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Under some mild conditions, the strong consistency and complete consistency of the LS
estimators in the errors-in-variable regression model with weakly negative dependent errors
are obtained, which generalize the corresponding ones for negatively associated random
variables. In addition, the simulation study shows that the biases of our method are small,
and our method performs well.
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1. INTRODUCTION

Consider the following simple linear EV (errors in variables) regression model:

=0+ Px;+e;, &E=wx;+0, 1<i<mn, (1.1)
where 6, 3, x1,xa, ... are unknown constants (parameters), (¢1,91), (€2,92), ... are random
vectors and &;, n;, ¢ = 1,2, ... are observable. From (1.1) we have

=0+ 6 v, vi=e — B0, 1<i<n. (1.2)
© Cambridge University Press 2016  0269-9648/16 $25.00 144

https://doi.org/10.1017/50269964816000462 Published online by Cambridge University Press


file:wxjahdx2000@126.com
https://doi.org/10.1017/S0269964816000462

ON CONSISTENCY OF LS ESTIMATORS IN EV MODEL 145

Consider (1.2) as a usual regression model of 7; on &, we can get the LS estimators of
and 3 as follows:

Z?=1(§i - gn)(?z — ) p N

Bn = Zﬂzl(& — fn)2 5 n — ﬁn — PnSn> (]—3)

where En =n1 Z?:l &, and other similar notations, such as 7,, 5, and Zp, are defined in
the same way.

The simple EV regression model was proposed by Deaton [6]. Since then, many authors
studied the limiting behaviors for the LS estimators Bn and 6,, in the EV model. For the case
that the errors are independent random variables, one can refer to Amemiya and Fuller [1],
Cui and Chen [4], Gleser [8], Hslao, Wang, and Wang [9], Lai, Robbins, and Wei [12], Liu and
Chen [14] among others. Under the case that the errors are dependent random variables,
Fan et al. [7] and Miao, Wang, and Zheng [16] Miao et al. [17] studied the consistency
of LS estimators in the EV regression model with stationary a-mixing errors, negatively
associated (NA, in short) errors and martingale difference errors, respectively; Wang et al.
[29] established the complete convergence for weighted sums of negatively superadditive
dependent (NSD) random variables and gave its application in the EV regression model,
and so on. For more details about the EV regression model and applications, one can refer
to Carroll et al. [2], Dagenais and Dagenais [5], Jung [11], Li [13] and Taupin [26] among
others. The main purpose of the paper is to further investigate the complete consistency
and strong consistency of LS estimators in the EV regression model with weakly negative
dependent errors.

Now, let us recall the concept of weakly negative dependence.

DEFINITION 1.1: A finite collection of random variables X1, Xo, ..., X, is said to be weakly
negative dependent (WND, in short) if there exist a constant My > 1 such that

f(xy, w2, 2,) < Mlez(fz)

i=1
forallxy,xa,. .., x, € R, where f(x1,2a,...,2,) and f;(x;)'s are joint density and marginal
densities of random variables X1, Xo, ..., X, , respectively.

The sequence of WND random variables and arrays of rowwise WND random variables
are defined as follows.

DEFINITION 1.2: An infinite sequence {X,,n > 1} is said to be WND if every finite
subcollection is WND.

An array of random variables {Xp;,i > 1,n > 1} is called rowwise WND if for every
n>1, {Xp,i>1} is WND.

The concept of WND random variables was introduced by Ranjbar, Amini, and Bozorg-
nia [19] in bivariate case, which contains a large class of multinomial distribution functions.
Since then some interesting application for WND sequence have been found. See for exam-
ple, Ranjbar et al. [19] studied the asymptotic behavior of convolution of WND random
variables with heavy-tail distribution, Ranjbar et al. [20] obtained the asymptotic behavior
of product of two heavy-tails WND random variables, and so on.
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The next concept of negative dependence is extended negatively dependence, which was
introduced by Liu [15] as follows.

DEFINITION 1.3: A finite collection of random wvariables Xy, Xs,..., X, is said to be
extended negatively dependent (END, in short) if there exists a constant Ms > 0 such that
both

P(Xl >$1,X2 >£L’2,...,Xn>1'n) §M2HP(X1 >.’E7;)

i=1
and
P(Xl Sl'l,Xg SZL’Q,...,X,L SZL’n) § MZHP(XZ SiEZ)
i=1
hold for all real numbers x1,xs, ..., x,. An infinite sequence {X,,,n > 1} is said to be END

if every finite subcollection is END.

For more details about the limiting behaviors of END random variables and their appli-
cations, one can refer to Chen, Chen, and Ng [3], Qiu et al. [18], Shen [21,23], Wang and
Wang [27], Wang et al. [28,30,31], Wu and Guan [32] for instance.

Remark 1.1: Tt is easily checked that WND implies END following by the definitions of
WND and END random variables.

The paper is organized as follows: some important lemmas are provided in Section 2.
The main results of the paper including the strong consistency and complete consistency of
the LS estimators in the EV regression model with WND errors will be given in Section 3.
Simulation study and the proofs of the main results are presented in Sections 4 and 5,
respectively.

Throughout the paper, let C', M; and My be positive constants not depending on n,
which may be different in various places. Denote log z = Inmax(z,¢), x* = zI(z > 0) and
x~ = —zl(x <0).

2. PRELIMINARIES

To prove the main results of the paper, we need the following important lemmas. The first
one is a basic property for END random variables, which can be found in Liu [15].

LEMMA 2.1: Let Xy, Xs,...,X,, be END random variables. If fi, fo,..., fn are all non-
decreasing (or all non-increasing) functions, then random wvariables f1(X1), f2(X2),...,
fn(Xy) are also END.

LEMMA 2.2: Let X1,X5,.... X, and Y1,Y5,...,Y, be both WND random wvariables. If
random variables X1, Xo,..., X, and Y1,Y>,...,Y, are independent, then X1 + Yy, Xo +
Yo,..., X, +Y, are END random variables.
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PRrROOF: For any z1, 29, ...,2, € R denote A = (x1 +y1 > 21,22+ Y2 > 22, ..., Tn + Yn > Zn)-
It follows from the definition of WND random variables that

P(X1+}/1>Zl7X2+}/2>227"'7X7l+Y7L>Z'fL)

:/f(xla'"axnayla"'ayn>dxl"'dxndyl"'dyn
A
=/f1(x17...7xn)fz(y1,...,yn)dx1-~-dxndy1---dyn
A
SMlMQ/ le(xl)"'an(xn)le(yl)"’fYn,(yn)dml"‘dl'ndyl"'dyn
A

= MlMQ/ fx (xl)fﬂ (yl)d$1d91 e / fx. (fcn)fYn (yn)dzndyn
r1t+y1>21 T

ntYn>2n
ZMlMQP(Xl +Y >21)P(X2+Yé >z2)-~-P(Xn+Yn>zn).

Similarly, we have
P(X1+Y1 <2, X04+Y2<2z,..., X, +Y, <2z,)
SMIMyP(X1+Y1<z)P(Xo+Ya<z) - - P(X,+Y,<z,).

Hence, by the definition of END random variables, we can see that X; + Y7, Xo +
Ys,..., X, +Y, are END random variables. The proof is completed. |

Combining Lemmas 2.1 and 2.2, we can get the following important property for WND
and END random variables, which will be used to prove the main results of the paper.

COROLLARY 2.1: Let X1, X5,...,X,, and Y1,Ys,...,Y,, be both WND random variables. If
random variables X1, Xo, ..., X,, and Y1,Ys,..., Y, are independent, then for any B € R,
X1+ 01, Xo 4+ B8Ys, ..., X, + BY,, are END random variables.

The next lemma is the Rosenthal-type inequality for END random variables. The first
inequality can be found in Shen [21], and the second one could be proved by the first
inequality and the same argument as that of Theorem 2.3.1 in Stout [25].

LEMMA 2.3: Letp > 2 and {X,,,n > 1} be a sequence of END random variables with EX,, =
0 and E|X,,|P < oo for everyn > 1. Then there exists a positive constant C,, depending only
on p such that for every n > 1,

n P

n n p/2
E|) Xi| <G EIX;P+ <ZEX?>
i i=1 i=1

and

i=1

j V4 n n p/2
2
E <1rél]agxn E X; ) < Clogln E E|X;|P + <§_1 EXZ-)

The following one is the Kolmogorov-type exponential inequality for END random
variables. The proof is similar to that of Lemma 2.4 in Shen [22]. So we omit the details.
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LEMMA 2.4: Let {X,,n > 1} be a sequence of END random variables with zero means and
finite second moments. Denote S, =" | X; and B2 =" | EX? for each n > 1. Then
there exists a positive constant My such that for all z > 0 and y > 0,

22 2 Ty
> 7)< 1> ——— 3 B2
PISn] 2 =) < 2P <1I??<Xn|X’| y) +2M2€Xp{ 2wy + B2) {H zle <1+ BQ)]}'

With the above lemmas accounted for, we can get the following results on strong con-
vergence and complete convergence for weighted sums of END random variables, which will
be applied to prove the main results of the paper. The proof of Lemma 2.5 is similar to that
of Jing and Liang [10], and the proof of Lemma 2.6 will be given in Appendix 5.

LEMMA 2.5: Let {X,,,n > 1} be a sequence of END random variables, which is stochastically
dominated by a random variable X such that E|X|P < oo for some p > 0. Assume further
that EX,, =0 if p > 1. Let {bp;,i > 1,n > 1} be an array of constants satisfying

| = —1/p
max |bri] = O(n™"/P) (2.1)
and
> bnil? =0 (Tf‘;) for some § >0, if 0<p<2,
o (2.2)
by, = o((logn)™'), if p> 2.
i=1
Then
n
T, = meXi — 0 a.s. (23)
i=1

LEMMA 2.6: Let {X,,,n > 1} be a sequence of END random variables, which is stochastically
dominated by a random variable X such that E|X|* < co for some p > 0. Assume further
that EX,, =0 if p > 1. Let {bp;,i > 1,n > 1} be an array of constants satisfying

= —1/p
Jnax. |bni] = O(n™"/P) (2.4)
and
n
S bnil? = O(n=%)  for some 6 >0, if 0<p<1,
ok (2.5)
> by = o((logn) ™), if p>1.
i=1
Then
Z P ( mexi > a) < oo foralle > 0. (2.6)
n=1 i=1

The following concept of stochastic domination will be used in the paper.

DEFINITION 2.1: A sequence {X,,n > 1} of random variables is said to be stochastically
dominated by a random variable X if there exists a positive constant C' such that

P(X,|>z) <CP(|X| > )

for allz >0 and n > 1.
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By the integration by parts, we can get the following property for stochastic domination.
For the proof, one can refer to Shen, Zhang, and Volodin [24] for instance.

LEMMA 2.7: Let {X,,,n > 1} be a sequence of random variables which is stochastically dom-
inated by a random variable X . For any a > 0 and b > 0, the following two statements hold:

EIX [T (1Xa] < 8) < C1 [EIX|*T (1X] < b) + 0P (X > b)], 2.7)
X1 (|Xa] > b) < GoEIX[*I (IX] > b), (2.8)

where C1 and Cy are positive constants. Consequently, F|X,|* < CE|X|*, where C is a
positive constant.

3. MAIN RESULTS

The model (1.1) to be studied can be exactly described as follows:

(3.1)

ni =0+ Br;+e, L=xi+0, 1<i<n

Here (&,m:), 1 <i<n are observable, while z;,1 <i<n,6,8 are unknown constants
(parameters). In what follows, we assume that the two error sequences {e;,7 > 1}, {0;,7 > 1}
are independent with each other, where {g;,7 > 1} and {0;,7 > 1} are both sequences of
WND random variables with identical distribution. Denote S, = "I, (z; — Z,,)? for each
n>1.

Based on the notations above, we can get that

B, — = S (6 = 0n)ei + > (i — i"n)@j — B6;) — B304 (6 — 0p)?
Z;L:l(gi - gn)Q

(3.2)

and
These relations above will play important roles to prove the main results of this paper.

Our main results are as follows, including the strong consistency and complete
consistency of LS estimators in the EV regression model with WND errors.

3.1. Strong Consistency

THEOREM 3.1: Under the model (3.1), let E|e1]|?? < oo and E|61]?? < oo for some p > 1.
Suppose that there exist some T > 0 such that

‘mi *fn|

R ey o(1), (3.4)
nT
=0(1 3.5
5 (1) (3.5)
and .
“_ o (3.6)

V' Sh
Assume further that T > 1/p—1/2 if 1 <p < 2. Then

VS

nT

(Bn - 6) — 0 as. (37)
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THEOREM 3.2: Suppose that the conditions of Theorem 3.1 are satisfied. Assume further
that there exist some 0 < v < min(1 — 1/p,1/2) such that

=01 3.8
Wbl = 0(1), (3.8)

Then R
n’(0, —0) — 0 as. (3.9)

3.2. Complete Consistency

THEOREM 3.3: Under the model (3.1), let Ele1|*? < 0o and E|61|* < co for some p > 1.
Suppose that there exist some T > 0 such that (3.4)-(3.6) hold. Then for any e > 0,

ZP( n?”(ﬁn —5)’ > 5) < 0,
n=1
that is,
nifn (Bn — ) — 0 completely. (3.10)

THEOREM 3.4: Suppose that the conditions of Theorem 3.3 are satisfied. Assume further
that there exist some 0 < v < min(1 — 1/p,1/2) such that (3.8) holds. Then

n” (0, —0) — 0 completely. (3.11)

Remark 3.1: Comparing Theorem 3.1 with Theorem 3.3, and Theorem 3.2 with
Theorem 3.4, respectively, the strong consistency is improved to complete consistency.

4. SIMULATION

In this section, we carry out three models with different # and (3 to show how our method

performs. In the EV regression model (1.1), we set x;,7 =1,...,n are independent and
identically distributed (i.i.d.) from a standard normal distribution. ¢;,7 = 1,...,n are i.i.d.
from normal distribution with mean 0 and variance 0.01, 0.001. ¢;,i =1,...,n are i.i.d.

from normal distribution with mean 0 and variance 0.05, 0.005.

For the three models, we conduct 100 simulations with sample size n = 100, 500, 1000.
Tables 1-3 display the simulation results. Form Tables 1-3, we can see that the biases of
our method are small, our method performs well.

TABLE 1. Estimators and Biases with different variances for 8 = 0.5 and =2 in 100

simulations

0=050=2
n 100 500 1000
Var() 0.01 0.001 0.01 0.001 0.01 0.001
Var(e) 0.05 0.005 0.05 0.005 0.05 0.005
B 1.99971 2.000003 1.999762 1.999995 1.999682 2.000008
8—8 —0.0003 335x107%  —0.0002 —4.92x 107 —0.0003  8.36 x 1076
0 0.499965 0.5000103  0.5000373 0.5000039 0.5000024  0.5000002
-6 —350x107° 1.03x107° 373x10° 393x10°% 237x10°% 222x1077
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TABLE 2. Estimators and Biases with different variances for ¢ = 0.8 and § = 3.5 in 100

simulations

0=08,3=35
n 100 500 1000
Var(9) 0.01 0.001 0.01 0.001 0.01 0.001
Var(e) 0.05 0.005 0.05 0.005 0.05 0.005
8 3.499652 3.499966 3.499655 3.499988 3.499588 3.499996
B—8  —0.0003 —3.37x107° —0.0003  —1.20 x 107° —0.0004  —4.23x107°
0 0.8001787  0.7999784 0.8000234 0.8000033 0.800054 0.8000119
0—0 0.0002 —2.16x107% 243 x107° 333x107% 540x107° 1.19x107°

TABLE 3. Estimators and Biases with different variances for # = 1.5 and 8 =5 in 100

simulations

0=1508=5
n 100 500 1000
Var(8) 0.01 0.001 0.01 0.001 0.01 0.001
Var(e) 0.05 0.005 0.05 0.005 0.05 0.005
B 4.999896 5.000022 4.999414 4.999972 4.999533 4.999997
B—p3  —0.0001 216x107°  —0.0006 —2.83 x 107° —0.0005 —3.29 x 1076
0 1.500583 1.499996 1.500177 1.499995 1.500045 1.499999
0—0 0.0006 —4.13x107% 00002 —480x107% 453x107° —581x10""

5. PROOFS OF THE MAIN RESULTS

PROOF OF THEOREM 3.1: In view of (3.2), to prove the main result (3.7), it suffices to

show that
IR -
) (6i=0,)> =0 as, 5.1
ﬁSnnT;( 2 =0 as (5.1)
1 _
d; —0n)e; — 0 as, 5.2
o 208 =0 as (5.2)
1 n
T > (@i —2n)(ei — ;) >0 as. (5.3)
nit =1
and
1 & -
5 Z(fz — &) —1 as. (5.4)
"i=1
To prove (5.1), we first prove that
1 n
Jin = 621(8; > 0) — ESZI(5; > 0)] — 0 as. 5.5
= o D02 0~ BRIG 2 0] ~0 s (5.5)
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and

n

V%FEZWH@<m—mﬁ@<myH0a& (5.6)
n i=1

It is easily seen that {621(5; > 0) — ES21(5; >0),i > 1} and {621(6; < 0) — ES21(6; <
0),i > 1} are END random variables by Remark 1.1 and Lemma 2.1. Applying Lemma 2.5

J2n =

with X; = 621(8; > 0) — E621(5; > 0) and by,; = ﬁ, we have by E|6]? < oo and (3.6)
that:

(i) E|X1|P < CE|61]|* < oo;
1—7

(11) maX1§iSn bnl = ﬁ S Tbﬁ . ’I’LI% = O(nil/p);
(iii) if p > 2, then

2—-21

= o((logn)™");

n n
E 2 _

bni -
i=1

if 1 <p<2, then

Z|bm\ sp/2 :Mﬂ(%)pzo(n@l)).

That is to say, the conditions of Lemma 2.5 are satisfied. Hence, (5.5) follows from
Lemma 2.5 immediately. Similarly, we can also get (5.6).
Noting that E§? < oo by E|§1|** < oo for p > 1, we have

n n

7%2?53““5> ¢j% §:®2 E67) +

i=1

nl—T
= Jin + Jon + —==E53. 5.7
1 + 2 + \/E 1 ( )

Hence (5.1) follows by (5.5)—(5.7) and (3.6) immediately.

Similar to the proof of (5.1), we can get that

n

1
W Z(Ei — gn)Q — 0 a.s. (5-8)
ne=1

Note that

i=1 i=1
1 n ., n .,
< 5 LEZl(éi —0n)" + ;Zl(ei —&n) ] , (5.9)

which together with (5.1) and (5.8) yields (5.2).
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It is easily checked that for any r > 0,

i=1 i

which implies that

n

> (& - &) - Sn

i=1

2> (@i — Zn) (0 — ) + D _(6; — 6,)?
i=1

i=1

< 22 |x; — T - |5l — Sn| + Z(éL - 571)2
1=1 1=1

n

1+r =
<7rS, 8 — 0n)%
<rSn+——> ( )

i=1
Hence, we have by (5.10), (3.5) and (5.1) that
1 < . T+r 1 O .
Si Z(fz - 571)2 -1 S 4+ r Sf (51 - 571)2
" i=1 =1
1+r n” 1 i <

=r—+

i=1

Since r > 0 is arbitrary, it follows from (5.11) that
1< -
5 Z(& —&)°—1—0 as,
" i=1
which implies (5.4).

Finally, we will prove (5.3). Denote

xi*fn

bni - )
VSynT

Xz' =&; — ﬂé,

- - —0p)? — .S.
U e Z(él On) roas

153

(5.10)

(5.11)

It follows from Corollary 2.1 that {X;,i > 1} is a sequence of END random variables. In

addition, we have by Ele1|?? < oo, E[61]?P < oo and (3.4) that:
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(1) E|X1|P = E‘51 —661\1’ S C’E|€1|P+OE|51‘P < 00;
.. _ —1/p\.

(ii) 11’éla<X |bpi| = ( ),
(iii) if p > 2, then

- 1
Zbii = =0 ((logn)™");
=1

if 1 < p <2, noting that 7 > 1/p — 1/2, we have

n

- 1
> anil? = 2o >z =zl
P ;

i=1 i=1
p/2
2
< SP/Q p‘r. ( Z|SU1—ZL'”| )
— pl=P/2=p7 _ (n—(pﬂ-p/?—l)) )

That is to say, the conditions of Lemma 2.5 are satisfied. Hence, (5.3) follows from
Lemma 2.5 immediately. This completes the proof of the theorem.

]
PROOF OF THEOREM 3.2: According to the relation (3.3), to prove (3.9), it suffices to show
that
n’ (&, — B0,) — 0 as., (5.12)
n’ (B — Bn)Tn — 0 as. (5.13)
and
n’ (8 = Bn)dp — 0 aus. (5.14)
Firstly, we will prove (5.12). It is easily seen that
V(= S 1 -
n”(En = Bon) = —— > (e — Bi).
i=1

Applying Lemma 2.5 with b,; = nl—l,,,, X; =¢; — #0;, and noting that 0 < v < min(1 —
1/p,1/2), p > 1, we can see that:

(1) E|X1|p = E‘c‘fl — 6(51‘13 < CE|51|P 4 OE|51‘p < o0;
(11) maXlSiSn |bnz‘ - n_(l_”) — O (n_l/P>;

(iii) if p > 2, then

n 1 B

> bni = =5y =0 ((logn) ™)

i=1
if 1 < p <2, noting that p — 1 — pr > 0, we have

—(p—1—pv)
Z|bm| iy = O ().

That is to say, the conditions of Lemma 2.5 are satisfied. Hence, (5.12) follows from

Lemma 2.5 immediately.
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Next, we will prove (5.13). It can be checked that

“ . T4V
n"(B — Bn)Tn = \:57”(6 — Bn) - %m (5.15)

Hence, (5.13) follows from (5.15), (3.8) and Theorem 3.1 immediately.
Finally, we will prove (5.14). Similarly to the proof of (5.12), we can get that

1 n
F Zél — 0 a.s. (5.16)

i=1

Note that
s = VSh - n’ 1 <

(B = Bn)on = —Pn) = 0;. 5.17
n” (8 = Bn)on = = (8 6)\@””; (5.17)
It follows from (5.17), (3.5), Theorem 3.1 and (5.16) that (5.14) holds. This completes the
proof of the theorem. [ ]

PROOF OF THEOREM 3.3: The proof is similar to that of Theorem 3.1. In view of (3.2), to
prove the main result (3.10), it suffices to show that

n

1 _
— ) (6;=6,)%2 =0 letely, 5.18
T ;( ) — 0 completely (5.18)

1 - -
— ) (6i—0,)es — 0 letely, 5.19
VB 20 =Bz = 0 compleely (5.19)

1 n
i — @) (ei — B0;) — 0 letel 5.20
N ;(I Zn)(e; — B6;) — 0 completely (5.20)
and

Si Z(@' — &) —1 as. (5.21)

To prove (5.18), we firstly prove that

n

Jin = ﬁ ; (621(5; > 0) — E§71(5; > 0)) — 0 completely (5.22)
and
Jon = \/%nf ; (671(5; <0) — ES71(5; <0)) — 0 completely. (5.23)

It is easily seen that {621(5; > 0) — ES21(5; >0),i > 1} and {621(6; < 0) — ES21(6; <
0),i > 1} are END random variables by Remark 1.1 and Lemma 2.1. Applying Lemma 2.6

with X; = 621(8; > 0) — E621(5; > 0) and by,; = ﬁ, we have by E|6|* < co and (3.6)
that:
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(i) E|X1|? < CE|5,|* < oo;

s 1—7 _
(i) maxi<i<pn bni = ﬁ < e 5 = 0(n~/P);

(i) iy b2 = 5, - = ol(logn) ™).
That is to say, the conditions of Lemma 2.6 are satisfied. Hence, (5.22) follows from
Lemma 2.6 immediately. Similarly, we can also get (5.23).
Noting that E§? < oo by E|d;]|* < oo for p > 1, we have

n

1 <2 1 ) ) 1 &Ko
P < < - -
Sﬂﬂ}:((sz o) < T > (57 - E&}) + o ?:I:E(sl

i=1 i=1

n

1—7
= Jin + Jon + 62 (5.24)

VS
Tt follows from (3.6) again that for any € > 0,

1—7
" ps2e S
5P <

By (5.22)—(5.25), we can get that for any € > 0,

for all n large enough. (5.25)

n

ip@simz(@—%)%g) <o,

i=1

which implies (5.18).
Similarly to the proof of (5.18), we can get that

n

ﬁnT Z(El —&,)> — 0 completely. (5.26)
no=1
Note that
n _ 1 n _ n -
D (6 = dn)ei| < 3 lz(él — 6,2+ (ei —&n)?|
i=1 i=1 i=1

which together with (5.18) and (5.26) yield (5.19).
It is easily checked that for any r > 0,

2r
i=1
which implies that
D (G =) = Su| = (2 (@i = Zn)(6i = 0n) + Y _(6; — 62)°
=1 =1 =1
147 — -
< n 61 - 577. 2~ 5.27
<rS, + . ;( ) ( )
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It follows from (5.18) and Borel-Cantelli lemma that
1 _
——— ) (6; =6, >0 as. 5.28
o 208 =0 as (5.28)
Hence, we have by (3.5), (5.27) and (5.28) that

n n

1 1+7r n” 1 = \9
—E < : . E P — . .
5, 2GS s T U g 0 e (529

Since r > 0 is arbitrary, we can get (5.21) immediately by (5.29).
Finally, we will prove (5.20). Denote

Ty —Tn
VSnm’

It follows from Corollary 2.1 that {X;,7 > 1} is a sequence of END random variables. In
addition, we have by E|e1|* < oo, E|61|* < oo and (3.4) that

bni

E; — 56,

E|X1|** = Ele, — 36,|* < CE|e1|? + CE|6,|** < o0,
n 1
—1 2 _ —1
max [bul =0 (n™7). > = e = o (togm) ™).
1=

That is to say, the conditions of Lemma 2.6 are satisfied. Hence, (5.20) follows from

Lemma 2.6 immediately. This completes the proof of the theorem. |
PROOF OF THEOREM 3.4: According to the relation (3.3), to prove (3.11), it suffices to
show that

n” (&, — 30,) — 0 completely, (5.30)

n’ (B — B,)&, — 0 completely (5.31)
and

n’ (8 — )0, — 0 completely. (5.32)

Firstly, we will prove (5.30). It is easily seen that

n

nY (&, — Bon) = % Z(el — ;).
i=1

Applying Lemma 2.6 with b,; = nl—l_l,, X; =¢; — 36;, and noting that 0 < v < min(1 —
1/p,1/2), p > 1, we can see that the conditions of Lemma 2.6 are satisfied. Hence, (5.30)
follows from Lemma 2.6 immediately.

Next, we will prove (5.31). It can be checked that

\/7 n‘r+u
(8 = Bu) - —e=Tn-
VS
We have by (5.33), (3.8) and Theorem 3.3 that for any € > 0,
3] > C)

ZP( (8 — 5nxn\>s) ZP(

n=1 n=1

which implies (5.31).

n” (8 = Bn)Tn = (5.33)

https://doi.org/10.1017/50269964816000462 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964816000462

158 X. Wang et al.

Finally, we will prove (5.32). Similarly to the proof of (5.30), we can get that

1
nlfi/

n
Z 0; — 0 completely. (5.34)

i=1

Noting that

n

S5y LS, (5.35)

nT

nu(ﬂ - Bn)gn =

we have by (5.35), (3.5), Theorem 3.3 and (5.34) that for any € > 0,

/Sn nlfl/ —
> c)

[} 1 n
n=1 i=1

< 00,

which implies (5.32). This completes the proof of the theorem. [ |
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APPENDIX A

PROOF OF LEMMA 2.6: Without loss of generality, we may assume that b,,; > 0. For any € > 0, we

choose positive integer N (to be specified later) and small positive constant ¢ such that ¢ <

1-1/p
P

ifp>landg<d/pif 0 <p<1.

Denote for 1 < i <n and n > 1 that

1) = XiI(|bpi Xi| < n79) — b n " U (bpiXs < —n" ) + b n~ U (bpi X; > n~9),

Xoni( i
Xni(2) = (Xi — b in O I(n™9 < bpi X; < e/N),

Xni(3) = (Xi + by n™ NI(—e/N < by X; < —n” ),

Xni(

ni(4) = (X; + b, 0" Db Xi < —e/N) + (X; — by in” D I(byi X; > ¢/N).
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It is easy to check that X,,;(1) + Xp:(2) + X0ns(3) + Xni(4) = X;, which implies that

S ( >4e)< p< >a)

n

D bui

i=1

ﬂﬁ8

n
Z bannz(l)
=1

bpiXni(3)| > ¢

Nﬁ8uP%

(>
(2

N——

n
< ban,ﬂ(‘l) > 8)
n=1 =1
=11 + 12+ I3 + I4.

Hence, to prove (2.6), it suffices to show that I} < oo, I3 < 00, I3 < 0o and Iy < oo.
Noting that maxj<j<s, |bni(Xni(1) — EXyi(1))] < 2n7 9 for every n > 1, we have

P (12182( [b67i (Xni(1) — EXpi(1))] < 2n_q) =1, foreveryn>1. (A1)

If 0 < p <1, we have by Markov’s inequality, Lemma 2.7 and (2.5) that

n n
B?L = Z E[bn7(Xn ( ) Ean Z bannz
i=1 i=1
n
<O~ PPN by PEIXP < On” PTP70 = o((logn) ). (A.2)

i=1

If p > 1, noting that | X,,;(1)] < |X;|, we have by Lemma 2.7 and (2.5) again that

B2 =Y Blbi(Xni(1) — EXpi(1)]? < ci bri EX? = o((logn) ). (A.3)
i=1 i=1

Noting that for fixed n > 1, {b,;(Xni(1) — EX,i(1)),1 <i<n} are END by Remark 1.1 and
Lemma 2.1. Applying Lemma 2.4 with x = € and y = 2n~ 9, we have by (A.1)—(A.3) that

>5)

n

S ( 5 bua(Xoi(1) — EX(1)

n=1 i=1
00 . o 82
< . _ . - —
= 2; P (1??’2 10 (Xni(1) = EXni(1))] > 20 ) + C;exp{ 2(2en—4 + 0((logn)*1))}
<C Z exp{—2logn} < oco. (A.4)
n=1

To show that I7 < oo, it remains to show

—0 as n— oo (A.5)

n
Z bniEXni(l)
i=1
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If 0 < p < 1, we have by Markov’s inequality, Lemma 2.7 and (2.5) that

n n
<IN By XilP + 37 Blbni Xl [bni Xl PI(1bni X < n”9)
i=1 i=1

n
> b EXpi(1)
i=1

n
< cp~ (P Z [bni|PEIX P < Cn~ (7P 0 as n — co. (A.6)

i=1

If p > 1, noting that EX; =0 and g < 17;/;) < 22;2_/1:0, we have by Markov’s inequality, Lemma
2.7 and (2.4) and (2.5) that

n n n
S bniEXni ()| < PPN Bloy X7 + 0PN Bl X P
i=1 i=1 i=1
(2p—1) P2 o
< P—1)q . .
<Cn (1?%)(7:, |bn1 |) ; bni
< C'n<2p*1)qh(272/p)(logn)71 — 0 asn— oo. (A7)

From (A.5) to (A.7), we have proved that I} < cc.
Next, we will prove that I3 < co. Since 0 < by; Xp4(2) < ¢/N, we can see that

n

Z bpi Xni (2) =

i=1

implies that there are at least IV integers such that b,; X,,;(2) # 0. Hence, by conditions (2.4) and
(2.5), we can see that
> )

d

< > P (bniy Xn,iy (2) 7 0,605 X i (2) 7 0, bpine X (2) # 0)
1<i1<in<...<in<n

n

i=1

<C > P(bpiy Xiy > 1 P (b iy Xiy >n 0 - P(bpin Xiy >n %)
1<i1<i2<...<in<n

n N n N
<C (Z P(bpi X; > n_q)> <C (Z P(|bpi X| > n_q))

i—1 =1
" N
C(Tlpq E|bniX‘p> ’ if0<p§ 17
< i=1 N
= n
C (n2pq S E|bm-X|2p> , ifp>1,
=1
C’I’L_((S_pq)N7 if 0 < p < 17
< C | n2pa b B b2 ' f
) ) i 1
" (1I£zaﬁxn| M|) i=1 " e
Cn—(5—P‘1)N7 if 0 < P S 17
= On20-1/P=P)N (1g )N | if p > 1.

Noting that ¢ < 1;%” ifp>1andq<d/pif 0 <p <1, wechoose some large integer N such that
(6 —pg)N > 1 and 2(1 — 1/p — pq)N > 1. Hence, I3 < cc.
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Since —&/N < by,; X,,:(3) < 0, we can see that

ni (3)

implies that there are at least N integers such that by,; X,,;(3) # 0. Hence, similarly to the proof of
Iy < o0, we can get I3 < co.
Finally, we will prove that Iy < co. By Lemma 2.7 and E|X|217 < 00, we have

oo n
Z Z (|bpiX;| > ¢/N) < C Z nP(|X| > Cnl/P)

n=1

I /\

Z P(CEY? < |X| < Ck+1)/P)

< CE\X|2P < 0.

This completes the proof the lemma. |
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