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Abstract

We extend the notion of T-duality to manifolds endowed with non-principal torus actions. The singularities of the
torus action are controlled by a certain Lie algebroid, called the elliptic tangent bundle. Using this Lie algebroid,
we explain how certain invariant generalized complex structures can be transported via T-duality. Along the way,
we use the elliptic tangent bundle to define connections for these torus actions, and give new insight into the
classification of such actions by Haefliger-Salem.
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1. Introduction

In this paper we will study three topics: T-duality for torus actions with fixed points, blow-ups of elliptic
divisors and will apply those two to the study of generalized complex structures. While each one of
these has a life on its own, the interplay between them makes them all the more interesting.

1.1. T-duality

T-duality is an equivalence between quantum field theories with very different properties. Its origins
trace back to a paper by Sathiapalan [23] where it was noted that different compactifications with
S'-symmetry were related by, among other things, inversion of the radius of the circles. This relation is
frequently referred to as taking ‘dual circles’, ‘exchange of tangent and cotangent directions’ or ‘swap
of winding and momentum’. The precise relationship between (local) T-dual Riemannian structures
was first understood by Buscher in [7] and was developed further by Rocek and Verlinde in [22].
A global notion of T-duality was formulated in [3, 4] as an equivalence between principal torus bundles.
In [8] it was observed that T-duality can be understood as an isomorphism of Courant algebroids,
therefore formalizing the operation ‘exchange of tangent and cotangent directions’ and allowing for a
systematic transport of geometric structures between T-dual spaces. Because this well established notion
of T-duality only holds for principal torus bundles, we refer to it as principal T-duality.

Once we move away from principal circle bundles and start considering circle actions with fixed
points problems quickly pop up. Namely, the inversion of radii, a hallmark of T-duality, implies that every
fixed point on one side is matched by an open end of a manifold on the T-dual side. Performing T-duality
this way amounts to removing the fixed points and only considering the resulting open manifold where
the action is free. For example, taking the 2-sphere with rotation along the z-axis, the dual becomes
an open cylinder with an incomplete metric. Versions of this phenomenon appear in several different
places, most notably, when trying to produce SYZ-mirrors of Fano varieties [1, 13, 16]. Further, the
strategy of ‘simply ignore fixed points’ may leave one with the impression that we are missing important
behaviour that takes place ‘at infinity’.

More elaborate strategies that involve the geometry and nature of the fixed point set were considered
by Bunke and Schick for actions with finite isotropy groups [6], Mathai and Wu for general circle actions
[17] and further extended by Pande [21]. In all of these cases, topological results associated to T-duality
were re-obtained, but the candidate for T-dual is often a singular space (orbi-spaces, stratified singular
spaces or stacks). The issue of transfer of geometric structures (instead of topological) between T-dual
spaces is not addressed because the techniques used are topological in nature and the candidate ‘true’
T-dual space may even have higher dimension than the original one.

The main goal of the current article is to develop a new, genuinely different, framework for T-duality,
with the following properties:

o allows for torus actions which locally decompose as standard rotations of the plane (we call such
actions standard, see Definition 3.11),
o is a duality between smooth spaces,
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o transports invariant geometric structures compatible with the torus action,
o has the usual properties of T-duality such as isomorphism of twisted cohomology and Courant
algebroids.

The new input that allows us to study these actions without compromising on compactness or
smoothness of the T-dual are elliptic divisors and elliptic tangent bundles. An elliptic divisor is an ideal,
I\p), of smooth functions, and the elliptic tangent bundle is a Lie algebroid associated to an elliptic
divisor. Standard torus actions have natural elliptic divisors associated to them and the key new insight
is that the infinitesimal action behaves as a free action from the perspective of the corresponding elliptic
tangent bundle.

As with principal T-duality, T-duality for these actions (Definition 5.6) will provide an isomorphism
of Courant algebroids, but now using the elliptic tangent bundle:

Theorem 5.13. Let M, M be manifolds with standard T* actions and let Ap|— M, .Alm — M denote

the induced elliptic tangent bundles. Let H € Q3T «(Ap)), He Q; . (.A| §|) be closed invariant forms.

If (M, H) and (M, H) are T-dual then there exists an isomorphism of Courant algebroids:
(Ajp ® A [TH — (Ajp @ A7) /T (1.1)

D

This isomorphism of Courant algebroids allows us to transport geometric structures which are
invariant under the torus action between on Ap| over M and A, over M. As we will see later, this
has implications for T-duality of complex manifolds as well as further special classes of generalized
complex manifolds.

Already in the case of principal torus bundles, T-duals may not exist [4]. In that case, the proof of
existence is constructive and involves choices of connections and a switch between the Chern class of
the torus bundle with a collection of cohomology classes determined by the background 3-form. To
carry out a similar construction of T-duals for torus actions with fixed points, one first needs to develop
the theory of connections and curvature for those actions.

1.1.1. Torus actions and connections

An integral part of this paper is the classification of torus actions on manifolds. For principal torus
actions, the relevant datum is its characteristic class. For general torus actions, this question is studied
by Haefliger and Salem in [15]. They show that the action is classified by its local model and a class
in H>(M;ZF). The class in H>(M;ZF) has a geometric interpretation: it is the obstruction to finding a
global cross-section for the quotient map M — M /T*.

Although the class of [15] resembles a Chern class, no connection approach exists. In this article we
will show that one may use the elliptic tangent bundle to give a definition of connections for standard
Tk-actions. The curvature of these connections then induces the class of Haefliger-Salem in the following
way (see Proposition 3.24 for a precise statement):

Proposition. Let M, M’ be manifolds endowed with standard T*-actions and common orbits space B
for which the torus actions are locally equivalent. Let ©,0’ be elliptic connection one-forms on M
respectively M'. Then the class [d® — d®’] € H*(App;tX) (the logarithmic cohomology of the base
with values in the Lie algebra of T*) is representable by a smooth form, and descends to the Haefliger-
Salem class of M’ in H*(B;t5).

With the notions of connection and curvature at hand we can move on to produce a construction of a
T-duals, therefore establishing conditions that ensure their existence (c.f. Theorem 5.8). The T-dual we
construct has a T*-action which is locally equivalent to the original one. Yet we also observe that there
are other T-duals to (M, H) which do not satisfy this property, hence the fixed point set gives rise to a
new source of non-uniqueness of T-duals.
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1.2. Blow-ups

Blow-ups come from complex/algebraic geometry as a method to resolve singularities, but have encoun-
tered applications in the study other geometric structures specially as a way to construct new examples
[18,12,2].

The minimum amount of data needed to construct canonically the blow-up of a space at a point is a
holomorphic ideal for that point [2]. As it is, holomorphic ideals, Zp, are the heart and soul of complex
log tangent bundles. Further, there is a close connection between complex log and elliptic tangent
bundles: complex log tangent bundles are in correspondence with elliptic tangent bundles together with
coorientations [9]. So, after a finite set of choices, there is a canonical blow-up construction for manifolds
with elliptic divisors. Not only that but the blow-up itself inherits canonically an elliptic divisor and
in many ways the blow-up manifold is indistinguishable from the original one (see Theorem 6.9 for a
precise statement).

Theorem. Let 1| be an elliptic divisor, and let A|p| be the associated elliptic tangent bundle. Let
Y € D be a submanifold compatible with D in a suitable sense. Then after a choice of coorientations
there is a canonical blow-up M of M along Y and there exists a natural elliptic divisor I |B| on M such

that the blow-down map p : M — M provides a Lie algebroid submersion
p: A|D| — A|D‘.

This means in particular that any structure on A|p| can be pulled back to fl| bl
When M comes equipped with a torus action and Y = {x} is a fixed point of this action, the blow-up
M naturally inherits a torus action and we can compare the constructions of T-duality and blow-up:

Proposition 6.15. T-duality and blowing up commute.

This procedure will allow us to construct many examples of T-dual manifolds and transport geometric
structures between them.

1.3. Generalized complex structures

As an illustration of how to transport structures between T-dual spaces, we will study how generalized
complex structures behave in this framework. The easy result here is that Theorem 5.13 allows us to
transport invariant structures between A|p| © ATD| and AI p| @ Ai‘m, which is directly analogous to
what happens with principal T-duality. The new insight here is that this transport in some cases may
happen in disguise and associated to a lifting question.

One interesting phenomenon we encounter is the following: Given a manifold with elliptic divisor
(M,Z)p|) and a generalized complex structure J on M, under favourable conditions we can lift J
canonically to a generalized complex structure J4 on A|p|. In some cases, this switch can be subtle
enough that goes unnoticed. For example, if (M, I) is a complex manifold and Z, | is the elliptic divisor
associated to a complex hypersurface D C M, then I lifts to a complex structure on A|p|. At the other
extreme, the type of structure that lifts to a symplectic structure on the elliptic tangent bundle is a stable
generalized complex structure on M [9, 10] and this switch is very visible because stable structures
would normally be recognized as singular symplectic structures on M.

Pairing this remark with the framework we developed for T-duality, we produce examples with
the following characteristics: we look for a manifold with a torus action compatible elliptic divisor
(M,Z)p|) together with a generalized complex structure J on M such that J lifts to a generalized
complex structure, 74, on Ajp|. We then transport J. Ap, to a generalized complex structure J Ap|

on .A| b via T-duality and study when 7. Ap, 1s itself a lift of a generalized complex structure J on M.

When this happens, it makes sense to call 7 the structure T-dual to 7. We also notice that the condition
that a structure can be lifted to .A|p) is a very restrictive one and therefore examples satisfying all the
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hypotheses above are rare. Yet, once one example is found, we can use the theory of blow-ups within
generalized complex geometry [2] to produce infinite families of T-dual structures satisfying the lifting
conditions described above.

Stable generalized complex structures can be viewed as symplectic structures on A|p|, and can hence
be transported in this manner. There is however an intriguing difference with T-duality for principal
torus actions: A generalized complex structure on M Which}ifts to A p| will always induce a generalized
complex structure on the T-dual Lie algebroid Al p| M, however it might not induce a generalized

complex structure on M. We will, for instance, encounter complex structures on the elliptic tangent
bundle on manifolds which are not almost complex.

1.4. Organization of the paper

This paper is organized as follows. In Section 2 we will recall the notions of elliptic divisors, and
their associated Lie algebroids. Furthermore, we recall how stable generalized complex structures can
be viewed as symplectic structures on Lie algebroids. More generally, we discuss lifting generalized
complex structures to Lie algebroids. In Section 3 we recall the classification of torus actions by
Haefliger-Salem. Afterwards we introduce the notion of a connection for a standard torus action, and
show how these can be used to understand this classification. In Section 4 we study singular fibre
products, which we will encounter in the description of T-duality. In Section 5 we introduce the notion
of non-principal T-duality, using the Lie algebroids from Section 2. In Section 6 we show that the elliptic
tangent bundle interacts very well with (generalized) complex blow-ups, and show that T-dualizing
commutes with blowing-up. Finally, in Section 7 we discuss concrete examples.

2. Divisors and Lie algebroids; generalized complex structures and their lifts

As we mentioned in the introduction, the main objective of this paper is to extend T-duality to torus
actions with fixed points without giving up on compactness of the spaces involved. The object that will
allow us to accomplish this task are Lie algebroids, specifically Lie algebroids associated to divisors as
introduced in [9, 10]. Not only will these allow us to lift torus actions, but also we will arrive at the very
natural problem of lifting geometric structures from the underlying manifold to the Lie algebroid.

In this section, we take the first step towards our goal and recall the theory of divisors and Lie
algebroids (for more details, see [9, 10]). We also introduce several relevant geometric structures,
including generalized complex structures, and their lifts to these Lie algebroids.

To fix notation, we recall:

Definition 2.1. A Lie algebroid A — M consists of a vector bundle A over M, together with a Lie
bracket [-,-] on I'(A), a vector bundle map p : A — TM (called the anchor) such that the following
Leibniz identity is satisfied:

[v, fw]l = flv,w] + L) (HHw, forallv,w € T'(A).

2.1. Divisors

Inspired by divisors in algebraic geometry, we will make use of the following notion to deal with
singularities of geometric structures:

Definition 2.2. A real (resp. complex) divisor on M is a locally principal ideal I ¢ C®(M;R)
(respectively C*°(M; C)) which is locally generated by functions with a nowhere dense zero-set.

Definition 2.3. Let (M, Is) and (N, Iy) be manifolds together with divisors. A smoothmap¢ : M — N
is a morphism of divisors if ¢* Iy = I. It is said to be a diffeomorphism of divisors if ¢ is moreover
a diffeomorphism.

We will encounter three types of divisors in this article:
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Definition 2.4. Let M" be a smooth manifold.

o A real log divisor on M is a real divisor, Iz, such that for each p € M there are coordinates
(x1,...,x,): U — R" centred at p and an integer k such that

Izlu = (X1 oo Xk).

o A complex log divisor on M is a complex divisor Ip, such that for each p € M there are coordinates
(Z1s - s 2k X2kt 1s - - -2 Xn) 1 U = CF x R"2K centred at p such that

Iplu =421 ... - 2k).

o An elliptic divisor on M is a real divisor /|p|, such that for each p € M there are coordinates

(x1,...,x,): U — R" centred at p and an integer k such that
2 2
[\D||U = <r1 '...'I’k>,
cp 2 2 2
with r¥ = x5, | +x35,.

In these three cases, the number & is the multiplicity of p. The vanishing set of the ideal is called the
vanishing locus. We call each of these divisors smooth if their vanishing locus is an embedded smooth
submanifold, that is, if the multiplicity of each point is either O or 1.

In general, the vanishing locus is only (the image of) an immersed submanifold with transverse
intersections, and is naturally stratified by the multiplicity of its points. It is convenient to introduce
some notation to refer to the different strata of the vanishing locus, so if we let, say, D, denote the
vanishing locus of any of the divisors above, the set of points with multiplicity at least k will be denoted
by D (k) and the set of points with multiplicity precisely k£ will be denoted by D[k]. Each of the D (k)
is itself an immersed submanifold, and hence we may speak of:

Definition 2.5. Let /|| be an elliptic divisor, and let ¢ : N — D(k) be an immersion. The image of a
connected component of N is called an irreducible component of D (k).

Given a complex log divisor I, one may consider its associated elliptic divisor defined by the
condition [|p| ® C=1Ip ® Ip. In this case, D[1] is automatically co-oriented by the differential of any
local generator of Ip. Conversely, given an elliptic divisor I|p| for which D[1] is co-oriented, there
exists a unique complex log divisor Ip inducing /|p| and the given co-orientation.

2.2. Lie algebroids and residue maps

Using the Serre-Swann theorem, one may show that vector fields preserving the divisors from Defi-
nition 2.4 define vector bundles and the natural identification of sections of these vector bundles with
vector fields makes these vector bundles into Lie algebroids:

Definition 2.6. Let M be a manifold, and Iz, Ip, I|p| areal log, complex log, respectively elliptic divisor
on M. Vector fields preserving these ideals define Lie algebroids:

o Az — TM, the real log-tangent bundle.
o Ap — TcM, the complex log-tangent bundle.
o Ajp| — TM, the elliptic tangent bundle.

As the divisors under consideration have local normal forms, so do have the associated Lie algebroids:
Remark 2.7. In the coordinates of Definition 2.4, we have:

o F(.Az) = <x16xl, . .,xkﬁxk,axk+l,...,8xn>.
o F(,AD) = <Z1621,(921,. ..,ZkaZk,&Zk,axu,H,. . .,6xn>.
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o F(A‘Dl) = <r16r1’6017 R 9rkarkvaﬁk’ax2k+17 LRI axn>7
with r,»&r,. = xZi_lale,_l +x2iale. and 69,. = x2,~_16x2i - x2,-6x2,._1.

For each of the Lie algebroids above, we obtain a corresponding Lie algebroid de Rham complex on
the exterior power of the dual vector bundle. The relation between complex and elliptic tangent bundles
translates into the existence of maps between their corresponding de Rham complexes. Indeed, given
a complex log divisor, Ip, and associated elliptic divisor, /|p|, taking the imaginary part of a complex
log form is a map 3*: (Q*(Ap),da,) — (Q°(Ap)),da)-

There are several residue maps associated to these Lie algebroids, obtained by taking the coeflicients
of certain singular generators. We quickly recall the ones we need in this article. Given a smooth elliptic
divisor, with D co-orientable, it is explained in [9] that there are residue maps:

Resq : (Q'(A|D|),dA‘D|) - (-Q._Z(D), d), a = L;)(Lrar/\ﬁga)
Resr : (Q.(A|D|), d.A‘D|) - (9.71 (S]ND)’ d)3 (0 Lraras
where for Res,, S'ND is the sphere bundle of the normal bundle of D and the Lie algebroid 1-form
dual to dg is interpreted as fiberwise volume form on the bundle S'ND — D.
Let I|p| be a general elliptic divisor with D[1] co-orientable. The inclusion iyn\p(2) : M\D(2) — M,

pulls the elliptic divisor /p| back to a smooth elliptic divisor with vanishing locus D[1]. Hence we
may define residue maps by composition:

Res, : Q*(A|p|) — Q’_Z(D[l]), a— L*D[l](Lrar/\ae (L*M\D(z)a))
Res, : Q°(Ajp|) — Q' (S'ND[1]), @ g, (G p(2) @)
where S'ND[1] is the sphere bundle of the normal bundle of D[1]. There exists several higher order

residue maps, however defining these very quickly becomes a combinatorial task. As we are mainly
interested in two-forms, we will define:

Definition 2.8. Let /|p| be an elliptic divisor, w € QZ(A| p|) and let p € D[2]. Using the coordinates
from Remark 2.7 we define
Resrirj ‘U(P) = wp(riari,rjarj)> Resr,-gj (A)(p) :wp(riaris agj)» Resaiaj(w)(l?) :wp(agia a@j)'

Note that these residues are only well-defined up to sign. Similarly, one may define residue maps for
the real log tangent bundle. If Iz is a smooth real log divisor, we may define

Res: Q°*(Az) — Q._](Z)’ a = L*Z(Lxﬁxa)'

Again, for a general real log divisor we may define Res! : Q*(Az) — Q*1(Z[1]) by precomposing
with the pullback M\D(2) < M. The higher residues are again somewhat involved to define. For
two-forms we define:

Res?, ., () (p) = wp (Xidx;,Xj0x,), p € Z[2]. @.1)

2.3. Generalized complex structures

In this section we recall the definition of generalized complex structures and focus our attention on the
class of stable generalized complex structures called stable. We will recall that these structures are in
correspondence with symplectic structures on the elliptic tangent bundle.

Given a manifold M, we form TM = TM & T*M. This bundle is endowed with the natural symmetric
pairing given by evaluation of forms on vectors.
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Definition 2.9. A generalized complex structure on a manifold M, is a pair (J, H), where H € Q3(M)
is a closed real 3-form and J is a complex structure on TM orthogonal with respect to the natural pairing
and whose +i-eigenbundle, L ¢ TcM is involutive with respect to the Courant—-Dorfmann bracket:

(X +&Y+nllg =[X, Y] +Lxn —tydé +ixtyH, X+&Y+neTM.

Given a generalized complex structure one may decompose it as a block matrix with respect to the
splitting of TM. The skew-symmetry of J ensures this decomposition is of the form

#
J
I= (O’b _7;*7), J € End(TM),o € QZ(M),n'J € %Z(M)

The bivector 77 is Poisson. Two generalized complex structures (J;, Hy), (J, Hy) are said to be gauge
equivalent, if there exists a two-form B € Q?(M) such that dB = H, — H, and

10 1 0
T2 = (Bb 1)31(—3" 1)'
If two generalized complex structures Ji, J> are gauge equivalent, then 7y, = 7y,.

The Clifford action of X + ¢ € TcM on p € A"TcM is defined via (X +&) - p = 1xp + & A p. Given
a generalized complex structure, one may define its canonical bundle K ¢ APT-M via

L={ueTcM :u-K =0}
The dual bundle K* has a natural section s, called the anticanonical section which is defined via
s : T(K) = C*(M;C), p = po.

Definition 2.10. A generalized complex structure (J, H) on M is called stable if s(T'(K)) c C*(M;C)
defines a complex log divisor.

Example 2.11. Let (M, J, ) be a holomorphic Poisson manifold with 7 = g + inr; and denote by
%L TM — TM the map associated to ;. Then

.
¢

_J4
Vpm = ( 0J ;TI)

T

defines a generalized complex structure. If furthermore A"m(C(AYP(T*M)) ¢ C®(M;C) defines a
complex log divisor, ] ; . defines a stable generalized complex structure. Holomorphic Poisson structures
with these properties are called log symplectic.

These generalized complex structures can be described as symplectic structures on Lie algebroids:

Theorem 2.12 [10]. There is a one-to-one correspondence between gauge equivalence classes [(J, H)]
of stable generalized complex structures on M and symplectic forms w € Qz(.A| p|) on the elliptic
tangent bundle with D[1] co-orientable and satisfying the following equations:

o Res?(w) =0
o Res,;q; w =Resg,,; w
o Res;;r; w = —Resgq;,

Given (J, H), the associated w € Qz(A|D\) is given by ﬂil.

2.4. Lifting generalized complex structures

Lifting Poisson structures to Lie algebroids is a well-established field of study. However, lifts of gen-
eralized complex and Dirac structures to Lie algebroids have not yet received much attention. As we
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will see, the questions of which structures lift to Lie algebroids and which structures descend from Lie
algebroids arise naturally. Before we delve into the details of the theory of lifting, it can be useful to see
a few examples that illustrate the issue.

Example 2.13. Consider C? with elliptic divisor /;p| = (|z1|*|z2|*). Then using polar coordinates,
Zj= r.,»eig-i , the elliptic tangent bundle has a global frame given by

{r] 6}’] ’ 661 ’ r26r27 092}'
If we endow C2 with the Poisson structure
7w =03(21220;, A 0;,) =110r, A Do, — 120y, A g,

we see that the last expression makes sense as a nondegenerate bivector 7 4., on A|p|, which we view
as a lift of 7 to A|p) as it satisfies the equation

p(Tap) =T.

Similarly, the standard complex structure on C2, defined by 19y, = 0, satisfies Ir;8,, = dy,. Therefore
we can regard the latter as a bundle map 14, : A|p| — A|p| satisfying

poI.A|D| =1lop.

This makes 1,4, aliftof 7 to Ajp.

2.4.1. Severa class

Let us first shortly study Courant algebroids where we replace the role of the tangent bundle by a
general Lie algebroid. Given any Lie algebroid A and H € Q3(A) closed one may define the standard
A-Courant algebroid, in the usual manner. We set A = A @ A* and for X + £, Y +n e ['(A® A*).

X+ €Y +1) = 3 (0(X) +£(V)),
[[X+§,Y+7]]]H = [X, Y] +£,X7] - Lyd§+txtyH.

This notion, which is a particular case of a Lie bialgebroid, can be axiomatised as follows:

Definition 2.14. An exact .A-Courant algebroid is a vector bundle extension

04545 A0, 2.2)

together with a non-degenerate pairing (-, -) on A, and a bracket [[-, -]] on I'(A) satisfying:

[le1, [[e2, e3]l]] = [[[e1, ezl e3]l + [[e2, [[e1, e3]1]]
n([[e1,e2]]) = [n(er), n(e2)]a

e, fexll = fller, e2ll + Lore)) (fez

Lorn(en) ({e2,e3)) = (ller, eall, e3) + {ea, [[e1, e3]])
[[e1, e1]l = n*d ey, er).

Given an exact .A-Courant algebroid, the composition p o : A — TM together with (-, -) and [[-, -]]
will give A the structure of a non-exact Courant algebroid.

Just as for ordinary exact Courant algebroids, isotropic splittings s : A — A of (2.2) are classified
by closed three-forms H € Q3(.A) appearing as the curvature

o O O O o

ixiyH = s"[s(X), s(Y)].
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The difference between two splittings s — s”, defines a two-form B € Q?(A) via (s — s')(X) = 1xB.
Consequently [H] € H>(A) is independent of the isotropic splitting and determines the .A-Courant
algebroid structure completely. Hence, this cohomology class is the natural extension of the Severa-
class of exact Courant algebroids.

2.4.2. Lifting Dirac structures

The answer to the question on how to lift structures takes different forms depending on what one is
trying to lift. Here we will focus on Dirac and generalized complex structures, whose definitions on A
is completely analogous to the definition on TM:

Definition 2.15. Let A — M be a Lie algebroid. An .A-Dirac structure is a subbundle E 4 C A together
with a three-form H € Qg](_A), such that E 4 is isotropic with respect to the pairing and involutive with
respect to the bracket on A.

An A-generalized complex structure is a pair (74, H4) where H4 € QSI(A) and J4 is an
orthogonal complex structure 7 4 on A for which ALY the +i -eigenbundle, defines an A¢-Dirac structure.

Definition 2.16. Let A — M be a Lie algebroid. An A-Dirac structure (E 4, H 4) is a lift of a Dirac
structure (E,H) on M if Hy = p*H and §,(E4) = E.

Here g, denotes the Dirac pushforward via the anchor map.

This notion matches the notion of a lift of a Poisson structure, when that is considered as a Dirac
structure. Indeed, given a Lie algebroid A — M, aPoissonstructure 74 € I'(A2A) (thatis [7.4, 7.4] = 0)
and a Poisson structure 7 € X2(M) one can readily see that p.m 4 = mif and only if £, = graph(m4) C
Ais alift of E, = graph(r).

For generalized complex structures, however, working only with the push-forward map is too restric-
tive, so the notion of lift requires some tweaking.

Definition 2.17. Let p: A — TM be a Lie algebroid over M

o X+£&eAisrelated to X +& € TM if p(X) = X and p*¢ = €.
o A generalized complex structure (74, H4) on A is a lift of a generalized complex structure (7, H)
on M if whenever X + & € A isrelated to X + & € TM, Ja(X + &) is related to 7 (X + &).

Example 2.18. In the situation above, if J: TM — TM and J4: A — A are complex structures we
can promote them to generalized complex structures and ask when J 4 is a lift of J. It turns out this
happens if and only if the following diagram commutes

A2 a4

bl

™ —L 5 M

which agrees with what one would like to call the lift of a complex structure.

Remark 2.19. In this paper we will work with Lie algebroids .4 for which the locus U where p: A —
TM is an isomorphism of vector bundles is dense in M. In this case, we see that 74 is a lift of J
on U if and only if T4l = (ply) o J o (ply)~". If that holds, by continuity 74 is related to 7 in
all of M. Therefore we see that the question of whether 7 admits a lift to a Lie algebroid with dense
isomorphism locus becomes the question of existence of a smooth extension of (p|y) o J o (ply)~!
beyond the isomorphism locus.

Example 2.20. It is also good to keep in mind that there are (generalized) complex structures on Lie
algebroids, which do not arise as lifts of structures on M. Consider, for example, the elliptic tangent
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bundle A|p| on C?, associated to the ideal (r%r%) The following defines a complex structure on A|p):

Zlam = Zzazz, Z_laﬁ = 56275
200z, > =210, 7207 — —210%.

However, the induced complex structure on C2\ D does not extend over D, as we have, for example,

3. Classification of torus actions and connections

Having introduced the geometric structures of interest last section, now we move on to study manifolds
with the relevant torus actions. We begin this section by recalling the classification of certain torus actions
by Haefliger and Salem in [ 15]. The relevant cohomology class for this classification is H%(B; Z"), where
B is the quotient space of the torus action. Although the Haefliger—Salem class greatly resembles the
Chern class of a principal S'-bundle, no such description exists at the moment in terms of connections
and curvature. We will use the elliptic tangent bundle to provide a connection point of view on this class.

3.1. Haefliger-Salem classification
The first ingredient of the classification is the following result:

Theorem 3.1 (Theorem 3.1 in [15]). Let M be a manifold with a T*-action, and let x: M — B denote
the quotient map. Any diffeomorphism h: M — M commuting with the action of T* and preserving all
orbits is of the form h(x) = f(n(x)) - x, where f € C®(B;TF).

Here we say that f € C*(B) if #* f is smooth on M. Similarly, we define Q°(B) to correspond to the
basic forms on M:

Q (M) ={£eQ*(M): 1x¢ = Lx& =0, for all infinitesimal generators X }

Remark 3.2. The discussion in [15] concerns itself with the more general setting in which M is also
allowed to be an orbifold. As our case of interest is when the total space is a smooth manifold we will
immediately restrict to that case.

Definition 3.3. Let M, M’ be two manifolds endowed with 7% -actions with common orbit space B and
letw: M — B,n’ : M’ — B denote the quotient maps. Then M and M’ are said to be locally equivalent
if each point in B has a neighbourhood U such that there exists a 7*-equivariant diffeomorphism from
7~ (U) to 771 (U), covering the identity on B.

When fixing an effective T-action on a manifold M it is possible to classify all other such actions
which are locally equivalent to M:

Proposition 3.4 (Proposition 4.2 in [15]). Let 71 : M — B be a manifold endowed with an effective
torus action. The equivalence classes of manifolds endowed with torus actions locally equivalent to that
on M form a torsor for H*(B;Z¥).

Since we will need to get our hands on the cohomology classes prescribed by the proposition, we
give a sketch of the proof. Notice that there is no preferred manifold endowed with a torus action
locally equivalent to that of M and the class in question measures how different from M another such
manifold is.

Proof. Letn’ : M’ — B be a manifold endowed with a locally equivalent torus action. Therefore, there
exists a cover U = {U,;};e; of B together with equivariant diffeomorphisms #; : 771(U;) — 7~ 1(U;).
The transition maps hj_.l oh; : a7 (Uin Uj) — (U n U;) satisfy the assumptions of Theorem 3.1
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and therefore there exists f;; € C*(U; N Uj; T%) such that hJ‘.1 o hi(x) = fji(m(x)) - x. These functions

combine to give a cocycle {fj;} € C'(U; T*), where T* is the sheaf of smooth functions with values
in TX. Using the exponential sequence one obtains the desired class in H>(U;ZF).

Conversely, given a class in H>(U;Z¥), one uses again the exponential sequence to obtain a cocyle
{fii} € C'(U; T*). Using this cocycle one may glue the disjoint unions of the 7! (U;) to obtain a
manifold M’ endowed with a locally equivalent torus action. One readily checks that cohomologous
cocycles result in equivalent 7% manifolds. O

Definition 3.5. Let 7 : M — B be a manifold endowed with an effective torus action with connected
isotropy groups, and 7’ : M’ — B be a locally equivalent action. We will refer to the corresponding
class in H%(B,Z¥) as the Haefliger-Salem class of M’ with respect to M.

Remark 3.6. A key difference with the classification of principal torus bundles in terms of their Chern
class, is that the classification in Proposition 3.4 is affine in nature. Given a base B, there is no canonical
torus actions playing the role B X T* has in the principal case.

Remark 3.7. Note that the results in [15] are about orbifolds, but as we assume that M is a smooth
manifold, any locally equivalent spaces will be smooth manifolds as well.

3.2. Torus actions, divisors and connections

We will lift torus actions to the elliptic tangent bundle in such a way that the associated infinitesimal
action becomes free. The required notion we need is the following:

Definition 3.8. A 7% action and an elliptic divisor, /|p| on a manifold M are compatible if

the action is effective,

the isotropy group of each point is connected,

the points with non-trivial isotropy are contained in D,
the action preserves the ideal /|p).

O O O O

These assumptions allow us to lift to the elliptic tangent bundle:

Proposition 3.9. Let I|p| be an elliptic divisor compatible with a T*-action on M. Then there exists an
injective Lie algebroid homomorphism a : t* — A\p| such that the following diagram commutes:

where a: t* — TM is the infinitesimal T*-action on M.

Proof. The existence of the Lie algebroid map is a local statement, so we can work in neighbourhoods
of points.

Given a point p where the action is free, there are two possibilities, either p ¢ D or p € D. In the first
case, A isomorphic to TM via the anchor map in a neighbourhood of p and the action has a unique lift
to Ajp|. If p € D, because the action preserves the ideal .A|p |, then the orbit of p lies within the same
stratum as p, say D [i] and because the action is free, we get a rank k subbundle a(t*) c TD[i] — Aip|s
and therefore a has a lift, which is unique by continuity.

Given a point where the action has nontrivial isotropy, say 7! ¢ T*, we can split T = T* x Tk,
By the previous argument the action of 7%~ lifts to A\|p) and the lift is made of a subspace that maps
injectively to TM via the anchor. Now we focus on the action of T, Since p is fixed by the action of T"
and the action is effective we can linearise it and assume that, in appropriate coordinates (with values
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in C™ x R"~2™), the action is given by
(01’ A el) . (Z]’ AR Zm’x]’ . ’xn_zm) '_) (el(z, al’lgl)Z], A el(Z, am,la,)zm’xl? M 5xn—2m)’

where m > [ and the matrix A = (a; ;);; has integral coeflicients. Because all isotropy groups are
connected A has an / X [ submatrix with determinant +1.

Suppose f is a local generator of the elliptic divisor I|p|. Since D has codimension 2, the locus where f
is nonzero is connected and hence we may take f to be non-negative, vanishing only at D. Since f is non-
negative, by taking its average over the T’ action, we obtain another nonnegative generator of the ideal,
still denoted by £, which is invariant under the ! action. The invariant polynomials of the T’-action are
generated by (rf, R r,zn,xl, ..., Xn-2m), and hence a result by Schwarz [24] implies that f must be of
the form f = g(rlz, R r,%q,xl, .., Xn—2m), for some smooth g. Because f has this form, it is immediate
that the vector fields dg,, ..., dy,, preserve the ideal generated by f, where we use polar coordinates
for z;: z; = r;e'”. Hence Oy, give rise to (non-vanishing) elements of .A|p|. Because the vector fields
generating the T*-action are given by A(dg,),...,A(dg) € span (dg,,...,0y, ), and A has maximal
rank, we see that these vector fields span a rank /-subspace of A p| which over D are in the kernel of
the anchor map and hence are independent from the generators corresponding to the 75~ action. O

Studying general torus actions goes beyond the scope of this article. For instance, one problem which
occurs is that there is too much freedom in choosing a compatible elliptic divisor:

Example 3.10. Consider C?, endowed with the S'-action 6 - (z1,z2) = (/% z, z2) and the compatible
elliptic divisor generated by |z|?|z2|%. Using coordinates (¢, z») for the quotient space B = R»o X C, we
have that B inherits a quotient divisor Ireq = (#|22|*). Which is a mixture between an elliptic and real
log divisor. More generally, for a T*-action on C” the induced divisor on the base can have any kind of
mixture between elliptic and real log divisors.

We restrict ourselves to a very well-behaved class of singular torus actions, but still interesting enough
to allow for many examples:

Definition 3.11. We say that a 7% -action on a manifold M" is standard if each orbit has a neighbourhood
U such that
U=T<'xctxRr™ for some k,I,m suchthatk +[ +m = n,

in which the action is given by

(eif)l’. "seiek) : (‘701"~"¢k—lvzl7-~°9Zl9x1,-'~’xm)

i0 10, 10, 10
= (e, ...,e" % gy, ez, et TR X, X),

possibly after changing the generators of T.

For general T*-actions, deriving conditions when they are standard is not simple. However, for full
torus actions one can show the following:

Lemma 3.12 ([ 1 1], Proposition 6.1). A T"-action on a manifold M*" which is effective and has connected
isotropy groups is standard.

The local normal form of a standard T*-action immediately implies the following:
Proposition 3.13. Let 7 : M — B := M /T* be a manifold endowed with a standard T*-action. Then

o B is a manifold with corners.
o The action is compatible with the elliptic divisor I|p| := n*15p.
o 7 induces a Lie algebroid submersion Ajp| — Aap.

In particular there is a canonical compatible elliptic divisor associated to a standard T*-action.
Therefore, in what follows when given a standard T*-action on M, I |p| Will always denote the canonical
associated elliptic divisor.
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Example 3.14. Consider §” ¢ R™*!, and the circle action given by rotating the first two coordinates.
This action is standard with quotient space diffeomorphic to D"~! and elliptic divisor generated by
2,,2
X7 +Xx5.
174

Thanks to Proposition 3.9 and 3.13 a standard 7*-action lifts to the associated Lie algebroid and so
does the quotient map. Therefore, we obtain a diagram as follows:

Ap) 5 As,
| |
M —=—B

Hence, we obtain a short exact sequence of vector bundles over M:
0 — kerdit = Ajp| = n*Agy, = 0
We may quotient by 7%, to obtain the sequence of vector bundles over B:
0> Bxtk— .A|D|/Tk — Ay, =0

One may think of this sequence as an .A|p| version of the Atiyah sequence for principal bundles. With
this in mind, vector bundle splittings of this sequence give rise to the notion of connections for the
T*-action on M. Concretely, in terms of differential forms we have:

Definition 3.15. Let M be a manifold endowed with a T* action, m: T* x M — M, and let I |p| be a
compatible elliptic divisor. A connection-one form on M is a Lie algebroid one-form ® € Q! (Ap; tk)
such that

o my® =0 forall 1 € T* (where my = m(4,"))
0 Lg()®@=v, forallv e tk.

3.2.1. Complex line bundles

Let L — M be a complex line bundle. Then I'(L!:%*) ¢ C®(L;C) naturally defines a smooth complex

log divisor. The associated elliptic divisor I|p| is naturally compatible with the standard S !_action on L.
Connections for the S'-action arise from linear connections on L:

Lemma 3.16. Let V be a complex linear connection on a complex line bundle L — M, and let
¢ € QUL\M;C) denote the corresponding connection one-form on the associated C*-bundle. Then
{ extends over the zero-section as a complex logarithmic form, and © := 3({) € QZ(.A\ p|) defines a
connection one-form for the associated S'-action

Proof. Let zo : L|y, — C be local fibre coordinates of L. Write z, = r,e'%, and consider the
complex log forms dlogz, = dlogry +idfy. If z4 = gEIZB, with gg transition functions, we find
that dlogz, — dlogzg = dlog gg . Given a complex linear connection V on L, we may consider the
corresponding connection one-forms &, € Q!(U,; C), which satisfy &, — &g =dlog gg. We conclude
that { := dlog z, + &, defines a global complex logarithmic form O

If we let K = K + iK, denote the curvature of the connection V on L, we find that d® = K, is
actually a smooth form.

Remark 3.17. The form O, restricted to the complement of the zero-section, also goes by the name of
the global angular form. The above discussion shows that the global angular form can be extended over
the zero-section as an elliptic differential form.
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3.3. Smoothness of the curvature

Given a standard T*-action and a corresponding connection one-form ® € Ql (Aipjs tk), the curvature,
d0, is basic and descends to a form in QZ(AaB; tk). We saw for complex line bundles that there are
connections for which the curvature was in fact a smooth form. This is a general phenomenon for
standard torus actions. To prove this, we need to understand the cohomology of the log-tangent bundle
on the base. Below we use the residue maps introduced in Definition 2.8 and the discussion thereafter.

Proposition 3.18 (Theorem 29 in [19],7.24 in [14]). Let (M, Iz) be a manifold endowed with real log
divisor. Then there exists an isomorphism

H*(Az) ~H* M) H ' (Z[1)) e H*>(Z[2) ® - - -, 3.1

where Z[n] denotes the intersection stratification of Z. The maps H*(Az) — H *=i(Z[i]) are induced
by the residue maps Res', and the map H*(M) — H*®(Az) is the pullback via the anchor.

Using (3.1) we see that we can associate a well-defined smooth cohomology class to a class in
H*(Az). Explicitly we may also phrase this as follows:

Lemma 3.19. Let (M, Z) be a manifold endowed with a immersed hypersurface, with self-transverse
intersections. Let a € Q°*(M) be such that [p*a] =0 € H*(Az). Then [a] =0 € H*(M).

Recall from Lemma 3.13 that the quotient map of a standard 7*-action induces a Lie algebroid
submersion 7 : A|p| — Asp. This map is compatible with the residues in the following manner.

Lemma 3.20. Let 1 : M — B be endowed with a standard T*-action. Then for i = 1,2 the following
diagram commutes:

J
Res).

Q*(Ajp|) —= Q¥ (T'ND[i])

A

Q% (App) —2=s Q>1(4BJi])

As D[2] is a discrete set of points, Res? w is defined to be Res,, , (w)(p). A similar result holds for
higher order residues, but is more involved to state.

Using the description of the cohomlogy of Asp, we can show that the curvature of a connection, d®,
is cohomologically smooth:

Lemma 3.21. Let M be endowed with a standard T*-action and let © € Q! (A, D\;tk) be a connection-
one form with curvature K € Q*(App,t%). Then there exists a smooth form K € Q*(B,tX) with
[p*K] = [K] € H*(Agg: t5).

Proof. Using (3.1) we have to show that the residues Res’ of K vanish. By rank reasons Res’ vanishes
for i > 3. We have that p*Res!(K) = Res!(d®) = dRes!(®). By T*-invariance of ® we must
have that Res! (@) is T*-invariant as well, and thus of the form p*f, with f € C®(B). Therefore
p*Res! (K) = p*df, and we conclude that Res! (K) is exact. We also have that p* Res?(K) = Res? (d©),
but the latter is necessarily zero by smoothness of the coefficient functions of elliptic one-forms. We
conclude that all the residues of [K] vanish, as these are precisely the maps H*(App) — H* " (0B[i])
in Equation (3.1), we conclude that [K] = [p*K], for some smooth K € Q?(B;t¥). o

The following example shows that Lemma 3.21 is not a given when the elliptic divisor and action
are independent:

Example 3.22. Let M be a manifold endowed with a smooth elliptic divisor /|p|, with D co-orientable,
and consider the trivial S'-bundle, 7 : M x S' — M. The elliptic divisor is trivially compatible with
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the S!-action, and hence we can choose a connection one-form for this action. Any such form will be
given by ® = @ + df, with a € Q!(A|p|) and df € Q! (S).

We may pick @ = 0, and then the curvature of ® simply vanishes. However, we may change « in
such a manner that d® remains smooth but is no longer exact as an element in H>(M), contradicting
the conclusion of Lemma 3.21.

The construction goes as follows: Consider a metric on a tubular neighbourhood ¢/ of D in M, and
let 72 : I/ — R denote the associated squared distance function. Let ©,; € Q! (Ajp|) be a connection
one-form on U/, obtained as in Lemma 3.16 by viewing I/ as an (open) in a complex line bundle.

Let f : R — R be a smooth function with suppf C [-1, 1], and f|[_¢ ] = 1 for some & < 1. Define
an elliptic form & = f(r2)®,,. The cohomology class da is concentrated in U/, where it is precisely
the curvature of the normal bundle of D. Consequently, we see that @ = o + d6 has smooth curvature,
which is not cohomologous to zero.

3.3.1. Local description of connection one-forms
For future reference we recall the local description for connection one-forms on principal bundles:

Proposition 3.23. Let n : P — B be a principal G-bundle, and let h; : 7' (U;) — U; x G be local
trivializations fori = 1,2. Let ® € Q' (P; g) be a connection one-form on P. Then

(hi_l) *0 = wvc + 1,

with wymc € QY(G; ) the Maurer-Cartan form, and «; € Q'(U;; g). Moreover, if we let fiieC®(U;n
Uj; G) be the transition functions given by h;l o hi(x,g) = (x, fji(x) - g), we have

a; —Ad}ﬁaj =r"dlog fji.

3.4. Cech—de Rham isomorphism

To continue, we need to recall a basic version of the Cech-de Rham isomorphism.

Let M be endowed with a proper group action by some group G. Let € denote the sheaf of basic
differential forms and let Z = denote the sheaf of closed basic dlfferentlal forms Both are sheaves of
C*®(M)pas-modules and fit 1nt0 the short exact sequence

S Qr 7zl . (3.2)

n
0—Z7 bas  “bas

bas

Consider the basic Cech cocycle groups
respect to the G-action on U;, _j, .

By existence of a G-invariant partition of unity on M, the sheaves ans are fine, and hence

bas(M Qp ) = {0} for all i > 1. Therefore the connecting morphism of the above exact sequence

induces an isomorphism Ht’;aS(M , Z’”;l {m‘ (M Zp ). Applying this consecutively, one obtains
the isomorphism between H*! (M,R) — H\ (M, Z] ). As the latter corresponds to Hld+R1 bas (M) one
obtains the desired isomorphism.

We also consider a basic version of the exponential sequence:

Ck (U, F), for which the maps U;,._;, — F are invariant with

bas

0—-2Z"— Cp i (M;R") — Cpo ((M;T") — 0. 3.3)
The long exact sequence will induce an isomorphism H bag (M, bM(M ™)) — baS(M Z). Combin-
ing this with the Cech-de Rham isomorphism we obtain a map to bzlg(M ).
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3.5. Connection approach to Haefliger-Salem class

We now have all the theory in place to compare the curvature of a connection for a standard 7*-action
with the Haefliger-Salem class:

Proposition 3.24. Let 7 : M — B be a manifold endowed with a standard T*-action and let
n’ : M’ — B be a manifold endowed with a locally equivalent action. Let ®,®’ be connection one-
forms on M respectively M'. Then [d® — d®’] € H*(Agg;tX) is representable by a smooth form, and
descends to the Haefliger-Salem class of M’ in H?(B;t¥).

Proof. Let I|p|,1|p/| denote the induced elliptic divisors on M respectively M’. By Lemma 3.21, we
have that both [d®] and [d®’] are representable by smooth forms, therefore we can modify ® and ®’
such that d® and d®’ are smooth forms. We will still denote the modified connections by ® and ©’.

Let & = {U;} be an open cover of B, together with equivariant diffeomorphism 4; : 7~ (U;) —
77~ 1(U;) provided by the fact that the actions on M and M’ are locally equivalent. Furthermore, assume
that over U;\dB both 7 and 7’ are trivialisable as principal T*-bundles.

Because the h; are equivariant, they are morphisms of divisors, and hence we may consider 270" €
QUA D AR t*). One readily shows that h?®’ is a connection on 7~ (U;) and thus 3; := © — h:®’ e
Qéas(‘A|D| L1 () t%) is a basic form.

Let f;; € C*(U; N Uj;; T*) be the transition functions given by hj o hi(x) = (x, fji(x)). By
Lemma 3.23,n; —n; = h;®" - hj.(-)’ coincides with 7*d log fj; on (U n U;)\0B). By density, we
have that n; — ; = n*d log fj; on the entirety of (Ui n Uj). As the n; are closed, we conclude that
{ni —n;}i; defines a cocycle in Cl (M, Z} ).

The Haefliger-Salem class is defined by applying the exponential sequence to the class {f};} in
H'(U; T*). Inspecting the Cech-de Rham isomorphism, we conclude that this class corresponds to the
class defined by {n; —n;}:;. We are left to show that {n;—n,};; € H' (U, Zgas) corresponds to [d®—-d@’].
By exactness of (3.2), we know that there exists a refinement I{ = {U;} of i and 1j; € Qtlms(”_l (U)):1)
such that 7j; — 7j; = n; — n;. The class in HZR’baS(M, t¥) corresponding to {n; — 17;}:; is given by dij;.

Note that 7j; —n; = 7j; —n;, and hence these forms glue to give a globally defined form 7 € Qllm (M;1).
Because dn = dij; — dn;, and dnj; = d® — h;d®’, we have that dn is smooth. Hence, by Lemma 3.19 we
have that dn is exact in H*(B; t¥). Consequently [d7j;] = [dn;] € H?(B;t*). Butas dn; = d® — h}d®’,
we conclude that the class in H? (M, t*) corresponding to {n; —n;};; is given by d® — d®’, which

dR ,bas
finishes the proof. O

The description of the Haefliger-Salem class in terms of connections has the following consequence:

Lemma 3.25. Let 7 : M — B be a standard T*-action. Then there exists a locally equivalent action
' : M’ — B which admits a flat connection.

Proof. Let ® be a connection on M, with integral curvature. By Proposition 3.4 the class [dO] €
H?(B;Z¥) corresponds to a locally equivalent torus action M’ — B. Given a connection ® on M’, we
have by Proposition 3.24 that [d® — d®’] defines the Haefliger-Salem class of M’. But as this class is
given by [d®], we conclude that [d®’] = 0 which finishes the proof. O

The importance of this lemma is that in the classification of standard T*-actions, it is now possible
to pick as a reference an action My — B with a flat connection. Using this reference, and a locally
equivalent action M’ — B, we find that the Haefliger-Salem class of My with respect to M’ is given
exactly by [d®’] for some connection ®’ on M’.

Definition 3.26. Let M — B be a standard T*-action. The locally equivalent action My — B which
admits a flat connection is called the reference action.

When M — B is a principal T*-action, the reference action is simply the trivial bundle B x T*.
Contrary to in the principal case, there might be several non locally equivalent standard 7*-actions over
the same base with flat connections. We will see examples of this in Section 5.2.1.
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4. The singular differential geometry of the correspondence space

Let M — B, M — B be manifolds endowed with standard torus actions. The fibre-product M Xp M cC
M x M fails to be a smooth submanifold. This space plays an important role in T-duality, and therefore
we will shortly study notions for smooth objects on this space.

Let us start with the simplest example:

Example 4.1. Let M, M both denote C endowed with the standard S Laction, and B = R >0 the quotient.
Then

Mxg M={(z,2) ]zl = |2},

and hence we may consider singular coordinates (r, 6, ) € RsoxT?. These coordinates are well-defined
except at r = 0. We see that M Xp M is a cone over a torus.

The space C xg,,, C will serve as local model for the spaces we want to consider, so we will describe
smoothness in terms of it:

Definition 4.2. A function f : C xg,, C — R is smooth, if it is the restriction of a smooth function
feC®(CxC).

Definition 4.3. A map @ : C xg,, C — C xg,, Cis said to be smooth, if for every f € C*(C xg,, C),
f o @ is smooth.

Taking products, we can talk about smooth maps and diffeomorphisms of (C xz_, XxC)! x R, and
charts and atlases of this form. From the local form of standard T*-actions it immediately follows that:

Lemma 4.4. Let M, M be ndimensional manifolds with standard T*-actions over the same base B. Then
M xpg M admits an atlas of coordinate charts of the form (C Xg,, XC)! x Rk

Let p € M xg M be such that 7(p) € dB[I] (that is, the isotropy of the T?*-action at p is T?'). Such
a point then has singular coordinates.

(Floee s 1015 s 01,01, 0000, Wk s e kX1 -+ oy Xkt 4.1

Here the {r;} are one set of radial coordinates on C!, where {6;}, {6;} are two sets of polar coordinates
on C!. The {y;} and {§;} are honest coordinates on 7%~/ and the {x;} are coordinates on R" ¥/,

Remark 4.5 (Induced divisor). Let M, M be manifolds endowed with standard T*-actions and same
base B and let I|p| and / 5| denote the corresponding elliptic divisors. Then the restriction of /;p| and

1 D] to M xg M coincides. In the coordinates of (4.1) the induced elliptic divisor on M Xp M is given
by (ri,...,r).

Rather than trying to find a notion of tangent bundle for M x M, we use the ambient ellipitc tangent
bundle on M x M to define a Lie algebroid over M xg M.

The first observation is that the way M xp M sits inside the smooth manifold M x M is compatible
with the Lie algebroid A|p| ® .A| p|in the following manner:

Definition 4.6. Let A — M be a Lie algebroid and N ¢ M a subset, and let I'y (A) denote the sections
of A tangent to N. Then N is adapted to A if Sing(N) C {x € M : p, is not of full rank} and the
pull-back sheaf (3, I'y (A) is locally free over (3, C*(M).

As (yT'(A) is locally free, we may view it as a topological vector bundle over N. By declaring
sections to be smooth if they are restrictions of smooth sections of A, we can view A as a smooth Lie
algebroid over N.

Example 4.7. A subspace N € M is adapted to TM if and only if it is an embedded submanifold. In
this case the pull-back sheaf is simply given by vector fields on N.
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The rationale behind this definition is as follows. We allow subspaces to have singularities, but they
need to occur precisely when the anchor of A is not an isomorphism.

Example 4.8. Let M = R2, and let A be the Lie algebroid generated by xd, and ydy. Let N denote
the union of the diagonal and anti-diagonal. If X = fxd, + gydy is tangent to the diagonal, it implies
it must preserve the ideal generated by x — y. Therefore, X = f(x0x + ydy). As these vector fields are
also tangent to the anti-diagonal we conclude that N is an .A-adepted subspace, and the restricted Lie
algebroid is generated by x0x + yd,

From the local form of standard T*-actions, we immediately obtain the following:

Lemma 4.9. Let M, M be standard T*-actions over the same base B. Then M xg M is an Ap|= A|D|-
adapted subspace.

We denote the induced Lie algebroid on M x5 M by Ajp| X Al Nk

5. Non-principal T-duality

Using the Lie algebroids from Section 2 we will extend the notions of T-duality to standard torus actions.
To prove the existence of T-duals we will use the classification of torus actions, and the connection point
of view thereof, as described in Section 3. Moreover, we will stress the differences with T-duality for
principal torus bundles; in particular the new source of topology change arising from the singularities
of the torus action.

5.1. T-duality

In this subsection we will recall the notions of T-duality for principal torus actions. We will be brief and
refer to [3] and [8] for more details.

Definition 5.1. Let M and M be principal T*-bundles with base B and let H € Q; (M), H e Q; L (M)
be T*-invariant closed three-forms. Consider the fibre-product, M xg M, and the following diagram:

We say that (M, H) and (M, H) are T-dual if there exists a 7°X-invariant two-form F € Q%Zk (M xg M)
such that

dF = p*H - p*H,
and the restriction
F ity xty — R,

where t)/,1,, denotes the tangent space to the fibres of p, p respectively, is non-degenerate. We call
M xp M the correspondence space.

T-duals always exist, provided the three-form is integral:
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Theorem 5.2 [3]. Let M — B be a principal T*-bundle, and H € Q;k (M) with integral cohomology
class. Then there exists a principal T*-bundle, M T-dual to M.

T-dual spaces have isomorphic complexes of invariant differential forms:

Theorem 5.3 [3]. Let (M, H) and (M, H) be T-dual with dF = p*H — p*H. Then
O (@ (M) di) > (@01 dg). p [y,
T

is an isomorphism of cochain complexes. Here the integral is over the fibres of p.

5.2. Courant algebroids
T-duality induces an isomorphism of invariant sections of the standard Courant algebroid:

Theorem 5.4 [8]. If (M, H) and (M, H) are T-dual, then there is an isomorphism of Courant algebroids
¢: (TM&T*M)T* — (TM &T*M)|T,

such that (v - p) = @(v) - T(p), forall v € (TM & T*M)/T* and p € Q*(M).
The strength of this description is that it immediately allows one to transport structures:

Theorem 5.5 [8]. Let (M, H) and (M, H) be T-dual spaces. Then any Dirac, generalized complex,
generalized Kéhler or SKT structure on M which is invariant under the torus action is transformed via
@ into a structure of the same kind on M.

We are now ready to introduce the notion of T-duality for standard torus actions:

Definition 5.6. Let M, M be two manifolds endowed with standard T*-actions over the same base B
and let I,p|, I D] be the induced elliptic divisors. Furthermore, suppose we are given H € le(.A| D)

He QSI(A| ﬁl) closed and T*-invariant. We consider the following diagram:

(.A|D| XB AlDI — M Xp M,p*H—ﬁ*I‘AI)

(A|D|_>M9H) (A|D| HM,I‘A])

\‘AMHB/

We say that (M, H) and (M, H) are T-dual if there exists a T2*-invariant two-form F € Q*(Ap| X5
A|f)|) such that p*H — p*H = dF and

F:ty ®tM - R, ;.1

is non-degenerate.

Let us expand on this definition. First A|p| Xg Al p|is the Lie algebroid induced by viewing M x g M
asan (Ajp| ® A| ﬁ|)-adapted subspace of M x M. The two-form F is a form for this Lie algebroid, and

can in practice be thought of as the restriction of a two-form F € Q*(A|p| ® A| [)|). Here tj, denotes
the kernel of the Lie algebroid submersion A|p| Xp Al I e A\p,| induced by p;.
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Example 5.7. Consdier C with the standard S I_action, and H = 0. Then F = d6; A db, provides a
T-dual from (C, 0) to itself.

A connection one-form ® € Q! (A|p); 1) induces an isomorphism A|p|/S! =~ t & Asp, therefore, we
obtain a decomposition

3
Q3 (Ap)) = D Q1 (Asp, A7),

i=0

The T-duality conditions forces the component of H in Q°(Agp; A3t*) to vanish, and the component in
Q' (App; A’t*) to be exact. When considering geometric structures (up to gauge equivalence), it is the
cohomology class [H], rather than the form itself, which is of importance. Hence we can impose that
we consider H which only have two terms in this decomposition:

H=(0)+h, (5.2)

for some ¢ € Q*(Agp;t*) and h € Q3(Ayp). Using this decomposition, and the relation of the curvature
with the Haefliger-Salem class, we can now address the question of existence of T-duals.

Theorem 5.8. Let M — B be a manifold endowed with a standard T* and an invariant closed three-
form H € Q3 (Aip). If [€] as in Equation (5.2) defines a class in H?(B;ZK), then there exists a T-dual
M — B.

Proof. Let My — B, be the reference torus action of M. Using Proposition 3.4, with respect to My and
M, the class [¢] € H?(B;ZF) corresponds to a manifold M — B endowed with a locally equivalent
action. Moreover, there exists a connection © € Q! (Al L tk) for which d® = é. Now define

H=(c.0)+heQ(Ap).
with ¢ = d®, for some connection ® € Q' (M; tk). Now (M, H) and (M, I-7) are T-dual because
p*H - A = (¢,0) — (c,0) = (d6,0) - (d0,6) = -d(0,0),

and as ® and O are connection-one-forms, we obtain that F = —<®, (:)> satisfies the requirements of
T-duality. m

Remark 5.9. Note that it might be preferable to put a direct condition on H, rather than the [¢] in the
decomposition. However, this will also impose further conditions on the /& term which are not strictly
necessary. Still, in practice we will assume that H is smooth and defines an integral cohomology class,
which implies the assumptions in Theorem 5.8

Remark 5.10 (Non-uniqueness). This proposition provides the existence of T-duals, but these are by
no means unique. Already in the case without fixed points, the construction does not take any torsion
of the torus bundle into account. But also changing the specific F used may change the topology of
the resulting T-dual, see also Bunke-Schick [5]. Now the non uniqueness goes even further: because
we made use of the classification of Haefliger-Salem, any T-dual produced using Proposition 5.8 will
necessarily be locally equivalent to M. However, that needn’t be the case as we will see momentarily.

5.2.1. Topology change from singularities
The singularities of the torus actions provide a new source of topology change for T-duals:

Proposition 5.11. Let M, M be manifolds with standard T*-actions over the same contractible base B.
Then (M, H = 0) and (M, H = 0) are T-dual.
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Proof. Because the base of M and M is contractible there exists flat connections ®, ® on M respectively
M. Then, as in the proof of Proposition 5.8 (the restriction of) F = —<®, ®> provides a T-dual between

(M, 0) and (M,O). O

In [20] a classification of four-manifolds with effective 72-actions and connected isotropy groups
appears. All such manifolds are of the following form:

o #n(S?x 8%),neN
o #n(CP*)#m(CP?),n,m e N
o §4

All of these manifolds have a contractible base, so we conclude by the above Theorem that if two have
the same base they are T-dual. The only invariant of the base is the number of corners, which can be
read of from the Euler characteristic of the total space. For instance 2CP?, CP?#CP? and S? x S are
all T-dual. The common base of these manifolds is contractible, and hence the actions are necessarily
not locally equivalent. For if the actions were locally equivalent, Theorem 3.1 would imply that these
spaces are all diffeomorphic.

Just as in principal T-duality, we obtain an isomorphism of differential complexes. The proof is
omitted as it is identical with only the minor change that instead of developing the operation of push-
forward/fiber integration we use the equivalent operation of ‘interior product with a top degree multi-
vector field” which is readily understood in the Lie algebroid context.

Proposition 5.12. Let M, M be manifolds endowed with standard T*-actions over the same base B. Let
H e QSI(A|D\),H € Qg’l(A|l~)|), and let F € Q.Z(A|D| XB A|D~|)pr0vide a T-dual. Then

7 Qi (Ap)) = Qi (Ajp), () = txin-ax, (€ A ), (5.3)

is an isomorphism of differential complexes (3., (M; A|p|),dn) and (7., (M; A|[)|)7 dy). Here
X1,...,Xn € T'(Ap)) are the infinitesimal generators of the torus action on M.

%

Moreover, we may consider the standard A|p|-Courant algebroid, A|p| ® ‘AI p|» and obtain Theo-
rem 5.4 in our setting. Again, the proof is identical to the principal case and thus omitted.

Theorem 5.13. Let M, M be manifolds endowed with standard T*_actions over the same base B. Let
H € le(.A|D|),I-AI € Qzl(Alﬁl), and assume that (M,H) and (M, H) are T-dual. Then there is an

isomorphism between Courant algebroids (Ap| & ATIjl)/Tk — M and (Ap| & ATD|)/Tk — M.
Using this isomorphism we are able to transport geometric structures on .A|p| — M to geometric
structures on A — M:

Theorem 5.14. Let (M, H) and (M, H) be T-dual. Then any Dirac, generalized complex or SKT
structure on Ap| — M invariant under the torus action will be transported to a structure of the same
kind on Ajp| — M.

However, there is one key difference compared to the case of principal T-duality. Given a T*-invariant
generalized complex structure on M which lifts to a generalized complex structure on A|p; — M, we
can transport it to a generalized complex structure on A| b| M . However, a prior there is no guarantee
that it again descends to a generalized complex structure on M. We illustrate this phenomenon by the
following examples:

Example 5.15 (C). Consider M = C with the standard S'-action, and endow it with the elliptic
symplectic form dlogr A df = Ci);i;ﬂy .If we let M = C denote another another copy of C, we have that
F = df A df provides a T-dual. Under this T-duality, the elliptic symplectic structures e
send to spinor d log Z. This spinor corresponds to the complex structure on A|p| = {rd,, dg } defined by

idlogrAd6 is
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rd, — dg. It is immediate to see that this complex structure is a lift of the standard complex structure
on C. Hence we conclude that the elliptic symplectic form, which is not a generalized complex structure,
is T-dual to the standard complex structure.

The next example will illustrate that T-duality for standard torus actions is very sensitive to the
specific F € Q*(A|p| Xp A|D|) chosen:

Example 5.16 (C?). Consider M = C? with coordinates (z,z») and M = C? with coordinates (21, 2»).
Endow both with the standard 72-action. There are ample choices for a T-duality between (M, 0) and
(M, 0). Indeed, any of the following two-forms will suffice:

o Fii=d0; Adfy +d A db,.
o Fhy=-db A déz +df A dél.

Although each of these forms satisfy the conditions necessary of T-duality, the behaviour with respect
to specific generalized complex structures is quite different.

‘We consider the stable generalized complex structure given by p = z1z2+dz; Adz;. The corresponding
elliptic symplectic form is w = dlogr; A df + df; A dlogr, with spinor p = 1 +idlogr; A d6, +
id6; A leng - dlogr1 AdOy A dlogrz A dBO;.

By Theorem 5.14 we know that T-duality with any of these forms will provide generalized complex
structures on the elliptic tangent bundle. However, a direct computation will show that only F> , provides
a generalized complex structure on M. In that case we have that the T-dual generalized complex structure
is given by:

P2+ =dlogz) Adlogzp.

One immediately checks that p, ; is a lift of the standard complex structure on C. In conclusion, this
elliptic symplectic structure on C? is T-dual to the standard complex structure on C2.

The story for the real part of p is quite different. Consider the elliptic symplectic form w = dlogr; A
dlogry, — dfy A db,, with spinor

p= 1+1'd10gr1 /\dlogrz—idﬁl A dBr + db /\d02/\dlogr1 /\dlogrz.

Again, one can perform a direct computation showing that only F _ will provide a generalized complex
structure on M. In that case the T-dual is given by:

—ie_i(d log riAd log ra+d 0, Ad 6>)

In conclusion we see that p is T-dual to itself.

6. Blow-ups

In this section we will study the interaction between elliptic geometry and blow-ups. We will work
with the formalism of generalized complex blow-ups introduced in [2]. We will show that blow-ups of
submanifolds of the degeneracy locus of an elliptic divisor induce Lie algebroid submersions between
the respective elliptic tangent bundles. Torus actions are preserved by blow-ups at fixed points, and hence
we may consider the relation with T-duality. We will show that T-duality and blowing up commutes.

6.1. Blow-ups in generalized complex geometry

The contents of this subsection appear in [2], we recall them for completeness.
As we do not assume any holomorphicity of our manifolds, more data is necessary in constructing a
blow-up:
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Definition 6.1 [2]. Let M" be a smooth manifold, and let Y be a closed embedded submanifold of
codimension 2/. A holomorphic ideal for Y is a sheaf of ideals Iy c C*(M;C) such that:

o Iy|my = CT(M;C)|any-
o For every y € Y, there is a neighbourhood U with coordinates zp,...,27,X2141s---,Xp : U —
CtxR" 2 suchthat Y NU ={z1=...=z =0} and Iy|y = (z1,...,2).

As shown in [2], a submanifold ¥ admits a holomorphic ideal if and only if the normal bundle NY
admits a complex structure.

Theorem 6.2 [2]. Given a submanifold Y and a holomorphic ideal ly, there exists a, unique up to
isomorphism, manifold M together with a map p : M — M such that p*ly is a divisor satisfying the
Jollowing universal property: For any smooth map f : X — M, such that f*Iy is a divisor, there exists
a unique f : X — M such that the following diagram commutes:

XLH\Z
le
M

We call M the blow-up of Iy in M, and p : M — M the blow-down map. The natural manifolds
one can blow-up in generalized complex geometry are the following:

Definition 6.3 [2]. Let (M, ], H) be a generalized complex manifold. A submanifold Y is called gener-
alized Poisson if

IN*Y = N'Y.

An immediate consequence of this definition is that Y is a Poisson submanifold of the underlying
Poisson structure mry. Moreover, if Q is a holomorphic Poisson submanifold and J is the associated
generalized complex structure, a submanifold Y is a generalized Poisson submanifold if and only if it is
a holomorphic Poisson submanifold.

By definition, the generalized complex structure induces a complex structure on the normal bundle
of a generalized Poisson submanifold. Hence:

Lemma 6.4 [2]. Let (M,J, H) be a generalized complex manifold and Y a generalized Poisson subman-
ifold. Then there exist a canonical holomorphic ideal Iy for Y for which the induced complex structure
on NY coincides with the one induced by J.

Given that a generalized Poisson submanifold gives rise to a holomorphic ideal, and hence a canonical
blow-up, the next step is to determine when the generalized complex structure lifts to the blow-up. For
this we need the following notion:

Definition 6.5. A Lie algebra g is said to be degenerate if the map A3(g) — Symz(g)
XAYAZP [x,¥] Az,

vanishes.

Given a generalized Poisson submanifold Y c (M,J), it is in particular a Poisson submanifold and
hence one obtains a fibre-wise Lie algebra structure on N*Y. This Lie algebra structure captures whether
the generalized complex structure lifts to the blow-up:

Theorem 6.6 [2]. Let (M,J,H) be a generalized complex manifold and Y a generalized Poisson
submanifold. Then there exists a generalized complex structure J on the blow-up p : M — M, with
respect to the canonical holomorphic ideal Iy, for which p is a generalized holomorphic map, if and
only if the Lie algebra structure on N*Y is degenerate.
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We may blow-up components of the degeneracy locus of a stable generalized complex structure:

Lemma 6.7. Let (M,J) be a stable generalized complex manifold, and let Y C D(l) be an irreducible
component. Then Y is a generalized Poisson submanifold for which the fibre-wise Lie algebra structure
on N*Y is trivial.

Proof. First we note that Y is a union of symplectic leaves of the underlying Poisson structure ry,
and hence a Poisson submanifold. For every p € Y, there exists a neighbourhood U, with a complex
structure and a holomorphic Poisson structure Q inducing the generalized complex structure (up to gauge
equivalence). We have that Y N U, can be written as the zero-set of some of the complex coordinates, and
hence it is a complex submanifold of U. Therefore, Y N U is a holomorphic Poisson submanifold with
respect to the holomorphic Poisson structure Q, and consequently a generalized Poisson submanifold
of J on U. As being a generalized Poisson submanifold is a point-wise condition, this shows that Y is a
generalized Poisson submanifold of M.

Using a tubular neighbourhood of Y, we may transport 7y to a Poisson structure on NY which we
will still denote in the same fashion. The Lie algebra structure on N*Y is then defined by

[s,7] := my(d3, di),for s,t € T(N*Y),

where §, 7 denotes the fibre-wise linear function associated to the section. Or, [s,t] = n?(d@)(df).
Because 7y is an elliptic symplectic structure it lifts to an element of F(/\Z.A\ p|)- In particular, this

shows that the image of 71'? lands in A|p|. But as Y is contained in a stratum of the divisor D, this in

particular implies that Im 7T§ NNY = {0}. This shows that the Lie algebra structure on N*Y is trivial. O

We conclude that irreducible components of the degeneracy locus of a stable generalized complex
structure may be blown-up in a generalized complex fashion.

6.2. Blowing up for the elliptic tangent bundle

There is yet another explanation why one can blow up irreducible components of the degeneracy locus
of a stable generalized complex structure. Namely, the elliptic tangent bundle is very well-behaved under
blow-ups. To state a result independent of a generalized complex structure, we need that the holomorphic
ideal is adapted to the elliptic ideal:

Definition 6.8. Let M" be endowed with an elliptic divisor / Ip|» and Y’ n=2l 3 closed embedded sub-
manifold. We say that a holomorphic ideal Iy for Y is adapted to /|p if there exists local coordinates
255 Zk> X2k41s - - - » Xn2g for which zy, . . ., z; are as in Definition 6.1 and Ip||y = <|zll2 T |zk|2>.

Note that this definition in particular implies that Y ¢ D. Given such a holomorphic ideal, we may
blow-up the elliptic divisor to obtain:

Theorem 6.9. Let (M, I\p|) be a manifold endowed with an elliptic divisor, and let Y C D(k) be an
irreducible component. Assume that we are given a holomorphic ideal Iy for Y adapted to 1p|. Then
there exists an elliptic ideal 1 |B| on the blow-up M such that the blow-down map induces a fibre-wise
isomorphism:

Pst (Ajp|x — (AipDp(x)»

forallx € M.

Proof. To study the blow-down map we need to use local coordinates describing it. Given [ > k let
xeYND[l],letU = C! x R™ be a local chart with coordinates (z1y.-.520, X1, .., Xm), With the z; as
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in Definition 6.1. Let U = C! xR™, and p = (p’,1d) : U — U be the blow-down map. The manifold C!
has a cover of [-coordinate charts given by

(vl7-"’vi—lvzi’vi+15'-'7Vl) « (Zl . (Vl"'-7vi—]91’vi+17'-'avl)9

[vieoooovicr s Livigr oo v,
In these coordinate charts the blow-down map is given by
’ .
Pl (Vs Ve Zis Vikls oo+ VD) 5 (ZiVEs oo 5 ZiVieds Zis ZiViels - -+ ZiVI)-

With these coordinates at hand, we can consider the local form of p*I ip|- Note that this does not provide
an elliptic divisor yet, however I|p| := ‘/lTlDl does. Because a vector field preserves p*I|p) if and only
if it preserves /p*|p| we find that the blow-down map induces a Lie algebroid map p. : Ajp| — Ajp|.

To check that the blow-down map p induces a fibre-wise isomorphism, it suffices to show that it
pulls-back a volume element (Ajp|)p(x) to a volume element of (A|5|)- In the above coordinates, the
following would define a local volume form on (A|p)),:

Q=dlogri AdOy AN---ANdlogr; AdO; Adxy A -+ Adx,y,.
Therefore
p*Q=dlogi Adfy--- AdlogF; Ad; Adlogriy AdBy A---dlogri AdOx Adxy A -+ dxpy,,

where the (7, éj) are the polar coordinates corresponding to (v, . .., Vi1, Zi, Vitls - - - » V7). We conclude
that p indeed induces the fibrewise isomorphism as required. O

Example 6.10 (Blowing up points). Let M be an orientable manifold and letY = {p} be a point. Then we
can always find complex coordinates around p, 7y, ..., z;, such that Iy = (z1,. .., z;) is a holomorphic
ideal. The topology of the blow-up will depend on the parity of /, and whether the coordinates zy, . . ., z;
are orientation preserving. If / is odd, the blow-up will be M#CP!, if  is even it will be M#CP! if the
coordinates are oriented and M#CP! if they are not.

Example 6.11 (Global normal crossing). Let /| be a global normal crossing divisor, and let Y ¢ D(/)
be an irreducible component. We have that ¥ must then necessarily be of the form Dy N --- N Dy, for
some of the components of D. If D[1] is co-orientable, it follows that each D; is co-orientable as well,
and one can show that there exists a complex structure on ND;, inducing the elliptic divisor (see [10]).
Combining these complex structures to a complex structure on NY, gives a holomorphic ideal for Y
which is compatible with I|p.

Given a generalized complex structure on any of the Lie algebroids A|p| may lift it to a structure
of the same kind on the blown-up Lie algebroid. But similarly as for T-duality, it might happen that
said structure does not descend to give a generalized complex structure on M. However, when the
holomorphic ideal is induced by the generalized complex structure, this will always be the case:

Lemma 6.12. Let (M, ) be a stable generalized complex manifold, and letY C D (k) be an irreducible
component. Let w € QZ(A| p|) denote the elliptic symplectic structure corresponding to J. Let Iy be
the canonical holomorphic ideal for Y. Then this ideal is adapted to 1,p|, and the blow-up p*w will
correspond to the generalized complex blow-up of I as in Lemma 6.7.

We conclude that the point of view of blowing-up using the elliptic tangent bundle results in the same
blow-up as in [2]. However, Theorem 6.9 can be used in a larger context: for instance, elliptic symplectic
forms not corresponding to generalized complex structures may be blown-up using this result.
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6.2.1. Complex structures on the blow-up

Let (M, I|p)) is a manifold endowed with an elliptic divisor, and J is a generalized complex structure
on M, which lifts to A|p|. As pointed out before, if we are given Y C D (k) an irreducible component,
and Iy a holomorphic ideal, then the blow-up of J induces a generalized complex structure on .A| b

however this needn’t descend to a generalized complex structure on M. The following example shows
this can already happen with complex structures:

Example 6.13 (Complex structures on nCP*#mCP2). Consider the standard complex structure J on
CP?, and O(3) and the section s corresponding to the polynomial zgz;z>. Then Ip := s*(I'(O(3)))
C*®(CP?,C) defines a complex log divisor with degeneracy locus D = {[0 : z; : z2]} U {[z0 : O :
22]} U {[zo : z1 : 0]}, and let I|p| be the associated elliptic divisor. As D is a complex submanifold of
CP?, J will preserve the log tangent bundle Ap, and consequently induce a complex structure J Ajp ON
A‘D| — CP2,

We may also consider CP?, with the same elliptic divisor /|5|. Although this is not an almost complex
manifold, it does admit a complex structure on A|p). Indeed, one may show that in affine coordinates

(w1, w), the spinor p = dlogw; A dlogw, gives rise to a global complex structure on Ajp| — CP2,
Now, letY = {pt} c CP? be any of the vertices of D, and pick a holomorphic ideal for Y. As described
in Example 6.10, the corresponding total space will be either CP?#CP? or CP?#CP2. In either case, we
obtain a complex structure J Ajp| OD the blown-up Lie algebroid AI bl
On CP?#CP2, the blow-up coincides with the usual complex blow-up and J. App)| is simply a lift of
the complex structure on CP2#CP2. However, CP2#CP? is not even an almost complex manifold, and
hence the induced complex structure on J App| does not descend to a (generalized) complex structure

on CP?#CP?. Continuing inductively, we obtain complex structures on elliptic tangent bundles over
nCP*#mCP?, for all n,m € N.

6.3. T-duality and blow-up

We now study how T-duality interacts with blow-ups. First we recall that toric actions are preserved
under blow-ups:

Lemma 6.14. If M*" admits a standard T" action with quotient map n: M — B, and x € M is a
fixed point, let M be either blow up of M at p, that is M = M#CP" or M#CP", with blow-down map
qg: M — M. Then M admits a standard T"-action for which the q is equivariant, and the orbit space
on M is B, the real blow-up of B at nt(x). These maps are related by the following diagram
M1
7

-l

The fact that the blow-down map induces a fibre-wise isomorphism between elliptic tangent bundles
immediately implies the following:

[

Proposition 6.15 (T-duality commutes with blow-up). Let M*" and M*" be endowed with standard
T"™-actions over the same base B, and let I|D|,I| D denote the induced elliptic divisors. Let H €

QSI(A|D‘),I:I € le(A|f,|), and F € Q*(A\p| x5 Alm)provide a T-dual between (M, H) and (M, H).

Let x € M,% € M be fixed points for the action with n(x) = (%), and let M and M denote either

blow-up of M and M. Let ¢ : M — M, § : M — M denote the blow-down maps. Then we have a
canonical T-duality between the blow-ups:
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(M xz3 M), p
(M,q"H)

Consequently, the following diagram commutes:

N

Q*(Ajp)) s Q‘(A‘g)‘)

1

Q (Aip)) — Q(Ajp))

Proof. By Theorem 6.9 g and 4 induce fibre-wise isomorphisms between elliptic tangent bundles. Let
Q:Mxz M — M xg M denote the induced map between the correspondence spaces. Consequently Q
induces a fibre-wise isomorphism between the elliptic tangent bundles on the correspondence spaces.
Therefore Q* F will satisfy the equation for T-duality. O

Corollary 6.16. Let (M, H), (M, H) be as in the setting of Proposition 6.15, and assume there is a
generalized complex structure J on (M, H) T-dual to a generalized complex structure 3 on (M, H). Then

the T-duality from the previous proposition 6.15 sends J, to J.

Proof. As m \E ~ M {&}, we have that the T-dual of J coincides with T outside of E. By continuity they
must coincide over the entirety of M>. O

7. Examples

In this final section we will provide explicit examples of T-dual geometric structures on manifolds
endowed with standard torus actions. We will define some basic examples, and use these to produce
more examples by blowing up.

7.1. Basic examples

We start by considering simple examples of generalized complex structures. The analysis heavily depends
on the local description in Example 5.16. So recall from there that any of the following two-forms:

o F .= do; A dé] +db, A déz.
o Fyy=—df; Adby+db Adb.

provides a T-duality from (C, 0) to itself.

Example 7.1 (S' x S3). Let 72 acton §? ¢ C?, and extend the action trivially to an action on S' x §3. The
quotient space B is an annulus. Viewing S! x 3 as the Hopf surface (C?\{0})/Z, the stable generalized
complex structure § = 7,22 + dz; A dzo on C*\{0} descends to a stable generalized complex structure p
on ! x 8. All the two forms F; .. are Z-invariant and thus descend to two-forms on S! x $3. Therefore,
as in Example 5.16, we obtain that T-duality induced by the two-form F» , sends p to the standard
complex structure on S' x §3.

If we instead consider the generalized complex structure induced by g, = z122 +idz; A dza, and use
the two-form induced by F; _, we find that p; is T-dual to itself.
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Example 7.2 (CP?). We consider CP? in the usual fashion as (C3\{0})/C with torus action (1, 12)-[zo
71 ¢ z2] = [e"zg 1 €2z 1 z5]. Consider the complex log forms £y = dlogzy — dlogzs and
& = dlogzy — dlogz. As these are basic with respect to the C*-action, they descend to complex
log forms 1, £>. We let @ = 3%, 0@, = J*(, denote the imaginary parts. Then (©1, ®;) provides a
connection-one form for the 72-action on CP?.

Consider another copy of CP2, and denote the same connection one-form by (6, ®,). Similarly to
Example 5.16 we now have that any of the following two-forms provides a self T-dual for (CP?,0).

F1+=@1/\(:)1+@2/\(:)2,
i=—®1/\®2+@2/\@1

We will now spell out the effect of T-duality on the generalized complex structures on CP? for the
2-forms F> 1 and Fy _

Consider the holomorphic Poisson structure & = zoz1d,, A d;,. Because this is C*-invariant it induces
a holomorphic Poisson structure 7 on CP?, which is moreover log symplectic. One can show, as
in Example 5.16, that F;, ;. provides a T-dual between the corresponding stable generalized complex
structure and the standard complex structure on CP2. Similarly, consider the holomorphic Poisson
structure 77> = izpz10,, A 0z, and the induced generalized complex structure p,. Then Fj _, as in
Example 5.16, will provide a T-dual between p, and itself.

Example 7.3 (52 x $?). Identify M = §? x §? with CP! x CP!, and consider the torus action given
by (A1,42) - ([z0 = z1], [wo : wil) = ([e"Vz0 : z1], [€"2wg : wi]). Let {i = dlogzg — dlogz and
0 = dlogwgy — dlogwy be complex log-forms on (C?\{0})%. As these are basic they induce complex
log-forms 1, > on M, and we may consider their imaginary parts ®; = 31,0, = 3*%,. The form
(01,0,) € QZ(A| D\;tz) provides a connection one-form for the torus action on M. Let M denote
another copy of S? x S2, and consider the same connection one-form (01,0,). As in the previous
example, the form F = -0 A 0, + 0, A 6, provides a self T-dual on (M, 0).

In affine coordinates ¢ = zp/z1,s = wo/w; we consider the holomorphic Poisson structure
m =tw0;d,,. In any other set of affine coordinates, this Poisson structure has the same form and hence
defines a global holomorphic Poisson structure on M, which is moreover log symplectic. As in the previ-
ous example, the corresponding stable generalized complex structure is T-dual to the standard complex
structure on % x S2. And the stable generalized complex structure associated to 7 = itwd, d,, is T-dual
to itself via F = ©1 A @1 -0 A (:)2.

We may now blow-up CP? to obtain more examples of stable generalized complex structures, which
are T-dual:

Example 7.4 (nCPZ#m@Z). Let A1 = 202104 A 0z, and 7y = iz9z10,, A 8;, be holomorphic Poisson
structures on C3\{0}, and p1, p» the induced stable generalized complex structures on CP?, as in
Example 7.2. We may perform consecutive blow-ups of either of these structures, to obtain families of
generalized complex structures p1 , m, 02,1,m 0N A|p| — n#CP?#mCP2. One readily shows that these

generalized complex structures on A|p| induce generalized complex structures on n#CP?>m#CP? if and
only if # is odd.

We have seen in Example 7.2 that p; can be made T-dual to the standard complex structure, and p>
dual to itself. By Proposition 6.15 it then follows that each p3 ,, , is T-dual to itself, and py ;_, is T-dual
to the complex structures on .A|p| described in Example 6.13.

Remark 7.5. We obtained the families p5 ,,,,» alsoin Theorem 7.5 in [10] via a connected sum procedure.

But not the families py .. This is of relevance, as we see that their behaviour under T-duality is very
different.
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——2k
Example 7.6 (nCP*#mCP™"). The previous example is in no way restrictive to four dimensions. One
may as easily start with the Poisson structure 20218z A 0z, + -+ + + 22(k-1)22k Ozyp_; A Oz 00 C2K¥1 and
repeat the above to obtain T-dual generalized complex structures on nCP?K. After blowing up at fixed

points one again obtains many families of T-dual generalized complex structures on n#CP?K#mCP2k

7.2. Non-zero residue elliptic symplectic structures

Another class of structures which behave well with respect to T-duality are elliptic symplectic forms
with non-zero elliptic residue. These structures admit a C*-invariant normal form:

Lemma 7.7 [25]. Let (M, I,p|) be a manifold with a smooth elliptic divisor, and let w € Q*(Ap|) be
an elliptic symplectic form with 1 := Res, (w) # 0. Then there exists a canonical flat connection on vp
and a tubular neighbourhood of D such that

w=Ap AO+pwp. (7.1)

Here p,® are the connection-one forms corresponding to the flat connection, as defined in 3.16 and
wp =W € Q%(D).

Conversely, given any complex line bundle L — D, V a flat connectionon L, A # 0 and wp € Q*(D)
symplectic, (7.1) defines an elliptic symplectic form on L.

The form w is S'-invariant, and hence we can consider its T-dual. It will appear via the following
lemma:

Lemma 7.8. Let (M, J) be a generalized complex manifold, and L — M a complex vector bundle,
endowed with a flat connection V. Then tot(L) inherits a natural generalized complex structure.

Proof. Choose a set of trivializations with constant transition functions. On each trivialization use the
product of the generalized complex structure on the base and the complex structure of the fiber. Since
the transition functions are constant these structures defined on trivializations glue together to give a
global structure on the total space of L. O

Lemma 7.9. Given (D,wp) a symplectic manifold, p : L — M a complex line bundle with flat
connection V, and A € R\ {0} then w as in (7.1) is T-dual to the type 1 generalized complex structure
induced by Lemma 7.8

Proof. Let © denote the same connection one-form, on another copy of L — M. Then F = © A ©
provides the desired T-dual. We have that, using 7 from Proposition 5.12 that

7(e'“) = id(p +i®) A P,

Locally, this corresponds to the spinor given by iAdz A e?“’P, which is precisely the generalized complex
structure from Lemma 7.8. m]

Remark 7.10. Given a smooth elliptic divisor /|p|, elliptic symplectic forms with zero elliptic residue
have a similar S'-invariant normal form as in (7.1). Unfortunately, the corresponding T-dual generalized
complex structure on A|p| does not descend to a generalized complex structure on M.
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