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ON A ROUTING PROBLEM
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In a system with one queue and several service statibissa natural principle to
route a customer to the idle station with the distributionwise shortest service time
For the case with exponentially distributed service timesuse a coupling to give
strong support to that principlgVe also treat another topi& modified version of

our methods brings support to the design princifiiés better with few but quick
servers

1. INTRODUCTION

LetSandS’ be stochastic models of two queuing systeggppose that they may be
constructed on the same probability space in such a way that

Y. =Y/ forallt=0 (1)

when the initial conditions of andS’ are identicalhere Y; andY, are the number
of customers attime= 0 in SandS’, respectivelylf (1) holds we are able to make
an interesting comparison betwegandS’; we will use it for the following routing
problem

Consider the standai/M/k system Poisson arrival processne queugandk
service stations with independent and identically distribtedl.) exponentially
distributed service times that are also independent of the arrival prd¢@ssretain
all of these conditions except the sameness of the service-time distributiens
assume that the service times of stafiane exy; )-distributedwheres, = --- =,
and thed;’s are not all equalThe problem is as followdf a customer arrives and
there are two or more idle statiarie which of these should she be routed? A natural
policy is the following
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Always route to the idle station with the highest service.rate (2)

For conveniencewne use the term “route” also for the trivial case when a customer
arrives and there is exactly one station idle or when at least one customer waits and
one station becomes idM/e abbreviat€2) to the HSR highest service rajgolicy.

In Section 2we will prove that if the HSR is used f&t and some other policy
is used forS’, then(1) holds Actually, that turns out to be the case for an arbitrary
arrival process that is independent of the service times

Note that ifg is a boundegnondecreasingnd nonnegative function andis a
constant> 0, then(1) implies

E[g(Y,)] = E[g(Y,)] forallt=0

]E[f:o e g(Ye) ds] = ]E[fow e 5g(VYy) ds].

In fact, any reasonable cost criterion based only on the number of customers decides
in favor of the HSR policy

Considerable attention has been paid to comparisons between queuing systems
(cf. Asmusseml, Sect Xl1.1], Stoyar 5, Chaps5 and §, and Wolff[ 7, Chap 11] for
accounts The importance of couplings.e., constructions of random elements on
the same probability spackas been apparent for a long tipfier a recent example
see Lindvall 3].

When it comes to routing problemteresting uses of couplings turn up in
SparaggisTowsley and Cassandrdd] and Winkler[6].

In Section 3we modify our setup in order to study systems with different num-
bers of stationslt turns out that if there are more but slowgo be made precige
stations inS’ than inS, thenS is superior taS’ in the sense thdtl) holds if the
maximal capacities of the systems are the same

and
(3

2. THE HSR POLICY IS OPTIMAL

Recall the setup presented (h) and(2). To begin with assume that the arrival
process is deterministigvith arrivals at time points;, j = 1, such that

0<sg <5< -+
and (4)
§—>oc0 and j— oo

Setsy = 0. We will prove that the HSR policy implie€l) by induction using the
following idea Suppose we have been able to const&i@hdS’ on[0, s ]in such a
way that(1) holds fort € [0, 5] and the states & andS’ att = s are feasiblgin a
sense to be made precise latkien we will be able to extend that to the interval
[0,5:1], forj=12,...
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It is due time for the detailBecause the service times are exponentially dis-
tributed the states of andS’ are completely described by the number of customers
and the configurations of busy statioh®t

B =1{0,1}* (5)
and forb = (by,...,b) € B,
C(b) = {j;bj =0},
D(b) = {j;by =1},
E = {(i,b);i € Z,,b € B, #D(b) =i Ok}.

That a system is in stafg b) € E will mean that there arecustomers in itwith the
configuration of busy stations given Iy b, = 1 indicates that statiopis busy

For the partial ordering oB that will be defined nowlet D (b) # & to start We
define< onE as follows Fori =1,

(i,b) < (i’,b") (6)
exactly when the following hotd

ii=si’
(i) There exists a strictly increasing mappiggb,b’,-):D(b) — {1,...,k}
such thatp(b,b’,j) = j for allj € D(b), ande(b,b’,D(b)) C D(b’).

To complete the definitigrlet (0, (0,...,0)) < (i’,b’) for all (i’,b") € E.

The meaning of6(ii)) is that we can match each busy statioimith one busy
station inS’ with a smaller or equal service rate

We will useX; = (Y;, B;), t = 0, to denote queuing process when the HSR policy
isused and us¥/ = (Y/, B{), t =0, to denote the competing process with some other
routing policy, the meanings oB, andB{, t = 0, are the obvious one&Ve will
produce a coupling such th&t < X{ for all t = 0, under the assumption that the
initial distributions are the same

We follow the convention about right-continuity of paths of the type of pro-
cesses we are dealing with heFbat means that we will produ¢e;, X{),t=0,as a
time-homogeneous jump Markov process on each of the intefggls,,), j =
0,1,..., and then pay special attention to the jumpsat. We are now able to be
precise about what the proof idea requires

for eachT > 0, with no arrival in[0, T) and an arrival aT, (7

(i) produce a coupling such théx,, X{), t = 0, is a jump Markov process
on[0,T) satisfyingX; < X/ forallt € [0,T) if Xy, < X}
(i) seetoitthaiX; < Xi.

We used the word “feasible” in the presentation of the proof;ideav (7(ii))
makes that preciséVe will apply (7) to the intervalds,s.],j = 0,1,..., suc-
cessivelywith X, = X{ for the application to the interva0, s, ]. That yields
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X; < X{ forallt=0 (8)

if Xo = X{, which is actually stronger thad).

For(7(i)), recall the properties of the mappingsb,b’,-) in (6(ii)) and that the
stations have intensitie, . .., § satisfyingé, = --- = ..

Letg = (0,...,1,...0) be thejth unit vector For conveniencewe will occa-
sionally abbreviate (b,b’,j) toj’.

We will produce (X, X{), t = 0, in terms of transition intensitieg-ix two
elements inE such that(i,b) < (i’,b’), to be thought of as states &f and Xy,
respectivelyWe sort out the presentation of the intensities into three cases

Case 1: i> k. From((i,b),(i’,b")), we make a jump

to state with intensity

k
((i—Lb),(i"—1Db")) E 0;
j=1

Case 2: i=k,i’ =k From((i,b),(i’,b")), we make jumps

to state with intensity
(i—-Lb—¢),(i’—1b —¢)) &
(i—1Lb—g),(i,b")) 8 — o
forj € D(b) and
to state with intensity
((i,b),(i"' —1,b" —g)) 8;

forj € D(b")\¢(D (b)) if that set is not equal t@J, which impliesi <i’.
Case 3: i=k,i’ > k. From((i,b),(i’,b")), we make jumps
to state with intensity
(i—-1,b—g),(i"—1b")) &
((i—Lb—g),(i,b) 8 — &
forj € D(b) and

to state with intensity

((i,b),(i" =1,b") > O
JED(B" N\ (D (b))
Clearly all possible jumps go to states E X E with the inequality< preserved
We turn to(7(ii)). It is obvious how the HSR policy workslowever we have
not defined what is meant by a routing policy in genetals a rule that decides
about an arrival customegiven the state of the system at the arrivhthere is at
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most one station idlehe rule is the trivial ongthere is no choiceThe rule could
mean a randomization over idle statiom® omit the formalism involving a Markov
kernel onE X E and think ofS’ using a policy deviating from the HSR policy

Now, let (i,b) and(i’,b’) be the states oX;_ and X}_, respectivelyand let
(i+1b*)and(i’ +1,b*) denote the states A andX;. We have to find a function
¢(b*b*,-) satisfying(6(ii)).

If i’ =k, the arriving customer t8" at timeT finds all stations busyhat means
that we may let

p(b*b*,j) =] forje D(b*).
Therefore suppose that' < k. Clearly due to the HSR poligy
b*=b+e,,
where
m= min{j;j € C(b)}.

We observe thafl,...,m— 1} C D(b).
Suppose that the policy f&' routes the customer arriving at tirii¢o station¢.
To start suppose that < m. Let

L ={j €D(b);e(b,b’j) < {}.

Sinceep(b,b’,-) is strictly increasing o (b) and{1,...,m— 1} C D(b), L is either
empty or a sefl,...,r} C {1,...,m— 1} for somer = 1.
If L=, let

e(b%b™,1) = ¢,
@(b,b™,j) = ¢(b,b’,j —1) forje{2,...,m

and
o(b*,b*,j) = ¢(b,b’j) forj>m.
If L+, let
e(b%b*,j) = ¢(b,b,j) forje{l...,r},
e(b*b* r+1) = ¢,
e(b*b*,j) = ¢(b,b,j—1) forje{r+2,...,m}
and

e(b"b™,j) = ¢(b,b%j) forj>mj & D(b).
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A similar proof applies to the cage= m; letr be the integeeE {0,...,k — 1} such
thatL={1,...,r} N D(b) (= Jif r = 0) and note that special attention has to be paid
to the case = m.

That completes the proof ¢8), for an arrival process satisfying). However
the condition in(4) excluding multiple arrivals was made to avoid some trite argu-
ments with multiple arrivals we extend(7) to cover the caseT = 0 and(7(i))
dropped No obstacles appear

For arandom point procegof arrivals let S= (S )7 be its points of occurrence
in increasing ordetlf ¢ is independent of the service times involy#ten(8) is seen
to hold for the random arrival casafter a conditioning o1&

That completes the proof of the optimality of the HSR pajiase refrain from
a statement in terms of a theorem

Remarks:

1. Our analysis works just as well when there are infinitely many stations
fact, it becomes easieWWe may useB as the state spacend the distinction
among Cases 1-3is unnecess@he same comment applies to loss systems
(i.e., when no waiting is allowed

2. If the arrival process is stationary and with sufficiently low intengitye
expected number of arrivals per time unithen (Y;)g and(Y;)g can be
stationary too anll) can be used to justify the HSR policy when performing
measures under stationarity are used

3. It is natural to believe thafl) holds whenp, = --- = p,, wherep; is the
failure rate function for the distribution of the service times at station
Howevereven an effort under the extra condition that gh&inctions are all
increasingusing some of the ideas in Lindv4B] in order to keep track of
the attained service timgwas in vain

4. For this remarksuppose that the HSR policy is used for btandS’ and
that the arrivals appear according to a time-homogeneous Poisson process
(which renders;, t = 0, a Markov processlt is clear from the proof of8)
that if Sis idle at time QthenX; < X{ for all t = 0, regardless of the initial
configuration of S’. That is the condition of Lindval[2, Sect IV.3,
Thm. (9.3)] and we can conclude from that theorem tKais stochastically
increasing int if Sis idle at time Q the same monotonicity foy; follows.

3. USE FEW BUT QUICK STATIONS

In Lindvall [3, Sect 6], it was proved that if we compare tv\d/M/- systemswith
kandk’ stations and service ratéands’, respectivelywherek < k’ andké =k's’,
then(1) holds if Y, = Yg, for a certain natural and simple couplinthat speaks in
favor of the design principteJse few but quick stations
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We will now generalize that result to the case where the service dates, 6,
andéi,..., 6, of the stations irS andS’, respectivelysatisfy

dr= e =8y,
61= - =0,

6 =6 forl=i=Kk
9)

and
k K’
2 0 = 2 o7,
1 1

and the arrival process is arbitrary but independent of the service,tan@s Sec-
tion 2 Itis assumed that the HSR policy is used for b§#ndS’, but it suffices that
S uses that policyWe will be as brief as possibleoncentrating on the necessary
modification of the setup in Section 2 and a new coupling problem that has to be
solved

Some new notation is needddet

B’ ={0,1}% (20)
and

E'={(i,b')i'eZ,,beB,#D(b’)=i0k'};
we letC(b’) andD(b’) have their obvious meanings fof € B’. For the matching
in (6(ii)), the mappinge(b,b’,-) now has{i,...,k’} as its rangeThat means
that(6(i)) and(6(ii)) no longer define a partial ordering &)but rather a relation on
E X E’; that is however sufficient for our purposesie use<° to denote that

relation
We will produce(X;, X{),t = 0, such that

X <*X{ forallt=0 (11)

whenX, <° X{. Clearly, that implies(1).

We will pay no attention to the analog 67(ii)), since the proof of that is vir-
tually the same as for the routing probleiror the analog of7(i)), let (i,b) € Eand
(i",b") € E’ be such thati,b) <° (i’,b’); we will produce couplings such that
“inequality” is preserved when services are finishddte thati <i’.

Case I: i = k. Use the obvious variants of Cases 2 and 3 in Section 2

For the casé > k, we need couplings that are more subtle than those above
that endlet

m—1 m
Km = E (8| - 8|’),2(8| - 6{) fOt’ m= 1,2,..., k, (12)
1 1
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and

n—1 n
Ln= {E 8, 8{} forn=k+1,...,k.

k+1 k+1
Further let
Yon=€{(KnNL, form=1...,kn=k+1,...,k. (13)
Here €(I) denotes the length of an interval

Case 2: i > k,i’ = k'. Let p(b,b’,j) =jforj =1,...,k From((i,b),(i’,b")),
we make jumps

to state with intensity
((i=Lb),(i"=1Lb —¢)) It
forj=1,....k
to state with intensity
k k
((I _17b),(|’5b/)) 261 _26]/
1 1
and
to state with intensity
((I _1’b)5(i’ _15b/ _Q/)) 6]'/

forj=k+1,...,k'".

To understand the last intensigonsidery,,, as the intensity for service fin-
ished both at statiomin S and statiomin S’. We haved = St Ymj due to the
condition 348, = 3% 8/. Because there is a customer waitingdnit does not
become visible which station ififinishes service at the same time as stationS’.

We useds to denote th¢th k’-dimensional unit vector

Case 3: i > k,i’ > k. This case is easgfter understanding Casé.2

Case 4. i > k,i’ < k. Letnj,...,n,, be the elements dD(b’) enumerated in
increasing order and let

e(b,b,j)=n forl=j=k

Now use an obvious variant of Cast 2
For Cases t4°, we find that the relation<” is preserved after jumpsence
(12) is proved
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