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Abstract. In this article, we revisit the notion of some hyperbolicity introduced by Pujals
and Sambarino [A sufficient condition for robustly minimal foliations. Ergod. Th. &
Dynam. Sys. 26(1) (2006), 281-289]. We present a more general definition that, in
particular, can be applied to the symplectic context (something that was not possible for the
previous one). As an application, we construct C! robustly transitive derived from Anosov
diffeomorphisms with mixed behaviour on centre leaves.
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1. Introduction

In short, dynamical system theory is the study of motion and we want to understand
the behaviour of most orbits. Typically, the structure of the orbits is very complicated,
for example, in some cases, there are orbits that almost fill the whole space, making it
indecomposable from the dynamical point of view. That is what is called transitivity:
a dynamical system is said to be fransitive if it has a dense forward orbit. Even more
interesting are the systems that present a dynamical feature that is stable or robust (meaning
that it persists under perturbation). We say that a dynamical system is robustly transitive
if there is a neighbourhood of the system (in some particular topology) such that every
system in this neighbourhood is transitive.

The first example of a C! robustly transitive diffeomorphism was given by Anosov in
[1], where he proved that uniformly hyperbolic diffeomorphisms (today called Anosov
diffeomorphisms) are stable under C' perturbations. As a corollary, every transitive
Anosov diffeomorphism is in fact C 1 robustly transitive. Years later, Shub [17] constructed
the first non-Anosov C'! robustly transitive diffeomorphism on the torus T and later,
R. Maiié improved this result and introduced an example on T3 [14]. Both Shub’s and
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Mafié’s examples are isotopic to linear Anosov diffeomorphisms and for that reason, they
are called derived from Anosov examples (from now on, DA diffeomorphisms). Another
way to construct C! robustly transitive diffeomorphisms was introduced by Bonatti and
Diaz in [3]. Their technique is based on the existence of some particular hyperbolic
subsets called blenders. With this geometric approach, the authors were able to build
examples Cl-close to time-r maps of Anosov flows (hence, isotopic to the identity)
as well as examples C'-close to the product of Anosov times the identity (therefore,
with trivial action on the centre). All these non-hyperbolic examples are partially
hyperbolic (although there are also C! robustly transitive examples that are not partially
hyperbolic [4]).

In [16], Pujals and Sambarino introduced the SH property (some hyperbolicity) for
partially hyperbolic diffeomorphisms. This property, which is C! robust, in addition to
minimality of the strong stable foliation, implies C' robust minimality of the strong
stable foliation; therefore, C! robust transitivity. As an application of this approach, they
re-obtained the examples of Shub and Mafié.

Our contribution in this article is the introduction of a more general concept of
SH property that we called the SH-saddle property. This new definition is a natural
generalization of the previous SH definition and, as a consequence, it can be applied to
a larger number of cases. In particular, it has the advantage of being applicable in the
symplectic context (something that the previous definition could not be).

Let us be more precise. We say that a diffeomorphism f : M — M is partially
hyperbolic if there exists a non-trivial Df-invariant splitting TM = E}S &) E? @ E;‘c"
of the tangent bundle and numbers Ay, A, Aj‘, Ay with Ay <1 <Ay and Ay < A <
AT < Ay such that

IDflgsll < s A7 < IDfelpsll <38, < m(Dfelguo).

We will denote by PH (M) the set of all partially hyperbolic diffeomorphisms of M. It is
well known that the strong bundles E f}’c“ and E ;ﬁ integrate into unique invariant foliations
W}“ and W}S, respectively, called the strong unstable and strong stable foliations [11].
For * = uu, ss, and for any x € M, we denote by W;’; (x) the leaf of W}‘ through x. In
the following, for any * € {ss, uu}, we denote by dyy+ the leafwise distance, and for any
x € M and for any € > 0, we denote by W;(x, e):={ye W;’Z(x) : dw} (x,y) < ¢} the
g-ball in W} of centre x and radius €.

Now, given a R-vector space V with an inner product, we say that a cone in V
is a subset C such that there is a non-degenerate quadratic form B :V — R such
that C = {v € V : B(v) < 0}. Analogously, we can express the cone C according to a
decomposition V = E @ F:

C={v= (g, vp): lvell < Olvrl}

for some 6 > 0. In this case, we observe that B(v) = —62%|vr||? + ||vg]|?. We are going
to say that the number 6 in the equation above is the size of the cone. In some cases, we
will note by Cy instead of C to emphasise the size of C. The dimension of a cone is the
maximal dimension of any subspace contained in the cone.
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Finally, given f € PH(M), we are going to say that a d-centre cone in x € M is simply
a cone C(x) in E; (x) of dimension d < dim E;c
We now introduce the main definition of the article.

Definition 1.1. (SH-saddle property for unstable foliations) Given f € PH (M), we say
that the strong unstable foliation W}i“ has the S H-saddle property of index d < dim E ?
if there are constants L > 0, 8 > 0, Ag > 1 and C > 0 such that the following hold. For
every point x € M, there is a point y € W]”c” (x, L) such that the following hold.

(1) There is a d-centre cone field of size 6 along the forward orbit of y which is
Df-invariant, that is, there exist Cj (flon c E;(fl(y)) such that Df (C4 (') c
CY(f1(y)) forevery I > 0.

2) ||ij'jl(y)(v)|| > Chgllv|| for every v € Cg(fl(y)) and every [, n > 0.

Notice that if the strong unstable foliation has SH-saddle property of index d = dim E ;-,
we get the original definition of SH property introduced in [16]. The only difference is
that we express the uniform expanding behaviour in the centre bundle in terms of a cone
criterion. This allows us to treat the case where there is expansion in a subbundle of the
centre subspace instead of the whole centre bundle. Moreover, since properties that are
presented in terms of cones are, in general, robust in the C! topology, we are able to prove
that this new SH-saddle property is C! open among partially hyperbolic diffeomorphisms
(Theorem 2.8).

We can make an analogous definition of SH-saddle property for the strong stable
foliation. In this case, we ask for the invariance of the cones for the past.

Definition 1.2. (SH-saddle property for stable foliations) Given f € PH (M), we say that
the strong stable foliation W}s has the S H-saddle property of index d < dim E 3} if there
are constants L > 0, 6 > 0, Ag > 1 and C > 0 such that the following hold. For every
point x € M, there is a point y € W}S (x, L) such that the following hold.

(1) There is a d-centre cone field of size 6 along the backward orbit of y which
is Df~!-invariant, that is, there exist C5(f’(y)) such that Df ~1(C5(f!(»))) C
Cs(f'=1(y)) for every I < 0.

2) ||Df]’Z,(y)(v)|| > CAy" ||v]| for every v € Cg(fl(y))) and every [, n < 0.

With this new approach, we first give a sufficient condition for a DA diffeomorphism
to be C! robustly transitive (Theorem 3.8). As an application of this result, we are able
to build new C! robustly transitive DA diffeomorphisms, in particular, with any centre
dimension and with as many different behaviours on centre leaves as desired. Moreover,
these examples can be made in a way such that they have mixed behaviour on centre leaves.
In particular, they present a dominant splitting that is not coherent with the hyperbolic
splitting of their linear Anosov part, a difference with its predecessor DA examples ([3, 4,
14, 17)).

THEOREM A. Let n > 4 and let A € SL(n, Z) be a hyperbolic symmetric matrix with

a splitting of the form R" = E’ ® EY* ® E}" @ EY". Denote by E§ = E}* ® E}"
and let k = dim E > 2. Then, there exist a C U robustly transitive partially hyperbolic
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diffeomorphism f : T" — T", isotopic to A with a splitting of the form TT" = E}‘f <)
E‘f <) 3?“ such that dim E? =dim E} for * = ss, ¢, uu, and with k + 1 fixed points
P0s P1» - - - » Pk such that index(p;) = j +dim E%’ forevery j =0, ... k.

Moreover, the centre bundle ES does not admit a dominant splitting. In particular, the
splitting of f is not coherent with the hyperbolic splitting of A.

We remark that in the theorem above, E is strictly hyperbolic, but the proof for the
case where EY is entirely contracting or expanding works as well. In these last cases, the
result is basically contained in [16] with the difference of dealing with the minimality of
the strong unstable foliation instead of transitivity.

Let us mention that in his PhD thesis, Potrie [15, p. 152] constructed a C 1 robustly
transitive example on T2, but in this case, the example’s dominant splitting is not coherent
with its Anosov part, although the definition of partial hyperbolicity here is a bit different.
Recently, Carrasco and Obata showed in [6] that the example introduced in [2] is C !
robustly transitive. This example, although it is a skew product on T*, has the particularity
of having mixed behaviour on the centre (which is two-dimensional) and therefore makes
it a new example. The authors mention in the paper that their example cannot have the
SH property (the original version). However, it follows directly from the calculations in
their article that the example has the SH-saddle property. Therefore, at the moment, every
known example of C'! robustly transitive partially hyperbolic diffeomorphism verifies the
SH-saddle property of some index.

In addition to the examples in Theorem A, we also present two additional examples
of C! robustly transitive partially hyperbolic diffeomorphisms. These examples are, in
a sense, similar to those in Theorem A, but with a different flavour. The first one has
the particularity of being symplectic and it has the SH-saddle property. Recall that the
original SH property is incompatible with being symplectic, so this example shows that the
SH-saddle property is useful in the symplectic context. The second example is different
to the last ones since the set of points of the manifolds where hyperbolicity fails is not
localized in small neighbourhoods of fixed points.

Finally, let us mention that the robust minimality of the strong foliations, which is the
main purpose of the original SH definition in [16], is out of reach, since the same strategy
Pujals and Sambarino made is not adaptable to the saddle case, and some new approach is
needed. In fact, just the minimality of the strong foliations for a DA diffeomorphism, like
those in Theorem A, is not easy to get, since even for true Anosov diffeomorphisms, this
is a very difficult problem. Recently, it was announced by Avila, Crovisier, Eskin, Potrie,
Wilkinson and Zhang that W** is minimal for every C!** Anosov diffeomorphism of T3.

We end this introduction by presenting a few questions to which at the moment, we do
not know the answers.

Question 1.3. Ts it possible to obtain a criterion for the C' robust minimality of the strong
foliations in the SH-saddle case, as that obtained by Pujals and Sambarino in [16]?

Question 1.4. Does every C! robustly transitive partially hyperbolic diffeomorphism
verify the SH-saddle property of some index?
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Question 1.5. Does transitivity in addition to the SH-saddle property imply C' robust
transitivity?

1.1. Organization of the paper. In §2, we prove that the SH-saddle property is a C!
open condition among partially hyperbolic diffeomorphisms. In §3, we present a criterion
for DA diffeomorphisms that guarantees C! robust transitivity. Finally, in §4, we apply the
previous results to build new DA examples and prove Theorem A.

2. SH-saddle property is C' open

The Definitions 1.1 and 1.2 of the SH-saddle property are given for the strong unstable
and strong stable foliations, respectively. In many parts of the article, we will need the
presence of the two simultaneously, thus for simplicity, we give the following definition of
the SH-saddle property for diffeomorphisms by grouping together these two.

Definition 2.1. (SH-saddle property for diffeomorphisms) We say that f € PH(M) has
(d1, dr) SH-saddle property if the following conditions hold:

1) W‘}S has the S H-saddle property of index d;

(2)  W}" has the S H-saddle property of index d>.

Remark 2.2. Notice that, not necessarily, we have d| + dy = dim E<, in fact, in many
cases, we are going to have d| + d» < dim E} For simplicity, in some parts of the article,
we are going to omit the indices (dj, d») and we are just going to say that a partially
hyperbolic diffeomorphism has the SH-saddle property.

Remark 2.3. The SH-saddle property does not depend on the choice of the Riemannian
metric.

As a consequence of the previous remark, we get the following fact.

PROPOSITION 2.4. A partially hyperbolic diffeomorphism f has the SH-saddle property if
and only if fN has the SH-saddle property for some N € N.

Let us introduce some notation that will be useful in the article and will help us to
get a better understanding of what the SH-saddle property means. Let f € PH(M) be
such that its unstable foliation has the SH-saddle property of index d < dim E; and let
L>0,0>0,1 > 1and C > 0 be the constants given by Definition 1.1. We can define
the following subset:

H;' 4(f) ={y € M : conditions (1) and (2) of Definition 1.1 are satisfied}.
Then, the unstable foliation has the SH-saddle property of index d if and only if
H (()NW(x, L) #0 forevery x € M.

In the same way, let f € PH(M) be such that its stable foliation has the SH-saddle
property of index d and let L > 0, 8 > 0, Ao > 1 and C > 0 be the constants given by
Definition 1.2, then we can define the following subset:

https://doi.org/10.1017/etds.2025.10192 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2025.10192

Some hyperbolicity revisited 3805

H);) 4(f) ={y € M : conditions (1) and (2) of Definition 1.2 are satisfied},
and the stable foliation has the SH-saddle property of index d if and only if
H, ()N W;-S(x, L) #@ foreveryx € M.
Remark 2.5. The sets Hfo’d(f) are closed subsets of M for * = +, —.

In the reminder of this section, we are going to prove that the SH-saddle property is
C! open among PH(M). According to Definition 2.1, we only have to prove that having
an unstable manifold with the SH-saddle property, Definition 1.1, and having a stable
manifold with the SH-saddle property, Definition 1.2, are C! open properties. We are going
to focus on the unstable case, since the stable case is completely symmetric. We begin with
a few simple lemmas that only use the properties of the C! topology.

LEMMA 2.6. Suppose that the unstable foliation of f € PH(M) has SH-saddle property
of index d. Then, there is 59 > 0 such that if d(y, H;('),d(f)) < 8o, then y and f(y) have
d-centre cones C*(y) and C*(f(y)) such that Df (C*(y)) € C*(f(y)).

Proof. We know that for every x € H;(r) . 4(f), there is a cone C* (x) which is D f-invariant.
Now, for the first part of the lemma, just notice that since the family of centre cones comes
from a non-degenerate quadratic form, we can extend this quadratic form to neighbours by
continuity. For the invariance, just observe that Df is uniformly continuous. O

Since the family of cones varies continuously, the same family of cones in the lemma
above is still invariant for every g sufficiently C! close to f. Then, we obtain the following
lemma.

LEMMA 2.7. Suppose that the unstable foliation of f € PH(M) has the SH-saddle
property of index d, and let 8y > 0 be as in Lemma 2.6. Then, there is a C'-neighbourhood

Uo(f) of fsuch that if g € Un(f) and d(y, H;., 4(f)) < 8o, then Dg(C"(y)) S C*(g(»)).

Now, we are ready to prove the main theorem of this section.

THEOREM 2.8. Suppose that the unstable foliation of f € PH(M) has the SH-saddle
property of index d. Then, there are constants ). > 1, L > 0 and a C'-neighbourhood V of
fsuchthat, if g € V, then H)i'd(g) NWg"(x, L) # V) for every x € M (that is, the unstable
foliation Wg““ has the SH-saddle property of index d with constants . > 1 and L > 0).

Proof. Take f € PH(M) such that its strong unstable foliation has the SH-saddle
property of index d. That means there are constants Ag > 1, Lo > 0 and C > 0 such that
Definition 1.1 holds. Then, we have

H;E () NW(x, Lo) # 0 forevery x € M.

Let §o > 0 and Uy(f) be as in Lemmas 2.6 and 2.7. Take ¢ > 0 such that Ao/(1 +¢) =
A1 > 1. Take e > 0, 81 € (0, §o) and U1 (f) € Up(f) suchthatif g € Ui (f),d(x,y) < 1
and v € Ty M has ||v|| = 1, then

IDfx(v) — Dgy(w)l| < e,
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where w = Py y(v) € Ty M is the parallel transport of v from x to y. We can take € > 0
small enough such that if d(x, y) < &1 and g € Ui (f), then
1 _ DA 1 _mDf)

< <1l+c¢ and < <1+ec. 2.1)
14+¢ I Dgyll I+c ™ m{Dgy}

Finally, let KT = sup{||Df|ge)ll : x € M} and K~ = inf{m{Df|ge(v)} : x € M}. We
can assume that K+ and K ~ are C'-uniform on a neighbourhood U (f) € Ui (f).
Letm; € Z* be large enough such that

)™ >2 (2.2)

and moreover, for any g € U>(f) and any x € M, we have
Wt (g™ (x), Lo) C g™ (Wg" (x, 81/4)). (2.3)

Now, take m, € Z™" sufficiently large and take A, such that
CAP (K™ =2 > 1. (2.4)

Let Us(f) and 87 € (0,81/2) be such that if d(x,y) <8 and g € U3(f), then
d(f7(x), 8 (y) < 81 for0 < j < ma.
Finally, take Us(f) C Uz (f) such that for every g € Us(f), we have

dn V" (x, Lo), H;o 4(f)) < 82.

We claim that every g € V = Us(f) has unstable manifold with the SH-saddle property
of index d. In fact, we are going to see that g0 has this property for kg = m| + m», with
constants L = 2Lg and > > 1 (where A, comes from equation (2.4)). Then, we conclude
by Proposition 2.4.

To see this, take g € V and x € M. We know there are points x; € H):; 4(f) and
75 € Wg“ (x, Lo) such that d(xg, z;5) < &2. Notice that since 8> < 89, we know there is
a centre cone C" (z()).

Now, let v € C"(zg). Since d(xy, z5) < 82, we have that d(f/(xg), gj(zg)) < 8 for
0 < j < my. Then, we have

IIDf,;zQ(w)II ( 2o
>

my
_ my
T tom >C 1+C) lwll = CA = wll, (2.5)

IDg" ()| =
0
where w = Pu yu(v) is the parallel transport of v from g 0 x. Now,

ki _
IDgz0 )| = IIDg ity oy (Dg )| = (K" CAT? vl = Aavll. (2.6)
0 8"2(zp) %0

m(z

Now, by (2.3), we can apply the same argument to Wg” (gho (zg)» Lo), and we can find
points x{' € H;(') 4(f)and z{ € Wg”” (gko (zg)» Lo) such that d(x{, z{) < 8. Then, there is

a centre cone C*(z) and for every vector v € C*(z}), we have ||Dgf,9(v)|| > Az|lv]|. Call
1
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V= g‘ko (zg). Now, by equation (2.3), we have that g7 (z) € Wg,‘”(gmz(y{’), 81/4) and
this implies that
“ « T S _81 &
d(xg, y) < d(xg, y9) +d(yg, y{) <&+ 757 + 7= 81 < do
and there is a d-centre cone CY( y’f). Moreover, we have that
d(g/ (), g7 (z)) < 81 forevery 0 < j <m;
and by applying the same calculations as in equations (2.5) and (2.6), we have

20 = 1) (vl

1Dg}s

Inductively, we can find sequences {z};},eN, {y¥}nen and {x]},en, which verify the
following:

oz e Wi ), Lo);

o xieH! ()

o d(z, x)) < 82

o Y=g M.

Notice that since zi € Wi*(g*(z%_,), Lo), we have d(g*0(z4), z4_,) < 81 /4 by equa-
tion (2.3). Then, by equation (2.2), we have

A",y =d(gRm=D "y, g7k (7))
1

B B B . B 51 n—1 1 n+1
=d(g ko(n 1)(15_1),g ko(n 1)(g kO(ZZ)) < Z(E) :51<—) .

By the triangular inequality, the distance between xg and yy, is

n n 1\/*! UNRNAR!
d(xg,y,L:)sd(xg,ng;d(y;f1,y7)562+;al<§) <§0<§) 81 < 81

since 8, < 81/2. Then, there is a d-centre cone C*(g/ (¥#)) such that Dg(C”(g/(y,”l‘))) C
CU (gt (1)) for every j € {0, . . ., nko}. Moreover, y¥ € Wi*(x, 2Lo).
By the same reasons as above, if v € C% (g% (¥¥)), we have

10875, . @ = (2) o]l forevery 0 <i+j <n.

Finally, if we take y € Wg” (x, 2Lo) as an accumulation point of {y} },cn, we obtain that
there is a d-centre cone C* (gl(y)) - Eg(gl(y)) such that Dg(C* (gl(y))) C C”(g”‘l(y))
for every [ > 0 and || Dg/* (v)|| > /\§'||v||, for every v € C*(g*o(y)) and j, I > 0. O

Since the C'-openess of the SH-saddle property for stable manifolds is completely
analogous, we get the following corollary.

COROLLARY 2.9. The SH-saddle property in equation (2.1) is C' open among PH(M).

We end this section with a key corollary from Theorem 2.8 that we are going to use in
the next sections. First, let us say that D is a centre disk of dimension d < dim E ? if it is
a d-dimensional embedded disk contained in some centre plaque.
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COROLLARY 2.10. Let f € PH(M) be such that its unstable foliation has the SH-saddle
property of index d and let > > 1, §1 >0 and V as in Theorem 2.8. Take g €V,
x" e H;:d (g) and D" a centre disk of dimension d tangent to C* (x"). Then, there is N > 0
such that g"(D") contains a centre disk of dimension d, centred at g" (x") of diameter
bigger than 281 for everyn > N.

Analogously with the stable foliation.

Proof. First, recall that U (f) and §; > 0 come from equation (2.1). Then, just notice
thatif g € V C U (f) and d(x, x*) < &1, then their distance is expanded by A > 1 for the
future in the C* direction. In particular, their distance in the centre leaf is d(g(x), g(x*)) >
Ad(x, x") > A81 > 81. Then, no matter how small is the centre disk D¥, eventually by
induction, we obtain a centre disk with diameter bigger than 26 . O

3. Derived from Anosov revisited
In this section, we are going to present a sufficient condition for derived from Anosov
diffeomorphisms to be C! robustly transitive. We begin by explaining what we mean by
derived from Anosov diffeomorphisms.

Take n € N with n > 4 and let p : R* — R"/Z" = T" be the canonical projection.
Take A € SL(n, Z) a hyperbolic matrix with a dominant splitting of the form

R" = ES @ EY* @ EY" @ E“ 3.1)

and denote by f4 the linear Anosov diffeomorphism induced in the torus T”, that is, f4 o
p = p o A. By a slight abuse of notation, we are going to note f4 = A. In addition to this
decomposition, we can group together the two middle bundles and call E§ = E}* @ E}"
the centre bundle. This way, we get a dominant splitting of the form

R" = E5 @ ES @ E%".

With this splitting, we can think of A as a partially hyperbolic diffeomorphism too. We say
that f : T" — T" is a derived from Anosov diffeomorphism if it is isotopic to A. Now, we
let PH 4(T") be the set

PHA(T") ={f € PH(T") : f = A, dim E} = dim E}; for x = 55, ¢, uu},

where f >~ A means the maps are isotopic. Then, PH(T") is the set of partially
hyperbolic derived from Anosov diffeomorphisms, such that the dimensions of the
subbundles coincide with the dimensions of the linear subbundles. By the results of
[8], we know that every f € PHa(T") is dynamically coherent, that is, the bundles
E }‘f @ ES, E; D E 7(” and E} integrate to invariant foliations denoted by W¢*, W]cp” and
W;, respectively.

3.1. Derived from Anosov with SH-saddle property. In this subsection, we are going to
show that for every linear Anosov A : T" — T" as above, there is a derived from Anosov
diffeomorphism with the SH-saddle property with a given index (actually the same index
as its linear part).
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E‘z“
1(Dy)
Dy
Dy
(D)
o
T U
Dy
Wf(l‘, 1)

f(D1)

FIGURE 1. Finding a point whose forward orbit never meets U (colour online).

LEMMA 3.1. Let A € SL(n, Z) be a hyperbolic matrix with a dominant splitting as in
equation (3.1). Take ¢ > 0 and call U = B(0,¢) C T" = R"/Z". Take f; : T" — T" an
isotopy such that:

(1) fo=Aand fi = f;

2)  filye = Alyc foreveryt € [0, 1];

(3) dim E; = dim Ej; for every x = 55, c, uu and every t € [0, 1].

Then, if € is sufficiently small, f € PHa(T") has the (d, dy) SH-saddle property, where
dy = dim EY}* and d, = dim E}}".

Proof. Take f as in the hypothesis. We can assume that & is small enough to send
ft to the quotient T" = R"/Z". It is clear that a diffeomorphism f built this way
belongs to PH4(T"). By taking an iterate, we can suppose that [|[Dfy| E;“(x)” >4
for every x € T". Now take 0 < € < 1/4. Then, for every x € T", there is a point
% € WA‘;“ (x, 1) such that W’;” (25, 1/HNU = 9. Call Dy = Wl’;" (zy» 1/4). In the same
way, since f(Dgy) 2 Wf;”(f(zg), 1), we can find a disk Dy = W;t“ (z1,1/4) C f(Do)
such that D; N U = . Inductively, we get a sequence of unstable disks {D;} j>¢ such that
D;NU = forevery j > 0and f~1(D;) C D;_; (see Figure | above). Finally, the point
X" = ﬂjzo =/ (D;) never meets U in the future. Since f is equal to A outside U, we get
that the point x“ is hyperbolic for the future, and so the unstable manifold W;‘c“ has the
SH-saddle property of index d».

In the same way, we can find a point x* in every strong stable leaf of large 1, such that
the past orbit of x* never meets U. Once again, since f = A outside U, the same argument
as above shows that W;S has the SH-saddle property of index d;. O
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3.2. A criterion for openess. In this subsection, we present a result that we are going to
apply for the proof of the main theorem. Roughly speaking, it says that given a continuous
function between topological spaces of the same dimension, and such that the fibres
(preimages of points) of the function are small enough, then the image of the function
must contain an open set. The version we are going to use comes from [12], which is an
improvement from a result of [5, Proposition 3.2]. We begin with a few definitions.

Definition 3.2. Suppose f : X — Y is a continuous function between metric spaces.
We say that y € Y is a stable value if there is € > 0 such that if d-o(f, g) < €, then

y € Im(g).

Remark 3.3. Let Y = R" and suppose that f : X — R" has a stable value y, then Im(f)
contains an open set. To see this, take € > 0 from the definition of stable value, and take
a vector v € R? with |v|| < €. Then, the map g : X — R? defined by g(x) = f(x) — v
satisfies d-o(f, g) = ||v|| < €. Since y is a stable value, there is a point x € X such that
g(x) = y and this is equivalent to f(x) = y 4 v. Since v was arbitrary, we get Br» (y, €) C
Im(f).

Definition 3.4. Given a continuous function f : X — Y and p > 0, we say that f is p-light
if for every y € Y, the connected components of f~!(y) have diameter smaller than p.

PROPOSITION 3.5. [12, Theorem F] Given d € N and r > 0, there is p = p(d,r) > 0
such that every p-light map f : [—r, r]* — R? has a stable value.

The version stated in [12] is for maps f : [0, 1]¥ — R, but the proof can be adapted
to maps f :[—r,r]? = R? for a fixed r > 0. Now, combining this proposition and
Remark 3.3, we have the following corollary.

COROLLARY 3.6. Fix d € N and r > 0, and take the corresponding p = p(d,r) > 0
from Proposition 3.5. Then, the image of every p-light map f : [—r, r]¢ — R¢ contains
an open set.

3.3. Robust transitivity for DA diffeomorphisms. In this subsection, we are going to
present a robust transitivity criterion for DA diffeomorphisms. This result will be used in
the next section for the proof of Theorem A.

Let A € SL(n, Z) be a hyperbolic matrix with a dominant splitting as in equation (3.1).
Take f € PHA(T") and let fbe a lift to R". By [9], we know there exist a continuous and
surjective map Hy : R" — R" suchthat Ao Hf = Hy o f The map Hy is Z"-invariant
and, therefore, it induces a continuous and surjective map sy : T" — T” such that ks o
f = Ao hy. Moreover, the map H varies continuously with the diffeomorphism f in the
CO-topology and the distance deo(Hy,Idg;) = dco(hy, Idy) < oo. In particular, we have
that do(Hy, Idj;) — O when f — A in the €9 topology.

Notice that we are making an abuse of notation since the map H is determined by f
instead of f. However, this is not a problem since given two lifts fl and ]72, there is an
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integer vector v € Z" such that f{ — ﬁ = v and this implies that Hy, = Hy, + w, where
w=—(A-1Id)"(v):

fo o) = Hp (@) +w = Hpy (i —v) +w
= Hy, oﬁ()?)—u—i-w:Aonl(f)—v—i—w
=AH[X)+w)—Aw+w—-—v=A0cHp(X) — (A —Id)'(w) —v
= Ao Hp(X).
Observe that the matrix A — Id is invertible since A is hyperbolic.
Now given f € PH4(T") and X € R", we are going to call the ﬁbre of X € R” to the

set H (H r (X)). By the previous observation, given two lifts f1 and fz, there is a vector
w e R" such that Hy, = Hy, + w and this implies that

HE\(Hp, () = Hy ' (Hp, )

and the fibre does not depend on the choice of the lift. As a result, we can define the
function size of the fibre

A:PHA(TH xR" - Rsp by A(f,X) = diam(Hf_l(Hf(f))).
We also denote by
A(f) = sup{A(f,X) : X e R"}

the supremum of sizes within all fibres. Since dco(Hy, Idgn) < 0o, this supremum is
always finite and we get a well-defined function A : PH 4 (T") — R>¢. Notice that f is
conjugated to A if and only if A(f) =0, since H is always surjective and A(f) =0 is
equivalent to injectivity.

It is easy to see that the function A does not depend continuously on f; however, we
have an upper semicontinuity property as the following lemma shows.

LEMMA 3.7. Let f € PHA(T™). Then, for every € > 0, there exist § > 0 such that if
deo(f, 8) <8, then A(g) < A(f) +e.

Proof. Take f € PHA(T") and & > 0. Suppose by contradiction that the lemma is
false. Then, for every k > 0, there is gx € PH(T") with dco(gk, f) < 1/k, and points
Xk, Yk € R" such that d(xx, k) > A(f) +¢ and Hy, (Xk) = H,, (k). We can assume
that X — X and y; — ¥, and as a consequence, d(X,y) > A(f) + ¢. Since the map
g +— H, is continuous, for every 6 > 0, there is ko > O such that for every k > ko, we
have do(Hy,, Hy) < 8. Then, by the triangular inequality, we have

d(Hy(X), Hy (y)) < d(Hy(X), Hp (%)) + d(Hp(Xk), Hg, (X)) + d(Hyg, (Xk), Hg, (Jk))
+d(Hg, (), Hy (Vi) +d(Hy (i), Hy ()
<d(Hy(X), Hr (X)) + 28 +d(Hs (), Hf (3k)) — 28
and this implies Hy(X) = Hz(y), since § was arbitrary. As a result, the points X and y

belong to the same fibre which implies d(X, y) < A(f). However, then we have A(f) +
€ <d(x,y) < A(f), which is a contradiction. O
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Recall that a diffeomorphism f : M — M is said to be transitive if there is x € M such
that OF(f, x) = M. Equivalently, f is transitive if for every pair of open sets U and V,
there is N € Z% such that fN(U)NV # @.

Now, we are ready to prove the main theorem of this section.

THEOREM 3.8. (Robust transitivity criterion) Let A € SL(n, Z) be a hyperbolic matrix
with a dominant splitting as in equation (3.1). Take f € PHA(T") with (d1, d») SH-saddle
property where dy = dim EY* and dy = dim E}". Then, there is p = p(f) > 0 such that
if A(f) < p, then fis C' robustly transitive. In fact, C' robustly topologically mixing.

Proof. Take f € PHA(T") with (dy, d) SH-saddle property, where dy = dim E%* and
dy = dim E}". Let V, X > 1 and §; > 0 be as in Theorem 2.8.
Let us define the following constants:

ps = p(dim(ESS @ EY®), 81);
pu = p(dim(EY" @ E4"), 81);
p = min{ps, oy},

where p(x, §1) are given by Proposition 3.5 for * = dim(EY} @ E}”), dim(E}" © EY").
We claim that the theorem holds for this p > 0 and for proving this, we are going to find a
C!-neighbourhood U ( f) of f such that every g € U(f) is transitive.

First, notice that since A(f) < p(f), by Lemma 3.7 appliedto ¢ = p(f) — A(f) > 0,
we know there is g > O such thatif d-o(f, g) < 8o, then A(g) < A(f) +¢& = p(f).

Now, take U(f) =V N{g e PHa(T") :dco(f, g) <3So}. We claim that every
g € U(f) is transitive (in fact, topologically mixing). To get transitivity, we have to
prove that for any two open sets U;, U, C T", there is k € Z* such that gk(Ul) NUy #40.

Take two points x; € Uy and xp € Us, and let k; € N be such that g~%1(U;) D
W (g™ (x1), L) and  gM(Uz) D Wit (gh (x2), L).  Take x* e Hy, (&) VW3S
(g M (x1),L) and x* e Hfdz (g) N Wi (g1 (x2), L) given by (di,dp) SH-saddle
property. Now, take D* C W, (x*) a centre disk of dimension d; tangent to C*(x*) and
D" C W; (x") a centre disk of dimension d; tangent to C*(x*). We can take D*, D"
small enough such that D¥ C g~*1(U;) and D* C g*1(U,). Recall that C* and C* are the
cones invariant for the past and the future, respectively, given by the SH-saddle property.
Moreover, C* and C* uniformly expand vectors for the past and the future, respectively.

Now, take D1 = (J, ¢ ps Wg,s(x, ) and Dy = J,cpu Wg”(x, ). We can choose [ > 0
small enough such that D1 C g‘k1 (Uy) and D, C gk1 (U3). Notice that Dy is a disk of
dimension equal to dim(E?’ @ E}*) and D is a disk of dimension equal to dim(E}" @&
E4"). Now, by Corollary 2.10, there is k2 € N such that g (D) contains a disk of
diameter bigger than 28; and g*(D") contains a disk of diameter bigger than 28 for every
k > ky (see Figure 2).

Now, let IT* : R" — E%° @ E}* and IT* : R* — EY" & E4" be the orthogonal pro-
jections. Then, the idea is to use Corollary 3.6 applied to the functions I1° o H, and
1" o H, to conclude that for every k > k», the images of the sets g_k (D) and gk(Dz)
by H, contain topological disks of complementary dimensions and with the appropriate
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Wyt (g™ (x2), L)

FIGURE 2. Obtaining a disk of diameter bigger than 28; (colour online).

inclination. Then, the hyperbolicity of the matrix A will do the mixing, and we can translate
this mixing of A to the diffeomorphism g.

Observe that g € U(f), which implies that A(g) < p and, in particular, we have that
H, is p-light (see Definition 3.4). Moreover, we claim the following.

CLAIM 3.9. The function I1° o Hy is p-light when restricted to gk (5,1) and the function
I1“ o Hy is p-light when restricted to X(D») for every k > k».

Proof. We are going to see the case I1° o H, since the other one is symmetric. Now,
notice that §_k(51) contains a disk of size bigger than 2§; for every k > kp and the
disk §’k(l3]) is tangent to a cone C* which is uniformly expanding for the past. Thus,
by the semiconjugacy relation H, o § = A o Hy, we know that Hg(ﬁl) cannot intersect
EY" ® E" more than once; otherwise, there would be different points in 51 such that
their distance by past iterates of g goes to zero, and this is impossible since the cones C*
are expanding for the past. As a consequence, the fibres of IT° o H, have the same size of
the fibres of H,, and so IT® o H, is p-light restricted to §_k (51) for every k > k. ]

To sum up, we have a continuous map I1°o H, : E‘k(l’i) — EY @ EY ~
RIMETDEL) guch that its domain g_k(ﬁl) contains a disk [—87, 8;]9MELSEL) and,
by our choice of p, we have that p < p(dim(EY @ E}*), §1). Then, just notice that we
are in the hypothesis of Corollary 3.6 and therefore IT*® o H, (g—k (51)) CEY ®EY
contains an open set for every k > k». The same argument shows that IT* o H, (§k(52)) C
EY" @ E'" contains an open set.

Since A is a hyperbolic matrix and the topological disks have complementary dimen-
sions and with the right inclination, we know there is k3 € N such that for every
k > k3, we have that AF(Hg(3%2(D2))) N (Hy(F~*2(Dy)) + Vi) # @ for some Vj € Z".
This implies that Hy o ¥(3%(D2)) N (Hg(2~%2(D1)) + Vi) # 9. Since Hy is at bounded
distance to the identity, we know that there is k4 € N such that for every k > k4, we have
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g (@2 (D) N (% (D) + Vi) # @. Then, since p : R" — T" satisfies po g = g o p,
we have that

0 # ¢“ (g (D) N g (D) C R Wy N TR W)
for every k > k4 and this is equivalent to
/3 gk+2k1+2k2(U2) NU; forevery k > ky.

Finally, if we take N = k4 + 2(k; + k»), we have that gk(Uz) N U; # @ for every k > N
proving that g is topologically mixing. This ends the proof. O

COROLLARY 3.10. Let A € SL(n, Z) be a hyperbolic matrix with a dominant splitting
as in equation (3.1) and let f € PHA(T") with (dy,dy) SH-saddle property where
dy = dim EY* and dy = dim E¥". If A(f) = O, then fis C! robustly transitive.

Proof. Since f has the SH-saddle property, we know that p(f) > 0. Then, we trivially
have A(f) = 0 < p(f) and we conclude by Theorem 3.8. O

4. Proof of Theorem A

In this section, we prove Theorem A, that is, we construct C 1 robustly transitive
diffeomorphisms with any centre dimension and with as many different behaviours on
centre leaves. Along the proof, we are going to perform different isotopies depending on
the type of local behaviour for which we are looking, that is, increase or decrease the index
of a fixed point, mix two subbundles, etc. For the construction of the local isotopies, we
are going to use an auxiliary function that will be used many times.

LEMMA 4.1. Let b > 0. Then, for every € > 0, there is a function § : R* U {0} — R such
that:

(1) B is C*™ and decreasing;

(2) B is supported in [0, €];

(3) BO)=0>.
Proof. First, take a C* function ¥ supported in [0, €] such that foe Y (t) dt = b. Now,
just take B as B(t) = b — f(; ¥ (s) ds. This function satisfies the lemma. O]

4.1. Expansive DA diffeomorphisms. In this subsection, we are going to build expansive
DA diffeomorphisms which are partially hyperbolic, but not Anosov.

Definition 4.2. (Expansive homeomorphisms) Let f : M — M be a homeomorphism on
a metric space (M, d). We say that f is expansive if there is y > 0 such that the following
holds: if x, y € M are such that d(f"(x), f"(y)) <y for every n € Z, then x = y. We
call y the expansivity constant.

In short, expansivity means that two different points in M are y separated eventually
in time. Hyperbolic diffeomorphisms are clearly expansive. Then, the idea to construct a
non-Anosov expansive diffeomorphism is to start with a linear Anosov and introduce an
isotopy in a small neighbourhood of a fixed point p, to make the derivative of p restricted to
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some centre subbundle equal to the identity, and keep the dynamics hyperbolic in the rest of
the manifold. We remark that dealing with expansivity is quite delicate, so the construction
has to be made with some care. To prove expansivity, we are going to use the following
criterium due to J. Lewowicz.

PROPOSITION 4.3. [13] Let f: M — M be a homeomorphism on a compact met-
ric space (M, d). Suppose there is B > 0 and a continuous function V : {(x,y) €
M x M :d(x,y) < B} — R such that V(x,x) =0 for every x € M. Let AV(x,y) =
V(f(x), f(3) — V(x,y). If there is y > O such that AV (x,y) > 0,if0 <d(x,y) <y,
then fis y -expansive.

The function V is called a Lyapunov function.

4.1.1. Two-dimensional centre bundle. We begin with the case of a partially hyperbolic
diffeomorphism with two-dimensional centre bundle. We are going to focus on the case
where the centre bundle E behaves hyperbolic, since the case where it is completely
contractive or expanding will be included later as a special case of the higher dimensional
centre case. In Lemma 4.4, we construct the example in R? and then in Lemma 4.7, we
insert the example as the restriction of a partially hyperbolic diffeomorphism to one of its
centre leaves.

LEMMA 4.4. Let A € Myx2(R) be a hyperbolic matrix, such that A(x,y) = (Ax, ny)

with 0 < A < 1 < u, and take s > 0. Then, there exists a diffeomorphism g : R* — R?

such that:

e g(x,y)=A(x,y) forevery (x,y) € B(0, &)¢;

e Dgoo =Id;

e there exists a Lyapunov function V : RZ x RZ > R such that AV((x, 1),
(x2, ¥2)) > O for every pair of points (x1, y1), (x2, y2) € R? x RZ,

Proof. Take a hyperbolic matrix A € M2 (R) as in the hypothesis and let ¢ > 0. Let 8,
be the function given by Lemma 4.1 for b = 1 — A and its corresponding function v, and
let B,, be the function given by Lemma 4.1 for » = u — 1 and its corresponding function
¥, Now, we define the function g : R? — R? by the equation:

g(x, y) = (Ax, uy) + (Br(r)x, =B (r)y), 4.1

where r = x? + y2. Notice that if r > €, then g = A. In particular, Dg(y,y) = A for every
(x, y) such that X2+ y2 > €. In case r < ¢, the differential is

Decsy = [x + Bi(r) + 2x2 B} (r) 2xypi(r) }
() ~2xyB),(r) W= Bu(r) —2y°B ()]

In particular, we have that Dg(,0) = Id and, therefore, g is not hyperbolic. In case r > 0,
we have that

A+ Bu(r) +2x%BL(r) < A+ B (0) =1

and

= Bu(r) = 29?8, (r) > = Bu(0) = 1.
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Now, take the family of cones in R2,
C'(x,y) = {(a,b) € R? : |a| < |b]}.

We claim that this family of cones is Dg-invariant. Therefore, we have to prove that if
(a, b) € C*, then Dg(a, b) = (a1, b1) € C*, and this occurs if and only if |a;| < |b;|. By
the equations above, we have that

ap = a(h + Bu(r) + 2x2B5(r) + bQ2xyBi (1)),
by = a(=2xyB],(r)) + b — Bu(r) — 2y B, (r)).

Notice that if r > €, the cones are Dg-invariant since g = A. However, for points close to
zero (r small), this is not so clear. Therefore, we have to take a little more care with the
choice of the functions §; and §,,, in particular, with the functions v and ;.

To find a suitable C™ function 1/;, we are going to approximate it by two C functions
w; and wf by above and below, which implies that 8, will be approximated by below and
above by their corresponding C! functions ,3)1 and ,3}(3 given by Lemma 4.1. Then, we use
the density of C* functions to conclude.

Let p > 0 be sufficiently small such that 3p < € and 2p> < min{l — A, & — 1}, and
let m € RT be such that 2m,02 <1—A<2(m+ 1),02. Now, for i = 0, 1, we define the
function ‘/’i in the following way (see Figure 3):

' (m+Dr if » € [0, pl,
Y (r) = (m +i)p if r € (p,2p),
(m+i)(—r+3p) if r € [2p,3p].

Notice that
€ €
f Y(s)ds =2mp? <1 — A <2(m +1)p> = / Vi (s) ds.
0 0

Since C® functions are C O—dense, we can find a C* function v;, such that:

(1) supp(¥) < [0, €];

) Y(s) < ¥ils) < Pi(s) forevery s € [0, €];

B fo vals)ds=1—x

Notice that point (2) implies that ,8; (r) < Bu(r) < /39(;’) for every r € [0, €].

Remark 4.5. The function v, (Figure 3) is not C* at the points 0 and 3. However, this
can be fixed as follows. First, we can define v, in the interval (—e, 0) by symmetry using
the equation ¥, (1) = —v;. (—t). Then, ¥, is C*> at 0, and ) becomes C*° at O (notice
that B, is obtained by integrating 1, only at the non-negative real line, so this extension to
negative numbers is not a problem). To deal with the point 3p, we only have to take a local
perturbation of v, at this point to have the desired properties. Since 3p is far enough from
0, this can be done easily.

In the same way, we can find a suitable C* function v, by approximating it by two C 0
functions xpli and xpg by above and below, which implies that 8, will be approximated by
below and above by their corresponding C! functions 8 ,l and /32 according to Lemma 4.1.
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FIGURE 3. Bump functions 1//?, 1//)} and ;. (colour online).

Recall that 2p% < — 1, then let n € Rt be such that 2np% < — 1 < 2(n + 1)p>.
Now, for i = 0, 1, we define the function 1//L in the following way:

. (n+ir if r € [0, pl,
YL =1+ i)p if r € (p.20),
(n+i)(—r+3p) if r € [2p,3p].

In the same way as above, we observe that
€ €
/ I/fg(s) ds =2np> < pu—1 <2(n+1),02=/ I/flll'(s) ds.
0 0

Since C functions are C%-dense, we can find a C* function ¥, such that:
(1) supp(¥,) < [0, €];
(2 Y(s) < Yuls) < ¥ (s) forevery s € [0, €];
B fo Yuls)ds=pn—1.
Notice that point (2) implies that 8, (r) < B,,(r) < Bi)(r) for every r € [0, ].
Recall that we want to prove that the cones C* are Dg-invariant. We are going to
obtained the invariance of the cones for C! close diffeomorphisms g and g' defined
(in the same way as g) by equation (4.1), but using the functions ﬁg, ,82 and /3/{, BL,
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respectively, instead of 8, and B,,. Notice that fori = 0, 1, the C! distance between gand
g' can be taken as small as we want.

Now, for i =0, 1, to see the cones C* are Dgi -invariant, we have to prove that if
(a, b) € C", then Dgi (a, b) = (a1, by) € C*, and this happens if and only if |a;| < |b].
We will obtain this inequality by studying different cases depending on r, which is the
square of the distance of the point (x, y) to the origin.

Case 1: r € [0, p]. By our definitions above, we have

2
ﬁi(r):l—x—(mﬂ)% and () (r) = —(m +i)r.

Then, we have that

2
A+ BL(r) +2x2 (B (1) =1 — (m + i)% —2xX(m +i)r

and as a consequence, we obtain that a; is equal to
V2
a; = a<1 —(m+ i)? —2x%(m + i)r) + b(=2xy(m + i)r).

Since |a| < |b|, by taking the absolute value and applying the triangular inequality, we get

2
lai| < |b|(1 —(m ~|—i)% —2x%(m —i—i)r) + 16|2lxy|(m +i)r)

= |b| (1 — (m+ i)g(r +ax? 4|xy|)> < |bl,

where the last inequality holds as long as r + 4x% — 4|xy| = 5x? + y? — 4|xy| > 0. We
claim that this is always the case: if [xy| = xy, we have to show that 5x% 4+ y> — 4xy > 0.
By solving the second degree equation in y, we obtain that

4x + V16x2 — 20x2
y =

2
and this has no real roots. Since for y =0 we have 5x2 > 0, we obtain the desired
inequality. The case where |xy| = —xy is completely the same, since the discriminant

in the equation above is the same. We conclude that r + 452 — 4|xy| = 0 and, moreover,
lai| < |b|ifr > 0.
In the same way, we have that
. r2 .
B,(r)=p—1—(n+ i)? and (B,)(r) = —(n+i)r,

and then

. X 2
= BLr) =292 () (1) =1+ (n+ i)% +2y%(n + i)r.

We then have that by is equal to

2
by = axy(n + i)r) + b(l T+ i)% +2y2(n + i)r).
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Since |a| < |b|, taking the absolute value and by the triangular inequality, we have
)
|bi] > |b|<1 + (n+ i)? + 2y2(n + i)r) — 16| 2lxy|(n +i)r)
r
= Ibl(1 + E(n +i)(r +4y* — 4|xy|)) > |bl,

where the last inequality holds as long as r + 4y — 4|xy| = x2 4+ 5y% — 4|xy| > 0. This
is exactly the same equation we solve above, and thus we conclude that |b1| > |b| and,
moreover, |by| > |b| if » > 0. Then, we conclude that |ai| < |b| < |by].

Case 2: r € [p, 2p]. In this case, we obtain that ﬂi verifies

. 2 .
Bl =1=h—m+) 5 —m+ip(r—p) and (B)(r) =—(m+i)p.

Then, we have that

2
A+ B0+ 27 (B) () = 1= (m + )5 = (m + Dp(r = p) = 262 + D)p:

therefore, a; is equal to
02
a; = a(l =+ D7 = m+i)ptr = p) = 2x%(m + i)p> + b(=2xy(m +i)p).

Since |a| < |b|, taking the absolute value and applying the triangular inequality, we get

2
lai] < |b|<1 —(m+ i)% —(m+i)pr—p) —2x>(m + i)p)
+ [D|Q2lxyl(m + i) p)

2
= |b|<1 — (m+ i)% —(m4+iplr—p) — 2x%(m + Dp +2|xy|(m + i),o)

- |b|(1 - (@) <6x2 +2y2 — dlxy| — p)) <1bl.

where the last inequality holds as long as 6x% + 2y — 4|xy| — p > 0. Notice that
6x% +2y% —4lxy| — p = (@ +y* = p) + (5x” + 3% — 4ly)).

The first term in the right expression is greater or equal to zero since p < r. The second
term 5x2 4 y* — 4|xy| is exactly the same equation we solve in case 1.
In the same way, we have that
Bu(r)=p—1- S+ = =pphti and (B,)'(r) = —(n+1i)p,

and then we obtain

=Bl (r) =2y (B (r) = 1 + %(n +i)+ (r = p)p +i) +2y*(n + i)p.
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We then have that by is equal to

2
by =alxy(n+i)p) + b(l + %(n +i)+r—ppn+i)+ 2y2(n + i)p).

Since |a| < |b|, taking the absolute value and by the triangular inequality, we have

2
b1| > Ibl(l + %(n +i)+ = p)pm+i)+ 2y n + i)p)
— bI1C2lxy|(n +1)p)

2
= |b|<1 + %(n +i)+(r—p)pm+i)+2y>(+i)p — 2xy|(n + i),o)
_ |b|<1 + (@)W 16— p— 4|xy|>) > b

by the same estimates as above. Moreover, we have that |b{| > |b| if r > 0. Then, we
conclude that |a1| < |b| < |b1].

Case 3: r € [2p, 3p]. This is the simplest case, since we are far enough to zero and so
we omit the calculations.

To sum up, we have proved that fori = 0, 1, the cones C* are Dgi-invariant. In fact, we
have proved that if (a, b) € C, then Dg'(a, b) = (a1, by) verifies |aj| < |b1|. Now, just
notice that the inequality |a;| < |b;| depends on the values of the entries of Dg’. Since the
entries of Dg are bounded by above and below by the entries of Dg’, by taking suitable
triangular inequalities, it is easy to see that the inequality |a;| < |b1]| also holds for Dg,
proving that the cones C* are also Dg-invariant.

Now, if we take the norm ||(a, b)||; := max{|a|, |b|} in R?, we have that vectors in C*
are expanded for the future: if v = (a, b) € C*, then |a| < |b| and thus ||v||; = |b|. Since
Dg(v) = (a1, by) € C*, this implies that |Dg(v)||; = |b1| and we have just proved that
|b] < |b1|. This implies that |Dg(v)|l1 > [[v|l1 and, moreover, |[|Dg(x y)(v)|l1 > |[v]l1 if
(x, y) # (0,0).

Next, we define the Lyapunov function V : R? x R? — R given by

V((x1, y1)s (62, 32)) = (1 — y2)* = (x1 — x2)*.

Let P = (x1, y1) and Q = (x2, y2) be two different points in R2. Then, V(P, Q)=
(y1 — y2)? — (x1 —x2)>. Let us denote g(P)= (x],y}) and g(Q) = (x5, y,), then
V(g(P), g(Q) = (] — ¥5)* — (x] — xp)*.

Now, take the function ¢ : [0, 1] — R given by ¢(¢) = [T2(g(tP + (1 — ) Q)), where
I, : R? — Ris the projection in the second coordinate. Notice that ¢(0) = V5. (1) =y}
and g is differentiable. Then, by the mean value theorem, we have

Iyy — y1l = 190) — p(D)| = |¢'(to)| = |TT2 0 Dg, (P — Q)|
= |Dg; (0, y1 — y2)| > |y1 — y2l

for some zg. In the same way, we get that |x{ — x§| < |x1 — x3|, and this implies that
AV (P, Q) > 0. This ends the proof of the lemma. O]
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COROLLARY 4.6. Let A € SL(2, Z) be a hyperbolic matrix and take ¢ > O sufficiently
small. Then, there is a diffeomorphism g : T> — T? such that:

o g(x,y)=A(x,y)forevery (x,y) € B0, &)°;

o Dgoo =1d;

e g belongs to the C 1 boundary of Anosov diffeomorphisms;

e g is expansive and conjugated to A.

Proof. Let A € SL(2, Z) be as in the hypothesis and suppose the eigenvalues of A are
A and p with 0 < A < 1 < . Let E® be the eigenspace associated to A, and let E* be
the eigenspace associated to p. Then, we have that R2 = ES @ E". Now, for ¢ > 0 and
identifying R? with E® @ E“, we take the map g : R?> — R? given by Lemma 4.4. We can
take € small enough so we can send the map g to the quotient T> = R?/Z? (notice that we
are making an abuse of notation between g and its lift to R?).

We know that the map g has a Lyapunov function V : R? x R? — R given by

V((x1, Y1), (x2, 32)) = (11 — 2)* — (x1 — x2)?,

which verifies that AV ((x1, y1), (x2, ¥2)) > 0 for every pair of different (and sufficiently
close) points (x1, y1), (x2, y2) € R2. Then, by Proposition 4.3, the map g is expansive.
Notice that we are only interested in what happens in a fundamental domain, so the
non-compactness of R? is not a problem.

Finally, since g fails to be hyperbolic only at (0, 0), we know that g is in the C! boundary
of Anosov diffeomorphisms. Then, by [13, Corollary 6.2], g is conjugated to A. Moreover,
this implies g is infinite expansive in R? and, in particular, the semiconjugacy H, is in fact
injective and A(g) = 0. O]

Now that we have the map g : R — R? constructed in Lemma 4.4, we can build a
partially hyperbolic example in T* with a centre leaf which behaves exactly like g.

LEMMA 4.7. Let A € SL(4,Z) be a matrix with four eigenvalues A**, A, w, u"** such
that 0 < A% < A <1 < u < u" and take ¢ > 0. Then, there is a partially hyperbolic
diffeomorphism f : T* — T* with a splitting of the form R* = E;S &) E; @ EY", such
that dim E; = 2, which verifies the following:

e f(x) = Ax forevery B(0, &)¢;

e fis expansive and conjugated to A;

) Df0|ch = Id.

Proof. Let A € SL(4, Z) be a matrix with four eigenvalues A*%, A, u, u** such that
0<A¥ <h<l<pu<pu™

We can assume that in the basis given by the eigenspaces associated to the eigenvalues,
we have that A(x, y, z, 1) = (Ax, py, A%z, u*“t). Take the same functions B; and f,, as
in Lemma 4.4 and define the map f : R* — R* by

fG,y,z,t) = (x, wy, Az, t) + p(w) (B (r)x, —Bu(r)y, 0,0),
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where p is a bump function supported in [0, €] and w = z% + . We can take ¢ small
enough so we can send the map f to the quotient T* = R*/Z*.

If ||(x,y,z,1)|| > ¢, we have that f = A. For points with |(x, y, z, )| <&, the
differential of f at a point (x, y, z, t) is

At p(w)(Ba(r) + 22765 (1) p(w)(2xyp; (r)) 2xzp' W) (r)  2ezp’ (w)Br(r)
—p(W)(2xyp;,(r)) 1= p)(Bu(r) = 2B, (1)) =2yzp' (W)Bu(r)  2y1p' (w)Byu(r)
0 0 1SS 0
0 0 0 T

In this case, the subspace E¢ = {(x, y, 0, 0)} is Df invariant, and it is quite direct to see
that Df|gc is basically Dg like above (we have to deal with the function p, but this is not
a problem). In particular, we have that

10 0 0
01 0 0
Dho=1y o 2 o
00 0 pm

The strong bundles are not going to be the canonical ones, but if we ask for the strong
eigenvalues A*% and pu** to be sufficiently far away from 1 (and we can do this by iterating
the matrix), the same strong cones for the matrix A are going to be Df-invariant.

Finally, in the same way as in Lemma 4.4 and Corollary 4.6, by taking the Lyapunov
function V : R* x R* — R given by

V((x1, y15 21, 1) (02, 2, 22, 2)) = (V1 — y2)% — (x1 — x2)* + (11 — 0)* — (21 — 22)%,

it is easy to see that AV ((x1, y1, 21, 1), (X2, ¥2, 22, £2)) > O for every pair of different (and
sufficiently close) points (x1, y1, 21, t1), (X2, ¥2, 22, 1) € R*. Then, by Proposition 4.3,
we conclude that f : T* — T* is an expansive diffeomorphism. Moreover, f is in the C!
boundary of Anosov diffeomorphisms and by [13, Corollary 6.2], f is conjugated to A
(which implies A(f) = 0). O]

Remark 4.8. The construction in Lemma 4.7 can be made with no restriction on the
dimensions of the strong subbundles (which were one-dimensional in the example above).
Indeed, the construction only uses the local isotopy in dimension 2 we made in Lemma 4.4
and the domination of the external strong subbundles.

4.1.2. Higher dimensional centre bundle. 'We now deal with the case where the centre
bundle has dimension bigger than 2. We are going to treat the case where the centre bundle
E¢ is contractive (every centre eigenvalue has modulus smaller than 1) since it is the only
case that matters for our purposes. The case where the centre bundle E¢ is expanding
(every centre eigenvalue has modulus bigger than 1) is completely analogous. We remark
that the proof works as well for the case where the centre is two-dimensional.

In Lemma 4.9, we construct the example in R¥ and then in Lemma 4.10, we insert the
example as the centre leaf of a partially hyperbolic diffeomorphism like we did before.
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LEMMA 4.9. Let A € My« (Z) be a diagonal matrix with k eigenvalues such that
O<M<--- <A <1

Then for every ¢ > 0, there is a diffeomorphism g : R* — RF such that:
o g(x) = Ax forevery x € B(0, €)¢;

e ||[Dgxll < 1foreveryx #0;

L] Dg() =1Id.

Proof. Take a matrix A € My« (Z) as above. Then the eigenvalues of A verify that
D<A <--- <A <.

Fix & > 0 small and take A such that Ay < A < 1. In particular, A > A; for every j =

1,..., k. Now take a number ¢ € (0, ¢) such that ¢ < (1 — X)/(k(A — X1)). Now, for this
¢ > 0, take the function B given by Lemma 4.1 for » = 1. In particular, the function g
verifies:

e fBis C* and decreasing;

e B issupported in [0, £];

e B(0)=1.

Moreover, we can ask for 8 to be equal to 1 in a small interval [0, §]. Now, we can define
the map g : R¥ — R¥ by

gr(xt, .y x) = A(xr, o x) + BE)((A = A)xr, oo (A = Ap)x),

where r = x% +-- -4+ x,%. Since supp(B) < [0, ], we have that if ||x| > ¢, then g1 = A.
The differential of g1 in a point x is

Al A— Al
D(gi)s = c +B() c + M),

A A — A

where M (x) is the matrix given by

(A —iDxp  Go=ADxxz oo (b= A)xix
, O-—r)xixa (A=A)x3 -+ (A — A2)xaxg
M(x) =28'(r) , . . :
O—doxixe o= dxoxe - (b — h)xf

In particular, since 8(0) = 1, we have that D(g1)o = A + B(0)(Ald — A) + M (0) = Ald.
Now, take a point x € R¥ and a vector v € R¥, then we have that

D(g1)x(v) = Av + B(r)(Ald — A)v + M (x)v.

Assume the vector v is equal to v=(a,...,a) € R¥ for a given a € R and denote
D(g1)x(v) = (a1, ..., ar). If we prove that |a;| < |a| forevery j =1,. .., k, we obtain

https://doi.org/10.1017/etds.2025.10192 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2025.10192

3824 L. P. Pifieyriia

that D(g1), is a contraction (by taking the norm of the maximum). Let us take a look at
the first coordinate ay:

k
a; = a(kl + B —21) +28'(r) (A — A1) Z xlxj)-
j=1

By taking the absolute value and applying the triangular inequality, we obtain

k
| < |a|(|m + B = 2D+ 21/ () — 2D Y |x1xj|>.
j=I1
Notice that 0 < (x; + x;)* = x7 + x7 + 2x;x; and this implies 2|x;x;| < x7 +x7 < r.
Now, recall that |8'(r)| < (c¢/r) < (1 — 1)/(k(A — A1)r) and, in particular, we have that

k
28— A Y Ixixjl < 1=
j=1

This implies that
lai] < lal(|A1 + B (A = AD[+ 1 = 4).
Since S is a decreasing function, we have that 1 = 8(0) > B(r) and then
lai] < lal(|A1 + B —ADI+1=2) <lal(]Ar + A —AD[+1—-24) = |al.

The exact same calculation shows that |a ;| < |a| for every j =1, ..., k. This shows that
D(g1)x is a contraction (for the norm of the maximum) for every x € R* and, in particular,
g1 is expansive. Notice that since (r) = 1 for every r € [0, §], we have that g;(x) = Ax
for every x € B(0, ). Now, take the function 4 : Rk — RK given by h(x) = (1 —r)x,
where r = ||x||> and consider a bump function p : [0, +00) — R such that:

o p(t)=1foreveryt € [0, §/2];

e p(t) =0foreveryr > 3.

Now, we define g : R¥ — R* given by the equation:

gx) = prhx)+ 1A - p(r)g1(x),

where r = ||x||?>. The first observation is that if |x| > 8, then g(x) = gi(x) = Ax.
However, if r = | x||*> < 8, then we have that g; (x) = Ax and, therefore,

g(x) = p(Nhx) + (I = p(r)ix = [p(r)(1 —r) + (1 — p(r))r]x

and the function g is radial. Denote «(r) := p(r)(1 —r) + (1 — p(r))A, then it is direct to
see that

() = p()(1 =)+ (1= prDh = p()(1 —r 1)+ 2 < 1.

As a result, g sends every sphere of radius R to a sphere of radius a(R)R which is
strictly smaller than R. This implies that Dg, is a contraction for every x € B(0, §).
To see this, just notice that given x € R¥, we have that T,R¥ = T\, + (x), where
S|x| is the sphere centred at O of radius ||x||. The same happens with g(x), that is,
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Tor)RF = To()Sa(ixyixy + (x) and the differential of g at x restricted to this subspace
is exactly

Dgxlr, sy, = a(llx|)Id,

which is a contraction. The other direction (x) is exactly the same, and, therefore, Dg,
is a contraction. To finish the proof, just observe that if r = x> < 8/2, we have that
g(x) = (1 — r)x and, in particular, Dgy = Id. O

Now, by applying the same trick as in Lemma 4.7 (with a suitable bump function), we
can embed the example above as the centre leaf of a higher dimensional manifold. We thus
obtain the following result whose proof we omit since it is exactly the same as that of the
lemma we just mentioned.

LEMMA 4.10. Let A € SL(n,Z) be a symmetric matrix with a splitting of the form
R" = E¥’ ® ES @ EY such that dim E = k and E¢ is the eigenspace associated to the
eigenvalues 0 < Ay < - - - < A < 1. Then, for every ¢ > 0 small, there is f € PH(T")
such that:

o f(x) = Ax forevery x € B(0, &)¢;

e fis expansive and conjugated to A;

° Df0|Ej. = Id.

We now proceed to finish the proof of Theorem A. We begin with the case where n = 4,
since it is quite direct for our previous results and illustrates the general ideas. We then
prove the general case.

4.2. Proof for case n=4. Take a matrix A € SL(4,Z) with four eigenvalues
A5, A, w, uH* such that

0<A” <h<l<pu<pu™

This induces a splitting of the form R* = E** @ E¥S @ E¥" @ E** and we take the centre
bundle as E€ = E"¥ @ E"". We can assume that in the basis given by the eigenspaces
associated to the eigenvalues, we have that

A(x,y, 2, 1) = (Ax, py, A"z, u'"1).

Moreover, we can assume that the linear Anosov A has four different fixed points: Fix(A) =
{po, P1> P2, p3} (we are making an abuse of notation here, by calling A, instead of f4, the
induced map in the torus). We just have to iterate the matrix a few times to have four
different fixed points.

Now, notice that the procedure made in §4.1 works as well. First, for every fixed point p
(with j =0, 1, 2), take a small neighbourhood U; (notice that we are not going to perturb
p3 since it already has index 2). We can take them small enough to be disjoint. Second, just
notice that the isotopy procedure we made in Lemma 4.4 is only local and, therefore, it can
be applied in different disjoint neighbourhoods. Hence, the same proof as in Lemma 4.7
shows that we can make an isotopy whose support is contained in Ug U Uy U U; to get a
partially hyperbolic diffeomorphism fi : T* — T% such that:
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o fi(x) = Ax forevery x € (Up U Uy U Up)S;

e  fj is hyperbolic outside Fix(f1) = {po, p1, P2};

° D(fl)l’le}l(Pj) =IdfOI'j =0,1,2.

Since fi is hyperbolic outside Fix(f1) = {po, p1, p2}, once again, we can find an
appropriate Lyapunov function to apply Proposition 4.3 and get that f] is expansive. Since
f1 is in the C! boundary of Anosov diffeomorphisms, by [13, Corollary 6.2], we have that
f1 is conjugated to A, which implies A(f1) = 0.

The first point shows that f7 is an SH-saddle of index (1,1). To see this, we just have
to observe that the same proof of Lemma 3.1 shows that f has the SH-saddle property as
well. In that proof, the only property we use is the fact that, for a point p outside U and
given a small § > 0, there is always a point p; such that

(1, 8) C fIOVE (p. ) N (U°)

and by an induction argument, we find a point whose forward orbit never meets U,
and the same happens for the past. Hence, fi is the SH-saddle of index (1,1). By
the same arguments, by taking the strong bundles E** and E"" sufficiently contractive
and expanding, and taking the neighbourhoods U; sufficiently small, we also have this
property, that is, for every point p outside Uy U Uy U U», and given a small § > 0, there is
always a point pj such that

W (p1.8) C frOVS(p.8)) N (Ug U Uy U Un)".

Then, we can find a point that never meets Up U U; U U, for the future, and the same for
the past. In short, f] has the (1,1) SH-saddle property.

Now, since f is the SH-saddle, we have that p(f1) > 0 and, by expansiveness, we also
have A(f;) = 0. Then, a direct application of Theorem 3.8 shows that f; is C' robustly
transitive. Let us call 24 to the C! neighbourhood of f; such that every & € U is transitive.

To end the proof of the theorem, we are going to change the indexes of the fixed points
po and pi, and put a complex eigenvalue in p». First, take the two matrices By and B

given by
-5 0 0 0 I+ 0 0 0
0 1-n 0 0 0 14n 0 0
B = B =
0 0 o s o | 7! 0 0 A 0
0 0 0 0 0 0 pw

Then, for n sufficiently small, we have that the matrices By and B; are ¢ close to
D( f1)p, and D(f1)p,, respectively. Now, to mix the two centre subbundles, take the matrix
B, with the form:

a b 0 0
b a 0 0
B 0 0 A% 0 |°

0 0 0 pm

where a & ib are the complex eigenvalues of Bj. It is possible to take a and b such that a
is close to 1, b is close to 0 (the modulus of @ + ib can be smaller, bigger or equal to 1 for
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our purposes). For suitable values of a and b, we can assure that B is € close t0 D(f1) p,-
Then, by Franks lemma [10], there is a diffeomorphism f € U] such that:

o f(x)= fi(x)forevery x € (UyUU; UU,);

e f(pj)=filpj)=pjforj=0,12

° Dfpj =Bjforj=0,1,2.

In particular, index(pg) = 3 and index(p;) = 1 (recall that index(p3) = 2). Since Df),
has a centre complex eigenvalue, the centre bundle of f cannot be decomposed into two
one-dimensional subbundles. To sum up, the map f : T* — T*is a C! robustly transitive
derived from Anosov diffeomorphism, and verifies all the properties of Theorem A.

Remark 4.11. All the examples constructed in Lemmas 4.4, 4.7, 4.9 and 4.10 are not
generic, since they are not hyperbolic, but conjugated to its linear part which is a hyperbolic
matrix. In fact, they are in the C' boundary of Anosov diffeomorphisms.

4.3. Proof of the general case. For the proof of the general case, we proceed like we did
above. Let A € SL(n, Z) be a hyperbolic symmetric matrix with a splitting of the form:

R' = EY @ EY’ ® EY" @ EY',

where we take E§ := E}* @ EY" as the centre bundle. Since the matrix A is symmetric,
we know the subbundles E}® and E%Y" can be decomposed into one-dimensional
subbundles, that is,

Rn:E‘X@Eim@---@E;;S@EFMEB'H@E;UMEBEZM,

where E}”* is the eigenspace associated to the eigenvalue )»j. for * = s, u. In particular, the
eigenvalues verify

s s u u
A< <1<l <o <Al

In short, m = dim EY’, ] = dim E¥" and k = dim E =m + [.

Notice that 0 is a fixed point of A and index(0) = dim E%} 4+ m. Now, by iterating
the matrix if necessary, we can take k = m + [ different fixed points of A (here we
are making an abuse of notation once again), Fix(A) = {p1, ..., Pm»>q1,- .., qi}. For
every j =1,...,m, take a neighbourhood U; of p;, and for every j =1,...,/, take a
neighbourhood V; of g;. We can assume that they are small enough to be disjoint.

Like before, we proceed like in §4.1. Notice that the isotopies we made in that subsection
were only local. Therefore, a direct application of Lemma 4.10 implies that there is a
partially hyperbolic diffeomorphism g : T" — T" with a splitting of the form

n __ sSs ws wu uu
TT" = ES @ EY" & E" & EL,

where dim Ej; = dim E;‘ for * = ss, ws, wu, uu, and moreover:
e g(x)=Axforeveryx e (UjU---UU,UVIU.-.-UV)

e g is hyperbolic outside Fix{g};
° Dgpj|E£]us:Idforeveryj:l,...,m;
° ngj|E};uu=Idforeveryj=1,...,l.
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Once again, by taking the neighbourhoods U; and V; sufficiently small, the same argument
in Lemma 3.1 implies g has the SH-saddle property of index (m, [). The second point above
says that g is expansive and in the C' boundary of Anosov diffeomorphisms. Then, by
[13, Corollary 6.2], g is conjugated to A, which implies A(g) = 0. Then, by Theorem 3.8
(or Corollary 3.10), we have that g is C! robustly transitive. Let I be the C! neighbourhood
of g such that every h € U is transitive, and let £ > 0 be such that B-1(g, &) C U.

Now, for this ¢, take m hyperbolic matrices By, ..., B, which are ¢ close to
Dgp,,...,Dgp,, and such that index(B;) = dim E%’ + j. Notice that we can always
have these matrices since Dg) ; | Ews = Id for every j =1, ..., m. In the same way, we
can take / hyperbolic matrices Cy, . . ., C; which are ¢ close to Dgy,, . . ., Dgg,, and such
that index(C;) = dim E%} +m + j.

By applying Franks lemma [10] once again, we know there is a partially hyperbolic
diffeomorphism f € U N PH 4(T") such that:

o f(x)=gkx)=Axforeveryx e (U1 U---UU, UV U-.--UV)S
o f(pj)=pjforevery j=1,...,m;

o f(gj)=gqjforevery j=1,...,1;

e Dfp, =Bjforevery j=1,...,m;

e Dfy, =Cjforevery j=1,...,L

In particular, we have k + 1 fixed points (we are including 0 here) with indexes going from
dim E% to dim EY + k.

To end the proof, we have to mix the centre subbundles E* and E}*". To do this, we just
have to take another different fixed point p and apply the same isotopy as in Lemma 4.4.
This way, the splitting of f is not coherent with the hyperbolic splitting of A. If we want to
make the entire centre undecomposable, we can take extra fixed points and make suitable
local perturbations by adding complex eigenvalues. We thus obtain our example and we
finish the proof of Theorem A.

4.4. Other kinds of examples. In this subsection, we are going to present two additional
examples of C! robustly transitive partially hyperbolic diffeomorphisms. These examples
are in a sense similar to those we saw in Theorem A but with a different flavour.

We begin by introducing an example which originally appeared in [13] (see also [7])
that will be used in the construction of both C! robustly transitive partially hyperbolic
diffeomorphisms.

4.4.1. Example 0. Let A be the hyperbolic matrix A = ﬁ 1:| . Take ¢ € [0, 1] and
consider the family of diffeomorphisms f, : T2 — T? given by
c . c .
fe(x,y)=|2x+y — — sin(2nx), x + y — — sin(2Qwx) ).
2 2

The differential of f, at a point (x, y) is equal to

2—ccosmx) 1
1—ccosQmrx) 1

ch:|:
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Notice that det(Df.) =1 for every c € [0, 1] and every (x, y) € T2 therefore, fe is
a conservative diffeomorphism for every ¢ € [0, 1]. We also observe that the trace
tr(Df;) =3 — ccos(2mrx) > 2 if ¢ < 1, which implies f, is Anosov (notice in particular
that fo = A) and by the structural stability of Anosov diffeomorphisms, f. is conjugated
to A.

When ¢ = 1, the map fj is not uniformly hyperbolic since for x = 0, we have

11
Df1=[0 J (4.2)

and therefore every point of the form (0, y) has a non-hyperbolic differential and,
moreover, does not admit any invariant subbundle. For points (x, y) with x # 0, Df] is
a hyperbolic matrix since the trace is bigger than 2.

To sum up, fi is a conservative non-Anosov diffeomorphism on T2. Moreover, by taking
the Lyapunov function V : R? x R* — R given by

V((x1, y1), (x2, ¥2)) = —(y2 — yD((y2 — x2) — (1 — x1)),

it is easy to see that

21

which is positive by the mean value theorem, except perhaps at finite points.
By taking y > 0 sufficiently small (to remove these finite points), we have that
AV ((x1, y1), (x2, y2)) > 0 if 0 < d((x1, y1), (x2, y2)) < y and by Proposition 4.3, we
know fi is y-expansive.

Finally, notice that if ¢ — 1, then f. — fi in the C! topology, and then by [13,
Corollary 6.2], we have that f; is conjugated to f. for any c sufficiently close to 1. Since
fc is conjugated to A for any ¢ < 1, we conclude f] is conjugated to A.

in(2 — sin(2
AV ((x1s y1), (82, y2)) = (k2 — X102 + (2 = y1)% — (2 — m)(sm( 7%2) — s ’”“)>,

4.4.2. Example 1. Take an Anosov diffeomorphism with two fixed points, for example,
A2 : T? — T2, where A is the matrix in Example 0. Denote by pj and ¢; the two fixed
points of AZ2. Now, for i = 1, 2, take continuous functions ¢; : T2 — R such that:

e 0<ci(z) <1forevery z € T?

e ci(z) =1lifandonlyif z = py;

e ((z)=1ifand onlyif z = q;.

Then, we define the map F : T2 x T? x T? — T? x T2 x T? by

F(Z17 22, Z3) = (A2Z17 fC](Z])(Z2)9 sz(Z])(Z3))7

where the maps f. come from Example 0 in §4.4.1. Then, the differential of F at a point
(21, 22, z3) is equal to

A2 0 0
0
DF = a—Zlfcl(zl) Dfe 1) 0

a
a_zlfcz(m) 0 chz(m)
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If we take (9/0z1) fe,(z;) and (8/9z1) fc,(z,) sufficiently small (by taking ¢; and c; suffi-
ciently small), then F is a conservative partially hyperbolic diffeomorphism with centre
leaves Wi (21, 22, 23) = {21} X T? x T2. The points P = (p1,0,0) and Q = (g1, 0, 0)
are fixed by F and they are not hyperbolic since

A2 0 0 A2 0 0
3 3
DF, = | 37, Jawn PH 0 and DFy = | gz, Jaan Plean 0
3 3
Efcz(pl) 0 Dfe,ipy a—Zlfc2<q1> 0 Df

where Df is like in equation (4.2). Moreover, the region of the manifold where hyperbol-
icity fails is contained in {p1, g1} x T? x T2. Now, notice that the strong stable/unstable
bundles are almost horizontal. Then, every strong stable/unstable leaf of sufficiently large
(and uniform) length will be transversal to the set {p1, g1} X T2 x T2, and then as in the
proof of Lemma 3.1, for small neighbourhoods U, and U 0 of P and Q, respectively, we get
points in unstable leaves that never enter Up U U 0 for the future, and points in stable leaves
that never enter Up U U, 0 for the past. This implies that F has the SH-saddle property of
index (2, 2).

Then, as we did in the previous examples, we can find a suitable Lyapunov function to
see that F is expansive and conjugated to (A2, A, A), which implies A(F) = 0 (see [13]
where a similar example is constructed). Then, by Theorem 3.8 (or Corollary 3.10), we
know F is C! robustly transitive. If we want to change the indices of P and Q, we can just
apply Franks lemma [10] as we already showed.

4.4.3. Example 2. For v € R?, let T, : R? — R? be the translation T,(w) = w + v.
Then, for every v € R?, we define G, : R* - R?>by G, = Ty 0 fi o Tv_l, where f] is like
Example 0 we built in §4.4.1. It is easy to see that G, is Z?-invariant, and then induces
a diffeomorphism g, : T> — T2. By the chain rule, we have D(g,)w = D(f1)w—ov and
therefore g, is conjugated to A.

Now, we define f : T? x T? — T? x T? by f(v, w) = (A%v, go(w)). Then, it is easy
to see that f is a partially hyperbolic diffeomorphism where the centre leaves are the fibres
W; (v, w) = {v} x T2. Observe that we define f by A? in the base to get domination. It
is not difficult to see that f is conjugated to A% x A. Now, we want to see that f has the
SH-saddle property of index (1, 1). To see this, observe that since D(gy)y = D(f1)w—v>
the points with non-hyperbolic behaviour lay on the set

A ={(x, v, x,1) € T? x T?}.

Then, as in Example 1, we observe that strong stable/unstable bundles are almost horizontal
and, therefore, every strong stable/unstable leaf of sufficiently large (and uniform) length
will be transversal to the set A. Then, by applying the same techniques of Lemma 3.1,
we get points that never enter a small neighbourhood of A for the past and the future,
respectively, and this implies the SH-saddle property of index (1, 1).

To sum up, f :T? x T?> — T? x T? is a partially hyperbolic diffeomorphism, not
Anosov, expansive, conjugated to A% x A (which implies A(f) =0) and with the
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SH-saddle property of index (1, 1). Then, by Theorem 3.8 (Corollary 3.10), f is C robustly
transitive. From here, we can take any number of fixed points, and perform the same
perturbations and apply Franks lemma [10] to change the indexes of fixed points. We
remark that this example is different to those we built in Theorem A and Example 1,
since the points of the manifolds where hyperbolicity fails is not localized in small
neighbourhoods of fixed points.
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