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Abstract We consider Akbarov’s holomorphic version of the non-commutative Pontryagin duality for
a complex Lie group. We prove, under the assumption that G is a Stein group with finitely many
components, that (1) the topological Hopf algebra of holomorphic functions on G is holomorphically
reflexive if and only if G is linear; (2) the dual cocommutative topological Hopf algebra of exponential
analytic functional on G is holomorphically reflexive. We give a counterexample, which shows that the
first criterion cannot be extended to the case of infinitely many components. Nevertheless, we conjecture
that, in general, the question can be solved in terms of the Banach-algebra linearity of G.
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1. Introduction

We consider a holomorphic version of the non-commutative Pontryagin duality and exam-
ine conditions for the holomorphic reflexivity for complex Lie groups. The research of
holomorphic duality and its extension from abelian to general complex Lie groups (and
far – to quantum groups) was initiated by Akbarov [1]. The current article continues the
line and gives some positive and negative results. We exhibit a counterexample show-
ing that a claim and a more general conjecture made by Akbarov are too optimistic in
general. Notwithstanding, the conjecture can be proved for Stein groups with finitely
many components. Moreover, we formulate a possible necessary and sufficient condition
for the general case.

Holomorphic Pontryagin duality

In [1], Akbarov made an observation that a holomorphic version of the classical Pon-
tryagin duality makes sense for abelian complex Stein Lie groups. For such a group G,
one can consider the dual group G• consisting, by definition, of holomorphic characters,
i.e., homomorphisms to C

×, the multiplicative group of complex numbers. Then there are

© The Author(s), 2021. Published by Cambridge University Press on Behalf
of The Edinburgh Mathematical Society

800

https://doi.org/10.1017/S0013091521000572 Published online by Cambridge University Press

mailto:aristovoyu@inbox.ru
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S0013091521000572&domain=pdf
https://doi.org/10.1017/S0013091521000572


On holomorphic reflexivity conditions 801

isomorphisms, which are analogous to the duality relations for R and T in the continuous
version:

C
• ∼= C, (C×)• ∼= Z, Z

• ∼= C
×.

Moreover, it is not hard to prove a reflexivity result: If G is a compactly generated
abelian Stein group, then the naturally defined holomorphic homomorphism G•• → G is
a complex Lie group isomorphism [ibid., Theorem 7.2]. Two restrictions accepted here are
essential for the following reasons. First, we need sufficiently many holomorphic functions
(particularly, characters) on G, so we consider only Stein groups and do not consider such
groups as C/(Z + iZ). Secondly, we assume that G is compactly generated to endow G•

with a Lie group structure and reject such groups as the countable sum of copies of Z.
Beginning from the observation above, Akbarov made a step into the ‘quantum-group

world’ with the use of topological Hopf algebras. Before formulating his idea, which is
basic to our consideration, we briefly discuss an approach proposed by Bonneau, Flato,
Gerstenhaber and Pinczon in [8].

The BFGP duality schema

Recall that a ⊗̂-algebra (⊗̂-coalgebra, ⊗̂-bialgebra, Hopf ⊗̂-algebra) is an algebra (coal-
gebra, bialgebra, Hopf algebra) in the symmetric monoidal category of complete locally
convex spaces endowed with the bifunctor (−) ⊗̂ (−) of the complete projective tensor
product [13,16]. (Since (−) ⊗̂ (−) linearizes jointly continuous bilinear maps, a ⊗̂-algebra
is just a complete locally convex algebra with jointly continuous multiplication.) In this
article, we consider only unital algebras.

In particular, a Hopf ⊗̂-algebra is defined as a ⊗̂-bialgebra (H, m, u, Δ, ε) endowed
with a continuous linear map S that satisfies the main antipode axiom: the diagram

H ⊗̂H

S⊗̂1

��

H
Δ��

uε

��

Δ �� H ⊗̂H

1⊗̂S
��

H ⊗̂H
m

�� H H ⊗̂H,
m

��

where H is a ⊗̂-algebra with respect to the multiplication m and the unit u : C → H,
and a ⊗̂-coalgebra with respect to the comultiplication Δ and the counit ε : H → C,
commutes.

Following [8] (cf. [13]), we say that a ⊗̂-algebra (⊗̂-coalgebra, ⊗̂-bialgebra, Hopf ⊗̂-
algebra) A is well-behaved if it is either a nuclear Fréchet or (complete) nuclear (DF)-
space. Whereas the definition is somewhat artificial, this class is very useful because of
good duality properties. Indeed, the strong dual space E′ of a nuclear Fréchet space
E is a complete nuclear (DF)-space, and vice versa. In both cases, for a well-behaved
A, there is a canonical topological isomorphism A′ ⊗̂A′ ∼= (A ⊗̂A)′, which allows us to
endow A′ with a structure of a well-behaved ⊗̂-coalgebra (⊗̂-algebra, ⊗̂-bialgebra, Hopf
⊗̂-algebra, respectively). Moreover, A �→ A′ is a contravariant endofunctor between the
corresponding categories.
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Recall that for a complex Lie groupG, the commutative ⊗̂-algebra O(G) of holomorphic
functions on G is endowed with a Hopf ⊗̂-algebra structure by setting

Δ(f)(g, h) = f(gh), ε(f) = f(1), (Sf)(g) = f(g−1), (1.1)

where f ∈ O(G) and g, h ∈ G. (We use the identification O(G) ⊗̂ O(G) ∼= O(G×G).)
Since O(G) is a nuclear Fréchet space, the correspondence G �→ O(G) can be extended
to a contravariant functor from the category of complex Lie groups to the category of
commutative well-behaved Hopf ⊗̂-algebras. Also, the space A (G) := O(G)′ of analytic
functionals is also a well-behaved Hopf ⊗̂-algebra with respect to the convolution and the
comultiplication, counit and antipode determined by

Δ(δg) = δg ⊗ δg, ε(δg) = 1, S(δg) = δg−1 , (1.2)

respectively, where δg denotes the delta-function at g ∈ G. Moreover, G �→ A (G) is a
covariant functor to the category of cocommutative well-behaved Hopf ⊗̂-algebras.

This direct approach to duality has advantages and sometimes works perfectly (see,
e.g., [16]) but also has drawbacks. For example, the strong dual of O(C) is A (C), which
is isomorphic to Oexp(C•), the algebra of holomorphic functions of exponential type C

•,
and obviously strictly smaller than O(C•). So the strong duality functor is not compatible
with the holomorphic version of the Pontryagin duality.

Akbarov’s duality schema and its modification

Recall that the Arens-Michael envelope of a ⊗̂-algebra A is its completion with respect
to the topology determined by all possible continuous submultiplicative prenorms ‖ ·
‖, i.e., satisfying ‖ab‖ � ‖a‖ ‖b‖ for all a, b ∈ A [21]. Since we assume that A has the
identity 1, we can assume that ‖1‖ = 1 by Gelfand’s Lemma; see [9, Proposition 2.1.9]
or [15, Proposition 1.1.9]. The Arens-Michael envelope of a ⊗̂-algebra A is denoted by
Â. (The notation in [1] is A♥.) Pirkovskii observed that the Arens-Michael envelope is
an endofunctor on the category of Hopf ⊗̂-algebras [16, Proposition 6.7], which obviously
takes values in the subcategory of Arens-Michael Hopf algebras.

Definition 1.1. The holomorphic dual of an Arens-Michael, well-behaved Hopf
⊗̂-algebra H is the Arens-Michael Hopf ⊗̂-algebra

H• := (H ′) .̂ (1.3)

Of course, H• can be considered for any well-behaved Hopf ⊗̂-algebra H but we are
interested in the Arens-Michael case.

Our approach is close to that in [1] but it is different in two points. First, Akbarov
introduces his duality schema in the category of stereotype Hopf algebras but we work
in more narrow context and use strong dual locally convex spaces instead of stereotype
dual spaces – that is sufficient for the cases considered in the current article. Secondly,
we are interested in the duality between O(G) and Aexp(G) when G is a compactly
generated complex Lie group. (The space Aexp(G) is defined as the strong dual space
of Oexp(G); its elements are called exponential analytic functionals.) On the other hand,
Akbarov considers the duality between A (G) and Oexp(G) applying the operations in the
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reverse order: first the Arens-Michael envelope and next the dual functor in the category
of stereotype spaces [1, Section 6.5, p. 549]. Whereas our definition of duality (as well as
the definition of reflexivity; see below) is formally different it is the same in essence. But
there are several reasons to consider the Arens-Michael Hopf ⊗̂-algebras, e.g., O(G) and
Aexp(G), better than their strong duals.

(1) It is easier to check that a ⊗̂-algebra is an Arens-Michael algebra than to check
that a ⊗̂-coalgebra is the strong dual of an Arens-Michael algebra.

(2) O(G) can be characterized in the spirit of the first Gelfand–Naimark theorem (see
my paper [3]).

(3) There is an analogy with the construction of the Pontryagin duality extended to
non-commutative locally compact groups (as well as C∗-algebraic quantum groups).
The first step in (1.3), the strong dual functor, is justified by the fact that there
is a one–one correspondence between holomorphic representations of a complex
Lie group G on a Banach space X and non-degenerate continuous representations
of A (G) on X (see [12] or [4, (5.1)–(5.3)]). The second step, the Arens-Michael
enveloping functor, corresponds to completion of A (G) with respect to all prenorms
associated with continuous Banach-space representations. Similarly, it is well known
that there is a one–one correspondence between strongly continuous unitary repre-
sentations of a locally compact group G on a Hilbert space H and non-degenerate
(automatically continuous) ∗-representations of L1(G) on H; see, e.g., [6, Theorem
II.10.2.2]. In general, L1(G), which is a dual Banach space to C0(G), is not a
C∗-algebra but its C∗-envelope, which can be obtain by completion with respect
to all the prenorms associated with Hilbert space ∗-representations, is traditionally
considered as a dual object to C0(G).

(4) When we consider an arbitrary well-behaved Hopf ⊗̂-algebra H, the Hopf ⊗̂-algebra
H• is always well defined but there is no obvious reason for Ĥ to be well behaved
and so for (Ĥ)′ to be well defined.

The definition of holomorphic reflexivity

There is no motive to claim that H• is always well-behaved. But we want to apply our
duality functor twice, and so an additional restriction is necessary. In the definition below,
we consider holomorphic duality and reflexivity in the more narrow context of nuclear
Fréchet Arens-Michael Hopf ⊗̂-algebras (in short, NFAM Hopf algebras) that allows us
to use the strong dual spaces as in the BFGP duality schema.

Note that H �→ H• is a contravariant functor from the category of Arens-Michael,
well-behaved Hopf ⊗̂-algebras to the category of Arens-Michael Hopf ⊗̂-algebras. When
restricted to the category of NFAM Hopf algebras, it can be considered as an extension
of the holomorphic duality functor for abelian compactly generated Stein groups. Indeed,
if G is such a group, then O(G)• ∼= O(G•) [1, Theorem 7.2] and this isomorphism is
functorial.

Suppose that H is an NFAM Hopf algebra. In general, we cannot guarantee that H• is
a Fréchet space. But when this is the case, H• is also an NFAM Hopf algebra because H•
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is nuclear by Corollary A.1 in the Appendix. Under the assumption that H• is a Fréchet
space, we have the homomorphism of well-behaved Hopf ⊗̂-algebras (H•)′ → H ′′ given by
the application of the strong dual functor to the Arens-Michael envelope homomorphism
H ′ → H•. Since H ′′ ∼= H, we can write the universal diagram for the Arens-Michael
envelope of (H•)′:

(H•)′ ��

����
��

��
��

�
H••

κH

���
�
�

H

(1.4)

By [16, Proposition 6.7], κH is a Hopf ⊗̂-algebra homomorphism.

Definition 1.2. Suppose that H is an NFAM Hopf ⊗̂-algebra H such that H• is a
Fréchet space. If the Hopf ⊗̂-algebra homomorphism

κH : H•• → H

defined in (1.4) is a topological isomorphism, then H is said to be holomorphically
reflexive.

When we discuss below Akbarov’s results and conjectures on holomorphic duality and
reflexivity, we always mean the reformulation in the sense of Definitions 1.1 and 1.2.

The following question is a general challenge for research.

Question 1.3. Under which conditions an NFAM Hopf ⊗̂-algebra is holomorphically
reflexive?

The problem is rather wide and needs some additional limitation. In this article, we
restrict ourselves to commutative and cocommutative NFAM Hopf ⊗̂-algebras arising
from complex Lie groups. The investigation of ‘quantum-group nature’ examples is also
initiated in [1, Section 8]. Other interesting examples of this type will be considered in
my subsequent paper.

Main results

The basic aim of this article is to find conditions for holomorphic reflexivity of O(G)
and Aexp(G) in the case when G is a compactly generated complex Lie group. It was
proved by Akbarov in [1] that O(G) and Aexp(G) are holomorphically reflexive when G
is abelian (see the discussion above), discrete or isomorphic to GLn(C) for some n ∈ N.
Also he claimed that O(G) and Aexp(G) are holomorphically reflexive for a wide class of
Lie groups, compactly generated Stein groups having algebraic component of the identity
[1, Theorem 6.4], and conjectured that this claim is also true when the component is
linear [2, pp. 540–541]. Unluckily, the argument proposed in [1] contains a gap (in the
proof of [1, Lemma 6.6]) and also a mistake. The gap was filled in my paper [4] and this
allows us to prove the claim and conjecture for connected groups. Moreover, we show in
the current article that, under the additional assumption that G is a Stein group with
finitely many components, O(G) is holomorphically reflexive if and only if G is linear
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(Theorem 4.3) and Aexp(G) is always holomorphically reflexive (Corollary 4.6). Most of
the preparatory work was done for connected groups in [4] and, in this case, it is not
hard to deduce the criterion from [4, Theorem 5.12]. But the argument for groups with
finitely many components includes some additional results.

On the other hand, the assumption of [1, Theorem 6.4], namely, G0, the component of
the identity, is algebraic, does not imply the holomorphic reflexivity in the general case
of infinitely many components. Indeed, in the key step of Akbarov’s argument (proof of
[1, Theorem 6.3]), the following implication is used: if G is a compactly generated Stein
group and the range of Oexp(G0) → O(G0) is dense, so is the range of Oexp(G) → O(G).
But this is not the case. To explain the reason we note that, technically, the question
of holomorphic reflexivity of O(G) (and, to some extent of Aexp(G)) is reduced to an
auxiliary question: whether or not Oexp(G) → O(G) and A (G) → Aexp(G) are Arens-
Michael envelopes? (See Proposition 3.6 and the proof of Theorem 4.5.) The answer to
the second part of the question is positive: if G is a Stein group, then the naturally defined
map A (G) → Aexp(G) is an Arens-Michael envelope [1, Theorem 6.2].

The first part of the question is more difficult. In this paper, we repair Akabrov’s
argument in the case when the group has finitely many components and show that,
under this assumption Oexp(G) → O(G), is an Arens-Michael envelope if and only if G is
linear (Theorem 3.12). The necessity is almost straightforward; cf. [4, Theorem 5.3(C)].
The main complexity is in the sufficiency: although Oexp(G) is dense in O(G) for every
linear G [1, Theorem 5.9], this fact does imply immediately that the embedding is an
Arens-Michael envelope. Fortunately, there is a workaround – we can find a subalgebra in
Oexp(G) that has O(G) as an Arens-Michael envelope. Specifically, a linear group admits
a structure of affine algebraic variety and we can use the algebra R(G) of all regular
functions. The only known way to show that R(G) ⊂ Oexp(G) is to describe explicitly
the structure of the latter algebra. This approach requires some technical results, which
were proved in [4,5] for connected groups. We use them in the proof of Corollary 3.10,
which refers to [4, Theorem 5.12(B)].

In the case when G is compactly generated but the number of components is infinite,
the answer for the question can be negative even if the component of the identity is
algebraic, as one can see from the following example.

Example 1.4. First consider the following subgroup

H :=

⎧⎨
⎩

⎛
⎝1 m b

0 1 n
0 0 1

⎞
⎠ : m,n ∈ Z,b ∈ C

⎫⎬
⎭ (1.5)

of the three-dimensional complex Heisenberg group and the discrete central subgroup of
H given by

N :=

⎧⎨
⎩

⎛
⎝1 0 k

0 1 0
0 0 1

⎞
⎠ : k ∈ Z

⎫⎬
⎭ .

The quotient G := H/N is identified with C
× × Z

2 endowing with the group law

(z,m, n) · (z′,m′, n′) := (zz′enm
′
,m+m′, n+ n′).
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The same argument as for the quotient of the Heisenberg group (see [4, Introduction])
shows that the coordinate function (z, m, n) �→ z is not of exponential type (see the
definition in § 3). Moreover, any holomorphic function of exponential type onG is constant
on the component G0 of the identity. (Note that G0 is isomorphic to C

×.) So the range of
Oexp(G) → O(G) is not dense and therefore this homomorphism is not an Arens-Michael
envelope. Moreover, O(G) is not holomorphically reflexive; see details in Corollary 5.2. On
the other hand, G0 is linear and, moreover, algebraic and the range of Oexp(G0) → O(G0)
is obviously dense.

Conjectures

The counterexample above demonstrates that the holomorphic reflexivity of O(G) does
not follow from the linearity of the group or its component of the identity. To find a
general sufficient condition, we suggest to examine the Banach-algebra linearity instead.
Recall that the linearizer LinC(G) of a complex Lie group G (which the intersection of
the kernels of all finite-dimensional holomorphic representations) is a ‘measure of nonlin-
earity’ of G. A careful analysis of the proofs of our main results and Example 1.4 shows
that, for non-connected groups, it is natural to consider the generalized linearizer of G:
the intersection of the kernels of all holomorphic homomorphisms of G to the groups
of invertible elements of Banach algebras. (The notation is L̃inC(G)). Besides being of
independent interest, this subgroup enables us with a natural terminology to formulate
hypotheses on the holomorphic reflexivity for general compactly generated groups. It is
not hard to show that, for a Stein group G, the subgroup L̃inC(G) is trivial provided that
O(G) is holomorphically reflexive (see Proposition 4.1).

Conjecture 1.5. If G is a compactly generated Stein group, then the condition
L̃inC(G) = {1} is not only necessary but also sufficient for the holomorphic reflexivity
of O(G).

At the moment, we know that the conjecture is true under any of the following
additional assumptions.

(1) G is abelian [1].

(2) G is zero-dimensional, i.e., discrete, [1].

(3) G has finitely many components (Theorem 4.3).

Moreover, there are examples when G is not abelian and not discrete with infinitely
many components but nevertheless O(G) is holomorphically reflexive (Example 5.4). It
follows from Theorem 4.5 that if Conjecture 1.5 is true in general then so is the following
conjecture.

Conjecture 1.6. If G is a compactly generated complex Lie group, then Aexp(G) is
holomorphically reflexive.
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2. The Banach-algebra linearizer

Recall that the intersection of the kernels of all finite-dimensional holomorphic represen-
tations of a complex Lie group G is called the linearizer of G and denoted by LinC(G)
[11, Definition 15.2.13]. We also introduce L̃inC(G) as the intersection of the kernels of all
holomorphic homomorphisms of G to groups of invertible elements of Banach algebras.
It can be regarded as a useful generalization of the linearizer; see an alternative formula-
tion of the reflexivity condition in Theorem 4.3. In this section, we discuss basic properties
of L̃inC(G).

The following theorem is a reformulation of [4, Theorem 2.2].

Theorem 2.1. If a complex Lie group G is connected, then

LinC(G) = L̃inC(G).

It is obvious that L̃inC(G) ⊂ LinC(G) for any complex Lie group. So we immediately
have a useful corollary. (Here and everywhere we denote by G0 the component of the
identity in G.)

Corollary 2.2. If G is a complex Lie group, then

LinC(G0) = L̃inC(G0) ⊂ L̃inC(G) ⊂ LinC(G).

It is well known that the linearizer of a connected complex Lie group is contained in
the centre. A similar result holds for L̃inC(G).

Lemma 2.3. If G is a complex Lie group, then L̃inC(G) is a closed normal subgroup
that is contained in the centre of G0.

Proof. It is evident that L̃inC(G) is closed and normal.
The regular representation of the discrete group G/G0 in the Hilbert space �2(G/G0) is

faithful and automatically holomorphic, so L̃inC(G) ⊂ G0. On the other hand, the kernel
of the adjoint representation coincides with the centralizer of G0 in G [11, Lemma 9.2.21].
Thus, L̃inC(G) is contained in the centre of G0. �

Remark 2.4. In the general non-connected case, it is possible that L̃inC(G) 
= LinC(G)
or L̃inC(G0) 
= L̃inC(G). Indeed, using the regular representation as in Lemma 2.3, we have
L̃inC(Γ) = {1} for every discrete group Γ. However, there are finitely generated discrete
groups that are not complex linear, i.e., LinC(Γ) 
= {1}. E.g., each discrete group that
is complex linear should be residually finite by Mal’cev’s Theorem (see a short proof in
[14]).

For the group considered in Example 1.4, we have L̃inC(G0) 
= L̃inC(G) because G0 is
linear but L̃inC(G) 
= {1}.

We now prove that the conclusion of Theorem 2.1 holds for a wider class of Lie groups.
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Theorem 2.5. If a complex Lie group G has finitely many components, then

LinC(G0) = L̃inC(G) = LinC(G).

For a complex manifoldM , we denote by O(M) the locally convex space of holomorphic
functions on M (with the topology of uniform convergence on compact subsets) and by
A (M) the strong dual space of O(M).

Proof. By Corollary 2.2, it suffices to show that LinC(G) ⊂ LinC(G0). We need to
prove that for any finite-dimensional holomorphic representation π0 of G0 there is a finite-
dimensional holomorphic representation π ofG such that π(h) = 1 implies π0(h) = 1 when
h ∈ G0.

Fix π0, denote by X the representation space of π0, and consider the induced
representation π of G, i.e., the representation associated with the A (G)-module Y :=
A (G) ⊗A (G0) X. Here A (G) is considered as a right A (G0)-module with respect to an
algebra homomorphism A (G0) → A (G) induced by the group homomorphism G0 → G.

We can consider each coset γ ∈ G/G0 as a complex manifold. It is not hard to see that

A (G) ∼=
⊕

γ∈G/G0

A (γ)

as right A (G0)-modules. Since X is finite-dimensional and G/G0 is finite, the A (G)-
module Y is a finite-dimensional linear space. Endowing Y with the topology of the
projective tensor product, we make it a Banach A (G)-module. Hence, π is a holomorphic
representation of G on Y .

Since the counit ε : A (G) → C is a quotient homomorphism of algebras, C is a right
A (G)-module with respect to the multiplication determined by λ · δg := λ (here δg is the
delta-function at g ∈ G). Therefore, ε is a right A (G)-module morphism and so is a right
A (G0)-module morphism. Hence, the linear map ε⊗ 1 : Y → X : ν ⊗ x �→ ε(ν)x is well
defined.

Suppose that h ∈ G0 and x ∈ X. Then δh · (1 ⊗ x) = δh ⊗ x = 1 ⊗ δh · x. If, in addition,
π(h) = 1, then δh · (1 ⊗ x) = 1 ⊗ x. Applying ε⊗ 1 to the equality 1 ⊗ δh · x = 1 ⊗ x, we
have δh · x = x. Since x is arbitrary, we obtain π0(h) = 1. Thus, LinC(G) ⊂ LinC(G0). �

3. The Arens-Michael envelope of Oexp(G)

In this section, we consider Hopf ⊗̂-algebras Oexp(G) and Aexp(G) for a compactly gener-
ated complex Lie group G, establish a relation between holomorphic reflexivity of Oexp(G)
and a property of the Arens-Michael envelope and prove this property in the case of finite
number of components.

Recall that a holomorphic function f on a complex Lie group G is said to be of
exponential type if there is a locally bounded submultiplicative weight ω : G→ [1, +∞)
(i.e., ω(gh) � ω(g)ω(h) for all g, h ∈ G) such that |f(g)| � ω(g) for each g ∈ G [1, Section
4(c)]. The vector space of holomorphic functions of exponential type on G is denoted by
Oexp(G). Being endowed with the corresponding inductive topology, it is a complete
locally convex space.
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We are interested in the case when G is compactly generated. Under this assumption
f ∈ Oexp(G) if and only if there are K, C > 0 such that

|f(g)| � KeC�(g) for each g ∈ G, (3.1)

where � is a word length function, i.e., �(g) := min{n : g ∈ Un} for some relatively compact
generating set U ; see [1, Theorem 5.3] or [5, Proposition 2.8].

We denote the strong dual space Oexp(G) by Aexp(G). In the initial definition of
Akbarov Aexp(G) is considered with another topology, namely, the topology of uni-
form convergence on totally bounded subsets of Oexp(G). But the latter space is nuclear
[1, Theorem 5.10] and so it has the Heine–Borel property and hence these topologies
coincide.*

Recall that a Hopf ⊗̂-algebra is said to be well behaved if it is either a nuclear Fréchet
space or a nuclear (DF)-space (see the discussion in §1).

Proposition 3.1 (cf. [1, Theorem 5.12(1)]). If G is a compactly generated complex
Lie group, then Oexp(G) is a well-behaved Hopf ⊗̂-algebra with respect to the pointwise
multiplication and the comultiplication, counit, and antipode defined in (1.1).

Proof. First, note that it follows from [1, Theorem 5.10] that Aexp(G) is a nuclear
Fréchet space. Then Oexp(G) is a nuclear (DF)-space and, by [4, Proposition 5.5(B)], the
natural map

O(G) ×O(G) → O(G×G)

induce a topological isomorphism

Oexp(G) ⊗̂ Oexp(G) ∼= Oexp(G×G).

We claim that under this identification, the operations in (1.1) makes Oexp(G) a Hopf
⊗̂-algebra. The only non-trivial assertions are that Oexp(G) is a ⊗̂-algebra and Δ in (1.1)
is a well-defined map Oexp(G) → Oexp(G×G). The former is proved in [4, Lemma 5.2].
To show the latter take for f ∈ Oexp(G) a locally bounded submultiplicative weight ω
such that |f(g)| � ω(g) for all g ∈ G. Then ω × ω : (g, h) �→ ω(g)ω(h) is a locally bounded
submultiplicative weight on G×G such that

|Δ(f)(g, h)| = |f(gh)| � ω(gh) � (ω × ω)(g, h)

for all g, h ∈ G. Thus, Δ(f) ∈ Oexp(G×G). �

Since the Hopf ⊗̂-algebra Oexp(G) is well behaved, its strong dual Aexp(G) is also a
well-behaved Hopf ⊗̂-algebra with dual operations (the multiplication corresponds to the
comultiplication, the unit to the counit and vice versa, the antipode to the antipode) [8,
Proposition 1.3]. Restricted to the group Hopf algebra CG, which is dense in Aexp(G), the
operations has the form given in (1.2) (we identify elements of G with delta-functions).

The following result from [1] brings out the importance of Aexp(G) and Oexp(G) in our
considerations.

* Note also that in [1], A (G) and Aexp(G) are denoted by O�(G) and O�
exp(G), respectively.
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Theorem 3.2 (S.S. Akbarov [1, Theorem 6.2]). If G is a compactly gen-
erated complex Lie group, then the natural homomorphism A (G) → Aexp(G) is an
Arens-Michael envelope.

Summarizing the results above, we have the following assertion.

Proposition 3.3 (cf. [1, Theorem 5.12(2)]). If G is a compactly generated com-
plex Lie group, then Aexp(G) is a nuclear Fréchet (hence well-behaved) Arens-Michael
Hopf algebra that is dual to Oexp(G) in the sense of Bonneau, Flato, Gerstenhaber and
Pinczon. The multiplication is just the convolution whereas the comultiplication, counit
and antipode are determined by (1.2).

Any holomorphic homomorphism ϕ : G→ H of compactly generated complex Lie
group induces the Hopf ⊗̂-algebra homomorphism ϕ̃ : Oexp(H) → Oexp(G) given by
[ϕ̃(f)](g) := f(ϕ(g)). Moreover, the strong dual map ϕ̃′ : Aexp(G) → Aexp(H) is also a
Hopf ⊗̂-algebra homomorphism.

The following theorem motivates us to consider L̃inC(G) instead of LinC(G) in the case
when G is not connected.

Theorem 3.4. Let G be a compactly generated complex Lie group and let π0 : G→
G/L̃inC(G) be the quotient homomorphism. Then

(A) π̃′
0 : Aexp(G) → Aexp(G/L̃inC(G)) is a Hopf ⊗̂-algebra isomorphism.

(B) π̃0 : Oexp(G/L̃inC(G)) → Oexp(G) is a Hopf ⊗̂-algebra isomorphism.

(C) Each function in Oexp(G) is constant on cosets of L̃inC(G).

Proof. Since π̃′
0 and π̃0 are Hopf ⊗̂-algebra homomorphisms, it is sufficient to prove

that they are topologically isomorphisms. But, by Theorem 3.2, Aexp(G) ∼= Â (G), so we
can apply exactly the same argument as in the proof of [4, Theorem 5.3] for LinC(G) in
the connected case. �

Corollary 3.5. Let H be a subgroup of a compactly generated complex Lie group G.
Then H ⊂ L̃inC(G) if and only if each function in Oexp(G) is constant on H.

Proof. The necessity follows from Part (C) of Theorem 3.4. To prove the sufficiency
note that each function in Oexp(G) is a coefficient of a holomorphic representation of G in
some Banach space (see, e.g., [4, Proposition 5.1]). Since such functions are constant on
H, the corresponding representation maps each element of H to the identity operator. �

By using the following result, we can reduce our question on the holomorphic reflexivity
to a question on the Arens-Michael envelope.

Proposition 3.6. Let G be a compactly generated complex Lie group. Then O(G)
is holomorphically reflexive if and only if the embedding Oexp(G) → O(G) is an Arens-
Michael envelope.

Proof. By the definition of the holomorphic duality functor, O(G)• ∼= Â (G), which
in turn is topologically isomorphic to Aexp(G) (Theorem 3.2).
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Note that Aexp(G) is a nuclear Fréchet space [1, Theorems 5.10]. So it is reflexive as
a locally convex space [7, Theorem 3.7.12], therefore Aexp(G)′ = Oexp(G)′′ ∼= Oexp(G).
Thus O(G)•• ∼= Ôexp(G) and then Oexp(G) → O(G) is an Arens-Michael envelope if and
only if the canonical map O(G)•• → O(G) is a topological isomorphism. �

Now we discuss the Arens-Michael envelope of Oexp(G).

Proposition 3.7. If Γ is a finitely generated discrete group, then the natural
embedding Oexp(Γ) → O(Γ) is an Arens-Michael envelope.

Proof. In fact, the result is proved in [1]; we give a sketch. Since O(Γ) is the algebra
of all functions with the topology of uniform convergence on finite subsets, it suffices to
show that for each continuous submultiplicative prenorm ‖ · ‖ on Oexp(Γ), there are a
finite subset S in Γ and C > 0 such that ‖f‖ � Cmaxγ∈S |f(γ)|.

For γ ∈ Γ denote by χγ the characteristic function of {γ}. Since Γ is discrete,
χγ ∈ Oexp(Γ). By [1, Lemma 6.3], the set S := {γ ∈ Γ : ‖χγ‖ > 0} is finite. For any
f ∈ Oexp(Γ), the series

∑
γ∈Γ f(γ)χγ converges to f in the topology of Oexp(Γ) [1, Lemma

6.1]. So we have

‖f‖ �
∑
γ∈Γ

|f(γ)| ‖χγ‖ =
∑
γ∈S

|f(γ)|‖χγ‖ � Cmax
γ∈S

|f(γ)|,

where C :=
∑
γ∈S ‖χγ‖. �

Proposition 3.8. Let G be a complex Lie group and G1 a normal complex Lie
subgroup of G containing the component of the identity. Suppose that G1 is linear.
If the continuous homomorphism of ⊗̂-algebras ψ1 : Oexp(G) → Oexp(G1) induced by the
embedding G1 → G has dense range, then so is ι : Oexp(G) → O(G).

Proof. Put Γ := G/G1 and for any γ ∈ Γ denote by χγ the characteristic function of
γ (now as a subset of G). Denote by gf the left shift a function f on g ∈ G. Fix gγ ∈ γ
for each γ ∈ S. Since every function in Oexp(G) is a coefficient of a holomorphic repre-
sentation of G in some Banach space (see, e.g., [4, Proposition 5.1]), Oexp(G) is invariant
under shifts. So for any finite subset S of G/G1, we have a continuous homomorphism

ψ : Oexp(G) → Oexp(G1)|S| : f �→ (gγ
fχG1). (3.2)

Note that ψ1 is the restriction map, i.e., ψ1(f) = fχG1 . Hence, since the range of ψ1

is dense, so is the range of ψ. Further, since G1 is linear, [1, Theorem 5.9] implies that
the range of Oexp(G1) → O(G1) is dense; so is the range of Oexp(G1)|S| → O(G1)|S|.

Finally, note that any f ∈ O(G) can be approximated by
∑
γ∈S fχγ for some finite

subset S of G/G1. Thus, the range of ι is dense. �

Proposition 3.9. Let G be a compactly generated complex Lie group and G1 a normal
complex Lie subgroup containing the component of the identity. Suppose that the range of
ι : Oexp(G) → O(G) is dense. If the natural embedding Oexp(G1) → O(G1) is an Arens-
Michael envelope, then so is Oexp(G) → O(G).
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Proof. (The following argument is contained implicitly in [1].) We use the notation
from the proof of Proposition 3.8. It is sufficient to show that, for a Banach algebra
B with a submultiplicative norm ‖ · ‖, any continuous homomorphism ϕ : Oexp(G) → B
factors uniquely on ι : Oexp(G) → O(G).

Denote by σ the continuous homomorphism Oexp(Γ) → Oexp(G) induced by the
quotient map G→ Γ, where Γ := G/G1. Note that Γ is discrete and finitely generated;
so Proposition 3.7 implies that ϕσ factors on Oexp(Γ) → O(Γ). Since O(Γ) is just the
algebra of all functions on Γ endowed with the topology of uniform convergence on finite
subsets, there are a finite subset S of Γ and C > 0 such that

‖ϕσ(h)‖ � Cmax
γ∈S

|h(γ)| for each h ∈ Oexp(Γ).

In particular, since the characteristic function χγ equals the image of the delta-function at
γ under σ, we have ‖ϕ(χγ)‖ = 0 for γ /∈ S. By [1, Lemma 6.2], the series

∑
γ δγ converges

to 1 in Oexp(Γ), hence f =
∑
γ fχγ for any f ∈ Oexp(G). Therefore,

ϕ(f) =
∑
γ∈S

ϕ(fχγ) for each f ∈ Oexp(G). (3.3)

Consider the homomorphism ψ defined in (3.2) and note that the same formula
determines a continuous homomorphism ψ′ : O(G) → O(G1)|S|. Put

υ : Oexp(G1)|S| → B : (fγ) �→
∑
γ∈S

ϕ(g−1
γ
fγχγ).

It is clear that (3.3) implies ϕ = υψ.
Note that the Arens-Michael envelope functor commutes with finite products. By

the assumption, Oexp(G1) → O(G1) is an Arens-Michael envelope, so is Oexp(G1)|S| →
O(G1)|S|. Therefore υ factors on this map. Thus, we obtain the diagram

Oexp(G)
ι ��

ψ

��

ϕ

������������������������ O(G)

ψ′

��

α

�����������

B

Oexp(G1)|S| ��

υ

�����������������������
O(G1)|S|

β

�����������

where β is determined by the universal property and α := βψ′. Since the square and the
big triangle are commutative, we have ϕ = αι.

By the hypothesis, the range of ι is dense in O(G), hence ι is an epimorphism. Thus,
the homomorphism α satisfying ϕ = αι is unique. �

Corollary 3.10. Let G be a compactly generated complex Lie group such that the
component G0 of the identity is linear. If the homomorphism ψ0 : Oexp(G) → Oexp(G0)
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induced by the embedding G0 → G has dense range, then the embedding ι : Oexp(G) →
O(G) is an Arens-Michael envelope.

Proof. Since G0 is linear, it follows from Proposition 3.8 that ι has dense range. More-
over, [4, Theorem 5.12(B)] implies that the natural embedding Oexp(G0) → O(G0) is an
Arens-Michael envelope because G0 is linear and connected. Being compactly generated,
G satisfies to the hypothesis of Proposition 3.9, so ι is an Arens-Michael envelope. �

We use the following notation. For positive functions τ1 and τ2 on a set X, we write
τ1 � τ2 if there are C, D > 0 such that τ1(x) � Cτ2(x) +D for every x ∈ X.

Theorem 3.11. Let G be a complex Lie group with finitely many components. If G
is linear, then the embedding ι : Oexp(G) → O(G) is an Arens-Michael envelope.

Proof. Since G is linear, so is G0. By Corollary 3.10, it is sufficient to show that the
restriction map ψ0 : Oexp(G) → Oexp(G0) has dense range.

In fact, ψ0 is surjective. Indeed, denote by μ(f) the extension of f ∈ O(G0) such that
μ(f)(g) = 0 when g /∈ G0. Since G/G0 is finite, G0 is obviously cocompact in G. Any
cocompact closed subgroup of a compactly generated locally compact group is undistorted
[19, Lemma 1], that is, �0 � � for any word length functions �0 and � on G0 and G,
respectively. Therefore, we have from (3.1) that μ(f) ∈ Oexp(G) for any f ∈ Oexp(G0).
Note that ψ0μ is the identity map on Oexp(G0), so ψ0 is surjective. �

For a complex Lie group G, we consider the quotient homomorphism π : G→
G/LinC(G) and also the natural embeddings

ι : Oexp(G) → O(G) and j : Oexp(G/LinC(G)) → O(G/LinC(G)).

Recall that a Stein group is a complex Lie group such that its underlying complex manifold
is a Stein manifold. The following result extends [4, Theorem 5.12] from the connected
case to the case of finitely many components.

Theorem 3.12. If G is a complex Lie group with finitely many components, then
(A) jπ̃−1 : Oexp(G) → O(G/LinC(G)) is an Arens-Michael envelope;
(B) G is linear if and only if it is a Stein group and ι : Oexp(G) → O(G) is an Arens-

Michael envelope.

Proof. The structure of the argument is the same as in [4, Theorem 5.12]. First, we
prove the necessity in Part (B), then Part (A) and, finally, the sufficiency in Part (B).

(1) If G is linear, then so is G0. Since any connected linear group is biholomorphically
equivalent to an affine algebraic complex variety, we have that G0 is a Stein group
and so is G. On the other hand, Theorem 3.11 implies that ι is an Arens-Michael
envelope. Thus, the condition in Part (B) is necessary.

(2) Write L := LinC(G). It is obvious that G/L is linear and have finitely many com-
ponents. By Theorem 2.5, we have L = L̃inC(G). Since any Lie group with finitely
many components is compactly generated, Theorem 3.4(B) implies that π̃ is a
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topological isomorphism. The above argument shows that j is an Arens-Michael
envelope, so is jπ̃−1. Part (A) is proved.

(3) Suppose that G is a Stein group and ι is an Arens-Michael envelope. Since, by Part
(A), so is jπ̃−1, the universal property of the Arens-Michael enveloping functor
implies that O(G/L) → O(G) is a topological isomorphism of Stein algebras. By
Forster’s Duality Theorem [10], the quotient map G→ G/L is a biholomorphic
equivalence, therefore L is trivial. This completes the proof of the sufficiency in
Part (B).

�

Note that we have obtained not only a description of the Arens-Michael envelope of
Oexp(G) in our partial case but also a criterion of linearity.

4. Holomorphic reflexivity

In this section, the main results, two theorems on holomorphic reflexivity, are proved.
First, we consider a compactly generated Stein group G with the corresponding
(commutative nuclear Fréchet Arens-Michael) Hopf ⊗̂-algebra O(G) and establish nec-
essary conditions for holomorphic reflexivity. We denote, as usual, the component of the
identity by G0.

Proposition 4.1. Let G be a compactly generated Stein group. If O(G) is holomor-

phically reflexive, then L̃inC(G) and LinC(G0) are trivial.

We need the following simple lemma.

Lemma 4.2. Let G be a Stein group such that Oexp(G) is dense in O(G). If H is a
closed subgroup such that each function in Oexp(G) is constant on H, then H = {1}.

Proof. Since Oexp(G) is dense in O(G), each function in O(G) is constant on H. Being
a Stein manifold, G is holomorphically separable; hence H = {1}. �

Proof of Proposition 4.1. Since O(G) is holomorphically reflexive, it follows from
Proposition 3.6 that the embedding Oexp(G) → O(G) is an Arens-Michael envelope; in
particular, it has dense range. On the other hand, by Theorem 3.4(C), each function
in Oexp(G) is constant on L̃inC(G). So Lemma 4.2 implies that L̃inC(G) = {1}. Finally,
LinC(G0) = {1} by Corollary 2.2. �

Theorem 4.3. Let G be a Stein group with finitely many components. The following
conditions are equivalent.

(i) O(G) is holomorphically reflexive;

(ii) LinC(G0) is trivial;

(iii) L̃inC(G) is trivial.
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Proof. Since G is compactly generated, the implications (i) =⇒ (ii) and (i) =⇒ (iii)
follow from Proposition 4.1. Theorem 2.5 implies that LinC(G0) = LinC(G) = L̃inC(G),
therefore (ii) ⇐⇒ (iii). Finally, the implication (iii) =⇒ (i) follows from Theorem 3.12(B)
and Proposition 3.6. �

Remarks 4.4. (A) Since we assume that the group has finitely many components,
Conditions (ii) and (iii) in Theorem 4.3 can be formulated more traditionally:

G0 is linear and G is linear, respectively. (The latter because L̃inC(G) = LinC(G)
by Theorem 2.5.) But I guess that the formulation in the theorem is adequate
and the equivalence (i) ⇐⇒ (iii) holds for all compactly generated Stein groups
(as formulated in Conjecture 1.5).

(B) Since any linear group is a Stein group, the implication (ii) =⇒ (i) in Theorem 4.3 is
true under the assumption that G has finitely many components. But the converse
does not hold in general. For example, for a compact torus T , we have O(T ) ∼= C,
so O(T ) is holomorphically reflexive. But it is obvious that T is not linear.

(C) Example 1.4 shows that (ii) does not imply (i) when G/G0 is infinite.

In the case of finitely many components, we prove the holomorphic reflexivity of the
(cocommutative nuclear Fréchet Arens-Michael) Hopf ⊗̂-algebra Aexp(G) without the
assumption that G is a linear group. First, we establish a more general result.

Theorem 4.5. Let G be a compactly generated complex Lie group. If O(G/L̃inC(G))
is holomorphically reflexive, then so is Aexp(G).

Proof. We have to show that the map κ : Aexp(G)•• → Aexp(G) defined in (1.4) is an
isomorphism.

Put L̃ := L̃inC(G). Since Aexp(G)′ ∼= Oexp(G), it follows from the definition of the holo-
morphic dual that Aexp(G)• ∼= Ôexp(G). Moreover, Oexp(G/L̃) ∼= Oexp(G) by Theorem
3.4. The assumption that O(G/L̃) is holomorphically reflexive and Proposition 3.6 imply
that Ôexp(G) ∼= O(G/L̃). Hence Aexp(G)• ∼= O(G/L̃).

On the other hand, O(G/L̃)′ ∼= A (G/L̃) and, by Akbarov’s result (Theorem 3.2),
A (G/L̃) → Aexp(G/L̃) is an Arens-Michael envelope. It follows from Theorem 3.4 that
the naturally defined map Aexp(G) → Aexp(G/L̃) is an isomorphism. So O(G/L̃)• ∼=
Aexp(G) and therefore κ is an isomorphism. �

Corollary 4.6. If G is a complex Lie group with finitely many components, then
Aexp(G) is holomorphically reflexive.

Proof. If follows from Theorems 2.5 and 3.12 that jπ̃−1 : Oexp(G) → O(G/L̃inC(G))
is an Arens-Michael envelope. So, applying Theorem 3.4 we get that O(G/L̃inC(G)) is
holomorphically reflexive. Since G is compactly generated, Theorem 4.5 implies that
Aexp(G) is also holomorphically reflexive. �

It is possible that the assumption of finiteness of the set of components can be removed
(see Conjecture 1.6).
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5. Examples

In this section, we consider examples of compactly generated complex Lie groups with
infinitely many components. First, we make some additional work to show that the group
G considered in Example 1.4 gives a counterexample to Akbarov’s conjecture: the com-
ponent of the identity of G is linear but O(G) is not holomorphically reflexive. Secondly,
we exhibit a family of examples of G with infinitely many components such that O(G) is
holomorphically reflexive.

Recall that a closed subgroup H of a compactly generated locally compact group G is
said to be distorted if �H 
� �G for any word length functions �H and �G on H and G,
respectively.

Proposition 5.1. Let G be a compactly generated complex Lie group. If H is a
distorted closed subgroup of G and H is isomorphic to C

×, then each function from
Oexp(G) is constant on H.

Proof. Let f ∈ Oexp(G). Consider the holomorphic homomorphism μ : C
× → G that

implements the isomorphism C
× → H. Since fμ is holomorphic on C

×, we can write the
Laurent series: fμ(z) =

∑
m∈Z

cm zm. To show that f is constant on H it suffices to prove
that cm = 0 for each m 
= 0.

Let U be a compact generating subset of G and ω the corresponding word submulti-
plicative weight, i.e., the exponent of the word length function. We can assume that μ(T)
(where T = {z : |z| = 1}) is contained in U . Then ωμ(λ) = 1 for any λ ∈ T \ {1} and, by
the submultiplicativity,

ωμ(z) = ωμ(|z|) for each z ∈ C. (5.1)

Since f is of exponential type and ω is a word weight, there are C > 0 and k ∈ N such
that

|f(g)| � Cωk(g) for each g ∈ G.

Write MR := max{|fμ(z)| : |z| = R}. Then, by (5.1), we have for every R > 0 that

MR � max{Cωkμ(z) : |z| = R} = Cωkμ(R). (5.2)

Note that z �→ max{|z|, |z|−1} is a submultiplicative weight on C
× such that the cor-

responding length function is equivalent to a word length function. Since H is distorted
in G, there is a sequence (zn) in C

× such that

max{|zn|, |zn|−1} > ωnμ(zn) for each n ∈ N. (5.3)

Passing to a subsequence if necessary, we can assume that (zn) has a limit, finite or
infinite, and (5.3) is still satisfied.

We claim first that limn→∞ zn does not belong to C
×. Indeed, assume the oppo-

site. Then there is K > 0 such that max{|zn|, |zn|−1} � K and therefore, by (5.3),
ωμ(zn) < K1/n for every n. Since ω takes values in {ep : p ∈ Z+}, we have that ωμ(zn) = 1
eventually. By the definition of a word weight, ω(g) = 1 if only if g = 1. Since μ is injective,
zn = 1 eventually. Applying again (5.3), we have that ω(1) < 1 and get a contradiction.
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Thus, only two cases may occur: lim zn = ∞ and lim zn = 0. Suppose that lim zn = ∞
and write Rn := |zn|. Applying consequently (5.2) and (5.3), we get

MRn
� Cωkμ(Rn) < Cmax{Rk/nn , R−k/n

n }.

Now consider the coefficient cm of the Laurent series for m 
= 0. If n � k(|m| − 1/2)−1,
then |m| − k/n � 1/2 and hence Rk/n−|m| � R−1/2 when R � 1. Since Rn � 1 eventually,

MRn

R
|m|
n

� CRk/n−|m|
n � C R−1/2

n

also eventually. Finally, we have limn→∞MRn
/R

|m|
n = 0 since limRn = ∞. Cauchy’s

inequality for Laurent series asserts that |cm| � MR/R
m for any R > 0 and m ∈ Z,

therefore, putting R = Rn for m > 0 and R = R−1
n for m < 0, we have cm = 0.

The proof in the case when lim zn = 0 is similar. �

Corollary 5.2. If G is the group in Example 1.4, then its component of the identity is
linear but O(G) is not holomorphically reflexive. Nevertheless, Aexp(G) is holomorphically
reflexive.

Proof. The component G0 of the identity is isomorphic to C
× and distorted in G

(in fact, it is of strictly quadratic distortion). By Proposition 5.1, each holomorphic
function of exponential type on G is constant on G0.

Suppose to the contrary that O(G) is holomorphically reflexive. Since G is compactly
generated, then, by Proposition 3.6, the embedding Oexp(G) → O(G) is an Arens-Michael
envelope. In particular, Oexp(G) is dense in O(G). Lemma 4.2 implies that G0 is trivial
and we get a contradiction.

Since each function from Oexp(G) is constant on G0, it follows from Corollary 3.5
that G0 ⊂ L̃inC(G). So, by Lemma 2.3, G0 = L̃inC(G). Part (B) of Theorem 3.4 implies
that Oexp(G) ∼= Oexp(Γ), where Γ = G/G0. Since Γ is discrete and finitely generated,
Oexp(Γ) ∼= O(Γ) by Proposition 3.7 and so O(Γ) is holomorphically reflexive. Finally,
Theorem 4.5 implies that Aexp(G) is holomorphically reflexive. �

Proposition 5.3. Suppose that a complex Lie group G is a semidirect product G =
N �H, where H is a compactly generated closed subgroup and N is a closed normal
subgroup that is simply connected and nilpotent. Let � be a word length function on G,
let n denote the Lie algebra of N, and let exp be the exponential map on n. Given a norm
‖ · ‖ on n, there are C, D > 0 such that

log(1 + ‖η‖) � �(exp η) for η ∈ n.

Proof. Let K be a compact generating subset of H. Then

S := {exp η : ‖η‖ � 1} ×K

is compact and generates G. We can assume that � is the word length function associated
with S.
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Denote by αh the action of h ∈ H on N and by L(αh) the corresponding automorphism
of n. Since K is compact, there is B � 0 such that ‖L(αh)‖ � B for all h ∈ K. We assume
that B > 1 for technical reasons.

Denote by �N a word length function on N . It is a standard result of the geometric
theory of nilpotent Lie groups (see, e.g., [5, Theorem 3.1]) that there are A, A′, k, k′ � 1
such that

‖η‖ � A′(1 + �N (exp η))k
′

and �N (exp η) � A(1 + ‖η‖)k (5.4)

for every η ∈ n. The first inequality and A′ � 1 imply that

log(1 + ‖ exp−1(n)‖) � log �N (n)

for n ∈ N \ {1}. So it suffices to show that log �N (n) � �(n).
Since N is simply connected and nilpotent, the exponential map is bijective. Since the

exponential map is natural, we have

exp−1 ◦αh ◦ exp(η) = L(αh)(η) for each η ∈ n and h ∈ H. (5.5)

Suppose that n ∈ N with �(n) = m, where m > 0, and fix a representation n =
g1 · · · gm, where g1, . . . , gm ∈ S, i.e., gj = (exp ηj , hj) for some hj ∈ K and ηj ∈ n with
‖ηj‖ � 1. Then

n = (exp η1)αh1(exp η2) · · ·αh1···hm−1(exp ηm).

Put h0 := 1. Then ‖L(αh0···hj
(ηj))‖ � Bj for any j ∈ {0, . . . , m− 1}. Applying (5.5) and

the second inequality in (5.4), we get

�N (n) �
m−1∑
j=0

�N (αh0···hj
(exp ηj))

�
m−1∑
j=0

A(1 + ‖L(αh0···hj
(ηj))‖)k � A

m−1∑
j=0

(1 +Bj)k

� A 2k
m−1∑
j=0

Bjk � A 2k Bmk

Bk − 1
.

Since m = �(n), we have log �N (n) � �(n). �

Example 5.4. Let N be a complex Lie group that is simply connected and nilpotent
and let Γ be a finitely generated subgroup of the automorphism group of N . When Γ is
endowed with the discrete topology, G := N � Γ is a compactly generated complex Lie
group and N is the component of the identity. When Γ is infinite, G has infinitely many
components.

We claim that O(G) is holomorphically reflexive. Indeed, by Corollary 3.10, it suffices
to show that the homomorphism ψ0 : Oexp(G) → Oexp(N) induced by the embedding
N → G has dense range. Denote n by the Lie algebra of N . Since N is simply connected
and nilpotent, the exponential map exp : n → N is a biholomorphic equivalence. Let
μ(f) denote the extension of f ∈ O(N) such that μ(f)(g) = 0 when g /∈ N . If ‖ · ‖ is
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a norm on n, then for any polynomial p on n there is C > 0 and k ∈ Z+ such that
|p(η)| � C(1 + ‖η‖)k, and Proposition 5.3 implies that μ(p ◦ exp−1) ∈ Oexp(G).

The algebra of holomorphic functions of exponential type on a simply connected nilpo-
tent complex Lie group is described explicitly in [4, Theorem 5.7]. It follows from this
description that the set of functions of the form p ◦ exp−1, where p is a polynomial on n,
is contained and dense in Oexp(N). Then the equality ψ0μ(p ◦ exp−1) = p ◦ exp−1 implies
that ψ0 has dense range.
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Appendix A. The Arens-Michael envelope of a nuclear ⊗̂-algebra

In this section, we show that the functor H �→ H• preserves nuclearity when H is an
NFAM Hopf algebra. To do this, we need the construction of the analytic tensor algebra
of a complete locally convex space considered in [17]. (In fact, we need a partial case
because in [ibid.] the case of a ⊗̂-bimodule is discussed.)

Let X be a complete locally convex space. Then there exists an Arens-Michael algebra
T̂ (X) (the analytic tensor algebra of X) and a continuous linear map jX : X → T̂ (X)
satisfying the following universal property: for any Arens-Michael algebra B and any
continuous linear map α : X → B there exists a unique continuous homomorphism ψ :
T̂ (X) → B making the diagram

X
jX ��

α
		��

��
��

��
� T̂ (X)

ψ

���
�
�

B

commutative [17, Proposition 4.8].
The proof of following proposition is straightforward (cf. [18, Proposition 4.2]).

Proposition A.1. Let A be a ⊗̂-algebra and let Ã be the completion of the quotient of
T̂ (A) by the two-sided closed ideal J generated by 1T̂ − 1A and all elements of the form

a1 ⊗ a2 − a1a2 (a1, a2 ∈ A). Then the composition of jA : A→ T̂ (A) with the natural

map T̂ (A) → Ã is an Arens-Michael envelope of A.

The following result is proved the case of a Fréchet space in [20, Theorem 3.1].

Proposition A.2. If X is nuclear then T̂ (X) is nuclear.

Proof. We need the explicit construction of T̂ (X) from [17]. Let {‖ · ‖ν : ν ∈ Λ} be a
directed system of prenorms defining the topology on X. Denote by ‖ · ‖⊗nν the projective
tensor product of n copies of ‖ · ‖ν . Then T̂ (X) consists of all sequences (xn;n ∈ Z+),
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where xn ∈ X⊗̂n (with X⊗̂0 := C), such that for every ν ∈ Λ and ρ > 0

‖x‖ν,ρ :=
∞∑
n=0

‖xn‖⊗nν ρn <∞.

Denote by Xν,ρ the completion of X with respect to ‖ · ‖ν,ρ and for ν′ � ν and ρ′ � ρ

denote by Jνρν′ρ′ the corresponding linking map Xν′,ρ′ → Xν,ρ. To prove that T̂ (X) is
nuclear it suffices to show that for any ν and ρ there are ν′ � ν and ρ′ � ρ such that Jνρν′ρ′

is a nuclear map.
Denote also by Xν the completion of X with respect to ‖ · ‖ν and by jνν′ the linking

maps. Since X is nuclear, there is ν′ � ν such that jνν′ is a nuclear map. Denote the
nuclear norm of jνν′ by N . Then for every n ∈ Z+ the map (jνν′)⊗n : X⊗̂n

ν′,ρ′ → X⊗̂n
ν,ρ is a

nuclear map with nuclear norm at most Nn. Take ρ′ such that ρ′ > Nρ. A straightforward
calculation shows that Jνρν′ρ′ is nuclear with nuclear norm at most 1. �

Theorem A.3. If a ⊗̂-algebra A is nuclear, then so is its Arens-Michael envelope.

Proof. By Proposition A.2, T̂ (A) is nuclear. Since the class of nuclear spaces is stable
under quotients by closed subspaces and under completions, Ã is nuclear. An application
of Proposition A.1 completes the proof. �

Corollary A.4. If H is an NFAM Hopf algebra, then H• is nuclear.

Proof. Since H is a nuclear Fréchet space, H ′ is a nuclear ⊗̂-algebra. By (1.3), H• :=
(H ′) .̂ So we can apply Theorem A.1. �

References

1. S. S. Akbarov, Holomorphic functions of exponential type and duality for Stein groups
with algebraic connected component of identity, (Russian) Fundam. Prikl. Mat. 14(1)
(2008), 3–178. English transl. J. Math. Sci., 162:4 (2009), 459–586.

2. S. S. Akbarov, Continuous and smooth envelopes of topological algebras. Part 1, English
Transl. J. Math. Sci. (N. Y.) 227(5) (2017), 531–668. (Russian), Functional analysis, Itogi
Nauki i Tekhniki. Ser. Sovrem. Mat. Pril. Temat. Obz., 129, VINITI, Moscow, 2017, 3–133.

3. O. Yu. Aristov, Holomorphically finitely generated Hopf algebras and quantum Lie
groups, arXiv:2006.12175

4. O. Yu. Aristov, Holomorphic functions of exponential type on connected complex Lie
groups, J. Lie Theory 29(4) (2019), 1045–1070. arXiv:1903.08080.

5. O. Yu. Aristov, Arens-Michael envelopes of nilpotent Lie algebras, functions of expo-
nential type, and homological epimorphisms, Tr. Mosk. Mat. Obs. 81(1) (2020), 117–136.
MCCME, M., Trans. Moscow Math. Soc. (2020), 97–114, arXiv:1810.13213.

6. B. Blackadar, Operator algebras. theory of C∗-algebras and von Neumann Algebras,
Encyclopaedia of Mathematical Sciences, Vol. 122 (Springer, 2006).

7. V. I. Bogachev and O. G. Smolyanov, Topological vector spaces and their applications
(Moscow-Izhevsk, 2012). English transl.: (Springer 2017).

8. P. Bonneau, M. Flato, M. Gerstenhaber and G. Pinczon, The hidden group struc-
ture of quantum groups: strong duality, rigidity and preferred deformations, Comm. Math.
Phys. 161 (1994), 125–156.

https://doi.org/10.1017/S0013091521000572 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091521000572


On holomorphic reflexivity conditions 821

9. H. G. Dales, Banach algebras and automatic continuity. London mathematical society
monographs. New Series, Vol. 24 (Oxford Science Publications, The Clarendon Press,
Oxford University Press, New York, 2000).

10. O. Forster, Zur Theorie der Steinschen Algebren und Moduln, Math. Z. 97 (1967),
376–405.

11. J. Hilgert and K.-H. Neeb, Structure and geometry of Lie groups (Springer, New York,
2012).

12. G. V Litvinov, Group representations in locally convex spaces, and topological group
algebras, Trudy Sem. Vektor. Tenzor. Anal. 16 (1972), 267–349. (Russian) English transl.:
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