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by
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Abstract

We examine the theory of connective algebraic K-theory, CKXC, defined
by taking the —1 connective cover of algebraic K-theory with respect to
Voevodsky’s slice tower in the motivic stable homotopy category. We extend
CK to a bi-graded oriented duality theory (CK, ,.CK**) when the base
scheme is the spectrum of a field k of characteristic zero. The homology
theory CKC,, , may be viewed as connective algebraic G-theory. We identify
CKYp o (X) for X a finite type k-scheme with the image of Ko(M)(X)) in
Ko(M@n+1)(X)), where M) (X) is the abelian category of coherent sheaves
on X with support in dimension at most 7; this agrees with the (2n,n) part of
the theory of connective algebraic K-theory defined by Cai. We also show
that the classifying map from algebraic cobordism identifies CIC’Z*,* with
the universal oriented Borel-Moore homology theory QX := Q. ®1, Z[B]
having formal group law u 4+ v — Buv with coefficient ring Z[8]. As an
application, we show that every pure dimension d finite type k-scheme has
a well-defined fundamental class [X]ck in QSK (X), and this fundamental

class is functorial with respect to pull-back for l.c.i. morphisms.
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Introduction

In topology, the theory of connective K-theory is represented by the —1-connected
cover ku of the topological K-theory spectrum KU ; see for example the work of
Adams [1] for one of the first discussions of this spectrum and its cohomology. In
the setting of motivic stable homotopy theory over a base-scheme S, Voevodsky
[32] has constructed the algebraic analog of KU, namely, the algebraic K-theory
spectrum Ks. This spectrum represents Quillen’s algebraic K-theory on the
category of smooth S-schemes, assuming that S itself is a regular scheme (see [23]),
in that there are natural isomorphisms ICg’b (X) = Kyp—q(X) for X a smooth finite
type S-scheme.

There are a number of possible notions of connectivity in the motivic stable
homotopy category over S, SH(S), but one that has proved quite useful is the one
introduced by Voevodsky [30, §2] using T-connectivity (T = A!/A!\ {0}), in the
sense of the tower of localizing subcategories

e C SIFISHEIT(S) € SESHAT(S) C... € SH(S),

where SH¢// (S) is the localizing subcategory of SH(S) generated by the T'-sus-
pension spectra of smooth S-schemes. The associated truncation functors give rise
to Voevodsky’s slice tower

o fap 1€ > fyf > €

for each £ € SH(S), with f,€ — & the universal morphism from an object in
E’%SHef f (S) to &; one could call this the “T-(n — 1)-connected cover" of £. It is
thus natural to define connective algebraic K-theory as the bi-graded cohomology
theory represented by foKs.

In this paper we study connective algebraic K-theory, CC** and its associated
oriented homology theory, CK, ,, this latter for S = Speck, k a characteristic
zero field (see however remark 4.7). The oriented homology theory CK, , is the
connective analog of G-theory, that is, the K-theory of coherent sheaves rather than
vector bundles. The canonical map CK** — K** induces the map CK,, , — G «
(where G, 5 (X) := G4—25(X)) and we elucidate here how the connective versions
refine the non-connective ones.

Cai [2] has defined a bi-graded oriented Borel-Moore homology theory, which
he calls connective algebraic K-theory, by using the Quillen-Gersten spectral
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sequence. For a finite type k-scheme X, let M, (X) be the full subcategory of the
category of coherent sheaves on X with objects the sheaves supported in dimension

at most a, giving the theory CK % with

CKS3(X) = im(Kqa—2p(M(a)(X)) > Ka—zp(Ma41)(X)))

(Cai uses a different indexing convention, see remark 4.6); Cai verifies the properties
of an oriented Borel-Moore homology theory for CKSY%. 1t turns out that Cai’s
theory does not in general agree with the one given by motivic homotopy theory,
but it does agree in the portion corresponding to Ko or G¢ (see theorem 4.3 and
remark 4.6), that is, we have natural isomorphisms
CKCh (X)) = CKSE, (X)) :=im(Ko(M () (X)) = Ko(Mui1)(X))).
Besides comparison results of this type and other structural properties of

connective K-theory, our main result is a comparison with algebraic cobordism.
There is a canonical natural transformation

Q+(X) ®L Z[B] — CK3, £ (X)

which, in the case of characteristic zero, is an isomorphism for all quasi-projective
k-schemes X (see theorem 6.3). This allows us to use the natural fundamental
classes in G-theory, namely, the class of the structure sheaf, to define a fundamental
class [X] € Q4(X) ®1 Z[B] for X of pure dimension d over k, which is functorial
with respect to pull-back by l.c.i. morphisms. Note that such fundamental classes in
Q4 (X) do not exist in general (see [15]).

Here is an outline of the paper: We introduce the main actors, K-theory and
connective K-theory and discuss some of their elementary properties, such as ring
structure and orientations, in §1. We recall the construction of the homotopy
coniveau tower from [13] and relate the homotopy coniveau tower for K-theory to
connective K-theory in §2. In §3, we recall from [14] the notion of an oriented
duality theory as well as how an oriented motivic ring spectrum gives rise to
an oriented duality theory, and we apply these constructions to K-theory and
connective K-theory in §4. We also extend the computation of connective K -theory
from §2 to give an explicit description of the “geometric part” of connective K-
theory in this section. We discuss the classifying map from algebraic cobordism
to an oriented duality theory in §5. The main technical tool needed for our main
results, the exact sequence (5.5) and commutative diagram (5.6), are also presented
in this section. We put this all together in §6, where prove our main results relating
algebraic cobordism and connective K-theory. In the concluding section, §7, we
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apply the results of the previous section to construct functorial fundamental classes
in connective K-theory.

Notations and conventions: We let Spe and Spe, denote the categories of
simplicial sets and pointed simplicial sets, respectively, with homotopy categories
‘H and H.. Spt the category of spectra (for the usual suspension operator X :=
(=) A S1) and SH the stable homotopy category.

We denote by G, the pointed S-scheme (A§ — 0s,1g). P} will denote the
pointed S-scheme P!, with base-point 1.

For a scheme S, Schg will denote the category of quasi-projective schemes over
S, Sm/S the full subcategory of smooth quasi-projective schemes over S. We let
Spe(S) and Spe, (S) denote the categories of presheaves on Sm/S with values in
Spc and Spc,, respectively, and Sptg:(S) the category of S!-spectra over S, this
being the category of presheaves of spectra on Sm/S. We let Sptr(S) denote the
category of T-spectra in Spe, (S), with 7 := A'/A'\ {0}, and SptZ(S) the category
of symmetric T-spectra. We have as well the category of S —G,, bi-spectra objects
in Spe, (), denoted Spt; . (S).

The categories Spe(S), Spe, (S), Sptsi(S), Sptr(S), Spt; (S) and Spt? (S)all
have so-called motivic model structures (the original source for the unstable theory
is [21], see also [4, 5] for a compact description. For the stable theory, we refer
the reader to [10]), with homotopy categories denoted H(S), He(S), SHg1(S),
SH(S), SHs,¢(S) and SHE(S), respectively. The categories SH(S), SHs,g(S)
and SH(S) are equivalent triangulated tensor categories; the tensor structure is
induced by a symmetric monodical structure on Spt% (S). There is also a symmetric
spectra version of Sptg: (S) making SHg1(S) a tensor triangulated category.

Ord is the category of finite ordered sets; we let [n] € Ord denote the set
{0,...,n} with the standard ordering. We let L. denote the Lazard ring, that is,
the coefficient ring of the universal rank one commutative formal group law Fy, €
L[[u,v]]. We let L* denote I with the grading determined by dega;; = 1—i — j if
FrL(u,v) =u+4+v+ Zi,jzlaij u'v/ and let L denote IL with the opposite grading
L,=L™".

Acknowledgments:: The author M.L. thanks the Humboldt Foundation for support
through the Humboldt Professorship. The author S.D. warmly thanks continuous
support and encouragement of M. Levine throughout the years and expresses his
gratitude to X. Sun for support in many ways. He is indebted to A. Merkurjev
for inspirational communications. Both authors wish to express their thanks to the
referee for comments and suggestions that greatly improved the organization and
readability of this paper.
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1. K-theory and connective K-theory

We work in the motivic stable homotopy category SH(S) over a regular base-
scheme §; we will rather quickly pass to the case S = Speck for a field k.
Following Voevodsky [30, §2], we have the Tate-Postnikov tower

of endofunctors of SH(S) associated to the inclusions of full localizing subcate-
gories
e C SEFLSHET(S) € RSHT(S) € - € SH(S),

with E’}S’H"f 7(S) the full localizing subcategory of SH(S) generated by the
objects X7 X for X € Sm/S, m > n. Letting iy : ZQSHeff(S) — SH(S) be the
inclusion, one shows that i,, admits the right adjoint r,, : SH(S) — E’}S?—[ef 7(9),
and f,, is by definition the composition i, o r,; the natural transformation p, : f, —
id is the co-unit of the adjunction. There are functors s, : SH(S) — SH(S) and
triangles fy4+1 — fu — Sn = fu+1[l], n € Z, that are distinguished upon evaluation
on each £ € SH(S); one can show that these triangles are unique up to unique
natural isomorphism. In addition, we have the canonical isomorphism

fot10Xr = X7 o0 (L.2)

Forn’ < n, we let py pn : fu — fu be the composition of the maps in the tower
(1.1), and p, : f, — id the natural transformation given by the same tower. For
details, we refer the reader to [13, 30, 31].

Remark 1.1 By [6, proposition 5.3], if £ is given a lifting to an E ring object in
Spt% (S), then fo&€ has a canonical lifting to an E., ring object in Spt% (S), with
p0(E) 1 fo€ — & lifting to a map of E ring objects in Spt% (S). In particular, fo&
is itself a commutative monoid in SH(S) and thus defines a bi-graded cohomology
theory on Sm/.S in the sense of Panin-Smirnov [22, definition 2.0.1].

Following [27, lemma 2.5, theorem 4.1] we have a commutative monoid object
Ks of Spt? (S) representing algebraic K-theory in SH(S), in the sense that, for
each X € Sm/S and open subscheme U, there is an isomorphism

Hom(EFX/U,Ks) = K(X on X \U)

in SH, natural in pairs (X,U). Here Hom(—,—) is the Spt-valued enriched Hom
and K(X on X \ U) is the algebraic K-theory spectrum of the Waldhausen category
of perfect complexes on X with support in X \ U [28, definition 3.1]. Here we use
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our standing assumption that S is regular; for general S, g represents homotopy
invariant K-theory, K H [33].

To fix the conventions, the image of g in SH(S) under the forgetful functor
is isomorphic in SH(S) to a T-spectrum of the form (Kg.Ks,...), with Kg a
commutative monoid in H.(S) representing K -theory on Sm/S. The structure map
Ks AT — Kg is isomorphic in He(S) to the composition

= idhno = dAy - - U =
/C,S'/\T—>ICS/\IP’$—>/C3/\ICS—>ICS

where p is the multiplication, o : T — P/ is the standard isomorphism and y :
P! — Ks represents the class [O] — [O(—1)] in Ko(P}). This agrees with the
convention in [27], and is the negative of the convention used in [23]. We will often
write [Cg for the image of g in SH(S), with the context determining the meaning.

Remark 1.2 The fact that the shift operator leaves the T-spectrum (Kg,Ks....)
unchanged gives us the Bott periodicity isomorphism L1Kg = Kgs in SH(S). We
note that the map y : P! — Ky thus gives rise to an element [y] € K (P})
which corresponds to the unit 1 € K%°(S) under the suspension isomorphism
K21 PL) = K%0(S).

Remark 1.3 Let ix € ICklg’1 (Gy) be the element corresponding to 1 € K%°(S) under
the suspension isomorphism KU1(G,,) = K%0(S). Thus Zgitx = [y]. Under
the isomorphisms K;(G,,) = KVU(G,,), Ko(P}) = K>!(P]}), the isomorphism
KPHGp) = K21(Zg1Gp) = K2 1(P)) is identified with the boundary map in the
Mayer-Vietoris sequence

o Ky (AD) @ K1 (AD) = Ky (A1 {0}) > Ko(P1) — -

(at least up to a universal sign, see [26, §7, lemma 5.16]). Identifying Aklg \ {0} with
SpecOg|t.17'] gives us the canonical unit 7 on Ag \ {0}; let [1] € K;(A!\ {0}) be
the image of . Then 1 —[O(—1)] = +9][t], and hence t,c = [t*'].

Definition 1.4 Let CXCs be the object fo/Cs of SH(S), with canonical map p :
CKs — Ks. Connective algebraic K-theory over S is the bi-graded cohomology
theory on Sm/S represented by CKs. We call CKg the connective algebraic K-
theory T -spectrum (over S).

Remark 1.5 As we have already seen, Ky is a strict monoid object of Spt? (S); thus
it follows from [6, theorem 5.14] that the object CKCs of SH(S) lifts to an E, object
in Spt? (S) and the map p : CKs — K lifts to a map of E, objects in Spt?(S). In
particular, the map p itself is a monoid map of monoid objects in SH(S).
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Lemma 1.6 Suppose soKs satisfies (soKs)>°(X) = 0 for a # 0 and for all X €
Sm/S. For X € Sm/S, consider the natural map p®'(X) : Cng’l(X) — K%’l(X).
Then p>! is injective, p>' is surjective and p®' is an isomorphism for a # 2.3.
Proof: By (1.2) and Bott periodicity, we have X1 folCs = fiXrKs = fiKs.
Thus CK%1(X) = (fiK)*20(X). Since =X is in SHY/(S), we have
K*%(X) = (foKs)*°(X), and we thus have a long exact sequence

o= (50K ) 30(X) —» CK LX) 2 K4Y(X) = (50Ks)2%(X) — ...

Our assumption (so/Ks)%*°(X) = 0 for a # 0 yields the desired result. O

Remark 1.7 For S = Speck, k a perfect field, we know by [29, theorem 6.6] [13,
theorem 10.5.1] that so/Kg is isomorphic in SH(k) to the T-spectrum representing
motivic cohomology, HZ. In addition, HZ%°(X) = H*(Xz4,Z) for X € Sm/k,
hence the assumption in lemma 1.6 is satisfied. In addition, the map IC,%’I(X ) =
Ko(X) — HZ%°(X) is just the rank homomorphism, hence surjective. As
K&'(X) = Ka—a(X) = 0 for a > 2, we see that CK%!(X) = 0 for a > 2 as
well.

The functors f, and s, are compatible with pull-back by smooth morphisms
[25, theorem 2.12, remark 2.13], and for f : T — S smooth, we have f*Kg =~ Kr.
Thus (soKs)*%(X) = H%(Xz4.Z) for X € Sm/S if S is smooth over a perfect
field. Thus, for S smooth over a perfect field, the map CK%' (X) — K%' (X) =
K>_4(X) is an isomorphism for a < 2, an injection for @ = 2 and CIC?I (X) =0 for
a>2.

Remark 1.8 Forn > 1, let P{ denote the S-scheme Pg, pointed by (1:1:0...:0)
and let P*° denote the colimit (in Spc,(S)) of the P} under the linear embeddings
(x0:...:x5) > (X0 :...: x5 :0). Recall from [24, definition 1.2] that an orientation
on a commutative monoid £ in SH(S) is given by an element ¢ € £%'1(P*) such
that the restriction ¢jp1 € E>'(P}) = £1(T) is (1) (we use the opposite sign
convention from loc. cit.).

Consider the sequence of elements 1 —[Opn (—1)] € ICKZ(;’1 (PZ), which are clearly
compatible with respect to restriction via the hyperplane embeddings P — P"*1,
As the restriction maps K;’I(Pgﬂ) — IC;’I(IP’S) are all isomorphisms, it follows
that R'lim,, IC_lg’l(IP’g) = 0 and thus the sequence of elements 1 — [Opn(—1)] €
K%’I(Pf) defines a unique element cx € IC?I(IP"”). The fact that ¢k is an
orientation follows from remark 1.3; we refer to cx as the standard orientation
on Ks.

Remark 1.9 Following [32] the algebraic cobordism spectrum MGL is the T-spec-
trum (MGLy,MGL,4,...) with MGL,, the Thom space Th(E,), and E, — BGL,
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the universal n-plane bundle. MGLy is a commutative monoid in SH(S) with an
orientation cyg. € MGL?! (Pg°) given by the diagram

E1 E— Th(El) = MGL]

|

]P)OO
noting that £y — BGL; = IPg° is an isomorphism in H(S).
We record the following universality property of the pair (MGL, cyGL):

Theorem 1.10 ([24, theorem 1.1]) Suppose the base scheme S is Speck, k a field.
For €& a commutative monoid in SH(k), sending a monoid morphism ¢ : MGL — &£
to p(cmeL) gives a bijection of the set of monoid maps ¢ with the set of orientations
ce € EXL(PRO).

In particular, the orientation cx gives the canonical monoid morphism ¥y :
MGL — K with ¢ (cpmgL) = ck.

We now consider the question of lifting the standard orientation on g to an
orientation on CKCg.

Lemma 1.11 Suppose that S satisfies the hypothesis of lemma 1.6. Suppose in
addition that the map ng’O(IP’g‘) — (solCS)O’O(IP’g) is the rank homomorphism
Ko(Pg) — H%(S74.Z) (up to sign). Then there is a unique element ccx €
CK21(P$°) mapping to cx under the canonical map ClCé’l(IP’g") — lCé’l(IPgo).
Furthermore, ccx € CICLZg’1 (P$°) defines an orientation for CKs.

Proof: By our assumptions on S, we have the exact sequence
k
0 — CK%' (PE) — Ko(PE) = HO(Szu, Z) — 0.

Thus CIC@’I(IP’]:) — Ké’l(Pf) is an isomorphism. Furthermore, the canonical map
CKfq’l(IPg) — IC}q’l(]P’g) = K (IP§) is an isomorphism. By the projective bundle
formula, the projective system of groups n +— K;(IPg) satisfies the Mittag-Leffler
condition. Thus, passing to the limit over n gives us the isomorphism

CK' (PP) = K3 (P)

and the orientation ¢x = (1 —[Opz (—1)])n € ICé’l (PS°) gives us the element ccx €
CK21(Pg°). The fact that Zp1(1xg) = cxp1 implies Tpi(lexg) = Cexypt, hence
Ccic 1S an orientation. ]

Remark 1.12 By remark 1.7, if S is smooth over a perfect field, then the hypotheses
of lemma 1.11 are fulfilled and hence CXCs has a unique orientation mapping to the
standard orientation of Cg.
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2. An explicit model

We take S = Speck, k a perfect field. There is a Tate-Postnikov tower in SHg1 (k),
whose construction is similar to that of the tower (1.1). Namely, for n > 0, let
X7 8Hgi (k) be the localizing subcategory of SHgi(k) generated by the objects
ETEFR X4, withm > n and X € Sm/k. Just as for SH(k), the inclusion iy :
Y7 SHgi (k) — SHgi (k) admits a right adjoint r, and one defines f,’ := i, ory.
This gives the tower

s [ [ fS=id (2.1)

and natural transformations o, , : f;) = fu, P = g, ¢ J — id. The infinite
T-loops functor QF : SH(k) — SHgi (k) intertwines towers (1.1) and (2.1) via
canonical isomorphisms

QF o fp= f, 0 QF 2.2)

(this follows from [13, theorems 7.1.1 and 9.0.3]). In case the context makes the
meaning clear, we will often write f, E for /) E, pp n(E) for p;, , (E), etc.

We now describe an explicit model for f,’E, for E € SHg1 (k). Let A* be the
cosimplicial scheme n +— A7, with

A} := Specklto.....ta]/ > ti — 1.
i

The morphism A(g) : A" — A™ associated to g : [n] — [m] is given by

g =)

jeg=1(@)

where as usual the sum over the empty index set is 0. A face of A™ is a closed
subset F' defined by equations of the form ¢;, = ...7;, =0.

We briefly recall the construction of the homotopy coniveau tower associated
to a quasi-fibrant presheaf of S'-spectra on Sm/k (for details we refer the reader
to [13, §2.1]). For Y € Sm/k, W C Y a closed subset and E € Sptgi(k), we
write EY (Y) for the homotopy fiber of the restriction map E(Y) — E(Y \ W). For
X € Sm/k and n,m > 0 integers, let S% (m) denote the set of closed subsets W of
X x A™ such that

codimyxrFWNX X F >n

for all faces F of A™. For E € Sptg: (k), we let

E™(X,m) := hocolim EV (X x A™).
W eS?, (m)
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This gives us the simplicial spectrum m +— E®(X,m), and the associated total
spectrum E(X). This construction is contravariantly functorial in X for equi-
dimensional morphisms. Letting Sm//k C Sm/k denote the subcategory of Sm/ k
with the same objects, and with morphisms the smooth morphisms, sending X to
E®™(X) defines a presheaf of spectra E® on Sm//k. In addition, for n’ < n,
the inclusions S% (m) C S;l(/ (m) induce a natural transformation ¢, ,(E) : E® —
E®)_ The identification of E(X) with £ (X,0) gives the natural transformation
€:E—E©,

We usually apply this construction to a quasi-fibrant E in Sptgi (k). This
means that a fibrant replacement E — E/? gives a weak equivalence E(X) —
EJi(X) for all X € Sm/k, or more concretely, that E satisfies the properties of
Nisnevich excision and homotopy invariance (see [13, §2.1, conditions A1, A2] or
the beginning of §3). In case E is quasi-fibrant, the map (X) : E(X) — E©(X)
is a weak equivalence for all X € Sm/ k.

According to [13, theorem 4.1.1], for E quasi-fibrant, there is a presheaf of
spectra E( on Sm/k, whose restriction to Sm//k is isomorphic (in the appro-
priate homotopy category) to £, and with natural transformations @, ,+1(E) :
EG+D . E® for all n > 0, compatible with the natural transformations
On+1.n(E). Forn' < n, let ¢ ,(E) : E®™ — E™) be the composition of the
maps ¢, j+1(E), j =n’,...,n— 1. The main result of [13] is:

Theorem 2.1 ([13, theorem 7.1.1]) Let E € Sptgi(k) be quasi-fibrant. There is a
natural isomorphism in SHg1 (k)

fSE=E®,
Via this isomorphism, the maps py, ,(E) : fE — [ E in the tower (2.1) are
compatible with the maps ¢n’ n(E).

For a category C, we let Cx be C with a final object * adjoined. Let / be a finite
category and X : I — Sm//kx* an I-diagram in Sm// k, in other words, a functor.
For a presheaf of spectra E on Sm//k, define E(X) as

E(X):= h(}limE o X,
op

where E(x) is defined to be the initial object in Spt.
We have the 7-diagram in Sptg: (k),

XX, I — Sptgi(k),

defined by 3 X4 (i) := X5 X ()4 if X(7) is in Sm/k, and T %4 equal to the
final S!-spectrum (pt,pt,...), and the similarly defined /-diagram EPX T —
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Sptr (k) given by P X, (i) := ZPX (i) if X'(i) isin Sm/k, and setting ZF*
equal to the final T-spectrum (pt, pt,...).

Remark 2.2 Let X : I — Sm//k= be an [-diagram. It follows directly from the
definitions that, for £ € Sptq:(k), we have a canonical isomorphism of spectra

E(X) =~ Hom(hoc;>lim2?°X+,E).

We thus may define £(X) for £ € Spty (k) as

E(X) = Hom(hOC(I)limE%oX+,5).

Using the functors Q%° : Spty (k) — Sptgi(k), X7° : Sptgi1(k) — Sptr(k), and
the adjunction isomorphism Hom (X7 A,B) = Hom(A,QFB), we arrive at the
isomorphism

E(X) = (QFE)(X).

Definition 2.3 Take & € SH(k) and let X : I — Sm//k= be an I-diagram. For
integers a,b, take a fibrant model E‘gTb Eé’}mé’ € Sptr (k) for EgTb Eé’;mc‘: and define
the abelian group £%?(X) as

EX0(X) 1= (2517 5g,, E) (X))
We note that, for X' the one-point diagram with value X € Sm/k, we have

£ (X) = mo (55, 25,,6)(X))
= no(Hom(Z‘}oX+,E’§TbE€;m5))
= HomSH(k)(Z%oXJF,EgTbE%mg) = £ (X).

Example 2.4 Let X be in Sm/k and j : U — X an open immersion with closed
complement Z. Let I be the category

0
*
and let X/U : I — Sm//k be the diagram 0 —~ U, 1 — X, x > %, a — J.
Then for E a presheaf of spectra on Sm//k, E(X/U) is just the homotopy fiber of
j* 1 E(X)— E(U). Similarly, if I is the one-point category 0 and X’ is the functor

X :0— Sm//k with X(0) = X, we have a canonical isomorphism E(X) = E(X)
in SH.

%1
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Lemma 2.5 Let X : I — Sm//kx* be a finite diagram of smooth k-schemes
(possibly with X(i) = * for some values i € 1) and take £ € SH(k). Let
E € Sptgi(k) be a fibrant model for QTE € SHgi(k). Then f,E(X) € SH is
represented by the spectrum E™ (X).

Proof: As mentioned in remark 2.2, the adjunction
X7 SHgi(k) < SH(k) : QF
gives the isomorphism in SH
Jnl(X) = QF fnE(X).

It follows from [13, theorem 7.1.1, theorem 9.0.3] that we have the isomorphism in
SHgi(k)
QF L€ = f7QTE = fJE.

We thus have the isomorphisms in SH

QF fn€(X) = fuE(X)
= ho}imfnsE o X,

We give the category Spt! of 7-diagrams in Spt the projective model structure,
with weak equivalences and fibrations the pointwise ones; this does indeed define a
model category structure on Spt’ since Spt is cofibrantly generated, see [7, theorem
11.6.1]. Let Ho(Sptl ) denote the homotopy category. By [13, theorem 7.1.1], we
have the isomorphism in Ho(Spt’)

fnsE OXOP >~ E(n) OXOP,
giving the isomorphism in SH
T HEWX) = ho}imE(”) o X = E(’l)(X)'

O]

We let K € Sptg: (k) be the presheaf of spectra on Sm/ k given by sending X to
the Quillen-Waldhausen spectrum K (X ) representing the algebraic K-theory of the
category of locally free coherent sheaves on X. We note that K is a quasi-fibrant
object of Sptg: (k).
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Proposition 2.6 Let X' : I — Sm//kx* be a finite diagram of smooth k-schemes as
in lemma 2.5. Take X in Sm/ k.
1. There are canonical isomorphisms for all p,q € Z,

p.q
CKP4(X) s gy K@ (X),

by
KPUX) —> 12— p K(X)

natural in X.

2. Letting pP4(X) : CKP1(X) — KP4(X) be the map induced by the natural
transformation py : CK — K, and ¢?4(X) : nzq_pK(q)(X) — Moq—pK(X) the
map induced by the natural transformation ¢4 : K @ — KO and weak equivalence
€:K— KO the diagram

ak?
CKPA(X) — mpg—p KD (X)

pmml lwwm

,Cp’q(X) W jTZq_pK(X)

commutes.

Proof: Using lemma 2.5 and a variety of isomorphisms, adjunctions and defini-
tions, we have the sequence of isomorphisms

CICP9(X) = Homgy (k) (hoc?lim ETXLEP£HK)
= HomSH(k)(hoc?limz%°X+,zg,‘”z‘; oK)
= Homsﬂ(k)(hoc?nmw&,z{;l‘” f25%.K) by (1.2)
= Homgy k) (ZF E?{_p hocg)limE?"XJr,fqlC)
= Homs, (1) (Z51 7 hocolim 3, QFF /4 K)
= Homss, (1) (51 7 hocolim SPX, fFK) by (2.2)
= HomSH(qu—p,Hom(hoc?limE‘}oXJr, 1K)
= 712gp KD (X).

This defines the isomorphism a%?. The isomorphism »% is defined similarly,
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using the sequence of isomorphisms (we skip some of the steps given above)

P9 (X) = Homgsy k) (hOC(I)lim ST A, Egl_zq 1K)
= Homgy,x) (hoc?lim P i Egl_quC)
= Homs, (1) (Se1 7 hoc?limEg’oX,Q%"lC)
= Homygy, (k)(E?{_p hocg)lim XX, K))
= HomSH(qu_p,’Hom(hoc?imi)‘}"?ﬂ,K))

= g p K(X).

For (2), by [13, theorem 9.0.3], f,K may be represented by the P!-spectrum
(K@ K@*D ) with bonding map €, given by a canonical weak equivalence
K@+t 5 Qpi K@t7+D (described in [13, §8.3]). The K-theory P!-spectrum is
similarly represented by K := (K, K,...), with bonding map ¢, given by the weak
equivalence K — Qp1 K (P!-bundle formula). Furthermore, the map p, : f,K —
K is given by the sequence of maps €' o G4, : K@ — K. As the bonding
maps are all weak equivalences, the functor 23 applied to these respective models
is just the Oth term in the sequence:

QX f,K=K9, Q¥ K=K

and Q% ((p]qpl) =elog, : KD — K; restricted to Sm//k, this gives us the map
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e log, : K@ — K. This gives us the commutative diagram

Homsy(t) (23 B4 hocolim; TP, £,K)

Pg*

Hom (k) (S a4~ hocolim; Z X, K)

Homss, () (251~ hocolim; TR X, Q5 £,K)

1

Homgsy ) (E?{_I’ hocolim; TP X, QP LK)

HOIHSHSI () (E?{_p hocolim; ¥° X, [E(q))

w}

Homss,, (251 7 hocolim; T2 X, K)

5_10(511*

2q-p K@ (X) T2g—p K(X)

with all vertical arrows isomorphisms, proving (2). O

Definition 2.7 Let X be a finite type k-scheme. We let My denote the category
of coherent sheaves on X. For an integer n, let M, (X) C Mx be the full
subcategory with objects those coherent sheaves F with dimg supp(F) <n. If X is
locally equi-dimensional over k, let M (X) C My be the full subcategory with
objects those coherent sheaves F with codimy supp(F) > n.

Corollary 2.8 Let X be smooth over k. Then CK*""(X) is equal to Ko(X) for
n <0. Forn >0, CK*""(X) is determined by the exact sequence

K™ (x,1) Tk (M® (X)) = CK"(X) — 0
0 ’ 0 .

In particular,
CI*™ ™ (k) — K2 (k) = Ko(k) = Z

is an isomorphism for n < 0; for n > 0, CK?™" (k) = 0.
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Proof: Viewing X as the one-point diagram * — X, it follows from proposition 2.6
that we have a canonical isomorphism CK2""(X) = mo(K™(X)). Forn < 0,
K™ (X) is weakly equivalent to K(X). For n > 0, K" (X,m) is —1-connected,
since KW (Y) is so for all closed W C Y, Y € Sm/ k. The spectral sequence

E, =KW (X, p) = 7p 4 KW (X)

for the simplicial spectrum p — K (X, p) thus gives the desired presentation for

CK*M(X) = mo(K™(X)). O
For X € Sm/k with generic point 7 we define CK%? (1)) as the stalk at ;) of the

presheaf on Xz, U CIC“’b(U).

Corollary 2.9 Let n be a generic point of some X € Sm/ k. Then CKCP-4(n) = 0 for

p>q.

Proof: By proposition 2.6, CK?4(n) =~ ﬂzq_pK(q)(f]). But K@ (n) is the total

spectrum of the simplicial spectrum m — K@ (,m), with

K@ (,m) := hocolim K" (5 x A™).
Wesh (m)

Asnpx A™ ~ Aﬁn), it follows that each closed subset W of n x A™ has codimW <
m, and hence K@ (17,m) is the O-spectrum if m < ¢. Furthermore, the K-theory
presheaf is a presheaf of —1-connected spectra and for each open immersion j :
U — V in Sm/k, the restriction map j*Ko(V) — Ko(U) is surjective. Thus
KW (nx A™) is a —1-connected spectrum for each m. Using the strongly convergent

spectral sequence
Eyp=mKP(n.a) = 7015 KD (),
we see that 77, K@ () = 0 for n < ¢, hence
CKP4 () = mag—p KV () =0

for p > g. O

We conclude this section with a discussion of the functor CK2914,  Let
& € SH(S) represent a bi-graded cohomology theory. Let te € £1(G,,) be the
element corresponding to the unit 1 € £%°(S) under the suspension isomorphism.
By functoriality, f¢ gives a map of pointed sets

te(X): O%(X) — E11(X);
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if £ admits an orientation cg € £2'1 (P*°) (which we will from now on assume), then
t¢(X) is a group homomorphism.! Using the £**(S)-module structure on £**(X),
te(X) extends to a map of £**(S)-modules

Zg(X) . 52*’*(5) ®z O;(((X) — 82*+1’*+1(X).
Lemma 2.10 Suppose S = Speck. Let n be a generic point of some X € Sm/ k.

1. Take € = K. Then K2**(k) = Z[B,B~"], deg = —1 and 1 (n) : K2**(k) ®z
k(n)* — K2t () is an isomorphism.

2. Take & = CK. Then CK***(k) = Z[B], degB = —1 and tex () : CK*** (k) ®z
k(n)* — CK**+t1*T1 () is an isomorphism.

3. Tauke & = MGL and suppose k has characteristic zero. Then MGL?** (k)
is canonically isomorphic to the Lazard ring L*, tyerL(n) : k(n)* — MGLY! (1)
is an isomorphism and tyc(n) : MGL***(k) @z k(n)* — MGL***T1*T1() s
surjective.

Proof: We have already seen in remark 1.3 that under the isomorphism K11(G,,) =
K1(G,,), tc goes to the class of the canonical unit ¢ (or possibly #~!). By
functoriality, the map #c : k(n)* — Ki(n) = K!!(n) is the usual isomorphism
k(n)* = K,(n) sending x € k(n)™ to the class of the automorphism xx€ : k() —
k(n), where e = +£1 is universal choice of sign (independent of k or ).

The isomorphism K2**(k) = Z[B.B~!] follows from the Bott periodicity
isomorphism K2""(k) =~ Ko(k) = Z. Since B is invertible, the fact that 75 :
k(n)* — KY1(n) is an isomorphism implies that t,c(n) : K>**(k) ®z k(n)* —
C* L1 (3 is an isomorphism.

For (2), it follows from the universal property of fo — id that CK%?(X) —
K%P(X) is an isomorphism for all b < 0, @ € Z, X € Sm/k. In particular,
CK2b-1b(x) = K2b-Lb(x) = K{(X) for b < 0. For b > 1, CK2b=1b() = 0
by corollary 2.9, and CK"1(X) — KV!(X) is an isomorphism by lemma 1.6.
Similarly, the map CK?""(X) — K2""(X) = ZB ™" is an isomorphism for n < 0
and by corollary 2.9, CK?™"(n) = 0 for n > 0. Thus the map CK?**(k) —
K2**(k) identifies CK?**(k) with the subring Z[B] of K?**(k) = Z[B.B7'].
Putting this all together, (1) implies (2).

For (3), the orientation cx gives the canonical monoid morphism ¥ : MGL —

Letting S denote the sphere spectrum and writing [a] := fs(a), this follows from the identity
[ab] = [a] + [b] + H]a][b] (H : S A G, — S the stable Hopf map) and the fact that H goes to zero
in any oriented theory £. Both these facts are proven by Morel in [20, §6].
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K with & (cmgL) = ¢k (see remark 1.9), inducing the commutative diagram

Ox (X)* —M% MGLM (X)

S

KBH(X).

Astc 1 k(n)* — Kb1(n) = K, (n) is an isomorphism, it follows that tyigp. : k(1)* —
MGL!(p) is injective. The isomorphism L* — MGL?*** (k) and the surjectivity of
tvaL : L* ® k() — MGL**T1**1(k (1)) follow from the Hopkins-Morel spectral
sequence [8, 9]

EP?:=19® HP?"9(Y,Z(n —q)) => MGL? 12" (Y). (2.3)
O

3. Oriented duality theories

Recall from [14, §1] the category SP/ k of smooth pairs over k, with objects (M, X),
M € Sm/k and X C M a closed subset (not necessarily smooth); a morphism
f:(M,X)— (N,Y)is amorphism f : M — N in Sm/k such that f~'(Y) C X.
For a full subcategory V of Schy, let V** be the subcategory of V' with the same
objects as V), but with morphisms the projective morphisms in Schy.

Building on work of Mocanasu [19] and Panin-Smirnov [22], the second author
has defined in [14, definition 3.1] the notion of a bi-graded oriented duality theory
(H,A) on Schy. Here A is a bi-graded oriented cohomology theory on SP/k,
(M,X) — AY™(M), and H is a functor from Sch)’ to bi-graded abelian groups.
The oriented cohomology theory A satisfies the axioms listed in [14, definitions
1.2, 1.5]. For the reader’s convenience, we give a partial description of those axioms
here:

e (localization) The association (M,X) — Ay*(M) admits a long exact
sequence

o ATE(M) = A (M) — A (M \ X) > A5 (M) > ...

where for instance A**(M) := A*Af (M) and the boundary map 9 is part of
the data.

e (Nisnevich excision) If /' : M’ — M is étale, X C M a closed subset and
f: f~YX) — X an isomorphism of schemes (with reduced structure), then
f*iAY (M) — A}/ (M) is an isomorphism.
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e (homotopy invariance) For (M, X) € SP/ k, the pull-back map
prAY (M) — AV (M x A
is an isomorphism.

e There are natural external products Ay" (M) ® Ay"(N) = Ayry (M xx N),
and a ring structure is given by the external products and pull-back by the
diagonal.

e There is an orientation given by a collection of isomorphisms
ThE : Ax (M) — Ax(E),

for (M,X) € SP/k and E — M a vector bundle, satisfying the axioms of [22,
def. 3.1.1].

In [14, theorem 1.12, corollary 1.13], we give an extension of [22, theorem 2.5(1)]
to the setting of cohomology with supports. Namely, we show that the data of an
orientation is equivalent to giving well-behaved push-forward maps fx : Ax (M) —
Ay (N) for (M,X),(N,Y) € SP/k, with the meaning of “well-behaved" detailed in
[14, §1].

The homology theory H comes with the following structures:

e Restriction maps j* : Hy«(X) — Hx«(U) for each open immersion j :
U — X in Schy

e External products X : Hy «(X) @ Hyx x(Y) = Hy x(X X Y)

e Boundary maps dxy : Hxx(X \Y) = H«_1«(Y) for each closed subset
YCX,

e Isomorphisms aar,x : Hys(X) — A3 " (M) for each (M, X) € SP/k,
m =dimy M,

e Cap product maps
[HEN: A M) @ Hiu (V) = Hagup (Y 0 f7H(X))
for (M,X) e SP/k, f : Y — X amorphism in Schy.

These satisfy a number of axioms and compatibilities (see [14, §3] for details),
which essentially say that a given structure for A*X’*(M ) is compatible with the
corresponding structure for Hy «(X) via the isomorphism a7, x . Roughly speaking,
this is saying that a given structure for A*X’*(M ) depends only on X and not the
choice of embedding X «— M.
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Remark 3.1 Let L — Y be a line bundle on some ¥ € Sm/k with O-section O :
Y — L. For an oriented cohomology theory A one has the element

(L) = 0%(0.(1%)),

where 1‘{3 € A%(Y) is the unit element. As pointed out in [22, corollary 3.3.8], or as
noted in [14, remark 1.17], for line bundles L, M on some Y € Sm/ k, the elements
c1(L),c;(M) € A'(Y) are nilpotent, and commute with one another, hence for each
power series F(u,v) € A*(k)[[u,v]] the evaluation F(ci(L),c1(M)) gives a well-
defined element of A*(Y). In addition, the cohomology theory A has a unique
associated formal group law F4(u,v) € A*(k)[[u,v]] with

Fa(c1(L),c1(M)) =c1(LQ M)

for all line bundles L, M on Y € Sm/ k.

For an X € Schy with line bundle L — X, the quasi-projectivity of X implies
that X admits a closed immersion i : X — M for some M € Sm/k such that L
extends to a line bundle £ — M. One can then define

c1(L) : Hy(X) = Hy—1(X)

via the product
(=) -c1(L): Ax (M) — AT (M)

and the isomorphisms H(X) = A‘;(M *(M). One shows that this is independent of
the choice of (M, L), giving the well-defined operator ¢; (L).

The main example of oriented duality theory (H,A) is given by an oriented
monoid £ in SH (k), assuming k is a field admitting resolution of singularities (e.g.,
characteristic zero), defined by taking

" (M) := Homsy, 4 (S5 (M/M \ X).Z°¢),

that is, the usual bi-graded cohomology with supports. For each X € Schy, choose
a closed immersion of X into a smooth M and set £, ,(X) := E)Z(m_”’m_b(M ),
where m = dimy M. In [14, §4] it was shown that (M,X) +— MGL}’*(M )
defines an oriented bi-graded ring cohomology theory. The proof of the fact that
M, X)— & )*(’*(M ) defines an oriented bi-graded ring cohomology theory for an
arbitrary oriented monoid £ in SH (k) is exactly the same; the main point is theorem
of Panin-Smirnov [22, theorem 3.7.4], which says that an orientation for £ (in the
sense of remark 1.8) defines an orientation in the sense of ring cohomology theories
for the bi-graded £-cohomology with supports.
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The fact that the formula given above for the homology theory & , is well-

defined and extends to make (& ,(—),£X*(—)) a bi-graded oriented duality theory
is [14, theorem 3.4]. The essential point is to show that the cohomology with support
5§d_*’d_*(M ), for X — M a closed immersion of some X in a smooth M of
dimension d, depends (up to canonical isomorphism) only on X, and similarly,
given a projective morphism f : Y — X in Schg, there are smooth pairs (M, X),
(N,Y), an extension of F to a projective morphism F : N — M and the map
Fy : E}Z,dN_*’dN_*(N) — SffdM_*’dM_*(M) is independent (via the canonical
isomorphisms £, ,(Y) 2 &V THINTHN), & (X) = EFMTHMTH(M)) of
the choices. The other structures for & ,(—) are defined similarly via the &-
cohomology with supports, and one has the corresponding independence of any
choices.

It follows directly from the construction of £’ that the assignment (£,c¢) +—
(&,€) is functorial in the oriented cohomology theory (£,c¢). In particular, let
ch : MGL,cpygL) — (€,c¢) be a morphism of oriented cohomology theories, that
is, ch : MGL — £ is a monoid morphism in SH (k) with ch(cmgL) = ce. Then we
have an extension of ch to a natural transformation of oriented duality theories

(ch’,ch) : MGL',MGL) — (£',£).

Remark 3.2 As shown in lemma 2.10, the coefficient rings for X and CK are
K?**(k) = Z[B,B~"] and CK?***(k) = Z[B)], respectively, with B having degree
—1. For I, the orientation ¢y restricted to P” is given by the class of 1 — [O(—1)] €
Ko(P") = K21 (P"). It follows (by functoriality and Jouanoulou’s trick) that for a
line bundle L on some X € Sm/k, the 1st Chern class is given by ¢ (L) = B71(1 -
[L™']) (where we consider 1,[L™!] € K%%(X) = Ko(X)). A direct calculation gives
the formal group law for (K, ,.K***) as (Fc(u,v) = u +v — B -uv.Z[B.~']).
Since the orientation for /C lifts to that of CKC, it follows that the formal group law
for (CK), ,.CK***)is (u +v— B -uv,Z[B]).

2%,%°

4. G-theory and connective G-theory

We apply the machinery described in §3 to K-theory and connective K-theory,
with the orientations given by remark 1.8 (for K-theory) and lemma 1.11 (for
connective K-theory). This gives us the oriented duality theories (K ,,KC*™)
and (CK ,,CK**); the canonical morphism CK — K is compatible with the
orientations and thus gives the map of oriented duality theories (CK ,,CK**) —
(Kl C55).

We can describe C IC;, »(X) more explicitly, with the help of the models K @) for

f.K.
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Indeed, for a smooth pair (M, X), Quillen’s resolution theorem (see [26, §4],
corollary 1 and the comments following corollary 2) and localization theorem [26,
§7, prop. 3.2] gives us the natural homotopy fiber sequence

G(X) = K(M) — K(M \ X),

where G(X) is the Quillen-Waldhausen K-theory spectrum of the abelian category
of coherent sheaves on X. This, together with “algebraic Bott-periodicity"

K@ (X) = Kap-a(X)
gives us the canonical isomorphisms

X a.b
KLy () 20 Gy () K200 25 KX () .0
where KX (M) is as usual the homotopy fiber of the restriction map K(M) —
K(M\ X).

The construction of the simplicial spectrum m — K (X,m) can be carried
through replacing K-theory with G-theory. For details, we refer the reader to
[16, §8.4] and [17]; for the reader’s convenience, we give a brief sketch of the
construction here.

Let X be a finite type k-scheme. There is a technical problem in the construction
of the simplicial spectrum m — G (X,m), due to the fact that, for g : A? — A™
an inclusion of a face of A™, the corresponding restriction map

(idx x g)* : Mxxam = Mxxar

is not exact, hence does not lead to a functor on the corresponding K-theory
spectra. To get around this problem, one replaces M xxam with the full subcategory
Mxxamy of coherent sheaves which are Tor-independent with respect to the
inclusions of faces; for U C X x A™ an open subset, we let My 5 be the
similarly defined full subcategory of My . Letting G(X,m) be the corresponding K -
theory spectrum of the exact category M xxam 3, we have the simplicial spectrum
m G(X,m).

Since we are not assuming that X is equi-dimensional over k, it is more
convenient to index by dimension rather than codimension. Let S,f (m) denote the
set of closed subsets W of X x A™ such that

dmWNXXxF <n+p
for all faces F =~ A? of A™, and let
G (n)(X,m) := hocolim Gw (X,m)

WeSX (m)
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where Gw (X,m) is by definition the homotopy fiber of the restriction map
K(Mxxamp) = K(Mxxamw,y)-

This gives us the simplicial spectrum m +— G,)(X,m) with total spectrum G, (X),
and the corresponding tower of spectra

o= G (X) = Gy (X) — ...
= Gaimx)(X) = Guimx+1)(X) =... = G(X x AY),

where dim X is by definition the maximum of dimg X’ as X’ runs over the irreducible
components of X. The identification of G(X) := K(M x) with G(X,0) gives us the
map of spectra

G(X)— G(dimX)(X),

which, using the homotopy invariance property of G-theory, is easily seen to be a
weak equivalence.

It is easy to see that X +— G,)(X) is contravariantly functorial with respect to
flat maps of finite type k-schemes. As for the usual G-theory construction, there is
a canonical push-forward functor

Iy : G(n)(W) — G(n) (X)

for i : W — X a closed immersion; this extends to a push-forward map for
arbitrary projective morphisms, but only in the homotopy category SH as one
needs to replace the various categories of coherent sheaves with the corresponding
subcategories which have no higher direct images with respect to the given
projective morphism (see [17, §4] for details).

In case X is smooth of dimension d over k, the canonical map K@~ (X,m) —
Gn)(X,m) is a weak equivalence for all m and n (by Quillen’s resolution theorem
loc. cit.), giving the weak equivalence §x : K@ (X) — Gy (X).

The localization theorem for the spectra G, from [16, corollary 8.12] is

Theorem 4.1 Let j : U — X be an open immersion of finite type k-schemes with
closed complement i : W — X. Then the sequence

i J*
G(n)(W) — G(n) (X) — G(n) (U)
is a homotopy fiber sequence.

Corollary 4.2 Let X be in Schy.

1. There are canonical isomorphisms

ay, :CK ,(X) = ma—zp(G (X))
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compatible with push-forward for projective morphisms and pull-back for open
immersions.

2. For X € Sm/k of dimension d, the isomorphism afb is compatible with

the isomorphism of proposition 2.6 via the weak equivalence §x : K@= (X) —
G (X) and the isomorphism ax : CK ,(X) — cicd—ad=b(x),

3. The isomorphism (4.1) ,Bf p - KL o (X) = ma2p(G(X)), the natural transfor-
mation p' : CK' — K' and the canonical map %X Gy (X) = Ga)(X) ~ G(X)
and the isomorphism aff p &ive rise to a commutative diagram

a,
CK, ,(X) =% 425 (Gp) (X))

p;.},(X)J/ J/(Pli(

Kooy (X) 5 Ta2p(G(X)).

Proof: (1) Recalling that Schy is the category of quasi-projective k-scheme, we
choose a closed immersion X — M with M € Sm/k, giving us the smooth
pair (M,X) € SP/k. For each ¢, let K)(f)(M ) denote the homotopy fiber of the
restriction map

J* K@ WM) > KD M\ X).

Using example 2.4 and proposition 2.6(1) for the diagram

M\X ——M

|

*

gives us the canonical isomorphism

2m—a.,m—b

oM, _ _ a b
CK 5 (X) =25 CRY "0 (M) s mamap (K" (M),
By the localization theorem 4.1, we have the canonical weak equivalence
Bx.m 2 Gy (X) — fib(Gp) (M) — Gy (M \ X))

induced by the functors (ix X id)« : Mxxan — Mpyxar and the canonical
isomorphism of (jp\x x id)* o (i x id)s with the O-functor. As M is regular,
Quillen’s resolution theorem loc. cit. comparing the K-theory and G-theory of
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regular schemes leads to a canonical weak equivalence on the (iterated) homotopy
fibers

Kg(m_b)(M) — ﬁb(K(m_b)(M) — K(m_b)(M \ X))

YX.M

—_—> ﬁb(G(b) (M) d G(b) (M \ X))
This defines the isomorphism in SH
Sx.m = Bxm vy Ky P (M) — G (X).

Both yx,am and By a are compatible with pull-back by flat maps f : M' — M
(with X" := f~1(X)), hence § is compatible with pull-back by open immersions.

Suppose we have a closed immersion i : X’ — X. We use the same ambient
smooth scheme M, giving the map of pairs idys : (X,M) — (X’,M). The push-
forward by i on K ;m_b) (M) is by definition the map on the homotopy fibers induced
by the commutative diagram

Km=b) (A1) LN Km=b (M \ X7

| |-

Km=b (M) 2 Km=b) (M \ X)

where u,v,w are the evident open immersions. It is not hard to check that the
diagram

Gy(X') =5 Gy (M) —= Gy (M \ X')

T

Go)(X) = Giy(M) — = G (M \ X)

commutes up to canonical homotopy. From this it follows that i¥ 0 8x pr = 8x7.a1 ©
ik

For both K-theory and G-theory, the push-forward for a projection p : ¥ xP"* —
Y is given by the projection onto the factor [Oy«p~] in the respective projective
bundle formulas with bases [O(—i)], i = 0,...,n. From this it is not hard to show
that §x pr is compatible with p., and hence compatible with push-forward by an
arbitrary projective morphism, completing the proof of (1).

The assertion (2) follows directly from the construction of §x » for X = M.
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For (3), we apply proposition 2.6(2) with X" the diagram as above, and note that
we have a commutative diagram (in SH)

—b Sx,
KD (M) 22 Gy (X)

pme/ J/pb

Kx (M) e G(X).

O]

Our main interest is in the “geometric" portion CK, , of the theory CK) ,.

2%, %
For a finite type k-scheme X, and integer n, recall from definition 2.7 the full

subcategory M ,)(X) of M x of coherent sheaves supported in dimension at most
n. The following result improves upon corollary 2.8:

Theorem 4.3 Let X be a quasi-projective k-scheme.
1. For each n > 0, there is a canonical isomorphism

aX 1 CKh, ,(X) — im(Ko (M) (X)) = Ko(M 1) (X)),

compatible with pull-back by open immersions and push-forward by projective
morphisms.

2. Forn >0, let
P (X) 1 im(Ko(M ) (X)) = Ko(Mz+1)(X))) = Go(X)

be the map induced by the inclusions My (X) — M@u41)(X) — Mx. Then the

diagram
aX .
CRYp n(X) —— im(Ko(Mn) (X)) = Ko(Mn11)(X)))
Pop.n (X )J in, X)
IC/Zn,n(X) b% GO(X)
ﬂ2n‘n
commutes.

3. CIC;’b(X) =0fora <2b.
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Proof: By corollary 4.2, we have the isomorphisms
ayy :CK, ,(X) = a2 (G(p)(X)),

compatible with pull-back by open immersions and push-forward by projective
morphisms. Thus, for (1) it suffices to define an isomorphism

80 (X) 1 10(G(n) (X)) = im(Ko(Mn) (X)) = Ko(M@u11)(X))).

compatible with ith pull-back by open immersions and push-forward by projective
morphisms, and for (3) we need to show that G)(X) is —1-connected for all b > 0.
Recall that G)(X) is the simplicial spectrum m = G)(X,m) and

G(b)(X,m) = hocolim GW(MXxAm,a)-

Wes(’g)(m)
We showed in [16, lemma 8.7] that for all open U C X x A™, the inclusion
Muyy— My

induces a weak equivalence on the K-theory spectra. Thus Gw (Mxxam ) is
weakly equivalent to the homotopy fiber of the restriction map

J¥iG(X x A™) — G(X x A"\ W)

which by Quillen’s localization theorem is in turn weakly equivalent to G(W).
In particular, this shows that G)(X,m) is —1-connected and we have a strongly
convergent spectral sequence

Ezlr,q =14Gp)(X,p) = 1p+qG ) (X).

As E;,q = 0 for p + g < 0, this shows that G)(X) is -1-connected and hence
CK! ,(X) =0 fora < 2b, proving (3).
For (1), the spectral sequence gives the right exact sequence

0 T ,
70(Gmy (X, 1)) = 10(Gny(X,0)) = CK, , (X) — 0.

By definition, G(,)(X,0) = K(M(,)(X)), so we need to show that the image M of
mo(G(n)(X,1)) under 9 is the same as the kernel N of the map

Ko(M@n) (X)) = Ko(M@11)(X)).

Suppose we have done this. If we take d > dimX, then the canonical
maps Gg)(X,m) — G(X x A™) are weak equivalences and the canonical map

https://doi.org/10.1017/is013012007jkt249 Published online by Cambridge University Press


https://doi.org/10.1017/is013012007jkt249

36 S. DAI & M. LEVINE

G(X) = G@)(X,0) = G)(X) is a weak equivalence, and thus we may identify
¢n - Gy (X) — G(X) with ¢/, 1 Gy (X) — Gg)(X). By corollary 4.2(3), this
gives the commutative diagram

ey, (X,1)
wo(Gy(X,1)) ——— mo(G(a)(X,1))

aJ Ja
®y ., (X,0)

10(G(n)(X,0)) ——— m0(G(4)(X,0)) =——= Go(X)
ﬂnJ/ J/nd /
B3y
ClC/Zn,n (X) o, K/Zn,n (X)
2n.n

from which (2) follows directly.

We now complete the proof of (1). We note that M ,)(X) is a Serre subcategory
of the abelian category M, +1)(X); let M, 41/2)(X) denote the quotient category.
By Quillen’s localization theorem, we have the exact sequence

ad
oo > Ki(M@ug1/n) (X)) = Ko(M@n) (X)) > Ko(M@+1) (X)) — ...
Furthermore, by devissage [26, §5, thm. 4] we have
K (M(n+l/n)(X)) = @xeXm-H)Kl (k(x)) = EBxeX(,H_l)k(x)X

where X, 1) is the set of dimension n + 1 points of X. Finally, the boundary map
Ki(M@ut1/n)(X)) = Ko(M ) (X)) can be described as follows: Take y € X(,41)
and let Y C X be the reduced closure of y. Take f € k(y)* andlet Y’ C Y xP! be
the reduced closure of the graph of f. Fort € P! (k), let Oy/(t) := Oy~ Rop k(7).
Then for f € k(y)*,

(/) = p1+([Oy(0)] =[Oy (c0)].

Noting that Oy-(¢) is an Oxx;-module, we can consider p1.([Oy/(0)]) as simply
[Oy/(0)] via the isomorphism p; : X x 0 — X, and similarly for [Oy/(o0)]. Finally,
as f isin k(y)* and Y has dimension n + 1, it follows that Oy (0) and Oy (c0)
have support of dimension at most 7.

Given such a Y and f € k(y)*, we may identify X x A! with the open
subscheme X x (P! \ {I}) of X x P! via the open immersion j : A! — P!
defined by j(t,t1) := t1/to. Then the pull-back coherent sheaf (id x j)*(Oy-)
is in M) (X x A',9) and

I([Gdx /)" (Oy)]) = £3(f € k(y)).
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Thus, M D N.

For the reverse inclusion, take F € M ) (X x Al,9), let Z be the support of F,
let Y C X be the closure of p;(Z) andlet W C X x Al be py1(Y);leti : Z - W
be the inclusion. By devissage, we may assume that F is an Oz-module, giving us
the class [F] € Go(Z). But W = Y xA!, so by the homotopy property for G-theory,
there is a class n € Go(Y) with

i ([F]) = pi(m).

Letting ig,i; : ¥ — Y X Al = W be the inclusions defined byt =0, =0,
respectively, this shows that

ip ((x([FD) = i (i« ([F]) = 0

in Go(Y). As Y has dimension < n + 1, this shows that the image of d([F]) in
Go(M(n+1)(X)) is zero, and hence M C N. O

Corollary 4.4 Take X € Schy and let d = dimX. Let yX : CK,, . (X) — Go(X)

n 2n,n
be the composition of p,, ,(X) : CK}, ,(X) — K, ,(X) with the isomorphism
ﬂfnn : Kon n(X) = Go(X). Then vX is an isomorphism for n > d and is injective
forn=d—1.

Proof: This follows immediately from theorem 4.3, noting that M) (X) = Mx.
O

Remark 4.5 For X smooth of dimension d, using the identity closed immersion
X — X gives the canonical isomorphism

ax,x : CK ,(X) > CKY 7P (X) = =47 (x).
In particular, theorem 4.3 shows that
CIC™ ™ (X) = im(Ko(M™ (X)) = Ko(M" V(X))
In fact, the argument for theorem 4.3 works to show this identity for k an arbitrary
perfect field without the need for resolution of singularities.

Remark 4.6 Cai [2] has defined the notion of a bi-graded “oriented Borel-Moore
functor” on Schy in the sense of [2, §2]; after a suitable reindexing, this notion is
similar to, but not the same as the homology part of an oriented duality theory.
To conform with our indexing conventions, we change Cai’s indexing by the
transformation (a,b) — (a — b,—b). Cai has defined a theory of “connective higher
K-theory" as a bi-graded oriented Borel-Moore functor on Schy. Denoting Cai’s
reindexed theory as C Kgal; this is defined as

CKo(X) i=im(Kq—2p (M(a—p)(X)) = Ka—26(M(a=p+1)(X))).
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Thus we have
C’C/Zn,n (X) = CKg,il’n (X)

for X € Schy.

We conclude this section with a description of the 1st Chern class operators on
CK,, - Take X in Schy. Let L be a line bundle on X, and leti : X — M be a
closed immersion with M € Sm/ k such that L extends to a line bundle £ on M. We
note that the 1st Chern class operator ¢1(L) on CK, , (X) is given by the product
with ¢1(£) € CK*1(M) on ClCi*’*(M). As CK*2Y(M) — K> (M) = Ko(M) is
injective (corollary 4.4), it follows that the operators ¢, (L) satisfy the multiplicative
formal group law:

L ® L") =¢éi1(L)+ (L) = Ber(L)oci(L')

where B € CK, | (k) is the “Bott element", that is, the element corresponding to
1 € Z under the sequence of isomorphisms

dimg

CICy (k) = CK™>71 (k) — K271 (k) = Ko(k) — Z.

Thus, we need only describe ¢ (L) for L which is very ample on X .

Let a be in CK, ,(X) for some n. If n > dimg X + 1, then both CK,, , (X)
and CK,_, ,_;(X) are equal to Go(X) via the canonical map CKY, ,(X) —
IC’Z*j*(X) = Go(X), so ¢;(L) is given by the 1st Chern class operator on
K54.+(X) = Go(X). This in turn is given by multiplication by the K-theory Ist

Chern class via the K¢(X)-module structure on Go(X), that is,
G (L) @) =(1-L") .
In general, we have our description
CKp (X)) = im(Ko (M) (X)) = Ko(Mu+1) (X))

compatible with projective push-forward. Thus, for each o € CK5, ,(X), there
is a closed immersion i : X’ — X in Schy, with dim; X’ < n, and an element
o' € CKY, ,(X') with ix(a') = a. Since

S (L) (ixa") = ix(E1(i*L) (),

we reduce to the case n > dimg X; similarly, we may assume X is irreducible. By
our above computation, the only remaining case is n = dimy X .
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In this case, CK, (X)) = Go(X) and for @ € CK), _(X), the element ¢;(«) €

2n,n 2n.,n

CK, 5 n—1(X) is characterized by the identity
(1-L7"-a =im( («) € Go(X)),

via the inclusion CK5, , , (X) — Go(X) (corollary 4.4). We now use the
assumption that L is very ample. Write @ = ), n;[F;], where the F; are coherent
sheaves on X, n; are integers and [—] denotes class in Go(X). Choose a section s
of L that is locally a non-zero divisor on each F; and on Oy this is possible by an
application of Kleiman’s transversality theorem [11, theorem 2(i), remark 7], using
the fact that L is very ample. Let H C X be the closed subscheme defined by s,
giving us the short exact sequence of sheaves on X

0> L' 0y >0 —0.

For each 7, the tensor product F; ® O is an element of M ,_1)(X) (its support is
contained in H ), giving the well-defined class [F; ® Og] in Ko(M—1)(X)). In
addition, the above exact sequence and the fact that s is a non-zero divisor on F;
gives the identity

[Fi ® On] = (1—L7")-[Fi] € Go(X)

for each i and hence ¢;(a) € CK5,_, ,_(X) is given by }_;n;[F; ® Ogl.

Remark 4.7 Set CGgap(X) 1= ma—2pGp)(X), for X € Schg. From the proof of
corollary 4.2 we have isomorphisms 6x, s : 74—2p (K;m_b) (M)) = 74—25(G (X))
for X a closed subscheme of M € Sm/k, m = dimM. Combined with the natural
isomorphisms CICim_“’m_b (M) =~ na_zb(Kgfm_b)(M)) given by theorem 2.1 and
lemma 2.5, the properties of G)(—) discussed in this section show that we have
defined an oriented duality theory (C G« «,CK**) on Schg, for k an arbitrary perfect
field, except that we have not defined a cap product structure of CX** on C G «.
Possibly this could be supplied by the method used by Cai in [2, §6.3] to define pull
back maps in his theory CK *C,T' for regular embeddings.

The results of this section can be interpreted as saying that, in case k admits
resolution of singularities, the oriented duality theory (CK ,,CK**) on Schy
defined using the results of [14] is isomorphic to (C G« «,CK**) (ignoring the cap
product structure).

5. Algebraic cobordism and oriented duality theories

We assume throughout this section and the remainder of the paper that k satisfies
resolution of singularities in the sense of [18, appendix A]; at present date, this mean
k has characteristic zero.
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We recall the theory of algebraic cobordism X +— Q.«(X), X € Schy [18].
For each X € Schy, ©,(X) is an abelian group with generators (f : ¥ — X),
Y € Sm/ k irreducible of dimension 7 over k and f : ¥ — X a projective morphism
[18, lemma 2.5.11]. €2 is the universal oriented Borel-Moore homology theory
on Schy [18, theorem 7.1.1], where an oriented Borel-Moore homology theory on
Schy, consists of the data of a functor from Sch,‘zr to graded abelian groups, external
products, first Chern class operators ¢1(L) : Q4 (X) = Q4—1(X) for L — X aline
bundle, and pull-back maps g* : Q4 (X) — Q444(Y) for each l.c.i. morphism g :
Y — X of relative dimension d. These of course satisfy a number of compatibilities
and additional axioms, see [18, §5.1] for details.

For an oriented duality theory (H,A) on Schy and Y in Sm/k of dimension
d over k, the fundamental class [Y]g,4 € Hg(Y) is the image of the unit 1y €
A°(Y) under the inverse of the isomorphism ay : Hy(Y) — A°(Y). For an oriented
Borel-Moore homology theory B on Schy, we similarly have the fundamental class
[Y]g € By (Y) defined by [Y]p := p*(1), where 1 € Bo(Speck) is the unit and
p Y — Speck the structure morphism.

We recall the following result from [14]:

Proposition 5.1 ([14, propositions 4.2, 4.4, 4.5]) Let k be a field admitting resolu-
tion of singularities and let (H, A) be a Z-graded oriented duality theory on Schy.

1. Let GrAb denote the category of graded abelian groups. There is a unique
natural transformation vy . Qs — Hs of functors Schzr — GrAb, such that
ba(Y)([Y]Q) = [Y]H,a for all Y € Sm/k. In addition, Og is compatible with
pull-back maps for open immersions in Schy, with 1st Chern class operators, with
external products and with cap products.

2. For Y € Sm/k, let 94(Y) : Q*(Y) — A*(Y) be the map induced by ¥y, the
identity Q*(Y) = Qaimy—«(Y) and the isomorphism ay : Hgmy—«(Y) — A*(Y).
Then 94(Y) is a ring homomorphism and is compatible with pull-back maps for
arbitrary morphisms in Sm/ k. Finally, one has

FAY) (R (L) =ci(L)

for each line bundle L — Y.

Remark 5.2 We have already noted that one has a formal group law F4(u,v) €
A*(k)[[u,v]] associated to the oriented cohomology theory A. Similarly, for
each oriented Borel-Moore homology theory B on Schg, there is an associ-
ated formal group law Fp(u,v) € Bi(k)[[u,v]], characterized by the identity
Fg(c1(L),c;i(M)) = c1(L ® M) for each pair of line bundles L,M on some
Y € Sm/k (this follows from [18, corollary 4.1.8, proposition 5.2.1, proposition
5.2.6]). Letting ¢4 : L* — A*(k), ¢p : L™ — B*(k) denote the classifying maps
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associated to F4, Fp, respectively, suppose that A extends to an oriented duality
theory (H,A). Then
D4 (Fo) = Fy. (5.1)

Indeed, F4 is characterized by identity Fy4 (cf‘(L),cf‘(M ) = cf‘(L ® M) for each
pair of line bundles L, M on some Y € Sm/k, and since 19A(c{2(N)) = c{‘(N) for
each line bundle N — Z, Z € Sm/ k, the fact that Fg(cfz(L),cfz(M)) = c{z(L ®
M) combined with proposition 5.1(2) yields the identity (5.1).

Via the universal property of the Lazard ring, the relation (5.1) is equivalent to
the identity

94 0pq = pa. (5.2)

Finally, we recall that the classifying map ¢g : L. — Q24(k) is an isomorphism
[18, theorem 1.2.7].

Corollary 5.3 Let (€,cc) be a pair consisting of a commutative monoid object
& € SH(k) with orientation cg, and let (€, ,,E™*) be the corresponding bi-graded
oriented duality theory. There is a unique natural transformation

19(5,6‘5) (Qu — gé*,*

of functors Sch}, — GrAb, such that O c.y(Y)([Y]@) = [Y]e e forall Y € Sm/k.
In addition, V¢ ) is compatible with pull-back maps for open immersions in Schy,
1st Chern class operators, external products and cap products. For Y € Sm/ k, the
map 96 (Y) : Q*(Y) — E2**(Y) induced by Vg ) is a ring homomorphism, is
compatible with pull-back maps for arbitrary morphisms in Sm/ k, and satisfies

Hece) V(P (L)) = cf (L)

for each line bundle L — Y.

Remark 5.4 By [18, lemma 2.5.11], Q. (X) is generated as an abelian group by the
cobordism cycles (f : Y — X), Y € Sm/k irreducible, f : Y — X a projective
morphism. Furthermore, the identity (f : Y — X) = f«([Y]g) holds in Qginy (X).
Thus ¢ . is characterized by the formula

ey (f Y = X)i= fE([V]ere)

We may apply corollary 5.3 in the universal case: £ = MGL with its canonical
orientation. This gives us the natural transformation

ﬁMGL . Q* — MGL;*,*. (53)
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Theorem 5.5 ([12, theorem 3.1]) If k is a field of characteristic zero, then the
natural transformation (5.3) is an isomorphism.

Remark 5.6 This result relies on the Hopkins-Morel spectral sequence (2.3), see
[8, 9].

In the course of the proof of theorem 5.5, we proved another result which we
will be using here.

Let X be in Schg and let d = dy := maxy/dimg X', as X’ runs over the
irreducible components of X. We define MGL'Z(i )* (X) by

MGLSY, (X) := imMGL}, , (W)
w

as W runs over all (reduced) closed subschemes of X which contain no dimension d
generic point of X; QS})(X ) is defined similarly. The natural transformation gL
gives rise to the commutative diagram

QP (X)) — QX)L Byexy, Rk () ——— 0 (5.4)

0(1)J ﬂ(X)J Jz?

MGL/(l) (X) T> MGLIZ*,*(X) T EB7I€X<d)MGL/z*,*(k(77)) —0

2% %

with exact rows and with all vertical arrows isomorphisms. As (MGL',MGL) is an
oriented duality theory, the bottom line extends to the long exact sequence

a
woe = Bpexy MGLY, 1, (k(n)) > MGLY, (X)

2%, %

Furthermore, the appropriate edge homomorphism in the Hopkins-Morel spectral
sequence (2.3) [8, 9] gives a surjection for each n € X(4)

tvoL() 1 Lu—gq1 ® k(7)) — MGLS, 1 . (k(1))

(see lemma 2.10).

Let Z[k(n)*] denote the free Z-module on the set k(1) and let y,, : Z[k(n)*] —
k(n)* be the map sending Y, n; f; to []; /;"". We have constructed in [12, §6] a
group homomorphism

Div : ]L*—d-l—l Kz @neX(d)Z[k(n)X] - QSkl)(X)
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with 31 o Div = 9 o ®,tmcL(n) 0 id ® y,. Since the maps ¥ and #(X) are
isomorphisms, the map Div factors through the surjection

1d®®,yy
—

Li—d+1 ® ®pex, Zk(n)™] Li—d+1 ® ®pexa, k(™.

Thus, letting div : ®yex ) Lx—a+1 ® k()™ — QS})(X) be the map induced by Div
and defining divmgr := 0 o ®,tmcr (1), we have the exact sequence

div i i
@neX(d)]L*—d—i-l@k(ﬂ)x — QS})(X) g Q. (X) Z Dnex 2x(k()) — 0 (5.5)

and the diagram (5.4) extends to the commutative diagram

@nLa a1 @k —25 QW (X) —— Qu(X) —— @, Q. (k()) —— 0

19”{ 0(X)J J?

©yLu—g 1 ® k()" MGLY) (X) > MGL), ,(X) — ®yMGL), . (k(1) — 0
(5.6)

with exact rows and with all vertical arrows isomorphisms.

6. The comparison map

We retain the assumption made in §5 that k admits resolution of singularities.
We consider the classifying map

QCIC P Qy — CICIZ*,*

constructed in proposition 5.1. Let ¢ck : L« — Z[B] be the ring homomorphism
classifying the formal group law (u+v—Buv,Z[B]) of the theory CK and ¢q : L« —
Q. (k) the classifying map for the formal group law for Q.. For each X € Schg,
the external products make €2, (X) into an Q(k)-module and thus via pg an L-
module. It is easy to check that the various structures for €2, make the assignment
X — Qu«(X) ®L, Z[B] into an oriented Borel-Moore homology theory on Schy,
which we denote by Q. ®r., Z[B]; the universality of Q. makes Q. ®r,, Z[f] the
universal oriented Borel-Moore homology theory on Schy having formal group law

(u +v—Buv,Z|[B]).

Lemma 6.1 6Ocx factors through the surjection

Q. — Q. L, Z[B].
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Proof: As the natural transformation . is compatible with external products,
Oci (k) is a ring homomorphism and 6¢xc(X) is a map of L,-modules, where L.
acts on CK,, , by using the the action of CK;, (k) on CK, , via external products,
together with the ring homomorphism

L. %% Q.00 229 ks, (k) = 28],

Using the universal property of Q. ®r., Z[f], we need only show that
Ocxc (k) opq : L — Z[B]

is equal to the classifying homomorphism ¢cg. But this is a general property of the
classifying map 0y, 4 : Q4 — H, for any oriented duality theory (H, A), as we have
already noted in remark 5.2. O

In [18, theorem 1.2.18] it is shown that the classifying map of oriented
cohomology theories on Sm/ k

VKo 1 2" QL Z[B.B™'] — KolB.A ']

is an isomorphism, where I. — Z[B,87!] is the classifying map for the formal
group law (u 4+ v — Buv,Z[B,B~']). Dai [3] extended this result, showing that the
classifying map

96, : 2 ®L Z[B, BT — GolB.B7']

is an isomorphism of oriented Borel-Moore homology theories on Sch;. We now
prove the analogous result for connective K-theory.

Definition 6.2 For X € Schy, write Q¢X(X) for Q.(X)®L, Z[B]. Forg: Y — X
smooth, write g7, for g* ® id and similarly write fEK for f, ®idif f:Y — X is
projective.

Theorem 6.3 The induced classifying map

QCIC . QEK — CK,

2%,%

is an isomorphism.

Proof: We proceed by induction on the maximum d of the dimensions of the
components of X ; we may assume that X is reduced.

For X € Schy, we consider Ok as a map of presheaves on Xz,., so we may
evaluate at the generic points of X. For n a dimension d generic point of X, it
follows from the description of CXC,, , given by theorem 4.3 that

2%, %

Ko(k(n)) forn>d

CK: =
2.0 (1) 0 forn <d.
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By [18, corollary 4.4.3], the pull-back map py : Qu«(k) — Quiq(k(n)) is an
isomorphism, so by [18, theorem 1.2.7] we have the isomorphism of L .-modules

Q. (k(1)) = Ly_g.

From this it follows easily that

Ocxc (k(m) : QEE (k(n)) — CKCh, . (K (1))

is an isomorphism. In particular, 8¢ (X) is an isomorphism for all reduced X of
dimension 0 over k. As the inclusion X,.; — X induces an isomorphism on €2
and CK}, ,, the theorem is proven for all X of dimension 0.

Now suppose X has a component of maximal dimension d > 0. We use the
constructions and notations from theorem 5.5 and the discussion following that
theorem. We let C IC'Z(,: )* (X) be the inductive limit

CR(X) := imCKS, (W)
w
as W runs over all (reduced) closed subschemes of X which contain no dimension
d generic point of X. Combining the exact sequence (5.5) with the localization
sequence for CKC, , gives us the commutative diagram with exact rows

Bnex oy Lu—arr ®km)* 25 Q0P (X) — Qu(X) —— @yex,y, ulk(n)) — 0

ﬁ(l)J 19(X)J J/z?

BneXa) Chu o (1) 5 CRE)(X) 5 €K L (X) - @) Ch (K () — 0.
6.1)
We apply Z[B] QL (—) to the top row in (6.1). By lemma 6.1, the vertical maps
in (6.1) descend to give the commutative diagram

diveg C

BnZ[Ble—at1 @ k()* 5 @EKD (x) 5 QCK (X) Lo @pex y, QEK (k(n)) — 0

,9(1)J 19(X)l lﬁ

©1Ch a4 k(D) —— C3L(X) 73 CK o (X) 22 Byex ) Chb (K (1) = 0.
(6.2)
By induction on d, the map (") is an isomorphism; we have already seen that
¥ is an isomorphism. We note that the bottom row is a sequence of Z[f]-modules

via the isomorphism CIC’Z*,*(k) =~ Z[B] and the CKyx «(k)-module structure given
by external products.
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Take n € X(g). Then CKY, , , , (k(n)) = CK2472*"1-4=*(k(n)). Vialemma 2.10,
we have the isomorphism of Z[f]-modules

tex t LIBlu—a+1 ® k(M) — CKYy 1 1 (k(1)).
Putting this into the diagram (6.2) gives us the commutative diagram

diveg

LK QTR () 5 QCK (X) L @yexy, Q8K (k(n) — 0

g(l)J/ 19(X)J P

O ZIBlu-d 1 ®K()* 5 CRLLL(X) 3 CK. o (X) 2 By CK u (K1) = 0
(6.3)

BnZ[fle—d+1 @ k() —

with divey := 0 o f¢x, the bottom row exact and the top row a complex.
We claim that
divex = 9V o divek. (6.4)

Assuming this claim, a diagram chase shows that the top row is exact and the map
¥ (X) is an isomorphism.

To prove the claim, the orientation ccx for CKC and the universal property of
MGL gives the canonical map of oriented cohomology theories

pex : (MGL, emaL) — (CK,cex)
which in turn gives us the map of bi-graded oriented duality theories
pex : (MGL, , . MGL™") — (CK, ,.CK™").
It follows from the characterization of Oy, Ocixc given in remark 5.4 that
Ockc = pex © OmaL-

As discussed at the end of §2 and in lemma 2.10, the orientations cygL, Coxc give
rise to canonical elements

tvoL € MGLYMY(G), tex € CKVN(Gy).
These in turn give by functoriality canonical homomorphisms for each X € Sm/k
oL (X) : O% (X) = MGLM (X), texc(X) : O%(X) — CKVH(X)
with texc(X) = pexc(X) ot (X). We extend fyigr to

tvaL - O (X) @ L* — MGL**H1-*+1 (X))
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using the L*-module structure, and similarly have the extension of 7o (X) to
tex : O%(X) ® Z[B]* — CK**H1*H1(X),

The edge homomorphism k(1) — MGL"! (k(n)) arising in the Hopkins-Morel
spectral sequence is the map tygL(k(7)). As pex is a map of L.-Z[B] modules, we
have the commutative diagram

t d
DneXpLn—d+1 ® k(N —" Byex ,, MGLY, 1 , (k(1)) —— MGLY), (X)
7{ @npc;c(n)l Jpé%(X)
Onexw ZIBls—a+1 ®k(n)™ “or @neX(d)C’Clz*ﬂ,*(n) > C’Clz(:,)* (X)

where 7 is induced by the classifying map L. — Z[B]. The map divygL in diagram
(5.6) is the composition d o tygL in the diagram above; as divex = d o fex, we have
the commutative diagram

div
®yex La—ar1 @ k()* 2% MGLLY, (X)
nJ Jpé%(X)
Bre X LIBle—d+1 ® k() —— CKLL(X).

Patching in the left-hand square in the commutative diagram (5.6) yields the
commutative diagram

@pLu_ay1 @k —2—— @ (x) (6.5)

J/ﬁ(l)

div,
@nexio Lamar1 @ k() 2% MGLYY, (X)

(1)
”J J/pc}c(X)

Bnex ) L[Bls—a+1 @ k()™ divex, o per(1) (X).

2% %

As diveg @ Z[B]l ® k(n)* — QSK(I)(X) is just the map formed by applying the
functor Z[B] &1L (=) to div : L ® k(1)< — 2 (X), the identity (6.4) follows from
the commutativity of (6.5). ]

Corollary 6.4 Take X € Schy, and let d = dimX. Then
Vit ©0ex(X) 1 275 (X) — Go(X)

is an isomorphism for n > d and an injection forn =d — 1.
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Proof: This follows from theorem 6.3 and corollary 4.4. O

7. Lci pull-backs and fundamental classes

We maintain our assumption of resolution of singularities. Theorem 6.3 gives us the
isomorphism
. 0CK
ec]c . Q* (X) — C’C/z*y*

compatible with projective push-forward, pull-back by open immersions, external
products and 1st Chern class operators. However, Q¢X is an oriented Borel-
Moore homology theory, hence, in addition to these structures, it has functorial
pull-back maps for arbitrary l.c.i. morphisms. The isomorphism 6¢x thus endows
the homology theory CK), , with L.c.i. pull-backs. The theory X + K, ,(X) =
Go(X) has l.c.i. pull-backs as well; we proceed to compare the two. As the l.c.i. pull-
backs in Q, are defined using the classes of simple normal crossing divisors (see
[18, §6] for details on l.c.i. pull-backs in 2), we first need a result about these
classes.

Fix an oriented cohomology theory A* with formal group law F = Fy4. As
usual, we use the notation u + g v for F(u,v) and more generally write [n1]pu; +F
... +F [n:]Fu, for the power series Fy, . », (U1,...,u,) that expresses the evident
sum operation. We may write Fy, .. », (41,...,u,) in the following form

.....

Fn1 ..... nr(ul,---aur): Z G;” ””” nr(“)'“l

Now let D = Y /_,n;D; be an effective simple normal crossing divisor on
some Y € Sm/k, with each D; smooth and irreducible; let | D| denote the support
of D. For I C {1,...,r}, let Dy := NjerD; and let iy : Dy — |D|, i : |D| —
Y be the inclusions. Let L; = i*Oy(D;) and let ¢;(Ly) stand for the r-tuple
(¢1(ifLy),....c1(if L;)). Suppose Y has dimension n. The divisor class of D, [D —
D[4 € A,_1(|D)) is defined as

[D—|D*:= Y Gy @ (LD)(1p)).
I1c{1,...,r},I#0

Lemma 7.1 For A = Go[B.B~"], we have
[D — D)% = [Op]
in Go(|D]).
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Proof: We write [D — |D|] for [D — | D|]°° and proceed by induction on > i,
where D = Y"7_,n; D;. For D a smooth irreducible divisor, [D — |D|] = 1p =
[Op], which takes care of the case ), n; = 1.

For the general case, let D’ = D — D, = Z;;iniDi + (n, — 1)D,, and let
Jj:|D'| = |D|,ir: D, — |D|,i:|D|— Y be the inclusions.

The formal group law for Go[B.87!] is given by F(u,v) = u + v — Buv €
Z[B.B~][[u,v]]. From this follows

Fm ..... nr(u):Fm ..... nr—l(u)‘l‘ur_ﬁ‘ur'Fnl ,,,,, nr—l(”),

I ()
G nr=1 () ifrel

= G T ) = BGR" T w) Hu - GE T ) ifr e LT > 1
G ) 1 = if 1 = {r}.

The Gysin identity [18, lemma 5.1.11] for the inclusion D; — Dy\¢,; implies

i[*(G(51 (LI))(ID1)) =0 (Lr)(il\{r}*(G(él (LI\{r}))(lDI\{r}))

ifrel,|I|>1,G € Au(k)[[u1.....ur]]; with our identity for G;'~"" (u), this
yields the identity

[D — D[] = js[D" — [D'|+irs[Dr — |Dr[1=B-E1 (L) (j«[D"— |D[]D). (7.1)

Let Zp, Zps, Ip, be the respective ideal sheaves in Oy. We have the exact
sequence of Op-modules

0_>IDr/ID_>OD_>ODr — 0.

Furthermore, the multiplication map Op ®o, Zp, — Op has image Zp, /Zp and
descends to an isomorphism of O p,-modules

Op' ®oy Ip, =1p,/1Ip.
This gives us the identities in Go(D)[B,87']:

[Op] = Oy (—=D;) - j«[Op/] +ir«[Op,]
= jx[Op/] +ir«[Op,] — (1 =Oy(=D,))- jx[Op’]
= Jj«[Op’] +ir«[Op,] — Bc1(Lr)(jx[Op]),
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the last identity following from
GL)@=p""11-L") -«

for L a line bundle on |D| and a € Go(|D|)[B.87!]. Combined with (7.1) and our
induction hypothesis, this proves the lemma. 0

Proposition 7.2 Let f : Y — X be an l.c.i. morphism of relative dimension d in
Schy. Then the diagram

yxobx

QEK(X) === Go(X)

L

CK
Qn+d(Y)ym> Go(Y)

commutes.

Proof: It suffices to consider two cases: (a) f aregular embedding, (b) f a smooth
morphism.

We first note that €2,,(X) is generated as an abelian group by the classes [g :
Z — X] with Z € Sm/k irreducible of dimension n over k, and g a projective
morphism; here [g : Z — X] stands for the element g.(p7 (1)), with 1 € Q. (k) the
unit in the graded ring Q«(k) and pz : Z — Speck the structure morphism. This
fact follows from [18, lemma 2.5.11].

The canonical natural transformation dcg : Qs — QX is compatible with
smooth pull-back, projective push-forward and sends the unit in Q4 (k) to the unit
in Q¢X (k). In addition, for each X € Schy, the map Ycg(X) : Q4 (X) = QEX(X)
is just the canonical homomorphism : Q. (X) — Q. (X) ®1, Z[B]; as L. — Z[p]
is surjective, it follows that ¥¢cx (X) is surjective for all X € Schy. Thus, if we
define [g : Z — X]cxk to be ng((pz)zK(l)), it follows that Q5K (X) is generated
as an abelian group by the classes [g : Z — X]ck with Z € Sm/k irreducible of
dimension n over k, and g a projective morphism.

The image of [g : Z — X]ck in G¢(X) is given by the analogous formula, that
is,

(yx 0 0x)([g : Z — X]ck) = Rg«(Oz)

where Rgx : Go(Z) — Go(X) is the usual push-forward map on Go: Rg«([F]) :=
Y. (=1)/[R! g, F]. We now compute in cases (a) and (b):

Case (b): f:Y — X smooth. Then f*[g:Z — X]|cxk =[p2:Z*xx Y — Y]ck
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and

RPZ*[OZXXY] = RPZ*(pr[OZ])
= f*(Rg«[Oz])

the last identity being the base-change isomorphism for the flat morphism f.

Case (a): f : Y — X aregular embedding, say of codimension c¢. Since X is
quasi-projective, we can factor f through a sequence of regular codimension one
embeddings

Y=X,—> X 1—>..—=>X]1—>X;

this reduces us to the case ¢ = 1, thatis, f : Y — X is a Cartier divisor on X. In
this case, QK (X) is generated by three types of elements (with g, Z as before):

1. g:Z—> X withg(Z)CY.
2. g:Z — X such that g7!(Y) is a simple normal crossing divisor on Z.
3. ¢:Z— X withg 1 (Y)=0.

Indeed, using the same surjectivity argument as above, this assertion follows from
the analogous fact for Q2. (X), which in turn is a direct consequence of [18, theorem
6.4.12].

In case (3), f*([g : Z — X]) = 0 by definition, and clearly f*(Rg«(Oz)) is
zero as well. In case (1),let L = f*(Ox(Y)) andlet g : Z — Y be the unique map
with f o g = g. Then by definition

f*(g:Z— X]ck) =1 (L)([§: Z — Y]ck)-
On the G-theory side, let F be a coherent sheaf on Y. Then Rf.[F] = fi.F, since
f is finite, and f*([foF]) := [F] — [Tor* ( £ F.Oy)]. Via the exact sequence
0—>0x(-Y)—>0x >0y >0
we see that
[F] = [Tory ¥ (fuF.Oy)] = (1= L71) - [F]

in Go(Y), so f*([f«F]) = (1 — L™')-[F]. Applying this to the coherent sheaves
R! 2,07 and noting that ¢ (L) is multiplication by =1 (1 — L) shows that

(yoO)(f*lg:Z — Xlck) = [7(Rg+(O2))

as desired.

https://doi.org/10.1017/is013012007jkt249 Published online by Cambridge University Press


https://doi.org/10.1017/is013012007jkt249

52 S. DAI & M. LEVINE

Finally, in case (2), the diagram
_1 f
gY)y—Z

Yy ——
is cartesian and Tor-independent, hence we have the base-change identity

f
F*Rgx[0z] = Rg+(f*[02]) = Rg+([04—1 (1))

Thus it suffices to show that

[Og-11)] = (¥ 0 O)(f*(12)) (7.2)
in Go(g~1(Y)). But by definition, we have f*(1z) =[g~1(Y) — |g~1(Y)]], so the
identity (7.2) follows from lemma 7.1. ]

Definition 7.3 Let X € Schy have pure dimension d. The fundamental class
[X]ck € QgK (X) is the element corresponding to [Ox] € Go(X) under the
isomorphism QdCK(X) — Go(X).

Theorem 7.4 Let f : Y — X be an l.c.i. morphism in Schy. Assume that X has
pure dimension dx and Y has pure dimension dy. Then f*([Xlck) = [Y]ck in
QZk(y).
Proof: If f is smooth, then f*[Ox] = [Oy] in Go(Y). If f is a regular
embedding, then similarly f*[Ox] = [Oy] in Go(Y). Thus, for an arbitrary
L.c.i.morphism f, f*[Ox] = [Oy] in Go(Y). The theorem thus follows from the
definition of the fundamental class, corollary 6.4 and proposition 7.2. O

Set QY 1= Q4 ®L Z[B.87!] and Q := Q. ®L Z, the first tensor product
defined via the classifying map for the formal group law (u+v—Buv,Z[B,f7'], the
second via the classifying map for the additive formal group law (v + v,Z). Dai’s
theorem [3] states that the classifying map QY — Go[B,B7!] is an isomorphism,
and it is shown in [18, theorem 4.5.1] that the classifying map Q] — CH is an
isomorphism.

In particular, inverting 8 induces the map

By QCK - QX

which after the isomorphisms Q3 = Go[8.87'] = K, , and QCK ~CKl, , is just

2%, %
the canonical map p : CK,, , — K, . Similarly, taking the quotient by 8 defines
the map

l9+§QSK—>Qj
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which is the same as the classifying map for the additive theory CH...

Both Gy[B,87'] and CH, admit fundamental classes for equi-dimensional finite
type k-schemes, functorial with respect to pull-back by l.c.i. morphisms. For
X € Schy of dimension d over k, the fundamental class [X]g € Go(X)[B.87 14
is B4[Ox], where [Ox] € Go(X) is the class of the structure sheaf. For CH.,, [X]cy
is the cycle class of the scheme X; explicitly, this is Zl;lni[X ;] where X has
irreducible components Xj,..., X, and n; is the length of the local ring Oy, 5, at the
generic point ; € X;.

Proposition 7.5 Let X be an equi-dimensional finite type k-scheme. Then after
canonical identifications Q% = Go[B.87'], Q@ = CH., we have

M ([X]ek) = [X]e: 9+((X]ck) = [X]cH-

Proof: Suppose X has dimension d over k. For G-theory, it follows by the
definition of [X]ck that the corresponding element [X]cx € CK, 4.¢(X) maps to
[Ox] € ’C/zd,d (X) = Go(X) under the canonical map p : CK' — K. This proves the
result for G-theory.

For CH,, the fundamental class [X]cy is determined by its restriction to each
generic point of X, so we may assume that X is irreducible and X4 is smooth
over k. Write [X]cy = n[Xea]cu. Shrinking X if necessary, we may assume that
[Ox] = n[Ox,,] in Go(X), and thus [X]cx = n[Xred]cx in QGK(X) = QF¥ (Xrea).
This reduces us to the case of X € Sm/ k. But then we already have the fundamental
class of X in any oriented cohomology theory A4, given by

[X]4:=p*(1) € A°(X)

where p : X — Speck is the structure morphism and 1 € A°(k) is the unit.
Since every natural transformation of oriented cohomology theories preserves the
unit and is compatible with pull-back for arbitrary morphisms in Sm/k, we have
Y4 ([X]ck) = [X]cH, as desired. O
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