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Abstract

We examine the theory of connective algebraic K-theory, CK, defined
by taking the �1 connective cover of algebraic K-theory with respect to
Voevodsky’s slice tower in the motivic stable homotopy category. We extend
CK to a bi-graded oriented duality theory .CK0�;�;CK�;�/ when the base
scheme is the spectrum of a field k of characteristic zero. The homology
theory CK0�;� may be viewed as connective algebraic G-theory. We identify
CK02n;n.X/ for X a finite type k-scheme with the image of K0.M.n/.X// in
K0.M.nC1/.X//, where M.n/.X/ is the abelian category of coherent sheaves
on X with support in dimension at most n; this agrees with the (2n,n) part of
the theory of connective algebraic K-theory defined by Cai. We also show
that the classifying map from algebraic cobordism identifies CK02�;� with
the universal oriented Borel-Moore homology theory �CK� WD �� ˝L ZŒˇ�

having formal group law u C v � ˇuv with coefficient ring ZŒˇ�. As an
application, we show that every pure dimension d finite type k-scheme has
a well-defined fundamental class ŒX�CK in �CK

d
.X/, and this fundamental

class is functorial with respect to pull-back for l.c.i. morphisms.
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Introduction

In topology, the theory of connective K-theory is represented by the �1-connected
cover ku of the topological K-theory spectrum KU ; see for example the work of
Adams [1] for one of the first discussions of this spectrum and its cohomology. In
the setting of motivic stable homotopy theory over a base-scheme S , Voevodsky
[32] has constructed the algebraic analog of KU , namely, the algebraic K-theory
spectrum KS . This spectrum represents Quillen’s algebraic K-theory on the
category of smooth S-schemes, assuming that S itself is a regular scheme (see [23]),
in that there are natural isomorphisms Ka;bS .X/Š K2b�a.X/ for X a smooth finite
type S-scheme.

There are a number of possible notions of connectivity in the motivic stable
homotopy category over S , SH.S/, but one that has proved quite useful is the one
introduced by Voevodsky [30, §2] using T -connectivity (T D A1=A1 n f0g), in the
sense of the tower of localizing subcategories

��� �†nC1T SHeff .S/�†nTSHeff .S/� :::� SH.S/;

where SHeff .S/ is the localizing subcategory of SH.S/ generated by the T -sus-
pension spectra of smooth S-schemes. The associated truncation functors give rise
to Voevodsky’s slice tower

��� ! fnC1E ! fnE ! ��� ! E

for each E 2 SH.S/, with fnE ! E the universal morphism from an object in
†nTSH

eff .S/ to E ; one could call this the “T -.n� 1/-connected cover" of E . It is
thus natural to define connective algebraic K-theory as the bi-graded cohomology
theory represented by f0KS .

In this paper we study connective algebraic K-theory, CK�;� and its associated
oriented homology theory, CK0�;�, this latter for S D Speck, k a characteristic
zero field (see however remark 4.7). The oriented homology theory CK0�;� is the
connective analog of G-theory, that is, theK-theory of coherent sheaves rather than
vector bundles. The canonical map CK�;�! K�;� induces the map CK0�;�! G�;�
(where Ga;b.X/ WD Ga�2b.X/) and we elucidate here how the connective versions
refine the non-connective ones.

Cai [2] has defined a bi-graded oriented Borel-Moore homology theory, which
he calls connective algebraic K-theory, by using the Quillen-Gersten spectral
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sequence. For a finite type k-scheme X , let M.a/.X/ be the full subcategory of the
category of coherent sheaves on X with objects the sheaves supported in dimension
at most a, giving the theory CKCai

�;� with

CKCai
a;b.X/ WD im.Ka�2b.M.a/.X//!Ka�2b.M.aC1/.X///

(Cai uses a different indexing convention, see remark 4.6); Cai verifies the properties
of an oriented Borel-Moore homology theory for CKCai

�;�. It turns out that Cai’s
theory does not in general agree with the one given by motivic homotopy theory,
but it does agree in the portion corresponding to K0 or G0 (see theorem 4.3 and
remark 4.6), that is, we have natural isomorphisms

CK02n;n.X/Š CKCai
2n;n.X/ WD im.K0.M.n/.X//!K0.M.nC1/.X///:

Besides comparison results of this type and other structural properties of
connective K-theory, our main result is a comparison with algebraic cobordism.
There is a canonical natural transformation

��.X/˝L ZŒˇ�! CK02�;�.X/

which, in the case of characteristic zero, is an isomorphism for all quasi-projective
k-schemes X (see theorem 6.3). This allows us to use the natural fundamental
classes in G-theory, namely, the class of the structure sheaf, to define a fundamental
class ŒX� 2 �d .X/˝L ZŒˇ� for X of pure dimension d over k, which is functorial
with respect to pull-back by l.c.i. morphisms. Note that such fundamental classes in
�d .X/ do not exist in general (see [15]).

Here is an outline of the paper: We introduce the main actors, K-theory and
connective K-theory and discuss some of their elementary properties, such as ring
structure and orientations, in §1. We recall the construction of the homotopy
coniveau tower from [13] and relate the homotopy coniveau tower for K-theory to
connective K-theory in §2. In §3, we recall from [14] the notion of an oriented
duality theory as well as how an oriented motivic ring spectrum gives rise to
an oriented duality theory, and we apply these constructions to K-theory and
connectiveK-theory in §4. We also extend the computation of connectiveK-theory
from §2 to give an explicit description of the “geometric part” of connective K-
theory in this section. We discuss the classifying map from algebraic cobordism
to an oriented duality theory in §5. The main technical tool needed for our main
results, the exact sequence (5.5) and commutative diagram (5.6), are also presented
in this section. We put this all together in §6, where prove our main results relating
algebraic cobordism and connective K-theory. In the concluding section, §7, we
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12 S. DAI & M. LEVINE

apply the results of the previous section to construct functorial fundamental classes
in connective K-theory.

Notations and conventions: We let Spc and Spc� denote the categories of
simplicial sets and pointed simplicial sets, respectively, with homotopy categories
H and H�. Spt the category of spectra (for the usual suspension operator † WD
.�/^S1) and SH the stable homotopy category.

We denote by Gm the pointed S-scheme .A1S � 0S ;1S /. P1� will denote the
pointed S-scheme P1S , with base-point 1S .

For a scheme S , SchS will denote the category of quasi-projective schemes over
S , Sm=S the full subcategory of smooth quasi-projective schemes over S . We let
Spc.S/ and Spc�.S/ denote the categories of presheaves on Sm=S with values in
Spc and Spc�, respectively, and SptS1.S/ the category of S1-spectra over S , this
being the category of presheaves of spectra on Sm=S . We let SptT .S/ denote the
category of T -spectra in Spc�.S/, with T WDA1=A1nf0g, and Spt†T .S/ the category
of symmetric T -spectra. We have as well the category of S1�Gm bi-spectra objects
in Spc�.S/, denoted Spts;g.S/.

The categories Spc.S/, Spc�.S/, SptS1.S/, SptT .S/, Spts;g.S/ and Spt†T .S/ all
have so-called motivic model structures (the original source for the unstable theory
is [21], see also [4, 5] for a compact description. For the stable theory, we refer
the reader to [10]), with homotopy categories denoted H.S/, H�.S/, SHS1.S/,
SH.S/, SHs;g.S/ and SH†.S/, respectively. The categories SH.S/, SHs;g.S/

and SH†.S/ are equivalent triangulated tensor categories; the tensor structure is
induced by a symmetric monodical structure on Spt†T .S/. There is also a symmetric
spectra version of SptS1.S/ making SHS1.S/ a tensor triangulated category.

Ord is the category of finite ordered sets; we let Œn� 2 Ord denote the set
f0;:::;ng with the standard ordering. We let L denote the Lazard ring, that is,
the coefficient ring of the universal rank one commutative formal group law FL 2

LŒŒu;v��. We let L� denote L with the grading determined by degaij D 1� i � j if
FL.u;v/ D uC vC

P
i;j�1aiju

ivj and let L� denote L with the opposite grading
Ln WD L�n.
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for inspirational communications. Both authors wish to express their thanks to the
referee for comments and suggestions that greatly improved the organization and
readability of this paper.
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1. K-theory and connective K-theory

We work in the motivic stable homotopy category SH.S/ over a regular base-
scheme S ; we will rather quickly pass to the case S D Speck for a field k.

Following Voevodsky [30, §2], we have the Tate-Postnikov tower

:::! fnC1! fn! :::! id (1.1)

of endofunctors of SH.S/ associated to the inclusions of full localizing subcate-
gories

��� �†nC1T SHeff .S/�†nTSHeff .S/� ��� � SH.S/;

with †nTSH
eff .S/ the full localizing subcategory of SH.S/ generated by the

objects †mTXC for X 2 Sm=S , m � n. Letting in W †nTSH
eff .S/! SH.S/ be the

inclusion, one shows that in admits the right adjoint rn W SH.S/! †nTSH
eff .S/,

and fn is by definition the composition in ı rn; the natural transformation �n W fn!
id is the co-unit of the adjunction. There are functors sn W SH.S/ ! SH.S/ and
triangles fnC1! fn! sn! fnC1Œ1�, n 2 Z, that are distinguished upon evaluation
on each E 2 SH.S/; one can show that these triangles are unique up to unique
natural isomorphism. In addition, we have the canonical isomorphism

fnC1 ı†T Š†T ıfn: (1.2)

For n0 < n, we let �n0;n W fn! fn0 be the composition of the maps in the tower
(1.1), and �n W fn ! id the natural transformation given by the same tower. For
details, we refer the reader to [13, 30, 31].

Remark 1.1 By [6, proposition 5.3], if E is given a lifting to an E1 ring object in
Spt†T .S/, then f0E has a canonical lifting to an E1 ring object in Spt†T .S/, with
�0.E/ W f0E ! E lifting to a map of E1 ring objects in Spt†T .S/. In particular, f0E
is itself a commutative monoid in SH.S/ and thus defines a bi-graded cohomology
theory on Sm=S in the sense of Panin-Smirnov [22, definition 2.0.1].

Following [27, lemma 2.5, theorem 4.1] we have a commutative monoid object
KS of Spt†T .S/ representing algebraic K-theory in SH.S/, in the sense that, for
each X 2 Sm=S and open subscheme U , there is an isomorphism

Hom.†1T X=U;KS /ŠK.X on X nU /

in SH, natural in pairs .X;U /. Here Hom.�;�/ is the Spt-valued enriched Hom
andK.X on X nU / is the algebraicK-theory spectrum of the Waldhausen category
of perfect complexes on X with support in X nU [28, definition 3.1]. Here we use
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our standing assumption that S is regular; for general S , KS represents homotopy
invariant K-theory, KH [33].

To fix the conventions, the image of KS in SH.S/ under the forgetful functor
is isomorphic in SH.S/ to a T -spectrum of the form . NKS ; NKS ;:::/, with NKS a
commutative monoid in H�.S/ representingK-theory on Sm=S . The structure map
NKS ^T ! NKS is isomorphic in H�.S/ to the composition

NKS ^T
id^�
���! NKS ^P1�

id^�
���! NKS ^ NKS

�
�! NKS

where � is the multiplication, � W T ! P1� is the standard isomorphism and � W
P1� !

NKS represents the class ŒO� � ŒO.�1/� in K0.P1� /. This agrees with the
convention in [27], and is the negative of the convention used in [23]. We will often
write KS for the image of KS in SH.S/, with the context determining the meaning.

Remark 1.2 The fact that the shift operator leaves the T -spectrum . NKS ; NKS ;:::/
unchanged gives us the Bott periodicity isomorphism †TKS Š KS in SH.S/. We
note that the map � W P1� !

NKS thus gives rise to an element Œ�� 2 K2;1.P1� /
which corresponds to the unit 1 2 K0;0.S/ under the suspension isomorphism
K2;1.P1� /ŠK0;0.S/.
Remark 1.3 Let tK 2K1;1S .Gm/ be the element corresponding to 1 2K0;0.S/ under
the suspension isomorphism K1;1.Gm/ Š K0;0.S/. Thus †S1 tK D Œ��. Under
the isomorphisms K1.Gm/ Š K1;1.Gm/, K0.P1� / Š K2;1.P1� /, the isomorphism
K1;1.Gm/Š K2;1.†S1Gm/Š K2;1.P1� / is identified with the boundary map in the
Mayer-Vietoris sequence

��� !K1.A
1/˚K1.A

1/!K1.A
1 n f0g/

@
�!K0.P

1/! ���

(at least up to a universal sign, see [26, §7, lemma 5.16]). Identifying A1S n f0g with
SpecOS Œt;t�1� gives us the canonical unit t on A1S n f0g; let Œt � 2 K1.A1 n f0g/ be
the image of t . Then 1� ŒO.�1/�D˙@Œt �, and hence tK D Œt˙1�.

Definition 1.4 Let CKS be the object f0KS of SH.S/, with canonical map � W
CKS ! KS . Connective algebraic K-theory over S is the bi-graded cohomology
theory on Sm=S represented by CKS . We call CKS the connective algebraic K-
theory T -spectrum (over S).

Remark 1.5 As we have already seen, KS is a strict monoid object of Spt†T .S/; thus
it follows from [6, theorem 5.14] that the object CKS of SH.S/ lifts to anE1 object
in Spt†T .S/ and the map � W CKS !KS lifts to a map of E1 objects in Spt†T .S/. In
particular, the map � itself is a monoid map of monoid objects in SH.S/.
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Lemma 1.6 Suppose s0KS satisfies .s0KS /a;0.X/ D 0 for a ¤ 0 and for all X 2
Sm=S . For X 2 Sm=S , consider the natural map �a;1.X/ W CKa;1S .X/! Ka;1S .X/.
Then �2;1 is injective, �3;1 is surjective and �a;1 is an isomorphism for a¤ 2;3.

Proof: By (1.2) and Bott periodicity, we have †T f0KS D f1†TKS D f1KS .
Thus CKa;1.X/ D .f1K/a�2;0.X/. Since †1T XC is in SHeff .S/, we have
K�;0.X/D .f0KS /�;0.X/, and we thus have a long exact sequence

:::! .s0KS /a�3;0.X/! CKa;1.X/ ��!Ka;1.X/! .s0KS /a�2;0.X/! ::::

Our assumption .s0KS /a;0.X/D 0 for a¤ 0 yields the desired result.

Remark 1.7 For S D Speck, k a perfect field, we know by [29, theorem 6.6] [13,
theorem 10.5.1] that s0KS is isomorphic in SH.k/ to the T -spectrum representing
motivic cohomology, HZ. In addition, HZa;0.X/ D H a.XZar;Z/ for X 2 Sm=k,
hence the assumption in lemma 1.6 is satisfied. In addition, the map K2;1

k
.X/ D

K0.X/ ! HZ0;0.X/ is just the rank homomorphism, hence surjective. As
Ka;1S .X/ D K2�a.X/ D 0 for a > 2, we see that CKa;1.X/ D 0 for a > 2 as
well.

The functors fn and sn are compatible with pull-back by smooth morphisms
[25, theorem 2.12, remark 2.13], and for f W T ! S smooth, we have f �KS ŠKT .
Thus .s0KS /a;0.X/ Š H a.XZar;Z/ for X 2 Sm=S if S is smooth over a perfect
field. Thus, for S smooth over a perfect field, the map CKa;1S .X/ ! Ka;1S .X/ D

K2�a.X/ is an isomorphism for a < 2, an injection for aD 2 and CKa;1S .X/D 0 for
a > 2.

Remark 1.8 For n � 1, let Pn� denote the S-scheme PnS , pointed by .1 W 1 W 0::: W 0/
and let P1 denote the colimit (in Spc�.S/) of the Pn� under the linear embeddings
.x0 W ::: W xn/ 7! .x0 W ::: W xn W 0/. Recall from [24, definition 1.2] that an orientation
on a commutative monoid E in SH.S/ is given by an element c 2 E2;1.P1/ such
that the restriction cjP1 2 E2;1.P1� / D E2;1.T / is †T .1/ (we use the opposite sign
convention from loc. cit.).

Consider the sequence of elements 1�ŒOPn.�1/� 2K2;1S .Pn� /, which are clearly
compatible with respect to restriction via the hyperplane embeddings Pn! PnC1.
As the restriction maps K1;1S .PnC1S / ! K1;1S .PnS / are all isomorphisms, it follows
that R1 limnK1;1S .PnS / D 0 and thus the sequence of elements 1 � ŒOPn.�1/� 2

K2;1S .Pn� / defines a unique element cK 2 K2;1S .P1/. The fact that cK is an
orientation follows from remark 1.3; we refer to cK as the standard orientation
on KS .

Remark 1.9 Following [32] the algebraic cobordism spectrum MGL is the T -spec-
trum .MGL0;MGL1;:::/ with MGLn the Thom space T h.En/, and En ! BGLn
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16 S. DAI & M. LEVINE

the universal n-plane bundle. MGLS is a commutative monoid in SH.S/ with an
orientation cMGL 2MGL2;1.P1S / given by the diagram

E1 T h.E1/DMGL1

P1

noting that E1! BGL1 D P1S is an isomorphism in H.S/.
We record the following universality property of the pair .MGL;cMGL/:

Theorem 1.10 ([24, theorem 1.1]) Suppose the base scheme S is Speck, k a field.
For E a commutative monoid in SH.k/, sending a monoid morphism ' WMGL! E
to '.cMGL/ gives a bijection of the set of monoid maps ' with the set of orientations
cE 2 E2;1.P1k /.

In particular, the orientation cK gives the canonical monoid morphism #K W

MGL!K with #.cMGL/D cK.

We now consider the question of lifting the standard orientation on KS to an
orientation on CKS .

Lemma 1.11 Suppose that S satisfies the hypothesis of lemma 1.6. Suppose in
addition that the map K0;0S .PnS / ! .s0KS /0;0.PnS / is the rank homomorphism
K0.P

n
S / ! H 0.SZar;Z/ (up to sign). Then there is a unique element cCK 2

CK2;1.P1S / mapping to cK under the canonical map CK2;1S .P1S / ! K2;1S .P1S /.
Furthermore, cCK 2 CK2;1S .P1S / defines an orientation for CKS .

Proof: By our assumptions on S , we have the exact sequence

0! CK2;1S .PnS /!K0.P
n
S /

rnk
��!H 0.SZar;Z/! 0:

Thus CK2;1S .Pn� /! K2;1S .Pn� / is an isomorphism. Furthermore, the canonical map
CK1;1S .PnS / ! K1;1S .PnS / D K1.P

n
S / is an isomorphism. By the projective bundle

formula, the projective system of groups n 7! K1.P
n
S / satisfies the Mittag-Leffler

condition. Thus, passing to the limit over n gives us the isomorphism

CK2;1S .P1S /ŠK2;1S .P1S /

and the orientation cK D .1� ŒOPnS
.�1/�/n 2K2;1S .P1S / gives us the element cCK 2

CK2;1.P1S /. The fact that †P1.1KS / D cKjP1 implies †P1.1CKS / D cCKjP1 , hence
cCK is an orientation.

Remark 1.12 By remark 1.7, if S is smooth over a perfect field, then the hypotheses
of lemma 1.11 are fulfilled and hence CKS has a unique orientation mapping to the
standard orientation of KS .
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2. An explicit model

We take S D Speck, k a perfect field. There is a Tate-Postnikov tower in SHS1.k/,
whose construction is similar to that of the tower (1.1). Namely, for n � 0, let
†nTSHS1.k/ be the localizing subcategory of SHS1.k/ generated by the objects
†mT†

1
S1
XC, with m � n and X 2 Sm=k. Just as for SH.k/, the inclusion in W

†nTSHS1.k/! SHS1.k/ admits a right adjoint rn and one defines f sn WD in ı rn.
This gives the tower

:::! f snC1! f sn ! :::! f s0 D id (2.1)

and natural transformations �sn0;n W f
s
n ! f sn0 , �

s
n WD �s0;n W f

s
n ! id. The infinite

T -loops functor �1T W SH.k/ ! SHS1.k/ intertwines towers (1.1) and (2.1) via
canonical isomorphisms

�1T ıfn Š f
s
n ı�

1
T (2.2)

(this follows from [13, theorems 7.1.1 and 9.0.3]). In case the context makes the
meaning clear, we will often write fnE for f snE, �n0;n.E/ for �sn0;n.E/, etc.

We now describe an explicit model for f snE, for E 2 SHS1.k/. Let �� be the
cosimplicial scheme n 7!�n

k
, with

�nk WD SpeckŒt0;:::;tn�=
X

i

ti � 1:

The morphism �.g/ W�n!�m associated to g W Œn�! Œm� is given by

g�.ti /D
X

j2g�1.i/

tj

where as usual the sum over the empty index set is 0. A face of �m is a closed
subset F defined by equations of the form ti1 D :::tir D 0.

We briefly recall the construction of the homotopy coniveau tower associated
to a quasi-fibrant presheaf of S1-spectra on Sm=k (for details we refer the reader
to [13, §2.1]). For Y 2 Sm=k, W � Y a closed subset and E 2 SptS1.k/, we
write EW .Y / for the homotopy fiber of the restriction map E.Y /!E.Y nW /. For
X 2 Sm=k and n;m � 0 integers, let SnX .m/ denote the set of closed subsets W of
X ��m such that

codimX�FW \X �F � n

for all faces F of �m. For E 2 SptS1.k/, we let

E.n/.X;m/ WD hocolim
W 2SnX .m/

EW .X ��m/:

https://doi.org/10.1017/is013012007jkt249 Published online by Cambridge University Press

https://doi.org/10.1017/is013012007jkt249


18 S. DAI & M. LEVINE

This gives us the simplicial spectrum m 7! E.n/.X;m/, and the associated total
spectrum E.n/.X/. This construction is contravariantly functorial in X for equi-
dimensional morphisms. Letting Sm==k � Sm=k denote the subcategory of Sm=k
with the same objects, and with morphisms the smooth morphisms, sending X to
E.n/.X/ defines a presheaf of spectra E.n/ on Sm==k. In addition, for n0 < n,
the inclusions SnX .m/ � Sn0X .m/ induce a natural transformation 'n0;n.E/ W E.n/!
E.n

0/. The identification of E.X/ with E.0/.X;0/ gives the natural transformation
	 WE!E.0/.

We usually apply this construction to a quasi-fibrant E in SptS1.k/. This
means that a fibrant replacement E ! Ef ib gives a weak equivalence E.X/ !
Ef ib.X/ for all X 2 Sm=k, or more concretely, that E satisfies the properties of
Nisnevich excision and homotopy invariance (see [13, §2.1, conditions A1, A2] or
the beginning of §3). In case E is quasi-fibrant, the map 	.X/ W E.X/! E.0/.X/

is a weak equivalence for all X 2 Sm=k.
According to [13, theorem 4.1.1], for E quasi-fibrant, there is a presheaf of

spectra QE.n/ on Sm=k, whose restriction to Sm==k is isomorphic (in the appro-
priate homotopy category) to E.n/, and with natural transformations Q'n;nC1.E/ W
QE.nC1/ ! QE.n/ for all n � 0, compatible with the natural transformations
'nC1;n.E/. For n0 < n, let Q'n0;n.E/ W QE.n/ ! QE.n

0/ be the composition of the
maps Q'j;jC1.E/, j D n0;:::;n� 1. The main result of [13] is:

Theorem 2.1 ([13, theorem 7.1.1]) Let E 2 SptS1.k/ be quasi-fibrant. There is a
natural isomorphism in SHS1.k/

f snE Š
QE.n/:

Via this isomorphism, the maps �sn0;n.E/ W f
s
nE ! f sn0E in the tower (2.1) are

compatible with the maps Q'n0;n.E/.

For a category C, we let C� be C with a final object � adjoined. Let I be a finite
category and X W I ! Sm==k� an I -diagram in Sm==k, in other words, a functor.
For a presheaf of spectra E on Sm==k, define E.X / as

E.X / WD holim
I op

E ıX op;

where E.�/ is defined to be the initial object in Spt.
We have the I -diagram in SptS1.k/,

†1s XC W I ! SptS1.k/;

defined by †1
S1
XC.i/ WD †1

S1
X .i/C if X .i/ is in Sm=k, and †1

S1
�C equal to the

final S1-spectrum .pt;pt;:::/, and the similarly defined I -diagram †1T XC W I !
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SptT .k/ given by †1T XC.i/ WD †1T X .i/C if X .i/ is in Sm=k, and setting †1T �C
equal to the final T -spectrum .pt;pt;:::/.

Remark 2.2 Let X W I ! Sm==k� be an I -diagram. It follows directly from the
definitions that, for E 2 SptS1.k/, we have a canonical isomorphism of spectra

E.X /ŠHom.hocolim
I

†1s XC;E/:

We thus may define E.X / for E 2 SptT .k/ as

E.X / WDHom.hocolim
I

†1T XC;E/:

Using the functors �1T W SptT .k/ ! SptS1.k/, †1T W SptS1.k/ ! SptT .k/, and
the adjunction isomorphism Hom.†1T A;B/ Š Hom.A;�1T B/, we arrive at the
isomorphism

E.X /Š .�1T E/.X /:
Definition 2.3 Take E 2 SH.k/ and let X W I ! Sm==k� be an I -diagram. For
integers a;b, take a fibrant model†a�b

S1
†bGm

QE 2 SptT .k/ for†a�b
S1

†bGm
E and define

the abelian group Ea;b.X / as

Ea;b.X / WD 
0..†a�bS1
†bGm

QE/.X //:

We note that, for X the one-point diagram with value X 2 Sm=k, we have

Ea;b.X /D 
0..†a�bS1
†bGm

QE/.X //
D 
0.Hom.†1T XC;†a�bS1

†bGm
E//

D HomSH.k/.†
1
T XC;†

a�b
S1

†bGm
E/D Ea;b.X/:

Example 2.4 Let X be in Sm=k and j W U ! X an open immersion with closed
complement Z. Let I be the category

0
a

1

�

and let X=U W I ! Sm==k be the diagram 0 7! U , 1 7! X , � 7! �, a 7! j .
Then for E a presheaf of spectra on Sm==k, E.X=U / is just the homotopy fiber of
j � WE.X/!E.U /. Similarly, if I is the one-point category 0 and X is the functor
X W 0! Sm==k with X .0/D X , we have a canonical isomorphism E.X/Š E.X /
in SH.
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Lemma 2.5 Let X W I ! Sm==k� be a finite diagram of smooth k-schemes
(possibly with X .i/ D � for some values i 2 I ) and take E 2 SH.k/. Let
E 2 SptS1.k/ be a fibrant model for �1T E 2 SHS1.k/. Then fnE.X / 2 SH is
represented by the spectrum E.n/.X /.
Proof: As mentioned in remark 2.2, the adjunction

†1T W SHS1.k/$ SH.k/ W�1T

gives the isomorphism in SH

fnE.X /Š�1T fnE.X /:

It follows from [13, theorem 7.1.1, theorem 9.0.3] that we have the isomorphism in
SHS1.k/

�1T fnE Š f sn�1T E D f snE:

We thus have the isomorphisms in SH

�1T fnE.X /Š fnE.X /
D holim

I
f snE ıX op:

We give the category SptI of I -diagrams in Spt the projective model structure,
with weak equivalences and fibrations the pointwise ones; this does indeed define a
model category structure on SptI since Spt is cofibrantly generated, see [7, theorem
11.6.1]. Let Ho.SptI / denote the homotopy category. By [13, theorem 7.1.1], we
have the isomorphism in Ho.SptI /

f snE ıX op ŠE.n/ ıX op;

giving the isomorphism in SH

�1T fnE.X /Š holim
I

E.n/ ıX op DE.n/.X /:

We letK 2 SptS1.k/ be the presheaf of spectra on Sm=k given by sending X to
the Quillen-Waldhausen spectrum K.X/ representing the algebraic K-theory of the
category of locally free coherent sheaves on X . We note that K is a quasi-fibrant
object of SptS1.k/.
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Proposition 2.6 Let X W I ! Sm==k� be a finite diagram of smooth k-schemes as
in lemma 2.5. Take X in Sm=k.
1. There are canonical isomorphisms for all p;q 2 Z,

CKp;q.X /
a
p;q
X
���!
2q�pK

.q/.X /;

Kp;q.X /
b
p;q
X
���!
2q�pK.X /

natural in X .
2. Letting �p;q.X / W CKp;q.X / ! Kp;q.X / be the map induced by the natural
transformation �0 W CK ! K, and 'p;q.X / W 
2q�pK.q/.X / ! 
2q�pK.X / the
map induced by the natural transformation 'q WK.q/!K.0/ and weak equivalence
	 WK!K.0/, the diagram

CKp;q.X / a
p;q
X

�p;q.X /


2q�pK
.q/.X /

'p;q.X /

Kp;q.X /
b
p;q
X


2q�pK.X /

commutes.

Proof: Using lemma 2.5 and a variety of isomorphisms, adjunctions and defini-
tions, we have the sequence of isomorphisms

CKp;q.X /D HomSH.k/.hocolim
I

†1T XC;†p;qf0K/

D HomSH.k/.hocolim
I

†1T XC;†p�2qS1
†
q
T f0K/

D HomSH.k/.hocolim
I

†1T XC;†p�2qS1
fq†

q
TK/ by (1.2)

D HomSH.k/.†
1
T †

2q�p

S1
hocolim

I
†1s XC;fqK/

D HomSH
S1
.k/.†

2q�p

S1
hocolim

I
†1s X ;�1T fqK/

D HomSH
S1
.k/.†

2q�p

S1
hocolim

I
†1s X ;f sqK/ by (2.2)

D HomSH.S
2q�p;Hom.hocolim

I
†1T XC;f sqK//

D 
2q�pK
.q/.X /:

This defines the isomorphism a
p;q
X . The isomorphism b

p;q
X is defined similarly,
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using the sequence of isomorphisms (we skip some of the steps given above)

Kp;q.X /D HomSH.k/.hocolim
I

†1T XC;†p�2qS1
†
q
TK/

D HomSH.k/.hocolim
I

†1T XC;†p�2qS1
K/

D HomSH
S1
.k/.†

2q�p

S1
hocolim

I
†1s X ;�1T K/

D HomSH
S1
.k/.†

2q�p

S1
hocolim

I
†1s X ;K//

D HomSH.S
2q�p;Hom.hocolim

I
†1T XC;K//

D 
2q�pK.X /:

For (2), by [13, theorem 9.0.3], fqK may be represented by the P1-spectrum
. QK.q/; QK.qC1/;:::/, with bonding map 	n given by a canonical weak equivalence
QK.qCn/ ! �P1

QK.qCnC1/ (described in [13, §8.3]). The K-theory P1-spectrum is
similarly represented by K WD .K;K;:::/, with bonding map 	n given by the weak
equivalence K ! �P1K (P1-bundle formula). Furthermore, the map �q W fqK!
K is given by the sequence of maps 	�1 ı Q'qCn W QK.qCn/ ! K. As the bonding
maps are all weak equivalences, the functor �1

P1
applied to these respective models

is just the 0th term in the sequence:

�1P1fqKD QK
.q/; �1P1KDK

and �1
P1
.'P1
q / D 	�1 ı Q'q W QK

.q/! K; restricted to Sm==k, this gives us the map
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	�1 ı Q'q WK
.q/!K. This gives us the commutative diagram

HomSH.k/.†
1
T †

2q�p

S1
hocolimI†

1
s XC;fqK/

�q�

HomSH.k/.†
1
T †

2q�p

S1
hocolimI†

1
s XC;K/

HomSH
S1
.k/.†

2q�p

S1
hocolimI†

1
s X ;�1T fqK/

�1
T
�P
1

q�

HomSH
S1
.k/.†

2q�p

S1
hocolimI†

1
s X ;�1T K/

HomSH
S1
.k/.†

2q�p

S1
hocolimI†

1
s X ; QK.q//

��1ı Q'q�

HomSH
S1
.k/.†

2q�p

S1
hocolimI†

1
s X ;K/


2q�pK
.q/.X /

��1ı Q'q�

2q�pK.X /

with all vertical arrows isomorphisms, proving (2).

Definition 2.7 Let X be a finite type k-scheme. We let MX denote the category
of coherent sheaves on X . For an integer n, let M.n/.X/ � MX be the full
subcategory with objects those coherent sheaves F with dimk supp.F/ � n. If X is
locally equi-dimensional over k, let M.n/.X/ �MX be the full subcategory with
objects those coherent sheaves F with codimX supp.F/� n.

Corollary 2.8 Let X be smooth over k. Then CK2n;n.X/ is equal to K0.X/ for
n� 0. For n > 0, CK2n;n.X/ is determined by the exact sequence

K
.n/
0 .X;1/

ı�1�ı
�

0

����!K0.M.n/.X//! CK2n;n.X/! 0:

In particular,
CK2n;n.k/!K2n;n.k/DK0.k/D Z

is an isomorphism for n� 0; for n > 0, CK2n;n.k/D 0.
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Proof: ViewingX as the one-point diagram � 7!X , it follows from proposition 2.6
that we have a canonical isomorphism CK2n;n.X/ Š 
0.K

.n/.X//. For n � 0,
K.n/.X/ is weakly equivalent to K.X/. For n > 0, K.n/.X;m/ is �1-connected,
since KW .Y / is so for all closed W � Y , Y 2 Sm=k. The spectral sequence

E1p;q D 
qK
.n/.X;p/H) 
pCqK

.n/.X/

for the simplicial spectrum p 7! K.n/.X;p/ thus gives the desired presentation for
CK2n;n.X/D 
0.K.n/.X//.

For X 2 Sm=k with generic point � we define CKa;b.�/ as the stalk at � of the
presheaf on XZar, U 7! CKa;b.U /.
Corollary 2.9 Let � be a generic point of some X 2 Sm=k. Then CKp;q.�/D 0 for
p > q.

Proof: By proposition 2.6, CKp;q.�/ Š 
2q�pK
.q/.�/. But K.q/.�/ is the total

spectrum of the simplicial spectrum m 7!K.q/.�;m/, with

K.q/.�;m/ WD hocolim
W 2SnX .m/

KW .���m/:

As ���m Š�m
k.�/

, it follows that each closed subset W of ���m has codimW �
m, and hence K.q/.�;m/ is the 0-spectrum if m < q. Furthermore, the K-theory
presheaf is a presheaf of �1-connected spectra and for each open immersion j W
U ! V in Sm=k, the restriction map j �K0.V / ! K0.U / is surjective. Thus
KW .���m/ is a �1-connected spectrum for eachm. Using the strongly convergent
spectral sequence

E1a;b D 
bK
.q/.�;a/H) 
aCbK

.q/.�/;

we see that 
nK.q/.�/D 0 for n < q, hence

CKp;q.�/Š 
2q�pK.q/.�/D 0

for p > q.

We conclude this section with a discussion of the functor CK2q�1;q . Let
E 2 SH.S/ represent a bi-graded cohomology theory. Let tE 2 E1;1.Gm/ be the
element corresponding to the unit 1 2 E0;0.S/ under the suspension isomorphism.
By functoriality, tE gives a map of pointed sets

tE.X/ WO�X .X/! E1;1.X/I
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if E admits an orientation cE 2 E2;1.P1/ (which we will from now on assume), then
tE.X/ is a group homomorphism.1 Using the E�;�.S/-module structure on E�;�.X/,
tE.X/ extends to a map of E�;�.S/-modules

tE.X/ W E2�;�.S/˝Z O�X .X/! E2�C1;�C1.X/:

Lemma 2.10 Suppose S D Speck. Let � be a generic point of some X 2 Sm=k.

1. Take E D K. Then K2�;�.k/ Š ZŒˇ;ˇ�1�, degˇ D �1 and tK.�/ W K2�;�.k/˝Z

k.�/�!K2�C1;�C1.�/ is an isomorphism.

2. Take E D CK. Then CK2�;�.k/ Š ZŒˇ�, degˇ D �1 and tCK.�/ W CK2�;�.k/˝Z

k.�/�! CK2�C1;�C1.�/ is an isomorphism.

3. Take E D MGL and suppose k has characteristic zero. Then MGL2�;�.k/
is canonically isomorphic to the Lazard ring L�, tMGL.�/ W k.�/

� ! MGL1;1.�/
is an isomorphism and tMGL.�/ W MGL2�;�.k/ ˝Z k.�/� ! MGL2�C1;�C1.�/ is
surjective.

Proof: We have already seen in remark 1.3 that under the isomorphism K1;1.Gm/Š

K1.Gm/, tK goes to the class of the canonical unit t (or possibly t�1). By
functoriality, the map tK W k.�/� ! K1.�/ D K1;1.�/ is the usual isomorphism
k.�/� Š K1.�/ sending x 2 k.�/� to the class of the automorphism �x� W k.�/!
k.�/, where 	 D˙1 is universal choice of sign (independent of k or �).

The isomorphism K2�;�.k/ Š ZŒˇ;ˇ�1� follows from the Bott periodicity
isomorphism K2n;n.k/ Š K0.k/ Š Z. Since ˇ is invertible, the fact that tK W
k.�/� ! K1;1.�/ is an isomorphism implies that tK.�/ W K2�;�.k/ ˝Z k.�/

� !

K2�C1;�C1.�/ is an isomorphism.
For (2), it follows from the universal property of f0 ! id that CKa;b.X/ !

Ka;b.X/ is an isomorphism for all b � 0, a 2 Z, X 2 Sm=k. In particular,
CK2b�1;b.X/ D K2b�1;b.X/ D K1.X/ for b � 0. For b > 1, CK2b�1;b.�/ D 0

by corollary 2.9, and CK1;1.X/ ! K1;1.X/ is an isomorphism by lemma 1.6.
Similarly, the map CK2n;n.X/! K2n;n.X/ D Zˇ�n is an isomorphism for n � 0
and by corollary 2.9, CK2n;n.�/ D 0 for n > 0. Thus the map CK2�;�.k/ !
K2�;�.k/ identifies CK2�;�.k/ with the subring ZŒˇ� of K2�;�.k/ D ZŒˇ;ˇ�1�.
Putting this all together, (1) implies (2).

For (3), the orientation cK gives the canonical monoid morphism #K WMGL!

1Letting S denote the sphere spectrum and writing Œa� WD tS.a/, this follows from the identity
Œab�D Œa�C Œb�CHŒa�Œb� (H W S^Gm! S the stable Hopf map) and the fact that H goes to zero
in any oriented theory E . Both these facts are proven by Morel in [20, §6].
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K with #.cMGL/D cK (see remark 1.9), inducing the commutative diagram

OX .X/�
tMGL

tK

MGL1;1.X/

#K

K1;1.X/:

As tK W k.�/�!K1;1.�/DK1.�/ is an isomorphism, it follows that tMGL W k.�/
�!

MGL1;1.�/ is injective. The isomorphism L�!MGL2�;�.k/ and the surjectivity of
tMGL W L

�˝ k.�/�!MGL2�C1;�C1.k.�// follow from the Hopkins-Morel spectral
sequence [8, 9]

E
p;q
2 WD Lq˝Hp�q.Y;Z.n� q//H)MGLpCq;n.Y /: (2.3)

3. Oriented duality theories

Recall from [14, §1] the category SP=k of smooth pairs over k, with objects .M;X/,
M 2 Sm=k and X � M a closed subset (not necessarily smooth); a morphism
f W .M;X/! .N;Y / is a morphism f WM ! N in Sm=k such that f �1.Y / � X .
For a full subcategory V of Schk , let Vpr be the subcategory of V with the same
objects as V , but with morphisms the projective morphisms in Schk .

Building on work of Mocanasu [19] and Panin-Smirnov [22], the second author
has defined in [14, definition 3.1] the notion of a bi-graded oriented duality theory
.H;A/ on Schk . Here A is a bi-graded oriented cohomology theory on SP=k,
.M;X/ 7! A

�;�
X .M/, and H is a functor from Schpr

k
to bi-graded abelian groups.

The oriented cohomology theory A satisfies the axioms listed in [14, definitions
1.2, 1.5]. For the reader’s convenience, we give a partial description of those axioms
here:

	 (localization) The association .M;X/ 7! A
�;�
X .M/ admits a long exact

sequence

:::! A
�;�
X .M/! A�;�.M/! A�;�.M nX/

@
�! A

�C1;�
X .M/! :::

where for instance A�;�.M/ WD A
�;�
M .M/ and the boundary map @ is part of

the data.

	 (Nisnevich excision) If f W M 0 ! M is étale, X � M a closed subset and
f W f �1.X/! X an isomorphism of schemes (with reduced structure), then
f � W A

�;�
X .M/! A

�;�
X 0 .M

0/ is an isomorphism.
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	 (homotopy invariance) For .M;X/ 2 SP=k, the pull-back map

p� W A
�;�
X .M/! A

�;�

X�A1
.M �A1/

is an isomorphism.

	 There are natural external products A�;�X .M/˝A
�;�
Y .N /! A

�;�
X�Y .M �k N/,

and a ring structure is given by the external products and pull-back by the
diagonal.

	 There is an orientation given by a collection of isomorphisms

ThEX W AX .M/! AX .E/;

for .M;X/ 2 SP=k andE!M a vector bundle, satisfying the axioms of [22,
def. 3.1.1].

In [14, theorem 1.12, corollary 1.13], we give an extension of [22, theorem 2.5(1)]
to the setting of cohomology with supports. Namely, we show that the data of an
orientation is equivalent to giving well-behaved push-forward maps f� W AX .M/!

AY .N / for .M;X/;.N;Y / 2 SP=k, with the meaning of “well-behaved" detailed in
[14, §1].

The homology theory H comes with the following structures:

	 Restriction maps j � W H�;�.X/ ! H�;�.U / for each open immersion j W
U !X in Schk

	 External products � WH�;�.X/˝H�;�.Y /!H�;�.X �Y /

	 Boundary maps @X;Y W H�;�.X n Y / ! H��1;�.Y / for each closed subset
Y �X ,

	 Isomorphisms ˛M;X W H�;�.X/! A
2m��;m��
X .M/ for each .M;X/ 2 SP=k,

mD dimkM ,

	 Cap product maps

f �.�/\ W A
a;b
X .M/˝H�;�.Y /!H��a;��b.Y \ f

�1.X//

for .M;X/ 2 SP=k, f W Y !X a morphism in Schk .

These satisfy a number of axioms and compatibilities (see [14, §3] for details),
which essentially say that a given structure for A�;�X .M/ is compatible with the
corresponding structure forH�;�.X/ via the isomorphism ˛M;X . Roughly speaking,
this is saying that a given structure for A�;�X .M/ depends only on X and not the
choice of embedding X ,!M .
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Remark 3.1 Let L ! Y be a line bundle on some Y 2 Sm=k with 0-section 0 W
Y ! L. For an oriented cohomology theory A one has the element

cA1 .L/ WD 0
�.0�.1

A
Y //;

where 1AY 2 A
0.Y / is the unit element. As pointed out in [22, corollary 3.3.8], or as

noted in [14, remark 1.17], for line bundles L, M on some Y 2 Sm=k, the elements
c1.L/;c1.M/ 2 A1.Y / are nilpotent, and commute with one another, hence for each
power series F.u;v/ 2 A�.k/ŒŒu;v�� the evaluation F.c1.L/;c1.M// gives a well-
defined element of A�.Y /. In addition, the cohomology theory A has a unique
associated formal group law FA.u;v/ 2 A

�.k/ŒŒu;v�� with

FA.c1.L/;c1.M//D c1.L˝M/

for all line bundles L, M on Y 2 Sm=k.
For an X 2 Schk with line bundle L! X , the quasi-projectivity of X implies

that X admits a closed immersion i W X ! M for some M 2 Sm=k such that L
extends to a line bundle L!M . One can then define

Qc1.L/ WH�.X/!H��1.X/

via the product
.�/ � c1.L/ W A�X .M/! A�C1X .M/

and the isomorphisms H�.X/Š A
dM��
X .M/. One shows that this is independent of

the choice of .M;L/, giving the well-defined operator Qc1.L/.

The main example of oriented duality theory .H;A/ is given by an oriented
monoid E in SH.k/, assuming k is a field admitting resolution of singularities (e.g.,
characteristic zero), defined by taking

Ea;bX .M/ WD HomSH.k/.†
1
T .M=M nX/;†

a;bE/;

that is, the usual bi-graded cohomology with supports. For each X 2 Schk , choose
a closed immersion of X into a smooth M and set E 0

a;b
.X/ WD E2m�a;m�bX .M/,

where m D dimkM . In [14, §4] it was shown that .M;X/ 7! MGL�;�X .M/

defines an oriented bi-graded ring cohomology theory. The proof of the fact that
.M;X/ 7! E�;�X .M/ defines an oriented bi-graded ring cohomology theory for an
arbitrary oriented monoid E in SH.k/ is exactly the same; the main point is theorem
of Panin-Smirnov [22, theorem 3.7.4], which says that an orientation for E (in the
sense of remark 1.8) defines an orientation in the sense of ring cohomology theories
for the bi-graded E-cohomology with supports.
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The fact that the formula given above for the homology theory E 0�;� is well-
defined and extends to make .E 0�;�.�/;E�;�� .�// a bi-graded oriented duality theory
is [14, theorem 3.4]. The essential point is to show that the cohomology with support
E2d��;d��X .M/, for X ,! M a closed immersion of some X in a smooth M of
dimension d , depends (up to canonical isomorphism) only on X , and similarly,
given a projective morphism f W Y ! X in Schk , there are smooth pairs .M;X/,
.N;Y /, an extension of F to a projective morphism F W N ! M and the map
F� W E2dN��;dN��Y .N / ! E2dM��;dM��X .M/ is independent (via the canonical
isomorphisms E 0�;�.Y / Š E2dN��;dN��Y .N /, E 0�;�.X/ Š E2dM��;dM��X .M/) of
the choices. The other structures for E 0�;�.�/ are defined similarly via the E-
cohomology with supports, and one has the corresponding independence of any
choices.

It follows directly from the construction of E 0 that the assignment .E ;cE/ 7!
.E 0;E/ is functorial in the oriented cohomology theory .E ;cE/. In particular, let
ch W .MGL;cMGL/ ! .E ;cE/ be a morphism of oriented cohomology theories, that
is, ch W MGL! E is a monoid morphism in SH.k/ with ch.cMGL/ D cE . Then we
have an extension of ch to a natural transformation of oriented duality theories

.ch0;ch/ W .MGL0;MGL/! .E 0;E/:

Remark 3.2 As shown in lemma 2.10, the coefficient rings for K and CK are
K2�;�.k/ D ZŒˇ;ˇ�1� and CK2�;�.k/ D ZŒˇ�, respectively, with ˇ having degree
�1. For K, the orientation cK restricted to Pn is given by the class of 1� ŒO.�1/� 2
K0.P

n/ Š K2;1.Pn/. It follows (by functoriality and Jouanoulou’s trick) that for a
line bundle L on some X 2 Sm=k, the 1st Chern class is given by cK1 .L/D ˇ

�1.1�

ŒL�1�/ (where we consider 1;ŒL�1� 2K0;0.X/DK0.X/). A direct calculation gives
the formal group law for .K02�;�;K2�;�/ as .FK.u;v/ D uC v � ˇ � uv;ZŒˇ;ˇ�1�/.
Since the orientation for K lifts to that of CK, it follows that the formal group law
for .CK02�;�;CK2�;�/ is .uC v�ˇ �uv;ZŒˇ�/.

4. G-theory and connective G-theory

We apply the machinery described in §3 to K-theory and connective K-theory,
with the orientations given by remark 1.8 (for K-theory) and lemma 1.11 (for
connective K-theory). This gives us the oriented duality theories .K0�;�;K�;�/
and .CK0�;�;CK�;�/; the canonical morphism CK ! K is compatible with the
orientations and thus gives the map of oriented duality theories .CK0�;�;CK�;�/!
.K0�;�;K�;�/.

We can describe CK0
a;b
.X/more explicitly, with the help of the modelsK.n/ for

fnK.
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Indeed, for a smooth pair .M;X/, Quillen’s resolution theorem (see [26, §4],
corollary 1 and the comments following corollary 2) and localization theorem [26,
§7, prop. 3.2] gives us the natural homotopy fiber sequence

G.X/!K.M/!K.M nX/;

where G.X/ is the Quillen-Waldhausen K-theory spectrum of the abelian category
of coherent sheaves on X . This, together with “algebraic Bott-periodicity"

Ka;b.X/ŠK2b�a.X/

gives us the canonical isomorphisms

K0a;b.X/
ˇX
a;b

��!Ga�2b.X/I Ka;bX .M/
ˇa;bX
���!KX2b�a.M/ (4.1)

where KX .M/ is as usual the homotopy fiber of the restriction map K.M/ !

K.M nX/.
The construction of the simplicial spectrum m 7! K.n/.X;m/ can be carried

through replacing K-theory with G-theory. For details, we refer the reader to
[16, §8.4] and [17]; for the reader’s convenience, we give a brief sketch of the
construction here.

LetX be a finite type k-scheme. There is a technical problem in the construction
of the simplicial spectrum m 7! G.n/.X;m/, due to the fact that, for g W �p ! �m

an inclusion of a face of �m, the corresponding restriction map

.idX �g/� WMX�	m !MX�	p

is not exact, hence does not lead to a functor on the corresponding K-theory
spectra. To get around this problem, one replaces MX�	m with the full subcategory
MX�	m;@ of coherent sheaves which are Tor-independent with respect to the
inclusions of faces; for U � X � �m an open subset, we let MU;@ be the
similarly defined full subcategory of MU . LettingG.X;m/ be the correspondingK-
theory spectrum of the exact category MX�	m;@, we have the simplicial spectrum
m 7!G.X;m/.

Since we are not assuming that X is equi-dimensional over k, it is more
convenient to index by dimension rather than codimension. Let SXn .m/ denote the
set of closed subsets W of X ��m such that

dimW \X �F � nCp

for all faces F Š�p of �m, and let

G.n/.X;m/ WD hocolim
W 2SXn .m/

GW .X;m/
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where GW .X;m/ is by definition the homotopy fiber of the restriction map

K.MX�	m;@/!K.MX�	mnW;@/:

This gives us the simplicial spectrumm 7!G.n/.X;m/ with total spectrum G.n/.X/,
and the corresponding tower of spectra

:::!G.n/.X/!G.nC1/.X/! :::

!G.dimX/.X/DG.dimXC1/.X/D :::DG.X ��
�/;

where dimX is by definition the maximum of dimkX
0 asX 0 runs over the irreducible

components of X . The identification of G.X/ WDK.MX / with G.X;0/ gives us the
map of spectra

G.X/!G.dimX/.X/;

which, using the homotopy invariance property of G-theory, is easily seen to be a
weak equivalence.

It is easy to see that X 7! G.n/.X/ is contravariantly functorial with respect to
flat maps of finite type k-schemes. As for the usual G-theory construction, there is
a canonical push-forward functor

i� WG.n/.W /!G.n/.X/

for i W W ! X a closed immersion; this extends to a push-forward map for
arbitrary projective morphisms, but only in the homotopy category SH as one
needs to replace the various categories of coherent sheaves with the corresponding
subcategories which have no higher direct images with respect to the given
projective morphism (see [17, §4] for details).

In case X is smooth of dimension d over k, the canonical mapK.d�n/.X;m/!
G.n/.X;m/ is a weak equivalence for all m and n (by Quillen’s resolution theorem
loc. cit.), giving the weak equivalence ıX WK.d�n/.X/!G.n/.X/.

The localization theorem for the spectra G.n/ from [16, corollary 8.12] is

Theorem 4.1 Let j W U ! X be an open immersion of finite type k-schemes with
closed complement i WW !X . Then the sequence

G.n/.W /
i
�

�!G.n/.X/
j�

�!G.n/.U /

is a homotopy fiber sequence.

Corollary 4.2 Let X be in Schk .

1. There are canonical isomorphisms

aXa;b W CK0a;b.X/! 
a�2b.G.b/.X//

https://doi.org/10.1017/is013012007jkt249 Published online by Cambridge University Press

https://doi.org/10.1017/is013012007jkt249


32 S. DAI & M. LEVINE

compatible with push-forward for projective morphisms and pull-back for open
immersions.

2. For X 2 Sm=k of dimension d , the isomorphism aX
a;b

is compatible with
the isomorphism of proposition 2.6 via the weak equivalence ıX W K.d�b/.X/ !
G.b/.X/ and the isomorphism ˛X W CK0a;b.X/! CK2d�a;d�b.X/.

3. The isomorphism (4.1) ˇX
a;b
W K0

a;b
.X/ ! 
a�2b.G.X//, the natural transfor-

mation �0 W CK0 ! K0 and the canonical map 'X
b
W G.b/.X/ ! G.d/.X/ 
 G.X/

and the isomorphism aX
a;b

give rise to a commutative diagram

CK0
a;b
.X/

aX
a;b

�0
a;b
.X/


a�2b.G.b/.X//

'X
b

K0
a;b
.X/

ˇX
a;b


a�2b.G.X//:

Proof: (1) Recalling that Schk is the category of quasi-projective k-scheme, we
choose a closed immersion X ,! M with M 2 Sm=k, giving us the smooth
pair .M;X/ 2 SP=k. For each q, let K.q/X .M/ denote the homotopy fiber of the
restriction map

j � WK.q/.M/!K.q/.M nX/:

Using example 2.4 and proposition 2.6(1) for the diagram

M nX M

�

gives us the canonical isomorphism

CK0a;b.X/
˛M;X

� CK2m�a;m�bX .M/
a2m�a;m�bX

� 
a�2b.K
.m�b/
X .M//:

By the localization theorem 4.1, we have the canonical weak equivalence

ˇX;M WG.b/.X/! fib.G.b/.M/!G.b/.M nX//

induced by the functors .iX � id/� W MX�	n ! MM�	n and the canonical
isomorphism of .jMnX � id/� ı .i � id/� with the 0-functor. As M is regular,
Quillen’s resolution theorem loc. cit. comparing the K-theory and G-theory of
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regular schemes leads to a canonical weak equivalence on the (iterated) homotopy
fibers

K
.m�b/
X .M/D fib.K.m�b/.M/!K.m�b/.M nX//

�X;M
���! fib.G.b/.M/!G.b/.M nX//:

This defines the isomorphism in SH

ıX;M WD ˇX;M ı �
�1
X;M WK

.m�b/
X .M/!G.b/.X/:

Both �X;M and ˇX;M are compatible with pull-back by flat maps f WM 0!M

(with X 0 WD f �1.X/), hence ı is compatible with pull-back by open immersions.
Suppose we have a closed immersion i W X 0 ! X . We use the same ambient

smooth scheme M , giving the map of pairs idM W .X;M/ ! .X 0;M/. The push-
forward by i onK.m�b/X .M/ is by definition the map on the homotopy fibers induced
by the commutative diagram

K.m�b/.M/
u�

id

K.m�b/.M nX 0/

w�

K.m�b/.M/
v�

K.m�b/.M nX/

where u;v;w are the evident open immersions. It is not hard to check that the
diagram

G.b/.X
0/

iX0�

i
�

G.b/.M/
u�

id

G.b/.M nX
0/

w�

G.b/.X/
iX�

G.b/.M/
v�

G.b/.M nX/

commutes up to canonical homotopy. From this it follows that iG� ı ıX;M D ıX 0;M ı
iK� .

For bothK-theory andG-theory, the push-forward for a projection p W Y �Pn!

Y is given by the projection onto the factor ŒOY�Pn � in the respective projective
bundle formulas with bases ŒO.�i/�, i D 0;:::;n. From this it is not hard to show
that ıX;M is compatible with p�, and hence compatible with push-forward by an
arbitrary projective morphism, completing the proof of (1).

The assertion (2) follows directly from the construction of ıX;M for X DM .
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For (3), we apply proposition 2.6(2) with X the diagram as above, and note that
we have a commutative diagram (in SH)

K
.m�b/
X .M/

ıX;M

�m�b

G.b/.X/

�b

KX .M/
ıX;M

G.X/:

Our main interest is in the “geometric" portion CK02�;� of the theory CK0�;�.
For a finite type k-scheme X , and integer n, recall from definition 2.7 the full
subcategory M.n/.X/ of MX of coherent sheaves supported in dimension at most
n. The following result improves upon corollary 2.8:

Theorem 4.3 Let X be a quasi-projective k-scheme.
1. For each n� 0, there is a canonical isomorphism

aXn W CK02n;n.X/! im.K0.M.n/.X//!K0.M.nC1/.X///;

compatible with pull-back by open immersions and push-forward by projective
morphisms.

2. For n� 0, let

�0n.X/ W im.K0.M.n/.X//!K0.M.nC1/.X///!G0.X/

be the map induced by the inclusions M.n/.X/!M.nC1/.X/!MX . Then the
diagram

CK02n;n.X/
aXn

�02n;n.X/

im.K0.M.n/.X//!K0.M.nC1/.X///

�0n.X/

K02n;n.X/
ˇX2n;n

G0.X/

commutes.

3. CK0
a;b
.X/D 0 for a < 2b.
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Proof: By corollary 4.2, we have the isomorphisms

aXa;b W CK0a;b.X/! 
a�2b.G.b/.X//;

compatible with pull-back by open immersions and push-forward by projective
morphisms. Thus, for (1) it suffices to define an isomorphism

ın.X/ W 
0.G.n/.X//! im.K0.M.n/.X//!K0.M.nC1/.X///;

compatible with ith pull-back by open immersions and push-forward by projective
morphisms, and for (3) we need to show that G.b/.X/ is �1-connected for all b � 0.

Recall that G.b/.X/ is the simplicial spectrum m 7!G.b/.X;m/ and

G.b/.X;m/D hocolim
W 2SX

.b/
.m/

GW .MX�	m;@/:

We showed in [16, lemma 8.7] that for all open U �X ��m, the inclusion

MU;@!MU

induces a weak equivalence on the K-theory spectra. Thus GW .MX�	m;@/ is
weakly equivalent to the homotopy fiber of the restriction map

j � WG.X ��m/!G.X ��m nW /

which by Quillen’s localization theorem is in turn weakly equivalent to G.W /.
In particular, this shows that G.b/.X;m/ is �1-connected and we have a strongly
convergent spectral sequence

E1p;q D 
qG.b/.X;p/H) 
pCqG.b/.X/:

As E1p;q D 0 for p C q < 0, this shows that G.b/.X/ is -1-connected and hence
CK0

a;b
.X/D 0 for a < 2b, proving (3).

For (1), the spectral sequence gives the right exact sequence


0.G.n/.X;1//
@
�! 
0.G.n/.X;0//


d
��! CK02n;n.X/! 0:

By definition, G.n/.X;0/D K.M.n/.X//, so we need to show that the image M of

0.G.n/.X;1// under @ is the same as the kernel N of the map

K0.M.n/.X//!K0.M.nC1/.X//:

Suppose we have done this. If we take d � dimX , then the canonical
maps G.d/.X;m/ ! G.X � �m/ are weak equivalences and the canonical map
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G.X/ D G.d/.X;0/ ! G.d/.X/ is a weak equivalence, and thus we may identify
'0n W G.n/.X/ ! G.X/ with '0

d;n
W G.n/.X/ ! G.d/.X/. By corollary 4.2(3), this

gives the commutative diagram


0.G.n/.X;1//

@

'0
d;n
.X;1/


0.G.d/.X;1//

@


0.G.n/.X;0//
'0
d;n
.X;0/


n


0.G.d/.X;0//


d

G0.X/

CK02n;n.X/ �02n;n
K02n;n.X/

ˇX2n;n

from which (2) follows directly.
We now complete the proof of (1). We note that M.n/.X/ is a Serre subcategory

of the abelian category M.nC1/.X/; let M.nC1=n/.X/ denote the quotient category.
By Quillen’s localization theorem, we have the exact sequence

:::!K1.M.nC1=n/.X//
@
�!K0.M.n/.X//!K0.M.nC1/.X//! ::::

Furthermore, by devissage [26, §5, thm. 4] we have

K1.M.nC1=n/.X//Š˚x2X.nC1/K1.k.x//D˚x2X.nC1/k.x/
�

where X.nC1/ is the set of dimension nC 1 points of X . Finally, the boundary map
K1.M.nC1=n/.X//!K0.M.n/.X// can be described as follows: Take y 2X.nC1/
and let Y �X be the reduced closure of y. Take f 2 k.y/� and let Y 0 � Y �P1 be
the reduced closure of the graph of f . For t 2 P1.k/, let OY 0.t/ WDOY 0˝OP1

k.t/.
Then for f 2 k.y/�,

@.f /D p1�.ŒOY 0.0/�� ŒOY 0.1/�/:

Noting that OY 0.t/ is an OX�t -module, we can consider p1�.ŒOY 0.0/�/ as simply
ŒOY 0.0/� via the isomorphism p1 WX �0!X , and similarly for ŒOY 0.1/�. Finally,
as f is in k.y/� and Y has dimension nC 1, it follows that OY 0.0/ and OY 0.1/
have support of dimension at most n.

Given such a Y and f 2 k.y/�, we may identify X � �1 with the open
subscheme X � .P1 n f1g/ of X � P1 via the open immersion j W �1 ! P1

defined by j.t0;t1/ WD t1=t0. Then the pull-back coherent sheaf .id � j /�.OY 0/
is in M.n/.X ��

1;@/ and

@.Œ.id� j /�.OY 0/�/D˙@.f 2 k.y/�/:
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Thus, M �N .
For the reverse inclusion, take F 2M.n/.X ��

1;@/, let Z be the support of F ,
let Y � X be the closure of p1.Z/ and let W � X ��1 be p�11 .Y /; let i W Z!W

be the inclusion. By devissage, we may assume that F is an OZ-module, giving us
the class ŒF � 2G0.Z/. ButW Š Y �A1, so by the homotopy property forG-theory,
there is a class � 2G0.Y / with

i�.ŒF �/D p�1 .�/:

Letting i0;i1 W Y ! Y � �1 D W be the inclusions defined by t0 D 0, t1 D 0,
respectively, this shows that

i�0 .i�.ŒF �//� i�1 .i�.ŒF �//D 0

in G0.Y /. As Y has dimension � nC 1, this shows that the image of @.ŒF �/ in
G0.M.nC1/.X// is zero, and hence M �N .

Corollary 4.4 Take X 2 Schk and let d D dimX . Let �Xn W CK02n;n.X/! G0.X/

be the composition of �02n;n.X/ W CK02n;n.X/ ! K02n;n.X/ with the isomorphism
ˇX2n;n W K02n;n.X/! G0.X/. Then �Xn is an isomorphism for n � d and is injective
for nD d � 1.

Proof: This follows immediately from theorem 4.3, noting that M.d/.X/DMX .

Remark 4.5 For X smooth of dimension d , using the identity closed immersion
X !X gives the canonical isomorphism

˛X;X W CK0a;b.X/! CK2d�a;d�bX .X/D CK2d�a;d�b.X/:

In particular, theorem 4.3 shows that

CK2n;n.X/D im.K0.M.n/.X//!K0.M.n�1/.X///:

In fact, the argument for theorem 4.3 works to show this identity for k an arbitrary
perfect field without the need for resolution of singularities.

Remark 4.6 Cai [2] has defined the notion of a bi-graded “oriented Borel-Moore
functor" on Schk in the sense of [2, §2]; after a suitable reindexing, this notion is
similar to, but not the same as the homology part of an oriented duality theory.
To conform with our indexing conventions, we change Cai’s indexing by the
transformation .a;b/ 7! .a� b;�b/. Cai has defined a theory of “connective higher
K-theory" as a bi-graded oriented Borel-Moore functor on Schk . Denoting Cai’s
reindexed theory as CKCai

a;b
, this is defined as

CKCai
a;b.X/ WD im.Ka�2b.M.a�b/.X//!Ka�2b.M.a�bC1/.X///:
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Thus we have
CK02n;n.X/D CKCai

2n;n.X/

for X 2 Schk .

We conclude this section with a description of the 1st Chern class operators on
CK02n;n. Take X in Schk . Let L be a line bundle on X , and let i W X ! M be a
closed immersion withM 2 Sm=k such thatL extends to a line bundle L onM . We
note that the 1st Chern class operator Qc1.L/ on CK02n;n.X/ is given by the product
with c1.L/ 2 CK2;1.M/ on CK2�;�X .M/. As CK2;1.M/! K2;1.M/ D K0.M/ is
injective (corollary 4.4), it follows that the operators Qc1.L/ satisfy the multiplicative
formal group law:

Qc1.L˝L
0/D Qc1.L/C Qc1.L

0/�ˇ Qc1.L/ ı Qc1.L
0/

where ˇ 2 CK02;1.k/ is the “Bott element", that is, the element corresponding to
1 2 Z under the sequence of isomorphisms

CK02;1.k/D CK�2;�1.k/!K�2;�1.k/ŠK0.k/
dimk
���! Z:

Thus, we need only describe Qc1.L/ for L which is very ample on X .
Let ˛ be in CK02n;n.X/ for some n. If n � dimkX C 1, then both CK02n;n.X/

and CK02n�2;n�1.X/ are equal to G0.X/ via the canonical map CK02�;�.X/ !
K02�;�.X/ D G0.X/, so Qc1.L/ is given by the 1st Chern class operator on
K02�;�.X/ D G0.X/. This in turn is given by multiplication by the K-theory 1st
Chern class via the K0.X/-module structure on G0.X/, that is,

QcG01 .L/.˛/D .1�L�1/ �˛:

In general, we have our description

CK02n;n.X/Š im.K0.M.n/.X//!K0.M.nC1/.X///;

compatible with projective push-forward. Thus, for each ˛ 2 CK02n;n.X/, there
is a closed immersion i W X 0 ! X in Schk , with dimkX

0 � n, and an element
˛0 2 CK02n;n.X 0/ with i�.˛0/D ˛. Since

Qc1.L/.i�˛
0/D i�. Qc1.i

�L/.˛0//;

we reduce to the case n � dimkX ; similarly, we may assume X is irreducible. By
our above computation, the only remaining case is nD dimkX .
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In this case, CK02n;n.X/D G0.X/ and for ˛ 2 CK02n;n.X/, the element Qc1.˛/ 2
CK02n�2;n�1.X/ is characterized by the identity

.1�L�1/ �˛ D im. Qc1.˛/ 2G0.X//;

via the inclusion CK02n�2;n�1.X/ ! G0.X/ (corollary 4.4). We now use the
assumption that L is very ample. Write ˛ D

P
i ni ŒFi �, where the Fi are coherent

sheaves on X , ni are integers and Œ�� denotes class in G0.X/. Choose a section s
of L that is locally a non-zero divisor on each Fi and on OX ; this is possible by an
application of Kleiman’s transversality theorem [11, theorem 2(i), remark 7], using
the fact that L is very ample. Let H � X be the closed subscheme defined by s,
giving us the short exact sequence of sheaves on X

0! L�1!OX !OH ! 0:

For each i , the tensor product Fi ˝OH is an element of M.n�1/.X/ (its support is
contained in H ), giving the well-defined class ŒFi ˝OH � in K0.M.n�1/.X//. In
addition, the above exact sequence and the fact that s is a non-zero divisor on Fi
gives the identity

ŒFi ˝OH �D .1�L�1/ � ŒFi � 2G0.X/
for each i and hence Qc1.˛/ 2 CK02n�2;n�1.X/ is given by

P
i ni ŒFi ˝OH �.

Remark 4.7 Set CGa;b.X/ WD 
a�2bG.b/.X/, for X 2 Schk . From the proof of
corollary 4.2 we have isomorphisms ıX;M W 
a�2b.K

.m�b/
X .M//! 
a�2b.G.b/.X//

for X a closed subscheme of M 2 Sm=k, m D dimM . Combined with the natural
isomorphisms CK2m�a;m�bX .M/ Š 
a�2b.K

.m�b/
X .M// given by theorem 2.1 and

lemma 2.5, the properties of G.b/.�/ discussed in this section show that we have
defined an oriented duality theory .CG�;�;CK�;�/ on Schk , for k an arbitrary perfect
field, except that we have not defined a cap product structure of CK�;� on CG�;�.
Possibly this could be supplied by the method used by Cai in [2, §6.3] to define pull
back maps in his theory CKCai�;� for regular embeddings.

The results of this section can be interpreted as saying that, in case k admits
resolution of singularities, the oriented duality theory .CK0�;�;CK�;�/ on Schk
defined using the results of [14] is isomorphic to .CG�;�;CK�;�/ (ignoring the cap
product structure).

5. Algebraic cobordism and oriented duality theories

We assume throughout this section and the remainder of the paper that k satisfies
resolution of singularities in the sense of [18, appendix A]; at present date, this mean
k has characteristic zero.
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We recall the theory of algebraic cobordism X 7! ��.X/, X 2 Schk [18].
For each X 2 Schk , �n.X/ is an abelian group with generators .f W Y ! X/,
Y 2 Sm=k irreducible of dimension n over k and f W Y !X a projective morphism
[18, lemma 2.5.11]. �� is the universal oriented Borel-Moore homology theory
on Schk [18, theorem 7.1.1], where an oriented Borel-Moore homology theory on
Schk consists of the data of a functor from Schpr

k
to graded abelian groups, external

products, first Chern class operators Qc1.L/ W ��.X/! ���1.X/ for L! X a line
bundle, and pull-back maps g� W ��.X/ ! ��Cd .Y / for each l.c.i. morphism g W

Y !X of relative dimension d . These of course satisfy a number of compatibilities
and additional axioms, see [18, §5.1] for details.

For an oriented duality theory .H;A/ on Schk and Y in Sm=k of dimension
d over k, the fundamental class ŒY �H;A 2 Hd .Y / is the image of the unit 1Y 2
A0.Y / under the inverse of the isomorphism ˛Y WHd .Y /! A0.Y /. For an oriented
Borel-Moore homology theory B on Schk , we similarly have the fundamental class
ŒY �B 2 Bd .Y / defined by ŒY �B WD p�.1/, where 1 2 B0.Speck/ is the unit and
p W Y ! Speck the structure morphism.

We recall the following result from [14]:

Proposition 5.1 ([14, propositions 4.2, 4.4, 4.5]) Let k be a field admitting resolu-
tion of singularities and let .H;A/ be a Z-graded oriented duality theory on Schk .
1. Let GrAb denote the category of graded abelian groups. There is a unique
natural transformation #H W �� ! H� of functors Schpr

k
! GrAb, such that

#H .Y /.ŒY ��/ D ŒY �H;A for all Y 2 Sm=k. In addition, #H is compatible with
pull-back maps for open immersions in Schk , with 1st Chern class operators, with
external products and with cap products.
2. For Y 2 Sm=k, let #A.Y / W ��.Y / ! A�.Y / be the map induced by #H , the
identity ��.Y / D �dimY��.Y / and the isomorphism ˛Y W HdimY��.Y /! A�.Y /.
Then #A.Y / is a ring homomorphism and is compatible with pull-back maps for
arbitrary morphisms in Sm=k. Finally, one has

#A.Y /.c�1 .L//D c
A
1 .L/

for each line bundle L! Y .

Remark 5.2 We have already noted that one has a formal group law FA.u;v/ 2

A�.k/ŒŒu;v�� associated to the oriented cohomology theory A. Similarly, for
each oriented Borel-Moore homology theory B on Schk , there is an associ-
ated formal group law FB.u;v/ 2 B�.k/ŒŒu;v��, characterized by the identity
FB.c1.L/;c1.M// D c1.L ˝ M/ for each pair of line bundles L;M on some
Y 2 Sm=k (this follows from [18, corollary 4.1.8, proposition 5.2.1, proposition
5.2.6]). Letting 'A W L� ! A�.k/, 'B W L� ! B�.k/ denote the classifying maps
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associated to FA, FB , respectively, suppose that A extends to an oriented duality
theory .H;A/. Then

#A.F�/D FA: (5.1)

Indeed, FA is characterized by identity FA.cA1 .L/;c
A
1 .M// D cA1 .L˝M/ for each

pair of line bundles L;M on some Y 2 Sm=k, and since #A.c�1 .N // D c
A
1 .N / for

each line bundle N ! Z, Z 2 Sm=k, the fact that F�.c�1 .L/;c
�
1 .M// D c�1 .L˝

M/ combined with proposition 5.1(2) yields the identity (5.1).
Via the universal property of the Lazard ring, the relation (5.1) is equivalent to

the identity
#A ı'� D 'A: (5.2)

Finally, we recall that the classifying map '� W L�!��.k/ is an isomorphism
[18, theorem 1.2.7].

Corollary 5.3 Let .E ;cE/ be a pair consisting of a commutative monoid object
E 2 SH.k/ with orientation cE , and let .E 0�;�;E�;�/ be the corresponding bi-graded
oriented duality theory. There is a unique natural transformation

#.E;cE/ W��! E 02�;�

of functors Schpr
k
!GrAb, such that #.E;cE/.Y /.ŒY ��/D ŒY �E 0;E for all Y 2 Sm=k.

In addition, #.E;cE/ is compatible with pull-back maps for open immersions in Schk ,
1st Chern class operators, external products and cap products. For Y 2 Sm=k, the
map #E.Y / W ��.Y / ! E2�;�.Y / induced by #.E;cE/ is a ring homomorphism, is
compatible with pull-back maps for arbitrary morphisms in Sm=k, and satisfies

#.E;cE/.Y /.c
�
1 .L//D c

E
1 .L/

for each line bundle L! Y .

Remark 5.4 By [18, lemma 2.5.11], ��.X/ is generated as an abelian group by the
cobordism cycles .f W Y ! X/, Y 2 Sm=k irreducible, f W Y ! X a projective
morphism. Furthermore, the identity .f W Y ! X/D f�.ŒY ��/ holds in �dimY .X/.
Thus #.E;cE/ is characterized by the formula

#.E;cE/.f W Y !X/ WD f E 0
� .ŒY �E 0;E/:

We may apply corollary 5.3 in the universal case: E DMGL with its canonical
orientation. This gives us the natural transformation

#MGL W��!MGL02�;�: (5.3)
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Theorem 5.5 ( [12, theorem 3.1]) If k is a field of characteristic zero, then the
natural transformation (5.3) is an isomorphism.

Remark 5.6 This result relies on the Hopkins-Morel spectral sequence (2.3), see
[8, 9].

In the course of the proof of theorem 5.5, we proved another result which we
will be using here.

Let X be in Schk and let d D dX WD maxX 0dimkX
0, as X 0 runs over the

irreducible components of X . We define MGL0.1/2�;�.X/ by

MGL0.1/2�;�.X/ WD lim
�!
W

MGL02�;�.W /

asW runs over all (reduced) closed subschemes ofX which contain no dimension d
generic point of X ; �.1/� .X/ is defined similarly. The natural transformation #MGL

gives rise to the commutative diagram

�
.1/
� .X/

#.1/

i
�

��.X/

#.X/

j�

˚�2X.d/��.k.�//

#

0

MGL0.1/2�;�.X/ i
�

MGL02�;�.X/ j�
˚�2X.d/MGL02�;�.k.�// 0

(5.4)

with exact rows and with all vertical arrows isomorphisms. As .MGL0;MGL/ is an
oriented duality theory, the bottom line extends to the long exact sequence

:::!˚�2X.d/MGL02�C1;�.k.�//
@
�!MGL0.1/2�;�.X/

i
�

�!MGL02�;�.X/
j�

�!˚�2X.d/MGL02�;�.k.�//! 0:

Furthermore, the appropriate edge homomorphism in the Hopkins-Morel spectral
sequence (2.3) [8, 9] gives a surjection for each � 2X.d/

tMGL.�/ W L��dC1˝ k.�/
�!MGL02�C1;�.k.�//

(see lemma 2.10).
Let ZŒk.�/�� denote the free Z-module on the set k.�/� and let �� W ZŒk.�/��!

k.�/� be the map sending
P
i nifi to

Q
i f

ni
i . We have constructed in [12, §6] a

group homomorphism

Div W L��dC1˝Z˚�2X.d/ZŒk.�/
��!�.1/� .X/
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with #.1/ ı Div D @ ı ˚�tMGL.�/ ı id ˝ ��. Since the maps #.1/ and #.X/ are
isomorphisms, the map Div factors through the surjection

L��dC1˝˚�2X.d/ZŒk.�/
��

id˝˚���
������! L��dC1˝˚�2X.d/k.�/

�:

Thus, letting div W ˚�2X.d/L��dC1˝ k.�/
�!�

.1/
� .X/ be the map induced by Div

and defining divMGL WD @ ı˚�tMGL.�/, we have the exact sequence

˚�2X.d/L��dC1˝k.�/
� div
�!�.1/� .X/

i
�

�!��.X/
j�

�!˚�2X.d/��.k.�//! 0 (5.5)

and the diagram (5.4) extends to the commutative diagram

˚�L��dC1˝ k.�/
� div

�
.1/
� .X/

#.1/

i
�

��.X/

#.X/

j�

˚���.k.�//

#

0

˚�L��dC1˝ k.�/
�

divMGL
MGL0.1/2�;�.X/ i

�

MGL02�;�.X/ j� ˚�MGL02�;�.k.�// 0

(5.6)
with exact rows and with all vertical arrows isomorphisms.

6. The comparison map

We retain the assumption made in §5 that k admits resolution of singularities.
We consider the classifying map

�CK W��! CK02�;�

constructed in proposition 5.1. Let 'CK W L� ! ZŒˇ� be the ring homomorphism
classifying the formal group law .uCv�ˇuv;ZŒˇ�/ of the theory CK and '� W L�!
��.k/ the classifying map for the formal group law for ��. For each X 2 Schk ,
the external products make ��.X/ into an ��.k/-module and thus via '� an L�-
module. It is easy to check that the various structures for �� make the assignment
X 7! ��.X/˝L

�

ZŒˇ� into an oriented Borel-Moore homology theory on Schk ,
which we denote by ��˝L

�

ZŒˇ�; the universality of �� makes ��˝L
�

ZŒˇ� the
universal oriented Borel-Moore homology theory on Schk having formal group law
.uC v�ˇuv;ZŒˇ�/.

Lemma 6.1 �CK factors through the surjection

��!��˝L
�

ZŒˇ�:
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Proof: As the natural transformation �CK is compatible with external products,
�CK.k/ is a ring homomorphism and �CK.X/ is a map of L�-modules, where L�
acts on CK02�;� by using the the action of CK02�;�.k/ on CK02�;� via external products,
together with the ring homomorphism

L�
'�
��!��.k/

�CK.k/
����! CK02�;�.k/D ZŒˇ�:

Using the universal property of ��˝L
�

ZŒˇ�, we need only show that

�CK.k/ ı'� W L�! ZŒˇ�

is equal to the classifying homomorphism 'CK . But this is a general property of the
classifying map �H;A W��!H� for any oriented duality theory .H;A/, as we have
already noted in remark 5.2.

In [18, theorem 1.2.18] it is shown that the classifying map of oriented
cohomology theories on Sm=k

#K0 W�
�˝L ZŒˇ;ˇ�1�!K0Œˇ;ˇ

�1�

is an isomorphism, where L ! ZŒˇ;ˇ�1� is the classifying map for the formal
group law .uC v � ˇuv;ZŒˇ;ˇ�1�/. Dai [3] extended this result, showing that the
classifying map

#G0 W��˝L ZŒˇ;ˇ�1�!G0Œˇ;ˇ
�1�

is an isomorphism of oriented Borel-Moore homology theories on Schk . We now
prove the analogous result for connective K-theory.

Definition 6.2 For X 2 Schk , write �CK� .X/ for ��.X/˝L
�

ZŒˇ�. For g W Y !X

smooth, write g�CK for g�˝ id and similarly write f CK� for f�˝ id if f W Y !X is
projective.

Theorem 6.3 The induced classifying map

�CK W�
CK
� ! CK02�;�

is an isomorphism.

Proof: We proceed by induction on the maximum d of the dimensions of the
components of X ; we may assume that X is reduced.

For X 2 Schk , we consider �CK as a map of presheaves on XZar, so we may
evaluate at the generic points of X . For � a dimension d generic point of X , it
follows from the description of CK02�;� given by theorem 4.3 that

CK02n;n.�/D
(
K0.k.�// for n� d
0 for n < d:
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By [18, corollary 4.4.3], the pull-back map p�X W ��.k/ ! ��Cd .k.�// is an
isomorphism, so by [18, theorem 1.2.7] we have the isomorphism of L�-modules

��.k.�//Š L��d :

From this it follows easily that

�CK.k.�// W�
CK
� .k.�//! CK02�;�.k.�//

is an isomorphism. In particular, �CK.X/ is an isomorphism for all reduced X of
dimension 0 over k. As the inclusion Xred ! X induces an isomorphism on ��
and CK02�;�, the theorem is proven for all X of dimension 0.

Now suppose X has a component of maximal dimension d > 0. We use the
constructions and notations from theorem 5.5 and the discussion following that
theorem. We let CK0.1/2�;�.X/ be the inductive limit

CK0.1/2�;�.X/ WD lim
�!
W

CK02�;�.W /

as W runs over all (reduced) closed subschemes of X which contain no dimension
d generic point of X . Combining the exact sequence (5.5) with the localization
sequence for CK0�;� gives us the commutative diagram with exact rows

˚�2X.d/L��dC1˝ k.�/
� div

�
.1/
� .X/

#.1/

i
�

��.X/

#.X/

j�

˚�2X.d/��.k.�//

#

0

˚�2X.d/CK02�C1;�.k.�// @
CK0.1/2�;�.X/ i

�

CK02�;�.X/ j� ˚�2X.d/CK
0
2�;�.k.�// 0:

(6.1)
We apply ZŒˇ�˝L .�/ to the top row in (6.1). By lemma 6.1, the vertical maps

in (6.1) descend to give the commutative diagram

˚�ZŒˇ���dC1˝ k.�/
� divCK

�
CK.1/
� .X/

#.1/

i
�

�CK� .X/

#.X/

j�

˚�2X.d/�
CK
� .k.�//

#

0

˚�CK02�C1;�.k.�// @
CK0.1/2�;�.X/ i

�

CK02�;�.X/ j� ˚�2X.d/CK
0
2�;�.k.�// 0:

(6.2)
By induction on d , the map #.1/ is an isomorphism; we have already seen that

# is an isomorphism. We note that the bottom row is a sequence of ZŒˇ�-modules
via the isomorphism CK02�;�.k/ Š ZŒˇ� and the CK2�;�.k/-module structure given
by external products.

https://doi.org/10.1017/is013012007jkt249 Published online by Cambridge University Press

https://doi.org/10.1017/is013012007jkt249


46 S. DAI & M. LEVINE

Take � 2X.d/. Then CK02�C1;�.k.�//Š CK2d�2��1;d��.k.�//. Via lemma 2.10,
we have the isomorphism of ZŒˇ�-modules

tCK W ZŒˇ���dC1˝ k.�/
�! CK02�C1;�.k.�//:

Putting this into the diagram (6.2) gives us the commutative diagram

˚�ZŒˇ���dC1˝ k.�/
� divCK

�
CK.1/
� .X/

#.1/

i
�

�CK� .X/

#.X/

j�

˚�2X.d/�
CK
� .k.�//

#

0

˚�ZŒˇ���dC1˝ k.�/
�

divCK
CK0.1/2�;�.X/ i

�

CK02�;�.X/ j� ˚�2X.d/CK
0
2�;�.k.�// 0

(6.3)
with divCK WD @ ı tCK, the bottom row exact and the top row a complex.

We claim that
divCK D #

.1/ ı divCK : (6.4)

Assuming this claim, a diagram chase shows that the top row is exact and the map
#.X/ is an isomorphism.

To prove the claim, the orientation cCK for CK and the universal property of
MGL gives the canonical map of oriented cohomology theories

�CK W .MGL;cMGL/! .CK;cCK/

which in turn gives us the map of bi-graded oriented duality theories

�CK W .MGL0�;�;MGL�;�/! .CK0�;�;CK�;�/:

It follows from the characterization of �MGL, �CK given in remark 5.4 that

�CK D �CK ı �MGL:

As discussed at the end of §2 and in lemma 2.10, the orientations cMGL, cCK give
rise to canonical elements

tMGL 2MGL1;1.Gm/; tCK 2 CK1;1.Gm/:

These in turn give by functoriality canonical homomorphisms for each X 2 Sm=k

tMGL.X/ WO�X .X/!MGL1;1.X/; tCK.X/ WO�X .X/! CK1;1.X/

with tCK.X/D �CK.X/ ı tCK.X/. We extend tMGL to

tMGL WO�X .X/˝L�!MGL2�C1;�C1.X/

https://doi.org/10.1017/is013012007jkt249 Published online by Cambridge University Press

https://doi.org/10.1017/is013012007jkt249


Connective Algebraic K-theory 47

using the L�-module structure, and similarly have the extension of tCK.X/ to

tCK WO�X .X/˝ZŒˇ��! CK2�C1;�C1.X/:
The edge homomorphism k.�/�!MGL1;1.k.�// arising in the Hopkins-Morel

spectral sequence is the map tMGL.k.�//. As �CK is a map of L�-ZŒˇ� modules, we
have the commutative diagram

˚�2X.d/L��dC1˝ k.�/
� tMGL




˚�2X.d/MGL02�C1;�.k.�//
@

˚��CK.�/

MGL0.1/2�;�.X/

�
.1/
CK.X/

˚�2X.d/ZŒˇ���dC1˝ k.�/
�

tCK
˚�2X.d/CK02�C1;�.�/ @

CK0.1/2�;�.X/

where 
 is induced by the classifying map L�! ZŒˇ�. The map divMGL in diagram
(5.6) is the composition @ ı tMGL in the diagram above; as divCK D @ ı tCK, we have
the commutative diagram

˚�2X.d/L��dC1˝ k.�/
� divMGL




MGL0.1/2�;�.X/

�
.1/
CK.X/

˚�2X.d/ZŒˇ���dC1˝ k.�/
�

divCK
CK0.1/2�;�.X/:

Patching in the left-hand square in the commutative diagram (5.6) yields the
commutative diagram

˚�L��dC1˝ k.�/
� div

�
.1/
� .X/

#.1/

˚�2X.d/L��dC1˝ k.�/
� divMGL




MGL0.1/2�;�.X/

�
.1/

CK.X/

˚�2X.d/ZŒˇ���dC1˝ k.�/
� divCK CK0.1/2�;�.X/:

(6.5)

As divCK W ZŒˇ�˝ k.�/� ! �
CK.1/
� .X/ is just the map formed by applying the

functor ZŒˇ�˝L .�/ to div W L˝ k.�/�!�
.1/
� .X/, the identity (6.4) follows from

the commutativity of (6.5).

Corollary 6.4 Take X 2 Schk , and let d D dimX . Then

�Xn ı �CK.X/ W�
CK
n .X/!G0.X/

is an isomorphism for n� d and an injection for nD d � 1.
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Proof: This follows from theorem 6.3 and corollary 4.4.

7. Lci pull-backs and fundamental classes

We maintain our assumption of resolution of singularities. Theorem 6.3 gives us the
isomorphism

�CK W�
CK
� .X/! CK02�;�

compatible with projective push-forward, pull-back by open immersions, external
products and 1st Chern class operators. However, �CK� is an oriented Borel-
Moore homology theory, hence, in addition to these structures, it has functorial
pull-back maps for arbitrary l.c.i. morphisms. The isomorphism �CK thus endows
the homology theory CK02�;� with l.c.i. pull-backs. The theory X 7! K02n;n.X/ D
G0.X/ has l.c.i. pull-backs as well; we proceed to compare the two. As the l.c.i. pull-
backs in �� are defined using the classes of simple normal crossing divisors (see
[18, §6] for details on l.c.i. pull-backs in ��), we first need a result about these
classes.

Fix an oriented cohomology theory A� with formal group law F D FA. As
usual, we use the notation uCF v for F.u;v/ and more generally write Œn1�F u1CF
:::CF Œnr �F ur for the power series Fn1;:::;nr .u1;:::;ur/ that expresses the evident
sum operation. We may write Fn1;:::;nr .u1;:::;ur/ in the following form

Fn1;:::;nr .u1;:::;ur/D
X

I�f1;:::;rg;I¤;

G
n1;:::;nr
I .u/ �uI

with the Gn1;:::;nrI .u/ 2 A�.k/ŒŒu1;:::;ur �� and uI D
Q
i2I ui . If we assume (which

we will) that for j 62 I , uj does not divide Gn1;:::;nrI .u/, then the expression is
unique; for instance, Gn1;:::;nr

fj g
.u/D nj if nj > 0.

Now let D D
Pr
iD1niDi be an effective simple normal crossing divisor on

some Y 2 Sm=k, with each Di smooth and irreducible; let jDj denote the support
of D. For I � f1;:::;rg, let DI WD \i2IDi and let iI W DI ! jDj, i W jDj !
Y be the inclusions. Let Lj D i�OY .Dj / and let Qc1.LI / stand for the r-tuple
. Qc1.i

�
IL1/;:::; Qc1.i

�
ILr//. Suppose Y has dimension n. The divisor class ofD, ŒD!

jDj�A 2 An�1.jDj/ is defined as

ŒD! jDj�A WD
X

I�f1;:::;rg;I¤;

iI�G
n1;:::;nr
I . Qc1.LI //.1DI /:

Lemma 7.1 For A� DG0Œˇ;ˇ�1�, we have

ŒD! jDj�G0 D ŒOD�
in G0.jDj/.
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Proof: We write ŒD! jDj� for ŒD! jDj�G0 and proceed by induction on
P
i ni ,

where D D
Pr
iD1niDi . For D a smooth irreducible divisor, ŒD ! jDj� D 1D D

ŒOD�, which takes care of the case
P
i ni D 1.

For the general case, let D0 D D �Dr D
Pr�1
iD1niDi C .nr � 1/Dr , and let

j W jD0j ! jDj, ir WDr ! jDj, i W jDj ! Y be the inclusions.
The formal group law for G0Œˇ;ˇ�1� is given by F.u;v/ D u C v � ˇuv 2

ZŒˇ;ˇ�1�ŒŒu;v��. From this follows

Fn1;:::;nr .u/D Fn1;:::;nr�1.u/Cur �ˇ �ur �Fn1;:::;nr�1.u/;

whence follows

G
n1;:::;nr
I .u/

D

�
G
n1;:::;nr�1
I .u/ if r 62 I

G
n1;:::;nr�1
I .u/�ˇ.G

n1;:::;nr�1
Infrg

.u/Cur �G
n1;:::;nr�1
I .u// if r 2 I;jI j> 1

G
n1;:::;nr�1
I .u/C 1D nr if I D frg:

The Gysin identity [18, lemma 5.1.11] for the inclusion DI !DInfrg implies

iI�.G. Qc1.LI //.1DI //D Qc1.Lr/.iInfrg�.G. Qc1.LInfrg//.1DInfrg//

if r 2 I , jI j > 1, G 2 A�.k/ŒŒu1;:::;ur ��; with our identity for Gn1;:::;nrI .u/, this
yields the identity

ŒD! jDj�D j�ŒD
0! jD0j�C ir�ŒDr ! jDr j��ˇ � Qc1.Lr/.j�ŒD

0! jD0j�//: (7.1)

Let ID , ID0 , IDr be the respective ideal sheaves in OY . We have the exact
sequence of OD-modules

0! IDr=ID!OD!ODr ! 0:

Furthermore, the multiplication map OD ˝OY IDr ! OD has image IDr=ID and
descends to an isomorphism of OD0-modules

OD0 ˝OY IDr Š IDr=ID:

This gives us the identities in G0.D/Œˇ;ˇ�1�:

ŒOD�DOY .�Dr/ � j�ŒOD0 �C ir�ŒODr �
D j�ŒOD0 �C ir�ŒODr �� .1�OY .�Dr// � j�ŒOD0 �
D j�ŒOD0 �C ir�ŒODr ��ˇ Qc1.Lr/.j�ŒOD0 �/;
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the last identity following from

Qc1.L/.˛/D ˇ
�1.1�L�1/ �˛

for L a line bundle on jDj and ˛ 2 G0.jDj/Œˇ;ˇ�1�. Combined with (7.1) and our
induction hypothesis, this proves the lemma.

Proposition 7.2 Let f W Y ! X be an l.c.i. morphism of relative dimension d in
Schk . Then the diagram

�CKn .X/
�Xı�X

f �

G0.X/

f �

�CK
nCd

.Y /
�Y ı�Y

G0.Y /

commutes.

Proof: It suffices to consider two cases: (a) f a regular embedding, (b) f a smooth
morphism.

We first note that �n.X/ is generated as an abelian group by the classes Œg W
Z ! X� with Z 2 Sm=k irreducible of dimension n over k, and g a projective
morphism; here Œg W Z! X� stands for the element g�.p�Z.1//, with 1 2��.k/ the
unit in the graded ring ��.k/ and pZ W Z ! Speck the structure morphism. This
fact follows from [18, lemma 2.5.11].

The canonical natural transformation #CK W �� ! �CK� is compatible with
smooth pull-back, projective push-forward and sends the unit in ��.k/ to the unit
in �CK� .k/. In addition, for each X 2 Schk , the map #CK.X/ W��.X/!�CK� .X/

is just the canonical homomorphism W ��.X/! ��.X/˝L
�

ZŒˇ�; as L� ! ZŒˇ�

is surjective, it follows that #CK.X/ is surjective for all X 2 Schk . Thus, if we
define Œg WZ!X�CK to be gCK� ..pZ/

�
CK.1//, it follows that �CKn .X/ is generated

as an abelian group by the classes Œg W Z ! X�CK with Z 2 Sm=k irreducible of
dimension n over k, and g a projective morphism.

The image of Œg W Z! X�CK in G0.X/ is given by the analogous formula, that
is,

.�X ı �X /.Œg WZ!X�CK/DRg�.OZ/

where Rg� W G0.Z/! G0.X/ is the usual push-forward map on G0: Rg�.ŒF �/ WDP
i .�1/

i ŒRig�F �. We now compute in cases (a) and (b):

Case (b): f W Y ! X smooth. Then f �Œg W Z ! X�CK D Œp2 W Z �X Y ! Y �CK
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and

Rp2�ŒOZ�XY �DRp2�.p�1 ŒOZ �/
D f �.Rg�ŒOZ �/

the last identity being the base-change isomorphism for the flat morphism f .

Case (a): f W Y ! X a regular embedding, say of codimension c. Since X is
quasi-projective, we can factor f through a sequence of regular codimension one
embeddings

Y DXc ,!Xc�1 ,! ::: ,!X1 ,!X I

this reduces us to the case c D 1, that is, f W Y ! X is a Cartier divisor on X . In
this case, �CK� .X/ is generated by three types of elements (with g;Z as before):

1. g WZ!X with g.Z/� Y .

2. g WZ!X such that g�1.Y / is a simple normal crossing divisor on Z.

3. g WZ!X with g�1.Y /D ;.

Indeed, using the same surjectivity argument as above, this assertion follows from
the analogous fact for��.X/, which in turn is a direct consequence of [18, theorem
6.4.12].

In case (3), f �.Œg W Z ! X�/ D 0 by definition, and clearly f �.Rg�.OZ// is
zero as well. In case (1), let LD f �.OX .Y // and let Ng WZ! Y be the unique map
with f ı Ng D g. Then by definition

f �.Œg WZ!X�CK/ WD Qc1.L/.Œ Ng WZ! Y �CK/:

On the G-theory side, let F be a coherent sheaf on Y . Then Rf�ŒF � D f�F , since
f is finite, and f �.Œf�F �/ WD ŒF �� ŒTorOX1 .f�F ;OY /�. Via the exact sequence

0!OX .�Y /!OX !OY ! 0

we see that
ŒF �� ŒTorOX1 .f�F ;OY /�D .1�L�1/ � ŒF �

in G0.Y /, so f �.Œf�F �/ D .1�L�1/ � ŒF �. Applying this to the coherent sheaves
Ri Ng�OZ and noting that QcG01 .L/ is multiplication by ˇ�1.1�L�1/ shows that

.� ı �/.f �Œg WZ!X�CK/D f
�.Rg�.OZ//

as desired.
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Finally, in case (2), the diagram

g�1.Y /
Nf

Ng

Z

g

Y
f

X

is cartesian and Tor-independent, hence we have the base-change identity

f �Rg�ŒOZ �DR Ng�. Nf �ŒOZ �/DR Ng�.ŒOg�1.Y /�/:

Thus it suffices to show that

ŒOg�1.Y /�D .� ı �/. Nf �.1Z// (7.2)

in G0.g�1.Y //. But by definition, we have Nf �.1Z/D Œg�1.Y /! jg�1.Y /j�, so the
identity (7.2) follows from lemma 7.1.

Definition 7.3 Let X 2 Schk have pure dimension d . The fundamental class
ŒX�CK 2 �CK

d
.X/ is the element corresponding to ŒOX � 2 G0.X/ under the

isomorphism �CK
d
.X/!G0.X/.

Theorem 7.4 Let f W Y ! X be an l.c.i. morphism in Schk . Assume that X has
pure dimension dX and Y has pure dimension dY . Then f �.ŒX�CK/ D ŒY �CK in
�CK
dY
.Y /.

Proof: If f is smooth, then f �ŒOX � D ŒOY � in G0.Y /. If f is a regular
embedding, then similarly f �ŒOX � D ŒOY � in G0.Y /. Thus, for an arbitrary
l.c.i. morphism f , f �ŒOX � D ŒOY � in G0.Y /. The theorem thus follows from the
definition of the fundamental class, corollary 6.4 and proposition 7.2.

Set ��� WD �� ˝L ZŒˇ;ˇ�1� and �C� WD �� ˝L Z, the first tensor product
defined via the classifying map for the formal group law .uCv�ˇuv;ZŒˇ;ˇ�1�, the
second via the classifying map for the additive formal group law .uC v;Z/. Dai’s
theorem [3] states that the classifying map ��� ! G0Œˇ;ˇ

�1� is an isomorphism,
and it is shown in [18, theorem 4.5.1] that the classifying map �C� ! CH� is an
isomorphism.

In particular, inverting ˇ induces the map

#� W�
CK
� !��� ;

which after the isomorphisms ��� ŠG0Œˇ;ˇ
�1�ŠK02�;� and �CK� Š CK02�;� is just

the canonical map � W CK02�;�! K02�;�. Similarly, taking the quotient by ˇ defines
the map

#C W�
CK
� !�C�
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which is the same as the classifying map for the additive theory CH�.
BothG0Œˇ;ˇ�1� and CH� admit fundamental classes for equi-dimensional finite

type k-schemes, functorial with respect to pull-back by l.c.i. morphisms. For
X 2 Schk of dimension d over k, the fundamental class ŒX�G 2 G0.X/Œˇ;ˇ�1�d
is ˇd ŒOX �, where ŒOX � 2G0.X/ is the class of the structure sheaf. For CH�, ŒX�CH

is the cycle class of the scheme X ; explicitly, this is
Pr
iD1ni ŒXi � where X has

irreducible components X1;:::;Xr and ni is the length of the local ring OXi ;�i at the
generic point �i 2Xi .

Proposition 7.5 Let X be an equi-dimensional finite type k-scheme. Then after
canonical identifications ��� ŠG0Œˇ;ˇ

�1�, �C� Š CH�, we have

#�.ŒX�CK/D ŒX�G I #C.ŒX�CK/D ŒX�CH :

Proof: Suppose X has dimension d over k. For G-theory, it follows by the
definition of ŒX�CK that the corresponding element ŒX�CK 2 CK0

2d;d
.X/ maps to

ŒOX � 2K02d;d .X/DG0.X/ under the canonical map � W CK0!K0. This proves the
result for G-theory.

For CH�, the fundamental class ŒX�CH is determined by its restriction to each
generic point of X , so we may assume that X is irreducible and Xred is smooth
over k. Write ŒX�CH D nŒXred�CH. Shrinking X if necessary, we may assume that
ŒOX �D nŒOXred � in G0.X/, and thus ŒX�CK D nŒXred�CK in�CK

d
.X/D�CK

d
.Xred/.

This reduces us to the case ofX 2 Sm=k. But then we already have the fundamental
class of X in any oriented cohomology theory A, given by

ŒX�A WD p
�.1/ 2 A0.X/

where p W X ! Speck is the structure morphism and 1 2 A0.k/ is the unit.
Since every natural transformation of oriented cohomology theories preserves the
unit and is compatible with pull-back for arbitrary morphisms in Sm=k, we have
#C.ŒX�CK/D ŒX�CH , as desired.
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