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SUMMARY

In this paper, optimal control of a 3PRS robot is performed, and its related optimal path is extracted
accordingly. This robot is a kind of parallel spatial robot with six DOFs which can be controlled
using three active prismatic joints and three passive rotary ones. Carrying a load between two initial
and final positions is the main application of this robot. Therefore, extracting the optimal path is a
valuable study for maximizing the load capacity of the robot. First of all, the complete kinematic
and kinetic modeling of the robot is extracted to control and optimize the robot. As the robot is
categorized as a constrained robot, its kinematics is studied using a Jacobian matrix and its pseudo
inverse whereas its kinetics is studied using Lagrange multipliers. The robot is then controlled using
feedforward term of the inverse dynamics. Afterward, the extracted dynamics equation of the robot
is transferred to state space to be employed for calculus of variations. Considering the constrained
entity of the robot, null space of the robot is employed to eliminate the Lagrange multipliers to
provide the applicability of indirect variation algorithm for the robot. As a result, not only are the
optimal controlling signals calculated but also the corresponding optimal path of the robot between
two boundary conditions is extracted. All the modeling, controlling, and optimization process are ver-
ified using MATLAB simulation. The profiles are then double-checked by comparing the results with
SimMechanics. It is proved that with the aid of the proposed controlling and optimization method of
this article, the robot can be controlled along its optimal path through which the maximum load can
be carried.

KEYWORDS: Parallel robot 3PRS; Modeling; Optimal control; Path planning; Indirect variation
algorithm.

1. Introduction

Parallel robots are widely applicable because of their special advantages, including their speed,
strength, stiffness, accuracy, and load-carrying capacity. One of the most popular parallel robots
is Stewart, which has six actuators supporting six spatial Degrees of Freedom (DOFs).! However,
the limited workspace of this robot decreases its applications. A new generation of parallel robots
is the 3PRS, which can be considered as a subset of Stewart’s robot. This robot can cover a wider
workspace in the plane of its end-effector as a result of its prismatic jacks, which are along the hori-
zon with fewer actuators required compared with the Stewart case. Furthermore, as the number of
connecting links between the base and the end-effector is three, the probability of jack interference is
lower than in Stewart. The robot has three active prismatic joints and three rotary passive ones, and all
of the spatial DOFs of the end-effector can be controlled with the aid of the mentioned joints. Thus,
the robot is constrained and, therefore, needs special consideration for its modeling, control, and
optimization. As the robot has an acceptable workspace and accuracy, it has several uses, specially
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in micro applications.> 3PRS robot has been studied by Li and Xu. They extracted the solution of
inverse kinematics of the robot using an analytical method and its direct kinematics using a numerical
method. Thereafter, they calculated the dynamics of the system using Lagrange’s method and virtual
work.? Pond and Carretero have optimized the structure of the 3PRS robot. They have investigated
three different types of this robot and introduced the one with the maximum workspace for mechani-
cal purposes.* A novel, Newton-based solution was delivered in> for analyzing the inverse dynamics
of the 3PRS robot. The method was based on projecting the reaction forces exerted on the passive
joints. Dynamics as well as control of the robot were studied in®” considering the frictional forces.
Staico also has extracted the dynamics of the system using Lagrange’s method and verified the results
by the aid of virtual work.® In 2014, Li et al. redesigned the robot in an optimal way using a method
based on sensitivity analysis of the system and using a defined cost function.® Boltzmann-Hamel
was employed in'® for modeling the system, and verification was performed using experimental
tests. Kinematic analysis of this robot was also performed using the finite element method in,!! and
the results were verified by conducting some experimental tests. The same authors then performed
the dynamic analysis using Boltzmann-Hamel method for micrometer applications.> There are many
methods through which the dynamic equation of the system can extracted. Each of the methods has
some advantages and disadvantages, and the proper method depends on the characteristics of the
studied plant. The most common method is Newton—Euler for which accelerations of all the forces
needs to be calculated, which is extremely difficult for a parallel robot with its heavy nonlinear
dynamics. Among the other common methods, Lagrange’s, Gibbs’s, Gibbs—Appell’s, and Kane’s
methods are available.'? Considering that the engaged constraints of the studied plant of this arti-
cle are holonomic, the best choice is Lagrange multiplier, as the other mentioned methods including
Gibbs, Gibbs—Appell, and Kane are more complicated requiring higher calculations that decrease the
speed of process and are not suitable for online and real-time control of the robot. Also with the aid
of this method, all the dynamic matrices of the robot including inertia, Coriolis, gravity, and Jacobian
can be easily determined. Considering that one of the most important applications of the robot is load
carrying, finding the optimal path through which the movement can be realized with the minimum
energy and maximum accuracy is a valuable study. This research makes it possible to transfer the
heaviest load between two special boundaries. As the robot is under-constrained, this optimization
should be performed using variations method on the dynamics of the system. The process of extract-
ing the optimal path and its corresponding optimal controlling signal can be divided into two general
categories, open-loop and closed-loop optimization, and for each, many different algorithms have
been developed.

Closed-loop optimization itself can be divided into linear and nonlinear optimization depending
on the nature of the dynamic of the system which is subject to the optimization process. For example,
linear optimization of Linear Quadratic Regulator (LQR) is employed for a flexible manipulator in.'3
However, this optimization is not exact as a linearization approximation is required for its dynam-
ics before the optimization process. Some nonlinear closed-loop optimization algorithms have been
also developed recently, such as State Dependent Riccati Equation (SDRE). This method can be
implemented for a specific category of nonlinear state spaces.'* Moreover in,'> Korayem et al. have
implemented SDRE optimal control on a serial robot. Although in closed-loop case the system can
be controlled in a robust way against the external disturbances, the optimization is not dynamically
acceptable as the optimization process can be applied just for the error part of the robot dynam-
ics, whereas in open-loop optimization cases, the more effective optimization can be realized as the
optimization will be implemented for the main dynamics of the system.

Extracting the optimal path of a system can be explained as an optimal control problem for which
two main algorithms can be employed including direct and indirect methods.'® In direct method, the
engaged parameters of the robot dynamics are directly optimized to results in an optimal cost func-
tion. The most popular numerical methods of this kind of optimization are neural networks!” and
genetic algorithm.'® In indirect methods however, variation calculation is employed as the required
optimization algorithm!® that results in a two boundary values problem. In the most direct algorithms
of the mentioned methods, an initial guess is required, and a complicated numerical or analytical
calculation needs to be performed. This process results in a nonexact solution with a significantly
time-consuming procedure.'®2° Indirect method is an analytical method of optimization, which can
be implemented for all the nonlinear systems with complicated dynamics through which the exact
optimum value of the system between two boundaries can be easily obtained with the least amount
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of error and time consumption.?! Therefore, in this article the most effective open-loop indirect
optimization method, which is an analytical method, is employed to extract the optimal path and
its related optimal control of the proposed robot. The proposed optimization method in this article
is Hamilton-Jacobi-Bellman (HJB), which is based on the analytical variation method. The reason
for selecting the mentioned method is its analytical nature that does not suffer from disadvantages
of numerical methods. The first disadvantage of numerical methods is that they are not generally
suitable for online applications, and the path planning should be done in an offline way, which is
not suitable for online applications of robotic systems. The second lack of these methods is the
risk of local optimization trap, whereas the analytical methods compute the global optimum points.
Moreover, the numerical methods are usually preferable when the exact model of the system is not
available, whereas in this research the complete model of the system that is derived can provide an
exact analytical optimization.

Sundar et al. have studied the optimal control of a robot using HIB in the presence of an obsta-
cle.?”? The time is optimized in this research, and it is shown that this method is efficient for online
optimization applications. Another time optimization using HJB method is related to®* in which
neural network is employed for solving the corresponding equations of HIB. It is shown that their
proposed method converges to the optimal solution for a system with nonholonomic constraints.
Korayem et al. also have employed the HIB for extracting the optimal path between two boundaries
of a flexible robot. The cost function of optimization is the load-carrying capacity of the robot, and
an indirect solution is proposed here for solving the HIB equations.?* This method is also employed
for extracting the optimal path of an aircraft in order to minimize the fuel consumption of the air-
craft.?® It is shown here that both the direct and indirect solutions of this optimization formulation
are significantly efficient. Korayem et al. have proposed a new nonlinear optimization method for
maximizing the load of a robot in%® that is based on HJB. In this method, a combination of direct and
indirect solutions is employed in which both feedback terms and Galerkin’s method are engaged.
The efficiency of the proposed method is verified by conducting experimental tests on the Scout
robot. The same authors have employed the nonlinear closed loop-HJB for flexible arm robot and
showed the superiority of this method compared to feedback linearization and robust sliding mode
controllers.?” Galerkin’s method and iterative approximation are used to solve the complicated HIB
formulations here, and the efficiency of the robot is examined on the Puma robot. Korayem et al. have
determined the load-carrying capacity of a Puma robot with flexible joints.?® The employed method
is a numerical algorithm based on iteration method. Korayem and Nikobin also have calculated the
load-capacity of a redundant constrained robot using variation method in.?° The cases studied in the
mentioned works are a simple two-linkage robot or other kind of serial robots that do not show the
complexity of using the proposed method for more complicated robots. As studied in the literature
of this article, the proposed optimal controller is the best way of analytical optimization for dynamic
systems as other optimal controllers are either closed loop that only optimize the error dynamics,
or they are numerical methods that are not mostly suitable for online and real-time applications of
robot control. Besides the superiority of the proposed optimal controller is proved by the comparative
simulation of the first comment that is added to the article.

As it can be seen through the mentioned literature, there are not enough researches about the
dynamic analysis of 3PRS robots and especially no analytical optimization has been performed for
this robot so far. Thus, in this article the complete kinematic and kinetic modeling of the robot are
represented considering the constrained equations of the system. Both position and velocity kine-
matics of the robot are studied using Denavit—Hartenberg’s (DH) method, and Jacobian formulation
is extracted in its forward and inverse modes. Dynamic formulation of the robot is extracted using
Lagrange multipliers, and its inverse dynamics is employed as the feedforward signal of the robot
control while its forward mode is also solved as the plant of the robot to verify the proposed solu-
tions. Afterward by eliminating the Lagrange multipliers and using the state space of the system,
the formulation of indirect optimization algorithm is implemented on the dynamics of the system
so that not only the optimal path of the robot is extracted but also its relevant controlling signal is
calculated. The correctness of modeling the system is verified by comparing the results of MATLAB
and SimMechanics, whereas the efficiency of the proposed optimization method is checked by con-
ducting some analytical and comparative simulation scenarios in MATLAB. It is shown that by using
the proposed optimization method for the mentioned robot, the end-effector replacement can be done
with the best status of accuracy and least amount of energy consumption.
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Fig. 1. Schematic view of the parallel mechanism of 3PRS.

The structure of the article is as follows: In the second section, a representation of the robot mod-
eling including of kinematics and kinetics is delivered. Then in section three, the state space of the
robot is extracted, and Computed Torque Method (CTM) is implemented to control the robot in its
open-loop state. Afterward, in section four the formulation of optimization and its corresponding
boundary conditions are derived and are then solved using the Boundary Value Problem (BVP) algo-
rithm. Finally, the correctness of all of the stated modeling and control of the system and also the
efficiency of the proposed optimization method for the robot are verified with the aid of some analyt-
ical and comparative simulation scenarios conducted in MATLAB and comparing the corresponding
results with the results of SimMechanics. It is shown that implementing the indirect optimization
algorithm on the 3PRS robot can result in an accurate replacement of the load with the least amount
of required force.

2. Modeling of the 3PRS Robot

Consider a 3PRS parallel robot as shown in Fig. 1 through which six DOFs of circular end-effector
of B1B;Bs are controlled using three active prismatic S, S, and S3 and three passive angles of
o1, @y, az. Point O is the origin of the global coordinate while points A; are the initial origin of the
slides.

2.1. Kinematic modeling
The coordinates of the key points of the system are:

w3 a3

0 0 2 2
O=|0|, Ai=|0], Aa=| ¢ |, A2= 0 . (D

0 a —a —a

2 2

where a is the length of the prismatic jacks. In this article DH method is employed to solve the kine-
matics of the system and extracting the position of all of the links as it calculates the centroid of all
the linkages of the system which are engaged in calculating the energies of the system. As Lagrange’s
method is used to extract the kinetic equations of the plant, the mentioned position data that can be
easily provided using DH is necessarily required. As the centroid coordinates and body inertias are
extracted with respect to the global coordinates in this method, the energy terms of the system can
be calculated easier, and thus this approach is preferable rather than other approaches. Also the kine-
matic constraints of the robot are extracted with the aid of the position of the joints in direct and
inverse solution. Using DH method, we have the following parameters can be seen in Table I*°:
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Table 1. DH parameters.

Link ¢ 8 d ©

OoCl 0 -9 a-—s 90
oc2 0 -9 a—-s 90
OC3 0 -9 a-s3 90

where e is the distance between the two z axes along x, B is the angle between two z axes around
x, d is the perpendicular distance between two origins along the previous z axis, and @ is the angle
between two x axes about the previous z-axis. Also The parameters related to OC2 and OC3 are
calculated by rotating the coordinate C1 around the coordinate O and placing it along the prismatic
line S2 and S3. The related homogeneous transformation matrix considering the table parameters is
as follow:

Hg] = RZ,G)Tz,de,eRx,ﬁ . ()

where R, @ is the rotation of ® around the axis z and 7 ;4 is the translation of d along the axis z. Two
other links are the same as the previous one except that they have also rotation around the axis y.
Thus, we have:

r0—-10077100 0 100071 000
go—| 10001010 0 0100(|00 10
«a~[0010|[00la—s |[0010]]|0-100]
Lo0oo01fLo00 1 0001]L0 001
[ c(Z) 0s(Z)0 | [0-1007100 0 100071 000
go—| O 1.0 0p1 1000|010 0 0100(|00 10 3)
@7 | =s(Z)0ce(3)0|[[0010[[00la—s, |[0010]||0-100 |
000 0 1|Looo1r]Loo0 1 0001]L00 01
[ c(-F) 0s(-F)0][0-1007[100 O 100071000
o — 0O 1 0 Oo|lLOO0O|[O10 O 0100(|00 10
o7 | —s(=Z)0c(-Z)0 [ |00 10| [00la—s|{0010]|[0-100
0 0 o 1|/Looo1]Lo00 1 0001]L0 001

Here C() and S() are abbreviation of cos and sin, respectively. S; is the displacement of the prismatic
joint C;. The coordinate of B; with respect to global coordinate in O is:

[ sin ;

B¢
|: ’:| :HZ,» lcosa; |. i=1,2,3 @)
(81,82,83,01,0,03) 0

where [ is the length of each link and «; is the angle of the link attached to the joint C;. Rotation of
the moving plate is considered here with respect to the global coordinate attached to the point O and
is represented based on Roll, Pitch, and Yaw:

copct —spcyr + copsOsyr spsyr + copsOcyr
Ryoy =R, Ry oRyy = | spcO cocyr +spsOsyr —cosyr + spscyr |. (5)
—s6 cOsyr cOcyr

where [x, y, z, ¥, 0, ¢] are the workspace DOFs of the platform. As the point p is known as p =
[xyz]" we have:

NLYERNE
2 2
[Btl) Bg Bg ](x,y,z,x/;,@,w) =r [1 1 1] +R‘/’x9x1// 0 0 0 . (6)
b b
2 2
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Fig. 2. Local and global coordinates for calculating the moments of inertia.

Also kinematic constraints of the mechanism considering Egs. (4) and (6) are:

h BY By
Sl = B — | B =0. (7)
B? B2
fo 3Gy y.0.9) 3 1(51,8,85,01,00,03)

In order to extract the velocity kinematics of the robot, Jacobian matrix is calculated as it
is a suitable and applicable method when the position constraints of the system are available
through DH table. In order to extract the velocity kinematics of the system considering ¢ =
[x,v,2, ¥, 0, ¢, ay, oz, 03, 51, S2, s3]7, Jacobian matrix can be extracted as follows from which the
relation between the joint space velocity and workspace speed can be defined:

Agx12q12x1 =0

d 129
fi=0o Yoy My g j—12, 05 of
dt i=1 0gi =
. 4 8)
A1q1 +Axq2 =0 . -
q1 =Jox3q>

— 3 G1=4(1:9) , §=4(10:12)

J=—A'A,
A =ACG,1:9), Ay =A(, 10:12)

2.2. Dynamics
Both inverse and forward dynamics are extracted here. In inverse dynamics, it is desired to calculate
the required prismatic force of the jacks in a way to provide a desired path for the end-effector
platform. In order to meet this goal, Lagrange method is employed. As the robot is constrained, firstly,
all of the 12 parameters of [x, y, z, ¥, 0, ¢, o1, a2, 3, 1, $2, s3]7 are considered as the generalized
coordinates of the robot. The corresponding kinetic energy of the robot can be calculated using the
following equation:

T, =50, " Ly, + MV, v,

3 —
T[ = Z (%a), Tllia),- + %mv,- r V,') ’ r= TP * Tl ' (9)
i=1

where T),, M are energy and mass of the moving platform whereas 77, m are the same parameters for
the links. 1, is the moment of inertia of the moving platform, and /;; is the same parameter for the ith
link with respect to the global coordinate. Considering Fig. 2, the moment of inertia of each link is
first calculated with respect to the local coordinates (xyz),; and is then transferred to the global one
through the rotation matrix. Similarly, the moment of inertia of the moving platform is first calculated
in the coordinates (xyz), and is then transferred to the global one.
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Considering the above figure, it can be written:

R =R} R, ;. (10)
where [j;, I, can be calculated as:
My 00 tm0 0
I=Ryoy | O sMB* O Rl ,,. Li=Rj| 0 0 0 |R. (11)
0 0 ;Mp? 0 03mP

All the velocities are considered with respect to the reference coordinates:

0
,C()l‘=Rf.i 0 7vi=_tGi1

w,=1| 6 |,vp=
—& d (12)

¢

2o e =

Gi=H? [0.5lsine; 0.5lcose; 01]".

where G; is the center of gravity of ith link. Also the potential energy of the robot can be calculated as:

3
I
U=Mgy+mg> > sina. (13)

i=1

where g is the gravitational acceleration of the earth. Using Lagrange multiplier method, we have:

d (0L oL 2. . i
J— —_— _—— )\,—: is :1,,12
dt <3f}i) oM i Qi

0q;i =1 9q;
{L:T— U,
0=[[0li9 Fi F> F5]".

where Q is the generalized force of the system, and f; is the constrained relations. Now we have:

d (9LY_ 8 (OL\. 9 (OLY.
dt\9g:) " ag; \0g; ) VU ag; \og )

3 <8L> 9 <8L> L ofi
—\==)=mj, —\7—|=¢Ci, —=8&, =0
ag; \ 94 " 9g; \ 94 A

using the Lagrange multiplier and conducting the related calculations, the dynamic equation of the
robot movement can be extracted as follows:

(14)

(15)

Mi+Cq—G+A"r=0. (16)

where M is the inertia matrix, C is Coriolis matrix, G is gravity vector, A is the gain matrix
of Lagrange multipliers, and Q is the generalized force of the system, and these parameters are
calculated for this robot as:

[1000 0 0 0 0 0 0 O O
0100 0 0 0O O O O O O
0010 0 0 0O O O O O O
OOOI’H44 Nys Mye 0 0 0 0 0 O
0001”154 Nnss5 Nse 0 0 0 0O 0 O
M= 000 Meg Mes NMeg 0 0 0 0 0 O
~10000 O O myp O O O O O ’
0000 O O O mgO O O O
0000 O O O O myO O O
0000 0 O O O O0O01O0 O
0000 O O O O O 0010
(0000 0 0 0 0 0 0 001],
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0000 0 0 0 O 00007 0

0000 O O 0 0 O0O0O0O -9.8

0000 O O 0 0 O0O0O0O 0

000C44C45C46 0 0 0000 84

000654C55€5(, 0 0 0000 85

C= 0006’64C65C(,6 0 0 0000 G= 86
10000 0 0c¢7 0 0000 I -

0000 O O 0«3 O000O0 83

0000 O 0 O 0 cp00O0 89

0000 O O O 0 0000O0 0

0000 O O O 0 000O0 0

0000 0 0 0 0 0000, 0 (17
_—1 0 0 aj4 adys dle 0 0 0 0 0 0 ] B )\.1 7]
0 —-10 az4 dzs dye A7 0 0 0 0 0 )»2
0 0 —1 as 4 ass 0 as g 0 0 —1 0 0 )»3
-1 0 O ag 4 aq5 A4.6 0 asg g 0 0 —0.86 0 )»4

A= 0 -10 as 4 ds s dse 0 asg 0 0 0 0 ,)»: )»5

0 0 —1 ae .4 de,s5 0 0 ae.8 0 0 0.5 0 )\6
-1 0 O ar4 ajs are 0 0 az g 0 0 —0.86 )»7
0 —-120 ag 4 dg.5 dg.6 0 0 asg.g 0 0 0 )”8
| 0 0 —1 ag 4 495 0 0 0 ag g 0 0 0.5 dox12 _)\,9 |

in order to eliminate the Lagrange multipliers, considering the dynamic equation of the robot the null
space of the system can be defined as below?!':

{ AS=0 { =25V
> . e . T s (N 2> ° (18)
v=[S152S3] g=58v+Sv

where S is the related null space matrix. The Jacobian matrix which is stated in Eq. (8) is employed
in the dynamic equation of the system as Eq. (18). Thus, this matrix is calculated numerically and
in an online way through which the mentioned dynamic equation can be simulated. This matrix
which is also the null space of A and has the elements which are too large and could not be stated

parametrically; however, these elements are calculated numerically in the simulation codes. In order
to calculate the derivative of the null space we have:

AS=0 — AS+AS=0 — §S=—-A"1AS
. (19)

A—l :AT(AAT)—I

Considering the Eq. (16) and multiplying the equation by S” and substituting the Eq. (18) in this
formula we have:

STM(SV + S%) + STCSv — STG = F
(20)

STQ=F=[F\ Fs F,]"

thus, for extracting the inverse dynamics that can be used as the feedforward controlling term of
the robot, it is sufficient to calculate the desired s; from the desired path of the moving platform
using the explained kinematics and considering the constrained relations of Eq. (7). Similarly, the
forward dynamics of the system that is required for simulating the plant of the system can be covered
by solving the coupled differential equations of Eq. (20), while the calculated force of the inverse
dynamics is the input and the workspace DOFs of the system are the related output of the robot.

3. Optimal Control of the Robot

Here it is desired to extract the optimal path between two definite boundary conditions through which
a specific objective function could be minimized. Optimization will be performed using variation
method. This is an accurate analytical optimization method that can optimize the robot movement
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globally and in an online way. The convergence rate of this optimization method depends on the
boundaries of the system that should be considered within the workspace of the robot. The process
of optimization using variation results in solving the two boundary values problem. The first step is
to define the proper objective function. As the system has constraints, these constraints should be
defined and considered in the related Hamilton function. By selecting }?ﬁxl =[51, S2, S3, vT]T as the
states of the system, its corresponding state space can be developed as:

T 0 1
= M - [W} i [(STMSW]F . @1)
W= (S"MS)~'ST(G— CSy — MS'V)

the above equation that is the independent dynamic equation of the robot in its state space form is
considered as the related constraint of the Hamilton function. Suppose that the following objective
function should be minimized:

1

J=h(x(t), t) + f " g (0), u(t), Hdr. (22)

1o

where x is the state space of the system, u is the input, g is the function that is subject to be mini-
mized during the motion, and # is the function that should be minimized at the final boundary of the
movement. The general form of the Hamilton function is as follows:

H(x(t), u(®), P, 1) = g(x(t), u(®), 1) + A" (t) [a(x(@), u(t), ]. (23)

where A is co-states of the system, and a is the function of constraints. In this article, the objective
function is considered just during the motion and so we have:

J= / fg()?(t),ﬁ(z),z)dz. (24)

e

where X is the vector of state space and F' is the controlling input of the system. As these two
parameters are paradoxical, a compromise function between them is considered as the related cost
function of optimization:

.. P [
gX (), F(0), 1) = zxTRx + 5FTPF. (25)

where the best choice of the optimization gains of R, P can be set as follows:

[1x3,.. 0 - 0 10---0
0 1/X3 0 01 0
R= , _ . =|. .
L 0 0 ”'l/Xémax 6x6 00---1 6x6 (26)
[1/F2. 0 0 100
P= 0 1/F3.. O =010
2
L 0 0 /3 a 3x3 001 3x3

Thus, the related Hamilton function of Eq. (23) for our case study is:

lorpe  Larpz o7 v 0 o
HX(t), F(t), A(1), t) = EX RX + EF PF + A" (1) W + (STMS)"! F). 27
where X(t) =[r (D), 12(0), ..., Le(t)]" shows the co-states of the Hamilton function and is the vector

of Lagrange multipliers of the robot equations. Employing the optimality principle in calculus of
variations, three following sets of differential equations should be solved simultaneously:
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2 oH
X0 = 2000, F (0,300, 28)
= =22 e, @, 2000, 1. 29)

0X
6=2H x 0, F*1), A ), ). (30)

oF

the above 2n coupled differential equations of order one should be solved using the following 2n
boundary conditions:

X (1) = Xo

‘ . (3D
(22X (1), 1) — F*(1p)]" 8X; + [HX* (1), F*(15), M (1), 1) + 22 (X*(1p), 17)] 817 = 0

first of all, Eq. (30) should be solved to find the optimum value of F*(¢). By substituting this optimum
value in Egs. (28) and (29), the optimum Hamilton function can be achieved. Finally, these two
coupled differential equations should be solved simultaneously using the initial and boundary values
of Eq. (31). Considering Eq. (30) we have the following optimal input:

Fr=—(S"MS)™ s hs i ] (32)

also the related boundaries results in the flowing form for our case of study in which the boundaries
and time are fixed and predetermined:

X (1) = Xo

. 33

X(tr) =Xy 9
it is now enough to solve the differential equations in Eqgs. (28) and (29) using the above boundary
conditions. Overall flowchart of optimal control of the 3PRS robot using the indirect method can be
seen in Fig. 3.

Comparing the results of the proposed optimal controller with a regular regulator shows the supe-
riority of the proposed method over other ordinary regulators. In order to conduct the mentioned
comparison, a nonlinear regulator is designed based on a CTM + PD to guide the end-effector toward
the desired final boundary:

F(t) =STM (8% + Sv) + STCSv — STG + F(H)pp

R 51 51 . (34)
F(t)pDZer+Kdé ,e=| 5 — |
83 f 53 P

where the indexes f and a denote the final boundary and actual position of the generalized coor-
dinates, and K),,K; are the controlling gains of the proportional and derivative portion of the PD
controller. The controlling gains are tuned using pole placement method. The robot model is lin-
earized around its operating point, and the desired poles are selected as [-2 -2 -2 -1 -1 —1].
According to these desired poles, the required controlling gains are obtained as K,= [0.2235 0.0212
0.0212], K;=[0.3353 0.0317 0.0317].

As explained, in the conventional variation method of optimal control, the boundary condition can
be just implemented on the states of the system including the position and velocity of the DOFs of
the robot. Considering that a motion with a nonzero acceleration at starting and ending moments of
robot movement results in an impulse and shock on the device in these two moments, it is worthy to
improve the extracted optimal path to satisfy the mentioned zero acceleration for the initial and final
conditions. To meet this goal, the optimal path that is extracted using the mentioned optimal control
is afterward subject to a curve fitting to implement the mentioned constraint. Thus, the following
polynomial with 30 unknown gains is supposed to be fitted on the extracted optimal path:

30
foy=> pit. (35)
i=1
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Now six constraints can be satisfied using six gains of the mentioned polynomial including the
position, velocity, and acceleration of the initial and final positions. The rest 24 gains can be then
determined substituting 24 middle points of the extracted optimal path of the mentioned optimal
control strategy on the fitting curve. Implementing the mentioned improvement algorithm for the
first slider in the extracted optimal path, the following values can be calculated:

Pt P2 ... Do
P71 P8 ---P12
P25 P26 - - - P30
—0.0056 0.0588 —0.2743 0.7181 —1.0470 0.4151
1.7004 —4.4457 6.0200 —5.5234 3.8631 —2.5334
1012 2.0491 —1.9102 1.5868 —1.0515 0.5455 —0.2223
0.0714 —0.0181 0.0036 —0.0006 0.0001 —5.6083 x 10~°
0.3449 x 107° —0.0140 x 10=° 0.0003 x 10~° 0 0 0.4
(36)
the same strategy is performed for the optimal path of the second slider, and the following gains are
obtained:
P1 P2 --. D6
P71 P8 ---P12 B
P25 P26 - - - P30
—0.0063 0.0669 —0.3187 0.8677 —1.3964 1.0239
0.8543 —3.4311 4.8865 —4.3125 2.6771 —1.5339
1012 1.3592 —1.5343 1.4323 —1.0084 0.5408 —0.2248
0.0732 —0.0187 0.0037 —0.0006 0.0001 —5.8953 x 10~°
0.3633 x 107° —0.0140 x 10=° 0.0003 x 10~ 0 0 0.4
(37
And for the third slider we have:
Pt P2 ... Do
P71 P8 ---DP12 B
P25 P26 - - - P30
—0.0065 0.0702 —0.3374 0.9327 —1.5542 1.3121
0.4324 —2.9026 4.2862 —3.6799 2.0721 —1.0310
102 1.0094 —1.3363 1.3435 —0.9780 0.5336 —0.2240
0.0733 —0.0188 0.0038 —0.0006 0.0001 —5.9810 x 10~°
0.3690 x 107% —0.0150 x 1076 0.0003 x 107 0 0 0.4
(38)

4. Simulation Study

The first part of simulation study is devoted to verify the correctness of the robot modeling. This
is performed by comparing the direct and inverse models and also by comparing the results with
SimMechanics. In the second part of simulation study however, the optimal path is extracted, and
the path planning of the robot is performed. It is shown that through the proposed optimization
approach the optimal path can be planned between two boundaries through which the least amount
of controlling effort is required.
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Fig. 3. Overall flowchart of optimal control of the robot using indirect method.
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Table II. Engaged parameters for simulating the 3PRS robot.
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Parameter Symbol  Unit Value
Jacks’s course a (m) 0.8
Radius of the moving platform b (m) 0.2
Length of the links (m) 0.5
Mass of the moving platform M (kg) 1
Mass of the links m (kg) 0.1
Gravitational acceleration g (m/s*) 9.8

In order to verify the correctness of the modeling and efficiency of the proposed optimal path plan-
ning, the mentioned constrained parallel robot of 3PRS is modeled in MATLAB and SimMechanics,
and its related optimal path is extracted using MATLAB for the parameters of Table II:

4.1. Model verification

In the first step of verification, the robot is modeled in MATLAB, and its related results are compared

with SimMechanics. The scheme of the modeled robot in SimMechanics is depicted in Figs. 4 and 5:
Consider the following path as the desired trajectory of the sliders S;, which results in the desired

platform trajectory of X:

s1=0.4+0.17 — 0.154
$5=04—0.18 +0.15 .
s3=0.4—0.2£ 4+ 0.3

(39)
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Fig. 5. The scheme of the robot modeled in SimMechanics.
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Fig. 6. Comparison of the generalized coordinates and generalized forces between MATLAB (C) and
SimMechanics (S).

In order to perform the verification of the modeling, using the mentioned desired path of the
joint space, and considering the constrained Eq. (7), other generalized coordinates are extracted.
Furthermore, the corresponding generalized forces of the robot are calculated using two software,
and the results compared to check the correctness of kinetic modeling:

As can be seen in Fig. 6, an acceptable compatibility exists between the profiles of MATLAB
and SimMechanics, which proves the validity of the robot modeling. Here in order to verify
the correctness of the solution method, the actual kinematic results of the end-effector move-
ment that have been obtained by solving the forward dynamic and using the proposed method
are extracted and compared with the desired trajectory that has been gained by the solving the
kinematics.

As can be seen in Fig. 7, the actual movements of the end-effector that have been calculated in
this article have a good compatibility with the desired trajectory of the end-effector with an error
of less than 10~3, which is related to numerical error of the employed software. In addition, as
can be seen in Fig. 8, the rotation of the platform and its speed are compared here between the
inverse and direct dynamics and the same conclusion can be made regarding the validity of the
modeling.
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Fig. 8. Comparison of the actual and desired angular movement of the end-effector and its speed.

4.2. Optimal control verification

The optimization process is performed in the joint space of the robot. Thus, any desired boundary of
the robot in its workspace can be converted to a desired boundary in joint space in order to implement
the optimization process. In order to check the efficiency of the proposed optimal controller, the
optimal path is extracted according to the mentioned optimization method between the following
definite joint space boundaries with a determined time duration of 1 s, and the results are compared
with a random path with the same boundaries:

|

Initial and final position are set within the workspace of the robot in a way that the constraints would
not be violated considering the mentioned kinematics of the robot and also the desired boundary
velocities of the jacks” movement are set to be zero. To check the optimality of the extracted path,
a random manual path that is selected according to the function of Eq. (39) is considered, and the

S(tp) =10.4; 0.4; 0.4]

S(tr) =[0.35; 0.45; 0.5] (40)
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Fig. 9. Comparison of the optimal and random path of the robot in the joint space of the system.
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Fig. 10. Comparison of the required force of the jacks between the optimal path and the random one.

related controlling efforts are compared for these two motions. The corresponding comparison is as
Fig. 9 in the joint space of the robot.

It can be seen that as expected the robot starts from rest and reaches its final desired position in
a smooth way during the determined time interval with final velocity of zero. The corresponding
required forces of the jacks to realize the extracted optimal path are also determined using Eq. (32)
and are illustrated in Fig. 10.

And the related workspace optimal path of the robot and its comparison with the random trajectory
can be seen in Fig. 11.

It can be seen that the required jacks’ forces are significantly decreased for the extracted optimal
path, and this fact can also be proved by the Fig. 12 through which the cost function values are
compared for these two paths.

The evaluation of the related integrate of the considered cost function during the simulation is also
compared in Table III.
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Table III. Comparison of the integrate of the cost
function between the two paths.

Cost Function

Integration between [0,1]

Optimal Case
Arbitrary Case

2.799
4.0908

Table IV. Comparison of the integrate of the cost function
between the two paths.

Cost Function

Integration between [0,1]

Optimal regulator 2.799
rdinar regulator .
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Fig. 11. Comparison of the optimal and random path of the robot in the workspace of the system.

Thus, it can be concluded that the proposed optimal controller can successfully guide the end-
effector of the robot between the desired boundaries with a good accuracy and the least amount of
energy consumption.

In order to check the efficiency of the proposed optimal regulator, the optimal path is extracted
according to the mentioned optimization method between the following definite joint space bound-
aries with a determined time duration of 1 s, and the results are compared with an ordinary PD
regulator with the same boundaries. The trajectory of the end-effector movement using the men-
tioned PD regulator can be seen in Fig. 13, in which the final boundary is satisfied, and the final
velocities and accelerations are also zero as expected.

Also the related controlling effort for the required generalized force of the system for the
mentioned nonlinear regulator can be seen in Fig. 14.

The evaluation of the related integrate of the considered cost function during the simulation is also
compared in Table IV.

Thus, it can be concluded that the proposed optimal controller can successfully guide the end-
effector of the robot between the desired boundaries with a good accuracy and the least amount of
energy consumption, and its optimality is significantly higher than the mentioned regular regulator.

4.3. Zero acceleration at boundary

It was seen through the simulation study that the extracted path through the proposed method has
nonzero acceleration at the boundaries, and the states can be controlled through this method at the
boundaries. As the zero acceleration is important at boundaries in robotics, an additional curve-fitting
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Fig. 12. Comparison of the cost function between the optimal and random paths of the robot.
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Fig. 14. Comparison of the optimal and ordinary PD regulator controlling effort.
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Fig. 15. Complete conformity of the curve-fitting data (CF) on the reference optimal path (OR) for the first
slider.
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Fig. 16. The acceleration profile of the first slider optimal path.

algorithm is proposed and added to the proposed optimization approach through which the limitation
of zero acceleration can be overcome.

A motion with a nonzero acceleration at starting and ending moments of robot movement results
in an impulse and shock on the device in these two moments. Therefore, it is worthy to improve the
extracted optimal path to satisfy the mentioned zero acceleration for the initial and final conditions.
To meet this goal, the optimal path that is extracted using the mentioned optimal control is afterward
subject to a curve fitting through which the mentioned constraint can be implemented. The optimal
path of the first slider is improved as follows:

As can be seen in Figs. 15 and 16, not only the position and velocity constraints of the boundaries
are satisfied, but also the extra constraint of zero acceleration of the boundaries are satisfied in a good
way. The related optimal path of the second slider can be seen in Figs. 17 and 18.

And the third slider’s optimal path is showed in Figs. 19 and 20.

As shown in the improved profile of the optimal path of these sliders again the desired constraints
related to acceleration are satisfactorily satisfied. As a result, using the proposed method of this
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Fig. 17. Complete conformity of the curve-fitting data (CF) on the reference optimal path (OR) for the second
slider.
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Fig. 18. The acceleration profile of the second slider optimal path.

article not only results in an optimal path for the system that satisfies the ordinary boundary values
of position and velocity but also can improve the path in a way that results in a zero acceleration in
the boundaries that decreases the applied impulse and shock to the device significantly.

According to the performed simulation, the accuracy of the regulation process, the extracted opti-
mal path has satisfied the final boundary with an accuracy of order of 1073, Also the numerical
stability of the written code is satisfactorily high. It is observed through the numerous simulations
conducted that about 80% of the selected boundaries that are within the workspace of the system can
be simulated through the proposed optimal controller, and its related optimal path can be calculated.
The computational efficiency of the employed optimal control strategy can be estimated considering
the required time of calculation. For the conducted simulations with various boundaries within the
workspace, the average time consumption was about 4 h with a Core i7 processor. Thus, the over-
all statistics show that the proposed optimization method is an applicable and efficient approach for
online implementation in the robot.
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Fig. 20. The acceleration profile of the third slider optimal path.

5. Conclusion

In this article, a new version of the parallel robots was studied, which has an acceptable workspace
and a good capability for load transferring. Complete modeling of the robot, including its kinemat-
ics and kinetics was represented, which is a perquisite for control and optimization of the robot.
Implementing Lagrange multipliers, the dynamic equation of the constrained system was extracted
using a strong method of Lagrange multiplier elimination method based on NOC. Afterward, an effi-
cient open-loop analytical optimization method, that is, indirect variation method was employed to
optimize the accuracy and consumed energy simultaneously for transferring the load between two
boundaries. It was explained that such optimization is valuable as the load-carrying capacity of the
robot in its dynamic mode can be significantly increased. To implement the proposed optimization for
the constrained case study of this article, a new technique was proposed through which the dependent
generalized coordinates of the system and the related multipliers were eliminated using null space
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of the system so that the required calculations of the two boundary values problem could be signifi-
cantly simplified. As a result, not only was the optimal path extracted but also its related controlling
input was calculated. Also using the proposed method of this article not only results in an optimal
path for the system that satisfies the ordinary boundary values of position and velocity but also can
improve the path in a way that results in a zero acceleration in the boundaries that decreases the
applied impulse and shock to the device significantly. All the mentioned modeling, controlling, and
optimization processes were verified by conducting some analytical and comparative simulation sce-
narios in MATLAB while the modeling of the system was double-checked by comparing the results
with SimMechanics. It was seen that the modeling of the system is valid as good compatibility can
be observed between the results of MATLAB and SimMechanics. Also the actual and desired paths
of the forward and inverse models are satisfactorily similar to each other with 99.9% accuracy. The
mentioned comparison in dynamics also showed the efficiency of the designed controller based on
CTM. Afterward, the proposed method of optimization was conducted in MATLAB through the two
boundary values problem, and the optimal path and its related controlling inputs were extracted. The
efficiency of the proposed optimization was examined by comparing the results of the optimal path
with the results of a manual random path between the same boundaries. It was observed that more
31% minimization in the considered cost function is realized by the aid of the proposed optimiza-
tion. The extracted optimal path has an accuracy of the order 107>, and the numerical stability and
computational efficiency of the written code are satisfactorily high. Also in order to decrease the
implemented shock and jerk to the system at the boundaries, and additional curve-fitting algorithm
was also proposed and coupled to the optimization process through which the acceleration of the
boundaries can be set to zero in addition to the states. Therefore, it was seen that using the opti-
mization results of this article, a proper robot for load transferring, that is, 3PRS can be successfully
modeled and controlled while the maximum load can be transferred between two boundaries using
the best accuracy and the least amount of consumed energy.
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