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Abstract First, we show that there exists a sequeqgg of integers which is a good
averaging sequence Ir? for the pointwise ergodic theorem and satisfies

an+]_ . e(|ogn)717€
an
for n > n(e). This should be contrasted with an earlier result of ours which says that if a
sequenceéa,) of integers (or real numbers) satisfies

1
an+1 Tt
+ >e(logn)
an

for some positive:, then it is a bad averaging sequencd.ifor the pointwise ergodic
theorem.

Another result of the paper says that if we select each integeéth probability 1/n
into a random sequence, then, with probability 1, the random sequence is a bad averaging
sequence for the mean ergodic theorem. This result should be contrasted with Bourgain’s
result which says that if we select each integewith probability o,, into a random
sequence, where the sequengg is decreasing and satisfies

m ant On —

I
1—oco logt

’

then, with probability 1, the random sequence is a good averaging sequence for the mean
ergodic theorem.
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1. Introduction
Letas < a2 < --- be an infinite sequence of integers. The conditions that imply
(an) is a good averaging sequence for the pointwise ergodic theorem are arithmetical in
nature. At present there is no useful characterization of these conditions. In this paper we
investigate the extent to which the size of the successive gaps in the sequence can be used
to help determine convergence or divergence of the associated averages. For example, any
lacunary sequence is known to be bad for the pointwise ergodic theorem. It is natural to ask
how much more slowly the sequence can grow and still necessarily be bad. We consider
both pointwise convergence and convergence in mean.

To make the discussion precise we need to introduce some terminology.

Definition 1.1.Let (X, X, m) be a non-atomic probability space, anda measurable,
measure-preserving transformationofo itself. Let 1< p < oc.

Almost everywhere convergen®ée say that a sequence of positive integérs (a,) is a
good averaging sequence fbP in the systentX, X, m, t) or justL”-good in the system
(X, Z,m, 7) iff foreach f € L?(X) the limit

lim My (A, )@

exists for almost every € X, where

My (A, f)(x) = My f(x) = % > fEhx), (1.1)
n<N
The sequencd = (a,) is auniversally good averaging sequence fot or simply LP-
good iff itis LP-good in every systendX, X, m, 1).
The sequencd = (a,) is co-sweeping oufor L7 iff in every aperiodic(free) system
(X, X, m, 1) thereisf € LP(X) with

limsupMy (A, f)(x) =00

N—o0
for almost every € X.
The sequenced = (a,) is §-sweeping outff in every aperiodic (free) system
(X, =, m, ) ande > 0 there is an indicator functiofi with [ f < ¢ and
limsupMy (A, f(x) = 6.

N—o0

Remark 1.2t is quite easy to see that if a sequencésdis- ¢)-sweeping out for every
positivee < § then it is alsa’-sweeping out.

A 1-sweeping out sequence is also catng sweeping ouaind it has the additional
property that in every aperiodic system and- O there is an indicator functioi with
[ f <eand

limsupMy (A, f)(x) =1, liminf My(A, f)(x) =0.

N—o00 N—o0
Mean convergencalle say that the sequende= (a,) is mean-goodff in every system
(X, =,m, 1) forevery f € L%(X) the average8/y (A, f)(x) converge inL2-norm.
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In this paper, unless we say otherwise, the sequences (a,), B = (by), €etc. are
strictly increasing sequences of positive integers.

Sometimes, whed = (a,) is strictly increasing, it is more convenient to consider the
averages

1
Mi(A. ))) = Mo f () = 5 Y Fat, (1.2)
acA

a<t

whereA(t) is the is the counting function of the sequentce
Aty =#a|a <t,a € A}.

We distinguish the two kinds of averages by their respective subscripts; if the subscript is
a capital letter §, P, Q, etc.) then we are dealing with the averages in (1.1), and if the
subscript is a small lettes (z, u, etc.) then we think of the averages in (1.2). Since in this
paper, the sequence = (a,) is always strictly increasing, the convergence—divergence
properties oM, (A, f) andMy (A, f) are identical.

We seek two kinds of conditions for sequences with large gaps: deterministic
conditions, and probabilistic conditions. In discussing pointwise results—to get our point
across more quickly—we will consider onjy = 2, or in some caseg = oo. When
divergence occurs in the cape= oo, we will show not only divergence, but that we in
fact have strong sweeping out for the averages we are considering.

1.1. Deterministic conditions. In 1983 Bellow P] proved that a lacunary sequence is
oo-sweeping out foL.” for every finitep. Laterin [1] it was established that every lacunary
sequence is strong sweeping out. Consequently we know that, roughly speakinty, an
good sequencer,) has to satisfy

. a 1
lim 222 — 1.

n—>oo  ay

The question arises: how fastdg,1/a, is going to one? Two of us proved id][that if a
sequence satisfies
71'+5
an+1 > e(|ogn) 2
an

for some positive: then it isco-sweeping out fol.2. The first main result is as follows.

THEOREM A. There is anL2-good sequencéu,) of integers which, for every > 0,

satisfies
an+1 —1—
ntl _ pllogm)—*
ap

forn > n(e).

1.2. Probabilistic conditions. This set of results are about randomly generated
sequences of integers. Here is our scheme of generating random sequences.

Let (o,) be a sequence of positive numbersjs the probability with which we choose
n into the random sequence. More precisely(1g) be a sequence of independent; @
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valued random variables on the probability spéee s, P) so thatP(Y, = 1) = ¢, and
P(Y, =0)=1-o0,. Foreachw € @, let A® be the sequence defined by the property that
n e A®ifandonly if Y, (w) = 1.

Bourgain B] proved that if the sequence,,) satisfies
(1) the sequencer,) is decreasing,

lef
) lim @ = 00,
t—oo logt

then, for almost every € 2, the sequenca® is mean-good.

For an exposition of the proof, se&,[Ch. Il], where it is also pointed out that
condition (1) above cannot entirely be dropped for such a result. As for the necessity
of condition (2), we have our second main result.

THEOREM B. Leto, = 1/n. Then, for almost every € Q, the sequencd® is not
mean-good.

In fact, the method of proof will also give the following.

THEOREMC. Leto, = 1/n. Then, for almost every € 2, the sequencd® is strong
sweeping out.

In the case of almost everywhere convergence, Bourdadlipfoved that ifo, =
(loglogn)¥t€/n with some positives, then for almost everw € , the sequence®
is L2-good. For an exposition of the proof, se& [Ch. IV]. Here, we shall prove the
following.

THEOREMD. If 6,, = (log Iogn)%*f/n with some positive then, for almost every € ,
the sequenca® is co-sweeping out for.2.

Notation 1.3.For the functions (x), g(x) defined on some set of the real numbgis, ¢
means thaf (x)/g(x) — 1 asx — oo or x — 0 depending on the context.

2. Proof of Theorem B

The main idea of the proof is to show that, for a®. one can extract a lacunary
subsequenc®® = (b,(w)) of the sequencdl® = (a,(w)), which has the additional
property thatB® has positive density id®. This latter means that

m B*®) >
t—00 Aw(t)

This is the content of the proposition below, but notice that we state a sharper result,
because we will use this sharpening later in the proof of Theorem C.

PropPOSITION2.1. If 0, = 1/n then for a.ew and every > 0 there is a subsequence
B® = (b, (w)) of A® = (a,(w)) with the following two properties:
byy1(w)

° liminf ——= > 1;
n—o0 n(a))
B® B®
o diminf 22D _jiming 270 _ g o

t—~o00 A®(f)  t—oo logt
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Note that by the law of large numbers, for awe A“(r)/logt — 1.
By this proposition, the proof of Theorem B will be finished once we prove
Proposition 2.2.

PROPOSITION2.2. Suppose there is a lacunary subsequeBce: (b,) of the sequence
A = (a,) which has positive upper density i that is,

lim sup& >
t—00 t)

ThenA is not mean-good.
Proof of Proposition 2.1L et us fixe > 0. Choose > 1 close enough to one so that
1-1/0
loge
and then leyy > 0 small enough that we also have

>1—e¢,

>1-—e. (2.2)

It is now enough to prove that for a.e. there is a subsequen®” = (b,(w)) of
A® = (a,(w)) with the following two properties:

@ timint 220 _jimint 370 L 1= Le"
i—o0 A®(t)  1—oo logr logo
For each positive integer let us denotely = {n | o™ < u < o**1}. The random
sequence® = (b,(w)) will be such that, for each, it will contain at most one integer
from the setly.
Indeed, a sequence like that satisfies, with some positive integers < &/,

M < by(w) < 0"t < M < byia(w),

SO

k' +n k+1+4n

bnt1(@) _ 0 4 —o"
by(w) ~ Qk+1 - Qk+1 ’

which is the inequality in (1) above.
Let us now see howB® is constructed and that the inequalities in (2) are satisfied. For
each positive integek, let

Xp = maxy, | " <u < 0"t

The X, form a sequence of independent-a valued random variables. For easte €,
let us defineB® = (b, (w)) by

b € B® iff for somek, b = min{u | Y, = 1, o™ < u < o**1}.
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Itis clear that

<1

‘Bwo) - Xi()

ok =<t

Hence, by the strong law of large numbers, for a.ee have,

B
lim 7(!) =1
t—>00 ngft E(Xy)

For a.ew, we have
A®(t)

lim =1
1—oo logt

Consequently, it will be enough to show
lim Lot=i EXD) —
=00 ((1— " 1)/logo) - logr

Since
Mkl =1y _
1—oo logt/loge
we just need to show
kime(xk) =1-0o"1
We have

E(Xp) =PXy=1)=1-P(Xx =0)

=1-[[Pr. =0
uely

=1-[]a-1m
uely

= 1 — ezuelk |Og(1*l/bl)

~ 71— e_ Zuelk 1/u

~ 1 — p—(loge*t1—logo*+m)

— 1 — ¢~ (d—mloge

=1- Q”_l. O
Proof of Proposition 2.2We will show that if the transformationis given by an irrational

rotation of T = [0, 1), then for some functiorf € L2, the sequenceéM; ) = (M;(A, f))
is not a Cauchy sequenceirf. More precisely, we will prove the following proposition.

PropPOSITION2.3. Under the hypothesis of Proposition 2.2, there is an irrational rotation
of T = [0, 1), an indicator functionf of an interval of the fornj0, ), ande > 0 so that
for some sequendg,)

My, f — My, fIIL? > €.

https://doi.org/10.1017/50143385799146819 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385799146819

Integer sequences with big gaps 1301

Proof. Let o > 1 be such that

bny1
by

>0

for everyn, and letr > 0 be such that

. B(t

lim supL) > r.

A(t)
Let T contain those for which B(¢)/A(t) > r. For the rest of this proof we assume that
t € T. We need several lemmas.
LEMMA 2.4. Let the positive integey satisfy
loge 5
> .

log(2g) q

Then, for a dense set 6f we have

L 1
Imgf 0 L;\ X10,1/q)(aB) >

a<t

5
q

Proof. Let ¢ be a positive integer so that > 2g, thatis,¢ > log(2g)/loge. Let the
sequenced = (d,) be defined byl, = by,. Note that the upper density @ in A is
greater tham/¢ > (r loge)/109(2g). More precisely,

D) r-logo
im — > .
t—oo A(t)  log(2q)

All'we need to prove now is that, for a dense seBoive havey|o,1/4)(d, ) = 1 for every
large enouglr. In other wordsd,, 8 € [0, 1/¢) mod 1 for every large enough
The only property oD we use is that, for eveny,

n

To make the notation simpler we assume, without loss of generalitydthat 2¢. Let
I C [0,1) be an interval. We need to show that there8iss I so that for every,
dnpB € [0, 1/g)+Z. In other words, we need to show that theksef),> ([0, 1/¢)+Z)/d,
is not empty.

Let us denoteJ = [0,1/q]. Sincedi > 2q, there is an integek; so that
[k1, k1 + 1]/d1 C I. It follows that

(J +k)/dr C I
Sincedy/d1 > 2q, there is an integét, so that
(J +k2)/d2 C ([0, 1/q) + k1)/da.
Continuing in this way, for every > 2, there is an integd, so that

(J + kn)/dn C ([0, 1/‘]) + kn—l)/dn—l-
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This implies, since the intervald + k,)/d, are closed, that

(U + kn)/dn # @.

Combining this with(J + k1)/d1 C I, we obtain/ N (;24([0, 1/q) + Z)/d, that is not
empty. O

LEMMA 2.5. Letg be a positive integer. Then, for a dense set ofve have

Jim. A(t) Z X10.2/q)(aB) =

a<t
Proof. The result follows from an old result of Weyl, which says that the sequéng®
is uniformly distributed mod 1 for almost evegy see b, Ch. 1, §3]. |
Before the next lemma, we need a definition.

Definition 2.6. A real valued functionF defined onT or R is calledquasi continuou#f
y > F(x) > é implies that there is a closed intervatontainingx so thaty > F(I) > 4.

LEMMA 2.7. Let (F;);er and (G,);c7 be two sequences of quasi continuous functions
defined orfT. Lety > 8, and assume that for a dense sepof

liminf F;(B) > v,
—>00
and for a dense set ¢,

limsupG;(B) < §.

—>0o0

Then for an uncountable, dense sepgofve have

limsupF:(B) > v, Ii;rﬂicgf G(B) <.

—>00
Proof. The proof s just a slight modification of a well-known result in real analysis where
the functionsF; andG; are assumed to be continuous. O

Here is how we can put together these lemmas to give a proof of Proposition 23. Let
be a large enough integer to satisfy

logo 5
r > —.
log(2g) q
Denote
F;
B =30 ;\xm 19(@h). Gi(B) = 70 ;\xw 2/)(ap),
a<t a<t
and
2
J/ = §’ (S = —.
q q
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By Lemma 2.4, for a dense set pf
liminf F;(8) > y,
t—0o0
and by Lemma 2.5, for a dense setfof
lim G,(B) <§é.
—00
It follows, by Lemma 2.7, that for an uncountable densesef g,

limsupF;(B) >y, Iitm inf G;(B) < 6.
—00

—>00

In other words, for eacfi € D, there is a infinite sequenee< 2 < - - -, so that
Fiyo >y —1/q. (2.2)
and
Gy <8+ 1/q. (2.3)

Fix an irrational € D, and letr be the rotation ofl' by 8. Let f be the 1-periodic
extension of the characteristic function of the interi@l2/q). If x € [0,1/¢) and
aB € [0,1/g) mod 1, thenx + aB € [0, 2/g) mod 1. Hence for any € [0,1/q) we
have, by (2.2),

1 4
My (A, X)) >y — — = —,
q q

for everyk. If x € [0,1/q) andx + aB € [0, 2/q) mod 1, therug € [0, 2/¢q). Hence, for
anyx € [0, 1/¢q) we have, by (2.3),

1 3
Mf2k+1(A’ x) <s+ 5 = ;,

for everyk. It follows, for everyk,

My (A, f)(x) = Miy 1 (A, PO 2m) = 1 Miy (A, f)(X) = My 4 (A, OO 22Ty
>1/q-1/q,

so we can take = 1/42. o

Remark 2.8. Our proof gives a more general result. First we have a definition.

Definition 2.9. The sequencd = (a,) is calledpersistently bad for mean convergeriife
for every sequenca < r» < --- of indices there is an irrational rotatianand a function
f € L¥(T) so that the sequenq@/,, (A, f)),-, does not converge in?.

THEOREM2.10. If 6, = 1/n then for a.ew the random sequence” is persistently bad
for mean convergence.

https://doi.org/10.1017/50143385799146819 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385799146819

1304 R. L. Jones et al

3. Proof of Theorem C
By Proposition 2.1, we see that for a®, A® is (1 — €)-sweeping out. But then, by
Remark 1.2A® is also 1- & strong) sweeping out.

Remark 3.1.This proof applies almost without any change to give a more general result.
First a definition.

Definition 3.2.Let 0 < § < 1. The sequenca = (a,) is calledpersistentlys-sweeping
out iff for every sequence; < r» < --- of indices ande > 0 one can find, in any
dynamical system, an indicator functigiwith | f < e such that

limsupM, (A, f)(x) >§

k— 00

almost everywhere.

A persistently 1-sweeping out sequence is also calbdistently strong sweeping qut
and it has the additional property that for given< # < --- in every aperiodic system
ande > 0 one can find an indicator functiofwith [ /' < ¢ and

limsupM, (A, f)(x) =1, liminf M, (A, f)(x) =0.

k— 00 k—o00
THEOREM3.3. If 6, = 1/n then for a.ew the random sequenc&® is persistently 1-
sweeping out.

4. Proof of Theorem D
Recall the result mentioned in the introduction: if a sequéhggsatisfies

bn+1 - e(logn)—%-Fe
n
for somee > 0 and for all large enough then (b,) is infinity sweeping out fol.2. It
follows that we need to prove the following result.
LEMMA 4.1. Lete > 0. If o, = (log Iogn)%*e/n then for a.ew there is a subsequence
B? = (b,(w)) of A® = (a,(w)) so that
B®(t
m (1) —1
A“(1)

and

b _1.1,
n+1(w) < pllogm 272
bp(w)

for all large enoughn.

—1+e
Proof. Letu, = min{t | 3_,_, 0. > n}. Sinceu, is basicallye™ (09" *" for large
enough: we have

1
w > e(log") 3t
Un
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and, since_,_, on — n, by the strong law of large numbers, for ag.
. A%
lim n) _ 1.
n—o00 n

1.,

Unfortunately, this does not implys.1() /an (@) > e109M 2"
1.1, _

Lety, = ¢"(09m 272 The properties ofv,) we need are

1.1,
(1) vps1/vn > €109 272 for |arge enough,
(2) with the notatiory,, = [v,, v,+1) N Z,

lim o, =0.
Jim > o

uel,

Now, for a.ew, the sequencB8® = (b, (w)) will have the properties
() |B®NI,| <1foreverylarge enough,
@iy if [B®N1I,| =1then|B®NI,+1] =0.
These two properties would assure that, for awe.we haveb,i1(w)/b,(w) >

1.1, '
¢(109m”"2"2% o1 Jarge enough, and we just need to make sure that

im B*(®) =1
t—00 Aw(t)

Let DY = (d,(w)) be defined byd € D® iff, for somen, d € I, N A® and
I,11NA® = 2.

The requirementsin (i) and (ii) suggest that we need to défthe- (b, (w)) = A“\D®.
It remains to show that for a.e,

im D¥(0) _
t—00 Aw(t)

By the strong law of large numbers, we need to show that

. ED®(
lim 7() =0.
1—00 ant On

Note thatD(t) < 3, <, (X ,cs, Ya(@)) - SUPcs, ., Ya(@). It follows, since the random
variablesXy =Y .., Y,,k=1,2,..., are independent, that

ED®(t) < E Z <Z Y,,) . sup Y,

nely

v <t \nely ne€lyy1
EY (Tn) (2w
Vk=t “nely neliy1
=2 (Z) (2 )

VK=t “nely neliy1
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But now, by property (2),

kafl (Znelk Un) : (Zne]k_H Un)

. ED®(t) .
limsup—=——— < limsup
t—>00 n<t On t—00 anf On
; . ka 1<t (Znelk Un)
< lim sup< > a,,) -lim sup—=
k— 00 nelii1 t—00 Zl‘lf[ On
= O’
finishing our proof. ]

Remark 4.2 As a particular case ob[ Exercise 5, p. 79], we have Theorem 4.3.

THEOREMA4.3. If 0, = (log |Ogn)%_5/n with some positive then there is a sequence
t1 < t2 < --- so that for a.ew the sequenceM, (A“, f)(x));2, converges for a.ex in
any dynamical system fgf e L2.

This is interesting to compare with Theorem 3.3.

5. Proof of Theorem A
In the introduction we mentioned Bourgain’s result fro8i [if o, = (loglogn)t*</n
with some positive: then, for almost every € €, the random sequeneg’ is L2-good.
The idea of our proof is to select a subsequeBtte= (b, (w)) from A® so that for a.e.
w the density ofB” in A“ is one, and the rati,1/b, is suitably big.
More precisely, we have the following.

LEMMA 5.1. Lete > 0. If 0, = (loglogn)1*</n then for a.ew there is a subsequence
B® = (b, (w)) of A® = (a,(w)) so that

m B (1) _1
A®(t)

)

and

bn+l(w) > e(|ogn)*1*2€
bn (@)

for all large enoughn.

The proof of this lemma is identical to that of Lemma 4.1, hence we omit it.
The proof of Theorem A is completed with the following simple lemma.

LEMMA 5.2. Suppose the sequence = (a,) is L2-good, and that a subsequence
B = (b,) of A satisfies

lim L10] =1
t—o00 A(t)

ThenB is alsoL2-good.
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Proof. Let (X, =, t) be a dynamical system. Because of the estimate, valid for0,

A@) 1 a
Imsup gy 2/ (€") < ISP 5 22/

b<t
beB acA
—Ilmsu — x
pA();f( )
acA

we have that the maximal function oM, (B, f)) is a.e. finite for allf € L2. By the
Banach principle, it is enough to prove that for a densé.finset of functions the sequence
(M, (B, f)(x)) converges a.e. Hence the following lemma finishes the proof.

LEMMA 5.3. Let f : A — C be a bounded function, and suppose

Nm, A(;) D@ =a

a<t
acA

Then
Jlim B(t) ;f( ) =a.
beB
Proof. Since lim_.., A(¢)/B(t) = 1, it is enough to show that

() = «a.
A(t) ; U
beB
But we have
1
limsu (b) — (a)| < limsup—— (a)
moP A();f A(r);f Mol A ; S
beB acA acA\B
1
< sup|f(a)|- Ilmsu — 1
supls P 2
acA\B
=0,
which finishes our proof. ]

6. Unsolved problems
There are a number of remaining questions. We conclude the paper by listing some of
them.

CONJECTUREL. If a sequencéa,) satisfies

ap+1 -1
Intl _ o(logn)
Qn

for every large enough, then(a,) is co-sweeping out fof.2.
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A consequence of the above problem would be the following.

CONJECTUREZ2. Supposes, = loglogn/n. Then, with probability 1, the random
sequencel® is co-sweeping out foL.2.

CONJECTURES. Suppose, — 0and)_, o, = co. Then, with probability 1, the random
sequencel® is co-sweeping out for.1.

CONJECTURE4. For everye > 0, there exists a sequenee = (a,) with the following
two properties.
° For everyn,

an4+1 —1-€
Intl _ pllogm)=i7e
dn

° If (X, o, m) is a probability space7 is a positive contraction of.?, and f € L?
then the averages

% DT f(x)

n<N
converge for a.ex € X.

The above conjecture is true in the special cageid anL2-L> contraction, or even if’
is anL2-L? contraction with some > 2.
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