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Unifying binary fluid diffuse-interface models in
the sharp-interface limit
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Recent results published by Gugenberger et al. on surface diffusion (Phys. Rev. E, vol.
78, 2008, 016703), show that the sharp-interface limit of the phase field models often
adopted in the literature fails to produce the appropriate boundary conditions. With
this knowledge, we consider the sharp-interface limit of phase field models for binary
fluids, obtained carefully, where hydrodynamic equations are coupled to phase field
evolution based on Cahn–Hilliard or Allen–Cahn theories, in a variety of guises, and
unify and contrast their forms and behaviours in the sharp-interface limit. In particular,
a tensorial mobility model is analysed, which allows the bulk fluids in the outer region
to satisfy classical Navier–Stokes type equations to all orders in the Cahn number.

Key words: general fluid mechanics, interfacial flows (free surface), multiphase flow

1. Introduction
Flows involving free boundaries occur widely in both nature and technological

applications, from climate modelling and haemodynamics (study of blood flow) to oil
extraction and polymer processing. The challenge of tracking an evolving free surface
coupled to complex hydrodynamics has been well known for many years, with the
study of capillarity and the understanding of surface tension starting from the work of
Laplace (1805) and Young (1805) at the beginning of the 19th century.

In recent years analytical and numerical techniques have advanced sufficiently so
that flows from the microscale to the global scale can be modelled and accurate
predictions made; for reviews of analytical and numerical simulation of free-surface
flows see Eggers (1997) and Scardovelli & Zaleski (1999), while the classical
governing equations and boundary conditions are summarized in figure 1. Of central
interest to this study is an approach which considers the interface between two
ostensibly immiscible fluids, such as oil and water and termed a binary fluid, to
have a thin but finite thickness. In this case quantities such as the mass fraction
of the two fluid components are modelled as varying smoothly but rapidly in the
interfacial region, with the classical hydrodynamic model and free-surface boundary
conditions recovered in the sharp-interface limit, as the interface thickness goes to zero.
These ‘diffuse-interface models’, through gradients of the chemical potential of the
system in their thin interfacial region, allow diffusion to occur between the two fluid
components.

† Email address for correspondence: s.kalliadasis@imperial.ac.uk
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6 D. N. Sibley, A. Nold and S. Kalliadasis

Fluid 1

Fluid 2

Interface conditions

FIGURE 1. (Colour online) The classical model for the bulk and free-surface conditions
for two Newtonian viscous fluids, where f (r, t) = 0 is the equation of the moving interface
separating fluid 1, where f > 0, and fluid 2, where f < 0. Other notational definitions can be
found in § 2.

The foundations of diffuse-interface models can be traced to van der Waals (1893)
(English translation by Rowlinson 1979) and Korteweg (1901) (see the review by
Anderson, McFadden & Wheeler 1998), whose constitutive law forming the capillary
(or Korteweg) stress tensor forms part of a well-used diffuse-interface model for
liquid–gas systems (Seppecher 1996; Pismen & Pomeau 2000). For binary fluids,
the work of Cahn & Hilliard (1958) considering a fluid undergoing spinodal
decomposition provided an equation to model the evolution of the composition of
the fluid, which forms the basis of the models here when coupled with equations to
model the hydrodynamic behaviour.

In the literature there have been a number of similar models used to consider
binary fluids, such as those in Jacqmin (1999, 2000), Yang et al. (2006), Khatavkar,
Anderson & Meijer (2006), Ding & Spelt (2007), Yue, Zhou & Feng (2010) and more
recently Magaletti et al. (2013). Whilst many of these models are used predominantly
for their numerical convenience, when they are applied to situations where physical
length scales are comparable to the diffuse-interface width or when the Cahn–Hilliard
diffusion is an important physical effect (such as in moving contact line problems), the
particular model and the understanding of the interfacial region becomes critical (Yue
et al. 2010).

Here, we consider asymptotically the sharp-interface limit of these various models,
alongside extensions motivated by the recent results of Gugenberger, Spatschek &
Kassner (2008) for phase field models for surface diffusion (where hydrodynamics
are not included), to clarify various features of the models. Figure 2 contains a
general model which contains all forms studied here, and shows the sections in which
they will be considered. Another summary of models, formulated as a general model
with modified pressures, is discussed in appendix A. The purpose of this work is
to unify the range of different models through the analysis of their equations in the
sharp-interface limit, and to highlight the benefit of a modification to tensorial form
of the mobility of the commonly used CH model, the model with (B,C ) = (0, 1),
γi = 1, α = 0 in figure 2. Although all of the conservative models here have a phase
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Binary fluid models in the sharp-interface limit 7

Phase field dependent mobility

Non-conservative, Allen–Cahn type form

General conservative form CH model with tensorial mobility

FIGURE 2. Schematic with the various binary fluid models, in non-dimensional form,
considered in this study, and combined into a single system of equations for ease of
comparison.

field evolution equation motivated by the work of Cahn & Hilliard (1958), we term
this the CH model for convenience (noting that it is closely related to model H in the
terminology of Hohenberg & Halperin 1977). A tensorial form of the mobility where
diffusion is preferred tangential to the interface, a physically reasonable suggestion
for ostensibly immiscible fluids, allows the classical Navier–Stokes equations to be
recovered to any order in the non-dimensional Cahn number, in the limit as it tends to
zero (the sharp-interface limit), whereas the usual constant or scalar mobility forms of
the CH model have non-classical terms at O(Cn).

2. Problem specification
2.1. Governing equations

We consider two ostensibly immiscible Newtonian fluids in contact with each other,
and introduce an order parameter φ representing a scaled ‘concentration’ such that
the two bulk fluids satisfy φ = ±1 and the fluid–fluid interface is given by φ = 0.
Considering the fluid domain Ω , we model the system with a free energy based on the
Ginzburg–Landau formulation

F̆ =
∫
Ω

f̆m(φ, ∇̆φ) dΩ =
∫
Ω

[
λ

2
|∇̆φ|2 + λ

4ε2
(φ2 − 1)

2
]

dΩ, (2.1)
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8 D. N. Sibley, A. Nold and S. Kalliadasis

Fluid 1

Fluid 2

Interface

FIGURE 3. (Colour online) Schematic representation of the two fluids with bulk phase field
values φ =±1, interface defined by φ = 0, and with interfacial width of O(ε).

where f̆m is the fluid–fluid mixing energy (Cahn & Hilliard 1958), and we note
that dimensional variables are represented with a breve diacritical mark, e.g. F̆ , to
distinguish them from their non-dimensional counterparts later. The terms in (2.1) are
a square gradient term and a double-well potential, defining an interface of (capillary)
width ε and with mixing energy density λ. Through a variational procedure we find
the chemical potential

ğ= δF̆
δφ
= ∂ f̆m

∂φ
− ∇̆ · ∂ f̆m

∂∇̆φ = λ
[
(φ2 − 1)φ

ε2
− ∇̆2φ

]
, (2.2)

and at equilibrium (minimizing F̆ : see Yue et al. 2004) the fluid–fluid interfacial
tension σ is calculated as

σ = λ
∫ ∞
−∞

(
dφ
dz̆

)2

dz̆= 2
√

2
3
λ

ε
. (2.3)

A schematic of the diffuse-interface model for a binary fluid is shown in figure 3,
where the interface, of thickness O(ε), in which diffusion occurs is also shown.

The effect of the free energy is coupled to the usual Navier–Stokes equations
through a ‘body force’, of which we will consider a number of forms from the
literature. Initially, as considered by Qian, Wang & Sheng (2006), Ding & Spelt
(2007), Ding, Spelt & Shu (2007) and Yue et al. (2010), we consider the form
b̆ = ğ∇̆φ, the diffuse-interface equivalent of the interfacial tension. In the cited works,
alongside many others, the phase field φ satisfies a Cahn–Hilliard equation (conserved
phase field), and with this body force, forms the CH model. An alternative to this is
for the phase field to be described by a non-conservative Allen–Cahn type equation,
with some careful adaptations to enforce the conservation of the volume fractions
through other means. Whilst detailed analysis of the works using corrective terms
to enforce conservation of mass based on the Allen–Cahn equation are outside the
scope of the present manuscript, we will analyse a simple Allen–Cahn/Navier–Stokes
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Binary fluid models in the sharp-interface limit 9

model (which does not enforce conservation of the volume fractions but is used in
appropriate circumstances such as in reactive wetting with intermetallic formation:
Villanueva et al. 2012) in § 5 to provide motivation for considering, in the later
sections, more involved mobilities and body forces than that of the CH model.

The system of equations for the CH model is thus

∇̆ · v̆= 0, (2.4)

ρ

(
∂v̆
∂ t̆
+ v̆ · ∇̆v̆

)
=−∇̆p̆+ ∇̆ · τ̆ + ğ∇̆φ, (2.5)

with the Cahn–Hilliard type equation

∂φ

∂ t̆
+ v̆ · ∇̆φ = ∇̆ · (γ ∇̆ğ), (2.6)

or the non-conservative Allen–Cahn type equation

∂φ

∂ t̆
+ v̆ · ∇̆φ =−A ğ. (2.7)

Here τ̆ = 2µD̆ = µ[(∇̆v̆) + (∇̆v̆)T] is the viscous stress tensor, v̆ is the fluid velocity,
p̆ is the pressure, D̆ is the rate of strain tensor as defined, and µ and ρ are the fluid
viscosities and densities, respectively, which are taken to be equal for simplicity, but
including phase field dependence will not change the analysis. For example, these
could be defined as algebraic averages along the same lines as Yue et al. (2006), with

{µ, ρ} = 1+ φ
2
{µ1, ρ1} + 1− φ

2
{µ2, ρ2} , (2.8)

so that the viscosity and density vary in proportion to the phase field from fluid 1
(with viscosity µ1 and density ρ1) to fluid 2 (with viscosity µ2 and density ρ2). In
other studies, such as those of Liu & Shen (2003) and Khatavkar, Anderson & Meijer
(2007), the densities and/or viscosities are taken as harmonic averages, e.g. for the
density

1
ρ(φ)

= 1+ φ
2ρ1

+ 1− φ
2ρ2

. (2.9)

These are used, since the Cahn–Hilliard equation does not satisfy the maximum
principle and hence the algebraic averages cannot be guaranteed to be bounded away
from zero, whereas harmonic averages lead to the desired properties, as discussed by
Liu & Shen (2003) and in the recent review by Kim (2012).

Finally A defines a relaxation time scale of the system, based on the chemical
potential ğ, and γ is a mobility parameter, which will initially be taken as a constant
but will later be generalized to either a scalar or tensor function of the phase field,
i.e. γ = γ (φ).

Indeed, after considering the prevalent version of the binary fluid diffuse-interface
model above with the conservative Cahn–Hilliard type equation, and uncovering the
drawback that non-classical effects must be present at next to leading order in the
sharp-interface limit, we will discuss other binary fluid model forms which are already
free of this restriction, before suggesting how to overcome it for this simple model.
The various forms include phase field dependent mobility, γ = γ (φ), which does not
resolve the restriction, and non-conservative models as well as models with more
complex diffusion coupling terms to the hydrodynamics, which do.
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10 D. N. Sibley, A. Nold and S. Kalliadasis

2.2. Non-dimensionalization

We introduce the scalings

x̆= Lx, y̆= Ly, v̆= Uu, t̆ = L

U
t, p̆= µU

L
, ğ= σ

L
g, (2.10)

where L is a typical macroscopic length scale, U is a typical velocity scale, and
we note that φ is already non-dimensional. The governing equations will contain the
non-dimensional parameters

Ca= µU

σ
, Cn= ε

L
, α = A σ

U
, β = σγ

L2U
, Re= ρUL

µ
. (2.11)

These non-dimensional parameters are the usual capillary number (Ca) representing
the relative effect of viscous forces and surface tension, the Cahn number (Cn) being
the relative size of the interfacial thickness, the non-dimensional mobility parameters
for the non-conservative and conservative cases respectively, and the Reynolds number.

The choice of β for non-dimensional mobility has been made for notational
simplicity. Two other noteworthy choices are, for example, in Yue et al. (2010) (giving
the form of the CH model), where a non-dimensional parameter S =√γµ/L =√βCa
is used, and in Khatavkar et al. (2006, 2007) (which will be considered in greater
detail in § 7), where a Péclet number is defined as Pe = ULε/(γ σ) = CnCa/S2 =
Cn/β. The form for α is then chosen to be the analogue of β for the non-conservative
case.

The equations become

∇ ·u= 0, (2.12)

Re

(
∂u
∂t
+ u ·∇u

)
=−∇p+∇2u+ 1

Ca
g∇φ, (2.13)

4

3
√

2
Cn g= [(φ2 − 1)φ − Cn2∇2φ

]
, (2.14)

with either Cahn–Hilliard type evolution equation

∂φ

∂t
+ u ·∇φ = β∇2g, (2.15)

or Allen–Cahn type equation for the phase field,

∂φ

∂t
+ u ·∇φ =−αg. (2.16)

Note that ∇ · τ = [∇2u + ∇(∇ · u)] = ∇2u, where τ = (∇u) + (∇u)T is the non-
dimensional stress tensor. We now have a set of governing equations to consider. The
non-dimensional parameter of most significance in this analysis is the Cahn number,
as here we are interested in considering the behaviour of this, and the other models
in figure 2, in the sharp-interface limit, when Cn→ 0. In this limit we expect the
classical equations and boundary conditions to be recovered, depicted in figure 1,
through asymptotic analysis to consider the outer, or bulk, regions away from the
interface and an inner (interfacial) region with matching to the two bulk regions. It is
this that we next consider.
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FIGURE 4. Plot of the double-well potential term in the free energy, given in (2.1).

3. Asymptotic analysis
3.1. The outer region for the CH model

In the outer region for the bulk fluids away from the interface defined by
Γ = {(t, x, y) ∈ Ω|φ(t, x, y) = 0}, we consider the sharp-interface limit by taking
Cn→ 0 and using the expansions

φ(t, x, y)= φ±0 + Cnφ±1 + Cn2φ±2 + · · ·, g(t, x, y)= g±0 + Cn g±1 + Cn2g±2 + · · ·,
(3.1a)

u(t, x, y)= u±0 + Cn u±1 + Cn2u±2 + · · ·, p(t, x, y)= p±0 + Cn p±1 + Cn2p±2 + · · ·,
(3.1b)

where, for example, φ+0 is in the region of fluid 1. At leading order we find that
φ±0 = ±1. φ±0 = 0 is also a solution of the governing equations, but we may exclude
this result as φ = 0 is the equation of the interface and we are considering outer
regions away from this, thus a contradiction; further, the zero solution is a local
maximum in the double-well potential term of the free energy, and is thus unstable
– see figure 4. We also find

∇ ·u±0 = 0, (3.2)

Re

(
∂u±0
∂t
+ u±0 ·∇u±0

)
=−∇p±0 +∇2u±0 , (3.3)

∇2g±0 = 0, (3.4)

the classical Navier–Stokes equations for incompressible fluids, as desired, with a
Laplace equation for the leading-order chemical potential.

The following order gives

∇ ·u±1 = 0, (3.5)

Re

(
∂u±1
∂t
+ u±0 ·∇u±1 + u±1 ·∇u±0

)
=−∇p±1 +∇2u±1 +

1
Ca

g±0∇φ±1 , (3.6)
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12 D. N. Sibley, A. Nold and S. Kalliadasis

∂φ±1
∂t
+ u±0 ·∇φ±1 = β∇2g±1 , (3.7)

4

3
√

2
g±0 = φ±1 (3φ±2

0 − 1)= 2φ±1 , (3.8)

having used φ±0 =±1 to remove some terms already. Now that we have these first two
orders, we see that

∇2g±0 = 0⇒∇2

(
3
√

2
2
φ±1

)
= 0⇒∇2φ±1 = 0. (3.9)

We require φ±1 → 0 as the distance to the interface increases, but do not have details
of φ±1 or g±0 as the interface is approached. As φ±1 and g±0 are harmonic, with
further information about their behaviours at the boundary of these outer regions the
maximum principle may then be applied.

We will see that the inner region results will cause g±0 → κ/2, where κ is the
interface curvature, as the interface is approached. This result crucially then determines
that for curved interfaces, there must be non-zero non-classical terms at O(Cn) in the
outer regions in this CH model (specifically in the last term of (3.6)).

If, however, we have a planar interface with κ = 0 so that g±0 → 0 as the interface
is approached, and as the distance tends to infinity, then the maximum principle would
force φ±1 = g±0 = 0. This in turn suggests that linearized versions of the Navier–Stokes
equations hold in these bulk regions to both leading and next to leading orders,
without the non-classical diffusive effects playing a role.

3.2. The inner region of the CH model
We utilize body-fitted coordinates (ζ 1, ζ 2), in a similar fashion to a number of other
works (e.g. Caginalp & Fife 1988; Pego 1989; Lowengrub & Truskinovsky 1998;
Folch et al. 1999; Anderson, McFadden & Wheeler 2001), centred on the interface
(φ = 0, given by r = r0(ζ

1, t)); ζ 1 measures distance along the interface (like an
arclength), and ζ 2 measures the distance in the normal direction from the point
(x, y) ∈ Ω to the interface Γ = Γ (t). A schematic of these coordinates is shown in
figure 5(a), and we note an issue with this approach in figure 5(b) – that a given point
in space (xp, yp) will not necessarily have a unique point with shortest distance to the
interface. This is not an issue provided that this system is only required local to the
interface so that the normal distance may be assumed to be much less than the radius
of curvature. This is acceptable in our situation, where the body-fitted coordinate
system is only required to hold in the interface region of O(Cn). Returning to the
body-fitted coordinates, we have

r= r0(ζ
1, t)+ ζ 2n, (3.10)

where n is the unit normal to the interface (noting that n=∇ζ 2). The basis vectors are
then given by

e1 = (1− ζ 2κ)t and e2 = n, (3.11)

which will be confirmed below, and where t is the unit tangent to the interface and κ
is the curvature, so that

r= xi+ yj = ζ 1e1 + ζ 2e2, e1 = ∂x

∂ζ 1
i+ ∂y

∂ζ 1
j, e2 = ∂x

∂ζ 2
i+ ∂y

∂ζ 2
j, (3.12)
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Binary fluid models in the sharp-interface limit 13

(a) (b)

FIGURE 5. (a) Schematic of the body-fitted coordinates used to investigate the interfacial
region. (b) Depiction of the issue of non-uniqueness of points with body-fitted coordinates.
Provided the coordinates are only to be used local to the interface (i.e. in the inner region)
this problem does not arise, as the normal distance may be assumed to be much less than the
radius of curvature.

where i and j are the usual Cartesian basis vectors. We note that ‖e1‖ = ‖(1−ζ 2κ)t‖ =
1 − ζ 2κ . Next, we let θ be the angle from i to e1, so that the curvature κ = ∂ζ1θ (how
θ changes as we go along the arclength). At point P on the interface we have X and
Y as the specific values of x and y (i.e. at a specific ζ 1). Moving a small amount
dζ 1 along the interface gives dζ 1 cos θ = dX and dζ 1 sin θ = dY . Now consider (x, y)
to be a point not on the interface, and at a signed distance ζ 2 away. Then we have
x= X − ζ 2 sin θ and y= Y + ζ 2 cos θ . Returning to (3.12), we find

e1 =
(
∂X

∂ζ 1
− ζ 2 cos θ

∂θ

∂ζ 1

)
i+
(
∂Y

∂ζ 1
− ζ 2 sin θ

∂θ

∂ζ 1

)
j = (1− κζ 2)(cos θ i+ sin θ j)

= (1− κζ 2)t, (3.13)

e2 =
(
∂X

∂ζ 2
− sin θ

)
i+
(
∂Y

∂ζ 2
+ cos θ

)
j =− sin θ i+ cos θ j = n, (3.14)

confirming the above results for the basis vectors. The components of the metric tensor
of these curvilinear coordinates are used to determine operators such as the gradient
and Laplacian in these coordinates, and are found through gij = ei · ej. For orthogonal
curvilinear coordinates (such as we have here), where {e1, e2} and {e1, e2} are the
covariant and contravariant basis vectors respectively, we also have e1 = g11e1 + g12e2,
e2 = g12e1 + g22e2 and g11 = 1/g11, g22 = 1/g22, g12 = g12 = 0, so we find

g11 = (1− κζ 2)
2
, g12 = 0, g22 = 1, (3.15a)

g11 = (1− κζ 2)
−2
, g12 = 0, g22 = 1. (3.15b)

We are then able to write down the quantities we require for the governing equations.
Time derivatives satisfy

∂

∂t
φ(x, y, t)= ∂

∂t
φ̃(ζ 1, ζ 2, t)+ us ·∇φ̃(ζ 1, ζ 2, t), (3.16)

where us = (∂tζ
1, ∂tζ

2) is the negative of the interface velocity (chosen in this way
for convenience), showing that the time derivative in the comoving frame is a material
derivative, and with φ̃ representing the phase field in inner variables in the body-fitted
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14 D. N. Sibley, A. Nold and S. Kalliadasis

coordinates. Considering u= (u1, u2), and writing h=√g11g22 for convenience, then

∇φ = ∂φ

∂ζ 1
e1 + ∂φ

∂ζ 2
e2 = (1− κζ 2)

−2 ∂φ

∂ζ 1
e1 + ∂φ

∂ζ 2
e2, (3.17)

|∇φ|2 = (1− κζ 2)
−2
(
∂φ

∂ζ 1

)2

+
(
∂φ

∂ζ 2

)2

, (3.18)

∇ ·u= 1
h

[
∂

∂ζ 1

(
hu1
)+ ∂

∂ζ 2

(
hu2
)]

= ∂u2

∂ζ 2
− κu2

1− κζ 2
+ ∂u1

∂ζ 1
− u1ζ 2

1− κζ 2

∂κ

∂ζ 1
, (3.19)

∇2φ = 1
h

[
∂

∂ζ 1

(
h

g11

∂φ

∂ζ 1

)
+ ∂

∂ζ 2

(
h

g22

∂φ

∂ζ 2

)]
= 1

(1− κζ 2)
2

∂2φ

∂ζ 12 +
ζ 2

(1− κζ 2)
3

∂κ

∂ζ 1

∂φ

∂ζ 1
+ ∂2φ

∂ζ 22 −
κ

1− κζ 2

∂φ

∂ζ 2
. (3.20)

For certain matrix quantities the Christoffel symbols of the second kind will be
required, defined as

Γ k
ij =

gkm

2

(
∂gmi

∂ζ j
+ ∂gmj

∂ζ i
+ ∂gij

∂ζm

)
, (3.21)

so that

Γ 1
11 =−

ζ 2

1− κζ 2

∂κ

∂ζ 1
, Γ 1

12 = Γ 1
21 =−

κ

1− κζ 2
,

Γ 2
11 =

κ

1− κζ 2
, Γ k

ij = 0 otherwise,

 (3.22)

which allows us to determine the quantities of interest

I = e1 ⊗ e2 + e2 ⊗ e1 =
(
(1− κζ 2)

−2
0

0 1

)
, (3.23)

∇φ ⊗∇φ =


[
(1− κζ 2)

−2 ∂φ

∂ζ 1

]2 1

(1− κζ 2)
2

∂φ

∂ζ 1

∂φ

∂ζ 2

1

(1− κζ 2)
2

∂φ

∂ζ 1

∂φ

∂ζ 2

(
∂φ

∂ζ 2

)2

 , (3.24)

∇u=
(
∂ui

∂ζ k
+ Γ i

lku
l

)
ei ⊗ ek, (3.25)

where I is the identity tensor, and ⊗ represents the dyadic (Kronecker) product, so that

(∇u)11 = ∂u1

∂ζ 1
− ∂κ

∂ζ 1

ζ 2u1

1− κζ 2
− κu2

1− κζ 2
, (∇u)12 = ∂u1

∂ζ 2
− κ(1− κζ 2)u1, (3.26a)

(∇u)21 = ∂u2

∂ζ 1
+ κ(1− κζ 2)u1, (∇u)22 = ∂u2

∂ζ 2
, (3.26b)

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
3.

52
1 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2013.521


Binary fluid models in the sharp-interface limit 15

and leads to the components of the viscous stress tensor being

τ 11 = 2
(
∂u1

∂ζ 1
− κu2

1− κζ 2
− ζ 2u1

1− κζ 2

∂κ

∂ζ 1

)
, τ 12 = ∂u1

∂ζ 2
+ ∂u2

∂ζ 1
, τ 22 = 2

∂u2

∂ζ 2
, (3.27)

with the divergence of a symmetric tensor M satisfying

(∇ ·M)1 = ∂m11

∂ζ 1
+ ∂m12

∂ζ 2
+ 2Γ 1

11m11 + 3Γ 1
12m12, (3.28a)

(∇ ·M)2 = ∂m12

∂ζ 1
+ ∂m22

∂ζ 2
+ Γ 1

11m12 + Γ 1
12m22 + Γ 2

11m11. (3.28b)

We now transfer to the stretched coordinate ζ = ζ 2/Cn to consider the region close to
the interface. With this, we have the interface satisfying ζ = ζ 2 = 0, and we consider
the limit Cn→ 0 through the expansions

φ = φ̃0 + Cn φ̃1 + Cn2φ̃2 + · · ·, g= g̃0 + Cn g̃1 + Cn2g̃2 + · · ·, (3.29a)

u= ũ0 + Cn ũ1 + Cn2ũ2 + · · ·, τ = 1
Cn

[
τ̃ 0 + Cn τ̃ 1 + Cn2τ̃ 2 + · · ·

]
, (3.29b)

p= 1
Cn

[
p̃0 + Cn p̃1 + Cn2p̃2 + · · ·

]
. (3.29c)

3.2.1. Matching conditions
At this point we consider the asymptotic matching between inner and outer regions.

For an arbitrary function ϕ, which is ϕ± in the outer region and ϕ̃ in the inner region,
we require ϕ±(ζ 2) = ϕ±(Cn ζ ) ∼ ϕ̃(ζ ) for ζ →∞, Cn→ 0, ζ 2 = Cn ζ → 0. Thus we
have

ϕ±(Cn ζ )= ϕ±0 (0)+ Cn

(
ζ
∂ϕ±0
∂ζ

(0)+ ϕ±1 (0)
)
+ · · ·, ϕ̃(ζ )= ϕ̃0(ζ )+ Cnϕ̃1(ζ )+ · · ·,

(3.30)

which gives the first two matching conditions at O(1) and O(Cn) as

lim
ζ→±∞

ϕ̃0(ζ )= ϕ±0 (0) and lim
ζ→±∞

ϕ̃1(ζ )= ϕ±1 (0)+ ζ
∂ϕ±0
∂ζ

(0), (3.31)

which imply that

lim
ζ→±∞

∂ϕ̃1

∂ζ
(ζ )= ∂ϕ

±
0

∂ζ
(0). (3.32)

3.2.2. Continuity equation
The continuity equation in body-fitted coordinates (3.19) in inner variables is

1
Cn

∂u2

∂ζ
− κu2

1− κCn ζ +
∂u1

∂ζ 1
− Cn

u1ζ

1− κCn ζ
∂κ

∂ζ 1
= 0. (3.33)

By using the expansions (3.29), the leading order of the continuity equation then
satisfies ∂ζ ũ2

0 = 0, and determines that ũ2
0 is independent of ζ .
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16 D. N. Sibley, A. Nold and S. Kalliadasis

3.2.3. Cahn–Hilliard type equation
The Cahn–Hilliard type equation in the inner region gives

∂φ

∂t
+ (us + u) ·

[
(1− κCn ζ )−2 ∂φ

∂ζ 1
e1 + 1

Cn

∂φ

∂ζ
e2

]
= β

[
1

(1− κCn ζ )2
∂2g

∂ζ 12 −
1
Cn

κ

1− κCn ζ
∂g

∂ζ
+ Cn ζ

(1− κCn ζ )3
∂κ

∂ζ 1

∂g

∂ζ 1
+ 1

Cn2

∂2g

∂ζ 2

]
,

(3.34)

so that for the first two orders, using the expansions (3.29) we have

∂2g̃0

∂ζ 2
= 0,

∂φ̃0

∂ζ
(us + ũ0) · e2 = β

(
∂2g̃1

∂ζ 2
− κ ∂ g̃0

∂ζ

)
. (3.35)

The leading-order equation implies

g̃0 = g̃A(ζ1, t)ζ + g̃B(ζ1, t), (3.36)

and given that, as ζ →±∞, we need to match to the outer solution, then g̃A = 0, so
that g̃0 = g̃B(ζ1, t), i.e. g̃0 is independent of ζ .

To be more precise about this point, we know that in the outer region we require
g±→ 0 away from the interface. If g̃0 = g̃A(ζ

1, t)ζ + g̃B(ζ
1, t), then for g̃A(ζ

1, t) 6= 0,
g̃0 ∼ g̃A(ζ

1, t)ζ as ζ →±∞ to match. Thus for this to be the matching behaviour to
the bulk fluids on both sides of the interface, and for the chemical potential to vanish
far from the interface (in the outer region), then there would have to be a turning point
in the chemical potential away from the boundaries in one of the outer regions, unless
g̃A(ζ

1, t) = 0. A turning point is, however, excluded by the maximum principle as the
leading-order chemical potential is harmonic in the outer regions, thus we must have
g̃A = 0, so that g̃0 = g̃B(ζ

1, t).
The next order thus gives

(ũs
n + ũ2

0)
∂φ̃0

∂ζ
= β ∂

2g̃1

∂ζ 2
. (3.37)

We already know that ũ2
0 is independent of the normal coordinate ζ , and as the normal

interface velocity is also independent of ζ , integrating gives[
(ũs

n + ũ2
0)φ̃0

]∞
−∞
= β

[
∂ g̃1

∂ζ

]∞
−∞
, (3.38)

implying

2(us
n + u2±

0 )= β
[
∂g+0
∂ζ

(0)− ∂g−0
∂ζ

(0)
]
. (3.39)

This equation tells us how the interface moves. If the gradients in the chemical
potential differ on either side of the interface, then the interface translates both by
advection and through diffusion of matter. This diffusion would be non-classical and
is sometimes termed spurious diffusion, for example in related studies by Swift et al.
(1996) and Le Roy et al. (2010). If the chemical potential gradients cancel, then the
diffusion of matter in and out balance and the interface moves through advection alone.
We will see in the next section that changing the constant mobility to one with phase
field dependence can guarantee that no spurious diffusion can occur at this order in
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FIGURE 6. The profile of the leading-order solution of the phase field in the inner region.

the sharp-interface limit, as the terms involving the chemical potential gradient do not
appear. However, for the current model we can merely say that if these terms balance
we recover the classical hydrodynamic model, and thus us

n =−u2±
0 , the normal velocity

of the interface is equal to the normal velocity of the fluids (and negative due to the
way we have defined it). This would then also be equivalent to the expression

∂ζ 2

∂t
+ u±0 ·∇ζ 2 = 0, (3.40)

the expected kinematic boundary condition for the sharp interface defined by ζ 2 = 0.

3.2.4. Chemical potential equation
We now consider the chemical potential equation in the inner region

4Cn

3
√

2
g= (φ2 − 1)φ − Cn2

(1− κCn ζ )2
∂2φ

∂ζ 12 −
∂2φ

∂ζ 2
− Cn3ζ(∂ζ1κ)

(1− κCn ζ )3
∂φ

∂ζ 1
+ Cnκ

1− κCn ζ
∂φ

∂ζ
,

(3.41)

so that using the expansions (3.29), we have at leading order

−∂
2φ̃0

∂ζ 2
+ φ̃0(φ̃

2
0 − 1)= 0, (3.42)

with the solution corresponding to the matching conditions φ̃0→±1 and ∂ζ φ̃0→ 0 as
ζ →±∞, and φ̃0|ζ=0 = 0 being

φ̃0 = tanh
(
ζ√
2

)
, (3.43)

which is shown in figure 6, and we note that φ̃0 = φ̃0(ζ ), i.e. it is independent of ζ 1.
More details on obtaining this solution and discussion on a general solution relevant to
other boundary conditions may be found in appendix B.1.

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
3.

52
1 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2013.521


18 D. N. Sibley, A. Nold and S. Kalliadasis

At the next order in the chemical potential equation we find

g̃0 = 3
√

2
4

{
φ̃1(3φ̃2

0 − 1)−
(
∂2φ̃1

∂ζ 2
− κ ∂φ̃0

∂ζ

)}
. (3.44)

We consider the above equation in the limit as the outer region is approached,
and will then follow the usual approach of finding a solvability condition for the
above equation afterwards. We can see from (3.43) that limζ→±∞ ∂ζ φ̃0 = 0, and that
limζ→±∞(3φ̃2

0 − 1)= 2, so that

4

3
√

2
lim
ζ→±∞

g̃0 = 2 lim
ζ→±∞

φ̃1 − lim
ζ→±∞

∂2φ̃1

∂ζ 2
, (3.45)

and since limζ→±∞ φ̃1 = φ±1 (0) + ζ∂ζφ±0 (0) = φ±1 (0), and that g̃0 = g̃B(ζ
1, t) from the

leading-order Cahn–Hilliard type equation, then we are left with

4

3
√

2
g̃B + lim

ζ→±∞
∂2φ̃1

∂ζ 2
= 2φ±1 (0). (3.46)

Consider η = 1/ζ , so that ∂ζ =−η2∂η. Thus

−∂
2φ̃1

∂ζ 2
=− ∂

∂ζ

(
−η2 ∂φ̃1

∂η

)
=−η2 ∂

∂η

(
η2 ∂φ̃1

∂η

)
=−η2

(
2η
∂φ̃1

∂η
+ η2 ∂

2φ̃1

∂η2

)
. (3.47)

Now as ζ →∞ we have η→ 0, thus using (3.46) and assuming φ̃1 ∼ A1η
m, it follows

that

4

3
√

2
g̃B ∼ lim

η→0

[
2A1η

m − A1m(m+ 1)ηm+2
]
. (3.48)

In the surface diffusion case considered by Gugenberger et al. (2008), the authors
obtain the result that φ±1 = 0 so that the 2 limη→0(A1η

m) term is not present. This
crucially allows them to balance the remaining terms to find m = −2 and thus
−(√2/3)g̃B = A1, which means that φ̃1 ∼ −(

√
2/3)g̃Bζ

2 is divergent, and thus g̃B = 0
to match to the outer solution. Here the result is not as strong, but we saw that
non-classical terms arise at next to leading order in the bulk fluid regions unless
g±0 = φ±1 = 0, i.e. unless g̃B = 0, through matching. We continue in the general
situation where g̃B remains undetermined.

The usual sharp-interface limit considerations miss this point, and search for a
solvability condition motivated by the Fredholm alternative. For detailed use of the
Fredholm alternative see appendix B.2, but here we take a common approach that
circumvents the technical details by multiplying (3.44) with ∂ζ φ̃0 and integrating∫ ∞

−∞

[
−∂

2φ̃1

∂ζ 2
+ φ̃1(3φ̃2

0 − 1)

]
∂φ̃0

∂ζ
dζ =−

[
∂φ̃0

∂ζ

∂φ̃1

∂ζ
− ∂

2φ̃0

∂ζ 2
φ̃1

]∞
−∞
= 0, (3.49)

found via multiple integration by parts, which then implies the solvability condition∫ ∞
−∞

[
2
√

2
3

g̃B − κ ∂φ̃0

∂ζ

]
∂φ̃0

∂ζ
dζ = 0, (3.50)
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Binary fluid models in the sharp-interface limit 19

and which determines

4
√

2
3

g̃B − κ
∫ ∞
−∞

[
∂φ̃0

∂ζ

]2

dζ = 0, ⇒ 2g̃B = κ. (3.51)

This result is obtained by using the result (3.43), which gives∫ ∞
−∞

(
∂φ̃0

∂ζ

)2

dζ = 1
2

∫ ∞
−∞

sech4

(
ζ√
2

)
dζ = 2

√
2

3
. (3.52)

We obtain that 2g̃B = κ , and if only classical terms in the bulk fluids to at least next
to leading order in the sharp-interface limit are required, then g̃B = 0, and hence the
curvature of the interface κ = 0, i.e. to this order the interface would be flat.

3.2.5. Momentum equation
We next consider the momentum equation in the body-fitted coordinates,

Re

(
∂u
∂t
+ (us + u) ·∇u

)
=−

(
(1− κζ 2)

−2 ∂p

∂ζ 1
e1 + ∂p

∂ζ 2
e2

)

+


∂τ 11

∂ζ 1
+ ∂τ

12

∂ζ 2
+ 2Γ 1

11τ
11 + 3Γ 1

12τ
12

∂τ 12

∂ζ 1
+ ∂τ

22

∂ζ 2
+ Γ 1

11τ
12 + Γ 1

12τ
22 + Γ 2

11τ
11


+ 1

Ca
g

(
(1− κζ 2)

−2 ∂φ

∂ζ 1
e1 + ∂φ

∂ζ 2
e2

)
, (3.53)

where the components of ∇u are given in (3.26), the Christoffel symbols Γ k
ij in (3.22),

and the viscous stress components in (3.27). At leading order in the inner region we
have

∂τ̃ 12
0

∂ζ
= 0,

∂

∂ζ
(−p̃0 + τ̃ 22

0 )= 0 (3.54)

(where τ̃ 12
0 = ∂ζ ũ1

0 and τ̃ 22
0 = 2∂ζ ũ2

0), and integrating once suggests that these leading-
order stress components are independent of ζ . Applying the matching conditions we
find that limζ→±∞ τ̃ 0 = 0, and limζ→±∞ p̃0 = 0 thus τ̃ 12

0 = 0 and τ̃ 22
0 = p̃0, which gives

the result that ũ1
0 is independent of ζ . As we already know that ũ2

0 is independent of ζ
from the continuity equation, we thus have the interface condition ũ+0 = ũ−0 , and find
that p̃0 = 0. The next order in the momentum equation then suggests

Re(us + ũ0) ·

0
∂ ũ1

0

∂ζ

0
∂ ũ2

0

∂ζ

=−

∂ p̃0

∂ζ 1

∂ p̃1

∂ζ

+


∂τ̃ 11
0

∂ζ 1
+ ∂τ̃

12
1

∂ζ
− 3κτ̃ 12

0

∂τ̃ 12
0

∂ζ 1
+ ∂τ̃

22
1

∂ζ
+ κ(τ̃ 11

0 − τ̃ 22
0 )


+ g̃0

Ca

∂φ̃0

∂ζ
e2, (3.55)

and on using results found from the leading-order solution, these reduce to

∂τ̃ 11
0

∂ζ 1
+ ∂τ̃

12
1

∂ζ
= 0, −∂ p̃1

∂ζ
+ ∂τ̃

22
1

∂ζ
+ κτ̃ 11

0 +
g̃0

Ca

∂φ̃0

∂ζ
= 0. (3.56)
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20 D. N. Sibley, A. Nold and S. Kalliadasis

Now τ̃ 11
0 = 0 (from its definition), and substituting for the other stresses, we have

∂

∂ζ

(
∂ ũ1

1

∂ζ
+ ∂ ũ2

0

∂ζ 1

)
= 0, −∂ p̃1

∂ζ
+ 2

∂2ũ2
1

∂ζ 2
+ g̃0

Ca

∂φ̃0

∂ζ
= 0. (3.57)

It is more convenient to write these equations as

∂τ̃ 12
1

∂ζ
= 0,

∂τ̃ 22
1

∂ζ
= ∂ p̃1

∂ζ
− g̃0

Ca

∂φ̃0

∂ζ
. (3.58)

Integrating the next-order momentum equations yields[
τ̃ 12

1

]∞
−∞ = 0,

[
τ̃ 22

1

]∞
−∞ =

[
p̃1

]∞
−∞ −

2g̃B

Ca
, (3.59)

and matching to the outer region gives the interface conditions

n · [τ+0 − τ−0 ] · (I − n⊗ n)= 0, (3.60a)

n · [(−p+0 + p−0 )I + τ+0 − τ−0 ] ·n=−
2g̃B

Ca
=− κ

Ca
. (3.60b)

For unknown g±0 in the outer region, these boundary conditions are the classical
tangential and normal stress balances. However, g±0 6= 0 in this instance, since
g̃B = κ/2 6= 0, and these must match, so there are non-classical terms in the outer
region at O(Cn) in the sharp-interface limit. If g±0 = 0, then κ = 0 and these conditions
are only correct at equilibrium. In § 8 we will consider a modification to the mobility
which overcomes this limitation.

4. Phase field dependent mobility
4.1. Governing equations with phase field dependent mobility

The dimensional governing equations when the mobility is phase field dependent
are again given by (2.2)–(2.6), but here we consider γ = M1γ1 = M1(1 − φ2), or
γ =M2γ2 =M2(1− φ2)

2. These may be non-dimensionalized with (2.10), and contain
the same non-dimensional parameters, but with β = Miσ/L2U for i = {1, 2} slightly
modified from its previous representation. The equations become (2.12)–(2.14), but
with the Cahn–Hilliard type equation modified to

∂φ

∂t
+ u ·∇φ = β∇ · (γi∇g) , (4.1)

where γi is for i= {1, 2}, with γ1 = 1− φ2 and γ2 = (1− φ2)
2. The form of γ1 is used

in the droplet dewetting and pinch-off study of Jiang et al. (2012), but clearly other
possibilities exist; as such we also demonstrate the asymptotics for another form γ2,
the analogue of a form used by Yeon, Cha & Grant (2006), albeit for a very different
model and application. These equations may be formed by choosing α = 0, B = 0,
and C = 1 in the combined equation system of figure 2.

4.2. The outer region
In the outer region for the bulk fluids away from the interface we again take the
expansions (3.1) along with γi = γ ±i0 + Cnγ ±i1 + · · ·, and find φ±0 =±1 at leading order
along with the Navier–Stokes equations as in (3.2)–(3.3), and

∇ · (γ ±i0∇g±0
)= 0, (4.2)
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Binary fluid models in the sharp-interface limit 21

where γ ±i0 represents γ ±10 = 1 − φ±2
0 or γ ±20 = (1− φ±2

0 )
2
, so that γ ±i0 = 0 and (4.2) is

automatically satisfied. The following order gives (3.5)–(3.6) and

∂φ±1
∂t
+ u±0 ·∇φ±1 = β∇ ·

(
γ ±i1∇g±0

)
, g±0 =

3
√

2
2
φ±1 , (4.3)

having used that φ±0 = ±1 and γ ±i0 = 0 to remove some terms already. Now γ ±i1 stands
for γ ±01 =−2φ±0 φ

±
1 and γ ±11 =−4(1− φ±2

0 )φ±0 φ
±
1 . Once again, non-classical terms enter

at this order, and to exclude them we would require g±0 = φ±1 = 0.

4.3. The inner region
The process is the same as before, so we go straight to the equations, and obtain
the same result from the continuity equation, i.e. that ũ2

0 is independent of ζ . The
Cahn–Hilliard type equation in body-fitted coordinates in the inner region is

∂φ

∂t
+ (us + u) ·

[
(1− κCn ζ )−2 ∂φ

∂ζ 1
e1 + 1

Cn

∂φ

∂ζ
e2

]
= β

{
1
Cn

∂λ2

∂ζ
− κλ2

1− κCn ζ +
∂λ1

∂ζ 1
− Cnλ1ζ

1− κCn ζ
∂κ

∂ζ 1

}
, (4.4)

λ1 = γi(1− κCn ζ )−2 ∂g

∂ζ 1
, λ2 = γi

1
Cn

∂g

∂ζ
, (4.5)

so that for the first two orders, using the expansions (3.29) we have

∂

∂ζ

(
γ̃i0
∂ g̃0

∂ζ

)
= 0, γ̃10 = 1− φ̃2

0, γ̃20 = (1− φ̃2
0)

2
, (4.6a)

∂φ̃0

∂ζ
(us + ũ0) · e2 = β

[
∂

∂ζ

(
γ̃i0
∂ g̃1

∂ζ
+ γ̃i1

∂ g̃0

∂ζ

)
− κγ̃i0

∂ g̃0

∂ζ

]
. (4.6b)

The leading-order equation implies γ̃i0∂ζ g̃0 = g̃A(ζ1, t), and given that as ζ →±∞, we
need to match to the outer solution, then g̃A = 0, since γ̃i0→ 0. We will see later that
the solution from the chemical potential equation for φ̃0 does not then give γ̃i0 = 0 in
the inner region, and hence ∂ζ g̃0 = 0, thus g̃0 = g̃B(ζ1, t), i.e. g̃0 is independent of ζ .

The next order thus gives

(ũs
n + ũ2

0)
∂φ̃0

∂ζ
= β ∂

∂ζ

(
γ̃i0
∂ g̃1

∂ζ

)
. (4.7)

We already know that ũ2
0 is independent of ζ , so assuming that the normal interface

velocity is also independent of the normal coordinate ζ , then integrating gives[
(ũs

n + ũ2
0)φ̃0

]∞
−∞
= β

[
γ̃i0
∂ g̃1

∂ζ

]∞
−∞
, (4.8)

implying

2(us
n + u2±

0 )= 0, (4.9)

so that us
n = −u2±

0 . In the case of phase field dependent mobility, then, there is no
possibility of having spurious diffusion at this order in the sharp-interface limit, as the
mobility forms prevent leading-order diffusion in the bulk, with γ̃i0→ 0 as ζ →±∞.
Instead, we are guaranteed the classical kinematic boundary condition (3.40) for the
sharp interface defined by ζ 2 = 0.
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The analysis of the chemical potential and momentum equations will follow as for
the original CH case, and as such

φ̃0 = tanh
(
ζ√
2

)
, g̃0 = g̃B = 3

√
2

4

{
φ̃1(3φ̃2

0 − 1)−
(
∂2φ̃1

∂ζ 2
− κ ∂φ̃0

∂ζ

)}
, (4.10)

τ̃ 11
0 = τ̃ 12

0 = τ̃ 22
0 = p̃0 = 0, ũ+0 = ũ−0 ,

∂τ̃ 12
1

∂ζ
= 0,

∂τ̃ 22
1

∂ζ
= ∂ p̃1

∂ζ
− g̃B

Ca

∂φ̃0

∂ζ
. (4.11)

The solvability condition for φ̃1 from (4.10) once again determines 2g̃B = κ , and
results from the momentum equations (4.11) give

n · [τ+0 − τ−0 ] · (I − n⊗ n)= 0, (4.12a)

n · [(−p+0 + p−0 )I + τ+0 − τ−0 ] ·n=−
2g̃B

Ca
. (4.12b)

In the same way as for the original CH model, the result 2g̃B = κ forces κ = 0 if
next to leading-order outer equations are to be formed of classical terms only, and thus
the correct boundary conditions in the sharp-interface limit will only be recovered at
equilibrium.

5. Non-conservative model
Thus far we have looked at conservative models based on the Cahn–Hilliard

equation (Cahn & Hilliard 1958). Non-conservative models have also been considered
in the literature, being based on the Allen–Cahn equation (Allen & Cahn 1979), such
as the work by Biben et al. (2003) in which drop dynamics are modelled in an
external flow, and by Yang et al. (2006) on jet pinch-off and drop formation.

The purpose of this section is to show that a model similar to the CH model of § 3,
but with a non-conservative Allen–Cahn form, rather than conservative Cahn–Hilliard
form, can improve on the feature of having non-classical terms at next to leading
order in the bulk equations. Such a hypothetical model will not conserve the volume
fractions of the liquids, and hence is not a good choice of model for immiscible two-
phase flow, but will provide motivation to consider more complex conserved models in
the later sections.

Before proceeding with the analysis of this hypothetical model, we note that the
models cited above, used by Biben et al. (2003) and Yang et al. (2006), have
additional terms to either force volume fraction conservation or to alleviate other
issues, e.g. to cancel a non-physical relaxation due to a surface tension that is
not coupled to the velocity field. They also have subtly different stresses in their
respective momentum equations (to each other, and to the CH model). The focus
of the present work is to compare a number of binary fluid models based on
coupled Cahn–Hilliard/Navier–Stokes equations, which automatically conserve volume
fractions without needing to force this separately (for example through a numerically
calculated Lagrange multiplier, as in Yang et al. 2006). A detailed sharp-interface
analysis of a model closely related (and inspiring) that of Biben et al. (2003) is given
by Folch et al. (1999), for the interested reader.

Returning to our hypothetical non-conserved model, the dimensional form we will
consider here was introduced in (2.7), and given in non-dimensional form in (2.16).
The system of equations to consider are thus (2.12)–(2.14), with the Allen–Cahn type
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equation (2.16), formed by choosing β = 0, B = 0, and C = 1 in the combined
equation system of figure 2.

5.1. The outer region
In the outer region for the bulk fluids away from the interface we take Cn→ 0 and use
the expansions in (3.1). At leading order we find that φ±0 =±1, and the Navier–Stokes
equations as in (3.2)–(3.4), but with the Allen–Cahn type equation significantly now
forcing g±0 = 0. The following order gives the linearized Navier–Stokes equations

∇ ·u±1 = 0, Re

(
∂u±1
∂t
+ u±0 ·∇u±1 + u±1 ·∇u±0

)
=−∇p±1 +∇2u±1 , (5.1)

differing from the conserved model CH since no non-classical terms enter, and the
remaining equations give

∂φ±1
∂t
+ u±0 ·∇φ±1 =−αg±1 , 0= g±0 =

3
√

2
4
φ±1 (3φ

±2
0 − 1)= 3

√
2

2
φ±1 , (5.2)

having used that g±0 = 0 and φ±0 =±1 to remove some terms already.
In general in this case, we can see that

φ(t, x, y)= φ±0 + 0+ · · · + Cnjφ±j + · · ·, g(t, x, y)= Cnj−1g±j−1 + · · ·, (5.3)

so that

g±j−1 =
3
√

2
4

[
(3φ±2

0 − 1)φ±j −∇2φ±j−2

]= 3
√

2
2
φ±j and − g±j−1 = 0, (5.4)

and thus φ±j = 0. As such, in the outer region we have that

g= g± = 0 and φ = φ± =±1, (5.5)

to all orders in Cn, with linearized versions of the incompressible Navier–Stokes
equations being satisfied by the fluid velocity and pressure.

5.2. The inner region
The process is the same as before, using expansions (3.29) and matching conditions
from § 3.2.1. The continuity equation follows as for the CH model case, finding that ũ2

0
is independent of ζ .

5.2.1. Allen–Cahn type equation
The Allen–Cahn type equation in body-fitted coordinates and in the inner regions

gives

∂φ

∂t
+ (us + u) ·


∂φ

∂ζ 1

(1− κCn ζ )2 e1 + 1
Cn

∂φ

∂ζ
e2

=−αg, (5.6)

so that for the first two orders, using the expansions (3.29) we have

∂φ̃0

∂ζ
(us + ũ0) · e2 = 0 and (us + ũ0) ·

[
∂φ̃1

∂ζ
e2

]
+ ∂φ̃0

∂ζ
ũ1 · e2 =−αg̃0, (5.7)
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where the time and ζ 1 derivative terms of φ̃0 are cancelled, as we will find that
φ̃0 = φ̃0(ζ ) as in the previous cases. The leading-order equation suggests that

us
n + u2±

0 = 0, (5.8)

as we will see that ∂ζ φ̃0 6= 0. Thus the condition becomes us
n = −u2±

0 , and the normal
velocity of the interface is equal to the normal velocity of the fluids and recovers the
expected kinematic boundary condition (3.40) for the sharp interface defined by ζ 2 = 0.
We also note that here there can be no spurious diffusion for this non-conserved form,
even with a constant ‘mobility’ α, unlike the CH model, which did not prevent this at
the equivalent order in the sharp-interface limit.

5.2.2. Chemical potential equation
The chemical potential equation in the inner region is the same as for the original

conserved model: at leading order the same solution (3.43) is found, where φ̃0 = φ̃0(ζ )

(i.e. independent of ζ 1). The following order terms give (3.44), but where no condition
on the ζ dependence of g̃0 is known. We can see using the tanh solution that
limζ→±∞ ∂ζ φ̃0 = 0, and that limζ→±∞(3φ̃2

0 − 1)= 2, so that

4

3
√

2
lim
ζ→±∞

g̃0 = 2 lim
ζ→±∞

φ̃1 − lim
ζ→±∞

∂2φ̃1

∂ζ 2
, (5.9)

and since limζ→±∞ φ̃1 = φ±1 (0) + ζ∂ζφ±0 (0) = φ±1 (0) = 0, and limζ→±∞ g̃0 = g±0 (0) = 0,
then we are left simply with

lim
ζ→±∞

∂2φ̃1

∂ζ 2
= 0. (5.10)

As before, we find a solvability condition on φ̃1 from (3.44), which in this case is∫ ∞
−∞

[
2
√

2
3

g̃0 − κ ∂φ̃0

∂ζ

]
∂φ̃0

∂ζ
dζ = 0. (5.11)

Unlike in the original conserved case, we do not know whether g̃0 is a function of ζ
(indeed, it is likely to be in this instance). For this non-conserved case then∫ ∞

−∞

2
√

2
3

g̃0
∂φ̃0

∂ζ
dζ − κ

∫ ∞
−∞

[
∂φ̃0

∂ζ

]2

dζ =
∫ ∞
−∞

2
√

2
3

g̃0
∂φ̃0

∂ζ
dζ − 2

√
2

3
κ = 0, (5.12)

giving ∫ ∞
−∞

g̃0
∂φ̃0

∂ζ
dζ = κ, (5.13)

having used the tanh solution for the leading-order phase field (3.43).

5.2.3. Momentum equation
The analysis of the momentum equation in inner variables follows very similarly

to the original conservative case. At leading order we have τ̃ 11
0 = τ̃ 12

0 = τ̃ 22
0 = p̃0 = 0,

ũ+0 = ũ−0 , and ∂ζ τ̃ 12
1 = 0. The following order in the momentum equation gives (3.58),

where once again the difference to the CH model is that g̃0 remains dependent on ζ
here. Integrating (3.58) in this case, using (5.13), and matching to the outer region
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gives the interface conditions

n · [τ+0 − τ−0 ] · (I − n⊗ n)= 0, (5.14a)

n · [(−p+0 + p−0 )I + τ+0 − τ−0 ] ·n=−
κ

Ca
. (5.14b)

In this case the correct boundary conditions are recovered, even though the chemical
potential is zero in the bulk outer regions, to all orders of Cn in the sharp-interface
limit. The crucial difference is that the inner chemical potential for this non-conserved
model has no restriction to its dependence on ζ , and thus it is allowed to behave as a
delta function across the interface as Cn→ 0, whereas its behaviour must be smoother
in the conserved model.

6. Body force term as φ∇g
6.1. Governing equations when the body force term is φ∇g

In the two papers of Jacqmin (1999, 2000), the diffuse-interface equations use a
different form of a body force to account for the mixing of the fluids in the interface
region; in our notation the body force is −φ∇g, rather than of the form +g∇φ which
has been used so far. The non-dimensional governing equations we consider in this
section are of the form (2.12) and (2.14)–(2.15), with the momentum equation now
being

Re

(
∂u
∂t
+ u ·∇u

)
=−∇pj +∇2u− 1

Ca
φ∇g. (6.1)

This model is formed by choosing α = 0, γi = 1 and C = 0 in the combined equation
system of figure 2.

Jacqmin asserts that whilst pj (in his notation this is written S) enforces
incompressibility, it is not the pressure. We will see this clearly when considering
the sharp-interface limit of this model, and then subsequently investigate the ‘stress
form’ of the model as given by Jacqmin (1999, 2000), which does then relate the
model to one with correct pressure.

6.2. The outer region for the different body force term
In the outer region for the bulk fluids away from the interface, we take Cn→ 0 using
the expansions (3.1). At leading order we find

∇2[(φ±2
0 − 1)φ±0 ] = 0 and φ±0 ∇[(φ±2

0 − 1)φ±0 ] = φ±0 (3φ±2
0 − 1)∇φ±0 = 0, (6.2)

which on applying φ±0 →±1 as the distance from the interface tends to ±∞ gives
φ±0 =±1. We then have

∇ ·u±0 = 0, Re

(
∂u±0
∂t
+ u±0 ·∇u±0

)
=−∇p±j0 +∇2u±0 −

1
Ca
φ±0 ∇g±0 , (6.3)

∇2g±0 = 0, g±0 =
3
√

2
4
φ±1 (3φ

±2
0 − 1)= 3

√
2

2
φ±1 , (6.4)

which do not immediately appear to recover the Navier–Stokes equations at leading
order. For the pressure-like and body force terms to combine to form the actual
pressure term expected, we need −∇p±j0 − φ±0 ∇g±0 /Ca = −∇p±0 , which implies
p±j0 = p±0 − φ±0 g±0 /Ca, having used ∇φ±0 = 0 as φ±0 = ±1 to give φ±0 ∇g±0 = ∇(φ±0 g±0 ).
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This would not be necessary if g±0 were a constant (that would have to be zero to
agree with behaviour far from the interface), as p±j0 would then look like the pressure.

6.3. The inner region
The process is the same as for the CH model, and the continuity, Cahn–Hilliard type
and chemical potential equations are all the same, and thus we use the results obtained
earlier and consider the momentum equation where differences will arise. We note
that as the Cahn–Hilliard type equation is the same as for the CH model, this model
will not guarantee that no spurious diffusion can occur across the interface, although
modifying the mobility to be phase field dependent as in § 4 will then give this result.

Consider the momentum equation in inner variables

Re

(
∂u
∂t
+ (us + u) ·∇u

)
=−

(
(1− κCn ζ )−2 ∂pj

∂ζ 1
e1 + 1

Cn

∂pj

∂ζ
e2

)

+


∂τ 11

∂ζ 1
+ 1

Cn

∂τ 12

∂ζ
+ 2Γ 1

11τ
11 + 3Γ 1

12τ
12

∂τ 12

∂ζ 1
+ 1

Cn

∂τ 22

∂ζ
+ Γ 1

11τ
12 + Γ 1

12τ
22 + Γ 2

11τ
11


− 1

Ca
φ

(
(1− κCn ζ )−2 ∂g

∂ζ 1
e1 + 1

Cn

∂g

∂ζ
e2

)
, (6.5)

where the components of ∇u are given in (3.26), the Christoffel symbols Γ k
ij in (3.22),

and the viscous stress components in (3.27), all with ζ 2 = Cn ζ for the inner region.
The leading order, using inner expansions (3.29), is the same as for the CH model,
with differences arising at the next order, where

∂τ̃ 12
1

∂ζ
= 0,

∂τ̃ 22
1

∂ζ
= ∂ p̃j1

∂ζ
+ φ̃0

Ca

∂ g̃0

∂ζ
= ∂ p̃j1

∂ζ
. (6.6)

Integrating these equations we find

[τ̃ 12
1 ]∞−∞ = 0, [τ̃ 22

1 ]∞−∞ = [p̃j1]∞−∞, (6.7)

and matching to the outer region gives the interface conditions

n · [τ+0 − τ−0 ] · (I − n⊗ n)= 0, n · [(−p+j0 + p−j0)I + τ+0 − τ−0 ] ·n= 0. (6.8)

This is the correct tangential stress balance equation, but the normal stress balance is
only correct for an interface with zero curvature. For the correct normal stress balance,
we may compare (6.6) to the equivalent for the original CH model (3.58). In this case
we need

∂ p̃j1

∂ζ
= ∂ p̃1

∂ζ
− g̃0

Ca

∂φ̃0

∂ζ
⇒ 0= ∂

∂ζ

(
p̃j1 − p̃1 + g̃0φ̃0

Ca

)
⇒ p̃j1 = p̃1 − g̃0φ̃0

Ca
, (6.9)

using the fact that g̃0 is independent of ζ . This then agrees with the suggestion from
the outer region, and gives the interface conditions

n · [τ+0 − τ−0 ] · (I − n⊗ n)= 0, n · [(−p+0 + p−0 )I + τ+0 − τ−0 ] ·n=−
κ

Ca
, (6.10)

as expected. It is of interest that this relationship between pressures is not quite the
same as that suggested by Jacqmin (1999), which contains other terms involving φ
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and |∇φ|2. Next we will consider the various suggestions of Jacqmin (1999, 2000)
about the form of the stress tensor and pressure.

7. Other constant mobility models
Following on from the previous section, we consider the model as suggested by

Jacqmin (1999), where the model is as in the previous section, but with

pj = p− gφ

Ca
+ 3
√

2
16Ca

[
(φ2 − 1)2

Cn
− 2Cn|∇φ|2

]
. (7.1)

This affects the momentum equation, which now becomes

Re

(
∂u
∂t
+ u ·∇u

)
=−∇p+∇2u+ g∇φ

Ca
− 3
√

2
16Ca

∇
[
(φ2 − 1)2

Cn
− 2Cn|∇φ|2

]
, (7.2)

and we can also verify that the ‘stress form’ of the model (Jacqmin 1999, 2000) is in
agreement. This stress form has the momentum equation

Re

(
∂u
∂t
+ u ·∇u

)
=−∇p+∇2u+∇ · τ j, τ j = 3

√
2

4
Cn

Ca


(
∂φ

∂y

)2

−∂φ
∂x

∂φ

∂y

−∂φ
∂x

∂φ

∂y

(
∂φ

∂x

)2

 ,
(7.3)

and this is equivalent to (7.2) as

g∇φ
Ca
− 3
√

2
16Ca

∇
[
(φ2 − 1)2

Cn
− 2Cn|∇φ|2

]

= 3
√

2
4

Cn

Ca


∂φ

∂y

∂2φ

∂x∂y
− ∂φ
∂x

∂2φ

∂y2

∂φ

∂x

∂2φ

∂x∂y
− ∂φ
∂y

∂2φ

∂x2

=∇ · τ j. (7.4)

Observing the apparently non-trivial difference between this model and the original
CH model, as used by Qian et al. (2006) and Yue et al. (2010), we consider other
forms of binary fluid models in the literature to see if a general form can be observed.
There are two other forms of note: the model used by Khatavkar et al. (2006, 2007)
and the binary fluid model described in the prominent review paper by Anderson et al.
(1998).

The model of Khatavkar et al. (2006, 2007) in our setting and with our notation has
the same continuity, Cahn–Hilliard type and chemical potential equations, but with the
momentum equation now being

Re

(
∂u
∂t
+ u ·∇u

)
=−∇p+∇2u+ g∇φ

Ca
− 3
√

2
16Ca

∇
[
(φ2 − 1)2

Cn
+ 2Cn|∇φ|2

]
, (7.5)

the crucial difference to the Jacqmin model above being the sign of the 2Cn|∇φ|2
term. Of interest are the additional terms from the Navier–Stokes equations, as these
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may be written in the more compact form

g∇φ
Ca
− 3
√

2
16Ca

∇
[
(φ2 − 1)2

Cn
+ 2Cn|∇φ|2

]
=−3

√
2

4
Cn

Ca

[
(∇2φ)∇φ + 1

2
∇ (|∇φ|2)]

=−3
√

2
4

Cn

Ca
∇ · (∇φ ⊗∇φ) . (7.6)

Note that this last description matches the additional term in the momentum equation
of the non-conservative formulation of Yang et al. (2006), being part of the stress in
(5) there (it has already been noted in § 5 that both cited non-conservative models had
slightly different formulations to the one investigated). In § 5, we used a formulation to
consider a non-conservative Allen–Cahn type behaviour where comparisons to the CH
model could be drawn. The model of Yang et al. (2006) also includes a numerically
evaluated Lagrange multiplier to enforce volume fraction conservation, the effect of
which is beyond the scope of the present work.

The other similar binary-fluid model, given in the review paper by Anderson et al.
(1998), in our setting and with our notation has the non-dimensional momentum
equation

Re

(
∂u
∂t
+ u ·∇u

)
=−∇p+∇2u+ 3

√
2

4
Cn

Ca
∇ ·
[

1
2
|∇φ|2I −∇φ ⊗∇φ

]
. (7.7)

Once again, it is of most interest to consider the terms additional to the Navier–Stokes
equations, those being

3
√

2
4

Cn

Ca
∇ ·
[

1
2
|∇φ|2I −∇φ ⊗∇φ

]
= g∇φ

Ca
− 3
√

2
16Ca

∇
[
(φ2 − 1)2

Cn

]
, (7.8)

at which point it is clear that these models can be put into a general form, being
(2.12), (2.14)–(2.15) with

Re

(
∂u
∂t
+ u ·∇u

)
=−∇p+∇2u+ g∇φ

Ca
− 3B

√
2

16Ca
∇
[
(φ2 − 1)2

Cn
+ GCn|∇φ|2

]
,

(7.9)

where G = −2, B = 1 corresponds to the Jacqmin (1999, 2000) models, as well as
similar forms in early works such as by Starovoitov (1994) and Antanovskii (1995).
When G = 2, B = 1, this corresponds to the model of Khatavkar et al. (2006, 2007),
and when G = 0, B = 1, then the Anderson et al. (1998) model is obtained. Finally,
when B = 0, the CH model used by many authors and already analysed, is recovered.
Note that the Anderson et al. version can be viewed as a modification of the ‘body
force’ in the CH model, bm, that is,

bm =
[

g− 3
√

2
4Cn

(φ2 − 1)φ

]
∇φ
Ca

. (7.10)

Note also that this general model corresponds to γi = 1, α = 0, and C = 1 in figure 2.

7.1. Outer region of general model
In the outer region for the bulk fluids away from the interface with expansions
(3.1), the leading orders as Cn→ 0, O(Cn−1) and O(1), recover the same classical
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Navier–Stokes equations and Laplace equation for the leading-order chemical potential
for any G and B, having eliminated a term of the form −3

√
2Bφ±0 (φ

±2
0 −

1)∇φ±1 /(4Ca) as φ±0 =±1. The next order, O(Cn), gives

∇ ·u±1 = 0,
4

3
√

2
g±0 = φ±1 (3φ±2

0 − 1)= 2φ±1 ,
∂φ±1
∂t
+ u±0 ·∇φ±1 = β∇2g±1 , (7.11)

Re

(
∂u±1
∂t
+ u±0 ·∇u±1 + u±1 ·∇u±0

)
=−∇p±1 +∇2u±1 +

∇φ±1
Ca

[
g±0 −

3B
√

2
2

φ±1

]
,

(7.12)

and crucially for the models where B = 1, combining the result for g±0 with
the momentum equation leaves a linearized version of the Navier–Stokes equations
without additional terms to this order (without requiring any condition on either G or
g±0 ). When B = 0, as for the CH model, then g±0 = 0 is required for only classical
terms to be at this order, as seen earlier, and causes the restriction on the model as
discussed in § 3.2.

For interest, we continue to O(Cn2), and find that the non-classical terms in the
momentum equation are

1
Ca

[(
g±0 −

3B
√

2
2

φ±1

)
∇φ±2 +

(
g±1 −

3B
√

2
4

{
3φ±0 φ

±2
1 + 2φ±2

})∇φ±1
]
, (7.13)

where g±1 = 3
√

2(3φ±0 φ
±2
1 + 2φ±2 )/4, and hence once again these additional non-

classical terms cancel when B = 1, and only terms involved in the linearized
Navier–Stokes equations remain. At O(Cn3) this feature breaks down, as terms
of forms ∇2φ±1 ∇φ±1 and ∇(|∇φ±1 |2) enter and do not cancel, regardless of
the choice of G or B. At this order the chemical potential equation yields
g±2 = 3

√
2[(6φ±0 φ±1 φ±2 + φ±3

1 + 2φ±3
) − ∇2φ±1 ]/4, and the non-classical terms in the

momentum equation are

3
√

2
4Ca
[{1−B}{2φ±1 ∇φ±3 + (2φ±2 + 3φ±0 φ

±2
1 )∇φ±2

+ (6φ±0 φ±1 φ±2 + φ±3
1 + 2φ±3 )∇φ±1 } − ∇2φ±1 ∇φ±1 − G B∇(|∇φ±1 |2)]. (7.14)

7.2. Inner region of general model
In the inner region, the only equation that has changed from the CH model is the
momentum equation. Once again, this means that to guarantee that no spurious
diffusion can occur, a phase field dependent mobility as in § 4 should be used.
However, we continue with a constant mobility here, as in the CH model, and as
used by the various authors cited earlier in this section. The additional term in the
momentum equation, compared to the CH analysis, is

−3B
√

2
16Ca

∇
[
(φ2 − 1)2

Cn
+ GCn|∇φ|2

]
=−3B

√
2

16Ca

(
A1

A2

)
, (7.15)

where

A1 = 1

(1− κCn ζ )2
∂

∂ζ 1

(
(φ2 − 1)2

Cn
+ GCn

[
(1− κCn ζ )−2

(
∂φ

∂ζ 1

)2

+ 1

Cn2

(
∂φ

∂ζ

)2
])

,

(7.16a)
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A2 = 1
Cn

∂

∂ζ

(
(φ2 − 1)2

Cn
+ GCn

[
(1− κCn ζ )−2

(
∂φ

∂ζ 1

)2

+ 1

Cn2

(
∂φ

∂ζ

)2
])

, (7.16b)

and thus the additional terms at O(Cn−2) are

−3B
√

2
16Ca


0

∂

∂ζ

(φ̃2
0 − 1)

2 + G

(
∂φ̃0

∂ζ

)2



=−3B
√

2
8Ca

 0

∂φ̃0

∂ζ

(
G
∂2φ̃0

∂ζ 2
+ 2φ̃0(φ̃

2
0 − 1)

)
=−3B

√
2

8Ca

 0

(G + 2)
∂φ̃0

∂ζ

∂2φ̃0

∂ζ 2

 , (7.17)

having used (3.42). At leading order the first equation in the momentum is once again
∂ζ τ̃

12
0 = 0, where τ̃ 12

0 = ∂ζ ũ1
0, which thus gives ũ+0 = ũ−0 as in previous cases when

coupled to the results from the other equations, but the second momentum equation
now has an additional term, that is,

0= ∂

∂ζ
(−p̃0 + τ̃ 22

0 )−
3B
√

2
8Ca

(2+ G )
∂φ̃0

∂ζ

∂2φ̃0

∂ζ 2

= ∂

∂ζ

(
−p̃0 + τ̃ 22

0 −
3B
√

2
32Ca

(2+ G )(φ̃2
0 − 1)

2

)
, (7.18)

where τ̃ 22
0 = 2∂ζ ũ2

0 = 0, as ũ2
0 is independent of ζ , and using (B 3) in the simplification.

On integrating and setting the arbitrary function equal to zero (by considering
the matching behaviour as ζ → ±∞, where limζ→±∞ τ̃ 0 = 0, limζ→±∞ p̃0 = 0, and
limζ→±∞ φ̃0 =±1), we have

p̃0 =−3B
√

2
32Ca

(2+ G )(φ̃2
0 − 1)

2
. (7.19)

The next order, O(Cn−1), in the momentum equation then suggests

0=−


∂ p̃0

∂ζ 1

∂ p̃1

∂ζ

+

∂τ̃ 12

1

∂ζ

∂τ̃ 22
1

∂ζ

+ g̃0

Ca

∂φ̃0

∂ζ
e2

− 3B
√

2
4Ca

([
(3φ̃2

0 − 1)φ̃1 + G

2
∂2φ̃1

∂ζ 2

]
∂φ̃0

∂ζ
+ G + 2

2
∂2φ̃0

∂ζ 2

∂φ̃1

∂ζ

)
e2, (7.20)
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where the final term contains the differences from the CH model, which at this order
are

−3B
√

2
16Ca


∂

∂ζ 1

(φ̃2
0 − 1)

2 + G

(
∂φ̃0

∂ζ

)2


∂

∂ζ

[
4(φ̃2

0 − 1)φ̃0φ̃1 + 2G
∂φ̃0

∂ζ

∂φ̃1

∂ζ

]


=−3B
√

2
4Ca

 0

∂

∂ζ

[
(φ̃2

0 − 1)φ̃0φ̃1 + G

2
∂φ̃0

∂ζ

∂φ̃1

∂ζ

] , (7.21)

and the previous result follows. We may now combine this with the known results
from the original model to see how these extra terms affect our analysis. We have the
first equation giving

∂ p̃0

∂ζ 1
= ∂τ̃

12
1

∂ζ
, (7.22)

which on using the form for p̃0 above, in (7.19) – which clearly shows p̃0 = p̃0(ζ ),
since φ̃0 = φ̃0(ζ ) – then

∂τ̃ 12
1

∂ζ
= 0, (7.23)

and the classical tangential stress balance follows as for the CH model. For the second
equation we have

−∂ p̃1

∂ζ
+ ∂τ̃

22
1

∂ζ
+ g̃0

Ca

∂φ̃0

∂ζ
− 3B

√
2

4Ca
∂

∂ζ

[
(φ̃2

0 − 1)φ̃0φ̃1 + G

2
∂φ̃0

∂ζ

∂φ̃1

∂ζ

]
= 0, (7.24)

and integrating this from ζ =−∞· · ·∞ gives

−[p̃1]∞−∞ + [τ̃ 22
1 ]∞−∞ +

∫ ∞
−∞

g̃0

Ca

∂φ̃0

∂ζ
dζ

−3B
√

2
4Ca

[
(φ̃2

0 − 1)φ̃0φ̃1 + G

2
∂φ̃0

∂ζ

∂φ̃1

∂ζ

]∞
−∞
= 0. (7.25)

Using the equation for g̃0 (as in (3.44)), following the same process as for
the CH model, and noticing that the final term is zero as limζ→±∞ φ̃2

0 = 1 and
limζ→±∞ ∂ζ φ̃0 = 0, this then simplifies to

−[p̃1]∞−∞ + [τ̃ 22
1 ]∞−∞ +

κ

Ca
= 0, (7.26)

and finally matching this to the outer regions leads to

n · [(−p+0 + p−0 )I + τ+0 − τ−0 ] ·n=−
κ

Ca
. (7.27)

These results show that all of the classical conditions are recovered for this model
in the sharp-interface limit, and the pressure in the full model can be asymptotically
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connected to the continuum pressure regardless of the choice of G . In the bulk regions
we must have B = 1 for the classical equations to hold up to and including O(Cn2).

Considering the specific cases of G = {−2, 0, 2} with B = 1 for the Jacqmin,
Anderson et al., and Khatavkar et al. models respectively, there is no reason to pick
any in particular for convergence in the sharp-interface limit (or indeed to pick any of
these three). However, we note the interesting differences in the final calculation for
the inner region momentum at O(Cn−1). From (7.20) the second equation is

−∂ p̃1

∂ζ
+ ∂τ̃

22
1

∂ζ
+ g̃0

Ca

∂φ̃0

∂ζ

−3B
√

2
4Ca

([
(3φ̃2

0 − 1)φ̃1 + G

2
∂2φ̃1

∂ζ 2

]
∂φ̃0

∂ζ
+ G + 2

2
∂2φ̃0

∂ζ 2

∂φ̃1

∂ζ

)
= 0, (7.28)

and using g̃0 from (3.44), this is

−∂ p̃1

∂ζ
+ ∂τ̃

22
1

∂ζ
+ 3
√

2
4Ca

{[
(3φ̃2

0 − 1)φ̃1(1−B)−
(

1+ G B

2

)
∂2φ̃1

∂ζ 2

]
∂φ̃0

∂ζ

+ κ
(
∂φ̃0

∂ζ

)2

−B

(
G + 2

2

)
∂2φ̃0

∂ζ 2

∂φ̃1

∂ζ

= 0. (7.29)

For B = 1 this is therefore

−∂ p̃1

∂ζ
+ ∂τ̃

22
1

∂ζ
+ 3
√

2
4Ca

κ
(
∂φ̃0

∂ζ

)2

− 2+ G

2
∂

∂ζ

(
∂φ̃1

∂ζ

∂φ̃0

∂ζ

)= 0, (7.30)

and integrating gives

[p̃1]∞−∞ − [τ̃ 22
1 ]∞−∞ =

κ

Ca
− 3
√

2
4Ca

2+ G

2

[
∂φ̃1

∂ζ

∂φ̃0

∂ζ

]∞
−∞
. (7.31)

As before, we see that any value of G will lead to the correct normal stress
boundary condition, but G = −2 is special in that it does not require the argument
that limζ→±∞ ∂ζ φ̃0 = 0, although that is used elsewhere in the inner region.

For numerical implementation, the choice of G should have no effect on the ability
to approach a sharp-interface limit, and thus would not be expected to give any benefit
as a fitting parameter. It may, however, be determined for ease or speed of calculation.
In the case G = 0 the non-classical terms are most simply written in the ‘body force’
form of (7.10), although g must still be calculated separately, whereas G = 2 reduces
to the compact final form in (7.6). For G = −2 the forms of (7.4) look less compact,
but may have advantages in terms of computational ease depending on the efficiency
of certain operations and the numerical methods implemented.

8. Tensorial mobility
8.1. Governing equations with tensorial mobility

We consider the governing equations when the mobility has a tensorial form,
specifically γ = γT(I−n̂⊗n̂), motivated by Gugenberger et al. (2008), and we note that
a similar tensorial construction is considered by Nicoli, Plapp & Henry (2011), both
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used in phase field models for problems without coupling to hydrodynamic equations.
This suggests that diffusion occurs in the tangential direction to the interface, which
could be considered to be physically motivated for immiscible fluids, where diffusion
in all directions near to the interface could not be expected to be perfectly uniform.
Here the quantity n̂ is the unit normal on any curve defined by constant φ, hence

n̂=− ∇̆φ|∇̆φ| and thus n̂⊗ n̂= ∇̆φ ⊗ ∇̆φ|∇̆φ|2 . (8.1)

In non-dimensional form, the governing equations are (2.12)–(2.14), with

∂φ

∂t
+ u ·∇φ = β∇ · ((I − n̂⊗ n̂)∇g), (8.2)

where β = γTσ/L2U has been slightly redefined, and the other non-dimensional
parameters remain as in previous cases.

In the outer region we take the usual expansions (3.1), and at leading order in the
Cahn–Hilliard type equation when substituting the chemical potential form, we have at
O(Cn−1)

∇ ·
{(

I − ∇φ
±
0 ⊗∇φ±0
|∇φ±0 |2

)
∇ [(φ±2

0 − 1)φ±0
]}= 0, (8.3)

and the left-hand side may be seen to be automatically zero after some algebra. As
this is zero, we cannot determine the leading-order values for the order parameter,
a problem encountered in the model without hydrodynamics by Gugenberger et al.
(2008) and requiring modification of the tensorial form. Unlike there, however, we
have other equations to consider, and the momentum equations at O(Cn−1) are

1
Ca

3
√

2
4
(φ±2

0 − 1)φ±0 ∇φ±0 = 0, (8.4)

which, along with the requirement that φ±0 →±1 as the distance from the interface
increases to ±∞, determines φ±0 =±1. At O(1), we find the linearized Navier–Stokes
equations (3.2)–(3.3), and for the Cahn–Hilliard type equation we have 0 = O(Cn)
(details of this calculation are in appendix C). The next order gives

∇ ·u±1 = 0, (8.5)

Re

(
∂u±1
∂t
+ u±0 ·∇u±1 + u±1 ·∇u±0

)
=−∇p±1 +∇2u±1 +

3
√

2
2Ca

φ±1 ∇φ±1 , (8.6)

∂φ±1
∂t
+ u±0 ·∇φ±1 = β

3
√

2
2
∇ ·
[(

I − ∇φ
±
1 ⊗∇φ±1
|∇φ±1 |2

)
∇φ±2

]
, (8.7)

where it may be clearly seen that φ±1 must be a constant, or zero (indeed, as we
would require φ±1 → 0 as the distance to the interface increases, it would have to be
zero), for any non-classical effects to be negligible at this order. Unlike for the scalar
phase field case, the inner region will not prescribe a connection between g±0 (or φ±1 )
and the curvature of the interface κ , and thus these terms may be zero for curved
interfaces. Indeed, an outer solution of g= g± = 0 and φ = φ± =±1 is consistent with
the classical interface conditions to all orders in Cn.
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8.2. The inner region
As for the CH model, the leading-order continuity equation gives that ũ2

0 is
independent of ζ . The significant differences will occur in the Cahn–Hilliard type
equation, which in body-fitted coordinates in the inner region is

∂φ

∂t
+ (us + u) ·

[
(1− κCn ζ )−2 ∂φ

∂ζ 1
e1 + 1

Cn

∂φ

∂ζ
e2

]
= β

{
1
Cn

∂λ2

∂ζ
− κλ2

1− κCn ζ +
∂λ1

∂ζ 1
− Cnλ1ζ

1− κCn ζ
∂κ

∂ζ 1

}
, (8.8)

where

λ=
(
λ1

λ2

)
=
(

I − ∇φ ⊗∇φ|∇φ|2
)
∇g=

 ∂ g̃0

∂ζ 1
−
(
∂φ̃0

∂ζ

)−1
∂φ̃0

∂ζ 1

∂ g̃0

∂ζ

0

+ O(Cn), (8.9)

having used expansions (3.29); for further details see appendix C. This means that
there is no O(Cn−2) term in the expansion of this Cahn–Hilliard type equation, and
thus no restriction on g̃0 being independent of ζ is imposed. This then resolves the
issue with the original model, where g̃0 = κ = 0 if g±0 = 0 is imposed in the outer
region.

The leading-order equation is thus at O(Cn−1), and is

∂φ̃0

∂ζ
(us + ũ0) · e2 = β ∂

∂ζ
(0) , (8.10)

which gives that us
n =−u2±

0 , with no possibility of any spurious diffusion at this order,
without any further modification of the mobility from the tensorial form considered
here (that is, in particular, with no need to have an additional multiplicative term like
those in § 4). This then leads to the expected kinematic boundary condition for the
sharp interface defined by ζ 2 = 0.

It remains to analyse the chemical potential and momentum equations for this
model. The chemical potential equation is as for the CH model, in particular giving
(3.43)–(3.44) for the leading-order phase field and chemical potential, respectively. The
momentum equations also follow as for the original case initially, but we have the
crucial difference that here nothing is known about the dependence of ζ on g̃0.

At leading order the same results hold as for the CH model, where τ̃ 11
0 = τ̃ 12

0 =
τ̃ 22

0 = p̃0 = 0, and ũ+0 = ũ−0 . Similarly, the next order in the momentum equation then
suggests

∂τ̃ 12
1

∂ζ
= 0,

∂τ̃ 22
1

∂ζ
= ∂ p̃1

∂ζ
− g̃0

Ca

∂φ̃0

∂ζ
. (8.11)

Integrating the equations for the next-order momentum equations, we find

[τ̃ 12
1 ]∞−∞ = 0, [τ̃ 22

1 ]∞−∞ = [p̃1]∞−∞ −
1
Ca

∫ ∞
−∞

g̃0
∂φ̃0

∂ζ
dζ. (8.12)

Now ∫ ∞
−∞

g̃0
∂φ̃0

∂ζ
dζ = κ, (8.13)
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shown in appendix C, and thus matching to the outer region gives the interface
conditions

n · [τ+0 − τ−0 ] · (I − n⊗ n)= 0, (8.14a)

n · [(−p+0 + p−0 )I + τ+0 − τ−0 ] ·n=−
κ

Ca
, (8.14b)

which are the classical stress conditions, as in figure 1.

8.3. Extension to the tensorial mobility form
In the work of Gugenberger et al. (2008) for phase field models of surface diffusion,
where coupling to hydrodynamics is not considered, the tensorial form considered
in the previous subsection does not recover the classical boundary conditions for
their case because the leading-order outer solution is not unique. In our case the
hydrodynamic coupling overcame this feature, but it is of interest to note that the more
complex mobility will also recover the same results as for the tensorial form already
considered.

This more complex form is

γ = γT

(
I − 2Cn2 |∇φ|2

(φ2 − 1)2
(n̂⊗ n̂)

)m

= γT

(
I − 2Cn2∇φ ⊗∇φ

(φ2 − 1)2

)m

, (8.15)

for m ∈ Z+. The analysis follows the previous form, since in the outer region this
tensorial form behaves as γT(1 + O(Cn)), so follows the CH model, and in the inner
region the mobility behaves as I − n̂⊗ n̂(1+O(Cnm)), and so behaves like the previous
tensorial form.

9. Concluding remarks
We have analysed a number of binary fluid models in the sharp-interface limit,

allowing them to be easily compared. For one of the more prevalent models we
have shown that using a tensorial mobility, where diffusion is preferred in the
tangential direction to the fluid–fluid interface, allows the model to approach the
classical equations asymptotically to all orders in the Cahn number, rather than non-
classical terms entering at O(Cn). Binary fluid models are of great use in a variety of
applications, but in particular to flows with contact lines. The asymptotic behaviour in
the sharp-interface limit remains an open problem for the moving contact line in this
situation, with numerical work such as that by Yue et al. (2010) showing interesting
results to compare these models to slip-based models with a sharp interface between
fluids, where asymptotic analysis has been performed by Cox (1986) in the Stokes
flow regime for small capillary number, and extended for non-zero Reynolds number
flow (Cox 1998).

Analysis for the liquid–gas problem for contact line motion has recently been
considered (Sibley et al. 2013) in the sharp-interface limit, building on the work
of Seppecher (1996), who investigated the contact line region numerically. In the
study by Sibley et al. (2013) it was shown that many of the features of one of the
more complex continuum mechanical models for flows with the interface formation of
Shikhmurzaev (2008) (and analysed recently by Sibley, Savva & Kalliadasis 2012)
were reproducible by the liquid–gas diffuse-interface model. It is of interest to
understand the asymptotic behaviour of the contact line in this binary fluid setting
and to understand how it compares to other models suggested for resolution of the
moving contact line problem.
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Other problems of note for application of these models include wetting on
heterogeneous substrates and flows through porous media. Work on these subjects with
sharp-interface models has been performed by Savva, Kalliadasis & Pavliotis (2010),
Vellingiri, Savva & Kalliadasis (2011) and Savva & Kalliadasis (2013) and with phase
field models by Queralt-Martı́n et al. (2011), Schmuck et al. (2012) and Wylock
et al. (2012). Coupling of the latter strongly diffusive regime models to hydrodynamics
would be of particular interest. We should also note that the behaviour of droplets
on superhydrophobic substrates caused by topographical substrate heterogeneities, an
important application of wetting and multiphase flows, has been investigated with
numerical computations using van der Waals theory and lattice Boltzmann solvers
(closely related to phase field models) by Dupuis & Yeomans (2005), Biben & Joly
(2008) and Kusumaatmaja et al. (2008).

Finally, we note that we have investigated a number of different mobility forms in
this study. Future work to understand these forms using physical reasoning from the
microscale is thus of crucial importance.
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Appendix A
Another means to highlight the comparison between the way in which the

various models considered here augment the momentum balance of the Navier–Stokes
equations is to note that all models can be written as having the body force g∇φ/Ca
as in the CH model, but with modified pressures p̄. For the interested reader, this is
given in table 1.

Appendix B
B.1. Leading-order phase field solution

The leading-order phase field is given by a solution of (3.42). This has a general
solution in terms of elliptic functions given by

φ̃0 = A(ζ 1, t)

√
2

1+ A(ζ 1, t)2
sn

 ζ + B(ζ 1, t)
√

2√
1+ A(ζ 1, t)2

∣∣∣∣∣∣A(ζ 1, t)

 , (B 1)

where sn(z|m) is the Jacobi elliptic function sn, and A and B must be found through
the boundary or matching conditions (here φ̃0|ζ=0 = 0, φ̃0|ζ=±∞ = ±1). Note that
the ordinary differential equation w′′(z) − w(z)(2mw(z)2 − m − 1) = 0 has solution
w(z) = sn(z|m), which on applying m = 1 and the change of variable z = x/

√
2 gives

w′′ + w(1− w2)= 0, and the solution w= sn(x/
√

2|1).
Whilst this elliptic function form may be useful in certain circumstances, we can

obtain the solution (3.43), relevant to our situation, more easily by returning to the

original equation in (3.42), and noting that ∂φ̃0
[(∂ζ φ̃0)

2] = 2∂2
ζ φ̃0, so that the equation
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Model Modified pressure, p̄ Non-dimensional mobility

CH p β

Phase field dependent mobility p β(1− φ2) or β(1− φ2)
2

Allen–Cahn (non-conservative) p α

φ∇g body force p− φg

Ca
β

Jacqmin (1999) p+ 3
√

2
16Ca

[
(φ2 − 1)2

Cn
− 2Cn|∇φ|2

]
β

Khatavkar et al. (2006, 2007) p+ 3
√

2
16Ca

[
(φ2 − 1)2

Cn
+ 2Cn|∇φ|2

]
β

Anderson et al. (1998) p+ 3
√

2
16Ca

[
(φ2 − 1)2

Cn

]
β

Tensorial mobility p β(I − n̂⊗ n̂)

TABLE 1. Summary of models analysed through formulation as a modified pressure.
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becomes

−1
2

(
∂φ̃0

∂ζ

)2

+ 1
4
φ̃2

0(φ̃
2
0 − 2)= A=−1

4
, (B 2)

where the arbitrary constant of integration has been found using limζ→±∞ φ̃0 →±1
with limζ→±∞ ∂ζ φ̃0→ 0. This leaves the equation

−
(
∂φ̃0

∂ζ

)2

+ 1
2
(φ̃2

0 − 1)
2 = 0, (B 3)

with solution

φ̃0 = tanh
(
ζ√
2
+ B(ζ 1, t)

)
, (B 4)

corresponding to the case where A(ζ 1, t) = 1 in the general solution (B 1), and on
applying φ̃0|ζ=0 = 0 gives (3.43).

B.2. Solvability condition for φ̃1

For succinctness in the main text a fortuitous multiplication and integration was
performed to obtain a solvability condition for (3.44), allowing technical details to
be circumvented. Here we show how this is motivated by invoking the Fredholm
alternative (Fredholm 1903).

Returning to (3.44), we notice that it may be considered as a linear inhomogeneous
differential equation for φ̃1, as

L(φ̃1)=
(
∂2

∂ζ 2
− (3φ̃2

0 − 1)
)
(φ̃1)= κ ∂φ̃0

∂ζ
− 4

3
√

2
g̃B. (B 5)

The linear operator L is Hermitian, since for a general second-order operator

Lu≡ p0u′′ + p1u′ + p2u (B 6)

to be Hermitian, it is equal to

L†u≡ (p0u)′′ + (p1u)′ + p2u

= p0u′′ + (2p′0 − p1

)
u′ + u

(
p′′0 − p′1 + p2

)
. (B 7)

This occurs if p1 = p′0, which is true in our case since p0 = 1, p1 = 0, p2 =−(3φ̃2
0 − 1).

Thus by the Fredholm alternative the solvability condition for (3.44) depends on the
null space of the adjoint of L. To find this, consider

L†(φ̃1)= L(φ̃1)= ∂
2φ̃1

∂ζ 2
− (3φ̃2

0 − 1)φ̃1 = 0, (B 8)

and notice that from (3.42)

∂2φ̃0

∂ζ 2
= φ̃0(φ̃

2
0 − 1)⇒ ∂3φ̃0

∂ζ 3
= (3φ̃2

0 − 1)
∂φ̃0

∂ζ
. (B 9)
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Using this we find

∂2φ̃1

∂ζ 2

∂φ̃0

∂ζ
= ∂

3φ̃0

∂ζ 3
φ̃1⇒ ∂

∂ζ

[
∂φ̃1

∂ζ

∂φ̃0

∂ζ
− ∂

2φ̃0

∂ζ 2
φ̃1

]
= 0, (B 10)

and integrating this once and removing the arbitrary constant, as derivatives of φ̃0

are 0 as ζ →∞, we obtain a separable first-order equation for φ̃1, with solution
φ̃1 = As∂ζ φ̃0, where As is another arbitrary constant. This is now sufficient for us to
determine the solvability condition given in (3.50).

Appendix C
Details of some calculations in § 8 are given here. The Cahn–Hilliard type equation

at O(1) in the outer region is calculated as

0= 1
Cn
∇ ·
{(

I − ∇(φ
±
0 + Cnφ±1 + · · ·)⊗∇(φ±0 + Cnφ±1 + · · ·)

|∇(φ±0 + Cnφ±1 + · · ·)|2
)

× [(3φ±2
0 − 1)∇φ±0 + Cn

(
(3φ±2

0 − 1)∇φ±1 + 6φ±0 φ
±
1 ∇φ±0

)+ O(Cn2)
]}

= 1
Cn
∇ ·
{(

I − ∇φ
±
1 ⊗∇φ±1
|∇φ±1 |2

+ O(Cn)

)[
Cn(3φ±2

0 − 1)∇φ±1 + O(Cn2)
]}

= ∇ ·
{(

I − ∇φ
±
1 ⊗∇φ±1
|∇φ±1 |2

)
2∇φ±1

}
+ O(Cn)

= O(Cn), (C 1)

the last equality following as for the leading-order case, since for a generic function ψ(
I − ∇ψ ⊗∇ψ|∇ψ |2

)
∇ψ = 0. (C 2)

The vector λ appearing in the inner region analysis of the Cahn–Hilliard equation is

λ=
(

I − ∇φ ⊗∇φ|∇φ|2
)
∇g

=



 1

(1− κCn ζ )2 0

0 1

−


(

∂ζ1φ

(1− κCn ζ )2
)2

(∂ζ1φ)(∂ζφ)

Cn(1− κCn ζ )2
(∂ζ1φ)(∂ζφ)

Cn(1− κCn ζ )2
(

1
Cn

∂φ

∂ζ

)2


(1− κCn ζ )−2

(
∂ζ1φ

)2 + Cn−2
(
∂ζφ
)2



×


∂ζ1g

(1− κCn ζ )2
1
Cn

∂g

∂ζ

 , (C 3)
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and using expansions (3.29), we can thus expand λ in orders of Cn to obtain

λ=
(1+ 2Cn κζ + O(Cn2) 0

0 1

)
−

(
∂φ̃0

∂ζ

)−2

− 2Cn
∂ζ φ̃1

(∂ζ φ̃0)
3 + O(Cn2)

B



×


∂ g̃0

∂ζ 1
+ Cn

(
∂ g̃1

∂ζ 1
+ 2κζ

∂ g̃0

∂ζ 1

)
+ O(Cn2)

1
Cn

∂ g̃0

∂ζ
+ ∂ g̃1

∂ζ
+ Cn

∂ g̃2

∂ζ
+ O(Cn2)


= 1

Cn

(
1 0
0 0

)(
0
∂ζ g̃0

)

+


(

2κζ 0
0 0

)
−


0

∂ζ1 φ̃0∂ζ φ̃0

(∂ζ φ̃0)
2

∂ζ1 φ̃0∂ζ φ̃0

(∂ζ φ̃0)
2 −2

∂ζ φ̃1(∂ζ φ̃0)
2

(∂ζ φ̃0)
3 + 2

∂ζ φ̃0∂ζ φ̃1

(∂ζ φ̃0)
2



(

0
∂ζ g̃0

)

+
(

1 0
0 0

)(
∂ζ1 g̃0

∂ζ g̃1

)
+ O(Cn)

= 1
Cn

(
0
0

)
+


2κζ −

(
∂φ̃0

∂ζ

)−1
∂φ̃0

∂ζ 1

−
(
∂φ̃0

∂ζ

)−1
∂φ̃0

∂ζ 1
0


(

0
∂ζ g̃0

)

+
(

1 0
0 0

)(
∂ζ1 g̃0

∂ζ g̃1

)
+ O(Cn)

=

−
(
∂φ̃0

∂ζ

)−1
∂φ̃0

∂ζ 1

∂ g̃0

∂ζ

0

+
 ∂ g̃0

∂ζ 1

0

+ O(Cn), (C 4)

where

B11 = O(Cn2), (C 5a)

B12 =B21 = Cn
∂φ̃0

∂ζ 1

∂φ̃0

∂ζ
+ O(Cn2), (C 5b)

B22 =
(
∂φ̃0

∂ζ

)2

+ 2Cn
∂φ̃0

∂ζ

∂φ̃1

∂ζ
+ O(Cn2). (C 5c)
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Finally, in the analysis of the inner region momentum equations we use∫ ∞
−∞

g̃0
∂φ̃0

∂ζ
dζ =

∫ ∞
−∞

3
√

2
4

{
φ̃1(3φ̃2

0 − 1)−
(
∂2φ̃1

∂ζ 2
− κ ∂φ̃0

∂ζ

)}
∂φ̃0

∂ζ
dζ

= 3
√

2
4


∫ ∞
−∞

[
φ̃1(3φ̃2

0 − 1)
∂φ̃0

∂ζ
− ∂

2φ̃1

∂ζ 2

∂φ̃0

∂ζ

]
dζ +

∫ ∞
−∞
κ

(
∂φ̃0

∂ζ

)2

dζ


= 3
√

2
4

∫ ∞
−∞
κ

(
∂φ̃0

∂ζ

)2

dζ = κ. (C 6)
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