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Abstract. The period doubling renormalization operator was introduced by Feigenbaum
and by Coullet and Tresser in the 1970s to study the asymptotic small-scale geometry
of the attractor of one-dimensional systems that are at the transition from simple to
chaotic dynamics. This geometry turns out not to depend on the choice of the map
under rather mild smoothness conditions. The existence of a unique renormalization
fixed point that is also hyperbolic among generic smooth-enough maps plays a crucial
role in the corresponding renormalization theory. The uniqueness and hyperbolicity of
the renormalization fixed point were first shown in the holomorphic context, by means that
generalize to other renormalization operators. It was then proved that, in the space of C2+¢
unimodal maps, for « > 0, the period doubling renormalization fixed point is hyperbolic as
well. In this paper we study what happens when one approaches from below the minimal
smoothness thresholds for the uniqueness and for the hyperbolicity of the period doubling
renormalization generic fixed point. Indeed, our main result states that in the space of C?
unimodal maps the analytic fixed point is not hyperbolic and that the same remains true
when adding enough smoothness to get a priori bounds. In this smoother class, called
C?*1, the failure of hyperbolicity is tamer than in C2. Things get much worse with just
a bit less smoothness than C2, as then even the uniqueness is lost and other asymptotic
behavior becomes possible. We show that the period doubling renormalization operator
acting on the space of C'*HP ynimodal maps has infinite topological entropy.

1. Introduction

The period doubling renormalization operator was introduced by Feigenbaum [Fe, Fe2]
and by Coullet and Tresser [CT, TC] to study the asymptotic small-scale geometry of
the attractor of one-dimensional systems that are at the transition from simple to chaotic
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dynamics. In 1978, they published certain rigidity properties of such systems, the small-
scale geometry of the invariant Cantor set of generic smooth maps at the boundary of chaos
being independent of the particular map under consideration. Coullet and Tresser treated
this phenomenon as similar to universality, which has been observed in critical phenomena
for a long time and explained since the early 1970s by Kenneth Wilson (see, e.g., [Ma]).
In an attempt to explain universality at the transition to chaos, both groups formulated the
following conjectures, which are similar to what was conjectured in statistical mechanics.

Renormalization conjectures: In the proper class of maps, the period doubling
renormalization operator has a unique fixed point that is hyperbolic with a one-dimensional
unstable manifold and a codimension-one stable manifold consisting of the systems at the
transition to chaos.

These conjectures were extended to other types of dynamics on the interval and on
other manifolds, but we will not be concerned here with such generalizations. During
the last 30 years many authors have contributed to the development of a rigorous theory
proving the renormalization conjectures and explaining the phenomenology. The ultimate
goal may still be far off, since the universality class of smooth maps at the boundary of
chaos contains many sorts of dynamical systems, including useful differential models of
natural phenomena. There are even predictions about natural phenomena in [CT], which
turned out to be experimentally corroborated. A historical review of the mathematics that
have been developed can be found in [FMP], so that here we recall only a few milestones
that will serve to better understand the contribution to the overall picture brought by the
present paper.

The type of differentiability of the systems under consideration has a crucial influence
on the actual small-scale geometrical behavior (as is the case in the related problem
of smooth conjugacy of circle diffeomorphisms to rotations: compare [He] to [KO]
and [KS]). The first result dealt with holomorphic systems and were first local [La],
and later global [Su, McM, Ly] (a progression similar to what had been seen in the
problem of smooth conjugacy to rotations: compare [Ar] to [He] and [Yo]). With global
methods came also means to consider other renormalizations. Indeed, the hyperbolicity of
the unique renormalization fixed point was shown in [La] for period doubling, and later
in [Ly] by means that generalize to other sorts of dynamics. Then it was shown in [Da]
that the renormalization fixed point is also hyperbolic in the space of C>** unimodal maps
with o > 0 (using [La]). These results were later extended in [FMP] to more general
types of renormalization (using [Ly]). After the results of Lanford [La], the existence
of renormalization fixed points has been proved in more generality. First, Epstein [Ep]
constructed period doubling fixed points with arbitrary critical behavior. Renormalization
fixed points do exist for any given combinatorics and arbitrary critical behavior, see [M].

We are interested in exploring from below the limit of smoothness that permits
hyperbolicity of the fixed point of renormalization. Our main result concern a new
smoothness class, C>*!'l, which is bigger than C?* for any positive & < 1, and is in fact
wider than C? in ways that are rather technical, as we shall describe later (this is the bigger
class where the usual method to get a priori bounds for the geometry of the Cantor set
works). We are interested here in the part of the hyperbolicity that consists in the attraction
in the stable manifold made of infinitely renormalizable maps. We show that in the space of
C?*I'l unimodal maps the analytic fixed point is not hyperbolic for the action of the period
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doubling renormalization operator. We also show that, nevertheless, the renormalization
converges to the analytic generic fixed point (here generic means that the second derivative
at the critical point is not zero), proving it to be globally unique, a uniqueness that was
formerly known in classes smaller than C2*!"! (that is, assuming more smoothness). The
convergence might only be polynomial as a concrete sign of non-hyperbolicity. The failure
of hyperbolicity happens in a more serious way in the space of C? unimodal maps since
there the convergence can be arbitrarily slow. The uniqueness of the fixed point in this
case remains an open question. The uniqueness was known to be wrong in a serious way
among C'*tHP ynimodal maps since a continuum of fixed points of renormalization could
be produced [Tr]. Here we show that the period doubling renormalization operator acting
on the space of C!*MP unimodal maps has infinite topological entropy.

After this informal discussion of what will be done here and how it relates to universality
theory, we now give some definitions, which allow us next to turn to the precise formulation
of our main results.

A unimodal map f : [0, 11— [0, 1]is a C! mapping with the following properties:

e f(H=0;
° there is a unique point ¢ € (0, 1), the critical point, where Df (c) = 0; and
° flo)=1.

A map is a C” unimodal map if f is C". We will concentrate on unimodal maps of the
type C!*HP_ €2, and C>*!'l. This last type of differentiability will be introduced in §5.

The critical point ¢ of a C2 unimodal map f is called non-flat if D* f (c) # 0. A critical
point ¢ of a unimodal map f has a quadratic tip if there exists a sequence of points x, — ¢
and constant A > 0 such that

i SOn) = fle)

im ————— = —A.

n—>o00 (X — C)2

The set of C" unimodal maps with a quadratic tip is denoted by &/". We will consider

different metrics on this set denoted by dist; with k =0, 1, 2 (in fact, the usual C k metrics).
A unimodal map f : [0, 1] — [0, 1] with quadratic tip c is renormalizable if:

o celfio. frl=1j;

o« fUP=ILF©), f(@I=1;and

e IynIl=0.

The set of renormalizable C" unimodal maps is denoted by Uy CU". Let f €U be a

renormalizable map. The renormalization of f is defined by

Rf(x)=h""o f%oh(x),

where 4 : [0, 1] — I(} is the orientation-reversing affine homeomorphism. This map Rf is
again a unimodal map. The nonlinear operator R : Uy — U" defined by

R:f— Rf
is called the renormalization operator. The set of infinitely renormalizable maps is denoted
by
W =) R™"Wp).
n>1

There are many fundamental steps needed to reach the following result by Davie [Da]. For
a brief history see [FMP] and references therein.
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THEOREM 1.1. (Davie) There exists o < 1 such that the following holds. In the space of
U there exists a unique renormalization fixed point f°, with the following properties:

° [ is analytic;

° f2 is a hyperbolic fixed point of R : Z/{(%“L“ — Y,

° the codimension-one stable manifold of f2 coincides with W2t and

° f2 has a one-dimensional unstable manifold that consists of analytic maps.

In our discussion we only deal with period doubling renormalization. However, there
are other renormalization schemes. The hyperbolicity for the corresponding generalized
renormalization operator has been established in [FMP].

Our main results deal with R : Uy — U", where r € {1 + Lip, 2, 2 + |-|}.

THEOREM 1.2. Let d, > 0 be any sequence with d, — 0. There exists an infinitely
renormalizable C? unimodal map f with quadratic tip such that

disto(R" f, f) = dp.
COROLLARY 1.3. The analytic unimodal map f7 is not a hyperbolic fixed point of
R :Z/{g — U2

In §5 we will introduce a type of differentiability of a unimodal map, called C>*!"l,
which is the minimal needed to be able to apply the classical proofs of a priori bounds
for the invariant Cantor sets of infinitely renormalizable maps; see for example [M2],
[MMSS], and [MS]. This type of differentiability will allow us to represent any C>I'l
unimodal map as

f=¢oq.
where ¢ is a quadratic polynomial and ¢ has still enough differentiability to control cross-
ratio distortion. The precise description of this decomposition is given in Proposition 5.6.
For completeness, we include the proof of the a priori bounds in §7.

THEOREM 1.4. If f is an infinitely renormalizable C**" unimodal map, then
lim disto(R" £, f) =0.
n—od
A construction similar to the one provided for CZ unimodal maps leads to the following
result.

THEOREM 1.5. Letd, > 0 be any sequence with anl d, < oo. There exists an infinitely
renormalizable C**t\ unimodal map f with a quadratic tip such that

disto(R" f, f) = dp.
The analytic unimodal map f° is not a hyperbolic fixed point of R : Z/Igﬂ'l — YT,

Our second set of theorems deals with renormalization of C'*1P unimodal maps with
a quadratic tip.

THEOREM 1.6. There exists an infinitely renormalizable C'7P unimodal map f with a
quadratic tip that is not C% but

Rf = f.
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The topological entropy of a system defined on a non-compact space is defined to be
the supremum of the topological entropies contained in compact invariant subsets: we
will always mean topological entropy when the type of entropy is not specified. As a
consequence of Theorem 1.1 we get that renormalization on Z/Ig‘m has entropy zero.

THEOREM 1.7. The renormalization operator acting on the space of C'TYP unimodal
maps with quadratic tip has infinite entropy.

The last theorem illustrates a specific aspect of the chaotic behavior of the
renormalization operator on Z/l(; +Lip,

THEOREM 1.8. There exists an infinitely renormalizable C'tYP unimodal map f with
quadratic tip such that {c,}n>0 is dense in a Cantor set. Here cy, is the critical point

of R f.

2. Notation

Let I, J C R", with n > 1. We will use the following notation.

(1) Weletcl(/), int(J), and 9/ stand for respectively the closure, the interior, and the
boundary of 1.

(i) We let |/| stand for the Lebesgue measure of I.

(iii)) Ifn =1 then [/, J] is the smallest interval that contains / and J.

(iv) The Euclidean distance between x and y is denoted by dist(x, y) and

dist(/, J) = inf dist(x, y).
xel, yeJ

(v) If F is a map between two sets, then image(F') stands for the image of F'.

(vi) Define Diffi([O, 1), k=1, to be the set of orientation-preserving ck
diffeomorphisms.

(vii) Welet | - |x, k > 0, stand for the C¥ norm of the functions under consideration.

(viii) We let disty, k>0, stand for the Ck distance in the function spaces under
consideration.

(ix) There is a constant K > 0, held fixed throughout the paper, that lets us write
01 < Q3 if and only if

There are two rather independent discussions, one on C'+HP maps and the other on C2
maps. There is a slight conflict in the notation used for these two discussions. In particular,
the notation /' stands for different intervals in the two parts, but the context will make the
meaning of the symbols unambiguous.

3. Renormalization of CtUP unimodal maps
3.1.  Piecewise affine infinitely renormalizable maps. Consider the open triangle
A={(x,y)|x,y>0and x + y < 1}. A point (o9, 01) € A is called a scaling bi-factor.
A scaling bi-factor induces a pair of affine maps

oy : [0, 11— [0, 1],

o1 :10, 11— [0, 1],
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defined by
00(1) = —opt + o9 = op(1l — 1),
ot)=o1t+1—0o1=1—01(1 —1).

A function 0 : N — A is called a scaling data. For each ne N we set o(n) =
(00(n), o1(n)), so that the point (op(n), o1(n)) € A induces a pair of maps (69(n), 61(n))
as we have just described. For each n € N we can now define the pair of intervals

Iy =360(1) 060(2) o - - - 0 Go(n)([0, 1]),
I' =50(1) 059(2) 0 - - - 0 59(n — 1) 0 51 (n)([0, 1]).

A scaling data with the property
dist(o(n), 90A) > € >0

is called e-proper, and proper if it is e-proper for some € > 0. For €-proper scaling data
we have

<o

with n > 1 and j =0, 1. Given proper scaling data define

b= 1.

n>1

The point ¢, called the critical point, is shown in Figure 1. Consider the quadratic map

gc : [0, 11— [0, 1] defined as
2
Xx—c
qc(x>=1—< ) .
1—c¢

Given a proper scaling data o : N — A and the set D, = Unz 1 11 induced by o, we
define a map

Jo : Ds — [0, 1]
by letting fo | m be the affine extension of g.|j - The graph of f, is shown in Figure 27.

T We apologize for the large size of Figure 2. In a smaller size picture it would be impossible to see the graphs of
qc and f; apart.
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FIGURE 4.

Define xo =0, x_y =1 and, forn > 1,
Xp = AP\ AT,
yo =1\ Ly
These points are illustrated in Figure 3.

Definition 1. A map f, corresponding to proper scaling data o : N — A is called infinitely

renormalizable if, for n > 1:

(1)  [fo(xp=1), 1] is the maximal domain containing 1 on which faznf1 is defined
affinely; and

() 2N o), 1) =13

Define W ={f, : f, isinfinitely renormalizable}. Let f € W be given by the proper
scaling data o : N — A and define

I = [geGa=1)s 11=[f (a1, 1],
Let
hon:10, 11— [0, 1]

be defined by
hon =00(1) 0c0p(2) o---00p(n).

Furthermore let
}Azo,,, 1[0, 1] —» IB’
be the affine orientation-preserving homeomorphism. Then define
Ry fo i hy (Do) — [0, 1]

by
Rofs=hyp 0 fo0hon.

It is shown in Figure 4. Let s : AN - AN be the shift
s(o)k)=0(k+1).

The construction implies the following result.
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LEMMA 3.1. Let 0 :N— A be proper scaling data such that f; is infinitely
renormalizable. Then

Ry f o= fs”(o)~
Next let f, be infinitely renormalizable. Then for n > 0 we have that

2D, NI — I

o

is well defined. Define the renormalization R : W — W by
Rfs=h} o f}ohg,.

The map fg’_1 : f(’)’ — Iy is an affine homeomorphism whenever f, € W. This implies
immediately the following lemma.

LEMMA 3.2. One has R" f; : Dgn(s)y = [0, 1] and R" fo = Ry, fo .
PROPOSITION 3.3. One has W = { fy+} where o* is characterized by Rfsx = fy~.

Proof. Leto : N — A be proper scaling data such that f; is infinitely renormalizable. Let
¢, be the critical point of fin(,). Then

4c, (0) =1—01(n), (D
qc, (1 —o1(n)) = op(n), 2
enyg = 2 —¢Cn, 3)

oo(n)

We also have the conditions

op(n), o1(n) >0, “4)
oo(n) +oi(n) <1, (5
O<cy < % (6)

From conditions (1), (2) and (3) we obtain

2¢2 — 6¢3 4 5 —2¢)
(cn — 1O
2

cn J—
Ul(”)=m=1‘\l(€n), 3

S —6¢) + 17ct —25¢3 +21¢2 — 8¢, + 1
2¢t —5¢3 + 6c2 — 2¢p

oo(n) = = Ao(cn), )

= R(cn). €))

Cn+1 =

The conditions (4), (5) and (6) reduce to ¢ € (0, 1/2) and Ag(cy) + A1(cp) < 1. In
particular, using Figure 5, this defines the feasible domain to be

20n 2 <3, 4
C={c€(0,1/2)‘0§c(3 10¢ 4+ 11¢* — 6¢ +c)<1}

(c—1°
=1[0,035...].
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FIGURE 5. The graphs of Ap, A1 and Ag + Aj.
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FIGURE 6. R:C — R.
Notice that the map R : C — R (see Figure 6) is expanding. It follows readily that only

the fixed point ¢* € C and R(c*) = ¢* corresponds to an infinitely renormalizable f+.
Otherwise speaking, consider the scaling data o* : N — A with

o*(n) = (g (0), 1 —g=(0), n>1.
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Then s(0*) = 0* and Lemma 3.1 implies that
Rfo+ = fox. 0
Remark 3.4. Let I} = [x,—1, x,] be the interval corresponding to o', then

Jor (Xn—1) = gex (Xn—1).
Hence f,+ has a quadratic tip.

Remark 3.5. The invariant Cantor set of the map f,+ is next in complexity to the well-

known middle third Cantor set in the following sense:

(i) like in the middle third Cantor set, on each scale and everywhere the same scaling
ratios are used; but

(i) unlike in the middle third Cantor set, there are now two ratios (a small one and a
bigger one) at each scale.

This situation of rather extreme tameness of the scaling data is very different from the

geometry of the Cantor attractor of the analytic renormalization fixed point in which there

are no two places where the same scaling ratios are used at all scales, and where the closure

of the set of ratios is itself a Cantor set [BMT].

LEMMA 3.6. Let fy = fo+ where 0* :N — A is the scaling data with o*(n)(oy, o}).
Then

2
(0g)" =o7.

Proof. Let [l = fo(I}) = [fu(xn—1), 11 and IJ' = £ (1), Then f2'~1: 00 — 17 is
affine, monotone and onto. Further, by construction

2"—1,7n+1 1
/otagth =t

Hence,
|+

ok
=0r.

I
So 1| = (o))" and |f6’| = (0])". Now fs+ has a quadratic tip with

Jox(xn) = qe, (xn).

rn+1 2 +1 2
g |_<xn—c) _<|15‘ |> o)
1= T = = =10y) -

1] Xp—1—¢C ||

This completes the proof. O

Hence,
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3.2. C'*UP extension. 1In this subsection we will extend the piecewise affine map f; to
a C*LP ynimodal map. Let S : [0, 1]2 — [0, 1]2 be the scaling function defined by

e (x) _ ( —ojx + o ) _ (S](x))
y ofy+1—of S2(y)

and let F be the graph of f, = f5+, where fy+ : Dy — [0, 1], Dg+ = Unzl I{'. Then the
idea of how to construct an extension g of f; is contained in the following lemma.

LEMMA 3.7. One has F Nimage(S) = S(F).

Proof. Let h =hg+1 and h = hy+ 1. Let (x, y) € graph(f;) Nimage(S). Say (x, y) =
(S1(x), $2(y")) with $2(y") = fu(S1(x)). Since S1(x") =h(x’) and S2(y") = h(y’), we
can write y) =h ™! o f, o h(x'). By Lemma 3.1,

Y = Rifulx) = fulx),
which gives (x’, y') € graph( f,). This in turn implies that (x, y) € S(graphf;). By reading
the previous argument backward, we prove that S(graph f,) C F N image(S). a
LEMMA 3.8. One has S(graphg.+) C graph(q.+).

Proof. Let S(graph(q.+)) be the graph of the function ¢g. Since § is linear and g, is
quadratic, we get that ¢ is also a quadratic function. Then both g.+(c*) = 1 and g (c*) =1,
because S(c*, 1) = (c¢*, 1). Furthermore, by construction,

S(1, 0) = (0, g+(0)) = (0, g(0)).

Hence ¢.+(0) = ¢(0). Differentiate twice S>(y) =¢(S1(x)) and use (cxg)2 =o; from
Lemma 3.6, which proves that ¢”(c*) = qif* (c*). Now we conclude that the quadratic
maps g and g+ are equal. O

Let Fp be the graph of f |111. Then by Lemma 3.7, F = Ukz() SK(Fp). Let g be a C1+LiP

extension of fi on Dy, U [x1, 1] and Go = graph(g|(x,,1]). Then G = Ukzo SK(Gyp) is the
graph of an extension of f,. We prove that g is C!T1P and also has a quadratic tip. Let
B* = $k([0, 11%), where

B* = [xk—1, xk] x [Rk—1, 1] fork=1,3,5,...,
B = [xg, x11 % [fe—1, 11 fork=2,4, ...,
where £i_1 = ge(xx-1) = 1 = (67)*. Let by = (xu—1, £a—1) = $"(1, 0).
Remark 3.9. Notice that the points b, lie on the graph of g.«. This follows from
Lemma 3.8.
LEMMA 3.10. One has that G is the graph of a C' extension of fi.

Proof. Note that Gy =Sk(G0) is the graph of a C! function on [xk—1, xx41] for
k odd and on [xg4+1, xxk—1] for k even. To prove the lemma we need to show
continuous differentiability at the points b,, where these graphs intersect (see Figure 7).
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| L |
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FIGURE 7. Extension of fy, .

By construction Gg is C! at by. Namely, consider a small interval (x; — 8, x; + 8). Then
on the interval (x; — §, x1) the slope is given by an affine piece of f,, and on (x, x1 + &)
the slope is given by the chosen C' 1P extension. Let I' C G be the graph over this interval
(x1 — &8, x1 + 6). Then locally around b, the graph G equals S"~1(I"). Hence G is C! on
[0, 17\ {c*}. From Lemma 3.6, notice that the vertical contraction of S is stronger than the
horizontal contraction. This implies that the slope of G, tends to zero. Indeed, G is the
graph of a C! function on [0, 1]. O

PROPOSITION 3.11. Let g be the function whose graph is G; then g is C'tUP with a
quadratic tip.

Proof. Since f,|p, has a quadratic tip, the extension g has a quadratic tip. Because g is
C', we only need to show that G, is the graph of a C'*1P function

8n - [xn—1, xn—H] — [0, 1]
with a uniform Lipschitz bound. That is, forn > 1,
Lip(g,, ;) <Lip(gy).

Assume that g, is C'*1P with Lipschitz constant Lip, for its derivative. We prove that
Lip,,, <Lip,, and in particular Lip,, < Lip,. For, given (x, y) on the graph of g, there
is (x’, ¥') = S(x, y), on the graph of g,+1. Therefore, we can write

gnr1(x) =0{gn(x) +1—o07.

Since x =1 — (x"/o(), we have

x/
Snt1(x") :al*gn(l — F) +1—-o0.
0
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Differentiate, giving

/ / _UI* / x'
X)) = I
gn-H( ) O‘(;k gn( O,O*

Therefore, we obtain

*

/ /
_0'1 xl x2
181 () — ghy (KD = ‘— g,;<1 - ?) _ g;l<1 _ U_)‘
of
S orplipE)lx — 53l

From Lemma 3.6 we have Ul*/(cr(;“)2 = 1. Hence

Lip(g,, 1) < Lip(g,) < Lip(g}).
which completes the proof. a

If f, is infinitely renormalizable, then every extension g of f; maps I(} onto / 1], and / 11
monotonically onto 101. Hence, g is renormalizable in the classical sense. Observe that Rg
is an extension of Rf;. Hence, Rg is renormalizable in the classical sense. In fact, g is
infinitely renormalizable.

THEOREM 3.12. There exists an infinitely renormalizable C' P unimodal map f with a
quadratic tip that is not C% but

Rf=f.

3.3. Entropy of renormalization. For all ¢ € C'*HP ¢ :[x;, 1]— [0, 1], which
extends fy, we constructed f, € C'*HP in such a way that:

(i) Rfy=fy;and

(i)  f has a quadratic tip.

Now choose two C!*LP functions that extend Sfes say ¢o:[x1, 11— [0, 1] and ¢ :
[x1, 1] — [0, 1]. For v = (wk)i>1 € {0, I}N, define

Fu(w) = " (graphg,, )
and

F(w) = Fi(o).

k>1

Use the same argument as was given before to show that the set F(w) is the graph of a
C'+1P map with a quadratic tip. Now let

r:40, N = {0, N
be the shift map defined by
T(@)n = wp+1

(so that the map t acting on the set {0, 1}V is the full 2-shift).
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PROPOSITION 3.13. Forall w € {0, 1},
210, x11 = [0, x1]
is a unimodal map. In particular, f, is renormalizable and

wa = ff(a))'

Proof. Note that f,, : [0, x;]— I is unimodal and onto. Furthermore, f,,: I} — [0, x1]
is affine and onto. Hence f, is renormalizable. The construction also gives

wa:fr(a))~ O

THEOREM 3.14. Renormalization acting on the space of C'TYP unimodal maps has
positive entropy.

Proof. Note that  — f,, € C1*HP is injective. Hence the domain of R contains a copy
of the full 2-shift (i.e., contains a subset on which the restriction of R is topologically
conjugate to the full 2-shift). O

Remark 3.15. We can also embed a full k-shift in the domain of R by choosing
$0. 1. . .., ¢pr—1 and repeat the construction. The entropy of R on C'TMP is actually
unbounded.

4. Chaotic scaling data
In this section we will use a variation on the construction of scaling data as presented in §3
to obtain the following theorem.

THEOREM 4.1. There exists an infinitely renormalizable C'*YP unimodal map g with
quadratic tip such that {c,}n>0, where cy, is the critical point of R" g, is dense in a Cantor
set.

The proof needs some preparation. For € > 0 we will modify the construction as
described in §3. This modification is illustrated in Figure 8. For ¢ € (0, 1/2) let

o1(c, €) =1 — g.(0),
oo(c, €) = €q2(0),

where € > 0 and close to 1. Also let
,€) — 1
R(C, 6) — M — — 2C —.
oo(c, €) q:(0) €

In §3 we observed that R(c, 1) has a unique fixed point ¢* € (0, 1/2) with feasible
oo(c*, 1) and oy(c*, 1). This fixed point is expanding. Although we will not use this, a
numerical computation gives

oR
—(c*, 1) >2.
dc

Now choose €y > €7 close to 1. Then R(-, €9) will have an expanding fixed point c(’)k and
R(-, €1) a fixed point c]. In particular, by choosing €y > €| close enough to 1 we will
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get the following horseshoe as shown in Figure 9. More precisely, there exists an interval
Ao =[cj, aol and Ay = [ay, c]] such that

Ro: Ao — [cg, c]1D Ag
and
Ry : A — [cg, c]1 D Ay

are expanding diffeomorphisms (with derivative larger than 2, but larger than 1 would
suffice to get a horseshoe). Here

Ro(c) =R(c,e9) and Ri(c) = R(c, €1).
Use the following coding for the invariant Cantor set of the horseshoe map

c: {0, BN = [¢f, ¢*]
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FIGURE 10.

with
c(tw) = R(c(w), €wy),

where 7 : {0, 1}N — {0, 1}N is the shift. Given w € {0, 1}N , define the following scaling
datac : N — A:
o (n) = (00(c(t"w), €v,), 01(c(T" W), €y,))-

Again, by taking €g, €] close enough to 1, we can assume that o (n) is proper scaling data
for any chosen w € {0, 1}V, As in §3 we will define a piecewise affine map

fo: Dy =1 — 10, 11.

n>1

The precise definition needs some preparation. Use the notation as illustrated in Figure 10.
Forn > 0 let

I(;l =[xy, Xp—1],
where x, =9I \ 816’_1, n>1,and
I]n = [yn, xn—2]7

where y, =3I \ 31§ ', n > 1.
Let

I§ = qe(xn—1, 1) = ge () = (21, 11,
where X,_1 = g.(x,_1). Finally, let IA{HI =[Xp_1, Yna1] C fg such that
117 = oo I 1.
Now define f,, : I {1“ Ny {1“ to be the affine homeomorphism such that
Joo(Xn=1) = gc(xXp—1) = Xn—1.
LEMMA 4.2. There exists K > 0 such that

| 2

Og)

1 |
— <
K~ |1

<K.

3
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Proof. Observe that c(n) = c(t" ) € [cg, ci], which is a small interval around c¢*. This
implies that, for some K > 0,

L _le=xl _p
K~ |5 -
Then R
151 lge(le, XDl (¢ —xpm)* 1
1151 |15 1? (1—0)? UH?
which implies the bound. g

Let S5 :[0, 1] — IA(’} be the affine orientation-preserving homeomorphism and S7 :
[0, 1] — 1§ be the affine homeomorphism with S} (1) = x,,—1. Define

S0, 117 — [0, 11

The image Of S iS Bn .

Let F, = (S")~!(graphf,). This is the graph of a function f,. We will extend this
function (and its graph) on the gap [og(n), | — o1(n)]. See Figure 11. Notice that
oo(n), 1 —o1(n), Dfy,(o9(n)), and Df,(1 — o1(n)) vary within a compact family. This
allows us to choose from a compact family of C'*1P diffeomorphisms an extension

8n :loo(n), 11— [0, fu(o0(n))]

of the map f;,. The Lipschitz constant of Dg,, is bounded by Ky > 0. Let G,, be the graph
of g, and

by

G= U S™(Gp).

n>0
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Then G is the graph of a unimodal map
g:[0, 11— 1[0, 1]

that extends f,,. Notice that g is C!. It has a quadratic tip because f,, has a quadratic tip.
Also notice that §"(G,) is the graph of a C!*1P diffeomorphism. The Lipschitz bound L,,
of its derivative satisfies, for a similar reason as in §3,

\n X
< ——— Kp.
T an R

This is bounded, by Lemma 4.2. Thus g,, is a C'*1P unimodal map with quadratic tip.
The construction implies that g is infinitely renormalizable and

graph(R"g,) D F,.

One can prove Theorem 4.1 by choosing w € {0, 1} such that the orbit under the shift
is dense in the invariant Cantor set of the horseshoe map.

Remark 4.3. Letw = {0, 0, . ..}, then we will get another renormalization fixed point that
is a modification of the one constructed in §3.

5. C*' unimodal maps
Let f:[0,1] — [0, 1]bea C? unimodal map with critical point ¢ € (0, 1). Say, sz(x) =
E(1 + &(x)), where

e:[0,11—-R

is continuous with £(c) = 0 and E = D? f(c) #0. Then let
€:[0, 11— R

be defined by

g(x) = ! /Xe(t)dt.
x—c J:

Notice that € is continuous with £(c¢) = 0. Furthermore, 1 4+ &(x) # 0 for all x € [0, 1].
Since

Df(x)=E(x —c)(1 + &(x)),

Df (x) equals zero only when x = c. Let the map

5:[0,1]—> R
be defined by

§(x)=¢e(x) —e(x).

Notice that § is continuous and 8(c) = 0. Finally, define

B:[0,1]1-R
by

B(x) = /X LS(I) dt.
. t—c
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LEMMA 5.1. The function B is continuous and ¢ = § + .
Proof. The definition of § gives & = ¢ — §, which is differentiable on [0, 1] \ {c}, and
e(x) = ((x — o) (e = ()
=¢e(x) —8(x) + (x —c)(e — 8)'(x).
Hence,
S(x)=(x —c)(e —8) (x).

This implies that
S(x)=8(x)+/ ia(r) dr =8(x) + B(x). O

Definition 2. Let f : [0, 1] — [0, 1] be a unimodal map with critical point ¢ € (0, 1). We
say that f is C>*I!if and only if

N R |
ﬁ:xr—)/ —8(t)| dt
c |t - Cl
is continuous.

Remark 5.2. Every C**® Holder unimodal map, o > 0, is C>+1'.

Remark 5.3. 1f D? f is monotone, then B =pf or ,é =—8. So /§ is continuous according
to Lemma 5.1. Hence, the very weak condition of local monotonicity of D? f is sufficient
for f to be C*HI.

Remark 5.4. The C**!'l unimodal maps are dense in C2.
Remark 5.5. There exist C2 unimodal maps that are not C>*!'l. See also Remark 11.2.
The nonlinearity ng : [0, 11 - Rofa c! diffeomorphism ¢ : [0, 1] — [0, 1] is given by
1¢(x) = D In D¢ (x),
wherever it is defined.

PROPOSITION 5.6. Let f be a C*tI' unimodal map with critical point ¢ € (0, 1). There
exist diffeomorphisms

¢+ :[0, 11— [0, 1]
such that

¢+(5]c(x)), X € [C, 1]7

J= {¢<qc<x)>, xel0, cl,

with

ne. € L1([0, 1]).
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Proof. Tt is plain that there exists a C! diffeomorphism
¢4 110, 1] — [0, 1]

such that, for x € [c, 1],

F(&x) = ¢1(qc(x)).

We will analyze the nonlinearity of ¢. Observe that

(x —0)
Df(x)= _ZWD¢+(CIC(X))
and
(x —¢)? 1
D*f(x) = 4(1_—0)4D2¢+<qc<x>) ~ 2T DA+ @)
= E(1 4+ e(x)).

As we have seen before, we also have
Df(x)=E(x —c)(1 + &(x)).
This implies that

—(1=0)le(x)—ekx) 1
2 1+8(x) (x—0)?

Mg, (qc(x)) =

Therefore, by performing the substitution u = g.(x), we get

1 ¢ xX—c
| sl du= [* <2y, etopl =55 s

_/1 o) — &)1
). 14Ex) x—c
! /1 RI&]
~ min(1 +8) J. |x—c|

dx

dx < 0.

401

(10)

(1)

12)

13)

(14)

We have proved that ng, € L'([o, 1)). Similarly, one can prove the existence of a c!

diffeomorphism

¢— :[0, 11— [0, 1]
such that, for x € [0, c],

fx) =¢_(g:(x))
and

ne. € L'([0, 1]).
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6. Distortion of cross-ratios

Definition 3. Let J C T C [0, 1] be open and bounded intervals such that 7 \ J consists
of two components L and R. Define the cross-ratios of these intervals as

IJIIT|

DT, J)=——.
@ ILIIR]

If f is continuous and monotone on 7', then define the cross-ratio distortion of f as

DU, fFUI)

B(f,T,J)= DT J)

If f"|r is monotone and continuous, then
n—1 ) )
B(f", T, 1y=[] B, f1(T), f1()).
i=0

Definition 4. Let f : [0, 1] — [0, 1] be a unimodal map and 7" C [0, 1]. We say that
{f(T):0<i<n)
has intersection multiplicity m € N if and only if, for every x € [0, 1],
#i<nlxef(D})=m
and m is minimal with this property.

THEOREM 6.1. Let f:[0, 1] — [0, 1] be a CHM unimodal map with critical point
c € (0, 1). Then there exists K > 0, such that the following holds. If T is an interval such
that f"|7 is a diffeomorphism then, for any interval J C T with cI(J) C int(T'), we have

B(f", T, J) = exp{—Km},
where m is the intersection multiplicity of { f/(T) : 0 <i <n}.

Proof. Observe that g, expands cross-ratios. Then Proposition 5.6 implies that

_ 4 Do (ji) D (1)

B(f, f1(D), f1 (1)) > ———m
R A R Y STAY; Y

where ¢; = ¢, or ¢_ depending whether f*(T) C [c, 1] or [0, ¢], and

Ji € qe(f1 (),
i € qe(f1(T)),
i € q.(f (L)),
i € q.(f'(R)).

~ o~

~
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Thus
n—1

In B(f", T, J) =) InB(f, f{(T), f'(J)
i=0

v

n—1
> "(in D (ji) — In D (1;)) + (In D (t;) — In Depi (1))
i =0

n—1
= = D e D11 =il + Ing, €11 1; = il

>
i=0
> —2m</ o1+ [ |n¢|)
= —Km.
Therefore
B(f", T, J)>exp{—Km]}. O

The previous theorem allows us to apply the real Koebe lemma. See [MS] for a proof.

LEMMA 6.2. (Real Koebe lemma) For each K1 >0, 0 <t < 1/4, there exists K < 00
with the following property.
Let g: T — g(T) C [0, 1] be a C' diffeomorphism on some interval T. Assume that
for any intervals J* and T* with J* C T* C T one has
B(g, T*, J*)>K; >0

for an interval M C T such that cl(M) C int(T'). Let L, R be the components of T \ M.

Then, if
L R
lg(L)] >t and lg(R)] _—
lg(M)] lg(M)]
we have | .
forallx,ye M, _<|g(x)|<K.

K 7 1ggWml—

Remark 6.3. The conclusion of the real Koebe lemma is summarized by saying that g|y
has bounded distortion.

7. A priori bounds

Let f be an infinitely renormalizable C>*!'| unimodal map with quadratic tip at ¢ € (0, 1).
Let If =[f (o), f 2 (c)] be the central interval whose first return map corresponds
to the nth renormalization. Here, we study the geometry of the cycle consisting of the

intervals

I=fiag, j=01,...,2"—1.
Notice that

1]’.’“,1]’.’121,@17, j=0,1,...,2"— 1.

Let [ l” and 1] be the direct neighbors of / ]” for3 < j <2".

https://doi.org/10.1017/50143385708080371 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385708080371

404 V. V.M. S. Chandramouli et al

LEMMA 7.1. For each 1 <i < j, there exists an interval T that contains Ii", such that
f-/_i T — [Il", 1'] is monotone and onto.

Proof. Let T C [0, 1] be the maximal interval that contains I such that f/7i|7 is
monotone. Such an interval exists because of monotonicity of f/~* |- The boundary
points of T are a, b € [0, 1]. Suppose that £/~ (b) is to the right of /7. The maximality of

T ensures the existence of k, k < j — i, such that fk(b) =c. Becausei + k < j <2", we
have ¢ ¢ /1", and so SENT) D 1T Moreover, f771=®+D] iy 1) is monotone. Hence
fJ*’*("*‘)hf is monotone. So 1+ j —i — (k+ 1) <2". This implies that £/~ (T)

contains /{' i (k1) In particular, f/~#(T) contains I'. Similarly we can prove that

f77!(T) contains I}'. O

LEMMA 7.2. (Intersection multiplicity) Let f/~': T — [I}', I"'] be monotone and onto
with T D I'. Then, for all x € [0, 1],

#lhk<j—i| ffT)>x)<7.

Proof. Without loss of generality we may restrict ourselves to estimate the intersection
multiplicity at a point x € U, where

U=I[1", I'=[u, u.
Let ¢; € 1] such that f 2"~l(¢)) = c and
Cr=1lu,clCI.
Similarly, define
Cr=ler,u ] C I
Let Ty = fN(T), k=0,1,...,j—i.

CLAaM. Ifi+k¢{l, j,r}and Ty NU # 0, then:
@ I1,NU=0
(i) UNTy=1orCiorll orC,.

Proof. Let T\I'=LUR and then we may assume that U N Ty = U N Ly, where
Ly=f k(L). This holds because Il.’ch N U = ¢. Consider the situation where

I"'N Ly #0.

The other possibilities can be treated similarly. Notice that /' cannot be strictly contained
in L. Otherwise there would be a third ‘neighbor’ of 1 j" inU.Leta=09LNJT. Notice
that

ffa)yedLynir.
Furthermore, notice that

I (f*ay) e du.
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This means that f/=%( f¥(a)) is a point in the orbit of ¢. This holds because all boundary
points of the interval 1 j” are in the orbit of ¢. Hence, f¥(a) is a point in the orbit of ¢ or

f*(a) is a preimage of c. The first possibility implies that f*(a) € 31". This implies that
UNTy=UNLy=1"
The second possibility implies that f*(a) = c,, which means that
UNTy,=UNLg=Cs.
This finishes the proof of the claim. g

This claim gives 7 as a bound for the intersection multiplicity. O

PROPOSITION 7.3. For j <2", f¥—J: Ij’.‘ — I has uniformly bounded distortion.
Proof. The proof is broken into four steps.

Step 1. Choose jo <?2", such that, for all j <2", we have |Ij'.g| < |Ij’.’|. By
Lemma 7.1 there exists an interval neighborhood 7, = L9 U Ity RY such that f/=!:
T,— ' I' DI ]'z) is monotone and onto. Lemma 7.2 together with Theorem 6.1 allow
us to apply the Koebe lemma (Lemma 6.2). So, there exists 79 > 0 such that

Lyl [RY| = 7ol 1.
Let U, =1}, V, = f_l(Lg Uryu RS) and let L}l, R,ll be the components of V, \ U,.
From Proposition 5.6 we get 71 > 0 such that

1 (pl
ILals IR, | = 71 |Unl.

Step 2. Suppose that W, = [Il:, Ir’; ], where Il’;, I,’i are the direct neighbors of U,.
We claim that V,, C W,,. Suppose that it is not. Then, say Ir’: C int(V,) implies that
f(Ir’;) C int(Lil). So, fj0’1|f(1;;1) is monotone implies that r, + jo <2" and ij(Ir’;)
C int([/}*, I']). This contradiction concludes that V;,, C W,,.

Step 3. Let L,, R, be the components of W,, \ U,,. Then

[Lul, IRy| = T1|Uyl.

Step 4. For all j < 2", there exists an interval neighborhood T; that contains [ j" such

that f2'~7/ T; — W, is monotone and onto. Now Proposition 7.3 follows from Lemma
7.2 together with Theorem 6.1 and the Koebe lemma (Lemma 6.2). O

COROLLARY 7.4. There exists a constant K such that
2”
IDfY gl < K.

Proof. Let x € I{'. Then from Proposition 7.3 we get K1 > 0 such that, for some x € I{,

- 2 ( DY ~(x)
D1y _ 8 { }
| f (.X)| |I{1| szn_l(xo)

[y ]
=t

https://doi.org/10.1017/50143385708080371 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385708080371

406 V. V.M. S. Chandramouli et al

Proposition 5.6 implies that there exists K7 > 0 such that, for x € I,
IDf (x)| < Ka|x — ¢l
and
1
Il
2

Now, for x € 161,

. 14
IDf~ ()] = Kalx — ¢l |1{1|K1
L -
< K)K; TH =K);Ki =K.
1
Therefore, we conclude that |Df2n| 16'| <K. O

Definition 5. (A priori bounds) Let f be infinitely renormalizable. We say that f has a
priori bounds if there exists T > 0 such that, for all n > 1 and j < 2", we have

n+l1 n+1
17 |Ij+2n| 15
ARG (15)
| j| | j|
1 n+1
VANl e S]
T < / 7 ths , (16)
177]
where [ 7“, I ;1121,, are the intervals of the next generation contained in / J”

For a general discussion on real a priori bounds, see [MS] and the references therein.
The proof of the following proposition follows closely the argument in [MMSS].

PROPOSITION 7.5. Every infinitely renormalizable C*>T"\ map has a priori bounds.

Proof. The proof consists of five steps.

Step 1. There exists 71 > 0 such that |16’+1|/|I(’}| > 11. Let Ij = [ay, ay—1] be the
central interval, and so a, = f 2"(¢). A similar argument as in the proof of Corollary 7.4
gives K1 > 0 such that

_ 2
2 (lan, D] < <|aTzn|C|> K.
0

Notice that
£ (an, e = 1,

thus
|2

a, —
|an X\,

| < =
1171

Note also that

R =1 o la, cl.
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Therefore, by Corollary 7.4,

2
. an — ¢
lan — el < 172 (1)) = KI5 < K A K
0

This implies that
1
|an - C| = ?'I(I)IL

which proves that |15 |/|1| > 7.
Step 2. There exists 72 > 0 such that |I£',1+1 |/11y] = 7. From above we get

allf| < 1 =12 apth < Kt

This proves that

Step 3. There exists 73 > 0 such that the following holds:

+1 +1

LRl

n 9 n —_— 3
TARTH

Because
f2n_j(ljr_z+l)=161+l’ fzn—j(]]’_l)=16l7
and from Proposition 7.3, we get a K > 0 such that

In+1 In-‘rl
Ijn |zl|°n|zﬂ.
|Ij| K 1| K

Hence, |I}“+l |/|I;’| > 13. Similarly we prove that |I]'.'i'21,,
proof of (15).
Step 4. To complete the proof of the proposition, it remains to show that the gap between

the intervals 16’“, 12",,‘H and as well as IJ’.H'I, 1]'.’121,, are not too small. Let

[/11 ]’.’| > 13, which completes the

Gy =13\ (T unth.
We claim that there exists 74 > O such that

G
Gl .
15

Let H, be the image of G,, under fzn. Then H,, = fzn (Gn) D 13”_‘2",,2. The claim follows by
using Corollary 7.4 and the bounds we have so far, namely,

2 1
K|Gy| = |Hy| = 1537 = 13| 15,7 | = 32| I |
This implies that

|Gl = wally.
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Step 5. Let G’} = I;? \ (I]’.’Jrl U 17:21»1), then there exists 75 > 0 such that

n
G"|

n
171

> T5.

We have f2'~J (G;f) =G, and f2'~J (I]’.’) = Ijj. Since £2"~J has bounded distortion, we
immediately get a constant K > 0 such that

1G] LG
|I}’| TK|I§l T K
This implies that
Gl = w171,
This completes the proof of (16). a

8. Approximation of f| g by a quadratic map

Let ¢ : [0, 1] — [0, 1] be an orientation-preserving C 2 diffeomorphism with nonlinearity
ne : [0, 1] — R. We identify a C? diffeomorphism with its nonlinearity, which is a
continuous function. Hence, we identify the set of C? diffeomorphisms with the vector
space of continuous functions equipped with the C° norm. In this context

lP1 = nglo

becomes a norm (nonlinearity norm), see [M]. Let [a, b] C [0, 1] and f:[a, b]
— f([a, b]) be a diffeomorphism. Let

l[a,b] : [O’ 1] - [a’ b]
and
L (tay [0, 11— f([a, b])

be the affine homeomorphisms with 1 51(0) =a and 174 5))(0) = f(a). The rescaling
Sia.b1 : [0, 1] — [0, 1] is the diffeomorphism

fia1 = A papn) " o f 0 Liap)-
We say that 0 € [0, 1] corresponds to a € [a, b].

PROPOSITION 8.1. Let f be an infinitely renormalizable C**'" map with critical point
ce(0,1). Forn>1and1 < j <2" we have

fir =9 oq].

where
Q7 = (CIc)Ij" : [07 1] e [07 1]

such that 0 corresponds to fl(c) e I;-’ and ¢;? .10, 11— [0, 1] a C? diffeomorphism.

Moreover
2" —1
lim E |9 =0.
n—o0 4 J
j=1
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Proof. If 1 j” C [c, 1] then use Proposition 5.6 and define
P = (@+)gerry - 10, 11 =10, 1]

such that 0 € [0, 1] corresponds to g.(f/(c)) € qc(I]'.’). In the case Ij’.’ € [0, c] then let
¢ = (@-)g.zy : 10, 11 = [0, 1],

where again 0 € [0, 1] corresponds to g.(f" Ie)) e qL(I ™). Let r; ! be the nonlinearity of
¢>” Then the chain rule for nonlinearities [M] gives

001 = e (D] ng, (LG,

where 1;5 :[0, 11— qc(lf) is the affine homeomorphism such that 1;5(0) =q.(f/(c)).
Now use (11) to get

(1—-0)? 1 18(x)]
Inflo < lgc(})] . _ ~
2 mmxeljr;(l + €(x)) xel! (x —c)
1 18(x)]
< — — ¢ —c| |I]] sup ——,
minyepo,17(1 + €(x)) xel” |x —c|
where
lge(IM)]
|D%@pr=—ﬁﬁ—
J

and 5;1 el J” The a priori bounds give K| > 0 such that
dist(c, 1) > L|[”|
E) ] - Kl ] .

This implies that, for some K > 0,

|6 (x)] .

er” lx —cl

In}l <K su

Therefore,

21 21
16(x)]
}:hmu<lr§: i
j=1 xEI" lx —
=KZ,.
Let A, = U?r:ol 1 j” The a priori bounds imply that there exists T > 0 such that
[Anl = (1 = D) An-1l.

In particular, |A| =0, where A N A, is the Cantor attractor. Now we go back to our
estimate and notice that Z,, is a Riemann sum for

/ [8(x)] dx
A 1X —cl
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Suppose thatlim sup Z, = Z > 0. Let n > 1 and m > n. Then we can find a Riemann sum

Y n for
8
/ [8(x)] dx
A, X —cl

by adding positive terms to Z,,. Then

8
/ P dx =limsup X, , > limsup Z,,, > Z > 0.
A

n |x —C| m— 00 m—o0

Hence,

5
/ PO s 7250
A

lx —cl
This is impossible because |A| = 0. Thus we have proved that

2"—1

> ¢l — 0. O
j=1

9. Approximation of R" f by a polynomial map
The following lemma is a variation on the sandwich lemma from [M].

LEMMA 9.1. (Sandwich) For every K > O there exists a constant B > 0 such that the
following holds. Let 1, Y2 be the compositions of finitely many ¢, ¢; € Diff_%([O, 1],

l<j<n:
Yi=¢no---o¢o...¢P
and
Yr=¢po0---oPir10opopo...p1.

If

D_lejl+ 1ol <K,

j
then

Y1 — 2l < Blg|.

Proof. Letx €[0,1]. For 1 < j <nlet
Xj=@¢j-10---0¢20¢1(x)
and
Dj=($pj—10--0drop1)(x).

Furthermore, forr + 1 < j <n, let

Xp=¢j10- 0 p1(@(41)
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and

D} =(pj_10---0Pip1) (x/ 1)@ (xr41)Dyry1.

Now we estimate the difference of the derivatives of v and v, namely,

Dyn(x) D¢;(x})
Do) Dé(x1+1) /l;[rl Do)’

In the following estimates we will repeatedly apply [M, Lemma 10.3], which says that
eVl < Dylo < .
This allows us to get an estimate on |Dy; — Do in terms of Dyrp/Dr1. Now
Dg;(x}) = Depj(x;) + D*¢; (&) (x] — x)),
and therefore
Do;(x}) - 1D*¢jlo D5

< x; —xjl
D¢/(xj) D¢j(x/)
=1+ 0(¢j)|xj —xjl.

To continue, we have to estimate |x} — x;j|. Apply [M, Lemma 10.2] to get

¥ —xjl = O(x4; — Xe+11)
= 0(I9)).
Because ) |¢;| + [¢| < K, there exists K; > 0 such that

Dy (x)
1+0 .
Dy ¢ jﬂf +0x0;1 161)

< oIl oK1 T 151101,

Hence, we have

DYz _ Jola+xik),
Dy

We get a lower bound in similar way. So there exists K> > 0 such that

Kool < 1PVl _ kg
[ Dy
Finally, there exists B > 0 such that
|Dy2(x) — Dy (x)] < Blol. U
Let f be an infinitely renormalizable C>*!'l unimodal map.

LEMMA 9.2. There exists K > 0 such that, for all n > 1, the following holds:

Y. =K.

I<j=<2"-1
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Proof. The nonlinearity norm of q;', j=1,...,2"—1,is
" = 177
U= Qs o)
Let
2" 1

Qn=)_ 14l
j=1

Observe that there exists 7 > 0 such that, for j =1,2,...,2" — 1,

1 1
[+ 1]
dist(I", ¢)

1 1
[+ 17

+1 +1
g7 1 + g7l <
= lq]| T
J
17— G|
= ¢ L < 1gl1(1 — ).
|17]
Therefore
On1 = (1= 1) Qu +lg5" .
From the a priori bounds we get a constant K1 > 0 such that
In+1|
n+1 < |L <K
|q2n |_ |ng| = 1-
Thus we have
Ony1 =(1 —7)0n + K.

This implies the lemma. O

Consider the map f : 1y — I and rescale affinely range and domain to obtain the
unimodal map

A

fn 1[0, 1] =[O, 1].

Apply Proposition 5.6 to obtain the following representation of f,,. There exists ¢, € (0, 1)
and diffeomorphisms ¢’} : [0, 1] — [0, 1] such that

fa) =¢" 0ge,(x),  x €len, 1]

and

Fa) =¢" 0ge,(x),  x €10, cul.

Furthermore

l¢%]—0
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when n — oo. Let g = ¢, . Use Proposition 8.1 to obtain the following representation for
the nth renormalization of f:

R'f =@ yoqh Do 0@ ogho- o og))odloq.
Inspired by [AMM] we introduce the unimodal map
fn=q'£n_1 o---oq;’o~--oq?oqg.

PROPOSITION 9.3. If f is an infinitely renormalizable C**'"! map, then

lim |R"f — ful1 =0.

n—od
Proof. Define the diffeomorphisms

Vi =qh yo-0q)o (@] joq} )o--o(@]og])odl

with j =0, 1, 2, ..., 2". Notice that

R" f(x) = ¥ 0 (x)
and that

fa@) =¥ 0 g (),

where we use again the & distinction for points x € [0, ¢;] and x € [¢,, 1]. Apply the
sandwich lemma (Lemma 9.1) to get a constant B > 0 such that

Wi, — ¥l < Blg)]

for j > 1, and also notice that
Vi = ¥5h < BIgtl — 0.
We can now apply Proposition 8.1 to get
. + . * . n ny__
Jim gy —ygh< lim B 191+ 1641 =0,
1<j=2n-1

which implies that

lim |R"f — f,l1 =0. O

n—oo

10. Convergence
Fix an infinitely renormalizable C>*!"l map f.

LEMMA 10.1. For every No> 1, there exists ny > 1 such that f, is Ny times
renormalizable whenever n > nj.

Proof. The a priori bounds from Proposition 7.5 give d > 0 such that, forn > 1,
(R ) (@) = (R" ) (c)| = d
foralli, j <2M*!andi # j. Now by taking n large enough and using Proposition 9.3 we
find
[fale) = fil (@ = 3d
for i # j and i, j <2No*! The kneading sequence of f, (i.e., the sequence of signs of
the derivatives of that function) coincides with the kneading sequence of R” f for at least

2No+1 positions. We have proved that f,, is Ny times renormalizable because R" f is No
times renormalizable. O
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The polynomial unimodal maps f; are in a compact family of quadratic like maps. This
follows from Lemma 9.2. The unimodal renormalization theory presented in [Ly] gives us
the following result.

PROPOSITION 10.2. There exist No > 1 and ny > 1 such that f, is Ny renormalizable and
disty (R0 fi,, W) < 5 dist; (f, W*).

Here, W" is the unstable manifold of the renormalization fixed point contained in the space
of quadratic like maps [Ly]. Recall that dist; stands for the C I distance.

LEMMA 10.3. There exists K > 0 such that, forn > 1,
dist; (R" f, W*) < K.
Proof. This follows from Lemma 9.2 and Proposition 9.3. a
Let £ € W* be the analytic renormalization fixed point.
THEOREM 10.4. If f is an infinitely renormalizable C**" unimodal map, then
nlggo disto(R" f, ) =0.
Proof. For every K > 0, there exists A > 0 such that the following holds. Let f, g be
renormalizable unimodal maps with
IDflo, IDglo = K,

then

disto(Rf, Rg) < A disto(f, g). 17
Let Ny > 1 be as in Proposition 10.2. Now

disto(R"N0 £, W*) < disto(RM(R" ), RNO ) + disto(R™ f,, W")
< AN disto(R" f, fu) + 3 disto(fn, W").

Notice that
disto(f,, W*) < disto(fr, R" f) + disto(R" f, W*).
Thus there exists K > 0 such that

disto(R"N0 £, W*) < 1 disto(R" f, W") + K disto(R" f, f).

Let
zn = disto (R0 £, W)
and
8, =disto(R" £, fn).
Then

1
Zn+1 =< 34n + KanN(y
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This implies that
1\"/
211§ZK8jNO<§) .
j<n
Now we use that &, — 0 (see Proposition 9.3) to get z, — 0. So we have proved that
R0 f converges to W*. Use (17) and R(W*) C W* to get that R" f converges to W* in

€0 sense. Notice that any limit of R” f is infinitely renormalizable. The only infinitely
renormalizable map in W* is the fixed point f. Thus

lim disto(R" f, f©) =0. O
n—>0oo

11.  Slow convergence
THEOREM 11.1. Let d, > 0 be any sequence with d, — 0. There exists an infinitely
renormalizable C* map f with quadratic tip such that

disto(R" f. f) = dy.
The proof needs some preparation. Use the representation
/. :) =¢oqc,

where ¢ is an analytic diffeomorphism. The renormalization domains are denoted by /;
with

c= m Iy.

n>1
Each I(’} contains two intervals of the (n + 1)th generation, namely I(')’ +1 and I;,[F I Let
Gn =13 \ (g U I,
G =qc(Gn) C 1§ = qe(15)
and I3 = g.(I3+"). The invariant Cantor set of £ is denoted by A. Notice that
ge(M) NI C g u .
The gap G, in f(;’ does not intersect with A. Choose a family of C? diffeomorphisms

¢ [0, 11— [0, 1]

with the following properties:

(1) D¢ (0) = D¢ (1) =1;

(i) D¢ (0) = D*p(1) =0;

(iii) for some C; > 0, distg(¢p;, id) > Cyt; and

(iv) for some C2 > 0, [ng,lo < Cat.

Letm =min D¢ and ¢, = 1/(mC |Gl d,,. Now we will introduce a perturbation & of ¢.
Let

1,:10, 1] = G,
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be the affine orientation-preserving homeomorphism. Define
¥ [0, 11— [0, 1]

as follows:

=
RS

Q»
3

‘x’

3
3%
=)

V(x) =

QY

lyody, ol (x), xe

ne

Let
f=¢ovog.=¢ogq..

Then f is a unimodal map with quadratic tip that is infinitely renormalizable and still has
A as its invariant Cantor set. This follows from the fact that the perturbation did not affect
the critical orbit and it is located in the complement of the Cantor set. In particular, the
invariant Cantor set of R" f is again A C I(% U 111 and G is the gap of R" f. Notice, by
using that £ is the fixed point of renormalization, that, for x € G,

R'f(x)=¢oliog, ol og.(x).
Hence,
IR"f — f2lo > max IR" f(x) — f2(x)]
xel

> max m |(11 0 ¢y, 0 17 1)ge(x) — ge(x))|

xeG

> m max [(11 o ¢y, o 17 (x) — x|
xeGq

= m|G1 |¢y, — idlo
> m|G1|City = dy.
It remains to prove that f is C2. The map f is CZ on [0, 1]\ {c} because f = ¢ o g with

& = ¢ o ¥, where ¢ is an analytic diffeomorphism and v is by construction C2 on [0, 1).
Notice that, from (10) we have

D2f(x) = 4579 )ZDZ¢<qL<x>>
(1—c)*
1 -
- ZmDWQc(X))- (18)

We will analyze the above two terms separately. Observe that

1, X¢Uén’

Dy (x) = nAZO
|D¢y,, (1,1(x)], x€Gy.

This implies that, for x € G,,,

Dé(ge(x)) = D 0 ¢o) DY (ge(x))
= D)1+ 0N + O(t)).
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For x ¢ | J,>; Gn we have

D¢ (g (x)) = D (gc(x)),

which implies that the term
1 ~
x> —Z(I_—C)ZD¢(6]c(X))

extends continuously to the whole domain. The first term in (18) needs more care. Observe
that, for u € G,,,

D?*¢(u) = D*¢ (Y () (DY (1)) + D () D> (u)
= D*p()(1 + O + O(1))
+ DDA+ OUM A + O(ty) D*r ()
= D%p()(1 + 0N (1 + O(1))
N 1
+ DH()(1+ 0N + o<rn>)|é—0(rn>.

n

This implies that

=P - O((x =)+ 0(t), x€Gy,
4WD ¢(gc(x)) = 0((x — ¢)?), x ¢ L>J0 Gy.

In particular, the first term of D? f,

(x—0o)? -
X+ 4(1_—C)4D o (ge(x)),

also extends to a continuous function on [0, 1]. Indeed, f is C 2,

Remark 11.2. If the sequence d,, is not summable (and in particular not exponential
decaying) then the example constructed above is not C>*Il. This follows from

[nz(x)| dx < t,.
Jo, s <

Thus
/ gl den = oo.

Now, Proposition 5.6 implies that f is not C>*I'l. If the sequence d, is summable,
the previous construction will give an example of a C>*!! unimodal map whose
renormalizations converges only polynomially. Any reasonable metric used on C>+I will
be stronger than the C distance in which the polynomial convergence occurs. Hence the
renormalization fixed point cannot be hyperbolic in any space of C>*!'l unimodal maps.
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