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Abstract. First, we show that there exists a sequence(an) of integers which is a good
averaging sequence inL2 for the pointwise ergodic theorem and satisfies

an+1

an

> e(logn)−1−ε

for n > n(ε). This should be contrasted with an earlier result of ours which says that if a
sequence(an) of integers (or real numbers) satisfies

an+1

an

> e(logn)
− 1

2+ε

for some positiveε, then it is a bad averaging sequence inL2 for the pointwise ergodic
theorem.

Another result of the paper says that if we select each integern with probability 1/n

into a random sequence, then, with probability 1, the random sequence is a bad averaging
sequence for the mean ergodic theorem. This result should be contrasted with Bourgain’s
result which says that if we select each integern with probability σn into a random
sequence, where the sequence(σn) is decreasing and satisfies

lim
t→∞

∑
n≤t σn

log t
= ∞,

then, with probability 1, the random sequence is a good averaging sequence for the mean
ergodic theorem.
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1. Introduction
Let a1 < a2 < · · · be an infinite sequence of integers. The conditions that imply
(an) is a good averaging sequence for the pointwise ergodic theorem are arithmetical in
nature. At present there is no useful characterization of these conditions. In this paper we
investigate the extent to which the size of the successive gaps in the sequence can be used
to help determine convergence or divergence of the associated averages. For example, any
lacunary sequence is known to be bad for the pointwise ergodic theorem. It is natural to ask
how much more slowly the sequence can grow and still necessarily be bad. We consider
both pointwise convergence and convergence in mean.

To make the discussion precise we need to introduce some terminology.

Definition 1.1.Let (X,6,m) be a non-atomic probability space, andτ a measurable,
measure-preserving transformation ofX to itself. Let 1≤ p ≤ ∞.
Almost everywhere convergence.We say that a sequence of positive integersA = (an) is a
good averaging sequence forLp in the system(X,6,m, τ) or justLp-good in the system
(X,6,m, τ) iff for eachf ∈ Lp(X) the limit

lim
N→∞MN(A, f )(x)

exists for almost everyx ∈ X, where

MN(A, f )(x) = MNf (x) = 1

N

∑
n≤N

f (τanx). (1.1)

The sequenceA = (an) is a universally good averaging sequence forLp or simplyLp-
good, iff it is Lp-good in every system(X,6,m, τ).

The sequenceA = (an) is∞-sweeping outfor Lp iff in every aperiodic(free) system
(X,6,m, τ) there isf ∈ Lp(X) with

lim sup
N→∞

MN(A, f )(x) = ∞

for almost everyx ∈ X.
The sequenceA = (an) is δ-sweeping outiff in every aperiodic (free) system

(X,6,m, τ) andε > 0 there is an indicator functionf with
∫

f < ε and

lim sup
N→∞

MN(A, f )(x) ≥ δ.

Remark 1.2.It is quite easy to see that if a sequence is(δ − ε)-sweeping out for every
positiveε < δ then it is alsoδ-sweeping out.

A 1-sweeping out sequence is also calledstrong sweeping out, and it has the additional
property that in every aperiodic system andε > 0 there is an indicator functionf with∫

f < ε and

lim sup
N→∞

MN(A, f )(x) = 1, lim inf
N→∞ MN(A, f )(x) = 0.

Mean convergence.We say that the sequenceA = (an) is mean-goodiff in every system
(X,6,m, τ) for everyf ∈ L2(X) the averagesMN(A, f )(x) converge inL2-norm.
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In this paper, unless we say otherwise, the sequencesA = (an), B = (bn), etc. are
strictly increasing sequences of positive integers.

Sometimes, whenA = (an) is strictly increasing, it is more convenient to consider the
averages

Mt(A, f )(x) =Mtf (x) = 1

A(t)

∑
a∈A
a≤t

f (τ ax), (1.2)

whereA(t) is the is the counting function of the sequenceA:

A(t) = #{a | a ≤ t, a ∈ A}.
We distinguish the two kinds of averages by their respective subscripts; if the subscript is
a capital letter (N,P,Q, etc.) then we are dealing with the averages in (1.1), and if the
subscript is a small letter (s, t, u, etc.) then we think of the averages in (1.2). Since in this
paper, the sequenceA = (an) is always strictly increasing, the convergence–divergence
properties ofMt(A, f ) andMN(A, f ) are identical.

We seek two kinds of conditions for sequences with large gaps: deterministic
conditions, and probabilistic conditions. In discussing pointwise results—to get our point
across more quickly—we will consider onlyp = 2, or in some cases,p = ∞. When
divergence occurs in the casep = ∞, we will show not only divergence, but that we in
fact have strong sweeping out for the averages we are considering.

1.1. Deterministic conditions. In 1983 Bellow [2] proved that a lacunary sequence is
∞-sweeping out forLp for every finitep. Later in [1] it was established that every lacunary
sequence is strong sweeping out. Consequently we know that, roughly speaking, anLp-
good sequence(an) has to satisfy

lim
n→∞

an+1

an

= 1.

The question arises: how fast isan+1/an is going to one? Two of us proved in [4] that if a
sequence satisfies

an+1

an

> e(logn)
− 1

2+ε

for some positiveε then it is∞-sweeping out forL2. The first main result is as follows.

THEOREM A. There is anL2-good sequence(an) of integers which, for everyε > 0,
satisfies

an+1

an
> e(logn)−1−ε

for n > n(ε).

1.2. Probabilistic conditions. This set of results are about randomly generated
sequences of integers. Here is our scheme of generating random sequences.

Let (σn) be a sequence of positive numbers;σn is the probability with which we choose
n into the random sequence. More precisely, let(Yn) be a sequence of independent, 0− 1
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valued random variables on the probability space(�, β, P ) so thatP(Yn = 1) = σn and
P(Yn = 0) = 1− σn. For eachω ∈ �, let Aω be the sequence defined by the property that
n ∈ Aω if and only if Yn(ω) = 1.

Bourgain [3] proved that if the sequence(σn) satisfies
(1) the sequence(σn) is decreasing,

(2) lim
t→∞

∑
n≤t σn

log t
=∞,

then, for almost everyω ∈ �, the sequenceAω is mean-good.
For an exposition of the proof, see [5, Ch. II], where it is also pointed out that

condition (1) above cannot entirely be dropped for such a result. As for the necessity
of condition (2), we have our second main result.

THEOREM B. Let σn = 1/n. Then, for almost everyω ∈ �, the sequenceAω is not
mean-good.

In fact, the method of proof will also give the following.

THEOREM C. Let σn = 1/n. Then, for almost everyω ∈ �, the sequenceAω is strong
sweeping out.

In the case of almost everywhere convergence, Bourgain [3] proved that if σn =
(log logn)1+ε/n with some positiveε, then for almost everyω ∈ �, the sequenceAω

is L2-good. For an exposition of the proof, see [5, Ch. IV]. Here, we shall prove the
following.

THEOREM D. If σn = (log logn)
1
2−ε/n with some positiveε then, for almost everyω ∈ �,

the sequenceAω is∞-sweeping out forL2.

Notation 1.3.For the functionsf (x), g(x) defined on some set of the real numbers,f ∼ g

means thatf (x)/g(x)→ 1 asx →∞ or x → 0 depending on the context.

2. Proof of Theorem B
The main idea of the proof is to show that, for a.e.ω, one can extract a lacunary
subsequenceBω = (bn(ω)) of the sequenceAω = (an(ω)), which has the additional
property thatBω has positive density inAω. This latter means that

lim
t→∞

Bω(t)

Aω(t)
> 0.

This is the content of the proposition below, but notice that we state a sharper result,
because we will use this sharpening later in the proof of Theorem C.

PROPOSITION2.1. If σn = 1/n then for a.e.ω and everyε > 0 there is a subsequence
Bω = (bn(ω)) of Aω = (an(ω)) with the following two properties:

• lim inf
n→∞

bn+1(ω)

bn(ω)
> 1;

• lim inf
t→∞

Bω(t)

Aω(t)
= lim inf

t→∞
Bω(t)

log t
> 1− ε.
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Note that by the law of large numbers, for a.e.ω, Aω(t)/ log t → 1.
By this proposition, the proof of Theorem B will be finished once we prove

Proposition 2.2.

PROPOSITION2.2. Suppose there is a lacunary subsequenceB = (bn) of the sequence
A = (an) which has positive upper density inA, that is,

lim sup
t→∞

B(t)

A(t)
> 0.

ThenA is not mean-good.

Proof of Proposition 2.1.Let us fixε > 0. Choose% > 1 close enough to one so that

1− 1/%

log%
> 1− ε,

and then letη > 0 small enough that we also have

1− 1/%1−η

log%
> 1− ε. (2.1)

It is now enough to prove that for a.e.ω there is a subsequenceBω = (bn(ω)) of
Aω = (an(ω)) with the following two properties:

(1) lim inf
n→∞

bn+1(ω)

bn(ω)
≥ %η;

(2) lim inf
t→∞

Bω(t)

Aω(t)
= lim inf

t→∞
Bω(t)

log t
≥ 1− 1/%1−η

log%
.

For each positive integerk let us denoteIk = {n | %k+η ≤ u < %k+1}. The random
sequenceBω = (bn(ω)) will be such that, for eachk, it will contain at most one integer
from the setIk.

Indeed, a sequence like that satisfies, with some positive integersk, k′, k < k′,

%k+η ≤ bn(ω) < %k+1 ≤ %k′+η ≤ bn+1(ω),

so

bn+1(ω)

bn(ω)
≥ %k′+η

%k+1
≥ %k+1+η

%k+1
= %η,

which is the inequality in (1) above.
Let us now see howBω is constructed and that the inequalities in (2) are satisfied. For

each positive integerk, let

Xk = max{Yu | %k+η ≤ u < %k+1}.
TheXk form a sequence of independent, 0− 1 valued random variables. For eachω ∈ �,
let us defineBω = (bn(ω)) by

b ∈ Bω iff for somek, b = min{u | Yu = 1, %k+η ≤ u < %k+1}.
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It is clear that ∣∣∣∣Bω(t)−
∑
%k≤t

Xk(ω)

∣∣∣∣ ≤ 1.

Hence, by the strong law of large numbers, for a.e.ω we have,

lim
t→∞

Bω(t)∑
%k≤t E(Xk)

= 1.

For a.e.ω, we have

lim
t→∞

Aω(t)

log t
= 1.

Consequently, it will be enough to show

lim
t→∞

∑
%k≤t E(Xk)

((1− %η−1)/ log%) · log t
= 1.

Since

lim
t→∞

#{k | %k ≤ t}
log t/ log%

= 1,

we just need to show

lim
k→∞E(Xk) = 1− %η−1.

We have

E(Xk) = P(Xk = 1) = 1− P(Xk = 0)

= 1−
∏
u∈Ik

P (Yu = 0)

= 1−
∏
u∈Ik

(1− 1/u)

= 1− e
∑

u∈Ik log(1−1/u)

∼ 1− e
−∑u∈Ik 1/u

∼ 1− e−(log%k+1−log%k+η)

= 1− e−(1−η) log%

= 1− %η−1. 2

Proof of Proposition 2.2.We will show that if the transformationτ is given by an irrational
rotation ofT = [0, 1), then for some functionf ∈ L2, the sequence(Mtf ) = (Mt (A, f ))

is not a Cauchy sequence inL2. More precisely, we will prove the following proposition.

PROPOSITION2.3. Under the hypothesis of Proposition 2.2, there is an irrational rotation
of T = [0, 1), an indicator functionf of an interval of the form[0, η), andε > 0 so that
for some sequence(tk)

‖Mt2k
f −Mt2k+1f ‖L2 ≥ ε.
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Proof. Let % > 1 be such that

bn+1

bn

> %

for everyn, and letr > 0 be such that

lim sup
B(t)

A(t)
> r.

Let T contain thoset for which B(t)/A(t) > r. For the rest of this proof we assume that
t ∈ T . We need several lemmas.

LEMMA 2.4. Let the positive integerq satisfy

log%

log(2q)
· r >

5

q
.

Then, for a dense set ofβ, we have

lim inf
t→∞

1

A(t)

∑
a∈A
a≤t

χ[0,1/q)(aβ) >
5

q
.

Proof. Let ` be a positive integer so that%` > 2q, that is,` > log(2q)/ log%. Let the
sequenceD = (dn) be defined bydn = b`n. Note that the upper density ofD in A is
greater thanr/` > (r log%)/ log(2q). More precisely,

lim
t→∞

D(t)

A(t)
>

r · log%

log(2q)
.

All we need to prove now is that, for a dense set ofβ, we haveχ[0,1/q)(dnβ) = 1 for every
large enoughn. In other words,dnβ ∈ [0, 1/q) mod 1 for every large enoughn.

The only property ofD we use is that, for everyn,

dn+1

dn
≥ %` > 2q.

To make the notation simpler we assume, without loss of generality, thatd1 > 2q. Let
I ⊂ [0, 1) be an interval. We need to show that there isβ ∈ I so that for everyn,
dnβ ∈ [0, 1/q)+Z. In other words, we need to show that the setI∩⋂∞n=1([0, 1/q)+Z)/dn

is not empty.
Let us denoteJ = [0, 1/q]. Since d1 > 2q, there is an integerk1 so that

[k1, k1+ 1]/d1 ⊂ I . It follows that

(J + k1)/d1 ⊂ I.

Sinced2/d1 > 2q, there is an integerk2 so that

(J + k2)/d2 ⊂ ([0, 1/q)+ k1)/d1.

Continuing in this way, for everyn ≥ 2, there is an integerkn so that

(J + kn)/dn ⊂ ([0, 1/q)+ kn−1)/dn−1.
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This implies, since the intervals(J + kn)/dn are closed, that⋂
n

(J + kn)/dn 6= ∅.

Combining this with(J + k1)/d1 ⊂ I , we obtainI ∩⋂∞n=1([0, 1/q)+ Z)/dn that is not
empty. 2

LEMMA 2.5. Letq be a positive integer. Then, for a dense set ofβ, we have

lim
t→∞

1

A(t)

∑
a∈A
a≤t

χ[0,2/q)(aβ) = 2

q
.

Proof. The result follows from an old result of Weyl, which says that the sequence(anβ)

is uniformly distributed mod 1 for almost everyβ, see [5, Ch. II, §3]. 2

Before the next lemma, we need a definition.

Definition 2.6.A real valued functionF defined onT or R is calledquasi continuousiff
γ > F(x) > δ implies that there is a closed intervalI containingx so thatγ > F(I) > δ.

LEMMA 2.7. Let (Ft )t∈T and (Gt)t∈T be two sequences of quasi continuous functions
defined onT. Letγ > δ, and assume that for a dense set ofβ,

lim inf
t→∞ Ft (β) ≥ γ,

and for a dense set ofβ,

lim sup
t→∞

Gt(β) ≤ δ.

Then for an uncountable, dense set ofβ, we have

lim sup
t→∞

Ft (β) ≥ γ, lim inf
t→∞ Gt(β) ≤ δ.

Proof. The proof is just a slight modification of a well-known result in real analysis where
the functionsFt andGt are assumed to be continuous. 2

Here is how we can put together these lemmas to give a proof of Proposition 2.3. Letq

be a large enough integer to satisfy

log%

log(2q)
· r >

5

q
.

Denote

Ft (β) = 1

A(t)

∑
a∈A
a≤t

χ[0,1/q)(aβ), Gt (β) = 1

A(t)

∑
a∈A
a≤t

χ[0,2/q)(aβ),

and

γ = 5

q
, δ = 2

q
.
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By Lemma 2.4, for a dense set ofβ,

lim inf
t→∞ Ft (β) > γ,

and by Lemma 2.5, for a dense set ofβ,

lim
t→∞Gt(β) ≤ δ.

It follows, by Lemma 2.7, that for an uncountable dense setD of β,

lim sup
t→∞

Ft (β) ≥ γ, lim inf
t→∞ Gt(β) ≤ δ.

In other words, for eachβ ∈ D, there is a infinite sequencet1 < t2 < · · · , so that

Ft2k
> γ − 1/q, (2.2)

and

Gt2k+1 < δ + 1/q. (2.3)

Fix an irrationalβ ∈ D, and letτ be the rotation ofT by β. Let f be the 1-periodic
extension of the characteristic function of the interval[0, 2/q). If x ∈ [0, 1/q) and
aβ ∈ [0, 1/q) mod 1, thenx + aβ ∈ [0, 2/q) mod 1. Hence for anyx ∈ [0, 1/q) we
have, by (2.2),

Mt2k
(A, f )(x) > γ − 1

q
= 4

q
,

for everyk. If x ∈ [0, 1/q) andx + aβ ∈ [0, 2/q) mod 1, thenaβ ∈ [0, 2/q). Hence, for
anyx ∈ [0, 1/q) we have, by (2.3),

Mt2k+1(A, f )(x) < δ + 1

q
= 3

q
,

for everyk. It follows, for everyk,

‖Mt2k
(A, f )(x)−Mt2k+1(A, f )(x)‖L2(T) ≥ ‖Mt2k

(A, f )(x)−Mt2k+1(A, f )(x)‖L1(T)

≥ 1/q · 1/q,

so we can takeε = 1/q2. 2

2

Remark 2.8. Our proof gives a more general result. First we have a definition.

Definition 2.9.The sequenceA = (an) is calledpersistently bad for mean convergenceiff
for every sequencet1 < t2 < · · · of indices there is an irrational rotationτ and a function
f ∈ L2(T) so that the sequence

(
Mtk (A, f )

)∞
k=1 does not converge inL2.

THEOREM 2.10. If σn = 1/n then for a.e.ω the random sequenceAω is persistently bad
for mean convergence.
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3. Proof of Theorem C
By Proposition 2.1, we see that for a.e.ω, Aω is (1 − ε)-sweeping out. But then, by
Remark 1.2,Aω is also 1- (= strong) sweeping out.

Remark 3.1.This proof applies almost without any change to give a more general result.
First a definition.

Definition 3.2.Let 0 < δ ≤ 1. The sequenceA = (an) is calledpersistentlyδ-sweeping
out iff for every sequencet1 < t2 < · · · of indices andε > 0 one can find, in any
dynamical system, an indicator functionf with

∫
f < ε such that

lim sup
k→∞

Mtk (A, f )(x) ≥ δ

almost everywhere.
A persistently 1-sweeping out sequence is also calledpersistently strong sweeping out,

and it has the additional property that for givent1 < t2 < · · · in every aperiodic system
andε > 0 one can find an indicator functionf with

∫
f < ε and

lim sup
k→∞

Mtk (A, f )(x) = 1, lim inf
k→∞ Mtk (A, f )(x) = 0.

THEOREM 3.3. If σn = 1/n then for a.e.ω the random sequenceAω is persistently 1-
sweeping out.

4. Proof of Theorem D
Recall the result mentioned in the introduction: if a sequence(bn) satisfies

bn+1

bn

> e(logn)
− 1

2+ε

for someε > 0 and for all large enoughn then(bn) is infinity sweeping out forL2. It
follows that we need to prove the following result.

LEMMA 4.1. Let ε > 0. If σn = (log logn)
1
2−ε/n then for a.e.ω there is a subsequence

Bω = (bn(ω)) of Aω = (an(ω)) so that

lim
Bω(t)

Aω(t)
= 1,

and

bn+1(ω)

bn(ω)
> e(logn)

− 1
2+ 1

2 ε

for all large enoughn.

Proof. Let un = min{t | ∑u≤t σu ≥ n}. Sinceun is basicallyen·(logn)
− 1

2+ε

, for large
enoughn we have

un+1

un

≥ e(logn)
− 1

2+ε
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and, since
∑

u≤un
σn → n, by the strong law of large numbers, for a.e.ω,

lim
n→∞

Aω(un)

n
= 1.

Unfortunately, this does not implyan+1(ω)/an(ω) ≥ e(logn)
− 1

2+ε

.

Let vn = en·(logn)
− 1

2+ 1
2 ε

. The properties of(vn) we need are

(1) vn+1/vn ≥ e(logn)
− 1

2+ 1
2 ε

for large enoughn,
(2) with the notationIn = [vn, vn+1) ∩ Z,

lim
n→∞

∑
u∈In

σu = 0.

Now, for a.e.ω, the sequenceBω = (bn(ω)) will have the properties

(i) |Bω ∩ In| ≤ 1 for every large enoughn,
(ii) if |Bω ∩ In| = 1 then|Bω ∩ In+1| = 0.

These two properties would assure that, for a.e.ω, we havebn+1(ω)/bn(ω) ≥
e(logn)

− 1
2+ 1

2 ε

for large enoughn, and we just need to make sure that

lim
t→∞

Bω(t)

Aω(t)
= 1.

Let Dω = (dn(ω)) be defined byd ∈ Dω iff, for some n, d ∈ In ∩ Aω and
In+1 ∩ Aω = ∅.

The requirements in (i) and (ii) suggest that we need to defineBω = (bn(ω)) = Aω\Dω.
It remains to show that for a.e.ω,

lim
t→∞

Dω(t)

Aω(t)
= 0.

By the strong law of large numbers, we need to show that

lim
t→∞

EDω(t)∑
n≤t σn

= 0.

Note thatDω(t) ≤ ∑vk≤t

(∑
n∈Ik

Yn(ω)
) · supn∈Ik+1

Yn(ω). It follows, since the random
variablesXk =∑n∈Ik

Yn, k = 1, 2, . . . , are independent, that

EDω(t) ≤ E
∑
vk≤t

(∑
n∈Ik

Yn

)
· sup
n∈Ik+1

Yn

≤ E
∑
vk≤t

(∑
n∈Ik

Yn

)
·
( ∑

n∈Ik+1

Yn

)

≤
∑
vk≤t

(∑
n∈Ik

σn

)
·
( ∑

n∈Ik+1

σn

)
.
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But now, by property (2),

lim sup
t→∞

EDω(t)∑
n≤t σn

≤ lim sup
t→∞

∑
vk≤t

(∑
n∈Ik

σn

)
·
(∑

n∈Ik+1
σn

)
∑

n≤t σn

≤ lim sup
k→∞

( ∑
n∈Ik+1

σn

)
· lim sup

t→∞

∑
vk+1≤t

(∑
n∈Ik

σn

)
∑

n≤t σn

= 0,

finishing our proof. 2

Remark 4.2.As a particular case of [5, Exercise 5, p. 79], we have Theorem 4.3.

THEOREM 4.3. If σn = (log logn)
1
2−ε/n with some positiveε then there is a sequence

t1 < t2 < · · · so that for a.e.ω the sequence(Mtk (A
ω, f )(x))∞k=1 converges for a.e.x in

any dynamical system forf ∈ L2.

This is interesting to compare with Theorem 3.3.

5. Proof of Theorem A
In the introduction we mentioned Bourgain’s result from [3]: if σn = (log logn)1+ε/n

with some positiveε then, for almost everyω ∈ �, the random sequenceAω is L2-good.
The idea of our proof is to select a subsequenceBω = (bn(ω)) from Aω so that for a.e.

ω the density ofBω in Aω is one, and the ratiobn+1/bn is suitably big.
More precisely, we have the following.

LEMMA 5.1. Let ε > 0. If σn = (log logn)1+ε/n then for a.e.ω there is a subsequence
Bω = (bn(ω)) of Aω = (an(ω)) so that

lim
Bω(t)

Aω(t)
= 1,

and

bn+1(ω)

bn(ω)
> e(logn)−1−2ε

for all large enoughn.

The proof of this lemma is identical to that of Lemma 4.1, hence we omit it.
The proof of Theorem A is completed with the following simple lemma.

LEMMA 5.2. Suppose the sequenceA = (an) is L2-good, and that a subsequence
B = (bn) of A satisfies

lim
t→∞

B(t)

A(t)
= 1.

ThenB is alsoL2-good.
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Proof. Let (X,6, τ) be a dynamical system. Because of the estimate, valid forf ≥ 0,

lim sup
t→∞

1

B(t)

∑
b≤t
b∈B

f (τbx) ≤ lim sup
t→∞

A(t)

B(t)

1

A(t)

∑
a≤t
a∈A

f (τax)

= lim sup
t→∞

1

A(t)

∑
a≤t
a∈A

f (τax)

we have that the maximal function of(Mt(B, f )) is a.e. finite for allf ∈ L2. By the
Banach principle, it is enough to prove that for a dense (inL2) set of functions the sequence
(Mt(B, f )(x)) converges a.e. Hence the following lemma finishes the proof.

LEMMA 5.3. Letf : A→ C be a bounded function, and suppose

lim
t→∞

1

A(t)

∑
a≤t
a∈A

f (a) = α.

Then

lim
t→∞

1

B(t)

∑
b≤t
b∈B

f (b) = α.

Proof. Since limt→∞A(t)/B(t) = 1, it is enough to show that

lim
t→∞

1

A(t)

∑
b≤t
b∈B

f (b) = α.

But we have

lim sup
t→∞

∣∣∣∣ 1

A(t)

∑
b≤t
b∈B

f (b)− 1

A(t)

∑
a≤t
a∈A

f (a)

∣∣∣∣ ≤ lim sup
t→∞

1

A(t)

∑
a≤t

a∈A\B
|f (a)|

≤ sup
a∈A
|f (a)| · lim sup

t→∞
1

A(t)

∑
a≤t

a∈A\B

1

= 0,

which finishes our proof. 2

2

6. Unsolved problems
There are a number of remaining questions. We conclude the paper by listing some of
them.

CONJECTURE1. If a sequence(an) satisfies

an+1

an

> e(logn)−1

for every large enoughn, then(an) is∞-sweeping out forL2.
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A consequence of the above problem would be the following.

CONJECTURE2. Supposeσn = log logn/n. Then, with probability 1, the random
sequenceAω is∞-sweeping out forL2.

CONJECTURE3. Supposeσn → 0 and
∑

n σn = ∞. Then, with probability 1, the random
sequenceAω is∞-sweeping out forL1.

CONJECTURE4. For everyε > 0, there exists a sequenceA = (an) with the following
two properties.
• For everyn,

an+1

an

> e(logn)−1−ε

.

• If (X, σ,m) is a probability space,T is a positive contraction ofL2, andf ∈ L2

then the averages

1

N

∑
n≤N

T anf (x)

converge for a.e.x ∈ X.

The above conjecture is true in the special case ifT is anL2-L∞ contraction, or even ifT
is anL2-Lp contraction with somep > 2.
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