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SUMMARY
The virtual decomposition control (VDC) is an efficient tool suitable to deal with the full-dynamics-
based control problem of complex robots. However, the regressor-based adaptive control used
by VDC to control every subsystem and to estimate the unknown parameters demands specific
knowledge about the system physics. Therefore, in this paper, we focus on reorganizing the equation
of the VDC for a serial chain manipulator using the adaptive function approximation technique
(FAT) without needing specific system physics. The dynamic matrices of the dynamic equation of
every subsystem (e.g. link and joint) are approximated by orthogonal functions due to the minimum
approximation errors produced. The control, the virtual stability of every subsystem and the stability
of the entire robotic system are proved in this work. Then the computational complexity of the
FAT is compared with the regressor-based approach. Despite the apparent advantage of the FAT
in avoiding the regressor matrix, its computational complexity can result in difficulties in the
implementation because of the representation of the dynamic matrices of the link subsystem by two
large sparse matrices. In effect, the FAT-based adaptive VDC requires further work for improving
the representation of the dynamic matrices of the target subsystem. Two case studies are simulated
by Matlab/Simulink: a 2-R manipulator and a 6-DOF planar biped robot for verification purposes.

KEYWORDS: Virtual decomposition control; Adaptive control; Function approximation technique;
Computational complexity; Biped robot; Orthogonal functions.

1. Introduction
For complex robotic systems, such as humanoid robots or any robot having the number of degrees
of freedom (DOFs) larger than 6 DOFs, difficulties are encountered in the implementation of the
control algorithms. Therefore, over 30 years, the robotics researchers have focused on the problem
of computational efficiency. Many efficient O(n) algorithms have been developed for inverse1–6 and
forward dynamics7–10 of robotic systems. For more literature on the efficient dynamic algorithms, we
refer to refs. [11, 12]. However, the adaptive control algorithm which deals with controlling the robotic
systems despite their uncertain parameters may decrease the computational efficiency of the dynamics
O(n) algorithms. Fu et al.13 have shown that the combined identification and control algorithms can be
computed in O(n3) time despite using recursive Newton–Euler (NE) formulation. Therefore, most re-
searchers have used local controller (decentralized controller) such as proportional-integral-derivative
(PID) family for controlling complex dynamic systems.14–19 The problem now is that the independent
joint control considers the coupling effects of the other bodies or links as disturbances, which is
unrealistic.20 Dallali et al.21 have made a comparison between multivariable and decentralized control
strategies for a 10-DOF humanoid robot. It was shown that the multivariable linear quadratic regulator,
which takes the entire system dynamics into account, has better robustness and energy efficiency.
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One of the efficient tools to deal with full-dynamics-based control for complex robotic systems
is the virtual decomposition control (VDC) suggested by Wen-Hong Zhu and his colleagues.22–29

The authors have introduced the notion of virtual stability that deals with the interaction between the
subsystems. If every subsystem is virtually stable, the entire robotic system is stable. The dynamics
of every subsystem is derived using the NE method, which satisfies the low computational time. The
virtual decomposition process is flexible in a manner that every subsystem can be further decomposed
into sub-subsystems provided that the virtual stability is guaranteed. The VDC has been applied to
multiple robot manipulators, space robots, and biped robots etc.20 Antonelli et al.30 have used this
approach for the adaptive control of underwater vehicle-manipulator systems, with modification in
the stability analysis. The authors have used the task-priority approach in analyzing the stability
instead of the virtual stability mentioned above.

However, the VDC still adopts the regressor approach as an adaptive control, though with respect
to subsystems. It should be pointed out that the regressor-based approach may pose difficulties in
practical implementation due to the complexity of the regressor matrix which embodies the full
dynamics of the robotic systems.31 Therefore, much attention has been focused on to evade the
regressor computations.31–39 The function approximation technique (FAT) is an essential tool for
approximating the unknown parameters of the dynamic system without using the regressor matrix. It
has been used successfully for low dimensional robotic systems without considering the computational
complexity of the proposed algorithms.40–42

In the conventional adaptive control, which is defined here as the control of the robotic system
entirely, the regressor computational complexity is a function of both the number of DOFs and the
uncertain parameters, whereas the FAT computational complexity is a function of both the number
of DOFs and the number of the basis functions used in the approximation technique. Therefore,
difficulties may arise for higher DOF robots. The situation is different with the VDC. The maximum
numbers of DOFs of each subsystem are six and three for links and joints, respectively. Consequently,
the regressor computations are functions of the number of uncertain parameters which are equal to
13 for a link subsystem in free space.20 However, the dimension of the vector of the estimated
dynamic parameters could be very large (about 100) for a rigid body moving in a fluid considering all
hydrodynamic and damping terms.30,43 As a result, this motivates us to reorganize the equation of the
VDC of a serial-chain manipulator in terms of FAT. The virtual stability of every subsystem and the
stability of the entire system are proved in this work. The control of each link and joint is performed
individually. The friction effects on the joints include Coulomb, viscous, Stribeck and offset friction.
The computational complexity of FAT-based adaptive VDC is considered and compared with the
regressor-based adaptive VDC.

This paper can be organized as follows. Section 2 summarizes a review on VDC while Section 3
shows briefly the FAT. Section 4 is divided into four sections. Section 4.1 deals with the FAT-based
adaptive VDC for each link, while the same method is shown for each joint in Section 4.2. Section 4.3
proves stability of the entire system. The end of this section is closed up with the computational
complexity of the FAT comparing with the regressor approach. Section 5 shows the simulation results
and discussions. The conclusions are summarized in Section 6.

2. Review of the VDC
When the DOFs of the robotic system are larger than 6, difficulties are encountered in the
implementation of control algorithms. One possible solution of this problem is the VDC.3 VDC
is a powerful tool to control every subsystem (links and joints) individually, while maintaining the L2

and L∞ stability and convergence of the entire robotic system. Some important definitions, lemmas
and theorems, cited from ref. [20], are given this section to understand the notion of the VDC. To
perform the VDC of each subsystem, the virtual power flows are introduced to characterize the
dynamic interaction among the subsystems.

Definition 1. 20 With respect to the frame {A}, the virtual power flow is defined as the inner
product of the linear/angular velocity error vector and the force/moment error vector, that is,

pA = (
Avr − Av

)T (
Afr − Af

)
, (1)
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Fig. 1. Virtual decomposition of a serial-chain manipulator.

whereAvr ∈ R6 and Afr ∈ R6 represent the required (design) vector of Av ∈ R6 and Af ∈ R6,
respectively. This virtual power flow is equal and opposite in sign with the neighboring subsystem at
the interaction.

To allow the complex robotic system to be decomposed into subsystems, the notion of the virtual
cutting point is introduced.

Definition 2. 20 A cutting point is a directed separation interface that conceptually cuts through a
rigid body. At the cutting point, the two parts resulting from the virtual cut maintain equal position and
orientation. The cutting point is interpreted as a driving cutting point by one part and is simultaneously
interpreted as a driven cutting point by another part. A force vector f ∈ R3 and a moment vector
m ∈ R3 are exerted from one part to which the cutting point is interpreted as a driving cutting point
to the other part to which the cutting point is interpreted as a driven cutting point.

After introducing the two important definitions, next we will explain the concept of the virtual
stability of every subsystem that guarantees the stability of the entire robotic system. Because each
subsystem is dealt individually, the NE method is used for the derivation of its dynamics. In the VDC,
it is useful to derive the dynamic equation of every subsystem with respect to a local frame located
at one end of the subsystem oriented according to the Denavite–Hartenberg representation.

We consider a fixed-base serial-chain manipulator with revolute and prismatic joints. Thus, the
links are numbered from 1 to n, where the base link is numbered as zero link. Figure 1 shows a link
(i), where i = 1, . . . , n, connected to other links via mechanical joints at its ends. This link has one
driving cutting point associated with the frame {Ti+1} and one driven cutting point associated with
the frame {Bi}. Thus, the joint (i) has one driven cutting point associated with the frame {Bi} and one
driving cutting point associated with frame {Ti}. As aforementioned, because the principle of VDC
depends on the flow of virtual power through each subsystem, the dynamic equation will be derived
with respect to the local frame {Bi} associated with every subsystem or link. The dynamic equation
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of the link (i) can be written as20

MBi

Bi v̇ + CBi

Biv + gBi
= Bi f ∗, i = 1, . . . , n, (2)

where MBi
∈ R6×6 is a symmetric positive definite mass matrix of the link (i). Because the mass

matrix is derived with respect to the local frame {Bi}, it contains constant value elements.
Note that Bi v and Bi v̇ ∈ R6 are the generalized velocity and acceleration vector of the link (i) with

respect to the local frame {Bi} . These are augmented vectors such that they contain the translational
and rotational components.
� CBi

∈ R6×6 is a skew-symmetric matrix representing the Coriolis and centripetal terms of the link
(i).

� gBi
∈ R6 is the gravity vector of the link (i).

� Bi f ∗ ∈ R6 is the augmented net force/moment vectors at the frame{Bi}.
The augmented linear/angular velocity vector can be written as

Bi v = zq̇i + Bi UT
Bi+1

Bi−1v, (3)

where z = [000001]T and [001000]T for the revolute and the prismatic joint respectively, q̇i is the
angular velocity of joint (i), and

Bi UBi+1 =
[

Bi RBi+1 03×3

S(Bi rBi ,Bi+1 )Bi RBi+1
Bi RBi+1

]
, (4)

where Bi RBi+1 is the rotation matrix of frame {Bi+1} with respect to {Bi}, and S(·) is a skew-symmetric
matrix of the vector Bi rBi,Bi+1 that represents the vector directed from the frame {Bi} to the frame
{Bi+1}.

Equation (4) represents the linear/angular velocity transformation matrix ∈ R6×6 that transforms
the linear/angular velocity vector from the frame {Bi+1} to the frame {Bi}. As with Jacobians, the
force/moment transformation uses the transpose of Eq. (4).44

The controller structure for known physical dynamic parameters can be written according to Slotine
and Li45 and Zhu20

Bi f ∗
r = MBi

Bi v̇r + CBi

Bi vr + gBi
+ K i

Bi s, (5)

whereBi vr ∈ R6is the required velocity or the reference velocity which can be written according to
Eq. (3) as follows:

Bi vr = zq̇ri + Bi UT
Bi+1

Bi−1vr . (6)

Note that K i ∈ R6×6 is a diagonal matrix representing the gain of the feedback controller, and

Bi s = Bi vr − Bi v, (7)

which is a measure of the tracking accuracy.45

Substituting Eqs. (5) and (7) into Eq. (2), we get the stable closed loop control system

MBi

Bi ṡ + CBi

Bi s + K i
Bi s = 0. (8)

This implies that Bi s is an output of stable first-order filter, assuming that Bi f ∗
r is equal to Bi f ∗. Let

us define a scalar non-negative function candidate as

Vli = (1/2)Bi sT MBi

Bi s. (9)

Its time derivative can be computed as

V̇li = Bi sT MBi

Bi s. (10)
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To simplify Eq. (10) further and get the desired result of the virtual stability of the link (i), we need
an equivalent expression for the value MBi

Bi ṡ .Therefore, by subtracting Eq. (2) from Eq. (5), we get

Bi f ∗
r − Bi f ∗ = MBi

Bi v̇r + CBi

Bi vr + gBi
+ K i

Bi s − MBi

Bi v̇ − CBi

Bi v − gBi

= MBi

Bi ṡ + CBi

Bi s + Ki
Bi s. (11)

Rearranging Eq. (11), we obtain

MBi

Bi ṡ = Bi f ∗
r − Bi f ∗ − K i

Bi s − CBi

Bi s. (12)

Substituting Eq. (12) into Eq. (10), we get

V̇li = Bi sT (Bi f ∗
r − Bi f ∗ − K i

Bi s − CBi

Bi s) = Bi sT (Bi f ∗
r − Bi f ∗) − Bi sT K i

Bi s − Bi sT CBi

Bi s.
(13)

The last term vanishes due to the skew-matrix property of the Coriolis and centripetal matrix.
Thus, Eq. (13) becomes

V̇li = −Bi sT K i
Bi s + Bi sT (Bi f ∗

r − Bi f ∗). (14)

We will explore the last term further to know the notion of the virtual stability of each subsystem
that ensures the stability of the entire robotic system. The first term of Eq. (13) can be expanded to
give

(
Bi vr−Bi v

)T (
Bi f ∗

r −Bi f ∗
r

) = (
Bi vr−Bi v

)T (
Bi fr−Bi f

) − (
Bi vr−Bi v

)T Bi UTi+1

(
Ti+1 fr−Ti+1 f

)
,

(15)

where

Bi f ∗
r = Bi fr − Bi UTi+1

Ti+1 fr ,
Bi f ∗ = Bi f − Bi UTi+1

Ti+1 f . (16)

According to Definition 1, Eq. (15) becomes

(
Bi vr − Bi v

)T (
Bi f ∗

r − Bi f ∗
r

) = pBi
− pTi+1, (17)

where pBi
and pTi+1 are the virtual power flows at the driven cutting point and the driving cutting point

respectively of the link (i). Thus, Eq. (14) can be written as

V̇li = −Bi sT K i
Bi s + pBi

− pTi+1 . (18)

The second and third terms of Eq. (18) represent the virtual power flows (Definition 1). The
appearance of virtual power flows at the time derivative of a non-negative function is necessary to
ensure that this subsystem is virtually stable. This term is equal and opposite in sign with the adjacent
subsystem at the interaction. Thus, the scalar non-negative function of the entire system will not
contain these terms, and it will be negative semi-definite. This will be obvious in the next sections.
We will close up this section by the following important notions regarding virtual stability and the
stability of the entire system.

Definition 3.20 A subsystem that is virtually decomposed from a complex robot is said to be
virtually stable with an affiliated vector x(t) being a virtual function in L∞ and its affiliated vector
y(t) being a virtual function in L2, if and only if there exists a non-negative function:

v(t) ≥ (1/2)s(t)T Ms(t) (19)

such that

v̇ ≤ − y(t)T Q y(t) − x(t) +
∑

{A}∈ϕ

pA −
∑

{C}∈ψ

pc (20)
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hold, subject to

∞
∫
0

x(t)dτ ≥ −γs. (21)

With 0 ≤ γs < ∞, where M and Q are two positive-definite matrices, set ϕ contains frames being
placed at the driven cutting point of this subsystem and set ψ contains frames being placed at the
driven cutting points of this subsystem, and pA and pC denote the virtual power flows.
This definition explains the notion of the virtual stability of the subsystem and the structure of the
derivative of the non-negative function of the subsystem.

Lemma 1.20 Consider a non-negative piecewise continuous function v(t) defined as

v(t) ≥ (1/2)s(t)T Ms(t), (22)

with s(t) ∈ Rn, n ≥ 1 and M ∈ Rn×n being a symmetric positive-definite matrix. If the time derivative
of v(t) is governed by

v̇ ≤ − y(t)T Q y(t) − x(t), (23)

where y(t) ∈ Rm, m ≥ 1, Q ∈ Rm×m is a symmetric positive-definite matrix, and x(t) is subject to

∞
∫
0

x(t)dτ ≥ −γs. (24)

With 0 ≤ γs < ∞, it follows that

v(t) ∈ L∞,

s(t) ∈ L∞, (25)

y(t) ∈ L2.

This lemma demonstrates the L2 and L∞ stability of the entire system. This lemma is equivalent to
Barbalat’s lemma.

Theorem 1.20 Consider a complex robot that is virtually decomposed into subsystems. If every
subsystem is virtually stable in the sense of Definition 3, then all virtual functions in L2 are functions
in L2 and all virtual functions in L∞ are functions in L∞.

This theorem explains the equivalence between the virtual stability of every subsystem and the
stability of the entire complex robot.

3. Review of the FAT
FAT is an essential tool for approximation of the unknown parameters of the dynamic system for
adaptive control purposes. In general, the procedure employed in constructing the FAT-based adaptive
control includes the selection of a suitable approximator for the uncertain parameters of the dynamic
system, choosing an appropriate update adaptation law for the weighting coefficient and designing
the controller structure [46]. In this section, we will explain briefly the notion of the FAT, but the
adaptation law and the controller are discussed later in the next section.

There are different classes of approximators, such as polynomials, splines, radial basis functions,
cerebellar model articulation controller (CMAC), multilayer perceptron, fuzzy approximation and
wavelets.46 In this paper, we will focus on the orthogonal functions due to their capability of achieving
minimum approximation errors as shown in the following theorem.

Theorem 2.47 If {φ0, . . . , φn} is an orthogonal set of functions on an interval [a, b] with respect
to the weight function, then the least-squares approximation to f on [a, b] with respect to the weight
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function is

P (t) =
n∑

k=0

akφk(t). (26)

Thus, we can approximate every function by orthogonal basis functions as

f (t) ∼= P (t) =
n∑

k=0

akφk(t). (27)

We can write Eq. (27) in vector form as

f (t) ∼= wT z, (28)

where w is the weighting vector and z is the orthogonal basis vector.
The dynamic equation of the link (i) subsystem or even the joint (i) subsystem (in the case

of a spherical joint) consists of dynamic matrices, which are required to be approximated by
FAT for adaptive control purposes. This requires separation of the dynamic matrices into two
matrices representing the weighting constant matrix and the basis function matrix. Thus, the curse of
dimensionality should be faced.46 There are two main representations that have been introduced by
Huang and Chien.40 The first one is the tensor product of the weighting and the basis matrices which
results in reasonable computational complexity. However, this representation has not been used due
to its incompatibility to the conventional matrix operations. In contrast, the second representation
shown below is used due to its compatibility.40

Let the matrix M ∈ Rn×n

M =

⎡
⎢⎣

m11 . . . m1n

...
. . .

...
mn1 . . . mnn

⎤
⎥⎦ ∼=

⎡
⎢⎣

wT
11 z11 . . . wT

1nz1n

...
. . .

...
wT

n1 zn1 . . . wT
nnznn

⎤
⎥⎦ . (29)

Equation (29) can be represented as follows:

M = WT Z, (30)

where

WT =

⎡
⎢⎢⎢⎣

wT
11

0
...
0

0

wT
21
...
0

. . .

. . .
. . .
. . .

0

0
...

wT
n1

|
|
|
|

wT
12

0
...
0

0

wT
22
...
0

. . .

. . .
. . .
. . .

0

0
...

wT
n2

|
|
|
|

. . .

. . .

. . .

. . .

|
|
|
|

wT
1n

0
...
0

0

wT
2n
...
0

. . .

. . .
. . .
. . .

0

0
...

wT
nn

⎤
⎥⎥⎥⎦ , (31)

ZT =

⎡
⎢⎢⎢⎣

zT
11

0
...
0

zT
21

0
...
0

. . .

. . .
. . .
. . .

zT
n1

0
...
0

|
|
|
|

0

zT
12
...
0

0

zT
22
...
0

. . .

. . .
. . .
. . .

0

zT
n2
...
0

|
|
|
|

. . .

. . .

. . .

. . .

|
|
|
|

0

0
...

zT
1n

0

0
...

zT
2n

. . .

. . .
. . .
. . .

0

0
...

zT
nn

⎤
⎥⎥⎥⎦ , (32)

If the number of terms of the approximation orthogonal functions is β, every element in the matrices
W , Z including the zero elements is a vector of Rβ×1. Thus, W ∈ Rn2β×n and Z ∈ Rn2β×n. The same
technique can be used to approximate the vector.

Despite the useful form of Eqs. (30)–(32), this representation can lead to a large computation
time, which grows exponentially with the dimension of the matrix. The computational complexity
issue will be discussed in Section 4.4. To reduce this computational complexity, the lattice-based
approximation and CMAC can be used as alternative tools, which could be considered in future work.
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4. The Dynamics and FAT-Based Adaptive VDC
In this section, we will focus on the modification of adaptive VDC using FAT instead of the regressor-
based approach. We will prove the validity of this approach in guaranteeing the virtual stability of
each subsystem and the stability of the entire system. A comparison table between the FAT-based
adaptive VDC and the regressor-based adaptive VDC will be listed at the end of this section, including
a summary of the controller structure, the update adaptive laws and the computational complexity
issue.

4.1. The dynamics and FAT-based adaptive VDC of the link (i)
The dynamic equation of the link (i) subsystem and its controller can be described by Eqs. (2) and
(5), respectively. However, there are likely uncertain dynamic parameters in the dynamic equation of
the subsystem. Therefore, the estimated values should be used. Thus, the adaptive controller structure
can be written as

Bi f ∗
r = M̂Bi

Bi v̇r + ĈBi

Bivr + ĝBi
+ K i

Bi s. (33)

Using Eq. (7) and substituting Eq. (33) into Eq. (2), we get

MBi
(Bi v̇r − Bi ṡ) + CBi

(Bi vr − Bi s) + gBi
= M̂Bi

Bi v̇r + ĈBi

Bi vr + ĝBi
+ K i

Bi s. (34)

Expanding Eq. (34), we get the closed-loop control system

MBi

Bi ṡ + CBi

Bi s + K i
Bi s = M̃Bi

Bi v̇r + C̃Bi

Bi vr + g̃Bi
, (35)

where

M̃Bi
= MBi

− M̂Bi
, C̃Bi

= CBi
− ĈBi

, g̃Bi
= gBi

− ĝBi
.

The objective of the adaptive control is to estimate MBi
, CBi

, gBi
such that M̃Bi

, C̃Bi
, g̃Bi

→
0, which results in position and approximation errors converge to zero. In the FAT-based adaptive
approach, we will treat every element of the matrices MBi

, CBi
, gBi

as functions of time. Thus, each
element of MBi

, CBi
, gBi

can be approximated by orthogonal functions that have a sufficient number
of terms to give an accurate representation of the estimated parameters. In this paper, Chebyshev
polynomials are used for the approximation of the system matrices. We will use the presentation of
the FAT described before to approximate the matrices and vectors of the dynamic subsystem equation.
Thus,

MBi
= WT

Mi
ZMi

+ εMi
, CBi

= WT
Ci

ZCi
+ εCi

, gBi
= WT

gi
zgi

+ εgi
, (36)

where WMi
∈ R62βMi×6, WCi

∈ R62βCi×6 and Wgi
∈ R6βgi×6 are the constant weighting matrices of

the mass matrix, Coriolis and centripetal matrix and the gravity vector, respectively, for the link (i),
while ZMi

∈ R62βMi×6, ZCi
∈ R62βCi×6 and zgi

∈ R6βgi×1 represent the corresponding basis function
matrices. εMi

, εCi
and εgi

are the approximation errors.
The estimated matrices of MBi

, CBi
, gBi

can be approximated as

M̂Bi = ŴT
Mi

ZMi
, ĈBi

= ŴT
Ci

ZCi
, ĝBi

= ŴT
gi

Zgi. (37)

Thus, we can rewrite Eqs. (2), (33) and (35) as follows:

B
i f ∗ = ŴT

Mi
ZBi

Mi
v̇ + ŴT

Ci
Z

Bi

Ci
v + ŴT

gi
Zgi +

∑
ε, (38)

B
i f ∗

r = ŴT
Mi

ZBi

Mi
v̇r + ŴT

Ci
ZBi

Ci
vr + ŴT

gi
Zgi + KBi

i s, (39)

MBi

Bi ṡ + CBi

Bi s + K i
Bi s = W̃T

Mi
ZMi

Bi v̇r + W̃T
Ci

ZCi

Bi vr + W̃T
gi

zgi
+

∑
ε. (40)
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We will assume that a sufficient number of basis functions are used in the approximation.
Consequently, the approximation errors may be neglected in Eqs. (38) and (40).40 It is the time
to derive the update adaptive law of the weighting matrices, which have constant value elements, for
the link (i) subsystem and prove its virtual stability. The scalar non-negative function (Vli ) of the link
(i) can be calculated as

Vli = 1

2
Bi sT MBi

Bi s + T r(W̃ T
Mi

QMi
W̃Mi

+ W̃ T
Ci

QCi
W̃Ci

+ W̃ T
gi

Qgi
W̃gi

), (41)

where QMi
∈ R62βMi×62βMi , QCi

∈ R62βCi×62βCi and Qgi
∈ R6βMi×6βMi are positive-definite weighting

matrices of the mass matrix, Coriolis and centripetal matrix and the gravity vector, respectively, for
the link (i). These matrices represent the adaptation gain matrices, which are responsible for speeding
up the adaptation procedure.

Taking the derivative of Eq. (41) and substituting Eq. (7), we obtain

V̇li = (Bi vr − Bi v)T MBi

Bi v̇r − (
Bi vr − Bi v

)T
MBi

Bi v̇

− T r
(

W̃ T
Mi

QMi

˙̂WMi
+ W̃ T

Ci
QCi

˙̂WCi
+ W̃ T

gi
Qgi

˙̂Wgi

)
. (42)

Subtracting Eq. (38) from Eq. (39), we get

−MBi

Bi v̇ = Bi f ∗
r − Bi f ∗ − M̂Bi

Bi v̇r − ĈBi

Bi vr − K i

(
Bi vr − Bi v

) + CBi

Bi v + gBi
− ĝBi

. (43)

Substituting (43) into (42) with simplifications, we get

V̇li = −Bi sT K i
Bi s + Bi sT (

Bi f ∗
r − Bi f ∗) − T r

(
W̃T

Mi

(
−ZMi

v̇r
Bi sT + QMi

˙̂WMi

))

− T r
(

W̃ T
Ci

(
−ZCi

Bivr
Bi sT + QCi

˙̂WCi

))
− T r

(
W̃ T

gi

(
−zgi

Bi sT + Qgi

˙̂Wgi

))
. (44)

To get a virtual stable subsystem, it is necessary to zero each of the last three terms. Thus, we can
get the update adaptive laws of Eq. (45):

˙̂WMi
= Q−1

Mi
ZMi

Bi v̇r
Bi sT ,

˙̂WCi
= Q−1

Ci
ZCi

Bi vr
Bi sT

˙̂Wgi
= Q−1

gi
zgi

Bi sT . (45)

We can conclude from Eq. (44):

V̇li ≤ −Bi sT K i
Bi s + Bi sT (

Bi f ∗
r − Bi f ∗) . (46)

Equation (46) coincides with Eqs. (14) and (18) in Section 2 such that this subsystem (link (i)) is
virtually stable according to Definition 3.

Let us investigate Eq. (46) further by applying it on the simulation example (planar 2-R robot).
For link 1:

B1 sT (
B1 f ∗

r − B1 f ∗) = pB1 − pT2 . (47)

For link 2, which is free contact end

B2 sT (
B2 f ∗

r − B2 f ∗) = pB2 . (48)
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Consequently, the non-negative accompanying functions of each link are

V̇l1 ≤ −B1 sT K 1
B1 s + pB1 − pT2, (49)

V̇l2 ≤ −B2 sT K 2
B2 s + pB2 . (50)

Recall Eqs. (49) and (50) until Section 4.3 to make out how the virtual power terms will be
cancelled after adding the non-negative accompanying functions of the links with that of the joints to
produce the non-negative accompanying function of the entire system.

4.2. The dynamics and FAT-based adaptive control of the joint (i)
There are two types of drive transmission systems for robotic joint systems. The first is the direct drive
joints, in which the inertia of the motor is included in the corresponding links.20,15 In this case, the
dynamics of the joint is neglected. The second type of the system deals with a high gear transmission
assuming that the inertial forces/torques act along the joint axis.20 In the latter case, the dynamic
equation of the joint (i) can be described as20,48,49

Jiq̈i + kcisign(q̇i) + kvi q̇i + ksisign(q̇i)e
−(q̇i /ηsi ) + bi = τ ∗

i for i = 1, . . . , n, (51)

where Ji represents the equivalent inertia of the joint (i), qi, q̇i , q̈i are the angular position, velocity
and acceleration of the ith joint, respectively, kci , kvi and ksi denote the Coulomb friction coefficient,
viscous friction coefficient and Stribeck friction coefficient, respectively, ηsi is the rate of decay of
the Stribeck friction effect, bi is the friction offset term and τ ∗

i represents the net torque applied to
the joint (i). The net torque of the joint (i) can be described as

τ ∗
i = τci − zT Bi f , (52)

where τci is the input control torque of the joint (i) and the second term represents the output torque
of the joint (i) toward the links.

The required angular velocity and the corresponding velocity error of the joint (i) can be written
as

q̇ri = q̇di + λi(qdi − qi), (53)

si = ėi + λiei = (q̇di − q̇i) + λi(qdi − qi), (54)

where qdi and its derivatives refer to the desired states of the joint (i) subsystem, and λi is the position
gain. From Eq. (53), we can get

q̇i = q̇di + λi(qdi − qi) = q̇ri − si . (55)

The adaptive controller of the joint (i) can be constructed considering the estimated parameters of
Eq. (51) as

τ ∗
ri = Ĵi q̈ri + k̂cisign (q̇ri) + k̂vi q̇ri + k̂sisign (q̇ri) e

−
(

q̇ri
ηsi

)
+ b̂i + kisi, (56)

where ki is the feedback gain of the suggested controller.
Using FAT-based adaptive control and collecting the Coulomb friction torque, Stribeck friction

torque and the friction offset torque in one term for less time consumption, Eqs. (51), (56) and the
closed-loop control can be expressed, respectively, as

τ ∗
i = wT

Ji
zIi

(q̇ri − ṡi) + wT
eqi zeqi + wT

vi zvi(q̇ri − si) +
∑

ε, (57)

τ ∗
ri = ŵT

Ji
zIi

q̈ri + ŵT
eqi zeqi + ŵT

vi zvi q̇ri + kisi, (58)

Ji ṡi + kvisi = ŵT
Ii

zIi
q̇ri + ŵT

eqi zeqi + ŵT
vi zvi q̇ri +

∑
ε, (59)
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where wJi
denotes the constant weighting vector of the equivalent inertia of the joint (i) having

a dimension of βJi
× 1, weqi is the equivalent weighting vector of the Coulomb friction, Stribeck

friction and friction offset torques with a dimension of βeqi × 1, wvi refers to the constant weighting
vector of the viscous friction coefficients having a dimension of βvi × 1, whereas the corresponding
Chebyshev basis function vectors are zJi

, zeqi and zvi with dimensions of βJi
× 1, βeqi × 1 and

βvi × 1, respectively. Note that ŵJi
, ŵeqi and ŵvi refer to the difference between the actual

weighting vector and the corresponding estimated ones.
We will assume that a sufficient number of basis functions are used in the approximation.

Consequently, the approximation errors could be neglected in Eqs. (57) and (59).40 It is the time
to derive the update adaptive laws for the estimated dynamic parameters for the joint (i) and prove its
virtual stability.

Let the scalar non-negative accompanying function (Vji) of the joint (i) be defined as

Vji = (1/2)Jis
2
i + (1/2)(ŵT

Ji
QJi

ŵIi
+ ŵT

eqi Qeqiŵeqi + ŵT
vi Qviŵvi), (60)

where QJi
∈ RβJi×βJi , Qeqi ∈ Rβeqi×βeqi and Qvi ∈ Rβvi×βvi are positive-definite weighting matrices

of the equivalent joint inertia, equivalent matrix of the Coulomb, Stribeck and offset friction torques,
and the viscous friction torque, respectively, for the joint (i). These matrices denote the adaptation
gain matrices.

Taking the derivative of Eq. (60), we have

V̇ji = Jisi ṡi − (
ŵT

Ji
QJi

˙̂wJi
+ ŵT

eqi Qeqi
˙̂weqi + ŵT

vi Qvi
˙̂wvi

)
. (61)

Subtracting Eq. (57) from Eq. (58), we get

wT
Ji

zJi
ṡi = ŵT

Ji
zIi

q̈ri + ŵT
eqi zeqi + ŵT

vi zvi q̇ri − wT
vi zvisi + τ ∗

ri − τ ∗
i − kisi . (62)

By substituting Eq. (62) into Eq. (61), we get the following relation:

V̇ji = −kis
2
i − kvis

2
i + si(τ

∗
ri − τ ∗

i ) − (ŵT
Ji

( QJi
˙̂wJi

− zIi
q̈risi))

− (
ŵT

eqi( Qeqi
˙̂weqi − zeqisi)

) − (ŵT
vi( Qvi

˙̂wvi − zvi q̇risi)). (63)

By zeroing the last five terms to get update adaptive laws for the weighting vectors, we have

˙̂wJi
= Q−1

Ji
zJi

q̈risi , ˙̂weqi = Q−1
eqi zeqisi, ˙̂wvi = Q−1

vi zvi q̇risi . (64)

From Eq. (63), we have

V̇ji ≤ −kis
2
i − kvis

2
i + si(τ

∗
ri − τ ∗

i ). (65)

The third term of Eq. (65) refers to the difference in the virtual power flow through the joint (i). We
expand the last term further:20

si(τ
∗
ri − τ ∗

i ) = −(q̇ri − q̇i)zT
(
Bi fr − Bi f

)
= [(

Bi vr − Bi v
) − Ti UT

Bi

(
Ti vr − Ti v

)]T (
Ti f r − Ti f

)
= −(

Bi vr − Bi v
)T (

Bi f r − Bi f
) + (

Ti vr − Ti v
)T Ti UT

Bi

(
Bi f r − Bi f = −pBi

+ pTi
. (66)

Thus, Eq. (65) becomes

V̇ji ≤ −kis
2
i − kvis

2
i − pBi

+ pTi
. (67)

According to Definition 3, the joint (i) subsystem is virtually stable. Let us apply Eq. (67) to the
first simulation example (2-R manipulator).
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Fig. 2. FAT-based adaptive VDC algorithm structure.

For joint 1

s1(τ ∗
r1 − τ ∗

1 ) = −pB1 . (68)

For joint 2

s2(τ ∗
r2 − τ ∗

2 ) = −pB2 + pT2 . (69)

Consequently, the non-negative accompanying functions of the joints become

V̇j1 ≤ −kj1s
2
1 − kv1s

2
1 − pB1, (70)

V̇j2 ≤ −kj2s
2
2 − kv2s

2
2 − pB2 + pT2 . (71)

Recall (70) and (71) until the next subsection to see how the virtual power terms will be cancelled
after adding the non-negative accompanying functions of the links with the joints to produce a
non-negative function of the entire system.

4.3. The stability of the entire system
Let us select the non-negative function of the entire system as follows:

V =
n∑

i=1

Vli +
n∑

i=1

Vji. (72)

Substituting Eqs. (46) and (67) into Eq. (72), we get

V̇ ≤ −
n∑

i=1

Bi sT K i
Bi s +

n∑
i=1

pBi
− pTi+1 −

n∑
i=1

(kjis
2
i + kvis

2
i +

n∑
i=1

−pBi
+ pTi

. (73)

For our simulation example, we obtain

V̇ ≤ −
2∑

i=1

Bi sT K i
Bi s −

2∑
i=1

(
kjis

2
i + kvis

2
i

)
. (74)

According to Eq. (74), Lemma 1 and Theorem 1, the entire system is stable in the sense of the L2

and L∞ stability. One can follow Zhu,20 who proves the asymptotic stability of the states of the entire
system. Figure 2 shows the structure of the FAT-based adaptive VDC for any subsystem (link and joint).
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Table I. Computational complexities of some arithmetic operations.50.

α ∈ R1,A∈ RM×N , C∈ RN×L, D∈ RN×N , a, b ∈ RN and c ∈ RM

Expression Description Products flops Summation flops

αa Vector scaling N –
αA Matrix scaling MN –
aT b Inner product N N − 1
acT Outer product MN –
Ab Matrix–vector product MN M (N − 1)
AC Matrix–matrix product MNL ML (N − 1)
AD Diagonal matrix–matrix product MN –

4.4. The computational complexity of the VDC
In this subsection, we will discuss the computational complexity of the FAT-based adaptive VDC
and the regressor-based adaptive VDC for comparison purposes. We can classify the computations
as follows:

1. The computational complexity of the coefficients of the dynamic NE equation of the link (i) and
joint (i) subsystems denoted by Eqs. (2) and (51), respectively.

2. The computational complexity of the required velocity of the link (i) and joint (i) subsystems
denoted by Eqs. (6) and (53), respectively.

3. The computational complexity of the velocity error vector of the link (i) and joint (i) subsystems
denoted by Eqs. (7) and (54), respectively.

4. The computational complexity of the update adaptive law of the link (i) and joint (i) subsystems
denoted by Eqs. (45) and (64) for the FAT approach and Eqs. (75) and (77) for the regressor
approach.

5. The computational complexity of the adaptive controller of the link (i) and joint (i) subsystems
denoted by Eqs. (33) and (58), respectively, for the FAT approach and Eqs. (76) and (78) for the
regressor approach.

Remark 1. Table I shows the computational complexities of the most necessary arithmetic
operations used in our computations.

Remark 2. For the dynamic equation of the link (i), it is usual to evaluate the computational
complexities inherent in obtaining the coefficients of the dynamic NE equations.13 However, all
required computations are evaluated for the required velocity, velocity error, adaptive law and the
controller.

Remark 3. Since the dynamic equation of the joint (i) subsystem is a scalar function, the
computational complexities of the dynamic equations (51), the required velocity denoted by Eq.
(53) and the velocity error denoted by Eq. (54) are neglected. We focus on the evaluation of the
computational complexities of the vector operations of the joint (i) for the update adaptive law and
its controller.

Remark 4. All the adaptation gains of Eqs. (45), (64), (75) and (77) are always considered diagonal
matrices. As a result, this will alleviate the computations.

Tables II and III show the computational complexities required for the adaptive control of the link
(i) and joint (i) subsystems, respectively. While Table IV includes a comparison between the FAT
approach and the regressor matrix approach.

From the above tables, one can notice the following important points:

(1) The computational complexity of the control algorithm of the FAT for the link (i) is a first-
degree function to the number of the basis functions. Although the apparent advantages of the
FAT are that the adaptation law will evade the regressor matrix, the computational complexities
seem insufficient in the implementation. This large computations result from the unfortunate
representation of the dynamic matrices of the link subsystem into two sparse matrices of
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Table II. Computational complexities of the link (i) including the FAT and the regressor matrix approaches.

Adaptive control Multiplication Summation
approach Control algorithm flops flops

Function
approximation
technique (FAT)

1.N-E dynamic equation denoted by Eq. (2). 243 138
2. Required velocity vector denoted by Eq. (6). 71 50
3. Velocity error vector denoted by Eq. (7). 42 36
4. Update adaptive law denoted by Eq. (45). 1338β 360β

5. Adaptive controller denoted by Eq. (39). 2628 β+108 2628 β +12
Total (excluding the dynamic equation) 3966 β+221 2988 β + 98

Regressor matrix
approach

1. NE dynamic equation denoted by Eq. (2). 243 138
2. Required velocity vector denoted by Eq. (6). 71 50
3. Velocity error vector denoted by Eq. (7). 42 36
4. Update adaptive law which can be written as

follows: ˙̂
θ i = �−1

i Y T
i

Bi s(75)b
12xa 5x

5. Adaptive controller which can be selected as
Bi f ∗

r = Y i θ̂ i + K i
Bi s (76)

6x + 6 6x − 6

Total (excluding the dynamic equation) 18x + 119 11x + 80
aHere, x denotes the uncertain dynamic parameters of the link (i) subsystem.
bHere, θ̂ i ∈ Rx×1 is the uncertain dynamic vector, �i ∈ Rx×x represents the adaptive gain matrix which is
a positive-definite matrix, and Y i ∈ R6×x is the regressor matrix of the link (i).

Table III. Computational complexities of the joint (i) including the FAT and the regressor matrix approach.

Adaptive control Multiplication Summation
approach Control algorithm flops Flops

4. Update adaptive law denoted by Eq. (64). 3β –
Function

approximation
technique (FAT)

5. Adaptive controller denoted by Eq. (59). 3β 3(β − 1)

Total 6β 3β − 3
4. Update adaptive law which can be written as follows:

˙̂
θ i = �−1

ji Y T
j i(q̇ri − q̇i) (77)b

ya –

Regressor matrix
approach

5. Adaptive controller which can be selected as

τ ∗
ri = Y ji θ̂

j i + kji(q̇ri − q̇i) (78)

y y − 1

Total 2y y − 1
aNote that y is the number of the uncertain dynamic parameters of the joint (i).
bHere, θ̂ j i ∈ R y×1 is the uncertain dynamic vector of the joint (i), �ji ∈ Ry×y represents the adaptive gain
matrix which is a positive-definite matrix, and Y j i ∈ R1×y is the regressor matrix of the joint (i).

dimensions 36β × 6. For the alleviation of the computational complexity, we refer to Section 3
for details.

(2) The FAT-based adaptive VDC can be used successfully for the control of the joint (i) subsystem
as shown in Table III.

(3) One should do not forget that the regressor matrix is full of nonlinear functions of joint positions
and their derivatives. In the evaluation of the computational complexity, it is assumed that each
element of the regressor matrix consists of one term. From Table II, it can be noticed that the
regressor approach for controlling the link (i) is more efficient in the implementation comparing
with the FAT. However, if the number of the uncertain dynamic parameters increases, such as in
the underwater robotics, the difficulties of the implementation of the regressor approach should
be faced. Frankly speaking, FAT is a fascinating and strong method for adaptive control if the
appropriate representation of approximation of the dynamic matrices is selected. As a rule of
thumb, using the regressor approach to the adaptive control of the link (i) subsystem may be
more efficient than the FAT. However, using FAT in the adaptive control of the joint (i) subsystem
can give very good results due its effectively dealing with the friction effects. There is a tradeoff
between the two methods.
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Table IV. A comparison between FAT-based adaptive VDC and the regressor-based adaptive VDC.

FAT-based adaptive VDC (the present work) Regressor-based adaptive VDC20,30

1. For link (i), i = 1, . . . , n 1. For link (i), i = 1, . . . , n

• Dynamic equation • Dynamic equation

MBi

Bi v̇ + CBi

Bi v + gBi
= Bi f ∗ (2) MBi

Bi
+
v CBi

Bi v + gBi
= Bi f ∗ (2) (2)

• Controller • Controller
Bi f ∗

r = ˙̂W
T

Mi
ZMi

Bi v̇r + ˙̂W
T

Ci
ZCi

Bi vr
Bi f ∗

r = M̂Bi

Bi v̇r + ĈBi vr + ĝBi
+ Ki

Bi s

+ ˙̂W
T

gi
zgi

+ Ki
Bi s (39) = Yi θ̂i + Ki

Bi s (76)
• Adaptive laws • Adaptive law

˙̂WMi
= Q−1

Mi
ZMi

Bi v̇r
Bi sT ˙̂θ i = �−1

i YT
i

Bi s (75)
˙̂WCi

= Q−1
Ci

ZCi

Bi vr
Bi sT

˙̂Wgi
= Q−1

gi
zgi

Bi sT (45)
• The computational complexity • The computational complexity

(a) Multiplication: 3966β + 221 (a) Multiplication: 18x + 119
(b) Summation: 2988β + 98 (b) Summation: 11x + 80

2. For joint (i),i = 1, . . . , n 2. For joint (i), i = 1, . . . , n

• Dynamic equation • Dynamic equation
Ii q̈i + kcisign(q̇i) + kvi q̇i Ii q̈i + kcisign(q̇i) + kvi q̇i

+ksisign(q̇i)e−(q̇i /ηsi ) + bi = τ ∗
i (51) +ksisign(q̇i)e−(q̇i /ηsi ) + bi = τ ∗

i (51)
• Controller • Controller

τ ∗
ri = ŵT

Ji
zIi

q̈ri + ŵT
eqizeqi τ ∗

ri = Yji θ̂j i + kji(q̇ri − q̇i) (78)
+ŵT

vizvi q̇ri + kisi (58)
• Adaptive laws • Adaptive law

˙̂wJi
= Q−1

Ji
zIi

v̇kisi
˙̂θ i = �−1

ji YT
ji (q̇ri − q̇i) (77)

˙̂weqi = Q−1
eqizeqisi

˙̂wvi = Q−1
vi zvivrisi (60)

• The computational complexity • The computational complexity
(a) Multiplication: 6β (a) Multiplication: 2y

(b) Summation: 3β − 3 (b) Summation: y − 1

Fig. 3. The 2-R manipulator.

5. Simulation Results and Discussions

5.1. Case study 1. The 2-R planar manipulator
A planar 2-R manipulator is considered first to apply our approach as shown in Fig. 3. It is assumed
that the two joints are actuated with high gear transmission. Tables V and VI show the physical
parameters of the simulation example and the gains used for each subsystem. The equation of motion
of each link and joint subsystem is described in Eqs. (2) and (51), respectively. As aforementioned,
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Table V. Physical parameters for the planar 2-R robot.

The subsystem Physical parameters

Links l1 = l2 = 0.75 m, lc1 = lc2 = 0.375 m, I1 = I2 = 0.0234 kg m2

J1 = 0.04 kg m2, J2 = 0.02 kg m2

Joints kc1 = kc2 = ks1 = ks1 = 0.5 Nm, b1 = b2 = 0
kv1 = kv2 = 0.5 Nm s/rad, ηs1 = ηs2 = 0.1 rad/s

Table VI. Gain values for links and joints using FAT-VDC.

Subsystem Ki λi Q−1
M Q−1

C Q−1
g

Link 1

[
30 0
0 30

]
60 I99×99 I99×99 150 I99×99

Link 2

[
30 0
0 30

]
60 I99×99 I99×99 150 I99×99

kji λi Q−1
Ji

Q−1
eqi Q−1

vi

Joint 1 Case 1 70 60 100I11×11 150I11×11 100 I11×11

Case 2 70 60 I11×11 30I11×11 I11×11

Joint 2 Case 1 70 60 100 I11×11 150I11×11 100I11×11

Case 2 70 60 I11×11 30I11×11 I11×11

it is necessary to derive the equation of motion of the link (i) (i = 1, 2) subsystem with respect to a
local frame {Bi} aligned with the link (i) as shown in Fig. 3. The mass, Coriolis and centripetal, and
the gravity matrices of the link (i) can be described by the following equations:

MBi
=

⎡
⎣mi 0 0

0 midi midi

0 midi Ii + mid
2
i

⎤
⎦ , i = 1, 2 (79)

CBi
=

⎡
⎣ 0 −mi −midi

mi 0 0
midi 0 0

⎤
⎦ q̇i , i = 1, 2 (80)

gBi
=

⎡
⎣ mi sin (qi) g

mi cos (qi) g

midi cos (qi) g

⎤
⎦ , i = 1, 2 (81)

One of the important features of the VDC is the required augmented linear/angular velocity vector,
which can be obtained from Eq. (6) or from the following equation:

Bi vr =
⎛
⎝ Bi RI

(
ẋBir

ẏBir

)

q̇i

⎞
⎠ , i = 1, 2 (82)

You should note that qi represents the absolute angular displacement of the link (i). The details of the
notations are given in Fig. 3.

The net force/moment vector at each local frame {Bi} can be calculated as

B2f ∗
r = B2fr,

B1fr = B1f ∗
r + B1UB2

B2fr, (83)
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where Bi f ∗
r denotes the net force/moment vector applied on the link (i) with respect to the frame

{Bi}, while B2fr represents the force/moment vector that is applied on the frame {Bi}, from which
the required joint torques can be obtained as described in Eq. (52).

Thus, we have understood some important details of the dynamics of each subsystem. Next, we
will describe the adaptive FAT of each subsystem, which is important in tracking the desired trajectory
with unknown parameters of the dynamic subsystem. The desired target trajectory for our target robot
could be selected as follows:14

qd1 = (300 ∗ pi/1800)(1 − cos(2πt)),

qd2 = (450 ∗ pi/1800)(1 − cos(2πt)). (84)

Using the VDC strategy described in Fig. 2, the two link and the two joint subsystems are controlled
individually. Ten terms of basis functions (β = 10) are used for all subsystems during simulation.
Increasing the number of the basis function terms can result in better accuracy at the expense of large
computation time. Although the small number of basis function terms can result in bad estimation,
the subsystem could still be stable.15 We assume that we did not have information about the initial
conditions of the updating weighting matrices of Eqs. (45) and (60). Therefore, the initial conditions
of the mentioned matrices are set to null matrices. We tried to use arbitrary initial conditions, but
there was no noticeable change in the results. The adaptation gain matrices of Eqs. (45) and (60)
play an important role in speeding up the adaptation process and in the improvement of the position
error. We manipulated the adaptation gain matrices of the each joint subsystem only due to its easy
manipulation. Thus, two cases of using different control parameters are considered for each joint as
shown in Table VI. Higher values of adaptation gains could lead to less position error and better
estimated parameters as shown in Figs. 4 and 5. The results of the joint subsystem are shown only
due to the limited space on the pages. Although there are uncertain parameters, the system achieves
precise tracking with bounded parameters.

The FAT-based adaptive VDC is compared with the conventional FAT-adaptive control–classical
control that deals with the entire robotic systems as shown in Figs. 6 and 7.

Remark 5. A comparison is made to investigate the computational complexity of the FAT-based
adaptive VDC with the regressor-based adaptive VDC used in refs.[20, 30]. It is found that the FAT
approach for link (i) subsystems needed 3 s while the regressor-based approach needed approximately
0.5 s, as expected in Section 4.4 and Table IV. Note that (β = 10, x = 3, y = 4). A computer with a
2.1-GHz processor was used for simulation purposes.

5.2. Case study 2. Six-DOF planar biped robot
In this section, a 6-DOF biped robot is controlled using the FAT-based adaptive VDC. The biped
robots have gained much attention for decades. It is aimed to make them able to assist or even
substitute human beings in performing special tasks. In addition, studying biped robots is important
in order to understand the human locomotion and to develop and improve control strategies for
prosthetic and orthotic limbs. However, some challenges are encountered in the design and control
of biped robots due to their high DOFs, having varying configuration during gait cycle and the
unilateral foot-ground contact. Therefore, most researchers have attempted to use simple models to
control their robots. Different control strategies have been used such as local controller,21,51 optimal
control,52,53 and the robust sliding mode control54,55 with simplified models. Therefore, VDC can be
considered a powerful tool to deal with such a complex system. Zhu20 has applied the regressor-based
adaptive control to control the 5-DOF biped robot considering the actuator dynamics. In this section,
a 6-DOF biped robot is simulated with FAT-based VDC. Since our study focuses on an open-chain
robot, the control of the biped robot during the single support phase is developed with the following
assumptions:

1. It can move in sagittal plane only with frictionless actuated direct drive joints.
2. Walking pattern generators of the biped robot were obtained from our previous work.56 In effect,

the physical parameters were taken from the same reference.
3. The support foot is in full contact during the single support phase. Therefore, its dynamics is not

considered.
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Fig. 4. (Colour online) FAT-based VDC results for joint 1: (a) position error, (b) estimated equivalent inertia,
(c) estimated equivalent term of Coulomb and Stribeck friction torques and (d) estimated viscous friction
coefficient.
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Fig. 5. (Colour online) FAT-based VDC results for joint 2: (a) position error, (b) estimated equivalent inertia,
(c) estimated equivalent term of Coulomb and Stribeck friction torques and (d) estimated viscous friction
coefficient.
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Fig. 6. (Colour online) Comparison between FAT-based adaptive VDC and conventional FAT-based adaptive
control: (a) position error of joint 1, (b) position error of joint 2, (c) input control torque of joint 1 and (d) input
control torque of joint 2.
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Fig. 7. The 6-DOF biped robot.

The dynamic equation of the link (i) subsystem can be described according to Eq. (2), with
dynamic matrices exactly the same as Eqs. (79)–(81) with replacing qi in the mentioned equations
with qi + pi/2. See Fig. 7 for the structure of the biped mechanism and the notations used. Equation
(82) can provide us the required augmented velocity, which is important in the adaptive control
algorithm. The force/moment vector applied on each link at each local frame {Bi} can be calculated
as

B1f = B1f ∗
r + B1UB2

B2fr,

B2fr = B2f ∗
r + B1UB2

BT1 fr,

B3fr = BT1 fr + BT2 fr = B3f ∗
r , (85)

B4fr = B4f ∗
r + B1UB2

BT2 fr,

B5fr = B5f ∗
r + B1UB2

B4fr,

B6fr = B6f ∗
r + B1UB2

B5fr .

The following points should be noted:

1. The required net force/moment vector Bi f ∗
r can be obtained from the simulated link (i) subsystem

as shown in Fig. 2.
2. The net force/force moment vector of the swing foot B6fr is equal to zero.
3. Because the dynamics of each joint is neglected, the required joint torques can be obtained from

Eq. (52) with τ ∗
i = 0, i = 1, 2, . . . , 6.

Using the VDC strategy described by Fig. 2, every link subsystem of the biped robot is controlled
individually. It is suitable to start our strategy from the support leg (link 1) and ending with swing
foot (link 6). It should be noted that the force/moment vector at the end of the swing foot (link 6) is
zero, which is exploited to find the distribution of the force/moment vector at the hip/legs interaction.
The same procedure and gains of the 2-R manipulator are used in this example. Figure 8 shows the
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Fig. 8. (Colour online) Stick diagram of the 6-DOF biped robot.

Fig. 9. (Colour online) Position errors of the biped robot: (a) support leg and (b) swing leg.

schematic diagram of the biped mechanism. There is a dark region at the middle of the trunk motion
because the center of gravity of the biped robot will slow down at this region. In effect, two subphases
can be encountered during the single support phase: initial deceleration and final acceleration. For
details, we refer to ref. [56]. The position error of the six joints is shown in Fig. 9 for the support and
the swing legs, respectively. The input control torques of the joints are illustrated in Fig.10 for the
support and the swing legs, respectively.
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Fig. 10. (Colour online) Control torques of the biped robot: (a) support leg and (b) swing leg.

6. Conclusions
VDC is an efficient and powerful tool for the control of a complex robotic system. If the dynamic
robotic system encounters uncertainty in its parameters, adaptive control should be used. Most
adaptive schemes use the regressor matrix, which consists of nonlinear functions of the joint positions
and their derivatives. Larger uncertain parameters lead to complex computations of the regressor
approach, such as the underwater robots. Therefore, the FAT-based adaptive VDC is explored in
this paper. Although the apparent advantages of the FAT such that the adaptation law will evade
the regressor matrix, the computational complexities of the link subsystem seem insufficient in the
implementation. The large computations result in the unfortunate representation of the dynamic
matrices of the link subsystem with two sparse matrices of dimensions of 36β × 6. For the alleviation
of computational complexities, the lattice-based approximation and CMAC are alternative tools that
could be used for this purpose. However, The FAT-based adaptive VDC can be used successfully for
the control of the joint due to its dynamic scalar equation. Frankly speaking, FAT is a fascinating
and strong method for adaptive control if the appropriate representation of the approximation of the
dynamic matrices can be selected. As a rule of thumb, using the regressor approach in the adaptive
control of the link may be more efficient than the FAT. However, using FAT in the adaptive control of
the joint can give very good results due to its effectively dealing with the friction effects. There is a
tradeoff between the two methods.
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