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An analytically predictive model for moderately
rarefied gas flow
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In microducts deviation from continuum flow behaviour of a gas increases with
rarefaction. When using Navier–Stokes equations to calculate a flow under slightly and
moderately rarefied conditions, slip boundary conditions are used which in turn refer
to the tangential momentum accommodation coefficient (TMAC). Here we demonstrate
that, in the so-called slip and transition regime, the flow in microducts can be reliably
described by a consistently non-empirical model without considering the TMAC. We
obtain this equation by superposition of convective transport and Fickian diffusion
using two-dimensional solutions of Navier–Stokes equations and a description for the
Knudsen diffusion coefficient as derived from kinetic theory respectively. For a wide
variety of measurement series found in the literature the calculation predicts the data
accurately. Surprisingly only size of the duct, temperature, gas properties and inlet
and outlet pressure are necessary to calculate the resulting mass flow by means of
a single algebraic equation. From this, and taking the discrepancies of the TMAC
concerning surface roughness and nature of the gases into account, we could conclude
that neither the diffusive proportions nor the total mass flow rates are influenced
by surface topology and chemistry at Knudsen numbers below unity. Compared to
the tube geometry, the model slightly underestimates the flow rate in rectangular
channels when rarefaction increases. Likewise, the dimensionless mass flow rate and
the diffusive proportion of the total flow are distinctly higher in a tube. Thus the
cross-sectional geometry has a significant influence on the transport mechanisms under
rarefied conditions.

Key words: general fluid mechanics, kinetic theory, microfluidics

1. Introduction
The gas flow in microchannels and microtubes has been intensively studied since

Maxwell’s work ‘on stresses in rarified gases’ (Maxwell 1879) and the work of
Knudsen (1909). The development of micro devices (micro/nano electro mechanical
systems, lab-on-a-chip) by new manufacturing techniques has raised the necessity for
a deeper understanding of the physical laws governing the fluid flow inside them. In
such systems the mean free path of the fluid molecules can be of the same order of
magnitude as the height or diameter of the duct. This circumstance causes deviation
from continuum flow behaviour and consequently the need for distinct approaches for
modelling gas flows at the microscale.

† Email address for correspondence: tveltzke@uni-bremen.de
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Analytical model for rarefied gas flow 407

Reference Roughness (nm) Gas TMAC

Arkilic, Breuer & Schmidt (2001) 0.65 Ar 0.80
N2 0.83

CO2 0.88
Maurer et al. (2003) 20 He 0.91

N2 0.87
Colin et al. (2004) ? He 0.93

N2 0.93
Graur et al. (2009) <20 He 0.93

Ar 0.91
N2 0.96

Pitakarnnop et al. (2010) 5–8 Ar 1.00
Yamaguchi et al. (2011) ? Ar 0.81

N2 0.79

TABLE 1. Experimental tangential momentum accommodation coefficients derived by
microduct experiments.

According to Gad-el-Hak (1999) there are basically two possible kinds of model
concept: on the one hand the molecular models which consider the molecular nature
of a gas and on the other hand the continuum models which ignore it. For the
molecular-based calculation of macroscopic flow properties such as mass flow rate
and pressure drop, large computational power is needed due to the determination
of position, velocity and state of all molecules at all times. Continuum models like
Navier–Stokes equations and Burnett equations can be solved comparatively easily
with a few simplifying assumptions. Since the gas density and velocity are defined
as averages over volume elements that are large in comparison to the molecular
nature (Gad-el-Hak 1999), the macroscopic quantities can be predicted reliably. This
definition becomes invalid with increasing rarefaction due to the decreasing number
of molecules per unit volume. All experiments on rarefied gas flow show that the
measured mass flow is higher than predicted by the solution of continuum models
(Knudsen 1909; Arkilic 1994; Shih et al. 1996; Arkilic, Schmidt & Breuer 1997a,b;
Jang et al. 2002). Further this deviation rises with increasing rarefaction (Maurer et al.
2003; Colin 2005; Ewart et al. 2006, 2007a,b; Yamaguchi et al. 2011).

A compromise to enable use of the continuum models even for rarefied gas flow
is the definition of slip boundary conditions unlike the classical wall adherence
condition. Myong (2004) derived a slip model based on the Langmuir adsorption
isotherm which yields a prediction in good agreement with the experimental data of
Shih et al. (1996). Commonest in the pertinent literature is the Maxwellian (Maxwell
1879) boundary condition of different high order (Arkilic 1994; Jang et al. 2002;
Maurer et al. 2003; Hsieh et al. 2004; Colin, Lalonde & Caen 2004; Colin 2005;
Ewart et al. 2006; Stevanovic 2007; Graur et al. 2009; Pitakarnnop et al. 2010;
Yamaguchi et al. 2011). This slip model considers the molecular nature of the fluid in
the distinction of diffusively and specular reflected molecules after a collision with the
wall. The fraction of diffusively scattered molecules defines the tangential momentum
accommodation coefficient (TMAC). The influence parameters on the TMAC is a
controversial issue. In table 1 a variety of references is listed to allow an investigation
of the dependence of the TMAC on roughness and the nature of the gas.
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Arkilic et al. (2001) and Graur et al. (2009) found the TMAC of argon to be
significantly lower than of nitrogen. However Yamaguchi et al. (2011) found the
reverse. Colin et al. (2004) measured the TMAC of helium and nitrogen to be
identical, unlike Maurer et al. (2003) who found the value of helium to be significant
higher. Pitakarnnop et al. (2010) performed their measurements in rectangular channels
with a typical roughness of 5–8 nm which is considerably lower than the surface
roughness Graur et al. (2009) stated. Nevertheless Pitakarnnop et al. (2010) measured
the highest TMAC which differs from the common state of the art (Tang et al. 2007;
Cao, Sun & Guo 2009) as well as molecular dynamic simulations (Cao, Chen & Guo
2006; Sun & Li 2010) and other numerical methods (Sun & Faghri 2003; Ji, Yuan
& Chung 2006). Also Agrawal & Prabhu (2008) revealed a crucial dependence of
the roughness in their review on TMAC measurements. However Turner et al. (2004)
investigated the influence of roughness specifically and found no significant effect.

Although the impact of the TMAC on the mass flow might be minor in the
moderately rarefied regime, the inconsistencies shown led us to doubt that a TMAC-
based approach can describe the observed effects correctly. Furthermore it appears
inconsistent to solve differential equations embodying the continuum model with a
boundary condition based on the molecular one. Moreover, when using models that are
based on the Maxwellian boundary condition, it is impossible to predict the mass flow
(or the respective pressure drop) without knowing the TMAC.

Alternative approaches which are based on the superposition of convection and a
diffusive component have already been published by Pollard & Present (1948) and
Lund & Berman (1966). Since in both references a slip coefficient is used, the same
inconsistencies as mentioned above occur.

In several publications it has been shown that directed molecular diffusion can
correct deviations from the continuum theory in a predictive manner. Dadzie, Reese
& McInnes (2008), Dadzie & Reese (2010) and Dongari et al. (2011) for instance
modified the classical conservative equations of mass and momentum by a dissipative
mass–density flux using Fick’s first law of diffusion. Brenner (2011) suggested that
slip arises due to gradients in the mass density of the fluid at the wall and
presented a mass diffusion boundary condition without using tangential momentum
accommodation.

In this paper we present a new analytical model for rarefied gas flow in long
rectangular microchannels and microtubes that allows the total mass flow to be divided
according to the transport mechanisms. The total flow caused by a pressure gradient
is assumed to be a superposition of convection and molecular spatial diffusion. The
convection is described by a solution of the Navier–Stokes equations with no-slip
boundary condition and for Knudsen diffusion we use Fick’s first law including
the diffusion coefficient. As both are non-empirical, their superposition is stringently
predictive. We can show that the model predicts consistently and reliably the mass
flow measured by a variety of authors.

2. Background theory

In this section we focus on the derivation of the model for diffusive transport
used in our approach because the explanation of the Navier–Stokes equations,
phenomenologically describing the conversion of momentum or deduced from the
Boltzmann equation, is well-known in the basic literature (Geankoplis 1972; Sherman
1990; Panton 1996).
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The model of steady diffusive flux is analogous to Ohm’s law whereby the flux J
corresponds to the current, a local concentration gradient ∂c/∂x to the voltage and the
diffusion coefficient D to the conductivity. This correlation is embodied in Fick’s first
law (Fick 1855)

J =−D
∂c

∂x
, (2.1)

where D varies with the kind of diffusion mechanism and thus depends on flow
phenomena. A general overview is given by Cussler (2009) and specified for transport
in porous solids by Cunningham & Williams (1980) and Kaerger & Ruthven (1992).
Directed diffusive transport in a microchannel or microtube can be considered as
pore diffusion including bulk, Knudsen and surface diffusion as well as capillary
condensation (Cussler 2009), whereby the proportion of each mechanism depends on
the ratio of the mean free path of the fluid molecules λ to the pore size. This ratio
quantifies the rarefaction of a gas in the form of the mean Knudsen number

Knm = λs =
kBT

s
√

2πσ 2pm

, (2.2)

where kB is the Boltzmann constant, T the temperature, σ the diameter of a molecule,
s the characteristic length (e.g. pore size, tube diameter) and

pm = pi + po

2
(2.3)

the mean pressure, where the subscript indices i and o denote the inlet and the outlet
of the duct. As λ is the same order of magnitude as s, moving molecules collide
statistically more frequently with the duct wall than with other molecules (Cussler
2009). In that case Knudsen diffusion is the dominant diffusive transport mechanism
and the corresponding diffusion coefficient DKn is crucially dependent on molecular
collision properties. By means of the simplest distribution of molecule position the
diffusion coefficient can be estimated by arguments corresponding to the kinetic theory
of rigid spheres.

We consider a volume element containing a large amount of rigidly spherical
molecules. Contrary to the random walk of the Brownian motion we assume that
the molecules are located solely on the three axes of a Cartesian coordinate system.
Hence there are only six possible directions of motion (±x, ±y and ±z). The distance
between the centres of the volume elements is equal to λ (Cunningham & Williams
1980). As the molecular velocities obey the Maxwellian distribution the arithmetical
average of the velocity is

v̄ =
√

8RT

πM
, (2.4)

where R is the universal gas constant and M the molar mass. Since the volume
element is in contact with adjacent units, change of mass is proportional to the flow of
molecules across the boundary Ax. Hence the molar flow rate in one direction of the
x-axis of the coordinate system is

ṅ±x =±
1
6
λAxv̄

∂c

∂x
, (2.5)

with the concentration c in mol per unit volume. The entire change of substance
results from the balance of the molar flow rates from the left and the right units across
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the boundary

ṅx = 1
6
λAxv̄

∂c

∂x
−
(
−1

6
λAxv̄

∂c

∂x

)
= 1

3
λAxv̄

∂c

∂x
. (2.6)

Written in terms of the diffusive flux J as molar flow rate per unit area, (2.6) can be
compared with Fick’s first law according to (2.1)

J =−D
∂c

∂x
= 1

3
λv̄
∂c

∂x
. (2.7)

This comparison yields the diffusion coefficient for Knudsen diffusion DKn with
λ replaced by the characteristic length s and with the average molecule velocity
according to (2.4):

D= DKn = 1
3

s

√
8RT

πM
. (2.8)

For a microtube it is plain to see that the characteristic length is equivalent to the
diameter d. However that does not apply to a rectangular channel with its height h
much smaller than its width w. Due to the proportionality of J to s the predicted
flux with h as the characteristic length is underestimated. As illustrated in figure 1
the characteristic length corresponds to the conjugate diameter de of the coextensive
ellipse. Therefore the characteristic length of the rectangular channel is calculated by
comparing the area of a rectangle and an ellipse with transverse diameter dt equal to w

wh= πdedt

4
, (2.9)

and with de = s

s= 4h

π
. (2.10)

Finally the diffusion coefficient for Knudsen diffusion can be written as

Da
Kn =

8h

3π

√
2RT

πM
, (2.11)

for the rectangular channel and as

Db
Kn =

2d

3

√
2RT

πM
, (2.12)

for the tube. Below, variables and constants concerning the duct geometry are marked
with superscript indices a for the rectangular channel and b for the tube.

3. Mathematical modelling
The modelling approach is based on a superposition of two mass transport

mechanisms

ṁ= ṁC + ṁD, (3.1)

where the subscript indices C and D denote convection and molecular spatial diffusion.
Models for both types of transport are derived for each of the two commonest
microduct geometries, rectangular channel and tube.
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h

(b)(a)

w

FIGURE 1. Cross-section and geometric properties of rectangular channel (a) and tube (b).

3.1. Convection
A two-dimensional, laminar and steady flow without body forces is considered.
According to figure 1 the height h of the rectangular channel is assumed to be
much smaller than the width w (h� w). Further assumptions are expressed in the two
boundary conditions for line symmetry of the velocity profile and wall adherence

∂u

∂y

∣∣∣∣
y=0

= 0, u|y=±h/2 = 0; ∂u

∂r

∣∣∣∣
r=0

= 0, u|r=r∗ = 0, (3.2)

where u is the fluid velocity in the direction of the flow and r∗ the radius of the
tube. The streamwise conservation of momentum for an infinitesimal volume element
is given by the Navier–Stokes equation in the x-direction

ρ

(
u
∂u

∂x
+ uy

∂u

∂y

)
=−∂p

∂x
+ µ

(
∂2u

∂x2
+ ∂

2u

∂y2

)
, (3.3)

in Cartesian coordinates for the rectangular channel; analogously, for the tube in
cylindrical coordinates

ρ

(
ur
∂u

∂r
+ uϕ

r

∂u

∂ϕ
+ u

∂u

∂x

)
=−∂p

∂x
+ µ

(
1
r

∂

∂r

(
r
∂u

∂r

)
+ 1

r2

∂2u

∂ϕ2
+ ∂

2u

∂x2

)
. (3.4)

In (3.3) and (3.4) ρ is the density, µ the dynamic viscosity and p the pressure.
While the velocity components in the y-direction, respectively the radial and swirl
components are zero for laminar flow, (3.3) and (3.4) reduce to

∂2u

∂y2
= 1
µ

∂p

∂x
(3.5)

for the channel and to

1
r

∂

∂r

(
r
∂u

∂r

)
= 1
µ

∂p

∂x
(3.6)

for the tube. Twofold integration yields the velocity u as a function of y and r
respectively and two integration constants. For the channel it follows that

ua = 1
2µ

∂p

∂x
y2 + c1y+ c2 (3.7)
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and analogously for the tube

ub = 1
4µ

∂p

∂x
r2 + c1 ln(r)+ c2. (3.8)

The integration constant c1 is calculated with the boundary condition for line
symmetry (3.2) set to zero. For the second constant it follows that

c2 = 1
2µ

∂p

∂x

(
h

2

)2

, c2 = 1
4µ

∂p

∂x
r∗2
. (3.9)

Utilizing both integration constants the velocity profiles for both geometries can be
written as

ua = 1
2µ

∂p

∂x

(
y2 −

(
h

2

)2
)

(3.10)

and

ub = 1
4µ

∂p

∂x

(
r2 − r∗2)

. (3.11)

For the calculation of the flow rate the average velocity ū is required. By cross-
sectional averaging of (3.10) and (3.11) ū is obtained as

ūa = 2
h

∫ +h/2

−h/2

1
2µ

∂p

∂x

(
y2 −

(
h

2

)2
)

dy= h2

12µ
∂p

∂x
(3.12)

and

ūb = 1
πr∗2

∫ r∗

0

2πr

4µ
∂p

∂x

(
r2 − r∗2) dr = r∗2

8µ
∂p

∂x
. (3.13)

Note that the pressure drop across the length l of the duct is assumed to be linear
(1p/l) and thus small so that compression or expansion does not cause significant
inequalities of temperature. For a Mach number less than 0.3 the ratio of the mean
pressure pm according to (2.3) to the outlet pressure po is used as a correction factor
regarding the compressibility of the gaseous fluid (Bird, Stewart & Lightfoot 2007).
Multiplying the average velocity ū with the compressibility correction factor and the
cross-section of the duct yields the outlet volumetric flow rate V̇o. The convective mass
flow ṁC can be written in terms of V̇o based on the equation of state of an ideal gas as

ṁC = MV̇opo

RT
. (3.14)

Hence (3.12) and (3.13) together with the above-mentioned substitutions applied to
(3.14) yields

ṁa
C =

h3wMpm1p

12µRTl
(3.15)

for the rectangular channel and

ṁb
C =
πd4Mpm1p

128µRTl
(3.16)

for the tube where d = 2r∗ is the tube diameter. This solution of the Navier–Stokes
equations is also known as the Hagen–Poiseuille equation for compressible fluids
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(Bird et al. 2007).

3.2. Diffusion
As shown in the previous section, the steady diffusive flux J is proportional to a local
concentration gradient ∂c/∂x, which is the driving force and an arbitrary diffusion
coefficient D (2.1). Since the flux is defined as the amount of substance per unit time
and cross-section Ax, the diffusive mass flow is

ṁD = JMAx. (3.17)

The concentration c in (2.1) can be expressed by the amount of substance n per unit
volume V . With the equation of state of an ideal gas Fick’s first law (2.1) is rewritten
as

J =
∣∣∣∣ D

RT

∣∣∣∣ ∂p

∂x
. (3.18)

Combining (3.17) and (3.18) with the assumption of a linear pressure drop over the
length of the duct we write

ṁD = D
MAx

RT

1p

l
. (3.19)

As diffusion coefficient D the coefficient of Knudsen diffusion DKn, (2.11) and (2.12)
derived in the previous section, is used. Applying (2.11) and (2.12) respectively in
(3.19) the diffusive mass flow in a rectangular channel can be written as

ṁa
D =

8h2w1p

3πl

√
2M

πRT
(3.20)

and as an expression which is already stated by Kennard (1938) as

ṁb
D =

d31p

6l

√
2πM

RT
(3.21)

for directed diffusive mass flow in a tube. Here it is worth noting that diffusive
transport is proportional to cross-section and pressure gradient.

3.3. Total mass flow
Superposition of the convective mass flow (3.15) and the diffusive mass flow (3.20)
yields

ṁa = h3wMpm1p

12µRTl
+ 8h2w1p

3πl

√
2M

πRT
= h2w1p

3RTl

(
hMpm

4µ
+ 8
π

√
2MRT

π

)
(3.22)

for the rectangular channel and with (3.16) and (3.21)

ṁb = πd4Mpm1p

128µRTl
+ d31p

6l

√
2πM

RT
= d31p

2RTl

(
πdMpm

64µ
+ 1

3

√
2πMRT

)
(3.23)

for the tube. The mass flow is put into a non-dimensional form using the Reynolds
number

Rea = ρoV̇oh

µA
= ṁa

µw
, (3.24)
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Rea = h2po

3µRTl

(
hMpo

8µ
(P2 − 1)+ 8

π

√
2MRT

π
(P− 1)

)
(3.25)

as a function of the pressure ratio P= pi/po; analogously for the tube

Reb = ρoV̇od

µA
= 4ṁb

πµd
; (3.26)

Reb = d2po

µRTl

(
dMpo

64µ
(P2 − 1)+ 2

3

√
2MRT

π
(P− 1)

)
. (3.27)

Furthermore, another dimensionless mass flow rate S is introduced as the ratio of the
total mass flow (3.22) to the convective proportion according to (3.15)

Sa = ṁa

ṁa
C

= 1+ 32µ
πhMpm

√
2MRT

π
. (3.28)

The mean pressure pm according to (2.3) can be expressed by means of the mean
Knudsen number Knm as a measure of the rarefaction. Equation (2.2) is reconverted to
pm and applied in (3.28)

Sa = 1+ 64
µσ 2Knm

kB

√
R

πMT
, (3.29)

and analogously for the tube

Sb = ṁb

ṁb
C

= 1+ 64µ
3πdMpm

√
2πMRT = 1+ 128π

3
µσ 2Knm

kB

√
R

πMT
. (3.30)

The predicted dimensionless mass flow rate is independent of any geometrical property
such as length, diameter, width and height and is also independent of the driving force
(P or 1p). Only the gas (µ(T), σ , M) affects S. A comparison of (3.29) and (3.30)
shows that the only difference consists of a constant factor (64 and 128π/3) which is
approximately two times higher for the tube.

As mentioned earlier, we consider the diffusive proportion in the total mass flow
rate as increasing with rarefaction. Thus the diffusive proportion X is introduced as the
ratio of the diffuse mass flow rate (3.20) and (3.21) to the total mass flow rate (3.22)
and (3.23). For the rectangular channel we obtain

Xa = ṁa
D

ṁa
=
(
πhpm

32µ

√
πM

2RT
+ 1

)−1

=
(

1
64

kB

µσ 2Knm

√
πMT

R
+ 1

)−1

(3.31)

and analogously

Xb = ṁb
D

ṁb
=
(

3dpm

64µ

√
πM

2RT
+ 1

)−1

=
(

3
128π

kB

µσ 2Knm

√
πMT

R
+ 1

)−1

(3.32)

for the tube. According to (3.31) and (3.32), Xa,b rises as well as increasing rarefaction
with rising viscosity of the gas. This is reasonable due to the inversely proportional
dependence of the convective flow (3.15) and (3.16) on the viscosity. Since the
viscosity of a gas increases with the power of 0.5 with temperature (Atkins &
De Paula 2006), the diminishing influence of the temperature is compensated or
overcompensated when using the formula of Sutherland (1895).
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Re

P

Ar
0.949

He
0.974

He
0.993

Air
0.953

N2
0.996

Ar
0.999

0.09

0.08

0.07

0.06

0.05

0.04

0.03

0.02

0.01

0
4.54.03.53.02.52.01.51.0

Shih et al. (1996)
Arkilic et al. (1997a)

Arkilic et al. (1997b)
Arkilic et al. (1994)
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FIGURE 2. Mass flow rate given as Reynolds number versus pressure ratio P for various
channel geometries, gases, temperatures (table 2) and outlet pressures. Comparison of
experimental data (symbols) and predictions (lines) yields the coefficient of determination ε
close to unity. The experimental outlet pressure was kept constant at: N,>,O,◦, po = 100 kPa;
M, 101.3 kPa; �, 50 kPa and +, 102.7 kPa.

3.4. Quality of the model
To quantify the quality of the presented model, the coefficient of determination ε is
used. According to Steel & Torrie (1980) ε is defined as

ε = 1−

n∑
j=1

(γj − γ̂j)
2

n∑
j=1

(γj − γ̄ )2
, (3.33)

where γj is the value of the data point (Re, S and X), γ̄ is the average of these and γ̂j

is the predicted value calculated with (3.25) and (3.27) for Rea,b, (3.29) and (3.30) for
Sa,b and (3.31) and (3.32) for Xa,b.

4. Prediction of experimental data
The derived model is applied to the prediction of experimental data of gaseous flows

in microchannels and microtubes. The experiments we refer to were performed under
isothermal conditions around room temperature with helium, argon, nitrogen and air as
working gases (table 2). The Reynolds number and the Mach number were consistently
low so that our stated assumptions (§ 3) are complied with.

Figure 2 shows the Reynolds number as a non-dimensional measure of the mass
flow rate as a function of the pressure ratio P. The experimental mass flows are
extracted from the given literature and non-dimensionalised according to (3.24) for the
microchannel experiments and according to (3.26) for the microtube data of Lalonde
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References Geometry and size Gases T (K)
Rect., h;w (µm) l (mm)

Arkilic (1994) 1.33; 52.25 7.5 He 314
Arkilic et al. (1997a) 1.33; 52.25 7.5 He 314
Ewart et al. (2007a) 9.38; 492 9.39 He ∼296
Pitakarnnop et al. (2010) 1.88; 21.1 5 He, Ar 298.5
Arkilic (1997) 1.33; 52.3 7.49 Ar 293
Arkilic et al. (1997b) 1.33; 52.25 7.5 Ar 298∗
Shih et al. (1996) 1.2; 40 4 Ar 293
Graur et al. (2009) 9.38; 492 9.39 Ar, N2 ∼293
Zohar et al. (2002) 0.53, 0.97; 40; 4 Ar, N2 293

Circ., d (µm)

Ewart et al. (2007b) 25.27 53 He, Ar, N2 298∗
Perrier et al. (2011) 49.6 18.2 He, Ar, N2 296.5
Ewart et al. (2006) 25.2 53 N2 296.5
Yamaguchi et al. (2011) 535.6 46.9 N2 293
Lalonde (2001) 3.9, 20.3, 52.8 20.4, 20.4,

100
Air 294, 298

TABLE 2. Values of parameters in gas flow experiments. The temperatures marked with ∗
were not stated in the primary literature and are assumed as room temperature (298 K).

Gas M (g mol−1) σ (pm) µ (10−5 Pa s)

293 K 298 K 314 K

He 4.003 255.1 1.997 2.019 2.088
Ar 39.95 354.2 2.255 2.286 (2.383)
N2 28.01 379.8 1.746 1.769 (1.841)
Air 28.96 373.1 1.812 1.836 (1.912)

TABLE 3. Properties of gases used in the cited literature. The molecular diameter of air
is calculated as the weighted average of the diameters of N2 and O2. The values for the
molecular diameter are taken from Cussler (2009). The values in brackets are unused here
but stated for completeness.

(2001). The geometries of the ducts required for these calculations are specified in
table 2 and the dynamic viscosities are given in table 3. For the microduct experiments
shown in figure 2 the outlet pressure po was always kept constant. The quality of the
simulation is quantified by the value of ε according to (3.33) which clearly shows that
all experimental data are invariably well predicted.

Comparing for example argon flows in rectangular channels, the channel of Shih
et al. (1996), although smaller in cross-section, yielded a higher flux compared to the
channel of Arkilic et al. (1997b), which is due to the smaller length. Also comparable
are the data of Arkilic et al. for helium and argon generated in the same channel. Due
to the distinctly higher molar mass and the lower temperature (see (3.25)) the argon
flow is much higher despite identical outlet pressure.

While the model for convective gas flow at laminar and subsonic conditions (3.15)
and (3.16) is proportional to the product of mean pressure and pressure difference, the
diffusive mass flow according to Fick’s first law is merely proportional to the pressure
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FIGURE 3. Dimensionless mass flow rate as a function of the rarefaction and appendant
prediction (lines). Predictions are calculated with T = 298 K and values given in table 3.

difference (3.20) and (3.21). Therefore the diffusive proportion of the total flow is
high when the mean pressure is low, which is synonymous with a high rarefaction.
For high absolute pressures or large pressure gradients the convective transport is
dominant. For an evaluation of the derived model over a wide range of rarefaction,
the dimensionless mass flow rate S as the measured mass flow rate divided by the
Hagen–Poiseuille equation for compressible fluids (3.15) and (3.16) is plotted versus
the mean Knudsen number. Figure 3 shows the data points given in literature and the
corresponding predictions for tube and channel at room temperature. While S can be
exactly predicted for the tube, the data points of the rectangular channels diverge from
the simulation with increasing rarefaction. Due to the consistency of that divergence
this seems to be a weakness of the model for the rectangular channel.

Since the diffusive proportion X and S are linked for the channel according to

Xa = ṁa
D

Sṁa
C

= 1
S

64µσ 2Knm

kB

√
R

πMT
(4.1)

and respectively for the tube as

Xb = ṁb
D

Sṁb
C

= 1
S

128πµσ 2Knm

3kB

√
R

πMT
, (4.2)

the divergence is also visible in figure 4 where X is plotted versus the mean Knudsen
number. The data points in figure 4 (rectangular channel) and figure 5 (tube) are
calculated as the diffusive mass flow rate (3.20) or (3.21) divided by the measured
mass flow rate. In contrast to the quite low accordance of data and prediction for the
rectangular channel in figure 4, the model fits the data of the tube experiments exactly.
The comparison of figures 4 and 5 yields two interesting findings: the experimental
diffusive proportion in the rectangular channel is significantly smaller than in the tube
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FIGURE 4. Diffusive proportion as a function of the rarefaction and corresponding prediction
(lines) for rectangular channels. Predictions are calculated with T = 298 K and values given
in table 3.
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FIGURE 5. Diffusive proportion as a function of the rarefaction and corresponding prediction
(lines) for tubes. Predictions are calculated with T = 298 K and values given in table 3.

and is also diverging from the prediction. We suppose that diffusion is dependent on
the duct geometry due to the ratio of volume and area of the wall. As that ratio is
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a minimum for the tube, it reaches the maximal diffusive proportion. Probably, there
is an influence of the wall at higher Knudsen numbers which affects other diffusion
mechanisms (Malek & Coppens 2003; Cussler 2009) which are negligible in the
non-rarefied and slightly rarefied regime.

Nevertheless figure 4 shows as clearly as figure 3 and figure 5 the dependence of the
diffusive proportion of the total flux on the rarefaction in the regime of slightly and
moderately rarefied gas flows.

5. Concluding remarks
A consistently predictive model is presented for the analytical calculation of

microduct gas flows at low Mach number. The mass flow is modelled as a simple
superposition of convective transport and Fickian diffusion. The model is applied to
the simulation of experimental results given in the literature. For all measurement
series on microtubes the simulation fits the data points accurately, which yields two
conclusions:

(i) First, a prediction of the mass flow is possible without the assumption of wall slip
in the so-called slip and transition regime (Gad-el-Hak 1999). Knowing the size of
the duct, the temperature, the gas properties and the inlet and outlet pressure, the
resulting mass flow can be calculated without any adaption parameter, such as the
TMAC.

(ii) Second, the classification of non-rarefied into moderately rarefied gas flows
in continuum, slip and transition regimes becomes obsolete when the flow is
considered as a superposition of different flow mechanisms over the whole range
of Knudsen numbers.

For rectangular channels data and model diverge with increasing rarefaction
(Kn > 0.15). Nevertheless, predictions in the slip regime and the beginning of the
transition regime are accurate throughout.

By means of the derived model it could be shown that the diffusive proportion
and likewise the dimensionless mass flow rate are not influenced by any variable
regarding the surface topology. As a consequence of the broadly varying surface
roughness (table 1) of the ducts the cited authors used, we confirm the results of
Turner et al. (2004) thus far, that surface roughness has no influence on mass transfer
in slightly and moderately rarefied gas flows. Further the inconsistencies concerning
the dependence of the TMAC on the roughness that we summarized in § 1 lead to
reasonable doubts about the slip boundary condition and the state-of-the-art approach
in modelling flow processes. Nevertheless there might be an influence of roughness
at higher Knudsen numbers due to additionally superimposed self-diffusion which is
dependent on molecular residence times at the wall (Malek & Coppens 2003).

Regarding the hypothesis that the TMAC is dependent on the nature of the gas
and on the material of the duct (Agrawal & Prabhu 2008), experiments with gases
including strong interactions with the surface should be performed. For glass or silica
ducts measurements with use of gases with a quadrupole moment (e.g. CO2) or a
permanent dipole (e.g. SO2, CHF3) should clarify if rarefied phenomena depend on
molecular surface scattering caused by gas–surface interactions.

Finally it was clearly shown that the geometry (rectangular and circular) has
a significant influence on the diffusive proportion of the total flux and on the
dimensionless mass flow rate. Unfortunately only these two geometries have been
commonly used for microflow experiments. We suppose that Fickian diffusion
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becomes more dominant if the shape of the cross-section approaches a circular shape.
We postulate that the diffusive proportion of mass flow data obtained from experiments
on pentagonal or higher-sided polygonal ducts will lie in between those of tubes and
rectangular channels.
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