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Abstract

This paper proposes interval constraint networks and interval propagation techniques for automatic tolerance design.
To develop an intelligent automatic tolerance design mechanism, the following interrelated problems are addressed:~1!
representing the relationships between the tolerances of the entities, attributes, and the functional requirements of a
design component by a constraint network,~2! developing tolerance propagation techniques in the network that will
satisfy the constraints between the entities, attributes and functional requirement. For the purpose of tolerance design,
we propose new definitions for consistency of constraints and consistency of a constraint network. New forward and
backward propagation techniques achieve worst-case tolerance analysis and synthesis, respectively. A tank design prob-
lem illustrates the use of the procedures for tolerance analysis and synthesis. The discussion and examples compare the
new constraint network and propagation techniques with previous works.

Keywords: Computer Integrated Manufacturing; Interval Constraint Networks; Constraint Propagation;
Tolerance Design

1. INTRODUCTION

Tolerance design plays an important role in the relationship
between performance and the manufacture of a product.
Decreasing the tolerance range may improve performance,
but will also make the manufacture more difficult and0or
increase manufacturing cost. It is desirable to maintain
valid tolerances when product design is constrained by
the relationship between the dimensions of entities of a
component and the functional requirement of the design. In
this paper, we develop a constraint-based reasoning mech-
anism to analyze design tolerances and synthesize a new
set of tolerances to satisfy the functional requirements of a
product.

For a given design of a mechanical part, a relationship
can be derived for the functional requirement in terms of
the entities. This relationship can be expressed as:Y 5
f ~X1,X2, . . . ,Xn! whereY is the functional requirement and
Xi is the ith entity. n is the number of entities that are re-
lated by the equation to the corresponding functional re-

quirement. For example,V 5 f ~L,W,H) 5 L 3 W 3 H,
whereV is the volume,L is the length,W is the width, and
H is the height.

In tolerance analysis, the entity tolerances, X1,X2, . . . ,Xn,
are given. The goal is to ensure that the functional require-
ment tolerance, Y, is met. The tolerances, Xi and Y, are the
range of acceptable values for,Xi andY, respectively. Tol-
erance analysis is essential for product design to determine
whether an item can be assembled, or whether it will work
correctly. Costly manufacturing problems can be the result
of product design without careful tolerance analysis. If the
assigned functional requirement tolerances are not met, the
tolerances for the entities need to be reassigned bytoler-
ance synthesisto achieve the functional requirements.

In tolerance synthesis, the functional requirement toler-
ance, Y, is given. The goal is to determine a set of feasible
entity tolerances, X1,X2, . . . ,Xn, that fulfill the functional
requirement. The task of tolerance synthesis is more diffi-
cult because n entity tolerances are determined based on one
functional requirement tolerance. In contrast, in tolerance
analysis, one functional requirement tolerance is deter-
mined based on n entity tolerances. Figure 1 gives the con-
cept and relationship of tolerance analysis and synthesis.
We have approached the problem of tolerance design by com-
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bining interval constraint network and interval propagation
techniques. The contributions of this work include:

• New definitions for consistency of constraints and sat-
isfaction of a constraint network for the purpose of tol-
erance design. The traditional definition of consistency
used in interval constraint satisfaction problems~ICSP!
cannot be applied for tolerance design.

• Forward and backward propagation algorithms for prop-
agation between adjacent levels in the interval con-
straint network. Application of these algorithms to
tolerance analysis and synthesis are shown.

• Examples and experiments to demonstrate the devel-
oped techniques in worst case tolerance synthesis and
analysis. Comparison with previous related work is also
provided.

This work focuses on the interval constraint networks for
representation of tolerances and constraint propagation meth-
ods for tolerance maintenance and validation. We do not ad-
dress the issue of tolerance allocation in this work. Tolerance
allocation and cost are issues to be addressed later.

2. BACKGROUND AND RELATED WORK

2.1. Related work in tolerance design

Tolerance design has been the focus of a number of tech-
niques. These techniques include tolerance calculation,
worst-case analysis, statistical analysis, design optimiza-
tion, and constraint-based reasoning. Many of these are re-
stricted to either analysis or synthesis; only a few are
applicable to both analysis and synthesis. Most of them ap-
proximate a nonlinear relationship between tolerances as a
linear relationship for simpler computation and optimiza-
tion. With this approximation, some of the essential char-
acteristics of the tolerance relationships are often lost.

Tolerance calculations have been explored in several
common design situations. For example, Foster~1983! and
Spotts~1983! have developed formulas for calculating size
position tolerances to achieve a desired class and grade of
cylindrical fit between mating parts. However, optimiza-
tion is not considered in the tolerance calculations. In addi-
tion, new formulas are required for each design.

Guilford et al.~1992! and Turner~1987! presented a worst-
case tolerance-analysis on an industrial assembly using
GEOS~an automated tolerance analysis package developed

at the Rensselaer Design Research Center!. A worst-case tol-
erance analysis determines the extreme values of the design
function under any possible variation allowed by the toler-
ances. However, the technique does not synthesize new tol-
erances. Fortini~1967! presented worst-case tolerance
synthesis with a linear design equation in which the limits
for the design variables and the tolerance variables are as-
sumed and used to obtain the overall limits on the remain-
ing tolerance variables. Linear design equations are assumed.

Fortini ~1967! also presented a statistical tolerance analy-
sis, deriving a probability distribution for the design vari-
able using the probability distributions assumed for the
tolerance variables and a linear design equation. Parkinson
~1982, 1984, 1985! utilized probabilistic methods to opti-
mize the dimensional tolerance such that there is an accept-
ably low risk of the assembly failing to meet the specification,
given the manufacturing costs. Limit-state equations are used
to represent the relationships between the dimensions for
assembly. These limit state equations are again replaced by
equivalent linear equations.

Hoffmann ~1982! reduced the analysis of tolerance and
process inaccuracies to the analysis of systems of linear
inequalities. The calculation of the resulting tolerances be-
tween components of parts is then solved by linear pro-
gramming. Michael and Siddall~1981, 1982! developed
an optimal allocation of manufacturing tolerances by non-
linear optimization, using the minimization of material cost
as the optimization criterion. These authors have also de-
veloped optimization techniques for a production process
with full acceptability~Michael & Siddall, 1981! and with
allowance for a system scrap percentage~less than full ac-
ceptability! ~Michael & Siddall, 1982!. Ostwald and Huang
~1977! employed linear programming with discrete and 0-1
variables to optimize the design tolerance for each inde-
pendent basic dimension from several manufacturing pro-
cesses. Spotts~1973! derived a formulation to calculate the
tolerances that will give the assembly of minimum cost.
The formulation is derived based on a cost function which
varies inversely with the square of the tolerance. Cagan
and Kurfess~1992! utilized a simulated annealing ap-
proach to allocate tolerances and the manufacturing pro-
cesses in order to obtain the minimum cost. The cost
function in the algorithm is based on the hourly costs of
the machines and the production time for the processes.
Speckhart~1972! developed an analytical method to allo-

Fig. 1. Relationship of tolerance synthesis and tolerance analysis.

List of Symbols

V variable~corresponding to entity, attribute, and functional
requirement!

V interval assigned forV
vup upper limit of V
vlow lower limit of V
vnom nominal value of the variable
v any value in V
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cate the optimum set of tolerances that guarantee that the
device will meet the statistical fit basis or sure-fit basis
and minimize the manufacturing costs. The cost function
is an exponential function determined by a nonlinear least-
squares curve fit procedure using the cost-tolerance data.
Krishnaswami and Mayne~1994! utilized a quality-loss
function in addition to the manufacturing-cost function
proposed by Speckhart~1972! to optimize the tolerance
allocation. The quality-loss function is inversely propor-
tional to the square of the dimension’s tolerance. Soder-
berg ~1994! proposed tolerance allocation by optimizing
the quality and manufacturing cost. The total loss of cus-
tomers is computed as the sum of the functionality loss
and the component price. These studies have contributed
to the implementation of different optimization tech-
niques, such as linear and nonlinear programming, or sim-
ulated annealing, and so forth, or to the ability to derive a
new objective function based on the manufacturing cost,
quality loss, and quality cost. However, the constraints be-
tween the tolerances of entities, attributes and functional
requirements have not been considered and the satisfac-
tion of these constraints is not guaranteed.

Lu and Wilhelm~1991! and Wilhelm and Lu~1992! pro-
posed a tolerance synthesis approach, CASCADE-T, that
used a representation of the conditional tolerance relations
that exist between features of a part. Conditional tolerances
are automatically determined from functional requirements
and shape information. A constraint propagation network is
employed for tolerance computation. However, the toler-
ances are propagated in a random order. This technique may
find one solution that satisfies the constraints but is not guar-
anteed to find a feasible solution. A detailed comparison is
provided in Section 5.

2.2. Related work in interval constraints

Constraint satisfaction problems~CSPs! are often formu-
lated in AI tasks. In CSPs, values are assigned to variables
subject to a set of constraints. Constraint specification rep-
resents the relationships among the variables. A constraint
network is a declarative structure that consists of nodes and
arcs. The nodes represent the variables or the constraints.
The arcs represent the relationship between the variables
and the constraints. The variables are labeled by intervals,
or sets of possible values. The constraints include any type
of mathematical operation or binary relation. The mathemat-
ical operations can be multiple inputs single output~MISO!
or single input single output~SISO!. Constraint propaga-
tion is utilized to perform inferences about quantities. For
different types of variables and definitions of satisfaction in
constraint satisfaction problems, different propagation tech-
niques can be formulated. For tolerance design, the vari-
ables are labeled by intervals and the constraints are n-ary
mathematical operations.

Dechter and Pearl~1988, 1989! developed a method of
generating heuristic advice to guide the order of value as-

signments based on sparseness in the constraint network and
the simplicity of tree-structured CSPs. A backtrack search
algorithm is utilized to search for one or all solutions that
assign a value to each variable which satisfies all the con-
straints. Mackworth and Freuder~1985! analyzed the time
complexity of several node, arc, and path consistency algo-
rithms in CSPs. However, the domains of the variables con-
sidered by Dechter and Pearl~1988, 1989!, and Mackworth
and Freuder~1985! are discrete, finite sets instead of real
intervals.

Ladkin and Reinefeld~1992! developed a technique to
solve qualitative interval constraint problems. However, the
constraints are binary relations on intervals instead of n-ary
mathematical operations on intervals.

Davis’s ~1987! and Hyvonen’s~1992! work is most
closely related to ours. The constraints in their interval con-
straint satisfaction problems~ICSPs! are n-ary mathemat-
ical operations and the intervals are real valued intervals.
Davis ~1987! adapted the Waltz filtering algorithm for
screening impossible values from the variable domain to
solve the ICSPs. However, the Waltz filtering algorithm
cannot determine global solutions in general. Hyvonen
~1992! used the tolerance propagation approach, which com-
bines the consistency techniques based on the topology of
the constraint net with techniques of interval arithmetic, to
solve the ICSPs. Although this method is able to deter-
mine global solutions for ICSPs, its definition of consis-
tency and satisfaction of the constraint network are not
appropriate in the problem of tolerance synthesis and analy-
sis for mechanical parts. Therefore, these techniques do
not solve our problem. These differences in the definitions
and applications will be discussed in the later sections.

3. INTERVAL CONSTRAINT NETWORK FOR
TOLERANCE DESIGN

3.1. Interval constraint networks and constraint
functions

A constraint network is a double, CN~V,C! whereV repre-
sents the set of variables,$V1, V2, . . . ,Vn% and C represents
the set of constraints,$C1, C2, . . . ,Cm%. The nodes in the con-
straint network represent variables or constraints. The arcs
in the constraint network represent the relationship be-
tween the variables and the constraints.

For each component~we interchangeably refer to a com-
ponent as a part!, its mechanical design can be used to spec-
ify the relationships between three categories of items: the
component’s functional requirements, the component’s
attributes, and the component’s physical entities~for brev-
ity referred to as entities here on!. The functional require-
ment describes the functions of the design and the
requirement to satisfy these functions. Each functional re-
quirement can be described as a function~constraint! in terms
of attributes. For example, the functional requirement vol-
ume of a sphere can be described as a function of the
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attribute, its inner radius. An attribute is also described as a
function in terms of the mechanical part’s physical entities.
Although attributes may not be directly measurable, the phys-
ical entities are taken such that they can be measured. In the
sphere example, we may not be able to directly measure the
attribute inner radius, but the inner radius can be computed
as a function of the sphere diameter and the thickness of the
raw material. These relationships can be represented as a
directed interval constraint network in our approach as shown
in Figure 2.

In the directed interval constraint networks for tolerance
design, there are three levels of variables, and there are con-
straint functions between each adjacent pair of levels of vari-
ables. The lowest level of variables corresponds to a set of
physical entities, the middle level corresponds to a set of
attributes, and the highest level corresponds to a set of func-
tional requirements. The constraint functions correspond to
the relationships between the corresponding variables. Each
function is a MISO or a SISO function.

Each constraint function in the constraint network,O 5
f ~I 1, I2, . . . ,I n!, describes the relationship between one or
more input variables,I 1, I2, . . . ,I n, and the single output vari-
able,O. This constraint function is used to propagate the
exact values of the input variables to the output variables.
Based on the constraint functions between the variables and
the properties of the interval arithmetic, the interval con-
straint functions between the corresponding intervals, O5
F~I1, I2, . . . ,In!, can be derived.

An interval constraint function is derived based on inter-
val arithmetic. The interval arithmetic is an extension of the
real arithmetic, and it deals with closed intervals, X,@xlow,
xup# , which represents$x6xlow # x # xup%. An interval con-
straint function, Z5 X ⊕ Y, where⊕ is an arithmetic op-
eration, is defined as:

Z 5 @zlow, zup# 5 X ⊕ Y 5 @xlow, xup# ⊕ @ylow, yup#

5 $x ⊕y6xlow # x # xup, ylow # y # yup%

For operations, such as addition, subtraction, multiplica-
tion, and division, the interval constraint functions can be
derived as follows:

Addition:

@xlow, xup# 1 @ylow, yup# 5 @xlow 1 ylow, xup1 yup#

Subtraction:

@xlow, xup# 2 @ylow, yup# 5 @xlow 2 yup, xup 2 ylow#

Multiplication:

@xlow, xup# 3 @ylow, yup#

5 @min$xlow ylow, xlow yup, xup ylow, xup yup%,

max$xlow ylow, xlow yup, xup ylow, xup yup%#

Division:

@xlow, xup#0@ylow, yup# 5 @xlow, xup# 3 @10ylow, 10yup#

For xlow, xup, ylow, yup $ 0, min$xlow ylow, xlow yup, xup

ylow, xup yup% 5 xlow ylow, and max$xlow ylow, xlow yup, xup

ylow, xupyup% 5 xupyup. Therefore,@xlow, xup# x @ylow, yup# 5
@xlow ylow, xup yup# . In our application, the dimensions mea-
sured and the functional requirements are always positive;
therefore, the above simplification can be used to make pre-
sentation and computation easier. Interval constraint func-
tions for other basic functions, such as Xn, Exp~X !, Sin~X !
and so forth, also can be derived easily.

3.2. Satisfaction of interval constraint network

The definition of satisfaction in an interval constraint net-
work must always be appropriate for the application being
considered. For any set of problems, a good understanding
of the goal of constraint satisfaction for the problem inves-
tigated and an appropriate definition of the satisfaction of a
constraint network are the foundations of a successful ap-
plication of constraint networks to the problem.

3.2.1. Satisfaction of interval constraint network
for ICSP

According to Hyvonen~1992!, the satisfaction of an in-
terval constraint network with n variablesV1 to Vn and n
intervals V1 to Vn is defined as follows:

A variable,Vi , is consistent if and only if;~vi [ Vi6Vi 5
vi !, '~v1 [ V1, . . . ,vi21 [ Vi21, vi11 [ Vi11, . . . ,vn [
Vn6V1 5 v1, . . . ,Vi21 5 vi21, Vi11 5 vi11, . . . ,Vn 5 vn,
such that all constraints are satisfied.!

The constraint network is satisfied if and only if all vari-
ables are consistent. In other words, given a constraint net-
work with n variables,V1 to Vn, and a constraint between
the variableVi and the other variables described byVi 5
f ~V1, . . . ,Vn!, Vi is consistent if and only if Vi # F~V1, . . . ,Vn!

Fig. 2. An interval constraint network representing the constraints be-
tween the entities, attributes, and functional requirements of the mechan-
ical design.
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where F is the interval constraint function with Vi as its out-
put interval and V1, . . . ,Vn as the input intervals. The pur-
pose of the ICSP as formulated in this way is to refine the
intervals of the variables in the constraint network as far as
possible without losing possible exact solutions of the con-
straints. However, in tolerance design, it is desired to have
the computed interval using the input intervals and the in-
terval constraint function, F~V1, . . . ,Vn!, to be a subset of
the assigned output interval, Vi , for each constraint in the
network~F~V1, . . . ,Vn! # Vi !.

The properties of the consistency of a variable as de-
scribed in ICSP are not appropriate for tolerance design, as
can be illustrated by the following example. Let us assume
that the constraint function between the area,A, and the
length and width,L andW, of a rectangle isA 5 f ~L , W! 5
L 3 W. Given the tolerances for the length, width, and area
respectively, L, W, and A, F~L, W! must be a subset of A so
that the designed tolerances for length and width satisfy the
expected tolerance of the rectangular area. Given that all
the variables are consistent according to the definition of
ICSP~A # F~L,W!, L # F~A,W!, W # F~A,L!!, the con-
dition F~L, W! # A is not guaranteed to be satisfied. For
instance, given the following tolerances of L, W, and A~L 5
@3,5# , W 5 @10,12# , and A5 @30,50# !, all the variables, L,
W, and A, are consistent.~ @30,50# , @3,5# 3 @10,12# 5
@30,60# , @3,5# , @30,50#0@10,12# 5 @2.5,5# , and@10,12# ,
@30,50#0@3,5# 5 @6,16.7# .! However, the requirement of
F~L,W! # A for tolerance design is not satisfied.~ @3,5# 3
@10,12# 5 @30,60# ÷ @30,50# .! Although all the variables in
the network are consistent, the tolerance assigned is not cor-
rect with respect to mechanical design.

3.2.2. Satisfaction of interval constraint networks
for tolerance design

Because the purpose of tolerance design in an interval
constraint network is different from the purpose of ICSP, a
new definition for satisfaction is required. In ICSP, the sat-
isfaction of the network is defined in terms of the consis-
tency of the variables, however, for tolerance design, the
constraint consistency should be used. In a constraint net-
work for tolerance design, each constraint is MISO and is
represented as a double, Ci ~U,k!. U is the set of indexes for
the input variables and k is the index of the output variable
for the constraint Ci . For example, U5 $1,2% and k5 3, if
the constraint function of Ci is V3 5 f ~V1,V2!.

The definitions of consistency of a constraint and satis-
faction of an interval constraint network for tolerance de-
sign are as follows:

Definition 1. A constraint, Ci , is consistent if and only
if ùj[U~;vj[Vj6Vj 5 vj !, ~'vk [ Vk6Vk 5 vk! such that Ci
is satisfied, where U is the set of indexes for the input vari-
ables and k is the index of the output variable for the con-
straint Ci . n

Definition 2. The interval constraint network for toler-
ance design is satisfied if and only if all the constraints are
consistent. n

Based on the definition of consistency of constraints and
satisfaction of the network, the tolerances assigned to the
entities are ensured to satisfy the tolerances of the func-
tional requirements. The interval computed from the input
intervals and the interval constraint function is expected to
be a subset of the assigned output interval for each con-
straint in the network. Taking the earlier example for ICSP,
with A 5 @30,50# , L and W could be refined to some other
intervals, such as L5 @3,4.5# and W5 @10,11# , such that
the constraint is consistent. After refining L and W, we could
take any values, l and w, in intervals L and W, and there is
always a value, a, in A such that l3 w 5 a.

4. PROPAGATION

These new definitions of consistency and satisfaction for
tolerance design require new tolerance propagation tech-
niques. With such techniques, tolerances can be propagated
from variable to variable in the constraint network to en-
sure that the constraints are consistent.

4.1. Forward propagation for a single constraint

The forward propagation is based on the constraint function
such that the intervals of the input variables are propagated
to the interval of the single output variable. If the interval
propagated from the input intervals is not a subset of the
output interval, the output interval is updated~relaxed! to
the union of the propagated interval and the original as-
signed output interval, otherwise, the constraint is consis-
tent and nothing is changed. The algorithm for forward
propagation is given as follows:

Forward Propagationfor constraint, C~$1,2, . . . ,n%, k!,
FP~X1,X2, . . . ,Xn; Xk !

Figure 3~a! shows the interval constraint network for a
single constraint with input intervals, X1,X2, . . . ,Xn, and out-

Propagated from Input Tolerance to the Upper Limit
of the Output Tolerance

xkup
' 5 f ~x1w , . . . ,xnw!
where xiw 5 xiup if Xk is monotonically increas-

ing with respect toXi .
xiw 5 xilow if Xk is monotonically decreas-

ing with respect toXi .
Propagated from Input Tolerance to the Lower Limit
of the Output Tolerance

xklow
' 5 f ~x1k, . . . ,xnk!
where xik 5 xilow if Xk is monotonically increas-

ing with respect toXi .
xik 5 xiup if Xk is monotonically decreas-

ing with respect toXi .
Relaxing the Output Tolerance

If x kup
' , xklow or xklow

' . xkup,
NO SOLUTION

Otherwise,
xkup 5 xkup

' if x kup
' . xkup.

xklow 5 xklow
' if x klow

' , xklow.
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put interval, Xk. If the propagated interval, Xk' , does not
intersect with the output interval, Xk, ~i.e., Xk

' ù Xk 5 B !,
there is no solution for the constraint. Figure 3~b! illus-
trates two situations when there is no solution. If xkup

' ,
xklow or xklow

' . xkup, there is no feasible solution to make the
constraint consistent. However, if Xk

' and Xk intersect, the
output interval is updated to the union of Xk

' and Xk, ~i.e.,
Xk
' ø Xk!. Figure 3~c! shows an example of the output in-

terval being updated by the union of the propagated interval
and the original output interval. An example to illustrate the
forward propagation is given as follows:

Example. In Figure 3, given n53, k54, X15@1,5# , X25
@8,10# , X35 @50,55# , X45 @71,75# , andX11X21X35X4,
the constraint is not consistent because X11 X21 X3 ÷ X4.
Therefore, a forward propagation is processed to relax X4.
First, propagated values for the upper and lower limits of the
output interval of the constraint are calculated based on in-

tervals for input variables. x4up
' 55110155570 and x4low

' 5
11 81 505 59. Since x4low 5 71$ x4up

' , therefore, no solu-
tion is obtained. If X4 is originally@65,72# instead of@71,75# ,
X4 can be updated to@59,70# ø @65,72# 5 @59,72# . n

4.2. Backward propagation for a single constraint

The backward propagation is also based on the constraint
function such that the interval of the output variable is prop-
agated to one or more of the intervals of the input variables.
If the constraint is not consistent, the output interval is prop-
agated to the input intervals by tightening each of the input
intervals. There are several options for tightening the input
intervals:~1! tightening uniformly on every interval,~2! tight-
ening the intervals proportional to their corresponding nom-
inal values of the variables,~3! tightening the intervals
proportional to the width of the intervals. The algorithm for
backward propagation is given as follows:

Fig. 3. ~a! An interval constraint network with single constraint.~b! Two situations where there is no solution of the constraint for
forward propagation.~c! An example where the output interval is updated by the union of the propagated interval and the original
output interval for forward propagation.

Fig. 4. An interval constraint network with L levels, Level_0 to Level_L. Between each adjacent pairs of levels, Level_i and Leve-
l_i11, there is a set of constraints representing the relationship between the intervals in Level_i and Level_i11, C~i, i11!.
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Example. In Figure 3, given n5 3, k 5 4, X1 5 @1,5# ,
X2 5 @8,10# , X3 5 @50,55# , X4 5 @62,68# , andX1 1 X2 1
X35 X4, the constraint is not consistent because X11 X21
X3 ÷ X4. A backward propagation needs to be processed to
tighten X1, X2, and X3. First, the propagation parameters
are computed. Assuming uniform allocation,ai 5 bi 51 for
i 51, 2, and 3, the upper limit parameter and the lower limit
parameter,tup andtlow, are solved based on the following
equations:

68 5 5 1 tup 1 101 tup 1 551 tup

62 5 11 tlow 1 8 1 tlow, 1 501 tlow,

tup5 20.67 andtlow 51.00. Subsequently, X1, X2, and X3

are updated to@2.00,4.33# , @9.00,9.33# , and @51.00,54.33#
where xiup

' 5 xiup 1 tup and xilow
' 5 xilow 1 tlow for i 5 1, 2,

and 3. n

Backward propagation provides three alternative ways to
propagate the output interval to the input intervals, based
on the characteristics of the input intervals. The first alter-
native is to allocate the propagation to the input intervals
uniformly. The second and third alternatives allocate the
propagation proportionally based on the nominal value and
the width of the input intervals, respectively. The choice of
alternative depends on the purpose of the propagation and
the properties of the alternatives~capability to find the

feasible solution!. For example, if the absolute amount of
tightening on each input interval is desired to be identical,
the first alternative will be chosen. If the nominal value of
the variable has significant meaning for the propagated in-
tervals, the second alternative will be chosen. Only the third
alternative guarantees finding a feasible solution if a feasi-
ble solution exists.

A feasible solution in the backward propagation for a con-
straint, C, should have the following two properties:

1. There are subsets of the input intervals such that C is
satisfied.

2. For each input interval, the subset,@xilow
' , xiup

' # that sat-
isfies C should include the nominal value,~i.e., xilow

' #
xinom # xiup

' !.

A good backward propagation technique should be able to
find a feasible solution if one exists.

Although the backward propagation technique provided
in this section can always find a feasible solution when one
exists, the correct assignment of the propagation param-
eters,ai andbi must be chosen. An assignment that is able
to find a feasible solution is described in Theorem 1 and
assignments that are unable to find the feasible solution are
described in Corollary 1. The proofs of these theorems are
provided in the Appendix.

Backward Propagationfor constraint, C~$1,2, . . . ,n%, k!, BP~Xk ; X1,X2, . . . ,Xn!
Compute the Propagation Parameter,ai and bi

If the changes on X1 to Xn areuniform,
ai 5 bi 5 1 for 1# i # n.

If the changes on X1 to Xn depend on thenominalvalue ofX1 to Xn,
ai 5 bi 5 xinom for 1 # i # n.

If the changes on X1 to Xn depend on thewidth of the intervals,
ai 5 xiw 2 xinom if x iw 5 xiup

ai 5 xinom 2 xiw if x iw 5 xilow

and bi 5 xik 2 xinom if x ik 5 xiup

bi 5 xinom 2 xik if x ik 5 xilow for 1 # i # n.
where xiw 5 xiup if Xk is monotonically increasing with respect toXi .

xiw 5 xilow if Xk is monotonically decreasing with respect toXi .
xik 5 xilow if Xk is monotonically increasing with respect toXi .
xik 5 xiup if Xk is monotonically decreasing with respect toXi .

Solve the Upper Limit Parameter, tup, based on the Constraint Function
Solve xkup 5 f ~x1w 1 Dx1w, . . . ,xnw 1 Dxnw! for tup

where Dxiw 5 ai tup if Xk is monotonically increasing with respect toXi .
Dxiw 5 2ai tup if Xk is monotonically decreasing with respect toXi .

If tup . 0, tup 5 0.
Solve the Lower Limit Parameter, tlow, based on the Constraint Function

Solve xklow 5 f ~x1k 1 Dx1k, . . . ,xnk 1 Dxnk! for tlow

where Dxik 5 bi tlow if Xk is monotonically increasing with respect toXi .
Dxik 5 2bi tlow if Xk is monotonically decreasing with respect toXi .

If tlow , 0, tlow 5 0.
Update the Input Intervals

xiw
' 5 xiw 1 ai tup for 1 # i # n,

xik
' 5 xik 1 bi tlow for 1 # i # n.
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Theorem 1. Given the interval of the output variable,
if there is a set of intervals for the input variables that
includes the variables’ nominal values and satisfies the con-
straint, the backward propagation technique with the as-
signment ofai and bi based on the width of the intervals
can always find a feasible set of intervals. n

Corollary 1. Given the interval of the output variable,
if there is a set of intervals for the input variables that in-
cludes the variables’ nominal values and satisfies the con-
straint, the backward propagation technique with the
assignment ofai and bi based on the uniform distribution
and the nominal value of the input variables is not guaran-
teed to find the feasible set of intervals. n

4.3. Parallel propagation

In Sections 3.1. and 3.2., the propagation technique through
a single constraint has been introduced. However, an inter-
val constraint network usually consists of more than one
constraint. In a directed interval constraint network for tol-
erance design, there are three levels of variables and there
is a set of constraints between each pair of adjacent levels
of variables. In parallel propagation~see Fig. 4!, all the tol-
erances in one level, Leveli, are propagated to all the toler-
ances in a lower level~or a higher level!, Level_i21 ~or
Level_i11!, through all the constraints between these two
levels by backward propagation~or forward propagation!
simultaneously. In parallel propagation, before the propa-
gated tolerances, in Level_i21 ~or Level_i11! are propa-
gated further to another level, Level_i22 ~or Level_i12!,
all the tolerances in Level_i21 ~or Level_i11! have to be
updated. Thus in tolerance analysis, all the entities’ toler-
ances are propagated to the attributes’ tolerances before all
the attributes’ tolerances can be propagated to the func-
tional requirements’ tolerances. A similar situation holds for
tolerance synthesis. All functional requirements’ tolerances
are propagated to the attributes’ tolerances and then propa-
gated to the entities’ tolerances. In some methods the order
of propagation may have an impact on the final solution ob-
tained. In this work, parallel propagation in the interval con-
straint network achieves the same solution regardless of the
order of propagation.

The algorithms for parallel forward and backward prop-
agation are shown below:

Parallel Forward Propagationfrom Level_i to Level_i11.
For each constraint in L~ i, i11!

Propagate the input intervals to the output intervals
simultaneously using the technique in Section 3.1

Parallel Backward Propagationfrom Level_i11 to Level_i.
1. Propagate to the intervals in Level_i for which out-

degree is greater than one
A. Initialize: Let M I be the set of variable intervals in
Level_i, which are constrained by more than one unsat-
isfiedconstraintbetweenLevel_iandLevel_i11,and let

M C be the set of unsatisfied constraints each of which
has more than one input interval among the intervals in
the setM I :

For each interval Xj [ M I , let Xj
min 5 Xj ,

where Xj is the currently assigned interval for the vari-
able before backpropagation.
B. Propagation: For each unsatisfied constraint Cu [
M C, propagate its output interval in Level_i11 to the its
input intervals inM I , X1

u, X2
u, . . . , Xn

u, using the back-
ward propagation algorithm BP~Xk ; X1,X2, . . . ,Xn!.
C. Tightening: For each interval Xj [ M I , update the in-
terval using

Xj 5Xj
min ù Xj

u1
ù Xj

u2
ù . . .ù Xj

uq
, if updated inter-

val Xj
min ù Xj

u1
ù Xj

u2
ù . . .ù Xj

uq
Þ B

where Xj
u1

,Xj
u2

, . . .Xj
uq

are the intervals obtained in
step B from the propagation of different constraints
that use Xj as input.

D. Iteratively Relax: While all constraints inM C are
satisfied:

For each variable with an interval inM I :
Relax Xj by a small amount using theaj andbj

values used in the backward propagation to Xj in
Step 2.

2. Propagate to the intervals in Level_i for which the
out-degree is equal to one
For each constraint in L~i,i11!

Propagate the output intervals in Level_i11 to the
intervals in Level_i, which are not elements ofM I ,
with aj andbj 5 0 for each interval Xj [ M I , using
the technique in Section 4.2.

In parallel forward propagation, all the intervals in Level_i
are propagated to all the intervals in Level_i11 simulta-
neously. Because all the constraints between the two levels
are MISO, the updated intervals in Level_i11 do not affect
one another.

The above two-step parallel backward propagation is de-
veloped to ensure the consistency of all the constraints be-
tween the two levels of variables. In parallel backward
propagation, each of the updated intervals in Level_i may
be propagated from several intervals in Level_i11 through
more than one constraint. Step 1 in the propagation is for
the intervals in Level_i that are constrained by more than
one constraint,~i.e., the corresponding nodes in the net-
work in which the out-degree is larger than one!, and the
second propagation step is for the rest of the intervals in
Level_i. In Step 1, the intervals in Level_i11 are propa-
gated to those intervals in Level_i that are constrained by
more than one constraint, and the tightest constraint from
all the output intervals on these intervals is found and saved.
In part 1.D, any overtightening resulting from the inter-
actions between constraints is relaxed by small steps to en-
sure that all feasible solutions are retained. This relaxing
can be necessary, when the intersections in part 1.B. result
in some of the variable intervals inM I being constrained
more than necessary because of propagation from different
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constraints in which the variable participates. In Step 2, the
rest of the intervals in Level_i are updated without chang-
ing the intervals that have already been computed in Step 1.

If a feasible solution does not exist after backward prop-
agation, it is because of a serious flaw between the original
intervals and the design represented by the network. For ex-
ample, if in backward propagation all of the input intervals
were reduced to their nominal values, this should produce a
feasible solution in a well-conceived design. Backward prop-
agation that fails identifies the specific location of the de-
sign flaw.

4.3.1. Example

Figure 5 shows an example of a partial interval con-
straint network. The intervals, X1, X2, X3, and X4, are prop-
agated simultaneously, to the intervals, Y1, Y2, and Y3,
through the constraints, C1, C2, and C3. Therefore, three
forward propagations, FP~X1; Y1!, FP~X1,X2,X3; Y2!, and
FP~X3,X4; Y3! are processed simultaneously to update Y1,
Y2, and Y3.

Given X1 5 @5,10# , X2 5 @20,25# , X3 5 @15,18# , X4 5
@9,10# , Y15 @1,3# , Y25 @40,50# , Y35 @140,180# , x1nom5 7,
x2nom 5 22, x3nom 5 17, x4nom 5 9.5, assume the constraints
are Ln~X1! 5 Y1, X1 1 X2 1 X3 5 Y2, andX3 3 X4 5 Y3.
Since Ln~X1! 5 @1.61,2.30# , Y1, the constraint C1 is con-
sistent and relaxing Y1 is not necessary. As a result, only
FP~X1,X2,X3; Y2!, and FP~X3,X4; Y3! are processed si-
multaneously. Y2 and Y3 are then updated to@40,53# and
@135,180# , respectively. Now, all the constraints between Xi

and Yj are consistent where i5 1, 2, 3, 4, and j5 1, 2, 3.
For parallel backward propagation, Y1, Y2, and Y3 are

first propagated through C1, C2, and C3 to X1 and X3.
~BP~Y1; X1!, BP~Y2; X1, X2, X3! and BP~Y3; X3, X4! are
used.! Then, Y2 and Y3 are propagated through C2 and C3 to
X2 and X4 with X1 and X3 fixed as the intervals propagated
the first time.~Only BP~Y2; X1, X2, X3! and BP~Y3; X3,
X4! are used.!

In this example, only the original Y2 and Y3 are propa-
gated backward simultaneously to X1, X2, X3, and X4 in
parallel backward propagation because C1 is found consis-

tent in forward propagations. Only BP~Y2; X1, X2, X3!
and BP~Y3; X3, X4! are processed to update X3 in the first
step of parallel backward propagation. However, X1 is not
updated because X1 is only constrained by C2 when C1 is
consistent. According to Theorem 1, allocation based on
the width of intervals is used in this example so that a
feasible solution is guaranteed to be found. BP~Y2; X1,
X2, X3! tightens the upper limit of X3 to 17.571 and BP~Y3;
X3, X4! tightens the lower limit of X3 to 15.195. X3 is
updated to@15.389,17.572# . Fixing X3 to the updated in-
terval, BP~Y2; X1, X2, X3! and BP~Y3; X3, X4! are pro-
cessed again to update X1, X2, and X4. X1 and X2 are
updated to@5.000,8.714# and @20.000,23.714# , respec-
tively. X4 is also updated to@9.097,10# . All the constraints
between Xi and Yj are now consistent after parallel back-
ward propagation where i5 1, 2, 3, 4, and j5 1, 2, 3.

5. TOLERANCE DESIGN

In this section, the tank in Figure 6 is utilized as an example
to illustrate tolerance analysis and tolerance synthesis using
an interval constraint network. The tank is made up of two
cylinders. The functional requirements are the total volume
of the tank,V, and thicknesses of the tank,T1, T2, andT3,
as labeled in Figure 6~b!. The attributes of the cylinders are
the inner radius and the outer radius,R1, R2, R3, andR4,
the inner lengths,L1 and L2, and the outer length of the
smaller cylinder,L3 ~Figure 6~c!!. The entities are several
measurable tank lengths, as labeled in Figure 6~d!.

The interval constraint network for the tank is given in
Figure 7. The highest level has four variables,V, T1, T2,
andT3. The middle level has seven variables.L1, L2, L3,
R1, R2, R3, andR4, The lowest level has seven variables,
E1, E2, E3, E4, E5, E6, andE7. Between the highest level
and the middle level, there are four constraints; between the
middle level and the lowest level, there are seven con-
straints. The constraint functions are given in Table. 1.

5.1. Tolerance analysis

After tolerances have been assigned to the entities of the
parts, tolerance analysis ensures that the tolerances for the
functional requirements are satisfied. Therefore, tolerances
are propagated from all the entities to the attributes and then
propagated to the tolerances of the functional requirements.
In many situations, the tolerances of the attributes are not
assigned, so the upper limits and lower limits of these tol-
erances are initially set to the nominal value in the con-
straint network.

In the tank example, the tolerances of the entities,E1,
E2, E3, E4, E5, E6, andE7, are propagated to the toler-
ances of the functional requirements,V, T1, T2, andT3.
The nominal values of the entities,E1, E2, E3, E4, E5, E6,
and E7, are 95 mm, 200 mm, 100 mm, 50 mm, 50 mm,
190 mm, and 200 mm, respectively. The nominal values of
the attributes,L1, L2, L3, R1, R2, R3, andR4, are 100 mm,

Fig. 5. An example of a partial interval constraint network from Level_i
to Level_i11, where Level_i has four variables, X1, X2, X3, and X4, Lev-
el_i11 has three variables, Y1, Y2, and Y3, and there are three constraints
in C~i,i11!, C1, C2, and C3.
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200 mm, 95 mm, 140 mm, 190 mm, 150 mm, and 200 mm,
respectively. The nominal values of the functional require-
ments,V, T1, T2, and T3, are 2.93 107 mm3, 10 mm,
10 mm, and 5 mm, respectively. The initial tolerances of
the entities, attributes, and functional requirements are given
in Table 2. The upper limits and the lower limits of all
the attributes are set to their nominal values. The tolerances

of the entities are first propagated to the attributes’ toler-
ances through the corresponding interval constraint func-
tions in the first column of Table 1; the results are given in
Table 2. The tolerances of the attributes are then propagated
to the functional requirements’ tolerances through the cor-
responding interval constraint functions in the second col-
umn of Table 2. The results are also given in Table 2. The
propagated tolerances of the functional requirements are
@2.82413 107 mm3, 2.9419x107 mm3# , @8 mm,12 mm# ,
@6 mm,14 mm# , and@3 mm,7 mm# for V, T1, T2, andT3,
respectively. As a result of this analysis, we see that the prop-
agated tolerances ofT1, T2, and T3 do not satisfy the
functional requirements because they are not subsets of

Fig. 6. ~a! A tank, ~b! the labels of functional requirement,~c! the labels of attributes of the cylinders, and~d! the labels of the
measurable entities.

Fig. 7. The interval constraint network representing the relationship of the
tolerance of entities, attributes, and functional requirements for the tank in
Figure 6.

Table 1. Constraint functions for the interval constraint
network in Figure 7

Constraint Functions between
Entities and Attributes

Constraint Functions between
Attributes and Functional

Requirements.

L1 5 E3 V 5 pR1 R1 L11 p R2 R2 L2
L2 5 E11 E2 2 E3 T15 R4 2 R2
L3 5 E1 T2 5 R3 2 R1
R15 E6 2 E5 T3 5 L1 2 L3
R2 5 E6
R3 5 E7 2 E4
R4 5 E7
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the designed tolerance as shown in Column 3 of Table 2.
However, the propagated tolerances forV do satisfy that
assignment.

5.2. Tolerance synthesis

In tolerance synthesis, the tolerances of functional require-
ments that do not satisfy the assignments in tolerance analy-
sis are propagated backward to obtain new necessary
tolerances for the entities. If all the functional require-
ments’ tolerances are satisfied, tolerance synthesis is not
necessary. As a result, not every node in the network will
be visited during the backward propagation, only those that
are related to the unsatisfied functional requirements. To
ensure finding a feasible solution in this example, the as-
signments ofai andbi are based on the width of the tol-
erances. After tolerance synthesis, a new set of tolerances
for the entities that will satisfy all the constraints in the
network is generated.

In the tank example, only the tolerances forT1, T2, and
T3 are propagated backward to the attributes’ tolerancesL1,
L3, R1, R2, R3, andR4. V’s tolerance is not propagated to
any of the attributes’ tolerances because V’s tolerance is sat-
isfied as described in tolerance analysis in Section 4.2.L2’s
tolerance is not propagated fromT1, T2, andT3 because
L2 is not related to any ofT1, T2, andT3. The propagated
tolerances for the attributes are given in Table 2. Because
none ofL1, L3, R1, R2, R3, andR4 are constrained by
more than one ofT1, T2, andT3, only the second step in
the parallel backward propagation method is needed.

After the attributes’ tolerances are updated, they are prop-
agated to the entities’ tolerances. In this example, the toler-

ances ofL1, L3, R1, R2, R3, andR4, are propagated toE1,
E3, E4, E5, E6, andE7. E2 is not propagated because it is
constrained only byL2 andL2 is not changed during the
process of tolerance synthesis. In this propagation,E6 and
E7 are constrained by more than one attribute.E6 is con-
strained byR1 andR2. E7 is constrained byR3 andR4.
However,E1, E3, E4, andE5 are constrained by only one
attribute. Therefore, a parallel backward propagation is first
processed to propagate the tolerances fromR1, R2, R3, and
R4 to E6 andE7. A second parallel backward propagation
is then processed to propagate fromL1, L3, R1, andR3 to
E1, E3, E4, andE5 with aE6, aE7, bE6, bE7 equal to 0.

6. DISCUSSION AND COMPARISON

Davis ~1987! and Hyvonen~1992! investigated the ICSP,
where real interval and n-ary mathematical operations are
used, but, as discussed in Section 2, the proposed defini-
tions for satisfaction of the network are not appropriate for
tolerance satisfaction. In ICSP, the purpose is to refine the
intervals of the variables as far as possible without losing
possible exact solutions of the constraints. For all values in
the interval of a variable, there are always some values in
each of the other intervals that satisfy all the constraints.
However, in tolerance design, the purpose is to ensure that
the propagated interval from the input variables is a subset
of the output variable’s interval for each constraint.

Lu and Wilhelm~1991! and Wilhelm and Lu~1992! have
utilized constraint networks for tolerance synthesis in a sys-
tem named CASCADE-T. Their work is the most closely
related work; however, our work takes a different approach
from techniques developed in their research. Examples in

Table 2. The tolerances of the entities, attributes, and functional requirements initially, after tolerance analysis,
and after tolerance synthesis

Initial Tolerance Analysis Tolerance Synthesis

Entities E1 @94 mm, 96 mm# @94 mm, 96 mm# @94.75 mm, 95.25 mm#
E2 @204 mm, 206 mm# @204 mm, 206 mm# @204 mm, 206 mm#
E3 @99 mm, 101 mm# @99 mm, 101 mm# @99.75 mm, 100.25 mm#
E4 @49 mm, 51 mm# @49 mm, 51 mm# @49.75 mm, 50.25 mm#
E5 @49 mm, 51 mm# @49 mm, 51 mm# @49.75 mm, 50.25 mm#
E6 @189 mm, 191 mm# @189 mm, 191 mm# @189.75 mm, 190.25 mm#
E7 @199 mm, 201 mm# @199 mm, 201 mm# @199.75 mm, 200.25 mm#

Attributes L1 @100 mm, 100 mm# @99 mm, 101 mm# @99.75 mm, 100.25 mm#
L2 @200 mm, 200 mm# @197 mm, 203 mm# @197 mm, 203 mm#
L3 @95 mm, 95 mm# @94 mm, 96 mm# @94.75 mm, 95.25 mm#
R1 @140 mm, 140 mm# @138 mm, 142 mm# @139.5 mm, 140.5 mm#
R2 @190 mm, 190 mm# @189 mm, 191 mm# @189.5 mm, 190.5 mm#
R3 @150 mm, 150 mm# @148 mm, 152 mm# @149.5 mm, 150.5 mm#
R4 @200 mm, 200 mm# @199 mm, 201 mm# @199.5 mm, 200.5 mm#

Functional Requirements V @2.83 107 mm3, 3.03 107 mm3# @2.83 107 mm3, 3.03 107 mm3# @2.83 107 mm3, 3.03 107 mm3#
T1 @9 mm, 11 mm# @8 mm, 12 mm# @9 mm, 11 mm#
T2 @9 mm, 11 mm# @6 mm, 14 mm# @9 mm, 11 mm#
T3 @4.5 mm, 5.5 mm# @3 mm, 7 mm# @4.5 mm, 5.5 mm#
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the following section demonstrate and compare the two ap-
proaches. CASCADE-T is different from the work pre-
sented here in the following ways:

• The sequences and direction of the tolerance propaga-
tion are not specified in CASCADE-T. A user can se-
lect the propagation paths subjectively. Nonunique
solutions may be obtained as a result of constraint prop-
agation through different propagation paths.

• One is not guaranteed to obtain a solution in CAS-
CADE-T even when a feasible solution to the con-
straint network exists. The procedures presented here
always find a feasible solution when one exists.

• The solution obtained in CASCADE-T may not satisfy
the notion of constraint consistency as defined in Def-
inition 1 ~Section 2.2.2.!.

An example of two prisms is provided in Wilhelm and
Lu ~1992!. This example, shown in Figure 8~a!, can be uti-
lized to compare CASCADE-T and the approach presented
here. CASCADE-T’s constraint network for this example is
shown in Figure 8~b!. The constraint network constructed
according to the method presented here for the same exam-
ple is shown in Figure 8~c!. The structures of the constraint
networks in Figures 8~b! and 8~c! are significantly differ-
ent. In the network shown in Figure 8~b!, the entities of the
prisms are not considered. The constraint representing the
equivalence between W1 and W2 is represented in the net-
work, but the equivalence between L1 and L2 is not re-
quired. On the other hand, in our network~Fig. 8~c!!, all the
entities and the attributes are considered.Although the equiv-
alencies of W1 and W2 and L1 and L2 are not represented
in the network, these equivalent constraints are already im-
plied by the constraints, C5 and C6, C7 and C8, C9 and
C10, and C11 and C12.

Not only the networks are different; the techniques of tol-
erance synthesis and the results are also different. Initially,
the tolerances of W1, H2, and W2 are not available in this
example in Wilhelm and Lu~1992!. As a result, there is only
one possible path of propagation, as shown in Figure 9~a!
and the results given in the third column of Table 3. Indeed,
the unavailability of tolerances for a variable is the equiv-
alent of unlimited tolerance, which makes the problem eas-
ier to solve. Before applying our parallel propagation as given
in Section 3.3, the tolerances of W1 and W2 and H2 are
first assigned based on the nominal values of W1nom, W2nom,
and H2nom ~assumed to be the mid-value of the tolerance!.
The results are given in the fifth column of Table 3. Unlike
the results in Wilhelm and Lu~1992!, the tolerances for all
the entities are obtained. Moreover, the wide ranges in their
results for W1, W2, and H2 do not occur in our results.

The results in Table 3 also show that constraint consis-
tency according to Definition 1 is not satisfied in Wilhelm
and Lu~1992! because some propagations in CASCADE-
T’s technique are based on the solution function instead of
the constraint function. The solution function is the func-
tion derived from the constraint function such that an input

variable is represented as a function of the output variable
and the other input variables of the constraint function. For
example, given the constraint functionC 5 A 1 B, the so-
lution functions areA 5 C 2 B and B 5 C 2 A. In the
example of two prisms, W1 is propagated from A1 and V1
through the solution functionW1 5 V10A1 such that the
condition V10A1 # W1 is satisfied using CASCADE-T’s
technique. However, V10A1 # W1 is not the same as W13
A1 #V1, which is the required condition for the consis-
tency of the constraintV1 5 W1 3 A1. As a result, con-
straint consistency is not guaranteed. In the example ofV15
W1 3 A1, W1 and A1 are@2.5,50# and@1,8# , respectively,
after CASCADE-T’s propagation. W13 A1 is @2.5,400# ,
which is not a subset of V1,@20,50# . On the other hand,
using the technique presented here, the consistency of con-
straints is guaranteed.

In most situations, there is always more than one propa-
gation path for tolerance synthesis using CASCADE-T’s
technique, which means that more than one possible solu-
tion can be obtained. However, no methodology to deter-
mine the appropriate path is available in Wilhelm and Lu
~1992!. Only one propagation is possible in the previous sit-
uation when A1, W1, W2, A2, and H2 are not available ini-
tially. As a result, the propagation path is forced to start from
L1 and H1 to find unavailable tolerances sequentially. Using
the results in the third column of Table 3 and updating W1
to @2.5,3# , Propagation Path 2~Fig. 9~b!! is provided to syn-
thesize the other tolerances. In this situation, Propagation
Path 2 is not the only possible path. Propagation Path 3
~Fig. 9~c!! and Propagation Path 4~Fig. 9~d!! are the other
two possible paths available. The results of these three paths
are shown in Table 4, and the resulting tolerances are dif-
ferent. Using the parallel propagation technique given here,
tolerances are propagated from level to level simultaneously,
multiple propagation paths are not possible, and a unique
solution is obtained.

The tolerances resulting from using CASCADE-T may
not be feasible. For example, the result of W1 in all possi-
ble paths is actually considered infeasible. W1nom com-
puted according to the constraint, C25, and L1nom, H1nom,
and V1nom is 9.33.~L1nom, H1nom, and V1nom are assumed
to be the mid-values of the initial tolerance in the second
column in Table 3!. W1 in Table 4,@2.5,3# , does not include
W1nom.

7. CONCLUSION

Tolerance design is essential in manufacturing and it plays
an important role in relating performance to the design of a
product. A good tolerance design mechanism should be able
to determine a set of tolerances for the dimensioning of a
component’s entities such that maximum ranges for the tol-
erances are obtained while satisfying allowable variations
in the functional requirements of the product.

In this paper we have described an approach for worst-
case tolerance analysis and synthesis exploiting a directed
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Fig. 8. ~a! An example of two prisms,~b! the constraint network provided in Lu and Wilhelm~1991! and Wilhelm and Lu~1992! for
the example in~a!, ~c! our constraint network for the same example.
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Fig. 9. ~a! Propagation Path 1,~b! Propagation Path 2,~c! Propagation Path 3, and~d! Propagation Path 4 for CASCADE-T’s con-
straint network in Example 1.

Table 3. The result of tolerance synthesis using Propagation Path 1 in CASCADE-T’s constraint network
(Figure 9(a)) and the parallel propagation in our constraint network (Figure 8(c)) for Example 1

Lu’s Constraint Network New Interval Constraint Network

Initial After Propagation Initial After Propagation

e1 NA NA NA @8,43,9.97#
e2 NA NA NA @1.28,1.66#
e3 NA NA NA @8,43,9.97#
e4 NA NA NA @1.28,1.66#
e5 NA NA NA @8.47,9.89#
e6 NA NA NA @1.48,1.66#
e7 NA NA NA @8.47,9.89#
e8 NA NA NA @1.48,1.66#
e9 NA NA NA @8.47,9.89#
e10 NA NA NA @1.58,2.29#
e11 NA NA NA @8.47,9.89#
e12 NA NA NA @1.58,2.29#
e13 NA NA NA @1.84,3.00#
e14 NA NA NA @1.84,3.00#
e15 NA NA NA @1.84,3.00#
e16 NA NA NA @1.84,3.00#
e17 NA NA NA @1.48,2.19#
e18 NA NA NA @1.48,2.19#
e19 NA NA NA @1.48,2.19#
e20 NA NA NA @1.48,2.19#
L1 @1,2# @1,2# @1,2# @1.28,1.66#
H1 @1,4# @1,4# @1,4# @1.84,3.00#
W1 NA @2.5,50# @7.3,11.3# @8,43,9.97#
L2 @1,3# @1,3# @1,3# @1.58,2.29#
H2 NA @0.133,20# @0.9,2.9# @1.48,2.19#
W2 NA @2.5,50# @7.3,11.3# @8.47,9.89#
V1 @20,50# @20,50# @20,50# @20,50#
V2 @20,50# @20,50# @20,50# @20,50#
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interval constraint network approach. The concept of con-
sistency of a constraint and the satisfaction of the constraint
networks were defined, and techniques for forward and back-
ward propagation between the different levels of such in-
terval constraint networks were developed. Experiments and
examples were conducted to illustrate these procedures and
to compare with previous related work.

This work has focused on the interval constraint network
representations and constraint propagation for automated
maintenance of tolerances, not on tolerance allocation. The
subjects of cost and optimal tolerance allocation are issues that
we intend to investigate in our future research. In this regard,
we intend to develop interval propagation methods, which
incorporate costs and relative weights in the interval update
procedures for the constraints and variables in the network.
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APPENDIX

Proof of theorem 1 and corollary 1

In backward propagation, solutions are determined based
on the constraint function. For the constraint function, Y5
F~X1, . . . ,Xn!, the upper limit of Y, yup, is propagated to the
upper limits or lower limits of Xi , where i51, 2, . . . ,n. The
propagation technique is based on the propagation function
of yup, yup 5 f ~x1w 6 a1 tup, . . . ,xnw 6 an tup!. Given yup,
xiw, andai ~i 51, 2, . . . ,n!, tup are solved. The updated value
of xiw, xiw

' , is xiw 6 ai tup.
For feasible solution,xi # xiw

' # xiw if x iw 5 xiup, is xiw #
xiw
' # xi if x iw 5 xilow. That means,

if x iw 5 xiup
xi # xiw 1 ai tup # xiw

2 ~xiw 2 xi ! # ai tup # 0

if x iw 5 xilow
xiw # xiw 2 ai tup # xi

0 # 2ai tup # xi 2 xiw

Similar situations hold for the propagation of the lower
limit of Y, y low.

ylow 5 f ~x1k 6 b1 tlow, . . . ,xnk 6 bn tlow!

Given y1, xik, andbi ~i 51, 2, . . . ,n!, tlow are solved. The
updated value of xik, xik

' , is xik 6 bi tlow.
For feasible solution, xik # xik

' # xi if x ik 5 xilow, is xi #
xik
' # xik if x ik 5 xiup. That means,

if x ik 5 xilow
xik # xik 1 bi tlow # xi

0 # bi tlow # xi 2 xik

if x ik 5 xiup
xi # xik 2 bi tlow # xik

2 ~xik 2 xi ! # 2bi tlow # 0

For example, Figure A1 shows a simple single constraint
with subtraction operation. The amounts of tightening on
the lower limits and the upper limits of X1 and X2 in terms
of a1, b1, a2, b2, tlow, andtup are shown in Figure A1~b!.

For uniform allocation,ai 5 bi 5 1. Therefore,

2~xiw 2 xi ! # tup # 0 if xiw 5 xiup

0 # 2tup # xi 2 xiw if x iw 5 xilow

0 # tlow # xi 2 xik if x ik 5 xilow

2~xik 2 xi ! # 2tlow # 0 if xik 5 xiup

Fig. A1. ~a! A single constraint with subtraction operation,~b! the amount of tightening on X1 areb1 tlow and2a1 tup on the lower
limit and the upper limit, respectively, and the amount of tightening on X2 area2 tup and2b2 tlow on the lower limit and the upper
limit, respectively.
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For allocation based on nominal values,ai 5 bi 5 xi .
Therefore,

2~xiw 0xi 2 1! # tup # 0 if xiw 5 xiup

0 # 2tup # 1 2 xiw 0xi if x iw 5 xilow

0 # tlow # 1 2 xik 0xi if x ik 5 xilow

2 ~xik 0xi 2 1! # 2tlow # 0 if xik 5 xiup

For allocation based on the interval sizes,ai 5 xiw 2 xi if
xiw 5 xiup, ai 5 xi 2 xiw if x iw 5 xilow, bi 5 xi 2 xik if x ik 5
xilow, andbi 5 xik 2 xi if x ik 5 xiup. Therefore,

21 # tup # 0 if xiw 5 xiup
and xiw 5 xilow

0 # tlow # 1 if xik 5 xilow
and xik 5 xiup

Based the above analysis, it is possible that allocation tech-
niques based on uniform or nominal values are not able to
obtain the feasible solution, even if there is one. However,
allocation techniques based on tolerance sizes can always
find the feasible solution if there is one. The allocation tech-
niques based on uniform or nominal values cannot find a
solution if any of the upper limits or lower limits of the up-
dated input intervals do not satisfy one of the conditions
listed. However, the unsatisfactory condition produced when
one of the upper or lower limits of the updated input inter-
vals fails to satisfy one of the pertinent conditions does not
imply that there is no feasible solution. This is because it is
possible to relax one or more of the other intervals such that
the unsatisfactory condition becomes satisfied. In the allo-
cation techniques based on tolerance size, the conditions for
obtaining a solution are21 #tu # 0 and 0# t1 # 1, which
are the same for all intervals. If one of these conditions is
not satisfied, it is not satisfied for all upper limits or lower
limits for all intervals and no relaxation is available to ob-
tain a feasible solution. In other words, there is no feasible
solution if the allocation technique based on interval sizes
cannot obtain a feasible solution.
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