof of (5.12), we can get that

1
n1−ν

n∑
i=1

δi → 0 a.s. (5.16)

Note that

nν(β − β̂n)δ̄n =
√

Sn

nτ
(β − β̂n) · nτ

√
Sn

· 1
n1−ν

n∑
i=1

δi. (5.17)

It follows from (5.17), (3.5), Theorem 3.1 and (5.16) that (5.14) holds. This completes the
proof of the theorem. �

Proof of Theorem 3.3: The proof is similar to that of Theorem 3.1. In view of (3.2), to
prove the main result (3.10), it suffices to show that

1√
Snnτ

n∑
i=1

(δi − δ̄n)2 → 0 completely, (5.18)

1√
Snnτ

n∑
i=1

(δi − δ̄n)εi → 0 completely, (5.19)

1√
Snnτ

n∑
i=1

(xi − x̄n)(εi − βδi) → 0 completely (5.20)

and

1
Sn

n∑
i=1

(ξi − ξ̄n)2 → 1 a.s. (5.21)

To prove (5.18), we firstly prove that

J1n
.=

1√
Snnτ

n∑
i=1

(
δ2
i I(δi ≥ 0) − Eδ2

i I(δi ≥ 0)
)→ 0 completely (5.22)

and

J2n
.=

1√
Snnτ

n∑
i=1

(
δ2
i I(δi < 0) − Eδ2

i I(δi < 0)
)→ 0 completely. (5.23)

It is easily seen that {δ2
i I(δi ≥ 0) − Eδ2

i I(δi ≥ 0), i ≥ 1} and {δ2
i I(δi < 0) − Eδ2

i I(δk <
0), i ≥ 1} are END random variables by Remark 1.1 and Lemma 2.1. Applying Lemma 2.6
with Xi = δ2

i I(δi ≥ 0) − Eδ2
i I(δi ≥ 0) and bni = 1√

Snnτ , we have by E|δ1|4p < ∞ and (3.6)
that:
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(i) E|X1|2p ≤ CE|δ1|4p < ∞;

(ii) max1≤i≤n bni = 1√
Snnτ ≤ n1−τ√

Sn
· 1

n1/p = O(n−1/p);

(iii)
∑n

i=1 b2
ni = n2−2τ

Sn
· 1

n = o((log n)−1).

That is to say, the conditions of Lemma 2.6 are satisfied. Hence, (5.22) follows from
Lemma 2.6 immediately. Similarly, we can also get (5.23).

Noting that Eδ2
1 < ∞ by E|δ1|4p < ∞ for p > 1, we have

1√
Snnτ

n∑
i=1

(
δi − δ̄n

)2 ≤ 1√
Snnτ

n∑
i=1

(
δ2
i − Eδ2

i

)
+

1√
Snnτ

n∑
i=1

Eδ2
i

= J1n + J2n +
n1−τ

√
Sn

Eδ2
1 . (5.24)

It follows from (3.6) again that for any ε > 0,

n1−τ

√
Sn

Eδ2
1 <

ε

2
for all n large enough. (5.25)

By (5.22)–(5.25), we can get that for any ε > 0,

∞∑
n=1

P

(
1√

Snnτ

n∑
i=1

(
δi − δ̄n

)2
> ε

)
< ∞,

which implies (5.18).
Similarly to the proof of (5.18), we can get that

1√
Sn

nτ
n∑

i=1

(εi − ε̄n)2 → 0 completely. (5.26)

Note that ∣∣∣∣∣
n∑

i=1

(δi − δ̄n)εi

∣∣∣∣∣ ≤ 1
2

[
n∑

i=1

(δi − δ̄n)2 +
n∑

i=1

(εi − ε̄n)2
]

,

which together with (5.18) and (5.26) yield (5.19).
It is easily checked that for any r > 0,

n∑
i=1

|xi − x̄n| ·
∣∣δi − δ̄n

∣∣ ≤
√√√√ n∑

i=1

(xi − x̄n)2 ·
√√√√ n∑

i=1

(δi − δ̄n)2

≤ r

2
Sn +

1
2r

n∑
i=1

(δi − δ̄n)2,

which implies that∣∣∣∣∣
n∑

i=1

(ξi − ξ̄n)2 − Sn

∣∣∣∣∣ =
∣∣∣∣∣2

n∑
i=1

(xi − x̄n)(δi − δ̄n) +
n∑

i=1

(δi − δ̄n)2
∣∣∣∣∣

≤ rSn +
1 + r

r

n∑
i=1

(δi − δ̄n)2. (5.27)
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It follows from (5.18) and Borel–Cantelli lemma that

1√
Snnτ

n∑
i=1

(δi − δ̄n)2 → 0 a.s. (5.28)

Hence, we have by (3.5), (5.27) and (5.28) that∣∣∣∣∣ 1
Sn

n∑
i=1

(ξi − ξ̄n)2 − 1

∣∣∣∣∣ ≤ r +
1 + r

r
· nτ

√
Sn

· 1√
Snnτ

n∑
i=1

(δi − δ̄n)2 → r a.s. (5.29)

Since r > 0 is arbitrary, we can get (5.21) immediately by (5.29).
Finally, we will prove (5.20). Denote

bni =
xi − x̄n√

Snnτ
, Xi = εi − βδi.

It follows from Corollary 2.1 that {Xi, i ≥ 1} is a sequence of END random variables. In
addition, we have by E|ε1|4p < ∞, E|δ1|4p < ∞ and (3.4) that

E|X1|2p = E|ε1 − βδ1|2p ≤ CE|ε1|2p + CE|δ1|2p < ∞,

max
1≤i≤n

|bni| = O
(
n−1/p

)
,

n∑
i=1

b2
ni =

1
n2τ

= o
(
(log n)−1

)
.

That is to say, the conditions of Lemma 2.6 are satisfied. Hence, (5.20) follows from
Lemma 2.6 immediately. This completes the proof of the theorem. �

Proof of Theorem 3.4: According to the relation (3.3), to prove (3.11), it suffices to
show that

nν(ε̄n − βδ̄n) → 0 completely, (5.30)

nν(β − β̂n)x̄n → 0 completely (5.31)

and
nν(β − β̂n)δ̄n → 0 completely. (5.32)

Firstly, we will prove (5.30). It is easily seen that

nν(ε̄n − βδ̄n) =
1

n1−ν

n∑
i=1

(εi − βδi).

Applying Lemma 2.6 with bni = 1
n1−ν , Xi = εi − βδi, and noting that 0 < ν < min(1 −

1/p, 1/2), p > 1, we can see that the conditions of Lemma 2.6 are satisfied. Hence, (5.30)
follows from Lemma 2.6 immediately.

Next, we will prove (5.31). It can be checked that

nν(β − β̂n)x̄n =
√

Sn

nτ
(β − β̂n) · nτ+ν

√
Sn

x̄n. (5.33)

We have by (5.33), (3.8) and Theorem 3.3 that for any ε > 0,
∞∑

n=1

P
(
nν |(β − β̂n)x̄n| > ε

)
≤

∞∑
n=1

P

(√
Sn

nτ
|β − β̂n| > C

)
< ∞,

which implies (5.31).
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Finally, we will prove (5.32). Similarly to the proof of (5.30), we can get that

1
n1−ν

n∑
i=1

δi → 0 completely. (5.34)

Noting that

nν(β − β̂n)δ̄n =
√

Sn

nτ
(β − β̂n) · nτ

√
Sn

· 1
n1−ν

n∑
i=1

δi, (5.35)

we have by (5.35), (3.5), Theorem 3.3 and (5.34) that for any ε > 0,

∞∑
n=1

P
(
nν |(β − β̂n)δ̄n| > ε

)
≤

∞∑
n=1

P

(∣∣∣∣√Sn

nτ
(β − β̂n)

∣∣∣∣ > C

)

+
∞∑

n=1

P

(∣∣∣∣∣ 1
n1−ν

n∑
i=1

δi

∣∣∣∣∣ > C

)
< ∞,

which implies (5.32). This completes the proof of the theorem. �
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APPENDIX A

Proof of Lemma 2.6: Without loss of generality, we may assume that bni > 0. For any ε > 0, we

choose positive integer N (to be specified later) and small positive constant q such that q <
1−1/p

p

if p > 1 and q < δ/p if 0 < p ≤ 1.
Denote for 1 ≤ i ≤ n and n ≥ 1 that

Xni(1) = XiI(|bniXi| ≤ n−q) − b−1
ni n−qI(bniXi < −n−q) + b−1

ni n−qI(bniXi > n−q),

Xni(2) = (Xi − b−1
ni n−q)I(n−q < bniXi ≤ ε/N),

Xni(3) = (Xi + b−1
ni n−q)I(−ε/N ≤ bniXi < −n−q),

Xni(4) = (Xi + b−1
ni n−q)I(bniXi < −ε/N) + (Xi − b−1

ni n−q)I(bniXi > ε/N).
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It is easy to check that Xni(1) + Xni(2) + Xni(3) + Xni(4) = Xi, which implies that

∞∑
n=1

P

(∣∣∣∣∣
n∑

i=1

bniXi

∣∣∣∣∣ > 4ε

)
≤

∞∑
n=1

P

(∣∣∣∣∣
n∑

i=1

bniXni(1)

∣∣∣∣∣ > ε

)

+
∞∑

n=1

P

(∣∣∣∣∣
n∑

i=1

bniXni(2)

∣∣∣∣∣ > ε

)

+
∞∑

n=1

P

(∣∣∣∣∣
n∑

i=1

bniXni(3)

∣∣∣∣∣ > ε

)

+

∞∑
n=1

P

(∣∣∣∣∣
n∑

i=1

bniXni(4)

∣∣∣∣∣ > ε

)
.
= I1 + I2 + I3 + I4.

Hence, to prove (2.6), it suffices to show that I1 < ∞, I2 < ∞, I3 < ∞ and I4 < ∞.
Noting that max1≤i≤n |bni(Xni(1) − EXni(1))| ≤ 2n−q for every n ≥ 1, we have

P

(
max

1≤i≤n
|bni(Xni(1) − EXni(1))| ≤ 2n−q

)
= 1, for every n ≥ 1. (A.1)

If 0 < p ≤ 1, we have by Markov’s inequality, Lemma 2.7 and (2.5) that

B2
n

.
=

n∑
i=1

E[bni(Xni(1) − EXni(1))]2 ≤
n∑

i=1

E(bniXni(1))2

≤ Cn−(2−p)q
n∑

i=1

|bni|pE|X|p ≤ Cn−(2−p)q−δ = o((log n)−1). (A.2)

If p > 1, noting that |Xni(1)| ≤ |Xi|, we have by Lemma 2.7 and (2.5) again that

B2
n

.
=

n∑
i=1

E[bni(Xni(1) − EXni(1))]2 ≤ C
n∑

i=1

b2niEX2 = o((log n)−1). (A.3)

Noting that for fixed n ≥ 1, {bni(Xni(1) − EXni(1)), 1 ≤ i ≤ n} are END by Remark 1.1 and
Lemma 2.1. Applying Lemma 2.4 with x = ε and y = 2n−q, we have by (A.1)–(A.3) that

∞∑
n=1

P

(∣∣∣∣∣
n∑

i=1

bni(Xni(1) − EXni(1))

∣∣∣∣∣ > ε

)

≤ 2
∞∑

n=1

P

(
max

1≤i≤n
|bni(Xni(1) − EXni(1))| > 2n−q

)
+ C

∞∑
n=1

exp

{
− ε2

2(2εn−q + o((log n)−1))

}

≤ C
∞∑

n=1

exp{−2 log n} < ∞. (A.4)

To show that I1 < ∞, it remains to show∣∣∣∣∣
n∑

i=1

bniEXni(1)

∣∣∣∣∣→ 0 as n → ∞. (A.5)
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If 0 < p ≤ 1, we have by Markov’s inequality, Lemma 2.7 and (2.5) that∣∣∣∣∣
n∑

i=1

bniEXni(1)

∣∣∣∣∣ ≤ n−(1−p)q
n∑

i=1

E|bniXi|p +
n∑

i=1

E|bniXi|p|bniXi|1−pI(|bniXi| ≤ n−q)

≤ Cn−(1−p)q
n∑

i=1

|bni|pE|X|p ≤ Cn−(1−p)q−δ → 0 as n → ∞. (A.6)

If p > 1, noting that EXi = 0 and q <
1−1/p

p <
2−2/p
2p−1 , we have by Markov’s inequality, Lemma

2.7 and (2.4) and (2.5) that∣∣∣∣∣
n∑

i=1

bniEXni(1)

∣∣∣∣∣ ≤ n(2p−1)q
n∑

i=1

E|bniXi|2p + n(2p−1)q
n∑

i=1

E|bniXi|2p

≤ Cn(2p−1)q
(

max
1≤i≤n

|bni|
)2p−2 n∑

i=1

b2ni

≤ Cn(2p−1)q−(2−2/p)(log n)−1 → 0 as n → ∞. (A.7)

From (A.5) to (A.7), we have proved that I1 < ∞.
Next, we will prove that I2 < ∞. Since 0 < bniXni(2) ≤ ε/N , we can see that∣∣∣∣∣

n∑
i=1

bniXni(2)

∣∣∣∣∣ =
n∑

i=1

bniXni(2) > ε

implies that there are at least N integers such that bniXni(2) �= 0. Hence, by conditions (2.4) and
(2.5), we can see that

P

(∣∣∣∣∣
n∑

i=1

bniXni(2)

∣∣∣∣∣ > ε

)

≤
∑

1≤i1<i2<...<iN≤n

P
(
bn,i1Xn,i1(2) �= 0, bn,i2Xn,i2(2) �= 0, . . . , bn,iN

Xn,iN
(2) �= 0

)
≤ C

∑
1≤i1<i2<...<iN≤n

P (bn,i1Xi1 > n−q)P (bn,i2Xi2 > n−q) · · ·P (bn,iN
XiN

> n−q)

≤ C

(
n∑

i=1

P (bniXi > n−q)

)N

≤ C

(
n∑

i=1

P (|bniX| > n−q)

)N

≤

⎧⎪⎪⎪⎨⎪⎪⎪⎩
C

(
npq

n∑
i=1

E|bniX|p
)N

, if 0 < p ≤ 1,

C

(
n2pq

n∑
i=1

E|bniX|2p

)N

, if p > 1,

≤

⎧⎪⎪⎨⎪⎪⎩
Cn−(δ−pq)N , if 0 < p ≤ 1,

C

[
n2pq

(
max

1≤i≤n
|bni|
)2p−2 n∑

i=1
b2ni

]N

, if p > 1,

≤
{

Cn−(δ−pq)N , if 0 < p ≤ 1,

Cn−2(1−1/p−pq)N (log n)−N , if p > 1.

Noting that q <
1−1/p

p if p > 1 and q < δ/p if 0 < p ≤ 1, we choose some large integer N such that

(δ − pq)N > 1 and 2(1 − 1/p − pq)N > 1. Hence, I2 < ∞.
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Since −ε/N ≤ bniXni(3) < 0, we can see that∣∣∣∣∣
n∑

i=1

bniXni(3)

∣∣∣∣∣ = −
n∑

i=1

bniXni(3) > ε

implies that there are at least N integers such that bniXni(3) �= 0. Hence, similarly to the proof of
I2 < ∞, we can get I3 < ∞.

Finally, we will prove that I4 < ∞. By Lemma 2.7 and E|X|2p < ∞, we have

I4 ≤
∞∑

n=1

n∑
i=1

P (|bniXi| > ε/N) ≤ C

∞∑
n=1

nP (|X| > Cn1/p)

≤ C

∞∑
k=1

k2P (Ck1/p < |X| ≤ C(k + 1)1/p)

≤ CE|X|2p < ∞.

This completes the proof the lemma. �

https://doi.org/10.1017/S0269964816000462 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964816000462

	1 Introduction
	2 Preliminaries
	3 Main results
	3.1 Strong Consistency
	3.2 Complete Consistency

	4 Simulation
	5 Proofs of the main results

