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Abstract Let Ty, be a noncommutative Fourier multiplier. In recent work, Mei and Ricard introduced
a noncommutative analogue of Cotlar’s identity to prove that certain multipliers are bounded on the
noncommutative Lp-spaces of a free group. Here, we study Cotlar-type identities in full generality, giving
a closed characterization for them in terms of m:

(m(gh) —m(g)) (m(g_l) —m(h)) =0,Vg € G\{e}hLheG.

Using a geometric argument, we prove that if X is a tree —or more generally an R-tree— on which G
acts and m lifts to a function m : X — C that is constant on the connected subsets of X \ {zo}, then m
satisfies Cotlar’s identity and thus T}, is bounded in L for 1 < p < oo.

This result establishes a new connection between group actions on R-trees and Fourier multipliers. This
machinery allows us to simultaneously generalize the free group transforms of Mei and Ricard and the
theory of Hilbert transforms in left-orderable groups, which follows from Arveson’s subdiagonal algebras.
Using Bass-Serre theory, we construct new examples of Fourier multipliers on groups. These include new
families such as Baumslag-Solitar groups. We also show that a natural Hilbert transform in PSL2(C)
satisfies Cotlar’s identity when restricted to the Bianchi group PSLa(Z[v/—1]).
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1. Introduction

The Hilbert transform was introduced by Hilbert in 1912 as part of his investigation of
the Riemann problem in the realm of complex analysis [38]. Indeed, it may be regarded as
the operator describing the boundary behaviour of the harmonic conjugate in the upper
half plane. Explicitly, it is given by

Hf(x) = %Slir(r)gr / J{(_y;dy. (HT)
lz—y|>e

Equivalently, it is the Fourier multiplier (H f)"(€) = isgn(€) (€) [25]. In 1924, M. Riesz
proved its L,-boundedness for all p € 2Z using an ad hoc complex analysis argument [75,
76]. By duality and Marcinkiewicz’s interpolation this yields L,-boundedness for every
1 < p < oco. Afterwards, Kolmogorov and Calderén-Zygmund found proofs giving the weak
type (1,1) [50, 81, 10].

In 1955, Cotlar proved the L,-boundedness of the Hilbert transform through an
extremely simple argument [17]. He showed that H is L,-bounded for p = 2% recursively
— from the trivial case p = 2 — using his elegant Cotlar identity

(Hf)2 =2H(f-Hf) + f2. (Classical Cotlar)

Note that for the Hilbert transform, we have H? = —id whenever it is well-defined.
Therefore, the Cotlar identity above can be rewritten as

(Hf)® = 2H(f-Hf)—H(H(f?)).

A key point in our work is to notice that Cotlar’s identity and its generalizations have
a nicer expression at the frequency side of the Fourier transform. As an illustration,

notice that a Euclidean Fourier multiplier (T, f)* () =m(&) f(€) satisfies Cotlar’s identity
precisely when

(m(&+n)—m(§)) (m(=&) —m(n)) =0, ae. &neR. (Classical Co/tEu")

In fact, any bounded function satisfying the classical Cotlar identity above will be
bounded on L,(R) for every 1 < p < co. In this article, we will investigate similar
identities on more general locally compact groups and their von Neumann algebras. A
pioneering work in this direction was due to Mei and Ricard [55], where the authors
deployed a noncommutative analogue of the Cotlar identity, which holds in the context
of amalgamated free product von Neumann algebras. The main goal of this article is
to further Mei and Ricard’s technique beyond free groups by illuminating the hidden
connection between noncommutative Cotlar identities and group actions on trees and
other tree-like structures — like R-trees and uniquely arcwise connected spaces.

Noncommutative Fourier multipliers. Here we will deal with operators analogous
to the Hilbert transform over group algebras. Let G be a locally compact group. Its (left
regular) group von Neumann algebra is defined as

LG :=spanV" {/\g ig € G} C B(L:2G).
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When G is Abelian, LG is isomorphic to L (C‘r), the Lo.-space over the Pontryagin dual
of G. Thus, LG behaves as a generalization of the Pontryagin dual for noncommutative
groups. When G is unimodular, the algebra L£G admits a normal, semifinite, and
faithful tracial weight called the Plancherel trace [67, Chapter 8|, with respect to
which the noncommutative L,-spaces L,(LG) are defined [84, 72]. These L,-spaces
straightforwardly generalize the spaces of L,-integrable elements over the dual of G.
As such, many classical problems of Fourier analysis over Ly-spaces find an analogue in
the noncommutative setting. A prominent example is the study of the L,-boundedness
of Fourier multipliers. Indeed, given m : G — C, the Fourier multiplier of symbol m will
be the — potentially unbounded — linear operator T,, : D C LG — LG given by linear
extension of

Tin(Ag) =m(g) Ag-

The study of bounded Fourier multipliers on L,-spaces of group von Neumann algebras
has gained significant attention due to its deep connections with harmonic analysis and
group theory. For p = oo, many classical approximation properties of groups can be
reformulated in terms of sequences of Fourier multipliers; see [36, 18, 21]. This viewpoint
enabled the use of harmonic analysis techniques in group theory and led, for example, to
Haagerup’s proof that higher-rank Lie groups are not weakly amenable [37]. For 1 < p < oo,
the analogous approximation property on L, was studied by Lafforgue, de la Salle and de
Laat [51, 23], who showed that lattices in higher-rank Lie groups do not admit uniformly
bounded Fourier multiplier approximate units on L, for a range of p that increases with
the rank. Determining the exact range of exponents and whether the critical threshold
po encodes the rank remains a major open question [65, 15, 22, 63].

Fourier multipliers are also interesting for purely analytical reasons. Many long-
standing problems in harmonic analysis on R™ can be formulated in terms of L,-
bounded multipliers; see, for example, [82] and [83, Lecture 5]. Consequently, a complete
characterization of bounded Fourier multipliers is not expected beyond the cases
p=1,2, oco. Finding sufficient conditions for the boundedness of Fourier multipliers in the
group setting presents additional challenges that do not arise in the abelian case. First,
the definition of the L,-spaces requires working within von Neumann algebras, where
many of the necessary functional-analytic tools, such as operator space theory [26, 70,
71], mixed-norm L,-spaces [69, 42, 46], and maximal inequalities [19, 52, 48, 9], were fully
developed only in the past two decades. A second major difficulty is the lack, in the von
Neumann algebra setting, of many singular integral techniques that are fundamental in
the analysis on R™. Although there has been progress toward a noncommutative Calderén-
Zygmund theory [62, 33, 45, 8], a comprehensive theory capable of producing weak type
(1,1) bounds remains unavailable outside semicommutative or nilpotent contexts. These
technical obstacles have significantly delayed the systematic study of Fourier multipliers
on noncommutative L,-spaces until relatively recently.

As hinted before, one possible way of overcoming the lack of a Calderén-Zygmund
theory was found in Mei and Ricard’s article [55]. Their noncommutative analogue of
the Cotlar identity allowed them to prove that functions m : Fy — C over the free group
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whose value m(w) depends only on the starting letter {a,a=!,b,b=1} of the reduced word
w € Fy give rise to bounded Fourier multipliers on L,, i.e.,

| T : Lp(LF2) — Lp(ﬂﬁ‘g)”cb < oo, forevery 1<p<oo. (MR)

In this article, we will study a new geometric way to define L,-bounded Fourier multipliers
on groups admitting actions on tree-like structures, and we will see in Section 5 that this
recovers (MR) as a particular example.

Noncommutative Cotlar identities. Let Gy C G be an open subgroup of the locally
compact and unimodular group G. It is trivial to see that Gy is also unimodular and
that LGg C LG is a complemented inclusion, that is, an inclusion admitting a normal
conditional expectation E : LG — LGg. We will say that a (potentially unbounded)
multiplier T, satisfies a noncommutative Cotlar identity with respect to the von Neumann
subalgebra LG iff

B [T () (1)) = B [T (T (F)) + T (FTn()")" = Ton (Tn(£5)7)] - (Cotlan)

where E+ = (id — E).

We have distilled an easily verifiable closed formula (C(Tl(u) for m that is equivalent
to (Cotlar) above; see Theorem 2.4. Since with an additional assumption on the symbol,
the Cotlar formula implies L,-boundedness, we obtain the following theorem.

Theorem A. Let G be a locally compact unimodular group, Go C G a closed subgroup
and m: G — C a left Go-invariant bounded and measurable function. If m satisfies that

(m(g_l) —m(h)) (m(gh) —m(g)) =0, for almost every g€ G\Go,h € G, (C@r)

then Tp, is Ly-bounded for 1 < p < oo and furthermore

2 \ B
| T : Lp(LG) — Ly (LG) || S <pp_1> m|loe,  with B8=1logy(1+v2) = 1.272....
(1.1)

The theorem above decouples into two different statements depending on whether Gy C
G is open or has empty interior. In the case of an open subgroup, it holds that 0 < u(Go)
and thus condition ((‘&BI) has to be verified in a non-total set of pairs g, h. In this
case, the associated Fourier multiplier T, satisfies (Cotlar) relative to the conditional
expectation from LG to LGo. In contrast, in the case of a subgroup Gy of empty interior we
have that 1(Gp) =0 and thus (Cotlar) has to be verified almost everywhere, in which case
its associated Fourier multiplier satisfies the non-relative version of the Cotlar identity
(Cotlary, ); see below. Furthermore, in the case of Gg of empty interior, the condition of
m : G — C being left Gy-invariant can be dropped, see Remark 2.5. Although our most
novel examples would be discrete groups, the case of u(Gg) =0 is still useful as it recovers
the classical case of the Hilbert transform on R.

The first advantage of the result above is that it makes the verification of the Cotlar
identity for previously known cases almost trivial. Indeed, restricting ourselves to the
discrete case for clarity, we can easily show that it holds in the following situations.
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(1) Classical case. In the classical case of G =Z and Gg = {0} with m(z) = sgn(z)
we only have to verify that either m(x+y) = m(z) or m(—z) =m(y). But that is
trivial since either z and y have different signs or = +y and z share the same sign.

(2) Free product case. If G = G; *Gy and Gy = {e} with both G and G2 discrete,
then any function m(w) such that its value depends on the first letter of the reduced
word of ¢ satisfies (Co/tl\ar). Indeed, we need to prove that either m(gh) =m(g) or
that m(g—1) = m(h). Assume the first equality fails, then the first letter of gh and
that of g are different, but that can only happen if the reduced word of h begins
with the reduced word of g~!. If that is the case g~' and h have the same starting
letter and thus m(g~') = m(h). This family of examples was explored by Mei and
Ricard [55].

A natural question that we answer affirmatively is whether there are examples of groups
that go beyond those two categories. In order to explore that question it seems natural to
search for bounded functions m : G — C satisfying (Cotlar) with G having Serre’s property
(FA) [79]. A group G is said to have Serre’s property (FA) iff every orientation-preserving
action of G on a tree has a global fixed point (a vertex in the tree which is fixed by the
action of any g € G). More deeply, Serre proved that a discrete group G has property
(FA) iff it is finitely generated, it does not possess a quotient isomorphic to Z and it
cannot be expressed as a nontrivial amalgamated free product G = G1 x4 Go. Therefore a
group with property (FA) is excluded from cases 1 and 2. Although there are interesting
examples with property (FA), we also give applications to groups like Baumslag-Solitar
groups BS(1,m) and the Bianchi group PSLy(O_1), which, despite failing property (FA),
admit bounded functions satisfying Cotlar’s identity for reasons unrelated to them having
Z-quotients or being free products.

Groups acting on uniquely arcwise connected spaces. The closed formula in
(Cotlar) highlights a surprising connection between Cotlar’s identity and geometric group
theory. A topological space X is arcwise connected iff given two points x,y € X there exists
an injective continuous path v:[0,1] — X joining z and y. An arcwise connected space
will be said to be a uniquely arcwise connected space or UAC space iff the path joining
z and y is unique [5]. Let G ~ X be a topological action on a UAC space and fix a root
xo € X with Gy being the stabilizer St,, of x¢. Observe that X \ {zo} is given by

X\ {wo} = | | X5, (1.2)
8

where each Xpg is arcwise connected. The decomposition into disjoint sets in identity (1.2)
above is, a priori, purely set-theoretic, and we do not assume the sets Xg to be closed.
Observe that the action of Gg restricted to X \ {zo} permutes the sets Xz. The following
theorem gives a machinery to get multipliers satisfying Cotlar’s identity from actions on
UAC spaces.

Theorem B. Let G ~ X be a topological action on a UAC space. Fixz xg € X, Gg being

the stabilizer of o, i.e., Go = Stg,, and let m: X — C be a bounded function satisfying
that
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g - o

Zo

gh-xo - T

Figure 1. Action over paths.

(i) m is constant over each Xg of (1.2).

(ii) m is constant over Go orbits, i.e., m|x, =m|x, if there is an element h € Gg such
that Xg =h-X,.

Then the function m: G — C given by m(g) = m(g-xo) satisfies (C&Eu‘) and therefore
Theorem A applies.

The proof of Theorem B is so neat that it can be tightly summarized here.

First, notice that condition (ii) ensures that m is left-Gg-invariant. Condition (i), on the
other hand, implies that (Co/tﬂir) holds. To see this, assume that m(gh) # m(g). Since the
two values are different, the arcwise connected subsets of X \ {zo} containing gh -z and
g-xo must be different, see Figure 1. Thus, there is a unique arc joining these two points
that passes through . Applying ¢~ to this arc, since G acts by homeomorphisms, we
get an arc starting at xo that passes through ¢g—'-xy and then h-xq. It follows that g~ -z
and h-xg lie in the same arcwise connected subset of X \ {zg} and thus m(h) =m(g~1).
By Remarks 2.5 and 3.2, condition (ii) can be dropped when the interior of St is empty.

Left-orderable groups. A family of examples that fits right into the model of
Theorem A is that of left-orderable groups. Those are groups admitting a total or linear
order (G, <) that is invariant under left translations, i.e., ¢ < h <= ag =< ah for every
a,g,h € G. We will write g < h when g < h but g # h. For left-orderable groups the following
result holds for their sign function.

Theorem C. Let G be a left-orderable group and sgn : G — C be the function

1 when e < g
sgn(g) =<0 when g=e
—1  when g=<e.

Then H = Tygn : L,(LG) — L,(LG) satisfies that

p2

|H : L,(£G) = Lp(LG)|| < =) for every 1 < p < oo.

-1’

The boundedness of H in Theorem C can be obtained by showing directly that (C()/tl\dl)
holds. Alternatively, it is known that a countable group is left-orderable iff it acts faithfully
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on R by order-preserving homeomorphisms, see for instance [60, Proposition 2.1]. The
observation that R is a UAC space allows us to prove the result as a consequence of
Theorem B. In principle, proving Cotlar’s identity gives just that the Ly-norm grows like
O(p?) with B =logy(1++/2), as p — co. Nevertheless, a more careful argument allows
us to show that the constant can be lowered down to the optimal order O(p), as long
as m(g)m(g—1) = —1 for g € G\ {e}, see Corollary 2.8. It is also worth noticing that the
above transforms for left-orderable group algebras can be seen as a particular example
of the Hilbert transforms associated with Arveson’s subdiagonal algebras [2], for which
the weak type (1,1) was proved by Randrianantoanina [74], see also [72, Theorem 8.4].
Therefore our geometric model in Theorem B generalizes simultaneously Mei and Ricard’s
free Hilbert transforms and subdiagonal Hilbert transforms, recovering the best known
constants in both cases. Left-orderable groups include:

Torsion-free Abelian groups;

Torsion-free nilpotent groups;

Free groups F,;

Braid groups B,;

Right-angled Artin groups;
Baumslag-Solitar groups BS(1,n) for n > 2;
Surface groups;

The Thompson group F.

It is possible to obtain explicit examples of L,-bounded Fourier multipliers satisfying
Cotlar’s identity in each of these families of groups. Furthermore, there are known
examples of left-orderable groups that have Serre’s property (FA). Some of these examples
arise from groups of isometries of the hyperbolic plane. For instance, let D(2,3,7) denote
the (2,3,7) von Dyck group (sometimes called the ‘ordinary’ triangle group). This is the
group of orientation-preserving isometries of a tiling of the hyperbolic plane by geodesic

triangles with angles 7, T and Z. D(2,3,7) admits a presentation as follows.

2
D(2,3,7) = (zy|a® =y* = (xy)" = 1).

Let PSLy(R) — PSLy(R) be the universal cover of PSLy(R). The lifting T of D(2,3,7) to
Iggig(R) is an example of a group with Serre’s property (FA) that is also left-orderable
[4, 16, 49, 79]. See the proof of Proposition 5.5.

Graphs of groups and Bass-Serre theory. A wealth of examples of multipliers
satisfying (Co/tl\ar) can be obtained from Bass-Serre theory — which allows us to classify
groups acting on trees without edge inversions — see [79]. Indeed, given a group acting
on a tree G ~ T, it is possible to build a graph by taking the quotient with respect to
the action X =T /G and associating to each vertex and to each edge its corresponding
stabilizer. Due to the lack of edge inversions, the stabilizer of an edge embeds into the
stabilizers of its extremes. This structure — a graph with groups on its edges and vertices
and such that the groups at the edges embed into the extremes of said edge — is called a
graph of groups. Let us denote it by X. Like in the case of graphs, it is possible to define a
sort, of universal cover of X such that its underlying graph is a tree X and its fundamental
group 71 (X) acts as deck transformations of the covering. The main point of the theory
is that 71 (X) 2 G and the action of 71 (X) ~ X recovers G ~ T.
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Our main theorem in Section 5 would be that the multiplier results for symbols
depending on the starting letter, like inequality (MR) from [55], extend from free products
to general graphs of groups. Let us fix some notation. First, when working with a graph of
groups, we will consider that our graph is oriented, that both directions of the edge occur
and that there can be both loops and multiple edges between two given vertices. As it is
customary, given an edge y, we will denote by ¢ the reverse edge and by o(y) € Vert(X) and
t(y) € Vert(X) the origin and target vertices of the edge. An orientation would be a subset
Edge, C Edge that contains either y or g for each edge. We will also denote by G, the
groups associated to vertices and by H, the groups associated to edges. By construction,
we have that H, = Hy and that there are injective homomorphisms «,, : H, — Gy(,) and
ag : Hy = Go(y). We will denote the image group oy [Hy] € Gy(,) by HY. Similarly HY will
denote the image of ay. We can now recall the construction of 7 (X). Define the auxiliary
group F(X) as the free product of all the groups G, — where z runs over the vertex set
Vert(X) — together with Fggee(x), the free group generated by all the edges, with the
following extra relations imposed

y '=7g and oa,(h)y=yay(h), Yy € Edge(X),h € H,. (1.3)

To construct the fundamental group, assume X is connected and choose a base point
xo € Vert(X). A closed path ¢ that starts and ends at xy will be a sequence of edges
C=y1Y2 *** Ym, With t(y;) = o(yi+1) and o(y1) = 2o = t(ym ). The group m (X,z¢) is given
by the subset of F(X) of elements of the form:

g=ler| =royiriyare s YmTm, (1.4)

where r; € Go(y,,,) for j <m—1 and r,, € G,. Here r is just notation for the tuple
r=(rg,r1, - Tm). We will call the pair (¢,r) a word of type c. Similarly, a word e #
g =|er| €7 of type ¢ would be said to be in normal form if it cannot be shortened by
applying the relations (1.3).

We would like to define a multiplier m(g) depending only on the starting segment o y;
of its associated word. But, given h € HJ!, we have, in F/(X), that

ToY1 = To Ay, (hil) Qyy (h) Y1 =ToOy, (hil) Y1Gy, (h)7

as such, two words in normal form representing the same group element g may have
different starting segments. Nevertheless, ro can only change by an element in HY! acting
on the right. This motivates the definition of the space of starting segments on xgy €
Vert(X) as

Wao= || Gao/HY (1.5)
ylo(y)==zo
Given a symbol m : m = m (X,z9) — C we will say that

e m depends on the starting segment if there exists a function m : W, — C such
that

m(ro-HY'), when Gy,
m(g) = ( 0 yl) 9¢ (1.6)
0 when g € G,

where g is as in (1.4).
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e m depends on the starting edge if it not only depends on the starting segment, but
it is also constant in each of the components G,/ H%, for each y starting in xg, in
the disjoint union that forms W, .

Theorem D. Let m = m(Xxg) be the fundamental group of a graph of groups and let
m: 71— C be a function depending only on the starting segment. It holds that

(i) m satisfies Cotlar’s identity (Cotlarg, ) relative to G, .

(ii) Furthermore, if m only depends on the starting edge, then it is left G, -invariant.
Thus, Theorem A applies.

The hypothesis that m depends only on the starting edge is indeed quite restrictive. For
instance, if there is only one edge, up to inversions, starting at xg, then a symbol depending
on the starting edge is constant for g ¢ G,. Luckily, in many interesting examples the
group G,, will be Abelian. In that case, decomposing T7L|GIO /my into characters allows
us to work with functions depending on the starting segment, see Remark 2.6 and
Theorem 5.2. We will provide a direct proof of Theorem D. Nevertheless, it also follows
from noticing that, if m depends on the starting segment, then it lifts to a function
i : X — C on the Bass-Serre tree of m (X,x0) that is constant in connected components
of X\ {Zo}, see Proposition 5.1 for the details. Therefore, symbols depending on the
starting segment lie within the template of Theorem B. We will illustrate Theorem D
in the case of free products and Higman-Neumann-Neumann (HNN) extensions. HNN
extensions include the Baumslag-Solitar groups BS(n,m) for which a slightly different
model of multipliers satisfying Cotlar’s identity would also be given, see Proposition 5.3.

PSLy(K), its lattices and open questions. Natural models of Hilbert transforms
on a group G often appear via the following straightforward idea. Let X be a geometric
object on which G acts and assume X contains a barrier F C X such that X'\ F is
divided into two separated halves X'\ F = X} UX_. Then, given zy € F, a symbol m can
be defined as

m(g) =1x, (g9-20) —1x_(g-w0).

When X =R and F = {0}, the group multiplier induced by R ~ X’ coincides with the
sign function. Thus, these symbols are natural generalizations of the Hilbert transform
and we will refer to them as such. Important instances of this include:

(1) Hilbert space model. Let X = H be a (real) Hilbert space in which G acts by
affine isometries 7(g). These isometries are given by & — a(g)¢ + S(g), where a(g)
is an orthogonal transformation. Let F = (v)* be the codimension 1 subspace of
vectors perpendicular to v € H \ {0}. Choosing z¢ = 0 gives the symbol m(g) =
sgn ((B(g),v)). These symbols have been studied for finite-dimensional H in [12,
Appendix A] and [66].

(2) Manifold model. Choose X = M as an n-dimensional Riemannian manifold in
which G acts by isometries a.: G — Iso(M) and let F C X be a (n—1)-dimensional
geodesic submanifold such that X'\ F has two connected components.
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(3) Tree model. X =T being a tree on which G acts. Choose zg € T to be a vertex,
that we will henceforth call the root. Then, X\ {xo} is made up of r connected
components, with r being the valence of xg, that we can arrange into two families
X, and X_. This is an instance of the model described in Theorem B above.

It is very interesting to point out that, in many examples, the same idempotent Fourier
multiplier on a group can be obtained from more than one of the three different models
above. Here we will illustrate that phenomenon with the continuous groups PSLy(R) and
PSL2(C), which will explain part of our original motivation. Let SLy(K) be the group
of 2 x 2 matrices of determinant 1 with entries over a field K that in our examples will
be R or C. Then, PSL2(K) will denote the quotient of SL2(K) by scalar matrices {£id}.
Both groups, PSLy(R) and PSLy(C), act faithfully and transitively by isometries on the
real hyperbolic spaces of dimension 2 and 3, PSLy(R) ~ H? and PSLy(C) ~ H? — which
we will identify with their upper half plane and upper half space models. Let us denote
the coordinates of H? by (z,y) and the coordinates of H® by (x,y,2). We can take the
geodesic {z =0} C H? as separating space in the first example. A calculation yields that
the Hilbert transform in the sense of the manifold model is

(an ai2
m

az1 a22
N——
g

) = sgn(Re{g-i}) = sgn(ai1az1 + ar2a22), (1.7)

where g¢ is the class %[a; ;]; ;. This multiplier can be related to the other two models.
Indeed, for the Hilbert space model, it is possible to construct a metrically proper
1-cocycle 8 : PSLy(K) — H into an infinite-dimensional Hilbert space H and choose a
unit vector u € H such that m(g) = sgn(8(g),u), see [27, 13]. While the group PSLy(R)
is continuous, and thus it is unable to act on trees in an interesting way, the tree
model interpretation is indeed available for the restriction of (1.7) to PSLg(Z). The key
observation is that

PSLQ(Z) = ZQ *Zg.

This free-product decomposition yields an action of PSLa(Z) on its Bass-Serre tree with
respect to which the multiplier m|pgr,,z) can be recovered, see Figure 10.

For the complex case, the separating subspace is given by the 2-dimensional geodesic
submanifold {x =0} C H?, which readily gives that

m(z; 2;) = Sgn(Re{p(g~x0)}) = sgn(Re{zuEgl —l—zlgEQQ}), (1.8)
T/

where zo = (0,1) € Cx Ry, p(z,r) =z and g = %[z; ;]; ;. In this case, the relationship with

the other two models is more involved. Nevertheless, it is still possible to describe the

multiplier (1.8) above in terms of proper infinite-dimensional 1-cocycles with respect to

a natural direction u. For the tree model the situation is a lot more contentious. Indeed,

let O_4 be the ring of integers of the algebraic field Q(v/—d), where d is a square-free

integer. The lattices PSLa(O_q) C PSLy(C) are the Bianchi groups. It is known that all
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of them except for d =3 admit nontrivial actions on trees, see [29]. For instance, when
d=1, O_; is the ring of Gaussian integers Z[i]. In this case, the following rather intricate
free product decomposition is known:

PSL2(0_1) = (S3 *7s A4) *PSLQ(Z) (53 *Z4 V),

where S;, are the permutation groups, A,, are the alternating groups and V is the Klein 4
group, see [29, Theorem 2.1. (i)]. It is possible that m, when restricted to PSLy(O_4), may
have an expression in terms of a nontrivial action on a tree. Nevertheless, the complexity
of the amalgamated free product decompositions obtained makes it a difficult approach
to work with. On the other hand, the strength of our characterization in Theorem A
allows us to prove the boundedness of m|pgr,,(o_,) directly.

Theorem E. Let G = PSLy(O_1) C PSL2(C) and m : PSLy(O_1) — C be the function
given by

(an +ibi1 a2 +ibi2

. ) = sgn(aiia b11b a120 bi2baa).
ag1 +ibg; a22+zb22> gn (a11a21 +b11bay + a12a22 + biabss)

Then, Ty, : L,(LG) — L,(LG) is bounded for every 1 < p < oo with the bound in
Theorem A.

Foreword: In the first released version of this text we left two natural problems open.
The first was whether m|r is L,-bounded for lattices I other than PSLs(O_1). In the
years following its release, significant progress toward a positive answer has been made by
Jorge Pérez Garcia [73]. The second problem, originally highlighted as Problem A, asked
if the multipliers (1.7) and (1.8) are L,-bounded over the whole Lie group. This has
been answered in the negative by the second-named author, together with de la Salle and
Tablate [64], via an extension of Fefferman’s ball multiplier construction in the context
of Schur multipliers.

2. Cotlar identities and multipliers

Noncommutative integration. Throughout this text we will use liberally noncommu-
tative integration theory and the theory of noncommutative Lj-spaces. Let M C B(H)
be a von Neumann algebra admitting a normal semifinite and faithful tracial weight
7 : M4 — [0,00] that we will henceforth just refer to as a n.s.f. trace. It is possible
to construct the noncommutative L,-spaces associated to (M,7) as the subset of 7-
measurable operators L, (M, 1) C Ly(M,T) satisfying that

FeLyMT) < |fll,=r(fP)? <o

This theory, which goes back all the way to Dixmier and Segal [24, 78], is already well
understood and the interested reader can consult [84, 72, 32].

Let G be a locally compact group that we will throughout the text assume to be second
countable, and let Ly(G) be its Lo-space with respect to the left Haar measure p [28].
As usual, we will denote by A : G — U(L2(G)) the left regular representation, which is the
unitary representation g — A, that acts by sending &(h) to (g~ 'h). The left regular von
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Neumann algebra LG C B(L2(QG)) of G is given by

*

NG = (M) = [ ela)dule) i€ L@} € BLa(G)).

G

This von Neumann algebra admits a normal, semifinite and faithful weight 7: LG, —
[0,00] that satisfies the Plancherel identity, meaning that ¢ — A(p) extends to a unitary
isometry from Lo(G) to the Gelfand-Neumark-Segal space Lo(LG;7). This weight is
usually referred to as the Plancherel weight [67, Chapter 7]. The weight 7 is a n.s.f. trace
precisely when G is unimodular. Thus, we will work in the natural setting of unimodular
groups and refer to 7 as the Plancherel trace. In this context, the Plancherel trace is given
by

( /| @(Q)Agdu(g)> —ole),  for every g€ Cu(G) 5 Cul(G).

We will denote the noncommutative L,-spaces associated to 7 simply by L,(LG). By
analogy with the classical Fourier transform, we will denote by f(g) the value 7(\f),
which is well-defined whenever f € L1(£LG). It is also worth noticing that, by Plancherel’s
theorem, the map f — f is well-defined for any f € Lo(LG). In fact, we have that f €

L2(LG) can be expressed as

f=A(F) = /G Fl9) Ay duo), (2.1)

where the integral on the right-hand side converges in the Lo norm.

Conditional expectations. Let N/ C M be a von Neumann subalgebra of M, that is
a x-subalgebra that is also ultraweakly closed. If 7 is a n.s.f. trace over M and 7| is still
semifinite, then it is easy to see that the inclusion ¢ : Ly (N) < L1(M) is isometric and
its dual map is a trace preserving and normal (i.e., ultraweakly continuous) conditional
expectation E: M — N C M. By conditional expectation we mean a unital and completely
positive map such that E|x =idxs. Recall that conditional expectations satisfy that Eo
E =E and that, by Tomiyama’s Theorem, see [7, Theorem 1.5.10], E is automatically
N-bimodular.

Let Gog € G be two groups such that Gg is open inside G. Then Gq is unimodular if
G is. Furthermore, the Plancherel trace 7q, of LG¢ coincides with the Plancherel trace
of LG restricted to LGg. Therefore there is a normal and trace-preserving conditional
expectation E : LG — LGy C LG that is given by the Fourier multiplier associated to
1(;0, i.e.,

E(f) =E( / f<g>Agdu<g>) ~ [ 16,0) 7@ Ay ula)

The fact that E is trace preserving allows us to extend E as a contraction to all the
Ly-spaces 1 <p<oo, E: L,(LG) — L,(LGo) C L,(LG).

Noncommutative Cotlar identities. Most of this section up until the closed-formula
characterization of the Cotlar identity in the proof of Theorem A follows closely the results
obtained by Mei and Ricard and it is included here for the sake of completeness.
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Definition 2.1 [55, from Proposition 3.2(iv)]. Let M, A/ be as above, E: M — N be
the conditional expectation and let H : Ly(M) — La(M) be a bounded operator

(i) H satisfies the (non-relative) Cotlar identity if

H(f)H(f)" = H(fH())+H(FH()) —HH) (Cotlary,)

for every f € MNLy(M).
(i) H is said to satisfy the Cotlar identity (relative to N) if

E[H(f)H(f)] = B* [H(fH())")+H(FH())") = H(H(1)")]. (Cotlang.)
for every f € Loy(M)NM, where E* = (id —E).

We are assuming that H is bounded in Ls(M) a priori; this is not a restrictive
imposition since it holds trivially in the case of Fourier multipliers. Observe as well
that, although both Cotlar identities require applying H to products of functions that
therefore may not be in Ly(M), the fact that f € Ly(M)NM and that Lo(M) is stable
by multiplications by M makes both equations meaningful.

We will need the following lemma. Notice that if H : Ly(M) — La (M) is left A-modular,
then its restriction to La(AN) composed with the expectation E: La(M) — La(N) gives
a map

EH‘LQ(N) : LQ(N) — LQ(N)

that is both bounded with norm equal to that of H and and left A'-modular. But all left
N-modular maps in Ly(A) are right multiplicators by an element in N of norm equal to
the operator norm. As such, EH |, n)nL, () extends to a bounded operator in Ly (N)
and

HEH|L;7(N) :LP(N) —)LP(N)H < HH : LQ(M) — LQ(M)H (2.2)

With this observation in hand, we can proceed to prove the following lemma, which is
analogous to [55, Proposition 3.4], but in the setting of general operators.

Lemma 2.2. Let M, N and E be as above and let H : Ly(M) — La(M) be a bounded
and left N-modular map. For every f € Lo(M)NM, it holds that

E[H(f)H(f)"] < | H : La(M) = Lo(M)|*E[f£7]. (2.3)

Furthermore, if EH = HE, we have that for every 1 <p < oo
|E[E (£ 2, < | = La(M) = Lo [EL££°], (24)
[ [# (B (£, < (15 LaM) = LaMO| E[7£7]], (2:5)

Proof. All of the points are elementary. For (2.3) first notice that every state of N is
of the form f > 7(df), where § is a positive element of norm 1 in the space Li(N).
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Decomposing it as § = 5362 gives

T{SE[H(f)H(f)"]} = T{aéE[H(f)H(f)*]é%}
—r{B[stH(H)H ()64}
=r{B[H(* f)H(* )]}
_ T{H(aéf)H(aff)*
<[ La(M) = La(M) [P { 6% ) (0% £)°)

= [|H: La(M) = La(M)|]* (o B) { (82152 )" |
= || H : La(M) = Loy(M)||*r {SE[£ 1]}

Since this is true for every state, the operator inequality (2.3) holds.

For (2.4) we use that EH = HE to rewrite E [H (f H(f)*)] as (EHE)oE [(fH(f)*)].
The operator norm on EHE: L,(M) — L, (M) is bounded by that of EH |}, () : Lp(N) —
L, (N), which is bounded by the norm of H by (2.2). To estimate the term E [(f H(f)*)]
we will use the following version of Holder’s inequality [41, Inequality (2.1)]

IE[7 9], < |E[f £17]|, [|E[9g"] *[l, when lezlg

with r =s=2p and g = H(f) to obtain that

B HGEY ], < B2 [EEG H|E.

Applying the inequality in (2.3) gives the result. Identity (2.5) follows immediately after
using two times the fact that H and E commute and that EHE has a norm in L,, bounded
by the norm in Ly of H by (2.2). O

We can now prove the following extrapolation result, which generalizes [55, Theorem
3.5] to the setting of general operators.

Proposition 2.3. Let N C M be as before and let H : Loy(M) — Lay(M) be a left
N -modular operator commuting with E : M — N. If H satisfies (Cotlarz, ) then
V2<p< o0

|H : Ly(M) = L,(M)|| S p*||H : Lo(M) — Lay(M)]|, where B =1logy(1+v2). (2.6)

Similarly, if H : Lay(M) — La(M) is a general bounded linear map that satisfies the non-
relative Cotlar identity (Cotlar,, ), then the same extrapolation inequality (2.6) holds.

Proof. First, let us denote the operator norm on Ly, of H by ¢, := ||H : L,(M) — Ly(M)].
We are going to proceed by induction, assuming that ¢, < co to prove that co, < oo.
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Choose f € MNLy(M) with || f||2p <1 and notice that

I3, = IHDHD
<|[[HEWNOHE ], +IE[HOHE]],

<& |E[f£]], [H(fH) ) +H(FHS) ) =HHG))]], @7
<G IAZ, +IEFHE,+HFEE ), + 1 EEF),
+EHFEN)IN,+EHEEEE) T, BIHE ), (2.8)

< 2¢p [ H(f)ll2pll fll2p + cpll Fll2p + 4311 F1I3,
< 2¢p [H(f)ll2p +cp +4c3 (2.9)

We have used (Cotlarg, ) in the second term of the sum of (2.7) and estimate (2.3) of
Lemma 2.2 in the first. To pass from (2.8) to (2.9) we have used the other two identities of
Lemma 2.2. Notice that (2.9) is a quadratic inequality of the form 0 < —t*42¢, t+¢2 +4¢3,
where ¢ = || H(f)||2p- Since the leading term is negative, this implies a bound of || H(f)]|2p
in terms of ¢, and ¢y only. Taking supremum over f and using the norm density of
MNLy(M) in Loy (M) implies that cgp, is finite. More explicitly, setting a, = ¢, /co gives
the recursive inequality

agp < 2apa2p—|—a}2,—|—4. (2.10)
Adding agp to both sides in order to complete squares gives
2a3, < a3, +2ay a2, +a;+4 = (azgp+a,)? +4 < (azp+a,+2)°

After taking square roots and recursively applying the inequality above, the following is
obtained

agr < C(1+V2)F1  with O <3+V2.

This, together with Marcinkiewicz interpolation for intermediate values of p, gives the
desired inequality. The non-relative case works similarly, but the 4 extra terms that give
4 c2 in the right-hand side of inequality (2.9) do not appear, which only affects the absolute
constant C' in the final inequality. O

Our source of examples for the extrapolation theorem above is taken when M = LG and
H =T, is a Fourier multiplier. We will work with Cotlar identities relative to subalgebras
induced by subgroups Gy C G. In that setting it holds that there is a normal and trace-
preserving conditional expectation E : LG — LG if and only if Gy C G is open. Thus,
our relative Cotlar identities would be taken only with respect to open subgroups. In
general, given a group G, when speaking about the Cotlar identity for a multiplier 7;,, —
without specifying any subgroup — we will mean, that it satisfies the non-relative Cotlar
identity (Cotlar,,;) when the group G is continuous i.e. u({e}) =0, while in the discrete
case p({e}) # 0, we will instead mean that it satisfies (Cotlarg; ) with respect to the
subgroup {e}.
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We are now going to prove the equivalence between Cotlar’s identity (Cotlarg, ) and
the closed formula in Theorem A.

Theorem 2.4. Let Go C G be an open subgroup of G and m : G — C be a bounded
function. The following properties are equivalent:

(i) Ty, satisfies (Cotlang, ).

(ii) The function m satisfies (C(@r), i.e., (m(g=")—m(h)) (m(gh)—m(g)) =0, for
almost every g € G\ Go,h € G.

Proof. Expanding (Cotlarg ) for T, gives

0= E" [T (N T ()| ~E* [T (fTa(£)) | =B [T (F T (1)) | 4B | T (T (£57)7)
@ (In (I av)

Now, elementary computations yield that

0= Ji "
D /G\GO/ Ul
(I11) /G - / Flgh)
(IV) = /G - / Flgh) F(R)

where fis given as in (2.1). This in turn implies, using the Plancherel theorem, that

m(gh)m(h) Ag du(h) du(g)
m(g)m(h) Ag dp(h)du(g)

gh)m(g=") Ag dp(h) du(g)

*°=> *h)‘ N) \>

m(g)m(g=1) Agdp(h)du(g),

= /Gf(gh)%(m(gh) —m(g)) (m(h) —m(g=1))du(h) for almost every g € G\ Go.

Obviously, if the factor G4(h) = (m(gh) —m(g)) (m(h) —m(g—!)) is equal to 0 so is the
above integral and therefore (Cotlarg, ) holds. The reciprocal is immediate in the case
of discrete groups. Indeed, choose any hg € G and assume that g € G\ Gy is fixed. Pick
f= Ono +9gn,- In order to evaluate the integral, notice that

F(gh) F(h) = 8y +0g2=e} - Onmgho) -

The term 0p=p, in the above sum gives G,4(ho) in the integral. The term in which g’ =e
and h = ghg gives G4(ho). Therefore, Re{G4(h)} =0 for any h € G. The imaginary part
is similarly shown to be 0. In the case of a continuous group G it is necessary to replace
Op, With an approximation of the unit. O

Remark 2.5. Notice that Theorem 2.4 works similarly in the non-relative case. In that
case it holds that T}, has the (Cotlar,,) if and only if m satisfies the identity (m(g=!) —
m(h)) (m(gh) —m(g)) =0 for almost every g,h € G.
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With all that at hand we are ready to prove Theorem A.

Proof of Theorem A. Since Gy is closed, we have two situations, either it is open or of
empty interior. In the first case, we have that ;(Gg) > 0 and we have that the formula in
(ii) is equivalent to (Cotlarg ) by Theorem 2.4. Observe that, if m is left-G¢ invariant,
then T, is left £LGg-modular. Thus, we can apply Proposition 2.3 to obtain the bound
(1.1) for p > 2. Using that, by Plancherel theorem, || T, : Lo(LG) = Lo (LG)|| = ||m||oo we
get the result for 2 > p. For 1 < p < 2 the result follows by standard duality arguments.
In the case of Gy of empty interior the proof follows similarly by using Remark 2.5 and
the last assertion of Proposition 2.3. O

Remark 2.6. Let a: N'— N be a normal and trace-preserving *-homomorphism. It is
immediate that both Proposition 2.3 and Lemma 2.2 hold if we change the condition of
H being left N-modular by that of being left A/'-modular relative to «, i.e.,

H(fg)=a(f)H(g), for feN,ge€ Ly(M)NM.

In the case of multipliers this easy observation has deep consequences. For instance, let
X : Gop — T be a (multiplicative) character. It is a straightforward consequence of Fell’s
absorption principle that the map A, — x(g) A, induces a normal and trace-preserving
x-automorphism a, : LGo — LGg. Let H =T}, be a Fourier multiplier on £G. We have
that it is left £LGo-modular with respect to a,, i.e., H(fg) = o, (f) H(g), for every f e N
and g € Lo(M)NM iff

m(kg) = x(k)m(g), for every ke Go,g€G. (2.11)

This is specially useful when Gg is Abelian since, in that case, every function on Gy can
be expressed as a limit of linear combinations of characters by the Fourier transform.
This will be exploited in Theorem 5.2. It would also be used in a forthcoming paper of
the third-named author.

Tightening the constant. It is known that, on the real line G = R the operator

L,-norm of the classical Hilbert transform (HT) is given by
|H: Ly(R) = L,(R)|| = max{tan <%), cot (%) }, for 1 <p<oo

see [68] or [34] for a simplified proof. These constants grow asymptotically like p as
p— oo and like 1/(p—1) as p — 17, and those are the growth orders that we conjecture
optimal in the noncommutative case as well. An interesting observation, originally made
by Gokhberg and Krupnik in the classical case [31] is that Cotlar’s identity on the real line
gives the optimal order of growth for the constant in terms of p. Indeed, in the classical
case, the fact that H2 = —id yields a recurrence relation of the form

cgp < 2cpcop+1 (2.12)

instead of (2.10). The lack of a term depending on cf, gives a decisively smaller bound.
Solving the quadratic inequality in (2.12) gives

cop < cp+ 012,—1—1
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and that results, after applying duality and interpolation, in the optimal growth order
for the constant.

In the noncommutative case, the same type of argument holds for operators H :
Ly(M) — Ly(M) satisfying that H H,, = —id, where Hop(f) = H(f*)*. We have the
following improvement over Proposition 2.3.

Proposition 2.7. Let N C M and H : Ly(M) — Lo(M) be as before and assume H
is left N-modular, commutes with E: M — N and satisfies that EXH H,, = —E+. If H
satisfies (Cotlarg, ), then

HH cLy(M) — LP(M)H < p||H :Lo(M) — L2<M)|| for every p > 2.
The same inequality holds in the non-relative case if H Hop = —id.

Proof. The proof is immediate once it is noticed that the property E+H H,, = —E*
implies that (Cotlarg, ) can be rewritten as

EX[H(HH(f)] = EX [H(FH()) + H(TH()) + 5]

Applying the same proof as that of Proposition 2.3 gives the recurrence cgp < 2copcp+
1+ 3c3. After solving the quadratic inequality, we obtain cgp < ¢, + /cg + K, where Kk =

1+ 3c2. Tterating and applying Marcinkiewicz interpolation gives the bound. The same
proof works in the non-relative case. O

Observe that if H =T, is a Fourier multiplier, then (T}, )op = Tr, for m(g) =m(g—1).
Thus, we are asking that m(g)m(g—1!) = —1 for every g € G\ Gg. Similarly, since in the
case of multipliers [|[EH (1)]|co = [[m1cloco < ||m|loc = ¢2 we can simplify the recurrence

above assuming co = 1. In particular, we obtain the following corollary.

Corollary 2.8. Let G be a group and let m : G — C be a function satisfying (Co/t\lar)
relative to a closed subgroup Go C G, and such that m is left Gg-invariant and
m(g)m(g—1) = -1, for every g € G\ Go. Then

2
Tt Ly(£G) = Ly(£G)|| , S (%) 2] -

Both Proposition 2.7 and Corollary 2.8 are still true if one changes the value of
m(g)m(g—"') from —1 to any other constant independent of g.

Non-Fourier multiplier examples. All of the machinery developed or reviewed in
this Section is formulated in a way that works beyond the case of Fourier multipliers.
As an illustration, another family of examples comes from Schur multipliers. Indeed, let
D C B(£2Z) be the finite span of the matrix units e;5. A Schur multiplier is a linear
map Sy, : D C B(laZ) — B(¢2Z) defined by sending the matrix unit e to m(j,k)e; for
some function m : Z x Z — C — called the symbol of S,,. Schur multipliers are ¢ (Z)-
bimodular, with ¢, (Z) sitting inside B(¢2Z) as the diagonal subalgebra. As such, if we
take in Theorem 2.3 M to be B(¢2Z) and N to be £5(Z), we have that any bounded
symbol m satisfying (Cotlarg | ) extends boundedly to all Schatten classes .S, with 1 <
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p < 0o. The same computations of Theorem 2.4 can be performed in this setting, yielding
that

S satisfies (Cotlarg. ) relative to £oo
— (m(jvk) - m(]vg)) (m(&j) - m(&k)) l{j;éé} = 07 vjvkvg € Z.
(2.13)

This makes verifying the Cotlar identity for Schur multipliers straightforward. For
instance, the triangular truncation H = S,, is the Schur multiplier with symbol m(j,k) =
sgn(j—k). It is trivial to verify that it satisfies identity (2.13). Indeed, if m(j,k) #m(4,£) it
is because j < £ and j > k or vice—versa. If the first case holds, then k < j < ¢, which implies
that m(¢,5) = m({,k). The other case is checked similarly. Since H H°P? = —id, we recover
the sharp bound of the operator-norm on S, as p — 17,00. This is not a novel result,
since the triangular truncation is a very well understood object whose S,-boundedness
can be obtained from an array of techniques ranging from subdiagonal algebras [74] to
Fourier-Schur transference for amenable groups [61, 11] and smooth Schur multiplier
techniques [14]. Nevertheless, it signals the possibility of exploiting Cotlar identities in
settings beyond Fourier multipliers.

The convex hull of Cotlar-type multipliers. A natural question is which class of
multipliers m can be shown to be bounded in L,(L£G) by being represented as a convex
combination of multipliers satisfying (Cotlarg, ) or natural modifications of them. To that
end, notice that if m is an L,-bounded multiplier, then so is g — m(h~10(g)r), where
h,r € G, 6 € Aut(G) and their norms coincide. Let us denote the group of transformations
of G given by g+ h=10(g)r by the affine transformations Aff(G) of G. Observe that,
if we define G® = (G@® G)/A, where A is the subgroup of diagonal central elements,
A ={(a,a):a € Z(G)} CGDG, then there is a faithful representation that sends (h,r)
to g+ h~lgr. A trivial computation gives that

Aff(G) =2 G2 x Aut(G),

with the natural action. It is clear that, if 4 € M(Aut(G)) is a finite signed measure and
m: Aff(G) x G — C is a bounded map such that g — m(«,g) satisfies (Cotlarg ) for every
a, then

m(g) = /A ) ),

is clearly bounded in L,(LG) for every 1 < p < co. We could add more flexibility to
this technique by allowing the map g — m(«,g) to be the product of k terms satisfying
(Cotlarg, ). Let us call this class coCot*(G). We leave mostly unexplored the following
natural problem:

Problem 2.9. Let Gy C G and m : G — C be as above. Are there sufficient conditions,
for example in terms of smoothness, implying that m € coCotk(G)?

This remains as an underexplored approach to prove the boundedness of Fourier
multipliers over groups without recourse to noncommutative analogues of singular integral
theory. In fact, observe that in the classical case of R any function of bounded variation
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lies in the convex hull of (translations of) the classical Hilbert transform and therefore
m € BV(R) = m € coCot'(R), see [25, Corollary 3.8]. In higher dimensions the
behaviour is even richer. For instance, let m : R> — C be a homogeneous function, i.e.,
a function satisfying that m(A&) = m(€) for every A > 0. Clearly, m depends only on its
angular component m|r. We have that

mlr € BV(T) = m € coCot?(R?),

where BV(T) is the space of functions of bounded variation on the torus. To see that, just
notice that the indicator function 1y, of the sector ¥y C R? of all vectors whose polar
angle w lies in [0,60) can be expressed as the product of the characteristic functions of two
half-planes, each of which satisfies a Cotlar identity. Homogeneous functions of angular
bounded variation can be expressed as convex combinations of different sector indicators.

Generalizations. It worth noticing that the identity (Cotlarg, ) can be generalized in
a natural way by changing the equality by an operator inequality

EL[H()H()'] < B [H(7H()) +H(FH()) ~ H(H(F1))| + A7)
(Cotlar% 1)
for every f € MN Ly(M) and some constant A > 0. It is clear that this inequality implies
the same bound (2.6) of Proposition 2.3 for left A-modular operators, just with a constant
growing like O(14+/A). Similarly, there exists a closed-formula characterization of Fourier

multipliers T,,, with left Go-invariant symbol m satisfying (Cotlar% ). To formulate such
characterization let us define

Qun(g,h) = (m(g) —m(gh™")) (m(h) —m(hg=1)) Lo\, (gh ") + Alg,(gh™)

and notice that (Cotlarg ) is actually equivalent to

0< /G /G Flgh) F(1) Qun (g h) Ay dps(R) dps(g).

The inequality above is equivalent to the (integral) positivity of the operator-valued kernel
Qn(9,h) Agp—1. Since multiplication by Aj-1-Aj, preserves positivity, this is equivalent to
requiring that €, be an integrally positive kernel, i.e.,

02 [ [ Flo) FW Qg duh) dulg). tor every F e L(G)NLw(G).  (214)
aJa
When G is discrete, this condition implies that €2, factors as

Qm(gah) = <€(h‘)7§(9)>’

where £ : G — H is a bounded function with values in a Hilbert space H, see [3, Theorem
C.1.4]. The reason why we need to add the term AE[f f*] to the Cotlar identity when Gg
is open is that, without it, we will be forcing the kernel Q,,(g,h) to be positive definite
while also vanishing on the diagonal g = h, which would imply that it is identically zero.
In the non-relative case, this extra term can be omitted. This more general Cotlar identity
leads to the following problem, which we leave unexplored.
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Problem 2.10. Let Gy € G and m : G — C be as above. Is there a geometric model of
G ~ X, possibly generalizing that of actions on UAC spaces in Theorem B, such that
if m(g) lifts to X via a function m(g) = m(g-xg), then its associated Fourier multiplier
satisfies (Cotlar]i)?

3. Groups acting on R-trees

Let X be a Hausdorff topological space. An arc v on X is a subset of X that is the
image of an injective continuous function mapping [0,1] onto . The space X is said to
be uniquely arcwise connected, or UAC, if any two points in X are joined by a unique
arc. We say that a group G acts on a UAC space X if G acts by homeomorphisms on X.

If, in addition, the UAC space X is metrisable and there is a metric d: X x X — C
such that the unique arc joining two points is isometric to a closed interval of the real
line, then (X,d) is called an R-tree. We will say that a group G acts on an R-tree X if it
acts on it by isometries.

Observe that this definition is topological in nature since the underlying space is
required to be arcwise connected. An alternative route to R-trees can be taken by defining
them as hyperbolic spaces with § =0, i.e., every triangle is a tripod. These two definitions,
although equivalent in spirit, are slightly different. Namely, a tree seen as a discrete set
with the edge metric is a 0-hyperbolic metric space but not an R-tree in our definition.
This is not a problem since trees can still be seen as a subclass of R-trees by treating
them as simplicial trees, i.e. the one-dimensional simplicial complexes obtained from the
incidence information of the tree. We also have that, given an R-tree X, if the set of
points whose complement has three or more connected components is discrete in X, then
X is a simplicial tree. The first definition of R-trees was given by Tits [85], then Morgan
and Shalen [58], following earlier results of Alperin and Moss [1], drew attention to the
theory of R-trees by showing how to compactify a generalization of Teichmuller space for
a finitely generated group using R-trees. We refer the reader to [5] for more on R-trees.

We define the following two models for a group acting on a UAC space. Let G ~ X be
a topological action and xp € X a selected point. We will say that a bounded measurable
function ¢ : X\ {zo} — Cis constant along arcs iff p(x) = p(y) if there is an arc connecting
z and y inside X \ {zo}. This is equivalent to decomposing X \ {z(} as a union of arcwise
connected subsets and imposing the function to be constant over those subsets.

Model 1. Let G ~ X be a topological action on a UAC space, zg € X a point and
m: X — C a bounded measurable function such that

(i) m, restricted to X \ {zo}, is constant along arcs.

(ii) m is invariant under the action St,, ~ X \ {zo}.
Then we define the multiplier m : G — C as
m(g) =m(g- o)

and fix (Go,G) as (Sty,,G).
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This definition has the drawback that the invariance under St,, of m can make the
symbol constant outside St,, in some cases. We introduce the following, more involved,
model.

Model 2. Let us fix two distinct constants Cy, Cy € C. Let similarly G ~ X be a
topological action on a UAC space and zg € X a point. Choose Xy C X \ {20} to be
an arcwise connected subset. We define m : G — C to be

0  when g € St;, and g-Xo = Xp

Cy  when g€ St,, and g-Xo # Xo

C1 when g & Sty, and g-zo & Xo

Cs when g-zg € Xg.

m(g) =

We will also fix Gg to be Sty,N{g € G:g-Xo=Xo}.

Observe that Model 2 is a natural modification of Model 1 for the function m : X — C
given by m = C11x\ ({z}ux,) T C2lx,. The main difference is that we extend the value
of Cy to a portion of the stabilizer.

Proposition 3.1. Let G ~ X be an action as above.

(i) Let m: G — C and Go be like in Model 1. Then, T,,, satisfies (Cotlarg, ) relative to
Go and is left LGo-modular.

(ii) Let m: G — C and G be like in Model 2. Then, T,, satisfies (Cotlarg, ) relative to
Go and is left LGg-modular.

The points above imply that T, in both Models 1 and 2 are bounded in L,(LG) for
1<p<oo.

Proof. The statement in point (i) has already been proved in the introduction. Thus, we
concentrate on point (ii). The fact that m is left invariant under the action of Go = {g €
G:g-xo=z0}N{g€ G:g-Xo= Xo} is immediate. Now, all we have to do is to verify
(C&l\ar). To that end, let us divide the group as a disjoint union G = GoU Gy U G3 U Gs,
where

Go={9€G:g-vo=20}N{geG:g9-Xo=Xo}
Gi={9€G:g-wo=w0}N{g€G:g Xo# Xo}
Go={9€G:g-wo#z0}N{g€G:g 20 ¢ Xo}
G3={9€G:g-mo#x}N{geG:g-z9€ Xp}.
Observe also that, since m is both left and right Go-invariant, it is enough to verify
(Cotlar) for g,h € G\ Go. Assume that m(g~1!) # m(h), otherwise we are done, our aim
is to show that m(gh) = m(g). We will proceed by cases. First, assume that g € Gy. This
is equivalent to g~' € G1 and therefore h € G3. But then, gh-z¢ & Xo and gh-xq # zo.
Therefore gh € G2 and we get m(gh) = m(g). In the case of g € Go we have the whole

range of possibilities and h can belong to G1, Gy or Gs. In the case of g € Gy and h € G
we have that gh € Gs. Indeed, gh-xo =g -z & Xo and it is immediate that gh is not in the
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stabilizer of zg. For the second case of g € G and h € Gz the condition m(g~1) # m(h)
implies that g~ 2o and h-x¢ live in distinct arcwise connected subsets of X \ {zg}.
But then there is a unique path connecting both points that passes through the root.
Applying ¢ to the whole arc gives that g-z¢ and gh- g lie in the same arcwise connected
subset and do not stabilize xg, see Figure 1. Therefore m(gh) = m(g). The third case is
given by g € Gy and h € G3. Observe that if g € Gy, then g=! can only be inside Gy or
G3. But the case g~* € G3 can be easily discarded since it will contradict the assumption
m(g~1) #m(h). But if g~ € Go and h € G3, then g~! -2 and h-xg live in distinct arcwise
connected subsets and we can proceed like in the previous case. It remains to check the
case of g € G3. We have that h can be in either G1, Go or Gs. In the first case we deduce
that gh € Gs. For the second one we have that if g € G3 and h € Go, then we can assume
that g~ € G3, the only other choice being g~ € Gy which will contradict the assumption
m(g~1') # m(h). But this implies that g~1 -z and h-xg live in different arcwise connected
subsets of X \ {zo} and we can apply the argument in Figure 1. Lastly, if g € G3 and
h € Gz we obtain similarly that g—! can only lie in Gy. The same path argument applies.
Applying Theorem B, we get the L,-boundedness of Tp,. O

Remark 3.2. Recall also that, by Remark 2.5, when the subgroup St,, has empty
interior, condition (2) in Model 1 can be dropped.

Observe that in the case of G = R, the Hilbert transform is also of weak type (1,1),
ie, H:L1(R) = L1 5 (R) and bounded between L. (R) and the space of bounded mean
oscillation functions BMO(R). Both endpoint spaces give — by either complex or real
interpolation with Lo — the optimal order for the operator L, norm of H. The following
problem remains open.

Problem 3.3. Let G be a group and m a multiplier like in Model 1 or 2. Is it possible
to construct spaces X; and X, in place of L; o and BMO, such that

(i) [T 2 L1(£G) = Xy || < 00 and || T, : Loo (LG) — Xoo|| < 00,

(ii) interpolation of Xy or X with Lo yields growth of max{p,p’} for the operator L,
norm of T,,,7

This problem presents at least three challenges. The first difficulty comes from the fact
that weak type (1,1) bounds are difficult to obtain for noncommutative singular integral
type operators. They are known in some semicommutative examples [62, 8] but open in the
case of Quantum Euclidean spaces [33] and in most group settings besides left-orderable
groups [74]. The second challenge is that the specific endpoint space X, to be used for m
in Model 1 or Model 2 has to be defined in terms of the geometry of G ~ X and it cannot
just be the usual noncommutative BMO space, see [43, 53, 54]. Indeed, there is a natural
unital and completely positive semigroup Sy : LFs — LF5 in the free group algebra given
by Si(\g) = e~ !9l see [36]. This semigroup allows to construct a natural and interpolating
semigroup BMO space BMO(LF3), see [44]. But it is known that the multipliers (MR) are
unbounded from Lo (LF3) to BMO(LF3), see [56, Appendix A]. The third difficulty comes
from the fact that the classical technique, employed by Kolmogorov [50], of comparing
a singular integral operator with a maximal one is delicate in this context since some of
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arq| T1
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Figure 2. The action of g over the path connecting the global fixed point and g- xg.

the operators obtained are not positivity preserving, which makes interpolating maximal
functions an open problem [47]. The technique of Kolmogorov has been used in the
noncommutative case in [40]. We will also mention that some tentative progress in the
direction of Problem 3.3 has been made. For instance, Gatazka and Osekowski [30] have
lowered the operator L,-norm of the Fourier multiplier m : F; — C that depends on the
starting letter from O(p?) to O(plogp) as p — oco.

Now, we are going to study Models 1 and 2 in the context of R-trees. Observe that, since
any R-tree action is an action of the underlying UAC topological space, Proposition 3.1
above works for R-trees. Furthermore, in the case of group actions on R-trees we have
the following result connecting the existence of global fixed points with the form of the
Fourier multiplier T;,,. We are going to say that the multipliers m coming from Models 1
and 2 are trivial iff they are constant for any g € G\ Gy.

Proposition 3.4. Let X be an R-tree and G ~ X an (isometric) action of a discrete
group. The following holds:

(i) If the action G ~ X has a global fixed point, then for any choice of a root xg € X
the multipliers in Model 1 and Model 2 are trivial.

(ii) If G is finitely generated, for any action on an R-tree X, there is either a global fived
point or there exists xg € X such that the corresponding symbol given in Model 2 is
nontrivial.

Proof. We will prove first (i) for m as in Model 1. Assume that the action has a global
fixed point 1 € X. If x1 coincides with the root zy then m = 0 and there is nothing to
prove. Therefore we assume xg # x1. Similarly, we can assume without loss of generality
that St,, # G, since otherwise m = 0. Pick g € G and assume that g- ¢ lies in an arcwise
connected subset of X \ {zo} different from that of z;1. Then, there is a unique path
joining x; and g-xg that passes through the root g, see Figure 2. But since z is fixed
by any g € G, after applying g to the path we obtain a larger path, which contradicts the
fact that the action is isometric.

This implies that ¢z = ¢- ¢ and so ¢-x¢ = xy, which contradicts the assumptions.
Therefore, g-xy belongs to the same connected subset of x; for every ¢g that do not
stabilize the root xg, that is, m(g) is constant for any g € G\ Sty,.

https://doi.org/10.1017/51474748026101868 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748026101868

Noncommutative Cotlar identities for groups acting on tree-like 2647

Xo Xo
1 Z1
9o
—_— >
Zo
0" X0 0°20 o
'Y 9o * o
L —
X

Figure 3. The action of go over the path connecting z; and go - xo € Xo.

For the case of m as in Model 2, let 21 € X be a global fixed point. We can again consider
without loss of generality that zy # x; and that St,, # G. By those assumptions, there
exists gg € G with go-z9 € X \ {zo}. We have two possibilities for go. If go - 29 # z¢ and
go - o & Xo, then m(go) = Cy, while if go-x¢ € X then m(gg) = Ca. If we are in the first
case go-xo & Xo, then the multiplier m will be trivial unless there exists a g; € G such
that g1 -z € Xg. Let us obtain a contradiction. First, we claim that the global fixed point
1 ¢ Xg. Assume x1 € Xg. Then, there is a path joining z; and gg - g that passes through
the root xg, see Figure 3. But applying go to the path gives that gg-zg = xo which is
a contradiction. Therefore x1 € Xy, but since g; - zg € Xp, we can build a path from z;
to g1 - xg that passes through the root xy and, repeating the same argument as before,
obtain that ¢; - xg = xg, which is a contradiction. For the second case gg-zg € Xg. First,
we notice that 1 must live in Xy, if not, proceeding as before we will get that gg-x9 = g,
which is a contradiction. In order for m to be nontrivial there should be a g; € G such
that either g - x¢g = ¢ and g1 - X # Xo or g1 - xg # xp and g; - o & Xo. For the first case,
let us choose a point xs € Xy. Then, g1 -x2 € X and similarly g; - 2 # x¢. Now, construct
a path joining x; with g7 - x2. Since 1 € X but g1 - x2 belongs to a different connected
subset, the arc joining them passes through the root zg. Let us apply g7 ! to the whole
arc. Since we have that 91_1 -xo = xp, we obtain an arc that joins x; and xo and passes
through the root xg. But this is a contradiction with the fact that z; and x5 both belong
to Xg, see Figure 4, since X is a UAC space the arc joining two elements in the same
connected subset of X \ {z¢} cannot pass trough the root zy. The remaining case is when
g1-xo # xg and g7 - xg € Xo. Then, the arc joining x1 € Xy and ¢; - x1 passes through
xo. Applying g1 gives a contradiction with the fact that the action is isometric and that
g1 To # xg. For the other point, if G is finitely generated, the converse statement is also
true and it is a corollary of [6, Lemma 5.2]. This lemma tells us that when a finitely
generated group G acts non-trivially on an R-tree X, there exist a point yy and elements
g,h € G such that yg lies in the arc between g-yy and h-yg and yo, g-yo and h-yg are all
different. Therefore, if G does not have property (FR), we can choose z( as yo and Xg
as the maximally connected subset of g-yg. Then, there is an h € G such that h-xzg # xg
and h-zo & Xo. Thus, sending g and h to different values C; and Cj gives a nontrivial
multiplier within Model 2. O
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Figure 4. The action of gfl over the path connecting x; and g; - xa.

Many groups we are familiar with admit actions on R-trees. For example, every finitely
generated hyperbolic group. Indeed, a finitely generated group is hyperbolic if and only
if every asymptotic cone of the group is an R-tree [35]. Then, the action of a hyperbolic
group on its Cayley graph induces an action on the asymptotic cone of the Cayley graph.
Moreover, any surface group having Euler characteristic less than —1 acts freely on an
R-tree [59].

On the other hand, there are many examples of groups for which any action on an
R-tree has a global fixed point. When this happens the group G is said to have property
(FR), see [5, 80]. The following corollary of Proposition 3.4 characterizes groups with
property (FR).

Corollary 3.5. G has property (FR) if and only if the symbol m in Model 2 is trivial for
any xg € X in any R-tree X on which G acts (isometrically).

One natural question, that we leave open, is whether there are functions m: G — C
satisfying (Cotlar) for Go = {e} and such that they do not lift to a function m on a UAC
space like in Model 1 or 2 on which G acts. One way to prove the non-existence of such
lift m would be a procedure to assemble from the group G and the function m a G-space
X on which G acts naturally and a lift m : X — C satisfying hypothesis like those of
Models 1 and 2. So far, this reverse construction has escaped us.

4. Left orderable groups

Recall that a total or linear order < is an order relation such that, given any two points
z, y then it holds that x <y or y < x. A left-orderable group is a group admitting a
left-invariant total order, i.e., (G, <) satisfies that g < h if and only if kg < kh. Recall
that, as we defined in the introduction, every left-orderable group has a sign function
sgn : G — C that assigns +1 or —1 depending on whether e < g or g < e. We will prove
that H = Ty, is bounded.

Proof of Theorem C. First, let us tackle the case of G discrete. All that is required to
do is to prove the identity (Cotlar) relative to Go = {e}. Assume that sgn(g) # sgn(gh),
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where both ¢ and h are different from e. If both ¢ and A had the same sign, so would
gh, therefore the sign of h has to be different from that of g. But that implies that the
signs of g and h~! coincide. To see that the norm grows as O(p) as p — oo just notice
that sgn(g~!) = —sgn(g) and therefore m(g)m(g—1) = —1, which allows to apply the same
technique in Proposition 2.7 and Corollary 2.8. The continuous case follows by the same
argument in view of Remark 2.5. O

Apart from the direct proof above, it is interesting to notice that these Hilbert transform
type multipliers on left-orderable groups can be put into the framework of Model 1 and
Theorem B. To do that we need to use the well-known characterization of countable left-
orderable groups as order-preserving groups of homeomorphisms of the real line R, which
is a UAC space. The first reference we found for this is [39].

Proposition 4.1. Fvery countable left-orderable group acts on the real line R by
orientation preserving homeomorphisms and without global fized point.

Observe as well that, given a homeomorphism of the real line f:R — R it is either
orientation preserving or orientation reversing and that the composition of two orientation
reversing maps is orientation preserving. Therefore, there is a group homomorphism
Homeo(R) — Zy = {1, — 1} that associate each homeomorphism of R with +1 or —1
depending on whether the homeomorphism is orientation preserving or reversing. As a
consequence each discrete group G acting on R has an index 2 subgroup that is left-
orderable. So, when the UAC space X in Model 1 is equal to R, the group G is left-
orderable and have an index 2 subgroup in which the multiplier m essentially coincides
with the sign function.

The left invariant order of a left-orderable group is by no means unique. Thus, the sign
functions associated to different orders may give different L,-bounded Fourier multiplier.
Similarly, left-orderable groups can have actions on UAC spaces other than R which
will yield different multipliers still within our Model 1. An example of this will be that of
Baumslag-Solitar groups BS(1,n), which both admit nontrivial actions on their Bass-Serre
trees and are left-orderable.

Left orderable groups and subdiagonal algebras. Finally, let us mention that
the Hilbert transform H = Ty : L,(LG) — L,(LG) of a left-orderable group can be
considered as a particular case of the Hilbert transforms associated with subdiagonal
algebras which have been studied in [74], see also [72, Section 8]. Such algebras were
introduced by Arveson [2]. Indeed, let (M,7) be a von Neumann algebra with a n.s.f.
trace and let E: M — D C M be a 7-preserving conditional expectation onto a von
Neumann subalgebra D C M. A finite subdiagonal algebra H> (M) C M with respect to
E is a weak-* closed, non self-adjoint algebra such that

(i) E(fg) =E(f)E(g),
(ii) {f+g* 1 f,g¢€ HOO(M)} =M and
(iil) HO(M)N(H>®(M))* =D.

The notation comes from the fact that, for the algebra L. (T) and the integral as
expectation, the Hardy space H>(T) gives a finite subdiagonal algebra. Other examples
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are the n x n upper triangular matrices, which are a finite subdiagonal algebra with
respect to the diagonal subalgebra ¢ C M, (C), and more generally the nest algebras
[20] of totally ordered families of projections. In this setting any f € M admits a unique
decomposition as

f=g+0+h* with gh € HF (M), b €D,

where HF° (M) ={f € H*(M) :E(f) =0}. The Hilbert transform associated to the finite
subdiagonal algebra H>(M) is thus H(f) = —ig+ ¢h*. For these family of operators
Randrianantoanina [74] proved their weak type (1,1), which after interpolation gives the
optimal constant in terms of p. In the case of a discrete left-orderable group LG with the
subalgebra C1 C LG and the conditional expectation given by f+— 7(f)1, we have that

1 (e6) = { 1= S Flany £ e £}

e<g

is a finite subdiagonal algebra whose Hilbert transform coincides with the multiplier
—1T4en in Theorem C. Thus, by Corollary 2.8, Cotlar identities can be used to recover
previously known results with optimal constant.

5. Multipliers from Bass-Serre theory

The theory of discrete groups acting on trees (without edge inversions) is very well
understood due to the work of Serre. The interested reader can find more on this topic
n [79]. Here we are going to briefly explain how it is possible to use this theory to build
examples of multipliers satisfying Cotlar’s identity and to understand previously known
examples like free group multipliers from [55, 56] under a geometric lens.

Given a graph of groups X, which we will assume is connected, its fundamental
group 71(X) can be defined in two ways, with the second one being more handy when
constructing the Bass-Serre tree of X.

(D.i) The first construction, denoted by m (X zp) and briefly explained in the
introduction, consists of the subgroup of F(X) given by words of type ¢, where ¢
is a closed path in X that starts and ends at the base point xy € Vert(X).

(D.ii) For the second construction fix a spanning tree T C X, that is a tree containing
all vertices of X. The fundamental group 71(X;T') can be constructed as

m(X;T) = F(X)/(y : y € Edge(T)),

where (y :y € Edge(T)) is the normal subgroup generated by all the edges y in
the spanning tree.

The first definition is independent of the choice of x(, while the second is independent of
the choice of spanning tree T. Both are isomorphic, see [79], and we will usually denote
the resulting group just by 71 (X). Recall from the introduction that a word g of type c is
in normal form if, informally, it can not be shortened applying (1.3). More formally
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G 8

Figure 5. Amalgamated free product.

e Given a word g = |¢,r| of type ¢, it is in normal form if either m =0 and rq # e or,
in the case in which m > 1, it holds that for every 1 <j<m—1, r; & ng when
Yi+1 =Y;-

e Let |¢r| and |e,u| be two words of type ¢ with r = (rg,r,...,7m) and
p = (o, 11, - ftm ). They are said to be equivalent if pug = road’ and py =
(a?j)*lrja;?iﬁi, where a; € Hy, and a?j and a?j are the corresponding images

in Hy, and Hy?.

We have that two words of type ¢ in normal form are equivalent if and only if they

represent the same element in m; (X;zg). Observe also that any g € m1(X,20) admits a

unique normal form up to equivalence.

The fundamental group of a graph of groups unifies several constructions.

¢ Homotopy groups of 1-dimensional simplicial complexes. Any graph X is
naturally a graph of groups by putting the trivial group in each vertex and edge.
In this case 71 (X) is naturally isomorphic to the (usual) fundamental group m (X)
of the associated 1-dimensional simplicial complex, see [77, Chapter 11].

e Amalgamated free products. Let X be a connected graph with two vertices
1 and z9 associated to groups G; and Gy and connected by a single edge y to
which a common subgroup H of G; and Gs is attached. Then, the fundamental
group of this graph of groups is the amalgamated free product 1 (X) = Gy #p1 Ga,
see Figure 5, and when H = {e} the usual free product is obtained.

e HNN extensions. Let G be a group and H; and Hy two isomorphic subgroups
Hy,Hs C G. Fix an isomorphism 0 : Hy — Hy. The HNN extension of G relative to
0, see [77], is the smallest extension of G such that 6 is implemented by an inner
automorphism, i.e. §(h) =tht=!, for some ¢ and every h € Hy. In the case of a
group given by the presentation G = (S| R), its HNN extension is

(S, t|R, tht™" =06(h)), (5.1)

where h runs through H;. This construction can be obtained as the fundamental
group of a graph of groups with a single vertex with group G and an edge y
whose associated group is H; and the two inclusions are given by oy, (h) = h and
ag(h) =0(h), see Figure 6.

Let X be a graph of groups whose underlying graph we will denote by X and let
7 =m1(X) be its fundamental group. We will recall the construction of the Bass-Serre
tree X of X whose vertices are

Vert(X)= | | 7/Ga,

z€eVert(X)
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G

Figure 6. HNN extension.

while its edges are given by

Edge, (X)= || /H) and Edge (X)= || a/HY,
y€Edge  (X) y€Edge_ (X)

where Edge_ (X) is a fixed orientation of the edges of X. In the definition above we are

including only the edges of a fixed orientation of X induced by the orientation of X. We
can define the endpoint of each edge as follows

o(gHy) =9Go(,  t(gHy) =99,Cupy  for y € Edge, (X), g,

5.2
o(gH!) = gg; 1Gugyy. tgHY) = Gy, fory € Bdge (X), g€, (5:2)

where g, is the image of y under the canonical projection from F(X) to m1(X;T). The
group m acts on X by left multiplication. The Bass-Serre tree construction also allows us
to produce actions on trees for the fundamental group of any graph of groups. We will
exploit this to obtain examples of Fourier multipliers satisfying Cotlar’s identity.

We are ready to prove the main theorem of this section.

Proof of Theorem D. For (i), take h € G, ; then it is immediate that m(gh) = m(g).
Therefore, it is enough to prove the identity for g,h & G,,. Assume that m(gh) #
m(g), since otherwise the identity holds. Let us write ¢ in its normal form g =
TOYLT1Y2T2 " yn rn, with ro € go - Hg1 Since m(gh) # m(g), h must admit a normal
form b =r;ly- 1y tr with r = 7’0 ! -7’ for some 1’ € g, Hgi Here go, g4 € G, and
90—1 0 ¢ Hy1 Moreover, since r;, ty* yflral is a normal form of ¢!, by the definition
of m, it is clear that m(g~!) =m(h). For (ii), notice that the left action G, ~ Gzo/Hg
is transitive for each y, therefore a left G, -invariant function has to be constant in each
of the elements of the disjoint union W. O

Observe that, by the definition of the Bass-Serre tree of X in equation (5.2), the set
of edges in X connected to the vertex Zog=e Gy, € Vert(X ) is given, up to orientation,
by the disjoint union of G, /Hy7 where, again, y runs over every edge in X starting
with xp. This already establishes that the functions depending only on the initial
segment and the functions that are constant on the connected components of X \ {Zo}
are in a natural and bijective correspondence. The following proposition, whose proof
is immediate, asserts that m falls into Model 1. This provides an alternative proof of
Theorem D via Proposition 3.1.(i).

Proposition 5.1. Let m = m(X,x0) be the fundamental group of a connected graph of
groups X and let X be its Bass-Serre tree.
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(i) Every symbol m : m — C depending on the first segment satisfies
m(g) =m(g- o),

where m: X — C is the Junction constant over the connected components of)?\{ffo}
that is naturally associated to (1.6) and To is a vertex of X labelled by G, -

(ii) If furthermore m depends only on the edge of the starting segment, then m : )?\
{Zo} — C has the same value over any two connected components X, and Xg such
that r- X, = X3, for some r € G, .

In the case in which G,, is Abelian, the more restrictive condition that m : 7 — C
depends on the initial edge can be removed and a multiplier theorem still holds for symbols
depending on the starting segment. Let m be a symbol depending on the starting segment
and m : W, — C be its lift to the space of initial segments defined in (1.5). We will denote
by m, the restriction of m to G,/ Hg We have the following result.

Theorem 5.2. Let m = m(X,z0) be the fundamental group of a graph of groups with
Gy, Abelian. In order to lighten the notation, let us denote GQJO/HZ by G,. For each
y € Edge(X) with o(y) = x¢ and each character x : G, — T we define the multiplier o
given by oy (9) = x(ro Hg), whenever g is represented by a word starting by roy, and 0
otherwise. The following results hold

(i) The map py : Ly(Lm) — Lp(@y;Lp(Eﬂ)), defined by f — (Tgyyx(f))xe@y satisfies

2 \B
171 < o0 (@, sty emy S (7)1l where 6 =logs(14+V),

(ii) For a general symbol m : w — C depending on the starting segment, it holds that

2 \B ~ ~
[T Lytem) = Lem) | 5 (5) max {[T, 2 Lo(Cy) = L@yl )

Proof. The proof is almost immediate. For (i) first notice that m, , depends on the
starting segment and that, given a € G, 0, satisfies that o, (ag) = x(a) oy, (g). Thus,
since it satisfies (Co/tl\(n) relative to Gz,, by Remark 2.6 we have that it is a bounded
multiplier in L, for 1 < p < co satisfying the bound (1.1) in Theorem A. The fact that
@y is compact implies that p, is bounded with the same bound as T,

Ty, x "

For the lower
bound, notice that, since the Haar measure of G, is a probability measure, 15 is of norm
Y

~

one on L, (Gy). But evaluating against it gives

=1 £1l,-

Ly (Lm)

pr(f)HLp(ay;Lp(Cﬂ')) z H/@ Tmyx(f)dﬁ(X)

This shows that p, is a quasi-isometry, which gives (i). For (ii), just notice that if m is a
symbol depending on the starting segment and that is 0 outside G, then the following
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Figure 7. Graph of groups for the amalgamated free product.

diagram commutes

Ly(Lm) ——— L,(Gy; Ly(Lr))

J n J{Tmy ®id
p o~
Lyp(Lr) ————— Lyp(Gy; Ly(Lm))
and together with point (i), this yields the result. In the general case of m depending on
the starting segment, we can decompose it as a sum of symbols m|g, and build a direct
sum map

p:Ly(Lr) — D Ly(GyiLy(Lr))

o(y)=o

by taking p, in each of the components. O

Now, we have all the tools required to illustrate our theory with the examples.

Examples: Amalgamated free products. This first example is already known, but
our proof gives a concise geometric interpretation of it. Let {G; : i > 1} be a family
of groups and A a common subgroup. Let us denote the injective homomorphisms by
a; : A— Gy, for ¢ > 1. Now, consider the graph of groups X in Figure 7, whose underlying
tree X connects the point z¢, with G, = A, with the points z;, ¢ > 1, whose groups are
G;. Meanwhile, the groups on the edges y; are all isomorphic to A with the embedding
into Gz, = A being the identity map and the embedding into G; being ;.

In this case, we have that m = 71 (X,z¢) is the free product of {G; :i > 1} with A as
the amalgam 7™ = %; 4Gy, see [79, Theorem 9]. Functions m : # — C that depend on
the starting edge in this context are given by the span of {L;};>1, where each L; is the
Fourier multiplier associated to the characteristic function of the words starting by as;,
where s; € G;. These operators are an example of the free Hilbert transforms that have
been studied in the pioneering work of Mei and Ricard [55]. Note that free groups can
be obtained from other graphs of groups. Let us pick the free group of two generators Fs
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Figure 8. Graph of groups whose fundamental group is Fo (in the corner) and its Bass-Serre tree. For
readability, we have omitted branches going from the root towards vertices labeled a*Z with k < 0.

for simplicity. We can represent Fo as the fundamental group of the graph of groups X
given by two vertices {zo,21} whose associated groups are isomorphic to Z and joined by
a single edge with trivial group in it.

Let us denote the generator associated to zg by a and the generator associated to x
by b. Since Z = (a) is Abelian, we can apply Theorem 5.2. Indeed, functions depending on
the starting segment are of the form m(s7* s52 -+ sI'r) = m(ny) if s1 =a and 0 otherwise.
Changing the roles of xg and z; and combining the two multipliers obtained, we get

symbols of the form

_ o
m(ssh? o str) = {ml(”l)’ Bosr=a (5.3)

1712(711), if S1 = b.

Since m above is the sum of two symbols satisfying the hypothesis of Theorem 5.2(ii), we
have that

HTm : Lp(/:FQ) — Lp(E]F2)|| S (P'P/)ﬁ g?‘};{HTml : LP(T) — LP(T)HCb}a

where p’ is the conjugate exponent % + i = 1. With this, we partially recover the multiplier
theorems for initial segments of the free group in [56]. Our approach has the advantage
of giving a geometric interpretation as follows. Consider the Bass-Serre tree X of this
graph of groups, see Figure 8; it is easy to see that group elements in Fs can only map
pink vertices to pink vertices and blue ones to blue ones. Denote the set containing the
blue vertices in the first layer and the pink vertex labeled by Z in the middle by By. It
is straightforward to realize that any function on X that is constant along the connected
components of X \ By induces a symbol of the form (5.3).
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The fact that the starting letter induces bounded multipliers suggests the enticing pos-
sibility of simultaneously generalizing our results for the starting segment in Theorem D
and 5.2 and the main result in [56] to multipliers depending on the starting k-word of
the normal form in the context of graphs of groups.

Examples: HNN extensions. Suppose H; and Hy C G are two subgroups isomorphic
under 6 : H; — Hy and let m be the HNN-extension of G relative to 6, given in (5.1).
Observe that the HNN-extension can be written as m = H x T, the semi-direct product
of the infinite cyclic group T generated by ¢ and the normal subgroup H generated by
t"Gt~™", n € Z. In particular, m has a quotient isomorphic to Z.

We have already seen, see Figure 6, that m = 71(X z) is the fundamental group of a
graph of groups based on a single loop. By the definition of fundamental group, every
element of 7 is represented by a word 7g,t* 1 - -+t rp with £ >0, e;, = +1 and r; € G.
A word in this form will be reduced if it contains neither a substring of the form tat™!
with a € Hy nor one of the form ¢t~1bt with b € Hy. Fix coset representatives of G/H; and
G/Hos; for any g € 7, there exists a unique reduced word such that

g = rotlry - 1% 1y (5.4)

with 79 € G, 7, € G/H; if e; =1, and r; € G/Hy if e; = —1. We are going to give two
algebraic forms for Fourier multipliers satisfying (Cotlarg, ), one falling within Model 1
and another within Model 2 by considering the action of the HNN-extension 7 on its
Bass-Serre tree X by left multiplication. For the first one, we choose the root Zg to be
the vertex labeled by G. Note that if we set the orientation Edge_ (X) = {t}, then in the
induced orientation of X there are [G : Hy] many edges starting at Z, and [G : Hy] many
edges ending in Zy. It is immediate that a function m : 7 — C depends on the starting
segment iff there is a function m : (G/H;) U (G/Hz) — C such that

T?ll(TO'Hl) when €1 =+1
m(g) =<0 when g € G (5.5)

ﬁlg(ro-Hg) when e; = —1,

where m; is the restriction of m to G/H; for ¢ € {1,2} and g is equal to its normal form like
in (5.4). By Proposition 5.1, we have that m is left G-invariant if and only if it depends
only on the first edge in the normal form (5.4), which can only be ¢ or t~1 in our setting,
ie:

m(g) = Cilie, =113 +Calie, =11y (5.6)

Observe that, if G is Abelian, we can deal with the boundedness of (5.5).

Now, we can use the definition in Model 2 to the action m ~ X. Choose To as the root
and let X’O C X be the connected component separated from the root by the edge Hj.
It is easy to check the vertices in the connected component of Hy always take the form
g+ G with the expression (5.4) of g starting with ¢. Hence we get the following symbol
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p:m—C:

0 ifgeH,CQ
o(g) =< D; ifrg=ecande =1 (5.7)
Dy  otherwise,

where Dy and Doy are two different constants.

Corollary 5.3. Let w be the HNN extension of G with respect to 6 as before.

(i) Let m: m — C be like in (5.6). Since m depends on the starting edge, Ty, is
L,-bounded for 1 < p < oo and satisfies bound (1.1) by Theorem D.

(ii) If G is Abelian, and the symbol m in (5.5) lifts to m: (G/Hy)U(G/Hg) — C, then,
by Theorem 5.2, it holds that

2 B P e

[T Ly(L£7) = Ly(L)|| S (2%) mas { [T, : Ly (G/H;) — LP(G/Hi)HCb}.

(ii) Let p:m—C be asin (5.7). Then T, by Theorem 2.4, satisfies (Cotlars, ) relative
to Hy C G and is left LHy-modular. Thus T, is bounded in L, with bound (1.1).

The result above can be illustrated in the particular case of the Baumslag-Solitar group
BS(n,m) = <r,t{trmt_1 = 7“”>, where 1 <n#méeN,

which can be seen as a HNN extension of Z = (r) with respect to the map 6, which sends
r™F — "% and establishes an isomorphism between the subgroups mZ and nZ C Z. It
holds that Z/nZ = Z,, and Z/mZ = Z,,. We can take representatives {0,1,... n—1} and
{0,1,... m—1} of the quotients. The unique normal form of g is given by

g =rkogerpkgempbn ith ko € Zoey,...e; € {£1} (5.8)

if e; =1, then k; € Z/mZ for j > 1. If e; = —1, then k; € Z/nZ for j > 1. Multipliers that
depend on the starting segment ¢ : 7 — C lift to a function ¢ : (Z/nZ)U(Z/mZ) — C as
in (5.5). Using the fact that Z is Abelian and Corollary 5.3 gives

HTW : L,(LBS(n,m)) — LP(EBS(n,m))H < max{n,m}g_%‘ (p~p/)6||90||om

where we have also used the fact that the multiplier norm of ¢ : Z/¢Z — C on L,(Z/{Z)
is bounded by E‘%_%‘H@Hm. Now, let us explore multipliers on BS(n,m) coming from
Model 2 as in (5.7). Let X be the single loop graph of groups associated with BS(n,m)
and X be its Bass-Serre tree depicted in Figure 9. The two directions of the loop give us
the two subgroups mZ, nZ, and by definition of the Bass-Serre tree you get that X \{Zo}
has n+m connected components, see Figure 9. Now, we select the connected component
of the vertex tG. The symbol obtained has a value that depends on whether the normal
form (5.8) starts with ¢ or not.

Observe that BS(n,m) has an Abelian quotient ¢ : BS(n,m) — Z given by killing the
‘base group’ (r), i.e. ¢(t) =1 and ¢(r) = 0. Composing ¢ with a sign gives an example
of a multiplier satisfying Cotlar’s identity. Nevertheless, the multipliers studied above,
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Figure 9. Graph of groups whose fundamental group is the Baumslag-Solitar group (in the corner) and
its Bass-Serre tree. Here G =Z and Hy = nZ C Z.

(5.5) and (5.7) do not arise from the signs of this Abelian quotient Z. The following was
pointed out to us by the referee.

Remark 5.4. When m and n have a common factor d € Z, BS(n,m) can be written as
an amalgamated free product
n m
BS(n,m) = BS(f,—> Z,
(n,m) 7 d)
where BS(%,%) = (s,t|ts7t~! = s1d), the amalgam Z is identified with (s) in BS(%,2)
and with dZ in Z. Then in this case we also have a free Hilbert transform on BS(n,m)
whose symbol takes the form:

m(9) = C11{ky=0 (mod d)} +C2l{roz0 (mod d)}s

which is different from the multiplier formulas in (5.6) and (5.7).

Examples with Serre’s Property (FA). We will present here the examples of
groups having multipliers satisfying Cotlar’s identity and fitting into our Model 1 while
having Serre’s property (FA). Recall that a group has Serre’s property (FA) — the A
stemming from the French word for tree, arbre — if and only if every orientation-preserving
isometric action on a simplicial tree has global fixed point. This property admits a
closed characterization. Indeed, a countable group G has property (FA) if and only if
the following conditions are satisfied: G is not an amalgamated free product, G has no
quotient isomorphic to Z and G is finitely generated [79, Theorem 15].
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First, we will give an example of a left-orderable group with property (FA). This gives
an example for which Cotlar’s identity was previously unknown. On the other hand, its
associated Hilbert transform can be proven to be of weak type (1,1) due to the theory of
Hilbert transforms on finite subdiagonal algebras [74].

From the presentation of the von Dyck group D(2,3,7) = <x,y ‘ 2?2 =93 = (ay)" = 1>,
it is easy to see that D(2,3,7) is a quotient of the modular group PSL(2,Z). Since it is
isomorphic to a discrete subgroup of PSL(2,R), we may consider its lifting to the universal
cover of PSL(2,R). We denote this lifting by T, and it has the presentation

7

I'= <x,y,z’a¢2:y3:z :xyz>.

This group was studied in [4] as the first example of an orderable group which is non-
locally indicable.

Proposition 5.5. The group T' has property (FA) and is left-orderable. Therefore, its sign
Hilbert transform H = Tyg, satisfies (Cotlarg, ) and thus ||H : L,(LT) — L,(LT)]] < o0
forl<p<oo.

Proof. Since the kernel of the covering homomorphism is isomorphic to Z, we have a
short exact sequence

1-Z—-T—-D(237) —1.

Note that I' is perfect [4], i.e., it does not contain any nontrivial Abelian quotient; then
[16, Proposition 3.2] tells us that I" has property (FA) if and only if D(2,3,7) has property
(FA). Since D(2,3,7) has property (FA), see [79, p. 61], we deduce T also has property
(FA). Moreover, the action of PSL(2,R) by Mobius transformations on the circle lifts
to an action of 15914(2,1&) on R by orientation-preserving homeomorphisms, so in this
way, lggi(Q,R) embeds into Homeo, (R). Therefore, I' is also left-orderable. Applying
Theorem C, we conclude that I" admits a nontrivial Hilbert transform. O

Recall that this gives a new example of a group multiplier satisfying Cotlar’s identity,
but not a new example of a group multiplier being L, bounded since it falls within the
theory described in [74]. In order to obtain new examples outside both the classical theory,
the theory of free Hilbert transforms [55] and the theory of subdiagonal algebras, we will
need an example of a group with property (FA) acting without global fixed points on an
R-tree other than R itself. There are a few examples in that direction in the literature;
see [57], but the complexity of the constructions makes finding explicit formulas for the
multipliers more involved.

6. Hilbert transforms over lattices of SLy(R) and SL2(C)

The modular group PSLy(Z) is a discrete subgroup of PSLy(R). Over PSLy(R) there is a
very natural multiplier symbol, playing a role analogous to that of the Hilbert transform
in R. This is given by equation (1.7). In the statement of the following theorem we will
abuse our notation and write the elements in PSLy(R), which are classes of matrices up
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to a sign, simply by matrices. We will also denote by S and T the matrices

0 -1 1 1
S_(l 0) and T_<O 1).

It holds that S? = —id and (ST)? = —id, which in the quotient group gives that S? =id
and (ST)? =id. We have the following result.

Proposition 6.1. Let m|pgy,(z) : PSL2(Z) — C be the restriction of (1.7) to the modular
group. Then m satisfies (Cotlarz, ) with respect to the subgroup Go = {id,S} and as a
consequence

| T : Lp(LPSLy(Z)) — Ly(LPSLo(Z)) || < (ppjl)ﬁ where = log,(1+V?2).

Proof. First notice that m : PSLy(R) — C is right K-invariant, with K = PSO(2).
Similarly, when Gg acts on the left of m we have that

m(S*g) = (—=1)*m(g), for g€ PSLy(Z), k€ Z

which means that m is left Gg-invariant with respect to a character Gy — T and
Remark 2.6 applies. We need to prove that m(gh) = m(g) or m(g~t) = m(h) for
g € PSLa(Z)\ Go and h € PSLy(Z) \ {id}. Without loss of generality, we can assume
that & lives in the larger group PSLa(R) and use the right K-invariance of m to assume

that
h— VY 7311 and g(a b)’
0 Vv c d

for some z,y € R with y > 0 and a, b, ¢, d € Z. We are going to use the following elementary
identities

m(gh) = sgn(ac(z® +y?) + (ad+ bc)z +bd).

If m(g=') = m(h), then Cotlar’s identity is already fulfilled. Thus, we consider the case
when m(g~1) # m(h), which is equal to saying that z (—ab—dec) < 0. On the other hand,
since ad —bc =1 and a,b,c,d € Z, we get abed = be+ (be)? > 0. We also get that 2 (ab(d? +
) +dc(a® +b?)) > 0. This observation gives us the following result.
(ac(z®+y?) + (ad+bc)z + bd) (ac+ bd)
= (a®c* +abed) (22 +y?) + (ab(d® + ) + dc(a® + b)) 2 + abed + b*d? > 0.

This translates to m(gh) = m(g), which gives the result. O

The proposition above also admits a geometric proof. As discussed in the introduction,
PSLy(R) acts faithfully and transitively by isometries on the Poincaré plane H via M6bius
transformations. As a lattice of PSLa(R), PSLo(Z) naturally acts on H. Fix two points
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Figure 10. Bass-Serre tree of PSLg(Z) inside the hyperbolic plane.

ro =1 and x; = €3’ = (1++/=3)/2 on H, and let y be the geodesic arc joining them.
Since PSLg(Z) acts on both arcs and points, we will define X to be the union of all
translates of g-y for g € PSLo(Z). This union of segments forms a tree, see Figure 10. It
is easy to see that the stabilizer of zq is isomorphic to Zs and that of x; is isomorphic to
Zs. Indeed, the stabilizer of x is generated by the order 2 inversion z — —1/z, while the
stabilizer of 1 is generated by the order 3 map z+— (z—1)/z. An elementary computation
shows that no nontrivial Mobius transformation with integer coefficients sends x( into
x1. Therefore, the stabilizer of the edge y is trivial. By the Bass-Serre theory reviewed
in Section 5 it is immediate that PSLy(Z) & Zs % Zs. Given that X \ {z¢} admits two
connected components, one lying in the left quadrant and the other in the right, it follows
that the multiplier defined in (1.7), when restricted to PSLa(Z), fits within Model 1, with
the tree given in Figure 10.

The case of PSLy(O_1). The purpose of this subsection is to prove Theorem E. Recall
that PSLa(O_1) C PSLy(C) is a lattice; we will denote such group by I';. Recall as well
that PSLy(C) is semisimple and that any element admits a unique K AN-decomposition
with K = PSU(2), A the Abelian group of real diagonal matrices and N the nilpotent,
in fact Abelian, group of upper triangular complex matrices with ones on the diagonal.
More concretely, we have that

<a Z):(_aﬁ 6)(8 0)(3 i), where s = |a\2+\0|2andt:M

c a st a2+ |2
g ek cA eN

Let g € T’y be a matrix of the form

_(a b _ a1 +ias by +iby
9‘<c d>_<cl+i02 d1+id2>' (6.1)
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The condition that the determinant equals 1 implies that
a1dy +baca — (byeg +agds) =1, (6.2)
a1ds + asdy —bieg —bacp = 0. (6.3)
Using the two identities above, we can prove elementarily the following key inequality.
Lemma 6.2. Let g €Ty be as in (6.1). It holds that
0< (a1d1 —|—b202) (b101 +a2d2) < Re(ac) Re(bd) = (a161 +a262) (b1d1 + bgdg)

Proof. For the first inequality, let A = a1d; + baco and B = byc; + asds. By equation
(6.2) we have A =1+ B. But this implies that AB = B2+ B. Since B is an integer
AB > 0. For the second inequality, it is enough to show that 0 < (I) — (II), where (I) =
(a1c1+ages) (brdy +bads) and (I1) = (a1dy 4 bacs) (bicy +aads). We apply (6.3) to obtain
(I) = a1b101d1 —|—a1b201d2 + a2b102d1 + CLQbQCQdQ
=arbicidy +bibaciea + (5201 - azdl)bzcl +agbicady + azbacads,
(IT) = a1byc1dy + arazdyda + bibacico + agbacads
= a1b161d1 +a2b1€2d1 + (bQCl — agdl)ang + b1b20162 + angCng.
Thus (I) — (II) = <b201 — agdl)bQCl — (bgCl —agdl)agdg = (X - Y)X - (X - Y)Y = (X -
Y)2 >0, where X = boc; and Y = aqd;. O
The next lemma follows by elementary calculations.
Lemma 6.3. Let g€ T’y asin (6.1).
(i) If we assume that Re{ac} # 0 and Re{bd} # 0, then we get sgn(Re{ac}) =
sgn(Re{bd}).
(i) On the other hand, Re{ac} Re{bd} =0 if and only if (a1ds +bacs)(bic1 +asds) =0
and bQCl = agdl.

(iii) If Re{ab} # 0 and Re{cd} # 0, then sgn(Re{ab}) = sgn(Re{cd}).
(iv) Re{ab} Re{ed} =0 if and only if (a1d1 +b202) (b101 +a2d2) =0 and bicy = asd;.
(v) It holds that Im {bc — aJ}2 —4Re{ac}-Re{bd} <0.

Proof. We will just given an sketch. Observe that, by Lemma 6.2, we have that

Re(ac) Re(bd) > 0. Therefore, if both terms are different from zero, they have the same
sign. The point (ii) follows similarly by Lemma 6.2 and its proof. Points (iii) and (iv) are
a reiteration of the previous two points but changing rows by columns. Lastly, for v, we
start by noticing that

Im{bé} — Im{acZ} =bocy —bica —asdy +ards = 2(a1d2 — bgcl),
where we have used (6.3). Now, we have that

2
(bact1 — azdy)” — (arc1 + agea) (brdy + bads)
= b%C? + a%d% - 2a2b201d1 - a1b101d1 — albgcldz - a2b102d1 + a2b202d2 (64)
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= azdl (a2d1 — bgcl — blcg) — a1b101d1 — b1b26102 — a2b262d2 (65)
= —a1a2d1d2 — a1b101d1 — b1b26182 — angCng

= —(agdg +b101)(a1d1 +b202) (6.6)
=-X(1+X) <0,

where X = asds +b1c;. We have used identity (6.3) in (6.4), and (6.5). For (6.6) we use
(6.2). The last term is negative since X is an integer and X2+ X is always positive when
X eZ. O

Now let us consider the symbol given in (1.8). When restricted to I'y, it is 0 over a
large subset. We are going to show that this subset is in fact a subgroup I'g C I'y. The
following proposition follows from the previous lemma.

Lemma 6.4. Let g € 'y be a matriz with coefficients like those in (6.1) and such that
Re{ac+bd} =0. Then g € T UT, where

Pg = { (al‘ bQZ> : al,bQ,CQ,dl € Z,a1d1 +bacy = 1}
C21 d1

Fa = a2t bl. : ag,bl,cl,dg [S Z, —a2d2 —blcl =1
dQZ

C1
It is clear that T¢ and To=T¢ UTy are subgroups of I'y with [T :Td]=2.

Proof. Observe that, if Re{ac} # 0 and Re{bd} # 0, by Lemma 6.3.(i), Re{ac} and Re{bd}
have the same sign, therefore if Re{aé+bd} = 0 that is because Re{ac} = Re{bd} = 0.
Assume that a; and ag are coprime and that by and by are also coprime. Since Re{ac} =
a1c1 + ageq = 0, we have that (a1,a2) and (c,cq) are perpendicular vectors with integer
coordinates. But, since a; and as are coprime (cq,¢3) = €(az, —aq) for some £ € Z. Similarly
(dq,d2) = m(be, —by) for some m € Z. Computing the determinant gives

det ( a1 +iag b1 +ibs

lay —ilay mbg—imbl) = (m—ﬁ) (G,Qb1 —|—a1b2)—|—i(m—€) (agbg—a1b1) =1.

But this implies that m — ¢ =+1 and agb; + a1b2 = +1. Since the imaginary part has to
be 0 and m — ¢ = +1, it follows that asbs = a1by. But since a; and as, like by and bs, are
coprime, we have that as = b; and a; = by. Therefore a? +a3 =1 and b% + b3 = 1. Since
they are integers, one of a;, as and of b; and by has to be 0. So we have either as =b; =0
or a; = by = 0. The case of non-coprime a7 and as can be proved similarly, by noticing
that a1 +ias = kay +ikas with k = ged(aq,a2) and ay and s coprime. In that case every
perpendicular vector to (aq,a2) with integer coordinates is of the form (o, —faq). O

Observe that T'J is isomorphic to the subgroup PSLy(Z) in T'y. Indeed, if we take the
natural embedding PSLy(Z) C 'y, we have that

Il = JPSLy(Z)J', where J = (e(; _01-,,) .
e 4
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The group I'y = I‘ar UT'y is generated by I‘ar and the diagonal matrix with eigenvalues ¢
and —i. It is trivial to check that T'y is isomorphic to PSLy(Z) x Zo, with the order two
automorphism given by conjugation.

Now, we introduce the following modification of the symbol in (1.8).

Definition 6.5. Let us define the symbol ms : I'y — C by

sgn(Re{ac+bd}) when g¢ T
ma(g) =141 when g € T’y
0 when g € T7.

Proposition 6.6. The function my given in Definition 6.5 is both left and right F(J{—
mvariant.

Proof. We first prove that my is left I'j -invariant. Let g € Ij. If h € I'§, since I'{ is
a subgroup of T'y, it is obvious that ma(gh) = ma(h) =0. If h € T'y, it is easy to check
gh € Ty, thus ma(gh) = ma(h) = 1. Since mq, when restricted to I'; \T'g, is just the
hermitian product of its rows, it is clearly right K-invariant. Thus, if h ¢ T'g, we have
ma(h) = Re(t), where

h—<s St1>k for some k € K.
0 s

Moreover, we have gh ¢ I'y and

ma(gh) = mg( (‘”. i’;f) (3 :ﬁ)) — (ardy +bacs) Re(t) = Re(t) = ma(h).

C21

Now we show ma is right T'g -invariant. Similarly to the case above, if h € I'§, ma(hg) =
mo(h) =0; if h € Ty, we have hg € I’y and mga(hg) =mao(h) =1. If h ¢ Ty, let

a b
= (0 0).
Then hg ¢ I'y. Therefore we have

wimm 5 )
= sanRe (ae)u*(1+ Im o) +Tm (be — ad) Tm v+ Re (bd) u 2],

where

(b2d1 — a1c2)i

Recall that mo(h) =sgn (Re (ac+bd)). If Re (ac) # 0 and Re (bd) # 0, then by Lemmas 6.3
and v, it is easy to see ma(hg) = ma(h). If Re(ac) = 0 and Re(bd) # 0, we have
ma(hg) = sgn[Re (bd) u=2] and ma(h) = sgn(Re (bd)). Thus mq(hg) = ma(h). If Re (ac) #0
and Re(bd) = 0, we have ma(hg) = sgn[Re (ac) u?(1 + Im v?)] and my(h) = sgn(Re (ac)),

which implies ma(hg) = ma(h). O

u=1/d3+c3#0 and wv=
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Proposition 6.7. The function mo given in Definition 6.5 satisfies the Cotlar identity
(Cotlarg, ) relative to Ty, i.e., for any g €T1\Td and h € T'y, it holds that

(ma2(g™") —ma(h)) (ma(gh) —ma(g)) = 0.

Proof. Since mo is right Far—invariant by the Proposition 6.6, it suffices to prove the
Cotlar identity for g and h in € I'; \T'd. That set decomposes as I'1 \I'§ = (I'1 \ o) UT
and thus we have 4 potential cases. When g € I'; \ I'g, then for every h € I'y it holds that
ma(gh) = ma(h). In the case in which g € Ty and h € 'y we have that both g,h~! € T'y
and as such ma(g) =ma(h™1). Thus, we can assume that g € I'; \I'§ and h € 'y \ T'g. First,
let us tackle the case of g € I'y . In this case we have ma(g) =ma(g 1) =1. Iff ma(g~!) =
ma(h), then the identity is satisfied. If m(g~') # ma(h), this implies mg(h) = —1, and
then h,gh ¢ T'g. By the right K-invariance of mg on I'; \T'g, we get

;b t
ma(gh) = mg ( <a0211 d;) (8 :1)> = (agdy+bic1)Ret = —Ret = —mgy(h) = 1.

Therefore, we get ma(gh) =ma(g), so the Cotlar identity is satisfied. Now let us focus on

the case of g ¢ T'y. Let g ¢ T'g, i.e., Re(ac+bd) # 0 and

s st
AT
with &k € PSU(2). We get the following expressions for the four terms appearing in the
Cotlar identity:

m2(g) = sgn (Re (ac + bd)),
mg(gfl) = —sgn (Re(ab+ ¢cd)),
ma(h) =sgn(Ret),

Sl 6 2)
= sgn [Re (a2) s2(1+ [t[2) + Re (ad + b&) Re ¢+ Im (bc — ad) Im ¢ + Re (bd) 5—2] .

In the identities for ma(h) and mo(gh), we have used the property that ms is right
K-invariant on I'; \ I'g. Now we prove the Cotlar identity. If m2(g~1) = ma(h), then the
identity is satisfied. If not, that means

Ret-Re(ab+ed) > 0. (6.7)

Then we need to show m(g) =m(gh), or in other words,

Re (ac) s%(1 + [t|*) +Re (ad + be) Re t 4Im (bé — ad) Im t + Re (bd) 8_2} -Re (ac+bd)

=Re(ac+bd) Re(ac) s*(1+ (Re t)?) + (Re (aé + bd) Re (ad + bé) Re t
+ Re (ac+bd)- [Re(ac)s*(Im t)* +1Im (bé — ad) Im t + Re (bd) s 2] > 0.

We first assume that Re(ac¢) # 0 and Re (bd) # 0. By Lemma 6.3, we have

Re (ac+bd) Re (ac) > 0.
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Moreover, Lemma 6.3.v implies that the determinant of the quadratic function of Im ¢ is
negative; together with the inequality above, we see that

Re (ac+bd) - [Re(ac)s*(Im t)? +Im (b¢— ad) Imt+Re bds™*] > 0
Moreover, we claim that
Re(ac+bd)Re(ad+be) Ret > 0.

If the claim is true then we will obtain m(g) = m(gh). So now it remains to prove the
claim. Notice that by (6.7) and Lemma 6.3, it is enough to show

Re (ab) Re (ac) Re (ad + be) > 0.

According to (6.2), Re(ad+ bé) = aydy + asds +bycy +bacy = 2(bicy +asds) +1. On the
other hand, (6.2) and (6.3) imply that

Re(ab) Re(ac) = (a1by + agbs)(aic1 + asca)
= ayas(bicy +bacy) +a2bicy + adbocy
= araz(arda + azdy) + a%blcl + a%bQCQ
=a?(byey +asds) + a(aydy + bacs)
= (bic1 + agds) (af +a3) + .

Let X = bic; +agds, A=a?+a3 and B = a3. Then Re(ab) Re(ac) Re(ad+be) = (AX +
B)(2X +1). Since X € Z and |§| <1, we get (AX + B)(2X + 1) > 0, which proves the
claim.

Now we deal with the case when Re(ac) Re(bd) = 0. By Lemma 6.3, it is equivalent
to saying (a1dy + beca)(bic1 + agds) = 0 and byc; = aody. Without loss of generality, we
assume that byc; +aade = 0. Then by (6.2), a1dy +baca = 1. Since bac; = aady, (6.3) tells

us that bico = a;ds and Im (b¢ — ad) = 2(bacy — agdy) = 0. This implies that
arby = a1y (a1d1 + bQCQ) = a%(bﬂil + b2d2) = a% Re (bCZ) (68)
Similarly, we have

cody = c3 Re (bd), agby = b3 Re(ac) and cyd; = di Re(ac). (6.9)

Since Re(ac+bd) # 0, Re(ac) and Re(bd) can not be zero at the same time. Suppose
Re(ac) = 0 and Re(bd) # 0. Then m(g) = sgnRe(bd), m(gh) = sgn[Re (ad + bc) Re t +
Re (bd)s~2] = sgn[Ret+ Re(bd)s~2]. Applying (6.8) and (6.9), we get Re(ab+cd) =
(a? +c2)Re(bd). Recall that we have Ret-Re(ab+¢éd) > 0 by the assumption m(g~!) #

m(h). Therefore, we have Ret-Re(bd) > 0, which implies m(g) = m(gh). For the case

Re(ac) # 0 and Re (bd) =0, we omit the proof since it is similar to the previous case. [

Now, we can prove Theorem I by just reducing the L,-boundedness of m to that
of ma.

Proof of Theorem E. Notice that m : 'y — C satisfies that

m(g) =ma(g) —1p, + Iy
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But Fourier multipliers with symbols being characteristic functions of open subgroups
are bounded in L, for every 1 < p < co. Therefore, up to a finite constant smaller than

2, the operator L,-norm of T}, is bounded by that of T,,,. O
References
[1] ArPERIN RC AND Moss KN (1985) Complete trees for groups with a real-valued length

[20]
21]

function. Journal of the London Mathematical Society 2(1), 55-68.

ARVESON WB (1967) Analyticity in operator algebras. Amer. J. Math. 89(3), 578-642.
BEKKA B, DE LA HARPE P AND VALETTE A (2008) Kazhdan’s Property (T). New
Mathematical Monographs. Cambridge University Press, Cambridge, UK.

BERGMAN GM (1991) Right orderable groups that are not locally indicable. Pacific J.
Math. 147(2), 243-248.

BESTVINA M (2002) R-trees in topology, geometry, and group theory. In: Handbook of
geometric topology, R. DAVERMAN AND R. SHER, Eds. Elsevier, North-holland, 55-91.
BowbpIiTCcH B (1998) Group actions on trees and dendrons. Topology 37(6), 1275-1298.
BROWN NP AND Ozawa N (2008) C*-algebras and finite-dimensional approximations, vol.
88 of Graduate Studies in Mathematics. Providence, RI: American Mathematical Society.
CADILHAC L, CONDE-ALONSO JM AND PARCET J (July 2022) Spectral multipliers in
group algebras and noncommutative Calderén-Zygmund theory. J. Math. Pures Appl. 163,
450-472.

CADILHAC L AND RicArD E (July 2023) Revisiting the Marcinkiewicz theorem for non
commutative maximal functions. arXiv:2210.17201 [math.OA].

CALDERON AP (1950) On theorems of M. Riesz and Zygmund. Proc. Am. Math. Soc. 1(4),
533-535.

CASPERS M AND DE LA SALLE M (2015) Schur and Fourier multipliers of an amenable
group acting on non-commutative Ly-spaces. Trans. Amer. Math. Soc. 367(10), 6997-7013.
CASPERS M, PARCET J, PERRIN M AND RICARD E (2015) Noncommutative de Leeuw
theorems. Forum Math., (Sigma) 3, e21.

CHERIX P, COWLING M, JOLISSAINT P, JULG P AND VALETTE A (2001) Groups with the
Haagerup property, vol. 197. Basel, Switzerland: Birkh&user Verlag.

CONDE-ALONSO J, GONZALEZ-PEREZ AM, PARCET J AND TABLATE E (2023) Schur
multipliers in Schatten-von Neumann classes. Ann. Math. 198(3), 1229-1260.
ConDE-ALONSO JM, GONZALEz-PEREZ AM, PARCET J AND TABLATE E (2025) A
Hormander-Mikhlin theorem for higher rank simple Lie groups. J. Lond. Math. Soc.
111(4), e70137.

CORNULIER Y AND KAR A (2011) On property (FA) for wreath products. J. Group Theory
14(1), 165-174. Walter de Gruyter GmbH & Co. KG.

CoTLAR M (1955) A unified theory of Hilbert transforms and ergodic theorems. Rev. Mat.
Cuyana 1(2), 105-167.

CowLING M AND HAAGERUP U (1989) Completely bounded multipliers of the Fourier
algebra of a simple Lie group of real rank one. Invent. Math. 96(3), 507-549.
CucuLEscu I (1971) Martingales on von neumann algebras. J. Multivariate Anal. 1(1),
17-27.

DaviDsON KR (1988) Nest Algebras. Longman Scientific & Technical, Harlow, Essex, UK.
DE CANNIERE J AND HAAGERUP U (1985) Multipliers of the Fourier algebras of some
simple Lie groups and their discrete subgroups. Am. J. Math. 107(2), 455-500.

https://doi.org/10.1017/51474748026101868 Published online by Cambridge University Press


https://arxiv.org/abs/2210.17201
https://doi.org/10.1017/S1474748026101868

2668
[22]

[23]

[24]

[25]

[26]

[27]
[28]
[29]
[30]
31]
32]
[33]
[34]
[35]
[36]
[37]

[38]

[39]
[40]
[41]
[42]
[43]

[44]

A. Gonzdlez-Pérez, J. Parcet and R. Xia

DE LA SALLE M (2022) Analysis on simple Lie groups and lattices. Proc. Int. Cong. Math.
4, 3166-3188.

DE LAAT T AND DE LA SALLE M (2018) Approximation properties for noncommutative
Ly-spaces of high rank lattices and nonembeddability of expanders. J. Reine Angew. Math.
2018(737), 49-69.

DIxMIER J (1953) Formes linéaires sur un anneau d’opérateurs. Bulletin de la Société
Mathématique de France 81, 9-39.

DUOANDIKOETXEA J (2001) Fourier analysts, vol. 29 of Graduate Studies in Mathematics.
Providence, RI: American Matheatical Society. Translated and revised from the 1995
Spanish original by David Cruz-Uribe.

Errros EG AND RUAN Z-J (2000) Operator Spaces, vol. 23 of London Mathematical
Society Monographs. New Series. New York: The Clarendon Press, Oxford University
Press.

ERVEN J AND FALKOWSKI B-J (1981) Low order cohomology and applications, vol. 877 of
Lecture Notes in Mathematics. Springer, Berlin.

FoLLAND GB (1995) A Course in Abstract Harmonic Analysis. Studies in Advanced
Mathematics. Boca Raton, FL: CRC Press.

FrROHMAN C AND FINE B (1988) Some amalgam structures for Bianchi groups. Proc.
Amer. Math. Soc. 102(2), 221-229.

GALAZKA T AND OSEKOWSKI A (2022) A probabilistic approach to Hilbert transforms on
free group von Neumann algebras. Proc. Amer. Math. Soc. 150(07), 2861-2877.
GOKHBERG IT AND KRUPNIK NY (1968) Norm of the Hilbert transformation in the space.
Funct. Anal. Appl. 2(2), 180-181.

GOLDSTEIN S AND LABUSCHAGNE L (2020) Notes on noncommutative and Orlicz spaces.
Lo6dz, Poland.

GONZALEZ-PEREZ AM, JUNGE M AND PARCET J (2021) Singular integrals in quantum
Fuclidean spaces. Mem. of the Am. Math. Soc. 272, 1334.

GRAFAKOS L (1997) Best bounds for the Hilbert transform on LP (Rl). Mathematical
Research Letters 4(4), 469-471.

GroMOvV M (1993) Asymptotic invariants of infinite groups. Geometric Group Theory 2,
1-295.

HAAGERUP U (1978) An example of a non nuclear C*-algebra, which has the metric
approximation property. Invent. Math. 50(3), 279-293.

HAAGERUP U (2016) Group C*-algebras without the completely bounded approximation
property. J. Lie Theory 26(3), 861-887.

HIiLBERT D (1989) Grundziige einer allgemeinen theorie der linearen integralgleichun-
gen [1912]. In: Integralgleichungen und Gleichungen mit unendlich vielen Unbekannten.
Springer, 8-171.

HorLLaND C (1963) The lattice-ordered groups of automorphisms of an ordered set.
Michigan Mathematical Journal 10(4), 399-408.

HonGg G, Lar X anD Xu B (2022) Maximal singular integral operators acting on
noncommutative L,-spaces. Math. Ann. 386(1-2), 375-414.

JUNGE M (2002) Doob’s inequality for non-commutative martingales. J. Reine Angew.
Math. 549, 149-190.

JUNGE M (2004) Fubini’s theorem for ultraproducts of noncommutative L,-spaces. Can.
J. Math. 56(5), 983-1021.

JUNGE M AND MEI T (2012) BMO spaces associated with semigroups of operators. Math.
Ann. 352(3), 691-743.

JUNGE M, MEI T AND PARCET J (2018) Noncommutative Riesz transforms—dimension
free bounds and Fourier multipliers. J. Eur. Math. Soc. 20(3), 529-595.

https://doi.org/10.1017/51474748026101868 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748026101868

Noncommutative Cotlar identities for groups acting on tree-like 2669

[45] JuNGE M, MEI T, PARCET J AND X1A R (2021) Algebraic Calderén-Zygmund theory.
Adv. Math. 376(107443), 1-72.

[46] JUNGE M AND PARCET J (2010) Mixed-norm inequalities and operator space -embedding
theory. Mem. Amer. Math. Soc. 203, 953.

[47) JuNGE M AND XU Q (2003) Noncommutative Burkholder/Rosenthal inequalities. Ann.
Probab. 31(2), 948-995.

[48] JUNGE M AND XU Q (2007) Noncommutative maximal ergodic theorems. J. Am. Math.
Soc. 20(2), 385-439.

[49] Knor VT (2003) A cut-and-paste method for computing the Seifert volumes. Math.
Annalen 326, 759-801.

[50] KoLMOGOROV AN (1925) Sur les fonctions harmoniques conjuguées et les séries de Fourier.
Fund. Math 7, 23-28.

[51] LAFFORGUE V AND DE LA SALLE M (2011) Noncommutative LP-spaces without the
completely bounded approximation property. Duke Math. J. 160(1), 71-116.

[52] LaNce EC (1976) Ergodic theorems for convex sets and operator algebras. Invent. Math.
37(3), 201-214.

[63] MEI T (2008) Tent spaces associated with semigroups of operators. J. Funct. Anal.
255(12), 3356-3406.

[64] Mer T (2012) An H;-BMO duality theory for semigroups of operators. Arxiv preprint,
http://arxiv.org/abs/1204.5082.

[55] MEI T AND RICARD E (2017) Free Hilbert transforms. Duke Math. J. 166(11), 2153-2182.

[56] MgE1 T, RicARD E AND XU Q (July 2022) A Mikhlin multiplier theory for free groups and
amalgamated free products of von Neumann algebras. Adv. Math. 403, 108394.

[67] MINASYAN A (2016) New examples of groups acting on real trees. J. Topol. 9(1), 192-214.

[58] MORGAN JW AND SHALEN PB (1984) Valuations, trees, and degenerations of hyperbolic
structures, I. Ann. Math. 120(3), 401.

[59] MORGAN JW AND SHALEN PB (1991) Free actions of surface groups on R-trees. Topology
30(2), 143-154.

[60] Navas A (2010) On the dynamics of (left) orderable groups. Ann. Inst. Fourier 60(5),
1685-1740.

[61] NEUWIRTH S AND RICARD E (2011) Transfer of Fourier multipliers into Schur multipliers
and sumsets in discrete group. Can. J. Math. 63(5), 1161-1187.

[62] PARCET J (2009) Pseudo-localization of singular integrals and noncommutative Calderén—
Zygmund theory. J. Funct. Anal. 256(2), 509-593.

[63] PARCET J (2025) The impact of Schur multipliers in harmonic analysis and operator
algebras. Proc. Int. Cong. Math., to appear. arXiv:2510.17732.

[64] PARCET J, DE LA SALLE M AND TABLATE E (2024) The local geometry of idempotent
Schur multipliers. ArXiv preprint https://arxiv.org/abs/2312.02895.

[65] PARCET J, RICARD E AND DE LA SALLE M (2022) Fourier multipliers in SL,, (R). Duke
Math. J. 171(6), 1235-1297.

[66] PARCET J AND ROGERs KM (2016) Twisted Hilbert transforms vs Kakeya sets of
directions. Reine Angew. Math. 2016(710), 137-172.

[67] PEDERSEN GK (1979) C*-algebras and their automorphism groups, vol. 14 of London
Mathematical Society Monographs. London-New York: Academic Press, Inc. [Harcourt
Brace Jovanovich, Publishers].

[68] PICHORIDES S (1972) On the best values of the constants in the theorem of M. Riesz,
Zygmund and Kolmogorov. Studia Math. 44, 165-179.

[69] PisiEr G (1998) Non-commutative vector valued -spaces and completely -summing maps.
Astérisque, 247, vi+131.

https://doi.org/10.1017/51474748026101868 Published online by Cambridge University Press


http://arxiv.org/abs/1204.5082
https://arxiv.org/abs/2510.17732
https://arxiv.org/abs/2312.02895
https://doi.org/10.1017/S1474748026101868

2670
[70]
[71]
[72]
73]
[74]
[75]

[76]
[77]

78]

[79]
[80]

[81]
[82]

[83]
[84]

[85]

A. Gonzdlez-Pérez, J. Parcet and R. Xia

PisiER G (2003) Introduction to Operator Space Theory, vol. 294 of London Mathematical
Society Lecture Note Series. Cambridge University Press, Cambridge, UK.

Pisier G (2020) Tensor Products of C*-algebras and Operator Spaces: The Connes—
Kirchberg Problem. Cambridge University Press, Cambridge, UK.

Pisier G AND XU Q (2003) Non-commutative LP-spaces. In: Handbook of the Geometry
of Banach Spaces, Vol. 2. North-Holland, Amsterdam, 1459-1517.

PEREZ GARCiA J (2026) A note on Hilbert transform over lattices of PSLs (C). J. Operator
Theory 95(2), 567-580.

RANDRIANANTOANINA N (1998) Hilbert transform associated with finite maximal subdi-
agonal algebras. J. Aust. Math. Soc. 65(3), 388-404.

RiEsz M (1924) Les fonctions conjuguées et les séries de Fourier. C.R. Acad. Sci. Paris
178, 1464-1467.

RiEsz M (1928) Sur les fonctions conjuguées. Mathe. Zeit. 27(1), 218-244.

ROTMAN J (1999) An Introduction to the Theory of Groups. Springer Science & Business
Media, New York.

SEcAL IE (1953) A non-commutative extension of abstract integration. Ann. of Math
57(3), 401-457.

SERRE J-P (1980) Trees. New York: Springer-Verlag.

SHALEN PB (1987) Dendrology of groups: an introduction. In: Essays in Group Theory.
Springer, 265-319.

STEIN P (1933) On a theorem of M. Riesz. J. Lond. Math. Soc. s1-8, 4, 242-247.

TAo T (1999) The Bochner—Riesz conjecture implies the restriction conjecture. Duke Math.
J. 96(2), 363-375.

Tao T (2003) Recent progress on the restriction conjecture. Notes, ArXiv
https://arxiv.org/abs/math/0311181.

TERP M (1981) LP spaces associated with von Neumann algebras. Notes, Math. Institute,
Copenhagen Univ 3.

Tirs J (1977) A theorem of Lie-Kolchin for trees. In: Contributions to Algebra,
H. Bass, C. P.J., anD K. J., Eds. Elsevier, 377-388.

https://doi.org/10.1017/51474748026101868 Published online by Cambridge University Press


https://arxiv.org/abs/math/0311181
https://doi.org/10.1017/S1474748026101868

	1 Introduction
	2 Cotlar identities and multipliers
	3 Groups acting on R-trees
	4 Left orderable groups
	5 Multipliers from Bass-Serre theory
	6 Hilbert transforms over lattices of SL2(R) and SL2(C)

