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Möbius-invariant metrics

By PASI SEITTENRANTA

University of Helsinki, Department of Mathematics, Nokia Research Center,
P.O. Box 407, FIN-00045 Nokia Group, Finland

e-mail: pasi.seittenranta@research.nokia.com

(Received 16 April 1997; revised 29 August 1997)

Abstract

A new Möbius-invariant metric δG defined on an open set G ⊂ R̄n with at least
two boundary points is introduced. This metric coincides with the hyperbolic metric
if G is the unit ball. Some inequalities between this and other metrics are proved.

The behaviour of δG under K-quasiconformal maps is also studied. In particular, a
generalization of the Schwarz lemma is obtained for K-quasiconformal maps defined
on quasiballs.

1. Introduction

Conformal invariants play an important role in geometric function theory. One of
the most elementary conformal invariants is the modulus of a curve family, which is
used to define quasiconformal maps [Vä1]. In Euclidean spaces of dimension greater
than 2, conformal maps are restrictions of Möbius maps (see [Vu2, p. 19] for refer-
ences). Therefore, it is natural to use Möbius-invariant quantities to study quasicon-
formality.

Some metrics have been useful in the study of quasiconformal maps; one is the
conformally invariant metric defined by Ferrand in [LF] (see Remark 2·13 (3)) and
another is the quasihyperbolic metric, introduced by Gehring and Palka [GP]. The
purpose of this paper is to introduce a new metric, the absolute ratio metric δG,
which is Möbius-invariant and simpler than the aforementioned metrics. It is defined
as follows.

1·1. Definition. Let G be an open subset of R̄n with card ∂G > 2. Set

mG(x, y) = sup
a,b∈∂G

|a, x, b, y| (1·1)

and

δG(x, y) = log (1 +mG(x, y)) (1·2)

for all x, y ∈ G.

Here R̄n is the Möbius space Rn x {∞}, ∂G is the boundary of G, and the ab-
solute (cross) ratio |a, x, b, y| is defined in (2·1). For a proof that δG is a metric see
Theorem 3·3.
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In Section 2 there are some preliminary facts about various metrics and quasicon-

formal maps. In Section 3 the metric δG is compared with some other metrics such
as jG (see Lemma 2·2) and Ferrand’s metric σG (see Definition 2·7). For example,
we obtain the inequality jG 6 δG 6 2jG in Theorem 3·4. For some other related re-
sults, see Corollary 3·10 and Theorem 3·12. We also compare δG with the Apollonian
metric αG, introduced in [KM, pp. 319–325] and [Be2]. Note that the inequalities
αG 6 2ρG and αG 6 2jG, proved in [Be2], also follow from Theorems 3·11, 3·4, 3·12,
and 3·13 of this paper.

Section 4 gives a new definition for uniform domains. For a survey of this class
of domains see [Vä2]. Our definition has the following advantages over the usual
definition: (1) the uniformity constant in our definition is 1 for Euclidean balls;
(2) the image of a c-uniform domain under a Möbius map is c-uniform.

The main results of this paper are given in Section 5. The first main result estab-
lishes the following quasi-invariance property of δG (see also Corollary 5·8 for the
case n = 2):

1·2. Theorem. Let f : R̄n → R̄n be a K-qc map, G and G′ = fG open sets of R̄n

with card ∂G > 2, and x, y ∈ G. Then

δG′(f (x), f (y)) 6 c(K,n) max{δG(x, y), δG(x, y)α},
where c(K,n) = λβ−1

n β ηK,n(1) and α = K1/(1−n) = 1/β. Here c(K,n) tends to 1 as K
tends to 1.

In this theorem, λn is the Grötzsch ring constant with λn ∈ [4, 2en−1) and λ2 = 4
(see [AVV2, chapter 12], [Vu2, p. 89]). For ηK,n see Theorem 5·2.

We shall also study quasiconformal maps between quasiballs. A domain D ⊂ R̄n

is a K-quasiball if there exists a K-qc map f : R̄n → R̄n such that f (Bn) = D. Note
that quasiballs constitute a very general class of domains whose boundaries may
be complicated nonrectifiable curves or surfaces. For instance, in [CG] it is shown
that some Julia sets are boundaries of quasiballs in the plane. In our second main
result, Theorem 5·12, we prove an inequality for the absolute ratio metric under K-
quasiconformal maps defined on a K1-quasiball. This inequality gives the Schwarz
lemma, when K1 tends to 1.

In the last section we study connections between the absolute ratio metric and
some conformally invariant quantities. Finally, in Table 1 there is a summary of
known inequalities between the Möbius-invariant quantities in this paper.

2. Definitions and preliminary results

This section contains some preliminary material that will be needed later. For
more information, see, for example, [AVV2], [Vä1] or [Vu2].

2·1. Notation. We shall write

Bn(x, r) = {z ∈ Rn: |z − x| < r},
Bn(r) = Bn(0, r), Bn = Bn(0, 1),

Sn−1(x, r) = {z ∈ Rn: |z − x| = r},
Sn−1(r) = Sn−1(0, r), Sn−1 = Sn−1(0, 1)
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and

Hn = {(x1, . . . , xn) ∈ Rn: xn > 0}.
The standard unit vectors of Rn are denoted by e1, e2, . . . , en. In addition, ωn−1 is
the surface area of the unit sphere Sn−1 and Ωn is the volume of the unit ball Bn.
We always assume that n > 2. The complex plane is denoted by C.

If (X, d) is a metric space and G is a subset of X with nonempty boundary, then
d(x) = d(x, ∂G) is the distance between a point x ∈ G and the boundary ∂G. If
G ⊂ R̄n, and the metric space (X, d) is not given explicitly, then ∂G means the
boundary of G with respect to the topology of R̄n and d(x) is the Euclidean distance
between x and ∂G, when x ∈ G \ {∞} and ∂G� {∞}.

For distinct points a, b, c, d ∈ R̄n, the absolute (cross) ratio is defined by

|a, b, c, d| = q(a, c)q(b, d)
q(a, b)q(c, d)

, (2·1)

where q(x, y) is the spherical (chordal) metric, defined by the formulas
q(x, y) =

|x− y|√
1 + |x|2√1 + |y|2 , x, y�∞,

q(x,∞) = q(∞, x) =
1√

1 + |x|2 , x�∞.
(2·2)

It is not difficult to prove [Be1, p. 32] that a function from R̄n into R̄n is a Möbius
transformation if and only if it preserves absolute ratios. Note also that if a, b, c,
and d are distinct points in Rn, then

|a, b, c, d| = |a− c||b− d||a− b||c− d| .

The metrics jG and j̃G in Lemmas 2·2 and 2·3 have appeared in the literature in
the case where G is a proper subset of the Euclidean space Rn (see, for example
[GO]). The proofs of Lemmas 2·2 and 2·3 are included because, as far as I know,
they have not been published before, and because Lemma 2·2 is an essential part of
the proof of Theorem 3·3.

2·2. Lemma. Let (X, d) be a metric space and G ⊂ X an open set with nonempty
boundary. The formula

jG(x, y) = log
(

1 +
d(x, y)

min{d(x), d(y)}
)
, x, y ∈ G,

defines a metric on G.

Proof. We need only prove the triangle inequality

jG(x, y) + jG(y, z) > jG(x, z) for all x, y, z ∈ G.
By symmetry, we may assume that d(x) 6 d(z). Then we need to prove that

d(x, y)
min{d(x), d(y)} +

d(y, z)
min{d(y), d(z)} +

d(x, y)d(y, z)
min{d(x), d(y)}min{d(y), d(z)} >

d(x, z)
d(x)

. (∗)

If d(y) 6 d(x), then (∗) follows immediately. Next, suppose that d(x) < d(y). Then
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the left-hand side of (∗) is equal to

1
d(x)

(
d(x, y) + d(y, z)

(
d(x) + d(x, y)

min{d(y), d(z)}
))

,

which is greater than or equal to d(x, z)/d(x), since d(x) + d(x, y) > d(y). q

We shall use this metric only when X is the Euclidean space Rn.

2·3. Lemma. Let (X, d) be a metric space and G ⊂ X be an open set with nonempty
boundary. The formula

j̃G(x, y) = log
(

1 +
d(x, y)
d(x)

)
+ log

(
1 +

d(x, y)
d(y)

)
, x, y ∈ G,

defines a metric on G.

Proof. We need only prove the triangle inequality

j̃G(x, y) + j̃G(y, z) > j̃G(x, z) for all x, y, z ∈ G.
This is equivalent to the inequality

log (d(x) + d(x, y)) + log (d(y) + d(x, y)) + log (d(y) + d(y, z)) + log (d(z) + d(y, z))

> log (d(x) + d(x, z)) + log (d(z) + d(x, z)) + 2 log d(y). (∗∗)
Now we have

log (d(x) + d(x, y)) − log (d(x) + d(x, z))

> log (d(x) + d(x, y))− log (d(x) + d(x, y) + d(y, z))

> log d(y)− log (d(y) + d(y, z))

and, similarly,

log (d(z) + d(y, z))− log (d(z) + d(x, z)) > log d(y)− log (d(y) + d(x, y)).

We obtain (∗∗) by combining these inequalities. q

In what follows, we sometimes omit the subindexG of the metrics jG and j̃G, when
the set is clear from the context.

2·4. Remark. Since

|x− y|
max{d(x), d(y)} >

|x− y|
min{d(x), d(y)} + |x− y| = 1− e−j(x,y),

we always have

j(x, y) + log (2− e−j(x,y)) = log (2ej(x,y) − 1) 6 j̃(x, y) 6 2j(x, y).

2·5. Hyperbolic metric. The hyperbolic metric ρBn in Bn is defined by

ρBn(x, y) = inf
γ∈Γ

∫
γ

2|dt|
1− |t|2 , x, y ∈ Bn,

and the hyperbolic metric ρHn in Hn is defined by

ρHn(x, y) = inf
γ∈Γ

∫
γ

|dt|
d(t, ∂Hn)

, x, y ∈ Hn,
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where Γ is the family of all rectifiable curves in Bn or Hn, respectively, joining x and
y.

If D is a simply connected domain of the extended complex plane C̄ and
card∂D > 1, then by the Riemann mapping theorem there exists a conformal
mapping f from D onto the unit disk {z ∈ C: |z| < 1}. The hyperbolic metric
in D is defined by the formula

ρD(x, y) = inf
γ∈Γ

∫
γ

ηD(t)|dt|, ηD(t) =
2|f ′(t)|

1− |f (t)|2 ,

where Γ is the family of all rectifiable curves in D joining x and y. It is well known
that ρD is independent of f . In addition, if D ⊂ C then the weight function ηD
satisfies the inequalities

1
2d(t, ∂D)

6 ηD(t) 6 2
d(t, ∂D)

(2·3)

for every t ∈ D [Le, p. 6].

2·6. Quasihyperbolic metric. Let DõRn be a domain. The quasihyperbolic metric
kD is defined by

kD(x, y) = inf
γ∈Γ

∫
γ

|dt|
d(t, ∂D)

, x, y ∈ D,

where Γ is the family of all rectifiable curves in D joining x and y [GP].

Ferrand [Fe1, p. 122] has defined the following metric:

2·7. Definition (Ferrand’s metric). Let D ⊂ R̄n be a domain with card ∂D > 2.
We define a density function

wD(x) = sup
a,b∈∂D

|a− b|
|x− a||x− b| , x ∈ D \ {∞},

and a metric σ in D,

σD(x, y) = inf
γ∈Γ

∫
γ

wD(t)|dt|,

where Γ is the family of all rectifiable curves joining x and y in D.

2·8. Theorem ([Fel, p. 122]).
(1) σD is Möbius-invariant.
(2) σBn and σHn coincide with the hyperbolic metrics ρBn and ρHn , respectively.
(3) kD 6 σD 6 2kD for every domain DõRn.

See also Theorem 3·13 and Remarks 3·14.

2·9. Apollonian metric. Beardon [Be2] has studied the pseudo-metric αG defined
in open proper subsets G of R̄n by

αG(x, y) = sup
a,b∈∂G

log |a, x, y, b| for all x, y ∈ G

(see also [KM, pp. 319–325] and [AVV2, 7.28(2)]). This formula defines a metric if
and only if R̄n \G is not contained in an (n− 1)-dimensional sphere in R̄n, and it is
called the Apollonian metric.
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2·10. Rings. If D is a domain in R̄n and if R̄n \D has exactly two components E

and F , then D is called a ring and we write D = R(E,F ). In particular, RG,n(s) ≡
R(B̄n, [se1,∞]), s > 1, is called the Grötzsch ring and RT,n(s) ≡ R([−e1, 0], [se1,∞]),
s > 0, is called the Teichmüller ring.

For sets E,F,G ⊂ R̄n, let ∆(E,F ;G) denote the curve family of all curves joining
the sets E and F in G, and let ∆(E,F ) = ∆(E,F ; R̄n).

2·11. Modulus of a curve family. Let Γ be a family of curves in R̄n. We say that a
non-negative Borel-measurable function ρ: Rn → R x {+∞} is an admissible func-
tion, if ∫

γ

ρ ds > 1

for each locally rectifiable curve γ in Γ. The modulus of Γ is

M(Γ) = inf
ρ∈F(Γ)

∫
Rn
ρn dm,

where F(Γ) is the family of admissible functions and m stands for the n-dimensional
Lebesgue measure. The capacity of a ring R(E,F ) is

capR(E,F ) = M(∆(E,F )).

The capacities of RT,n(s) and RG,n(s) are denoted by τn(s) and γn(s), respectively.
By [Vu2, lemma 5.53], τn: (0,∞) → (0,∞) and γn: (1,∞) → (0,∞) are decreasing
homeomorphisms and they satisfy the functional identity

γn(t) = 2n−1τn(t2 − 1), t > 1. (2·4)

2·12. Conformal invariants µD and λD. Let D be a proper subdomain of R̄n and
x, y ∈ D. Then

µD(x, y) = inf
Cxy

M(∆(Cxy, ∂D;D)),

where Cxy is a curve in D joining x and y. If x and y are distinct points and
card∂D > 2, then

λD(x, y) = inf
Cx,Cy

M(∆(Cx, Cy;D)),

where Cz is a curve in D joining z and ∂D [Vu2].

2·13. Remarks.
(1) It is easy to observe from the definitions that if D1 and D2 are proper sub-

domains of R̄n, D1 ⊂ D2, and x, y ∈ D1 are distinct points, then λD1 (x, y) 6
λD2 (x, y) and µD1 (x, y) > µD2 (x, y).

(2) If cap ∂D = 0 [Vu2, definition 7.12], then µD ≡ 0; otherwise it follows easily
from the definition that µD is a conformally invariant metric.

(3) Ferrand [LF] has shown that λ−1/n
D is a metric. In [Vu2, p. 193] it was asked

whether the exponent can be improved to 1/(n−1), that is, whether λ1/(1−n)
D is

a metric. This was subsequently answered in the affirmative in [So1, Je, Fe2].

2·14. Special functions. The function µ: (0, 1]→ [0,∞) is defined by the formula

µ(r) =
π

2
K(
√

1− r2 )
K(r)

, r ∈ (0, 1), µ(1) = 0,
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where

K(r) =
∫ π/2

0

dt√
1− r2 sin 2 t

.

For all K > 0 and n > 2, the distortion function ϕK,n: [0, 1]→ [0, 1] is defined by

ϕK,n(t) =
1

γ−1
n (Kγn(1/t))

, t ∈ (0, 1), (2·5)

ϕK,n(0) = 0, and ϕK,n(1) = 1.
The function µ is a decreasing and ϕK,n is an increasing homeomorphism. It can

be shown that ϕK(r) ≡ ϕK,2(r) = µ−1(µ(r)/K) for all r ∈ (0, 1) and K > 0.

Let D and D′ be domains in R̄n, K > 1, and let f :D → D′ be a homeomorphism.
Then f is K-quasiconformal (qc) if

M(Γ)/K 6 M(fΓ) 6 KM(Γ)

for every curve family Γ in D. The following quasiconformal Schwarz lemma is
proved in [MRV].

2·15. Theorem (Schwarz lemma). Let f : Bn → fBn be aK-qc map with fBn ⊂ Bn.
Then

tanh
ρ(f (x), f (y))

2
6 ϕK,n

(
tanh

ρ(x, y)
2

)
for all x, y ∈ Bn.

In particular, if f (0) = 0, then

|f (x)| 6 ϕK,n(|x|) for all x ∈ Bn.

2·16. Notation. Let f : G→ Rn be a continuous injective function, where G ⊂ Rn.
The linear dilatation of f at a point x ∈ G \ ∂G is

H(x, f ) = lim sup
r→0+

L(x, f, r)
l(x, f, r)

,

where

L(x, f, r) = max
z
{|f (z)− f (x)|: |z − x| = r},

l(x, f, r) = min
z
{|f (z)− f (x)|: |z − x| = r}

for r ∈ (0, d(x)).

2·17. Remark. Let D and D′ be domains in Rn and let f : D → D′ be an L-bilips-
chitz map. Then H(x, f ) 6 L2 for all x ∈ D, and it can be proved [Vä1, remark 34·2]
that f is K-qc with K 6 L2(n−1).

2·18. Some elementary inequalities. The following Bernoulli inequalities will be used
frequently:

log (1 + sx) 6 s log (1 + x), x > 0, s > 1, (2·6)

log (1 + sx) > s log (1 + x), x > 0, 0 6 s 6 1. (2·7)

2·19. Lemma. For all 0 < s 6 1 and 0 6 a 6 1,

log (1 + sa) 6 (log (1 + s))a.
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Proof. By the Bernoulli inequality (2·6),

log (1 + sa) 6 sa−1 log (1 + s) 6 (log (1 + s))a−1 log (1 + s) = (log (1 + s))a. q

3. Absolute ratio metric δG
Recall that δG was defined in (1·1).

3·1. Theorem ([Vu2, lemma 8·39]). The functions δBn and δHn coincide with the
hyperbolic metrics ρBn and ρHn , respectively.

3·2. Remarks.
(1) The supremum in Definition 1·1 is also the maximum.
(2) The function mG has the following monotonicity property [Vu2, p. 116]: if

G1 and G2 are sets for which mG1 and mG2 are defined, and G1 ⊂ G2, then
mG1 > mG2 .

(3) It follows from the definitions that δRn\{a} = jRn\{a} for all a ∈ Rn.

3·3. Theorem. The function δG is a metric in G.

Proof. Clearly δG(x, y) = 0 if and only if x = y. Also δG is symmetric, because
|a, x, b, y| = |b, y, a, x|. For the triangle inequality, let x, y, and z be points in G.
Then there exist distinct points u and v in ∂G such that

mG(x, z) = |u, x, v, z|.
Since

δG(x, y) + δG(y, z) > δR̄n\{u,v}(x, y) + δR̄n\{u,v}(y, z)

and

δG(x, z) = δR̄n\{u,v}(x, z),

we need to prove the triangle inequality only whenG = R̄n\{u, v}. In addition, since
δG is a Möbius-invariant, we can assume that {u, v} = {0,∞}. But then δG = jG,
and the triangle inequality follows, because jG is a metric by Lemma 2·2. q

3·4. Theorem. The inequalities jG 6 δG 6 j̃G 6 2jG hold for every open setGõRn.

Proof. Let x and y be distinct points in G, with d(x) 6 d(y). Choose a, b ∈ ∂G such
that d(x) = |x− a| and |b− a| > |b− y| (possibly b =∞). Then

mG(x, y) > |a, x, b, y| > |x− y|
d(x)

,

and we obtain the first inequality.
For the second inequality, let a and b be in ∂G. If a, b�∞, then

|a, x, b, y| 6 |x− y||x− a|
( |a− x|
|y − b| +

|x− y|
|y − b| + 1

)
6 |x− y|

d(y)
+
|x− y|2
d(x)d(y)

+
|x− y|
d(x)

and we get

δG(x, y) 6 log
((

1 +
|x− y|
d(x)

)(
1 +
|x− y|
d(y)

))
= j̃G(x, y).
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If b =∞, then |a, x, b, y| = |x− y|/d(x) and similarly if a =∞. q

3·5. Remark. The equality δG(x, y) = j̃G(x, y) holds if and only if x = y or there
exist points a, b ∈ ∂G such that d(x) = |x − a|, d(y) = |y − b|, and a, x, y, and b lie
on the same line in this order. In particular, δBn(x,−x) = 2jBn(x,−x) for all x ∈ Bn.
Also, δHn(ren, sen) = jHn(ren, sen) = | log (r/s)| for all r, s > 0.

3·6. Theorem. If G is an open subset of R̄n with card ∂G > 2 and the metric j∗G is
defined by

j∗G(x, y) = log
(

1 +
q(x, y)
q(x, ∂G)

)
+ log

(
1 +

q(x, y)
q(y, ∂G)

)
, x, y ∈ G,

then δG 6 j∗G.

Proof. The function j∗G is a metric by Lemma 2·3. The inequality δG 6 j∗G is proved
in the same way as the second inequality in Theorem 3·4.

3·7. Notation. Let G be a set for which jG is defined. We define the open ball
Dj(x, t), with centre x and radius t, in this metric as the set

Dj(x, t) = {z ∈ G: jG(x, z) < t},
for all x ∈ G and t > 0. The balls Dj̃(x, t) and Dδ(x, t) are defined similarly.

3·8. Theorem. If GõRn is open, x ∈ G and t > 0 then

Bn(x, r) ⊂ Dj(x, t) ⊂ Bn(x,R),

where r = (1 − e−t)d(x) and R = (et − 1)d(x). The formulas for r and R are the best
possible expressed in terms of t and d(x) only.

Proof. Let y ∈ G and write j = jG(x, y). Then

|x− y| = (1− e−j);(min {d(x), d(y)} + |x− y|) > (1− e−j)d(x)

and the first inclusion follows. The second inclusion follows from the inequality

|x− y| = (ej − 1) min {d(x), d(y)} 6 (ej − 1)d(x).

To show that r and R are the best possible, let G = Rn \ {0}, x ∈ G, and t > 0.
Now, choose y = etx and z = e−tx. Then jG(x, y) = jG(x, z) = t, |x − y| = R, and
|x− z| = r.

3·9. Theorem. If GõRn is open, x ∈ G, and t > 0, then

Bn(x, r) ⊂ Dj̃(x, t) ⊂ Bn(x,R),

where r = (tanh(t/2))d(x) and R = ((et − 1)/2)d(x). The formulas for r and R are the
best possible expressed in terms of t and d(x) only.

Proof. By Remark 2·4, j 6 log ((ej̃ + 1)/2). Then

Dj̃(x, t) ⊂ Dj

(
x, log

(
et + 1

2

))
⊂ Bn

(
x,
et − 1

2
d(x)

)
by Theorem 3·8.
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For the first inclusion, let y ∈ G and denote j̃ = j̃G(x, y). If |x− y| < d(x), then

j̃ 6 log
((

1 +
|x− y|
d(x)

)(
1 +

|x− y|
d(x)− |x− y|

))
= log

d(x) + |x− y|
d(x)− |x− y| = 2 artanh

|x− y|
d(x)

,

and |x− y| > (tanh(j̃/2))d(x). The case |x− y| > d(x) is clear.
To show that r and R are the best possible, let G = Rn \ {0}, x ∈ G, and t > 0.

Now, choose y =
(
(et + 1)/2

)
x and z =

(
2/(et + 1)

)
x. Then j̃G(x, y) = j̃G(x, z) = t,

|x− y| = R and |x− z| = r.

3·10. Corollary. If GõRn is an open set, x ∈ G and t > 0 then

Bn(x, r) ⊂ Dδ(x, t) ⊂ Bn(x,R),

where r = (tanh(t/2))d(x) and R = (et−1)d(x). If, in addition, G ⊂ Rn is a half-space,
then there exists a point y ∈ G for which δG(x, y) = t and |x− y| = R. If G = Bn(x, d),
d > 0, then Dδ(x, t) = Bn(x, r).

Proof. The inequalities jG 6 δG 6 j̃G imply that

Dj̃(x, t) ⊂ Dδ(x, t) ⊂ Dj(x, t).

The inclusions follow now from Theorems 3·8 and 3·9. For the cases where G is a
half-space or a ball, see [Vu2, pp. 22,25]. q

The following theorem gives a connection between the Apollonian metric αG and
the absolute ratio metric δG.

3·11. Theorem. Let G ⊂ R̄n be an open set with card ∂G > 2. Then

αG 6 δG 6 log (eαG + 2) 6 αG + log 3.

The first two inequalities give the best possible bounds for δG expressed in terms of αG
only.

Proof. Let x, y ∈ G. The first two inequalities follow if

|a, x, y, b| 6 1 + |a, x, b, y| 6 |a, x, y, b|+ 2 (∗)
for all a, b ∈ ∂G. Since the absolute ratio is invariant under Möbius maps, we may
assume that b =∞. But then (∗) takes the form

|a− y|
|a− x| 6 1 +

|x− y|
|a− x| 6

|a− y|
|a− x| + 2,

and the result follows from the triangle inequality.
The third inequality is obvious. q

For curves γ: [0, 1]→ D, we write d(γ, ∂D) = inf t∈[0,1] d(γ(t), ∂D).

3·12. Theorem. The inequality σD > δD holds for any domain D ⊂ R̄n with
card ∂D > 2.
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Proof. Since both metrics are Möbius-invariant, we may assume that D ⊂ Rn.

Let γ: [0, 1] → D be a rectifiable curve with end points γ(0) = x and γ(1) = y. Set
d = d(γ, ∂D) and choose ε ∈ (0, d). Now divide [0, 1] into m subintervals [ti, ti+1],
i = 0, . . . ,m − 1, such that the diameters of the sets γ([ti, ti+1]) are less than ε. Set
xi = γ(ti) and yi = γ(ti+1) for all i = 0, 1, . . . ,m− 1. Then

wD(γ(t)) >
(

1− ε

d

)2
(

sup
a,b∈∂D

|a− b|
|xi − a||yi − b|

)
=
(

1− ε

d

)2 mD(xi, yi)
|xi − yi|

for every t ∈ [ti, ti+1]. Now∫
γ

wD(γ(t))|dγ(t)| >
m−1∑
i=0

|xi − yi|;
(

1− ε

d

)2
;
mD(xi, yi)
|xi − yi|

>
(

1− ε

d

)2 m−1∑
i=0

δD(xi, yi) >
(

1− ε

d

)2
δD(x, y),

and we obtain σD(x, y) > δD(x, y) as ε tends to 0. q

In general, there need not be a constant c > 1 such that σD 6 cδD. In Section 4
we shall study domains for which such a constant exists.

The first inequality in Theorem 3·13 below has been proved by Solynin [So2]
recently. The second inequality follows from the inequality wD 6 2ηD between the
density functions of σD and ρD [Le, (1·5)].

3·13. Theorem. If D is a simply connected domain of C̄ and card ∂D > 1, then
ρD 6 σD 6 2ρD.

3·14. Remarks.
(1) In [Be2] there is an example of a domain D such that αD(0,∞) = 2ρD(0,∞).

This implies that the constant 2 in the second inequality of Theorem 3·13 is
the best possible, because αD 6 σD.

(2) The definition of the hyperbolic metric can be extended to multiply connected
domains of C̄ with at least 3 boundary points. The inequalities in (2·3) and in
Theorem 3·13 also hold for these domains.

Next we shall study the behaviour of δG and σG under Euclidean bilipschitz maps.
Using the definition of the absolute ratio, one can easily prove the following lemma.

3·15. Lemma. Let G,G′ õ Rn be open sets and f :G → G′ an L-bilipschitz map.
Then

mG(x, y) 6 L4mG′(f (x), f (y)) for all x, y ∈ G. (3·1)

The inequality (3·1) also holds if G and G′ are open subsets of R̄n with at least two
boundary points and f : G → G′ is an L-bilipschitz map with respect to the spherical
metric.

3·16. Theorem. Let G,G′õRn be open sets and f :G → G′ an L-bilipschitz map.
Then

1
L4
δG′(f (x), f (y)) 6 δG(x, y) 6 L4δG′(f (x), f (y)) for all x, y ∈ G. (3·2)
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The inequalities (3·2) also hold if G and G′ are open subsets of R̄n with at least two
boundary points and f : G → G′ is an L-bilipschitz map with respect to the spherical
metric.

Proof. The theorem follows from Lemma 3·15 and the Bernoulli inequality (2·6).

3·17. Lemma. Let D ⊂ R̄n be a domain with card ∂D > 2. For every ε ∈ (0, 1
2 ), if

x, y ∈ D and δD(x, y) < ε, then σD(x, y) 6 c(ε)δD(x, y), where c(ε) = (1− ε)/(1− 2ε)2.
Also, c(0+) = 1.

Proof. We can assume that D ⊂ Rn and d(x) 6 d(y). Let ε ∈ (0, 1
2 ) and jD(x, y) 6

δD(x, y) < ε. Then |x− y| < d(x) so that the segment [x, y] is contained in D, and

σD(x, y) 6 |x− y| sup
a,b∈∂D

|a− b|
|x− a||y − b|

|x− a|
|x− a| − |x− y|

|y − b|
|y − b| − |x− y|

6 mD(x, y)
(

d(x)
d(x)− |x− y|

)2

6 eε − 1
ε

δD(x, y);
1

(2− eε)2
.

The formula for c(ε) follows now from the inequality eε < 1/(1− ε).
3·18. Theorem. Let D,D′õRn be domains and let f :D → D′ be an L-bilipschitz

map. Then

1
L4
σD′(f (x), f (y)) 6 σD(x, y) 6 L4σD′(f (x), f (y)) for all x, y ∈ D. (3·3)

The inequalities (3·3) also hold if D and D′ are subdomains of R̄n with at least two
boundary points and f : D → D′ is an L-bilipschitz map with respect to the spherical
metric.

Proof. Since σ is Möbius-invariant, we may assume thatD,D′ ⊂ Rn. Let γ: [0, 1]→
D be a rectifiable curve such that γ(0) = x and γ(1) = y. Set d = d(γ, ∂D). For
ε ∈ (0, 1

2 ), divide [0, 1] into subintervals [ti, ti+1], 0 = t0 < t1 < . . . < tm = 1, so that
|γ(ti)− γ(ti+1)| < εd/2 for all i = 0, 1, . . . ,m− 1. Let xi = γ(ti) and yi = γ(ti+1). Then
δD(xi, yi) 6 2jD(xi, yi) < ε, and, by Lemma 3·17,

σD(xi, yi) 6 c(ε)δD(xi, yi)

for all i = 0, 1, . . . ,m− 1. Now

σD(x, y) 6
m−1∑
i=0

σD(xi, yi) 6 L4c(ε)
m−1∑
i=0

δD′(f (xi), f (yi))

6 L4c(ε)
m−1∑
i=0

σD′(f (xi), f (yi)) 6 L4c(ε)
∫
f (γ)

wD′(t)|dt|.

Next, we can choose γ so that
∫
f (γ) wD′(t)|dt| is arbitrarily close to σD′(f (x), f (y)).

Then, letting ε tend to 0, we obtain

σD(x, y) 6 L4σD′(f (x), f (y)).

The first inequality in (3·3) follows from the second one applied to f−1.

3·19. Lipschitz maps with respect to δG. Next we shall study maps f : G→ G′ = fG
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that are bilipschitz with respect to the absolute ratio metric, namely there exists a
constant L > 1 such that

1
L
δG(x, y) 6 δG′(f (x), f (y)) 6 LδG(x, y) for all x, y ∈ G.

It follows from Corollary 3·10 that these maps are homeomorphisms.

Now we shall find an upper bound for the linear dilatation H(x, f ), defined in 2·16,
when f is a bilipschitz map with respect to δ.

3·20. Lemma. Let GõRn be an open set and x0 ∈ G. Then

lim
r→0+

δG(x, x0)
δG(y, x0)

= 1,

where |x− x0| = |y − x0| = r ∈ (0, d(x0)).

Proof. Let a, b, c, d ∈ ∂G be points for whichmG(x, x0) = |a, x, b, x0| andmG(y, x0) =
|c, y, d, x0|. Then

mG(x, x0) = |a, y, b, x0|; |a− y||a− x| 6 mG(y, x0);
(

1 +
2r

d(x0)− r
)
.

Similarly,

mG(x, x0) > mG(y, x0);
(

1− 2r
d(x0)− r

)
.

Using the Bernoulli inequalities (2·6) and (2·7), we have

1− 2r
d(x0)− r 6

δG(x, x0)
δG(y, x0)

6 1 +
2r

d(x0)− r .

3·21. Theorem. Let G,G′õ Rn be open sets and f :G → G′ an L-bilipschitz map
with respect to the metric δG. Then H(x, f ) 6 L2 for all x ∈ G.

Proof. Let x0 ∈ G and r ∈ (0, d(x0)). Choose x, y ∈ Sn−1(x0, r) such that

m ≡ l(x0, f, r) = |f (x)− f (x0)|
and

M ≡ L(x0, f, r) = |f (y)− f (x0)|,
and let a, b ∈ ∂G′ be points for which mG′(f (x), f (x0)) = |a, f (x), b, f (x0)|. Then

M

m
=
|a, f (y), b, f (x0)|
|a, f (x), b, f (x0)|;

|a− f (y)|
|a− f (x)|

6 mG′(f (y), f (x0))
mG′(f (x), f (x0))

;

(
1 +

m +M

d(f (x0))−m
)
,

and

lim
r→0+

M

m
6 lim sup

r→0+

exp(δG′(f (y), f (x0)))− 1
exp(δG′(f (x), f (x0)))− 1

6 lim
r→0+

LδG(y, x0)
δG(x, x0)/L

= L2

by Lemma 3·20. q
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It follows from the previous theorem and [Vä1, theorem 34.1] that bilipschitz

maps with respect to δG are quasiconformal and that isometries in δG are conformal.
In Theorem 3·16 it has been shown that bilipschitz maps with respect to the

Euclidean metric are also bilipschitz in the metric δG. However, the converse is not
true even in the case of bounded domains. For example, the function f : B2 \ {0} →
B2 \ {0}, f (x) = |x|;x is not bilipschitz with respect to the Euclidean metric, but it
can be shown that it is bilipschitz with respect to the metric δB2\{0}.

4. Bounded, convex and uniform domains

In this section we study the metrics δG, αG, and σG when G has some additional
properties.

4·1. Theorem. If G is a bounded open subset of Rn, then

δG(x, y) > log
(

1 +
d(∂G)

d(∂G)−max{d(x), d(y)}
|x− y|

min{d(x), d(y)}
)
> jG(x, y)

for all x, y ∈ G, where d(∂G) is the diameter of the set ∂G.

Proof. Assume that d(x) 6 d(y) and let a ∈ ∂G be a point for which d(x) = |x−a|.
Then there exists a point b ∈ ∂G on the line determined by a and y, such that
|a− b| > |a− y|. Now

|a, x, b, y| = |x− y|
d(x)

( |a− b|
|a− b| − |y − a|

)
> |x− y|

d(x)
d(∂G)

d(∂G)− d(y)
.

Thus

δG(x, y) > log
(

1 +
d(∂G)

d(∂G)− d(y)
|x− y|
d(x)

)
> jG(x, y). q

If G = Bn, then Theorem 4·1 gives an inequality

δBn(x, y) > log
(

1 +
2|x− y|

(1 + |y|)(1− |x|)
)
.

This lower bound has the property

lim
y→x

log (1 + 2|x− y|/((1 + |y|)(1− |x|)))
δBn(x, y)

= 1

for every fixed x ∈ Bn.
In [Be2] it has been proved that if D is a simply connected bounded plane domain

such that the inequality αD 6 ρD or jD 6 ρD holds, then D is convex. The next
theorem shows that the former inequality implies the latter inequality.

4·2. Theorem. Let DõRn be a convex domain; then jD 6 αD.

Proof. Fix x, y ∈ D and write

q1 = sup
u∈∂D

|u− y|
|u− x| , q2 = sup

u∈∂D

|u− x|
|u− y| .

Then αD(x, y) = log (q1q2). We may also assume that |x − y| = 1 and q1 > q2 > 1.
Define the sets

B1 = {u ∈ Rn: |u− y| = q1;|u− x|}
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and

B2 = {u ∈ Rn: |u− x| = q2;|u− y|}.
Now B1 = Bn(x0, r1), where r1 = q1/(q2

1 − 1) and |x − x0| = 1/(q2
1 − 1). Similarly

B2 = Bn(y0, r2), where r2 = q2/(q2
2 − 1) and |y − y0| = 1/(q2

2 − 1), if q2 > 1. Now

min{d(x), d(y)} > r1 +
r2 − r1

|x0 − y0|;|x− x0| = q2

q1q2 − 1

if q2 > 1, and min{d(x), d(y)} > 1/(q1 − 1) if q2 = 1. Thus

jD(x, y)
αD(x, y)

6 log (1 + (q1q2 − 1)/q2)
log (q1q2)

6 1. q

Equality jD(x, y) = αD(x, y) holds if D = Hn, x = ren, and y = sen, where r, s > 0.

4·3. Definition. A domain DõRn is said to be uniform if there exists a constant
c > 1 such that

kD(x, y) 6 cjD(x, y) for all x, y ∈ D
(see, for example, [Vä2]).

If D,D′ õ Rn are domains and f : D → D′ is L-bilipschitz , then it is easy to
prove that

1
L2
kD(x, y) 6 kD′(f (x), f (y)) 6 L2kD(x, y)

and, by the Bernoulli inequalities (2·6) and (2·7),

1
L2
jD(x, y) 6 jD′(f (x), f (y)) 6 L2jD(x, y).

Thus D is uniform if and only if D′ is. Since jD 6 δD 6 2jD and kD 6 σD 6 2kD,
we can define the uniformity using the metrics σD and δD as well.

4·4. Definition. A domain D ⊂ R̄n with card ∂D > 2 is said to be c-uniform, c > 1,
if

σD(x, y) 6 cδD(x, y) for all x, y ∈ D.
4·5. Remarks.
(1) Definitions 4·3 and 4·4 have the following connection: if a domain D ⊂ Rn is

uniform in the sense of Definition 4·3 with constant c, then it is 2c-uniform in
the sense of Definition 4·4. If a domain D ⊂ Rn is c-uniform in the sense of
Definition 4·4, then it is uniform in the sense of Definition 4·3 with constant
2c.

(2) The sets Bn and Hn are 1-uniform, whereas the best possible constant c for
D = Bn and D = Hn in Definition 4·3 is 2.

Combining Theorems 3·16 and 3·18 we obtain the following result.

4·6. Theorem. Let D,D′õRn be domains. If f : D → D′ is an L-bilipschitz map,
then

σD′(f (x), f (y))
δD′(f (x), f (y))

6 L8 σD(x, y)
δD(x, y)
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for all x, y ∈ D, x � y. The same is also true if D and D′ are domains of R̄n with
card ∂D, card ∂D′ > 2, and if f : D → D′ is an L-bilipschitz map with respect to the
spherical metric.

4·7. Corollary. The image of a c-uniform domain (in the sense of Definition 4·4)
under an L-bilipschitz map with respect to the Euclidean or spherical metric is cL8-
uniform.

5. Quasi-invariance of δ

In this section we study the behaviour of the absolute ratio metric δG under quasi-
conformal maps of R̄n. For this, we need to define a distortion function ηK,n.

5·1. Definition. Let D be a domain of Rn. An injective mapping f : D → Rn is
η-quasisymmetric, if there exists an increasing homeomorphism η: [0,∞) → [0,∞)
such that

|f (a)− f (b)|
|f (a)− f (c)| 6 η

( |a− b|
|a− c|

)
(5·1)

for all a, b, c ∈ D with a� c [TV].

5·2. Theorem ([Vu3, theorem 1.8]). For all K > 1 and n > 2 there exists a homeo-
morphism ηK,n: [0,∞)→ [0,∞), such that every K-qc map of Rn is ηK,n-quasisymmetric
and

ηK,n(1) 6 exp
(

6(K + 1)2
√
K − 1

)
, (5·2)

ηK,n(t) 6 ηK,n(1)ϕK,n(t), 0 6 t < 1, (5·3)

ηK,n(t) 6 ηK,n(1)/ϕ1/K,n(1/t), t > 1. (5·4)

Hereafter, ηK,n will be a function that satisfies the conditions in Theorem 5·2,
when n > 3 and K > 1. When n = 2, we define

ηK(t) ≡ ηK,2(t) =
s2

1− s2
, s = ϕK

(√
t

1 + t

)
for all t > 0 and K > 0. Agard [Ag] has shown that this function gives the smallest
possible value of ηK,2(t) in Theorem 5·2 at every point t > 0.

The following theorem is easy to prove [AVV2, theorem 14·18].

5·3. Theorem. Let f : R̄n → R̄n be K-qc. Then

|f (a), f (b), f (c), f (d)| 6 ηK,n(|a, b, c, d|) (5·5)

for all distinct points a, b, c, d ∈ R̄n.

Next we prove Theorem 1·2 concerning the quasi-invariance of δG. See also [GO,
pp. 62–65] for quasi-invariance properties of the metrics kG and jG. We need the
following inequalities:

5·4. Theorem ([Vu2, theorem 7·47]). For n > 2, K > 1, and 0 6 r 6 1,

ϕK,n(r) 6 λ1−α
n rα, α = K1/(1−n), (5·6)

ϕ1/K,n(r) > λ1−β
n rβ, β = K1/(n−1). (5·7)
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5·5. Proof of Theorem 1·2. By Theorem 5·3 and the definition of δ,

δG′(f (x), f (y)) 6 log (1 + ηK,n(eδG(x,y) − 1)). (5·8)

Case 1. Suppose that δG(x, y) > log 2. Using the inequalities (5·4), (5·7), and the
Bernoulli inequality (2·6), we get

δG′ 6 log (1 + ηK,n(1)λβ−1
n (eδG − 1)β)

6 ηK,n(1)λβ−1
n log (eδG;β) = λβ−1

n β ηK,n(1)δG.

Case 2. Suppose that δG(x, y) 6 log 2. Using the inequalities (5·3), (5·6), the
Bernoulli inequality (2·6), and Lemma 2·19, we obtain

δG′ 6 log (1 + ηK,n(1)λ1−α
n (eδG − 1)α) 6 λ1−α

n ηK,n(1)δαG.

5·6. Corollary. If f,G, and G′ are as in Theorem 1·2, then

δG′(f (x), f (y)) > λ1−β
n α

ηK,n(1)β
min{δG(x, y), δG(x, y)β}

for all x, y ∈ G.

Proof. If we replace f by f−1 in the proof of Theorem 1·2, it follows that for each
x and y either

δG(x, y) 6 λβ−1
n βηK,n(1)δG′(f (x), f (y))

or

δG(x, y) 6 λ1−α
n ηK,n(1)δG′(f (x), f (y))α.

The statement follows when we combine these inequalities. q

The following result has recently appeared (see [AQV]).

5·7. Theorem. For K > 1, the function f (t) = ηK(t)− log (1 + ηK(et − 1)) is strictly
increasing on (0,∞). In particular,

ηK(t) > log (1 + ηK(et − 1)) (5·9)

for all K > 1 and t > 0.

Using (5·8) and (5·9) we obtain the following corollary.

5·8. Corollary. If f : R̄2 → R̄2 is a K-qc map, G and G′ = fG open sets of R̄2 with
card ∂G > 2, and x, y ∈ G, then

δG′(f (x), f (y)) 6 ηK(δG(x, y)).

Next we shall study the conformal invariants λD and µD, defined in 2·12, espe-
cially when D is a quasiball. Recall that quasiballs were defined in Section 1 after
Theorem 1·2.

For the proof of Theorem 5·11, we need some preliminary results.

5·9. Theorem ([Vu2, theorem 8·6]). For all distinct x, y ∈ Bn,

µBn(x, y) = γn

(
1

tanh(ρ(x, y)/2)

)
, (5·10)
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λBn(x, y) = 1
2τn

(
sinh2 ρ(x, y)

2

)
. (5·11)

The next theorem follows from the definitions of µD, λD, and quasiconformality.

5·10. Theorem. If f : D → D′ is aK-qc map, whereD andD′ are proper subdomains
of R̄n, then

µD(x, y)
K

6 µD′(f (x), f (y)) 6 KµD(x, y) for all x, y ∈ D.
If also card ∂D > 2, then

λD(x, y)
K

6 λD′(f (x), f (y)) 6 KλD(x, y)

for all distinct x, y ∈ D.

5·11. Theorem. Let D ⊂ R̄n be a K-quasiball and let x, y ∈ D be distinct points.
Then

1
K
γn

(
1

tanh(r/2)

)
6 µD(x, y) 6 Kγn

(
1

tanh(s/2)

)
(5·12)

and
1

2K
τn

(
sinh2 s

2

)
6 λD(x, y) 6 K

2
τn

(
sinh2 r

2

)
, (5·13)

where

r = log(1 + η−1
K,n(eδD(x,y) − 1)),

s = log(1 + ηK,n(eδD(x,y) − 1)).

If n = 2, then also

1
K
γ2

(
1/tanh

η−1
K (δD)

2

)
6 µD 6 Kγ2

(
1/tanh

ηK(δD)
2

)
(5·14)

and
1

2K
τ2

(
sinh2 ηK(δD)

2

)
6 λD 6

K

2
τ2

(
sinh2 η

−1
K (δD)

2

)
. (5·15)

Proof. Let f : R̄n → R̄n be a K-qc map for which f (D) = Bn. Theorem 5·3 implies
that

ρ(f (x), f (y)) 6 log (1 + ηK,n(eδD(x,y) − 1)),

ρ(f (x), f (y)) > log (1 + η−1
K,n(eδD(x,y) − 1)).

The inequalities (5·12) and (5·13) now follow from Theorems 5·9 and 5·10. The in-
equalities in the case n = 2 follow from (5·12) and (5·13), since r > η−1

K (δD(x, y)) and
s 6 ηK(δD(x, y)) by (5·9). q

Note that Theorem 5·11 reduces to Theorem 5·9 when K = 1.

5·12. Theorem (Generalized Schwarz lemma). Let Di ⊂ R̄n be a Ki-quasiball,
i = 1, 2 and f : D1 → fD1 a K-qc map such that fD1 ⊂ D2. Then

tanh
r

2
6 ϕK′,n

(
tanh

s

2

)
, (5·16)
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where

r = log
(
1 + η−1

K2,n
(exp(δD2 (f (x), f (y)))− 1)

)
,

s = log
(
1 + ηK1,n (exp(δD1 (x, y))− 1)

)
,

K ′ = KK1K2, and x, y ∈ D1. In particular, if K1 = K2 = 1, this reduces to the Schwarz
lemma 2·15. If n = 2, then also

tanh
η−1
K2

(δD2 (f (x), f (y)))

2
6 ϕK′

(
tanh

ηK1 (δD1 (x, y))
2

)
. (5·17)

Proof. By (5·12), Remark 2·13(1) and Theorem 5·10,

1
K2

γn

(
1

tanh(r/2)

)
6 µD2 (f (x), f (y)) 6 KµD1 (x, y) 6 KK1γn

(
1

tanh(s/2)

)
.

Then

tanh
r

2
6 1
γ−1
n (KK1K2γn(1/tanh(s/2)))

= ϕK′,n

(
tanh

s

2

)
by formula (2·5). For n = 2, the inequality (5·17) follows, since r > η−1

K2
(δD2 (f (x), f (y)))

and s 6 ηK1 (δD1 (x, y)) by (5·9).

6. Inequalities between Möbius-invariants

Next we shall give some inequalities between the conformal invariants µD and λD
and the absolute ratio metric δD. For this we need the following lemma.

6·1. Lemma ([Vu2, lemma 7.35]). Let R = R(E,F ) be a ring in R̄n and let a, b ∈ E
and c, d ∈ F be distinct points. Then

capR > τn(|a, b, c, d|).
Here equality holds if E = [a, b] and F = [c, d], where a = s2e1, b = s1e1, c = s3e1,
d = s4e1, and s1 < s2 < s3 < s4.

The inequality (6·2) in the next theorem is due to S.-L. Qiu.

6·2. Theorem. LetD be a domain in R̄n, for which card ∂D > 2 and ∂D is connected.
Then, for distinct points x, y ∈ D,

µD(x, y) > τn
(

1
eδD(x,y) − 1

)
. (6·1)

Equality holds if x = s1e1, y = s2e1 and D = R̄n \ [s3e1, s4e1], where s1 < s2 < s3 < s4.
If n = 2, then

δD(x, y) 6 π

2
µD(x, y) for all x, y ∈ D. (6·2)

Proof. By Lemma 6·1,

µD(x, y) > sup
a,b∈∂D

τn(|x, y, a, b|) = τn

(
1

mD(x, y)

)
,

thus proving (6·1).
For the equality in (6·1), we may assume that s1 = −1, s2 = 0, and s4 =∞, since
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µD andmD are Möbius-invariant. Then we observe by spherical symmetrization that
µD(x, y) = τn(s3). Also

mD(x, y) = sup
a,b∈[s3e1,∞]

|a− b|
|a||b + e1| =

1
s3
,

and equality holds.
If n = 2, then

τn

(
1

eδD(x,y) − 1

)
=

π

µ
(√

1− exp(−δD(x, y))
) =

4
π
µ

(
exp

(
−δD(x, y)

2

))
,

and (6·2) follows from the well-known inequality µ(r) > log (1/r) (see e.g. [Vu2,
pp. 66–67].

6·3. Lemma ([Vu4, theorem 1·7]). For distinct points x, y ∈ Rn \ {0},

τn

( |x− y|
min{|x|, |y|}

)
6 λRn\{0}(x, y) 6 τn

( |x− y| + ||x| − |y||
2 min{|x|, |y|}

)
.

6·4. Theorem. Let D = Rn \ {0}. For distinct points x, y ∈ D,

τn(mD(x, y)) 6 λD(x, y) 6 τn
(

1
2mD(x, y)

)
6
√

2τn(mD(x, y)).

Proof. Since mD(x, y) = |x−y|/min{|x|, |y|}, the first two inequalities follow from
Lemma 6·3. The last inequality follows from [AVV1, theorem 1·8(3)]. q

6·5. Theorem. Let D ⊂ R̄n be a domain with card ∂D > 2. Then

λD(x, y) 6 τn
(

1
2mD(x, y)

)
6
√

2τn(mD(x, y)).

Proof. Choose a, b ∈ ∂D such that mD(x, y) = |a, x, b, y|. Then, by Remark 2·13(1)
and Theorem 6·4,

λD(x, y) 6 λR̄n\{a,b}(x, y) 6 τn
(

1
2mD(x, y)

)
.

6·6. Notation. If E and F are distinct sets in R̄n, then we see from the definition
of the absolute ratio that

sup
a,b∈E
c,d∈F

|a, c, b, d| = sup
a,b∈∂E
c,d∈∂F

|a, c, b, d|.

We shall write

δE,F = δR̄n\E(F ) = δR̄n\F (E) = log
(

1 + sup
a,b∈∂E
c,d∈∂F

|a, c, b, d|
)
.

In the next three theorems we shall find lower and upper bounds for the capac-
ity of a ring R(E,F ) expressed in terms of δE,F . See also [Vu2, pp. 96–97] for the
corresponding bounds in terms of min{jRn\E(F ), jRn\F (E)}.

6·7. Theorem. If R(E,F ) is a ring with card E, card F > 2, then

capR(E,F ) > τn
(

1
eδE,F − 1

)
.

Equality holds if E = [−e1, 0], F = [te1,∞], and t > 0.
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Proof. By Lemma 6·1,

capR(E,F ) > sup
a,b∈E
c,d∈F

τn(|a, b, c, d|) = τn
( 1

sup
a,b∈E
c,d∈F

|a, c, b, d|
)

= τn

(
1

eδE,F − 1

)
.

The equality cases also follow from Lemma 6·1. q

We need the following lemma in the proof of Theorem 6·9.

6·8. Lemma ([Vä1, p. 22]). If 0 < a < b <∞, then

M(∆(Sn−1(a), Sn−1(b);Bn(b) \ B̄n(a))) = ωn−1

(
log

b

a

)1−n
.

6·9. Theorem. Let E,F ⊂ R̄n, Ē w F̄ =6, cardE, cardF > 2, and δE,F < log 2.
Then

M(∆(E,F )) 6 ωn−1

(
log

1
eδE,F − 1

)1−n
.

Proof. Let a, b ∈ ∂E and c, d ∈ ∂F be points, such that

|a, c, b, d| = eδE,F − 1.

By the Möbius-invariance of M(∆(E,F )) and δE,F , we can assume that a = e1, b = 0
and c =∞. Now

|d| = 1
|e1,∞, 0, d| =

1
eδE,F − 1

> 1

and
1
|x| = |e1,∞, 0, x| 6 eδE,F − 1 for all x ∈ F,

and therefore F ⊂ R̄n \Bn(0, 1/(eδE,F − 1)). Also

|y|
|d| = |y,∞, 0, d| 6 eδE,F − 1 for all y ∈ E,

and we have E ⊂ B̄n(1). Then, by Lemma 6·8,

M(∆(E,F )) 6 M
(
∆(Sn−1(1), Sn−1(1/(eδE,F − 1)))

)
= ωn−1

(
log

1
eδE,F − 1

)1−n
.

6·10. Theorem. Let E and F be as in Theorem 6·9. Then

M(∆(E,F )) 6 Ωne
nδE,F .

Proof. Because of the Möbius-invariance we can assume that the set E is bounded.
Now, let a ∈ Ē be a point such that t ≡ d(E,F ) = d(a, F ), and let b ∈ Ē be a point
such that r ≡ maxx∈E |a − x| = |a − b|. Then 1

t
χBn(a,r+t) is an admissible function

for the curve family ∆(E,F ), and

M(∆(E,F )) 6 Ωn

(
r + t

t

)n
.
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Table 1. Inequalities between Möbius-invariants.

jG, δG kG, σG µG, λG

jG, δG jG 6 δG 6 2jG δG 6 σG, jG 6 kG ∂G connected:

(Theorem 3·4) (Theorem 3·12, [GP (2·2]) τn

(
1

eδG − 1

)
6 µG

(Theorem 6·2)

kG, σG G c-uniform: kG 6 σG 6 2kG
σG 6 cδG [Fe1, p. 122]

(Definition 4·4)

µG, λG λG 6 τn
(
eδG − 1

2

)
µG 6 h(3kG)

(Theorem 6·5) [Vu1, lemma 2·39]

Here
r + t

t
=
|a− b|
d(a, F )

+ 1 6 ejR̄n\F (E) 6 eδE,F ,

and we have M(∆(E,F )) 6 Ωne
nδE,F .

6·11. Remark. Theorems 6·7, 6·9 and 6·10 say that if R(E,F ) is a ring, where the
setsE,F ⊂ R̄n have at least two points, then there exist increasing homeomorphisms
hi: [0,∞)→ [0,∞), i = 1, 2, such that

h1(δE,F ) 6 capR(E,F ) 6 h2(δE,F ).

Table 1 summarizes some inequalities between pairs of metrics δG, σG, µG, and λG.
The function h(T ) is defined in [Vu1, lemma 2.39] as

h(T ) =

{
max{1, γ};d1(T ), eT 6 5

4 ,

max{1, 1/γ};d2(T ), eT > 5
4 ,

γ = d2
(
log 5

4

)
/d1
(
log 5

4

)
,

d1(T ) = ωn−1(− log (2(eT − 1)))1−n,

d2(T ) = 6nΩn(eT − 1)n.
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