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Threshold modelgsample splitting mode)shave wide application in economics
Existing estimation methods are confined to regression mpdgish require that

all right-hand-side variables are exogenotikis paper considers a model with
endogenous variables but an exogenous threshold varidldedevelop a two-
stage least squares estimator of the threshold parameter and a generalized method
of moments estimator of the slope parameté/s show that these estimators are
consistentand we derive the asymptotic distribution of the estimatbhe thresh-

old estimate has the same distribution as for the regression(Esesen 200Q
Econometrica68, 575-603, with a different scaleThe slope parameter esti-
mates are asymptotically normal with conventional covariance matkidesves-
tigate our distribution theory with a Monte Carlo simulation that indicates the
applicability of the methods

1. INTRODUCTION

Threshold models have some popularity in current applied econometric prac-
tice. The model splits the sample into classes based on the value of an observed
variable—whether or not it exceeds some threshlihen the threshold is
unknown(as is typical in practiceit needs to be estimateend this increases
the complexity of the econometric proble theory of estimation and infer-
ence is fairly well developed for linear models with exogenous regressohsd-
ing Chan(1993, Hansen(1996, Hansen(1999, Hansen(2000, and Caner
(2002. These papers explicitly exclude the presence of endogenous variables
and this has been an impediment to empirical applicatiociuding dynamic
panel models

This paper develops an estimator and a theory of inference for linear models
with endogenous variables and an exogenous threshold variablelerive a
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large sample distribution theory for the parameter estimates and test statistics
The estimator is based on estimation of a reduced form regression for the endog-
enous variables as a function of exogenous instrumeéhts requires the devel-
opment of a model of the conditional mean of the endogenous variables as a
function of the exogenous variabldsased on the reduced formpredicted val-

ues for the endogenous variables are formed and substituted into the structural
equation of interest.east-square€.S) minimization yields the estimate of the
threshold Estimation of the slope parameters of this equation occurs in the third
step where the sample is split based on the estimated thresaotithen con-
ventional two-stage least squar€SLS or generalized method of moments
(GMM) estimation is performed on the subsamples

Although we demonstrate that our estimator is consisteatdo not know if
it is efficient, as other estimators are possible and efficiency is difficult to estab-
lish in nonregular models

We make the important assumption that the threshold variable is exogenous
This is an important feature of the model and limits potential applicatibms
some casest may be desired to treat the threshold variable as endogenous
This would be a substantially different model and would require a distinct esti-
mator Hence we do not treat this case in this paperd we leave it to future
research

Our asymptotic theory allows either for a random sample or for weakly depen-
dent time-series dat@hereby excluding trends and unit ropts

Our statistical analysis of our threshold estimator follows Ha2800 by
using a “small threshold” asymptotic framewofpecifically the difference in
the regression slopes between regions is modeled as decreasing as the sample
size grows This device reduces the convergence rate of the threshold estimate
and allows the development of a simpler distributional approximatiba analy-
sis is therefore probably most relevant to empirical applications where the thresh-
old effect is “small” The small threshold assumption was first developed in the
change-point literature by Picafd985 and Bai(1997).

An example of a potential application gstheory which specifies that mar-
ginal q (the ratio of a firm's market value to replacement valgbould be a
sufficient predictor for firm investmenEmpirical evidence has suggested that
this relation is violated by financially constrained firmghose investment is
also affected by the level of cash flowhis literature including FazzatiHub-
bard and Petersef1988, Barnett and Sakellari€1998, Hu and Schiantarelli
(1998, and Hanseri1999, uses threshold models for the investment equation
where the threshold variables are measures of financial constrgint&son
and Whited(2000 challenge this literature by arguing that these findings are
artifacts of measurement error in margimplThey use GMM estimates with
sample splits based on firm size and bond ratings but do not estimate the thresh-
old levels Our methods would allow these split poir(tereshold parameters
to be estimated rather than fixed at arbitrary values

The plan of the paper is as follows Section 2 we lay out the modelin
Section 3 we describe our proposed estimators for the model param&tecs
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tion 4 presents the asymptotic distribution theddgction 5 discusses testing
for a thresholdA Monte Carlo simulation is reported in SectionTéhe conclu-
sion is Section 7/The Appendix contains the proofs of the asymptotic distribu-
tion results

A Gauss program that computes the statistics discussed in the paper is avail-
able at http//www.sscwisc.edu/~bhanseri.

2. MODEL

The observed sample{s;, z;, x; }|_,, wherey; is real valuedz is anm-vectot
andx; is ak-vector withk = m. The threshold variablg, = q(X;) is an element
(or function of the vectorx; and must have a continuous distributidine data
are either a random sample or a weakly dependent time seethat unit
roots and stochastic trends are excluded

The structural equation of interest is

yi =617 + e, =7

Y = 63z + &, G = s

which also may be written in the form

Yi = 01z1(q =vy) + 0;z1(q > v) + &. (1)

The threshold parameterjse T" wherel is a strict subset of the support gf
This parameter is assumed unknown and needs to be estimated
The model allows the slope parametérsaandé, to differ depending on the
value of g;. The magnitude of the threshold effect is the difference between
these parameter®ur statistical analysis of our threshold estimator will utilize
a “small threshold” asymptotic framewaqrkwheres,, = 6, — 6, will tend to
zero slowly asn diverges We do not interpret this as a behavioral assumption
but rather as a device for the construction of a useful asymptotic approximation
The equation error is a martingale difference sequence

E(e[3i-1) =0, ()

where(x;, z;) are measurable with respect ¥_,, the sigma field generated
by {Xi_j, zi—j,&_1-j:] = 0}. It is important that the errog satisfy this strong
assumptionas simple orthogonality assumptions are insufficient to identify non-
linear modelgincluding threshold models

In the special case where = z;, (2) implies that(1) is a regressignbut in
generale may be correlated witlz;, so z; is endogenousdlt is important for
our analysis and methods that the threshold varigbie treated as exogenaus
Our methods do not generalize to the case of endogenous threshold variable
and different methods will need to be developed for that case

https://doi.org/10.1017/50266466604205011 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466604205011

816 MEHMET CANER AND BRUCE E. HANSEN

The reduced form is a model of the conditional expectatior gfivenx;:
Z = g(xi’ﬂ-) + Ui, (3)
E(uilx) =0, 4)

wherer is ap X 1 parameter vectpg(-,-) mapsR¥ X RP to R™ andu; is
m X 1. The functiong is presumed knowmwhereas the parameteris unknown
For simplicity when performing the evaluation at the true value we will write

gi = g(Xi’WO)-
It will turn out to be useful to substitutes) into (1), yielding

yi =010 1(q =vy) + 6,0 1(q >v) + v, %)
where
v = 01U l(g =vy) +6,ul(g >7v) +e. (6)

This will be important as it turns out that the first-order asymptotic theory for
our estimate ofy will behave as if it has been estimated directly from equation
(5), i.e., as if the conditional meag; were observableThe errorv; (equa-
tion (6)) thus plays an important role in this distribution theory

Our analysis will apply to several reduced form mod#&le explicitly pro-
vide regularity conditions for two example®ne is linear regression

g(x;,m) = 1'%, (7)
wherell is k X m. The second is threshold regression
g(xi,m) = 1% 1(g = p) + 5% 1(q > p). (8)

In the latter specificationthe reduced form threshold parametemay equal
the thresholdy in the structural equatigrbut this is not necessargnd this
restriction will not be used in estimatioRor this modelour asymptotic analy-
sis will assume thatl, # II, are fixed parameter6n contrast tof, and 6,).
Under these conditions Chai993 shows that the LS estimatgr for p is
0O(n~1) consistentThis fast rate of convergence is critical and is exploited in
our theory A reasonable interpretation is that if a threshold regres&®ris
used for the reduced fornour theory is most appropriate if the latter is well
identified with a large threshold effect

3. ESTIMATION

We estimate the parameters sequentidtiyst, we estimate the reduced form
parametetr by LS. Secondwe estimate the threshojdusing predicted values
of the endogenous variables Third, we estimate the slope parametéysand
0, by 2SLS or GMM on the split samples implied by the estimate .of
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3.1. Reduced Form

It is helpful to partitionz; = (zy;, z»;) wherez,; € x; are “exogenousla func-
tion of x;) andz,; are endogenousimilarly, partitiong = (g4, g»), so that the
reduced form parameters enter onlyg;.

Becausg(3) is a regressignthe reduced form parameter is estimated by
LS. If there are no cross-equation restrictiade®mmon parametersn the m
equationsthis is equation-by-equation L8or each variable irgy;). If there
are cross-equation restrictigrteen the multivariate LS estimator solves

n

7= argmindet(Z (25 — 9u(X, 7)) (24 — gl(xi,w))’>. 9)
T i=1

Given 7, the predicted values far;, are

2 =@ =9(x,7).

For examplein the threshold regression mod8) the threshold parametegr
iS common across equations—a cross-equation restriction—so the multivariate
estimator(9) is appropriateThe solution is found as follows$-or eachp € T
define

-1 n

I,(p) = <Z X x/1(qg = P)) Z X 23;1(q = p),

n -1 n
M,(p) = (%Xi x/1(q > P)) ;Xi z;1(q; > p),
0i(p) = zg; — M1 (p)'x L(q; = p) — T1,(p)'x 1(g; > p).

Then we obtain the LS estimat€8) by minimization of the concentrated LS
criterion

p argmindet< En: 0;i(p) G (p)' )

pET i=1

ﬁl = ﬁl(ﬁ)’

I, = T1(p).

For this model of the reduced forrthe predicted values are

2, =g =1x1(q = p) + [Iox 1(q > p).

3.2. Threshold Estimation

We now turn to estimation of the threshaldn the structural equatior-or any
vy, letY, Z,, andZ, denote the matrices of stacked vectgrsz/1(qg; = y), and
2/1(q; > v), respectively Let S,(y) denote the LS residual sum of squared
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errors from a regression of on Z, andZ,. Our 2SLS estimator foy is the
minimizer of the sum of squared errors

y = argminS,(y).

yET

As a by-product of estimatigrwe obtain natural test statistics for hypoth-
eses ony, which take the fornHy: y = y,. Following Hanser{2000, we con-
sider the LR-like statistic

S(y) —S(3)

LR =TT 5

3.3. Slope Estimation

Given the estimaté of the thresholdy, the sample can be split into two sub-
samplesbased on the indicatorsd; = y) and 1q; > ¥). The slope param-
eters#, and 6, can then be estimated by 2SLS or GMM separately on each
subsampleWe focus our discussion on the case where the reduced form is lin-
ear inx; in each subsample

Let Xy, X,, Z1, andZ, denote the matrices of stacked vectg{$(q, = 7),
x/1(g > ¥), Z1(q = ¥), andz/1(q, > ), respectivelyThe 2SLS estimators
for 6, andé, are
01 = (23X (X{ X)X Zy) HZE Xy (X X) XL Y),
0y = (ZpXo(X5X5) "IXE Z5) " H(Zp Xy (Xg Xp) XS Y).
The residual from this equation is
&=y, —206,1q =7%) —z61q > 7).

Construct the weight matrices
~ n
0, = D x X/ &1(q = 9),
i=1

n
Qy = > % X &1(q; > 9).
i=1
The GMM estimators fop; and, are
0y = (21X, Q71X Z) HZE X DXL, (10)

b, = (25X, 051 X5 Z,) 12X 051 X5 Y). (11)
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The estimated covariance matrices for the GMM estimators are

Vy = (25X, 071 X1Z2,) 7 (12)
V, = (25X, 051 X5 Z,) 7L (13)

We now briefly discuss the asymptotic efficiency of these estimafmsve
show in Section 8, they are asymptotically equivalent to their ideal counter-
parts constructed with the unknown true valueyofather than the estimated
valuey, and so for the purposes of asymptotic efficigneg can examine the
case of knowny. The GMM estimatorg6,, 6,) are easily seen to be efficient
estimators of(64,0,) (in the sense of Chamberlait987) under the moment
conditions

E(xigl(q =1v)) =0,
E(xie1(g >1v)) =0.

These equations are implied by the assumed multidimensional s¢MD&)
assumption(2) but do not in general exhaust its implicatigreuggesting
that our GMM estimator is not fully efficientHowever under the leading
assumption of conditional homoskedasticEye?|J;_,) = o2 both the 2SLS
and GMM estimators achieve the semiparametric efficiency bound

(14)

4. DISTRIBUTION THEORY
4.1. Assumptions

Define the moment functionals
M(y) = E(gg/1(q = y)),
D.(y) =E(g.g/lg =),
and
D,(y) = E(gig/vfla = ).
Let f(g) denote the density function af, y, denote the true value of,

D; = D1(v0), D2 = Da(yo), f = f(y0), andM = E(g, g)).

Assumption 1

1. (x%,0,8,U) is strictly stationary and ergodic wiih mixing coefficients
27 pni? < o0
E(&|Ji-1) =0;
E(uli-1) = 0;
E|gi|* < oo andE|giv;|* < oo;
forally €T, E(|g|*? g =v) = CandE(|g|*|g = y) = C for some

C <o
forally €T, f(y) =f < oo;

gk wn

o
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7. f(y), Di(y), andDy(y) are continuous af = yo;
8. 6,=0,—6,=cn“withc+# 0and 0< a < 3;
9. ¢’'D;c > 0, ¢'Dy,c > 0, andf > 0

10. M > M(y) > O forally €T.

Assumption 11 is relevant for time series applications and is trivially sat-
isfied for independent observatianEhe assumption of stationarity excludes
time trends and integrated processAssumptions 2 and 13 impose the
correct specification of the conditional mean in the structural equation and
reduced form Assumptions ¥ and 15 are unconditional and conditional
moment boundsAssumptions B and 17 require the threshold variable to
have a continuous distribution and essentially require the conditional variance
E(v?|q = y) to be continuous ay,, which excludes regime-dependent het-
eroskedasticityAssumption 18 is the small threshold effect assumption
Assumptions © and 110 are full rank conditions needed to have nondegen-
erate asymptotic distributions

We require that the reduced form predicted values be consistent for the true
reduced form conditional meahet

fi=0 — G

denote the estimation error from the reduced form estimafitee following
high-level conditions are sufficient for our theokhyet a, = n*~2«,

Assumption 2 Let H; = {g;, v;, fi}. First,

sup| = 3 H, 711(q = 7) | = 0,(1). (15)
yer \/ﬁ i=1 :

Secondthere exists a 6< B < oo such that for alle > 0 andé > 0, there is a
0 < oo andn < oo such that for alh = n,

S H (LG = ) ~ 16 = )

P sup Fa— >8] <e. (16)
5/an=|y—vol=B n |y = Yol
Third,
n
‘S‘UP N~ > Hi (LG = yo + v/a,) — (g = vo)) —p 0. (17)
v|=0 i=1

We can show that Assumption 2 holds for important cases of both linear and
threshold reduced form models

Lemma 1 If g(x;,7) takes the linear form (7), or if @;, ) takes the thresh-
old form (8) withII, # II;, and Assumption 1 holds, then Assumption 2 holds.
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4.2. Threshold Estimate

Let
0-112 = EUiZ,
c'D,c

w = T .,

(c'D;c)?f
) c'D,c

N SN

o2c'D;c

In the leading case of conditional homoskedastity?|x;) = o2, then these
constants simplify as follows
O'UZ
c'D;cf’
n?=1
Let W(r) denote a two-sided Brownian motion on the real libefine the
random variables

1
T= argma><—§ [r] + W(r)>

—oo<r<oco

and

& = sup(—|r| + 2W(r)).

rer

THEOREM 1 Under Assumptions 1 and 2,
29§ = y0) S 0T, (18)
LR(yo) 5 n%. (19)

The rate of convergenag'~2* and asymptotic distributiof for the thresh-
old estimate shown ifiL8) are the same as in LS estimation of threshold regres-
sion modelqsee Hanser?00Q Theorem ). The main difference is that in the
2SLS case the scale (which inversely determines precisipis proportional
to the variance of; (the variance of the errd6) from equation(5)) rather than
that of the equation errog and is inversely proportional to the conditional
design matrixE(g; g/ |, = vo) of g;, the conditional expectation of regressors
z; given the instruments;, rather than the conditional design of the regressors
The distribution function of is derived by Bhattacharya and BrockwglBR76).

Theorem 1 makes the crucial assumption #at 6, — 6, = cn™* — 0 as
n — oo. This is the small threshold effect assumptibmcontrast if we assume
8n # 0 fixed, then the convergence rate f@ris O(n1) as shown for LS esti-
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mation by Char(1993. However the asymptotic distribution fon(y — yo) is
quite complicated and not useful for inference enBy adopting the small
threshold effect assumptipwe effectively slow down the rate of convergence
from n to n*~2¢, which allows asymptotic averaging to simplify the sampling
distribution

The asymptotic distribution of the LR-like telsR(y,) in (19) takes the same
form as for the LS casdf the errory; is homoskedastithenn? = 1 and the
asymptotic distribution is free of nuisance parametésilitating testing and
confidence interval constructiotDtherwise n? can be estimated as in Sec-
tion 3.4 of Hansen(2000. The distribution function of is derived in Theo-
rem 2 of Hanserf2000 and isP(¢ = x) = (1 — e™*2)2. Some critical values
are provided in Table 1 of Hans€B000.

To form an asymptotic confidence interval forwe use the test-inversion
method advocated by Hans€2000. Let C be the 95% percentile of the dis-
tribution of £. The most straightforward method assumes that the evraee
homoskedastic and then sets

I'={y:LRy(y) =C},

the set of values of such that the LR-like statistic is below the 5% asymptotic
critical value For a confidence region robust to heteroskedastisiy

= {y:LRy(y) =7°C},

where 72 is an estimate of2 Theorem 1 shows thdt is an asymptotically
valid 95% confidence region foy,.

A useful method to visually assess the estimatand its precision is to plot
LR.(y) againsty. The point wherd R () strikes zero is the estimatér The
points whereLR,(y) = C are the points in the confidence regidrhe param-
eteryq is more precisely estimated the more “peaked” is the graphRafy).

In samples with strong information aboutLR,(y) will tend to have a sharjg
shape with clearly delineated minimuin samples with low information about
v, LR, (v) will tend to have a more irregular shape with less clearly defined
minimum

4.3. Slope Parameters

We first state the asymptotic distribution of the 2SLS slope estimators
THEOREM 2 Under Assumptions 1 and 2,

Y26, — 61) -5 N(O, V259,

nY2(6, — 6,) < N(O, V£559),
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where
VPSS = (R1Q1R) T R1Q1 2 Q Ry(R1Qu Ry) ™
VS = (RyQ,Ry) TR Q0 Q, Ry(REQ,Ry)
Q1 = E(x x/1(g; = v0)),
Q2 = E(X x/1(g; > o)),
Ry = E(X Z1(q = o)),
R, = E(X z1(q > vo)),
Q1 = E(x X/ &71(q = 7)),
Q, = E(x %/ &1(q; > o))
Secondwe give the asymptotic distribution of the GMM slope estimators
THEOREM 3 Under Assumptions 1 and 2
n¥2(6, — 6;) % N(0,Vy),
n*2(6, — 6,) 5 N(O,V,),
where
Vi = (RiQ 'Ry
V, = (RQ51R,) L
Furthermore,
nV; —, Vi,
nv, —p Va.

Theorems 2 and 3 give the asymptotic distributions of the 2SLS and GMM
estimators of the slope coefficients under the small threshold effect assump-
tion. It is not hard to see that if instead we make the assumptiorfthatd, =
é is fixed with sample sizethen the results are unalteted

5. TESTING FOR A THRESHOLD
In model (1), the threshold effect disappears under the hypothesis
Ho: 01 - 02.

To testH, we recommend an extension of the Davi@977) Sup test to the
GMM framework

The statistic is formed as followsirst, fix y € T' at any valueGiven this
fixed threshold estimate the modédll) by GMM under the moment conditions
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(14). These estimators take the forth0) and(11) except that they are evalu-
ated at this fixed value of rather thany. Corresponding to these estimates are
their estimated covariance matricégy) andV,(y), which take the forn{12)
and(13) except that again they are evaluated/atther thany. Then still for
this fixed value ofy, the Wald statistic foH, is

Wa(y) = (B1(y) = B2()) (Va(y) + Vo) H(B1(y) — (7).

This calculation is repeated for al € I'. The Davies Sup statistic fdt, is
then the largest value of these statistics

SupW= supW,(vy).

yer
We now present the asymptotic null distribution of this statidiiefine

Qu(y) = E(x X/ €’1(q; = 7)),

Qu(y) = E(x z1(g = ),

Vi(y) = (Qu(y) Qu(y) " Quly) S

Qa(y) = E(x X/ €71(q; > v)),

Qux(y) = E(xi Z1L(q > 7)),

Va(y) = (Qa(¥)' Qa(y) ' Qa(y) %

Let Si(y) be a mean-zero Gaussian process with covariance kernel
E(Si(y1)Si(y2)") = Qu(y1 Oy2), let S= plim, .S (y), and letS,(y) = S—
Si(y). Following the analysis of Davied 977), Andrews and Plobergdi994),

and Hansen(1996),, we have the following theoreniThe proof is in the
Appendix

THEOREM 4 Under Assumption 1 plus the null hypothegis= 6,,

SupW—4 sup(Sy(y)'Q1(y) 1 Qu(y)Vily) — Sp(¥)' Qa(y) 1 Qa(y)Valy))

yEl'

X (Vi(y) + Vo(y) ™t
{(Vi(¥)Qu(¥) Q1 (¥) 1Si(y) — Va(7) Qo (1) Qa(y) 1S, (7)).

Because the parameteris not identified under the null hypothesitis
asymptotic distribution is not chi-square but can be written as the supremum of
a chi-square proces$his asymptotic distribution is nonpivotal but easily can
be calculated by simulatioThe argument presented in Hang@M96 extends
to the present cas®efine the pseudodependent variaiie= & (y)n;, where
& () is the estimated residual under the unrestricted model for gaahd»;
is independent and identically distributéd.d.) N(0,1). Then when we repeat
the calculation presented previously using this pseudodependent variable in place
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of y;, the resulting statistic SupWhas the same asymptotic distributtoas
SupW Thus by repeated simulation drawilse asymptotigp-value of the statis-
tic SupW can be calculated with arbitrary accuracy

6. MONTE CARLO SIMULATION
6.1. Model
The structural and reduced form equations are

Yi = 0:z1(q =vy) + 6,z 1(q > vy) + &,

()

Zy; = (w10 + 7mX) Q= p) + (71 + 7% ) 1(G > p) + ;.

The structural equation has a single endogenous variabland a single
excluded exogenous variable

We generate the exogenous variableg;as N(0,1) andg; ~ N(2,1), and we
generate the errors as ~ N(0,1) ande = 0.5u;. Making g perfectly corre-
lated withu; is an extreme specification for endogeneity and is done to illus-
trate the robustness of the results to extreme settings

We set the reduced form parameterpas 2, 711 =1, 71, = 2, 5, = 1, and
7o, = 1. In the structural equatignve sety = 2. The statistics we report depend
on #; andé, only through the differencé = 6, — 6, = (61,8,)". We setd; = 1
and varyé$, and the sample size. All results are based on,d00 simulation
replications

For each simulated samplere estimate the threshold reduced form by, LS
substitute the predicted values of the endogenous varghieto the structural
equation and then estimate the structural equation threshold by LS and finally
estimate the slopes by GMMs described in Sections13-33.

6.2. Threshold Estimation

We first assess the performance of the threshold estimat®able 1 reports
the 5% 50% and 95% quantiles of the simulation distributionjgfvarying 6,

TaBLE 1. Quantiles ofy distribution y = 2

6, =0.25 6,=1 0, =2
Quantiles 5 50 95 5 50 95 5 50 95
n =100 —-008 135 378 113 197 216 183 198 206
n = 250 —-003 166 370 182 199 205 194 199 202
n =500 Q05 197 321 195 200 204 197 200 201
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TaBLE 2. Nominal 90% confidence interval cov-

erage fory

o2 0.25 05 10 15 20
n =50 76 86 92 95 97
n =100 73 88 96 98 98
n = 250 80 94 98 98 99
n = 500 86 96 99 98 98
n = 1,000 92 97 98 99 98

among 025, 1, and 2 anch among 100250, and 500 Performance improves
as expectedass, and/or nincreaseslin particular we observe that for a small
threshold effects, = 0.25), the distribution ofy is quite dispersedvhereas a
large threshold effedts, = 2) yields a tight sampling distributigreven for a

sample size as small as= 100,

Second we assess the performance of our proposed confidence interval
for y. Table 2 reports simulated coverage probabilities of a nominal 90% inter-
val T, constructed without a correction for heteroskedastiwiyyings, among
0.25, 0.5, 1.0, 1.5, and 20 andn among 50 100, 250 500, and 1000. We see
that for any value 08,, the coverage probability increasesrascreasesbecom-
ing fairly conservative for the large sample siz&milarly, for fixed n, the
coverage probability increases &sincreasesThese findings do not contradict
the distribution theory of Theorem &s that result requires that the threshold
effectd, decreases asincreaseswhich implies taking a diagonal path in Table 2
roughly from the upper right toward the lower lefthere the coverage proba-
bilities indeed fall close to the nominal 90% levéiterestingly the results in
Table 2 are consistent with Theorem 3 of Hang2000, which suggests that
at least in the leading case of.d. Gaussian errorghe confidence intervdt is
asymptotically conservative for fixed parameter values gses to infinity

6.3. Slope Parameters

Theorem 3 shows that the GMM slope estimaiesind 6, are asymptotically
normal and standard errors can be consistently computed from the covariance
estimators/, andV,. This implies that conventional asymptotic confidence inter-
vals can be constructed based on the normal approximafiendenote this
interval as@,, for reasons given latemn the first row of Table 3 we present the
finite sample coverage of nominal 95% confidence intervalsSfaronstructed

using this methodWe see that i, is large the interval®, has about the cor-

rect coveragebut coverage rates are quite poor for small value8,ofCover-

age improves as the sample sizécreasesbut even fom = 500 coverage is

quite poor for small values af,.
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TaBLE 3. Nominal 95% confidence interval coverage &r

n =100 n= 250 n =500

02 025 05 10 20 025 05 10 20 025 05 10 20

O 54 69 87 93 59 82 93 94 70 87 92 96
Oos 86 89 95 95 84 94 96 95 90 96 97 95
Oos 94 94 9% 97 94 98 98 96 96 98 97 97
Oogs 98 99 99 98 99 99 98 98 99 99 98 98

To improve the coverage ratege can use the Bonferroni-type approach advo-
cated in Hansef2000. The premise is that the poor coverage ratesdfgare
because it does not take into account uncertainty concesnifge solution is
to incorporate the confidence intervalfor y developed in Section.2.

First, for any fixed value ofy we can calculate the GMM estimators of Sec-
tion 3.3. Specifically the sample is split by the indicator$dl. = y) and (g >
v), the slope coefficients estimated by GMM on each subsanaple standard
errors calculated using the conventional GMM formuaven these estimates
and standard errorget @(y) denote the constructdd-level confidence region
for 6 (for this fixed value ofy).

Secondfor any 0= k < 1, let f(K) denote the confidence interval of Sec-
tion 4.2 for v with asymptotic coverage.

Third, construct the union of the intervalfs(y), where the union is taken
over the values of in I'(x),

0, = U O(y).

yel (k)
Theorem 3 shows tha, = ©(7) has asymptotic coverage Becaused, C
0, it follows that

PO E O, =P E 6, —C

asnh — co. Thus the interval®, should be asymptotically conservative

We report in the four rows of Table 3 the coverage rates of the intévyal
usingx = 0, 0.5, 0.8, and Q95. As expectedthe coverage rates increase sub-
stantially over the®, interval We see that in this example = 0.8 provides
good coverage in each cage¢hich is the same recommendation as for the regres-
sion model investigated in Hans€2000).

7. CONCLUSION

We have developed consistent estimators for the threshold in a model with endog-
enous variables and an exogenous threshold varidiile estimator for the
threshold is a 2SLS estimatand the estimator of the slope parameters is a
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GMM estimator It may be possible to construct alternative estimators of the
parameters based on the GMM principdéd we make no claim to asymptotic
efficiency We specifically focus on the case of an exogenous threshold vari-
able The case of an endogenous threshold variable would require an alternative
estimation approagland this would be a worthwhile subject for future research

NOTE

1. Aformal argument for this claim follows the same reasoning as Theorem 2 in H&13@@.
The key condition to verify is equatiofl3) of Hansen(1996 which is satisfied in our case by
(A.65) in the Appendix
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APPENDIX

Proof of Lemma 1. We need to show that Assumptions 1 and 2 imply equations
(15)—(17) for both the reduced form linear modéf) and the reduced form threshold
model (8). First, we note the form of; and the rates of convergence of the parameter
estimates in these two models the linear mode(7),
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f; = (I1 - )X,
VR(IT - 1) = O,(1). (A1)
In the threshold mod€), we let pg denote the true value ¢f and write
Ai(y) = Ug =v) — Ua = 7o),

Ay (p) = 1 = p) — 1(q = po)-

Then
fi = (I = 1) 1(q = po) + (I, = T1)% 1(ch > po)
+ (I, = T1,) % Ay (), (A.2)
Vn(I1, — 11;) = O,(D), (A3)
Vn(I1, — 11,) = O,(1), (A.4)
(T, — 11;) = Oy(1), (A.5)
(5 — po) = Op(1). (A6)

Equation(A.2) is simple algebragand equationgA.3)—(A.6) are shown by Chafil1993.
We now sequentially establigi5)—(17).

Proof of (15). First take the linear modd(7).

=}

H; f{1(q = v)
1

=

1
vn |

=

i:El‘HiXi’HH*m\/—:Op(l),

establishing(15).
Secondgtake the threshold modéB). Chan(1993 establishes that

2 Hix'l(g =vy)Ay(p)| = 2 [Hix{[1A5(p)| = Op(). (A7)

Combining this with(A.5), we conclude that

12 12 . N
— 2 Hifl(q = =- H; X/ [Vn([II; — II;| + [II, — 1I
\/ﬁlizl [ (ql 7) nz‘ i ||\/—(‘ 1 1| ‘ 2 2‘)
1 2 . N
+ mizzlmixi/HAzi(PA)HHz_Hﬂ
=0, (1),
which is (15). ]
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Proof of (16). By Lemma A7 of Hansen(2000, there exist constan®® andk such
that for allnp > 0 ande > 0 there exists @ < oo such that for alin

_:El‘HiXi/”Ai('y)'

P sup >Q+nk| = (A.8)

=|y—yol=B nly — vl

Ll
N e

First, take the linear modd[7). Using (A.8),

n n

> H A (y) > HX 4 ()]

i=1 i=1 N
. sup | = _ sup n*|I1 —1I| -, 0
2 ciyyoi=s | MY =yl | B2 =e NIy~ ol P
a, a,

because 2|11 — 11| = Oy(1). Similarly

n n
> FiflA(y) 21X A (y)]
i=1 i=1 A
5 sup W 5 sup pR— n“|H—H|2—>p0,
—=ly=v0|=B Y™ Yo —=ly=70|=B Y~ Yo
a, a,
which is (16).

Secondtake the threshold modéB). By (A.8), (A.3)—(A.6), and(A.7), we can pick
0, U2, Ky, Ky, andn so that for alln = n, with probability exceeding * &,

;|Hixi’||Ai(7)|
sup  — =1+nk

=ly—yol=B

nly = vol

D |en

ne (|11, — l2[1| + |, — l212|) =

2(1+ pk’
‘ﬁz - ﬁl‘ = Kly
n‘ﬁ_p0‘5527 (Ag)
L , . 6
n QZ|HiXiHA2i(p)‘SR. (A.10)
i=1 1
Using (A.2)
2 Hifl A (y) = 2 Hi X/ A () 105 = po) (T1; — I1,)’

i=1 i=1

+ _ZlHi X/ A (Y)1(qy > po) (1T, — I1,)’

+ D HiX A (7) Ay () (1T, — 11",

i=1
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Observe that if/a, = |y — yo| = B, then
[Ai(y)] = Ai(yo+ B)| + [A;(yo — B)I

and
1 l

Ny —yol
Hence

n

> HX A (Y) Ay (p) 1 n

i—1
5 Sup 1w _ Z [H x/[(|A; (yo + B)|
—=|y—yol=B n |')’ 70| =
a,

+ A (yo — B)D[A% (p)] = Aqp. (A.11)

Thus with probability exceeding % &,

_Zlei ri,Ai('y)

sup a1
=ly=v0l=B Ny = vol

Pl

n

> Hix{ A (y)
i=1 N A
= sup ne (|1, — Ty | + 11, — 11,|)

“ly—vol=s | NlY =0l

Dl

n

Z Hi x{ A (y) A5 (p)

+ sup
~ 1—
is\y—y(ﬂsB n a|7_70|
a,

S2

=+ A K, (A.12)

N

We conclude by showingA;,|K; = 6/2, which completes the proof dfl6). This is
simplest wherpg # 7o, for then we pickB andn so that

Uz
B+Es|yo—po\. (A.13)
By (A.9) and the triangle inequality
[
"YO_PO‘5‘70_ﬁ|+m_P0|5|')’0_ﬁ‘+E2- (A.14)

ExpressiongA.13) and(A.14) imply | p — yo| > B. Thus for alli
(|Ai(')’o+ B)| + |Ai(70_ B))|A5(p)| =0,

and thusA;, = 0.
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For the casgqg = yo, We pick i so thatn?® = #/v,. (A.9) implies

|h — pol = 0/a,=0,/n,

and thus for ali

([4i(yo + B)| + [Ai(vo = B)DIA2 (A)| = A5 (H)].

Hence usingA.10), A,,K; = §/2 for sufficiently largen. u
Proof of (17). Define

Af(v) = 1(g = yo +v/a,) — L(q = yo).

By Lemma A10 of Hanser(2000,
n

sup -2 3 [H, x| A1 (v) = Oy(1). (A.15)

lv|=p i=1

First, take the linear mod€[7). Using (A.15) and(A.1),

n n
supn~| > H /AT () | = supnT2¢| 3 H X/ A (v) [ n® |11 — 11| = 0,(1)
|lv|=b i=1 |v|=o i=1
and

n n R
supn~| X f /AT (v) | = supn 2| D x X/ A(v) | n*|TT — 11| = 0,(1)
|lv|=0 i=1 lv|=0 i=1

as desired
Secondtake the threshold modé8). Using (A.2) and(A.15),

n
= supn~2* > [H; x/| A7 (v)n* (|1, — IIy| + |11, — I1,])

n
supn~*| X H; i/ At (v)
|v|=0 i=1 lv|=b i=1
u A A
+ \Slup n- 2 [Hi /[ AT (0)[[Ag ()] 11, — 114 |
v|=0v i=1
= Op(l) + Op(l)'AZny
where

Ay = n—a_g [H: X/ [(|A7(@)] + | A7 (=) A (D).

The proof is completed by showing th&g, = 0y(1). If vo # po, then for large enough
n, (|A(D)] + |AT(=0)])| AL (p)| = 0 andA,, = 0 with probability arbitrarily close to.1
If vo = po, then for large enough, (|A7(D)| + [AT(=)[)[ Az (p)] = |Azi(p)] and

n
Agn =N~ X [HiX{[|A5(p)| = 0,(1)
i—1

by (A.7). [ |

https://doi.org/10.1017/50266466604205011 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466604205011

INSTRUMENTAL VARIABLE ESTIMATION OF A THRESHOLD MODEL 833

Letd; = /6, + v; andv = f, + v. Let Gy be the matrix obtained by stacking the
vectorsg/1(g, = vyo).

LEMMA 2. Uniformly iny €T,

1, 10
S5Z,= 257G =) 5 M(y), (A.16)
i=1
R 10
_ZE)GO_EE g/1(d; = vo) =p Mo = M(yo), (A.17)
i=1
L 206 = 22 (g = y) = Oy(2) A.18
\/ﬁyv nllvql’y (D). (A.18)

Proof of Lemma 2. To show (A.16), becausez; = ¢, = g; — fj, using (15) and
Lemma 1 of Hanse1996),

12 120 120
252U =y)==-26glg=y) - -2 gflag=y)
ni=1 ni=1 ni=1

Sl

2 g'l(g=y)+ 2 fifLl(g =v)

uniformly in y € T'. Equation(A.17) follows similarly. To show(A.18), using Lemma
A.4 of Hansen2000 and (15),

>

n

1 O] = —i 4 = —i S 4 =
ﬁEZiUil(Qi—V)*WEQiUil(Qi—)’) \/ﬁéﬂvil(qi_y}

n

1 12
4+ — N < _ AP < ’
\/ﬁ g gl rl azl(qu = '}’) \/ﬁ iglrl rl 021(ql = 7)

= 0,().

LEMMA 3. 9 =, yo.
Proof of Lemma 3. It will be convenient to writg5) in the format

Y = 9/ (8n+ 60,) 10 = vo) + G/ 0,1(G > vo) + v

=0/6, + g'l(d = v0)d, + ;.
Define the matrices5, G, f, andv by stackingg/, g/, fi, andv;. This equation can be
written in matrix format as

Y =GO + Gyen™* + v, (A.19)

where we us@n =cn
Let P, = ZY(Z ,)” lZ’ Po=2,(2,2,)"Z,, and P} = Z3(Z}'Z3) ' Z3' where

(Z 2). Becausi’ Z =0, it can be shown tha®; = P, + P,.
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BecauseG = G + f andZ = G is in the span o, then
(I1— PG = (I - P,
Thus using(A.19),
(1= PHY = (I = P2)(Goen ™ + 5),
Hence
Si(y) =Y (I =P)Y
=(n"*c'Gy+ 0")(1 = P;)(Goen ™« + )
= (n°C'GY + 0')(Goen ™ + 8) — (N~“C'Gy + 0')PI(Goen = +0).  (A.20)

Because the first term in the last expression does not depend and y minimizes
Si\(y), we see thayy maximizes

Si(y) =n?* 1(n"*c’'Gy + 0')P;(Gyen ™ + 0)
=n"1¢'GyP;GyC + n* 12’ Gy P o + n2* 1 P D,
From Lemma 2we see that uniformly iy € [yo, 7],
! 1 % 1 51 5 -t 1 51 -1
GyP, Gy = a GoZo F] Z,Z, a 245Gy —p MgM(y) ™M,

1 (1, .\t 1.,
N 1GyP, o = n“‘l/ZEG(’)Z()(—Z'Z ) — 26—, 0,

n
1 O R S T
nZ“‘lu’Pyv = nza—lﬁv'ZJ_(H ZJ'_ZJ_> —an_l) —p 0,
and
—147 N a— 1 A1 1A/A 1 51 A
n2e=1'P, o = n2 1ﬁv Zy<ﬁzyzy> ﬁzyvépo

Wheny > yo thenP, Gy = 0, soP; G, = P, Gy and
Si(y) = n'c'GyP, Gyc + n*712¢'Gy P, b + n** 1P, D + n** P b
—, C'MoM(y)*Mge
uniformly ony € [v,,¥],which is uniquely maximized agy as shown in the proof of
Lemma A5 of Hansen(2000. Symmetrically on y € [v,70], S;(y) converges uni-

formly to a limit function uniquely maximized ato,. Becausey maximizesS:i(y), it
follows thaty —, yo. |

LEMMA 4. a,(§ — o) = Op(1).

Proof of LEmma 4. Let the constants, d,_k be defined a8 > 0,0 < d < o0, 0 <
k < co. Let M = sup,_, =g/M(y) *| andD = sup,_,, =g|Di(y)f(y)|. Fix & > 0.
Pick k and reduceB if necessary so that
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K + 3kM*(DB + 2k) (1 + M*(M + «)) < d/12, (A.21)
k(Mg + K)M*[1+ 3kM*] = d/12, (A.22)
K2M*[2 + 3kM*] = d/12, (A.23)

whereM* = M + M2k andMgy = M (). To simplify some inequalitigsassume without
loss of generality thak < k.
Define

Ai(y) =1g =vy) —1g = yo)-

Define the joint event

Z g 124 (y)

sup ————— =13K/12, (A.24)
o/a=lv—vol=8 N(Y = Yo)

Z (c'g)%Ai ()

inf ———————— =11d/12, (A.25)
o/an=ly—vol=B  N(y — yo)

n n n
D OfA(y)  DRgAY) X RFA®Y)
i=1 i=1 i=1
sup - - + =k, (A.26)
o/an=|y—7ol=B n(y = ¥o) n(y = 7o) n(y = 7o)
n

Z (gl Ai('y)

sup — =k, (A.27)
o/an=|y—yo|=B Nt (y = o)
|7 = Yol =B, (A.28)
sup| = 2,2, - M(y)| =&, (A.29)
yer
sup —IM(Y)I| =&, (A.30)
yer
1.
sup| — Z{ Gy — M| = «, (A.31)
yeEI n

l 5 A

sup| 7= Z,0| = «. (A.32)
YET n

By Lemma A7 of Hansen(2000 and(16), there exist sufficiently largé = o (e) < oo
andn = n(e) < oo so that for alln = n, equations(A.24)—(A.27) hold jointly with
probability exceeding + £/2. By Lemmas 2 and,®quationgA.28)—(A.32) hold jointly
with probability exceeding % &/2 (increasingn if necessary Thus(A.24)—(A.32) hold
jointly with probability exceeding 1 e.
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We show subsequently théA.24)—(A.32) imply

_ Go(Ps — Py)Go
inf " —
#/ap=|y—7yol=B n(y — vo)

> ¢ = 5d/6, (A.33)

c'Gy(PE — PHb
sup |2 | =d/12, (A34)
d/an=lv—yol=B| N (¥ = 7o)
o'(P§—P)o
sup ——. | =d/6. (A.35)
5/an=ly—yol=B | N*2*(y = ¥o)

Using (A.20) and applying(A.33)—(A.35) we can calculate that far/a, < |y — yo| =
B, (A.24)—(A.32) imply
Si(¥) = Silye)  0'(Pg—PJ)d ) 0'(Pg — PJ)GoC N ¢'Gy(Pg — P})GoC
N2y —v0) N (y = o) N (y = yo) n(y = o)

=d/2.

BecauseS,(y) — Si(yo) = 0, this establishes thaiA.24)—(A.32) imply |[§ — yo| =
o/an. As discussed previouslyA.24)—(A.32) hold jointly with probability exceeding
1— e foralln=n. ThusP(a,|y — yo| > ©) = & for n = n as required

The proof is completed by showing th@k.24)—(A.32) imply (A.33)—(A.35).

For simplicity we restrict attention to the regidnyg + 0/a, = v = yo + B], as
the anaIyS|s for the cas{eyo — 0/a, = y = yo — B] is similar This restriction implies
GyZ, = GyZy, 242, = Z4Z,, andP, Gy = 0 so(Pg — P};)G, = (Po — P,) Go.

We start with some useful boundsquation(A.30) implies

Bi,= sup [(n"Z,Z,)7Y
v/an=|y—vo|=B
1 2 1
= sup IM(Y)["t = M2 | =2,Z,| = IM(y)
o/ap=|y—vol=B n
=M+ M2 =M* (A.36)

Equations(A.29), (A.31), (A.36), and a Taylor’s expansion imply

Boan=  sup |ln—(2,2,)"X(Z4Gy)|

o/an=|y—yo|=B

=By, sup 2,2, - 2G|

v/an=|y—vol=B

= Bln< sup  [M(y) = M(yo)| +2K)

o/ap=|y—vol=B
= M*(DB + 2«). (A.37)
ExpressiongA.31), (A.32), and(A.36) imply

Ban=  sup  [(Z,2,)"H(ZGp)| = M*(Mo + k) (A.38)

o/an=|y—yo|=B
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and

Ban = sup  [n%(Z,2,) X (Zyd)| = M*k.

o/an=|y—vol=B

Next, observe that

Equations(A.24)—(A.27) imply

2,2,- 2427,

Cih= sup =@+ nk+ k =3k

o/an=ly—vol=| N(Y = Yo)
2,2, 22
Con = inf o[ ZxZy 7070 c=(1-mnd-x
o/an=|y—7vol=B n(y — o)
and
n
5 A L — )0 A,
. 56— 240 i:Zl(g. )0/ Ai (y)
= sup e | = sup —
o v/an=|y—vol=B nt (y = 7o) o/ap=|y—vol=B nt (y = 7o)

We can now showA.33). We calculate that
Go(Ps — Py)Go = (2,2, — Z4Z,) = (24,2, — Z620) (Il — (Z,Z,)* 25 Go)
= (Im= Gb620(2520) *)(24,2, = 2520)(23,2,)*Z,G.

Hence using(A.37), (A.38), (A.41), and(A.42),

,<G6(F’6‘ - P;)Go> .

inf
n(y — vo)

o/an=|y—yol=B
= Cyn = CynBan = 1y B2 Bayy
= (1—7n)d—x — 3kM*(DB + 2x) (L + M*(M, + «))
= (1-27)d,

the last inequality beingA.21). This is (A.33).
Next, we show(A.34). We calculate that

Gh(Pg — P = GhZo(ZbZo) MZ, 2, — Z42o)(2,2,) 2

— GLZo(2,2,) (2o — Zp).
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Hence using(A.398), (A.39), (A.41) and(A.43),

C'GY(Pg — P2)d

o n**(y — vo)

o/an=|y—yo|=B

= Cln B3n B4n + BSn C3n

= 3kM* (Mg + k)M*k + M*(Mg + k) k = nd,

the last inequality beingA.22). This is (A.34).
Finally, we show(A.35). Observe that

0" (Pg —P;)o =0"(Po—P,)0 + 0" (Po— P,)0. (A.46)
We examine the first term afA.46). We calculate that
0" (Po— P, = 0'Zo(25Z20) N2}, 2, — Z4Z5)(Z,,Z,) * 24D

= 20'20(2,2,) N2, 0 — Z40). (A.47)
Hence usingA.39), (A.41), and(A.43),

9'(Py—P,)b

n1—2a(,y _ 70) = Bgncln + ZB4n(:3r1

sup
o/ap=|y—vol=B

= M*2,23k + 2M*Kk? < dn,

the last inequality beingA.23). A similar argument applies to the second terniAf46).
Togetheywe find

' (P§ — PHD
sup H}i)—y = 2dn.
o/ag=|y—vol=B | N (v = o)
This is (A.35) and completes the praof u

LEMMA5. On[—2,7],
Qn(¥) = S(v0) — Si(vo + v/ay) = —plv| + 2AV2W(v),
whereu = ¢'D;cf andA = ¢’D;cf.
Proof of Lemma 5. Reparameterize all functions ¢finstead as functions of. For

exampleZ, = Z, \,/a.» P = P, 1./, Ai(¥) = Ai(yo + v/an). We show subsequently
that uniformly onv € [-7,7],

n~2¢c'Gy(Ps — P;)GoC = || u, (A.48)
n—ec'Gy(PE — PX)o = AY2W(»), (A.49)
' (P& — PX)p = 0. (A.50)
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Using (A.20) and(A.48)—(A.50), we find
Q.(v) = (NT*C'Gy + 0" )P (Goen™ + ) — (NT*C'Gy + 0" )PG(Goen™* + b)
= 2AY2W(v) — [v|p

as statedThe proof is completed by demonstratit®.48)—(A.50).
First, observe that using the decompositi®n40), Lemma A10 of Hansen2000,
and(17), we have

n22,2, - ZyZ,|

n
=n"2 3 |g[?|Ai(»)| +2n2
i-1

;gi /A (v)

= [D,f| 7],
S0

N2 sup|Z,Z, — Z4Zo| = O,(1). (A.51)

|v|=0
Secondby Lemma 2
n"12/7, = M(y,) = M. (A.52)

Then by (A.44), (A.51), (A.52), Lemma 2 (A.40), (17), and Lemma ALO of Hansen
(2000,

n~2°¢'Gy(Pg — P;)GoC’
=n"2e¢/ (212, — 2420)C
— 72! (2,2, — 20Zo) (I — (2,2,) 725 Z,)C

— ' (I — Gb2o(2620) IN"2(2 2, — 202)(202,) 224G

n—2« 2 (c'9)?Ai (v) + 0,(1)

i=1

= ulv|.

This is (A.48).
By Lemma 2 andA.52), uniformly inv € [-5,7],

n“(Z,2,) 240 = (n"12,Z,) "9 Z55 = o,(1). (A.53)
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By (17)

n~*(Z,0 — Zp0) =n" En: G0 A (v)
i—1

=}

=N G 0,4 (¥) + 07 X giv A (v) — N7 X Fu A ()
=1 -1 -1

n-« i givi Ai(v) +05(2)
i-1

= B(), (A.54)

a vector Brownian motion with covariance matkx f, where the final convergence uses
Lemma A1l of Hanser(2000. Thus by(A.45), (A.51), (A.52), (A.53), and(A.54),

N"*Gy(Pg — Py)d = GpZo(2520) *n2(2, 2, — Z4Zo)n*(2,2,) * Z4d
— G420(2,2,) (2,6 — Z40)
= —n"(Z,0 — Z4d) + 0,(2)
= B(v).

This yields(A.49).
Finally, by (A.47), (A.51), (A.53), and(A.54)

0'(Po— P,)0 = n®0' 2o(2620) *n"2%(2, 2, — 2620)n*(2,2,) 240
—2n (0’2, — 0'Z2o)n*(2,2,) 120
=0,(1)

uniformly inv € [—5,5]. A similar argument applies @' (P, — P,,) 0. Combined with
(A.46) this establishe¢A.50) and completes the proof |

Proof of Theorem 1. By Lemma 4 a,(y — yo) = argmax Qn(») = Op(1) and by
Lemma 5 Q,(v) = —ulv| + 2AY2W(v), where the limit functional is continuous with
a unigue maximum almost sureppealing to Theorem.Z of Kim and Pollard 1990,
(18) and(19) follow by the argument in the proofs of Theorem 1 and 2 of Ha{2600.

|

The 2SLS and GMM estimators 6f and6, introduced in Section 3 are special cases
of the class of estimators

0_1 = (2/1)A(1VAV1 Xi21)71(23X1W1 XiY)» (A.55)
6, = (2'2>A(2VAV2 Xé22)71(25X2W2 XéY): (A.56)

whereW,; andW, are sequences of weight matrices
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LEMMA 6. If Wy, —, W; > 0 and W, —, W, > 0 then
VN (6, — 6;,) >4 N(O,Vy),
Vn(6, — 6,) =4 N(O,V5),

where
Vi = (RiW, Ry) 'Ry W, Q; Wy Ry (RE W4 Ry) %, (A.57)
V, = (RoW, R,) "R WL Q, W, Ry (Ro W, R,) 2 (A.58)

Proof of Lemma 6. We provide the details of the proof fék. Let Z,, Z,, AZ,, X,
denote the matrices obtained by stackirespectively

Z1(q = yo + n~ 720,
Z1(q; > yo + N~ 72),
Z1(q = yo+ N~ 72%) = Z1(q; = vo),
X1(q = yo+n~"72%0).

By Lemma 1 of Hanseii1996, Lemma A4 of Hansen(2000, and Lemma ALO of
Hansen(2000, uniformly onv € [—7,5],

1
p X,Z,—=p Ry, (A.59)
1 ’
ﬁ X/e= N; ~ N(0,Q,), (A.60)
1 ’
2a X,AZ, = O,(1). (A.61)
Let

62(v) = (ZIX WL X Z,)HZIX W X, Y).

A little rewriting of the model shows that
Y=2,0,+Z7Z,0,—AZ,5,+e
Uniformly onv € [-2,7], by (A.59)—(A.61),
Vn(6,(v) — 6,) = (E Z, X, W, . XU’ZU>71 <} ZLXUVA\/1<i X,e— - X;szﬁn»

n n n \n \n
= (RIW,R) MRy W Ny).

Because = n*72%(y — yo) = Op(1) andf; = 61(d), it follows that
VN (0, — 61) = Vn(61(0) — 6;) = (R{W; Ry) H(Ry Wy Ny) ~ N(0,Vy)

as stated |
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Proof of Theorem 2. The 2SLS estimator&,, ,) fall in the class/A.55) and(A.56)
with

W1=—2XX1(Q. )

R 1
WZZH

Z i X/1(q > 7).

By Lemma 1 of Hanseri1996 and the consistency of, Wy —, Q; and W, —, Q..
Thus(6,, 6,) are asymptotically normawith covariance matrices given by the formula
(A.57) and(A.58) with Q, andQ, replacingW, andW,, yielding the stated result B

Proof of Theorem 3. Let
~ 120
Oq(y) = 0 > X X/ &71(g = y).
i=1

It will be enough to show that
0(y) —p E(x X/ €71(q = 7)) (A.62)

uniformly in y € T, for then by the consistency df n~1(; = 0,(9) —p Q4, and the
theorem follows by Lemma.6Hence we showA.62).

_ Setz = (z{1(q; = yo), ZL(G > Y0)), AZ = z(1(qgi = ¥) — 1(q = y0)), ando =
0, — 6. Algebraic manipulation shows that

a=6-2z"(0—0)—AZé

Hence
A 13 r a2 23 ’ %100
91(’)’)*szixie‘|1(q57) EZXXil(QiS’Y)e.Zi (6—0)
i=1 i=1
2 n
— = 2 XX1q =y)gA%s
ni=a
1 n
o 2 XX =)0 -0)ZZ"(6 - 0)

=1

DII\)

E X x{1(q; = y)(6 — 0)'z7 A5

+ = 2xx1(qI v)8'A2 A2/6.

It is straightforward to show that the terms on the right-hand side converge in probabil-
ity to zerg uniformly in y. For examplethe first term is bounded by

2 22 ~
2| S xxaa = ez - 0| =2 3 xI%lall2]16 05,0
i=1
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because the data have bounded fourth momentgéanrdd| —p 0. Hence

N 12

Oy(y) = n >xxe’lg=y) + 0p(1) =, E(X; X e?1(q = y))

i=1

uniformly in y, by Lemma 1 of Hanseii1996), which is (A.62). This completes the

proof. |
Proof of Theorem 4. Under the null ofg; = 65,

01(y) — 01 = (Z3 X, 071X Z,) 12, X, Q11X @)

Then by Lemma 1 of Hanse1996 and Assumption B, uniformly in y

XiZ,
n

l n
= __lei Z1(g =) > Qu(y). (A.63)

Via Lemma A4 of Hansen2000

X1
S sm. (A.64)

Use(A.63) and(A.64) with (A.62) to have

n1/2(0”1(,y) —6,) = V1(7)Q1(7)/Ql(7)7151(7)- (A.65)

In the same manner we derive

nl/z(éz(Y) = 0,) = Va(y)Qa(y) Qu(y) Sy(y).

A similar argument applies to the covariance matrid@smbining these results com-
pletes the proof |
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