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Abstract

A new Mobius-invariant metric g defined on an open set G C R™ with at least
two boundary points is introduced. This metric coincides with the hyperbolic metric
if G is the unit ball. Some inequalities between this and other metrics are proved.

The behaviour of §g under K-quasiconformal maps is also studied. In particular, a
generalization of the Schwarz lemma is obtained for K -quasiconformal maps defined
on quasiballs.

1. Introduction

Conformal invariants play an important role in geometric function theory. One of
the most elementary conformal invariants is the modulus of a curve family, which is
used to define quasiconformal maps |Vdl]. In Euclidean spaces of dimension greater
than 2, conformal maps are restrictions of Mobius maps (see [Vu2, p. 19] for refer-
ences). Therefore, it is natural to use Mobius-invariant quantities to study quasicon-
formality.

Some metrics have been useful in the study of quasiconformal maps; one is the
conformally invariant metric defined by Ferrand in [LF] (see Remark 2:13(3)) and
another is the quasihyperbolic metric, introduced by Gehring and Palka [GP]. The
purpose of this paper is to introduce a new metric, the absolute ratio metric é¢,
which is Mébius-invariant and simpler than the aforementioned metrics. It is defined
as follows.

1-1. Definition. Let G be an open subset of R™ with card G > 2. Set

mG(Iay): sup |CL,I,b,y| (11)
a,bcdq
and
bc(z,y) = log (1 + mg(z,y)) (1-2)

for all z,y € G.

Here R™ is the Mobius space R™ U {oo}, G is the boundary of G, and the ab-
solute (cross) ratio |a,x,b,y| is defined in (2-1). For a proof that ég is a metric see
Theorem 3-3.

https://doi.org/10.1017/50305004198002904 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004198002904

512 PASI SEITTENRANTA

In Section 2 there are some preliminary facts about various metrics and quasicon-
formal maps. In Section 3 the metric d¢ is compared with some other metrics such
as jo (see Lemma 2-2) and Ferrand’s metric og (see Definition 2.7). For example,
we obtain the inequality jo < 6¢ < 2j¢ in Theorem 3-4. For some other related re-
sults, see Corollary 3-10 and Theorem 3-12. We also compare d¢ with the Apollonian
metric ag, introduced in [KM, pp. 319-325] and |[Be2|. Note that the inequalities
ag < 2pg and ag < 2jg, proved in [Be2], also follow from Theorems 3-11, 3-4, 3-12,
and 3-13 of this paper.

Section 4 gives a new definition for uniform domains. For a survey of this class
of domains see [Vd2]. Our definition has the following advantages over the usual
definition: (1) the uniformity constant in our definition is 1 for Euclidean balls;
(2) the image of a c-uniform domain under a M6bius map is c-uniform.

The main results of this paper are given in Section 5. The first main result estab-
lishes the following quasi-invariance property of 6 (see also Corollary 5-8 for the
case n = 2):

1-2. TuEorEM. Let f:R"™ — R™ be a K-g¢c map, G and G' = fG open sels of R™
with card 0G > 2, and x,y € G. Then

6@/(f($), f(y)) < C(K? ’I’L) ma‘X{éG(xvy)véG(xvy)a}a

where ¢(K,n) = M8k ,(1) and a = K=" = 1/B. Here ¢(K,n) tends to 1 as K
tends to 1.

In this theorem, ), is the Grotzsch ring constant with A, € [4,2e"~") and \; = 4
(see [AVV2, chapter 12], [Vu2, p. 89]). For ng , see Theorem 5-2.

We shall also study quasiconformal maps between quasiballs. A domain D C R"
is a K-quasiball if there exists a K-qc¢ map f: R® — R"™ such that f(B") = D. Note
that quasiballs constitute a very general class of domains whose boundaries may
be complicated nonrectifiable curves or surfaces. For instance, in [CG] it is shown
that some Julia sets are boundaries of quasiballs in the plane. In our second main
result, Theorem 5-12, we prove an inequality for the absolute ratio metric under K-
quasiconformal maps defined on a K,-quasiball. This inequality gives the Schwarz
lemma, when K; tends to 1.

In the last section we study connections between the absolute ratio metric and
some conformally invariant quantities. Finally, in Table 1 there is a summary of
known inequalities between the Mobius-invariant quantities in this paper.

2. Definitions and preliminary resulls

This section contains some preliminary material that will be needed later. For
more information, see, for example, [AVV2], |[Vdl] or [Vu2|.

2-1. Notation. We shall write
B"(z,r) ={z € R": |z —z| < r},
B"(r) = B"(0,r), B"=B"0,1),
S Nz,r) ={z € R™: [z — x| = 1},
Sy = SN0, r), S"'=S5""10,1)
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and
H" = {(z,...,z,) € R": 2, > 0}.

The standard unit vectors of R™ are denoted by ey, es,...,e,. In addition, w,_; is
the surface area of the unit sphere S"~! and Q,, is the volume of the unit ball B™.
We always assume that n > 2. The complex plane is denoted by C.

If (X, d) is a metric space and G is a subset of X with nonempty boundary, then
d(xz) = d(x,0G) is the distance between a point x € G and the boundary 9G. If
G C R”, and the metric space (X,d) is not given explicitly, then G means the
boundary of G with respect to the topology of R™ and d(x) is the Euclidean distance
between z and 0G, when z € G\ {o0} and 9G * {o0}.

For distinet points a, b, ¢, d € R™, the absolute (cross) ratio is defined by
q(a, c)q(b, d)

a,b,c,d|l = , (2-1)
| | q(a, b)q(c, d)
where g(z,y) is the spherical (chordal) metric, defined by the formulas
[z —y|
x, = ) x,y F 0o,
RV FaV T
{ (2:2)
q(x,00) = q(00, ) = T = oo.

1+ [z
It is not difficult to prove [Bel, p. 32] that a function from R” into R™ is a Mébius
transformation if and only if it preserves absolute ratios. Note also that if a, b, c,
and d are distinet points in R™, then

la — c||b— d|

b,c,d| = ———-
|0,, e ‘ |a—b||c—d|

The metrics jg and jg in Lemmas 2-2 and 2-3 have appeared in the literature in
the case where G is a proper subset of the Euclidean space R™ (see, for example
[GOYJ). The proofs of Lemmas 2-2 and 2-3 are included because, as far as I know,
they have not been published before, and because Lemma 2-2 is an essential part of
the proof of Theorem 3-3.

2-2. LEMMA. Let (X, d) be a metric space and G C X an open set with nonempty
boundary. The formula

d(z,y)

min{d(x),d(y)})  BYEG,

Ja(w,y) = log <1 +
defines a metric on G.
Proof. We need only prove the triangle inequality
jG($7y)+jG(y,Z) >jg($72) for all $7y72€G-

By symmetry, we may assume that d(z) < d(z). Then we need to prove that

d(x,y) N d(y, 2) N d(x,y)d(y, z) S dz,2) ()
min {d(x),d(y)} ~min{d(y),d(z)} min{d(z),d(y)} min{d(y),d(z)} ~ d(z)

If d(y) < d(x), then (x) follows immediately. Next, suppose that d(z) < d(y). Then
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the left-hand side of (%) is equal to
1 d(z) + d(z,y) >)

— | d(x,y) +d(y, z <

iy (e + o) (S
which is greater than or equal to d(z, z)/d(zx), since d(z) + d(x,y) = d(y). O

We shall use this metric only when X is the Euclidean space R"™.

2-3. LEMMA. Let (X, d) be a metric space and G C X be an open set with nonempty
boundary. The formula

~ d(z, d(z,
Jjolx,y) = log <1 + ilfx)y)> + log (1 + ((ify?)l)> , x,y €qG,

defines a metric on G.
Proof. We need only prove the triangle inequality
ja(,y) + joly, 2) = ja(x,2) forallz,y,z€G.
This is equivalent to the inequality
log (d(z) + d(x,y)) +log (d(y) + d(x,y)) + log (d(y) + d(y, 2)) + log(d(2) + d(y, 2))
> log (d(z) + d(z, 2)) + log (d(2) + d(x, 2)) + 2log d(y). (%)
Now we have
log (d(x) + d(z,y)) — log (d(z) + d(z, 2))
2 log(d(x) + d(z,y)) — log (d(z) + d(z,y) + d(y, 2))
> log d(y) —log(d(y) + d(y, z))

and, similarly,
log (d(2) + d(y, z)) — log(d(z) + d(z, 2)) = log d(y) — log(d(y) + d(z,y)).
We obtain (x*) by combining these inequalities. [

In what follows, we sometimes omit the subindex G of the metrics jo and ji, when
the set is clear from the context.

2-4. Remark. Since

|z — yl |z — g _;
> i =1— J(Ly),
max {d(@), dg)} ~ min{dz),dp)} + e —g] = ©

we always have

J(z,y) +log (2 — 7)) = log (27 — 1) < j(z,y) < 2j(z,y).

2-5. Hyperbolic metric. The hyperbolic metric pg» in B" is defined by

2|dt|
=inf | ——— eB”
PB (xvy) ;gr/y 1 — |t|27 z,y )

and the hyperbolic metric pg~ in H" is defined by
|dt|

b b E Hn’
ait,omny Y

pun(x,y) = inf /
.

yell
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where I' is the family of all rectifiable curves in B” or H", respectively, joining z and
Y.

If D is a simply connected domain of the extended complex plane C and
card0D > 1, then by the Riemann mapping theorem there exists a conformal
mapping f from D onto the unit disk {z € C: |z| < 1}. The hyperbolic metric
in D is defined by the formula

: 2[f'(0)]
x,y) = inf t)|dt|, )= — >
poteu) =inf [ wolit, ot =
where I' is the family of all rectifiable curves in D joining = and y. It is well known
that pp is independent of f. In addition, if D C C then the weight function np
satisfies the inequalities
Lo (t) < 2 (23)
2d(t,0D) ~ P\ Gt aD)
for every t € D [Le, p. 6].

2-6. Quasthyperbolic metric. Let D & R™ be a domain. The quasihyperbolic metric

kp is defined by

) |dt|
k =inf [ ———— D
p(x,y) i?rld(t,ap)’ x,y € D,

where I is the family of all rectifiable curves in D joining x and y |GP].
Ferrand |[Fel, p. 122] has defined the following metric:

2.7. Definition (Ferrand’s metric). Let D C R™ be a domain with card 9D > 2.
We define a density function

wp(z) = su la — bl , x €D\ {0},

p ——
apeop |T — al|lz — b|
and a metric o in D,
oo(w.y) = inf [ wo(v)d,
~yel .

where I' is the family of all rectifiable curves joining z and y in D.

2-8. THEOREM (|Fel, p. 122]).

(1) op s Mobius-invariant.

(2) o and ogn coincide with the hyperbolic metrics pgn and pan, respectively.

(3) kp < op < 2kp for every domain D < R".
See also Theorem 3-13 and Remarks 3-14.

2-9. Apollonian metric. Beardon |[Be2| has studied the pseudo-metric ag defined
in open proper subsets G of R by

ag(z,y) = sup log|a,z,y,b| forallz,ye G
a,bedG
(see also [KM, pp. 319-325] and [AVV2, 7.28(2)]). This formula defines a metric if
and only if R™\ G is not contained in an (n — 1)-dimensional sphere in R, and it is
called the Apollonian metric.
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2:10. Rings. If D is a domain in R™ and if R™ \ D has exactly two components F
and F', then D is called a ring and we write D = R(E, F). In particular, Rg ,(s) =
R(B",[se;,00]), s > 1, is called the Grotzsch ring and Ry, (s) = R(|—ey, 0], [ser, 00]),
5 > 0, is called the Teichmiiller ring.

For sets E, F,G C R", let A(E, F; G) denote the curve family of all curves joining
the sets E and F in G, and let A(E, F) = A(E, F;R").

2-11. Modulus of a curve family. Let T be a family of curves in R”. We say that a
non-negative Borel-measurable function p: R® — R U {+o0} is an admissible func-

tion, if
/pds >1
.

for each locally rectifiable curve «y in I'. The modulus of I" is

M) = inf / p"dm,

pEF(I)
where Z (I') is the family of admissible functions and m stands for the n-dimensional
Lebesgue measure. The capacity of a ring R(E, F) is

cap R(E, F) = M(A(E, F)).

The capacities of Ry ,(s) and Rg ,(s) are denoted by 7,,(s) and ~,(s), respectively.
By [Vu2, lemma 5.53], 7,,: (0,00) — (0,00) and ~,: (1,00) — (0,00) are decreasing
homeomorphisms and they satisfy the functional identity

Yult) = 2" 1 (82— 1), ¢ > 1. (2-4)

2:12. Conformal invariants pup and Ap. Let D be a proper subdomain of R and
z,y € D. Then
po(,y) = inf MA(Cy, 0D: D)),
where C,, is a curve in D joining x and y. If  and y are distinct points and
carddD > 2, then
Ap(z,y) = inf M(A(C;,Cy: D)),
z,Cy

where C is a curve in D joining z and 0D [Vu2|.

2-13. Remarks.

(1) It is easy to observe from the definitions that if D; and D, are proper sub-
domains of R™, D; C D», and z,y € D, are distinct points, then Ap, (z,y) <
Ap,(z,y) and pp, (x,y) 2 pp,(T,y).

(2) If cap 9D = 0 [Vu2, definition 7.12], then pup = 0; otherwise it follows easily
from the definition that pp is a conformally invariant metric.

(3) Ferrand |LF| has shown that )\Bl/n is a metric. In [Vu2, p. 193] it was asked
whether the exponent can be improved to 1/(n— 1), that is, whether )\;3/(1_") is

a metric. This was subsequently answered in the affirmative in [Sol, Je, Fe2].

2-14. Special functions. The function p: (0,1] — [0, 00) is defined by the formula

T A (V1 —1?)

T ) r e (0,1), p(1)=0,

pu(r) =
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where

A (r) = / ——
0 V1 —r2Zsin®t
For all K > 0 and n > 2, the distortion function ¢k ,: [0,1] — [0, 1] is defined by
1
Crn(t) = —— e tE(0,1), (2+5)
Vo (K (1/1))

@K,n(o) = 0: and @K,n(l) =L
The function g is a decreasing and ¢ ,, is an increasing homeomorphism. It can
be shown that px(r) = ¢ra(r) = p~(u(r)/K) for all 7 € (0,1) and K > 0.

Let D and D’ be domains in R”, K > 1, and let f: D — D’ be a homeomorphism.
Then f is K-quasiconformal (qe) if
M)/ K < M(fT") < KM(T)
for every curve family I' in D. The following quasiconformal Schwarz lemma is
proved in [MRV].

2-15. THEOREM (Schwarz lemma). Let f: B" — fB"™ be a K-qgc map with fB™ C B™.
Then

p(x,y)

tanh 2 < YK.m (tanh ’> Jor all z,y € B™.

(f (=), f(y))
2

In particular, if f(0) =0, then
If(@)| < pranllz]) forall z e B".

2-16. Notation. Let f: G — R"™ be a continuous injective function, where G C R"™.
The linear dilatation of f at a point x € G\ 0G is

H(z, f) = lirrnjﬂp m
where
Lz, f.r) = max{|f(z) ~ f@)]: |z — 2] =},
U, f,r) = min{|f(z) = f(2)[: [z — 2] =7}
for r € (0,d(x)).
2-17. Remark. Let D and D’ be domains in R™ and let f: D — D’ be an L-bilips-

chitz map. Then H(z, f) < L? for all x € D, and it can be proved [Vél, remark 34-2]
that f is K-qc with K < L*"=1,

2-18. Some elementary inequalities. The following Bernoulli inequalities will be used
frequently:

log(1+sz) <slog(l+z), >0,s>1
s s < 1. (2-7)

log(1+ sx) > slog(1+2z), >0,0<
2-19. LEMMA. Forall0 < s<1land 0 <a <1,

log (1 +s%) < (log(1 + s))°.
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Proof. By the Bernoulli inequality (2-6)

log (1 +s%) < 5" 'log (1 +s) < (log(1+5))* "log(1+5s) = (log(1+s)* [

3. Absolute ratio metric 6g
Recall that 6¢ was defined in (1-1).

3-1. THEOREM (|Vu2, lemma 8-39]). The functions dgn and dgn coincide with the
hyperbolic metrics pgn and pgn, respectively.

3-2. Remarks.

(1) The supremum in Definition 1-1 is also the maximum.

(2) The function m¢g has the following monotonicity property [Vu2, p. 116]: if
G, and G are sets for which mg, and mg, are defined, and G; C G, then
ma, 2 ma,-

(3) It follows from the definitions that dgrn\{a} = jr»\{a} for all @ € R™.

3-3. THEOREM. The function 6¢ is a metric in G.

Proof. Clearly dg(x,y) = 0 if and only if x = y. Also 6¢ is symmetric, because
la,z,b,y| = |b,y,a,z|. For the triangle inequality, let x, y, and z be points in G.
Then there exist distinet points v and v in G such that

ma(z,z) = |u, z,v, z|.
Since
bc(m,y) +0c(Y, 2) Z Orm\ fu,0} (T, Y) + Ore\ fu,0} (U5 2)
and
oG (x,2) = brn\ fu,w} (T, 2),

we need to prove the triangle inequality only when G = R"™\ {u, v}. In addition, since
0 is a Mobius-invariant, we can assume that {u,v} = {0,00}. But then é¢ = jg,
and the triangle inequality follows, because js is a metric by Lemma 2-2. [

3-4. THEOREM. The inequalities jo < 6 < ja < 2jg hold for every open set G < R™.

Proof. Let x and y be distinct points in G, with d(z) < d(y). Choose a,b € G such
that d(x) = |z — a] and |b — a| = |b — y| (possibly b = 00). Then

|z -yl
d(z) ’

mg(x,y) > |a7$7 b7y| >

and we obtain the first inequality.
For the second inequality, let a and b be in 0G. If a,b % oo, then

,%%@mglx—M(w—wLJx—m+l>
|z —al \|y—0 |y—0|

oyl lemyP oyl
diy)  d(z)d(y)  d(z)

lz —y lz —yl\ _ =~
e (152 (1 51 ke

and we get
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If b = oo, then |a,z,b,y| = |x — y|/d(x) and similarly if a = co. [

3-5. Remark. The equality 6g(x,y) = ja(x,y) holds if and only if 2 = y or there
exist points a,b € G such that d(z) = |z — a|, d(y) = |y — b|, and a, z,y, and b lie
on the same line in this order. In particular, égn(x, —x) = 2jgn (z, —x) for all x € B™.
Also, dgn (req,, sep) = jun(ren, se,) = [log(r/s)| for all v, s > 0.

3:6. THEOREM. If G is an open subset of R™ with card 0G > 2 and the metric j§ is
defined by

. _ q(z,y) N q(z,y)
ot =t (1 8750 ) s (1 5575 ) - v

then 6a < j&.

Proof. The function j¢, is a metric by Lemma 2-3. The inequality é¢ < j¢ is proved
in the same way as the second inequality in Theorem 3-4.

3-7. Notation. Let G be a set for which jg is defined. We define the open ball
Dj(x,t), with centre  and radius ¢, in this metric as the set

Dj(x,t) ={z € G: jg(z,2) < t},

for all z € G and t > 0. The balls D;(z,t) and Ds(x,t) are defined similarly.
3-8. THEOREM. [f G € R" is open, x € G and t > 0 then
B"(z,r) C Dj(x,t) C B"(x, R),

where v = (1 — e Y)d(z) and R = (¢! — 1)d(x). The formulas for v and R are the best
possible expressed in terms of t and d(x) only.

Proof. Let y € G and write j = jg(x,y). Then
|z —y| = (1 = e™).(min {d(2),d(y)} + |z — y|) > (1 — e)d(z)
and the first inclusion follows. The second inclusion follows from the inequality
|z —y| = (¢ — 1) min {d(z),d(y)} < (¢! - )d(z).

To show that r and R are the best possible, let G = R\ {0}, x € G, and t > 0.
Now, choose y = €'z and z = e 'z. Then jg(x,y) = jo(r,2) = t, |r —y| = R, and
|z — 2| = 7.

3-9. THEOREM. [f G € R" is open, x € G, and t > 0, then
B"(z,r) C D;(z,t) C B"(x, R),

where r = (tanh (t/2))d(x) and R = ((e! — 1)/2)d(x). The formulas for v and R are the
best possible expressed in terms of t and d(x) only.

Proof. By Remark 2-4, j < log ((¢7 + 1)/2). Then

b -1
D;(x,t) C Dy <m,10g (e 3 >> c B" (x, ¢ 3 d(x))

by Theorem 3-8.

https://doi.org/10.1017/50305004198002904 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004198002904

520 PASI SEITTENRANTA

For the first inclusion, let y € G and denote j = jg(x,y). If |x — y| < d(z). then

~ |z -y |z — |
i< (1550 (1 =)

= 100- Ci(fE)“'_M = zartanh |x — y‘
" d(z) — |z -yl d(x)

and |z — y| > (tanh (j/2))d(z). The case |z — y| > d(z) is clear.

To show that r and R are the best possible, let G = R™\ {0}, z € G, and t > 0.
Now, choose y = ((e' +1)/2) z and z = (2/(e’ + 1)) z. Then jg(z,y) = ja(z,2) = t,
|t —y|=Rand |z —z| = 7.

3-10. CoroLLARY. If G € R" is an open set, x € G and t > 0 then
B"(xz,r) C Ds(z,t) C B"(z, R),

where r = (tanh (t/2))d(x) and R = (' — 1)d(x). If. in addition, G C R™ is a half-space,
then there exists a point y € G for which ég(x,y) =t and |z —y| = R. If G = B™(x,d),
d >0, then Ds(x,t) = B™(x,r).

Proof. The inequalities jo < 0g < Ja imply that
D;(x,t) C Ds(x,t) C Dj(z,1).

The inclusions follow now from Theorems 3-8 and 3-9. For the cases where G is a
half-space or a ball, see [Vu2, pp. 22,25|. [

The following theorem gives a connection between the Apollonian metric o and
the absolute ratio metric 5.

3-11. THEOREM. Let G C R™ be an open set with card OG > 2. Then
ag < 0g < log(e“ +2) < ag + log 3.

The first two inequalities give the best possible bounds for 8¢ expressed in terms of ag
only.

Proof. Let x,y € G. The first two inequalities follow if
|a7$7y7b|<1+|a7x7bay‘<|a>xayab‘+2 (*)

for all a,b € OG. Since the absolute ratio is invariant under Mobius maps, we may
assume that b = co. But then (x) takes the form

o—yl ool a—wl
la — x| la — x| la — x|

and the result follows from the triangle inequality.
The third inequality is obvious. [

For curves v:[0,1] — D, we write d(vy,dD) = inf 40,1 d(v(t), OD).

3-12. THEOREM. The inequality op > 6p holds for any domain D C R™ with
card 0D > 2.
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Proof. Since both metrics are Mobius-invariant, we may assume that D C R"™.

Let v:10,1] — D be a rectifiable curve with end points v(0) =  and (1) = y. Set

d = d(v,0D) and choose € € (0,d). Now divide [0, 1] into m subintervals [¢;,t;+],

1 =0,...,m — 1, such that the diameters of the sets y([t;,t;+1]) are less than €. Set
x; = y(t;) and y; = y(ti+) foralli =0,1,...,m — 1. Then

o2 la — bl e\2 mp(xi, Yi)
w > (1-= sup ————— = | = (1 — %) ——
p(¥(1) ( d) (a,bela)D IZ: — allys — b|> ( d) | — yil

for every te [t“ ti+1]. Now

m—1 . ' 4
ooyl > Yl -l (1- ) et
Y

i=0 |z — il

> (1- Z)znfémxi,yi) > (1-5) dn(e.m)

=0

and we obtain op(z,y) = ép(z,y) as € tends to 0. [

In general, there need not be a constant ¢ > 1 such that op < ¢ép. In Section 4
we shall study domains for which such a constant exists.

The first inequality in Theorem 3-13 below has been proved by Solynin [S02]
recently. The second inequality follows from the inequality wp < 2np between the
density functions of op and pp [Le, (1-5)].

3-13. TuroreM. If D is a simply connected domain of C and card dD > 1, then
pp < 0p < 2pp.

3-14. Remarks.

(1) In [Be2] there is an example of a domain D such that ap(0, c0) = 2pp (0, 00).
This implies that the constant 2 in the second inequality of Theorem 3-13 is
the best possible, because ap < op.

(2) The definition of the hyperbolic metric can be extended to multiply connected
domains of C with at least 3 boundary points. The inequalities in (2-3) and in
Theorem 3-13 also hold for these domains.

Next we shall study the behaviour of ¢ and o¢ under Euclidean bilipschitz maps.
Using the definition of the absolute ratio, one can easily prove the following lemma.

3-15. LEMMaA. Let G,G' & R™ be open sets and f:G — G’ an L-bilipschitz map.
Then

me(x,y) < L'me (f(2), f(y)) forall z,y € G. (3-1)

The inequality (3-1) also holds if G and G’ are open subsets of R™ with at least two
boundary points and f: G — G’ is an L-bilipschitz map with respect to the spherical
melric.

3-16. THEOREM. Let G, G & R"™ be open sets and f:G — G’ an L-bilipschitz map.
Then

%%/(f(l‘),f(y)) <ba(z,y) < L'a (f(2), fy)) Jorallz,y € G. (3-2)
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The inequalities (3-2) also hold if G and G’ are open subsets of R™ with at least two
boundary points and f: G — G’ is an L-bilipschitz map with respect to the spherical
metric.

Proof. The theorem follows from Lemma 3-15 and the Bernoulli inequality (2-6).

3-17. LEMMA. Let D C R™ be a domain with card 0D > 2. For every € € (0,1), if
z,y € D and 6p(x,y) < &, then op(z,y) < c(e)ép(x,y), where c(e) = (1 —e)/(1 — 2¢)2.
Also, c(0+) = 1.

Proof. We can assume that D C R™ and d(x) < d(y). Let € € (0, %) and jp(z,y) <
6p(x,y) < e. Then |z — y| < d(x) so that the segment [x,y] is contained in D, and

la — | |z — al ly — bl

op(z,y) < |z —y| sup
= apeop [T —ally = b| |z —a| — |z —y| |y — b — |z -yl

d(z) o1 1
ng(x’y)<d(ac)—|x—y|> < 5 5D($7y).m.

The formula for ¢(¢) follows now from the inequality e < 1/(1 — ¢).

3-18. THEOREM. Let D, D’ & R"™ be domains and let f: D — D’ be an L-bilipschitz

map. Then

1 , )
700 (@), fy) < op(@,y) < L'op(f(x), f(y)) forall z,y € D. (3-3)
The inequalities (3-3) also hold if D and D' are subdomains of R™ with at least two
boundary points and f: D — D' is an L-bilipschilz map with respect to the spherical
melric.

Proof. Since o is Mobius-invariant, we may assume that D, D" C R™. Lety: [0,1] —
D be a rectifiable curve such that «v(0) = x and (1) = y. Set d = d(v,0D). For
e € (0, %) divide [0, 1] into subintervals [¢;,t;41], 0 = &) <t < ... <ty = 1, so that
"7<tz) —’y(tl+1)| < 6d/2 for all 4 = O, 1, e, — 1. Let xTr; = ’Y(tl) and Yi — ’7<t1+1) Then
Op(xi,yi) < 29p(x4,y:) < €, and, by Lemma 3-17,

op (@i, yi) < c(€)op (i, i)
foralli=0,1,...,m — 1. Now

m—1

op(®,y) < Y ol y) < L'ce) Y 6p(f(), f(y:))

=0 =0

m—1
< Liele) Y owr (e, fu) < Lete) [ wpr(o)a]

i=0 f(v)

Next, we can choose 7y so that ff(,y) wp(t)|dt| is arbitrarily close to op/ (f(z), f(y)).
Then, letting € tend to 0, we obtain

op(x,y) < L'op(f(z), f(y).
The first inequality in (3-3) follows from the second one applied to f~'.

3-19. Lipschitz maps with respect to 6. Next we shall study maps f: G — G’ = fG
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that are bilipschitz with respect to the absolute ratio metric, namely there exists a

constant L > 1 such that

1
706(@.y) < bar (f(2), f(y) < Lég(x,y) forallz,y € G.
It follows from Corollary 3-10 that these maps are homeomorphisms.

Now we shall find an upper bound for the linear dilatation H(z, f), defined in 2-16,
when f is a bilipschitz map with respect to 0.
3-20. LemMma. Let G € R™ be an open set and xy € G. Then
lim 26T 7o) _
r=0+ 6 (Y, o)
where |x — x| = |y — x| =1 € (0,d(x0)).
Proof. Let a,b, c,d € G be points for which mg(z, zy) = |a, z, b, xo| and ma(y, xo) =
le,y, d, xo|. Then

a—y 2r
me(x, x0) = |a,y, b, 130|-4|a — 17|| < mG(y, To) .- (1 + d(azo)—r) '

Similarly,

2
mg(x,xy) = ma(y, To)- (1 - r> .
d(l'()) — T

Using the Bernoulli inequalities (2-6) and (2-7), we have

2r < bz, xy) <14 2r

1 - X X - .-
d(xog) — 1 oa(y, o) d(zy) — 7

3-21. THEOREM. Let G, G & R™ be open sets and f:G — G’ an L-bilipschitz map
with respect to the metric g. Then H(x, f) < L* for all x € G.

Proof. Let zy € G and r € (0,d(z)). Choose x,y € S"~!(zy,r) such that
m = Uz, f,r) = |f(x) — f(20)]

and

M = L(zy, f,r) = |f(y) = fzo)l,
and let a,b € G’ be points for which ma: (f (), f(x0)) = |a, f(x),b, f(x0)]. Then

M _ la, f(y),b, f(zo)| |a— f(y)]

m|a, f(x),b, f(zo)| |a— f(z)|
< me (f(y), f(xo)) <1 i m+ M )
= ma(f(x), f(w) d(f(@o)) —m )’

and

M > -1 L
lim — < limsup ° F@)) < lim LoG(y, x) =172
r=0tm T per exp (0 (f(x), f(@o)) — 1 T =0+ ba(w, xo)/ L

by Lemma 3-20. []
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It follows from the previous theorem and |V&dl, theorem 34.1] that bilipschitz
maps with respect to 0g are quasiconformal and that isometries in d¢ are conformal.

In Theorem 3-16 it has been shown that bilipschitz maps with respect to the
Kuclidean metric are also bilipschitz in the metric 6. However, the converse is not
true even in the case of bounded domains. For example, the function f: B>\ {0} —
B?\ {0}, f(z) = |x|.x is not bilipschitz with respect to the Euclidean metric, but it
can be shown that it is bilipschitz with respect to the metric 62\ {0}

4. Bounded, convex and uniform domains

In this section we study the metrics é¢, ag, and o¢ when G has some additional
properties.

4-1. THEOREM. If G is a bounded open subset of R™, then

d(0G) |z —y|
(0G) — max{d(z),d(y)} min{d(z),d(y)
Jorall x,y € G, where d(0G) is the diameter of the set OG.

6G(x,y)210g (1+d }> >]G(Iay)

Proof. Assume that d(z) < d(y) and let a € OG be a point for which d(z) = |z — al.
Then there exists a point b € JG on the line determined by a and y, such that
la —b] > |a —y|. Now

a,x,b,y|:|$_y|( |a_b| >>$—y| d(8G>

d(z) \la—>bl—ly—al d(x) d(0G) —d(y)
Thus

d0G) |z -yl
(0G) —d(y) d(x)
If G = B", then Theorem 4-1 gives an inequality

2|z — y| >
opn(z,y) = log .
o (#:9) 2 lo <1+ oD — Ja)

ocq(w,y) = log <1 + 7 > Z jalx,y). O

This lower bound has the property

L 102 (L 2z — yl/((L+ [y)(t — |2]) _
y—u b (,y)

1

for every fixed z € B™.

In |Be2]| it has been proved that if D is a simply connected bounded plane domain
such that the inequality ap < pp or jp < pp holds, then D is convex. The next
theorem shows that the former inequality implies the latter inequality.

4-2. THEOREM. Let D & R™ be a convex domain; then jp < ap.
Proof. Fix z,y € D and write

_ lu— 2|

q1 = %up |U7y| q> — iup
u€dD |U—~T|7 weap |u =yl

Then ap(z,y) = log(giqz). We may also assume that |z —y| = 1 and ¢; > ¢ > 1.
Define the sets

Bi={ueR" |Ju—y|=q.lu—=z|}
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and
By ={ueR": |u—zx| = q.|lu—yl}.
Now By = B"™(xy,r), where r{ = ¢;/(¢¢ — 1) and |z — ac0| 1/(gi — 1). Similarly
By = B™(yy,72), where ry = q2/(¢5 — 1) and |y — yo| = 1/(q5 — 1), if ¢z > 1. Now
. Ty — T q2
min{d(z),d >rt+t—— .|z —xy| = ———
{ (@) (y)}/ l |5Uu—y0| | U| q1q2 — 1
if g2 > 1, and min{d(x),d(y)} > 1/(qi — 1) if ¢ = 1. Thus
+ (g1 — .,
jo(z,y) _ log (1+ (@1 — 1)/a) <t O

an(@,y) log (¢192)
Equality jp(z,y) = ap(z,y) holds if D = H", x = re,,, and y = se,,, where r, s > 0.

4-3. Definition. A domain D & R" is said to be uniform if there exists a constant
¢ > 1 such that

kp(z,y) < cjp(x,y) forallx,y e D
(see, for example, [Va2]).

If D, D" &« R"™ are domains and f: D — D’ is L-bilipschitz , then it is easy to
prove that

1 g

T2hp(@,y) < ko (f(2), f(y) < L*kp(z,y)

and, by the Bernoulli inequalities (2-6) and (2-7),
1 . )
T2dp(@,y) <jp(f(@), fy) < L*jp(@,y).
Thus D is uniform if and only if D’ is. Since jp < 6p < 2jp and kp < op < 2kp,
we can define the uniformity using the metrics op and ép as well.

4-4. Definition. A domain D C R™ with card 9D > 2 is said to be c-uniform, ¢ > 1,
if
op(z,y) < cép(x,y) forall xz,y € D.

4-5. Remarks.

(1) Definitions 4-3 and 4-4 have the following connection: if a domain D C R" is
uniform in the sense of Definition 4-3 with constant ¢, then it is 2c-uniform in
the sense of Definition 4-4. If a domain D C R" is c-uniform in the sense of
Definition 4-4, then it is uniform in the sense of Definition 4-3 with constant
2c.

(2) The sets B” and H” are 1-uniform, whereas the best possible constant c for
D =B" and D = H" in Definition 4-3 is 2.

Combining Theorems 3-16 and 3-18 we obtain the following result.

4-6. THEOREM. Let D, D" € R" be domains. If f: D — D' is an L-bilipschilz map,
then
oo (f@), FB) _ s T,y)
épr(f(x), fly) ~ " bplz,y)
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forall x,y € D, x * y. The same is also true if D and D' are domains of R™ with
card 0D, card D' = 2, and if f: D — D' is an L-bilipschitz map with respect to the
spherical metric.

4-7. CoroLLARY. The image of a c-uniform domain (in the sense of Definition 4-4)

under an L-bilipschilz map with respect to the Buclidean or spherical metric is cL®-
uniform.

5. Quasi-invariance of 6
In this section we study the behaviour of the absolute ratio metric ¢ under quasi-
conformal maps of R™. For this, we need to define a distortion function NK -
5-1. Definition. Let D be a domain of R". An injective mapping f: D — R" is

n-quasisymmetric, if there exists an increasing homeomorphism 7: [0, 00) — [0, 00)
such that

F@)— FB)] _ <|a— b|> 1)

XN
| f(a) = f(c)| la —c|
for all a,b,c € D with a % ¢ [TV].

5-2. THEOREM ([Vu3, theorem 1.8]). For all K > 1 and n > 2 there exists a homeo-
morphism N n: [0, 00) — [0, 00), such that every K-qc map of R™ is ng -quasisymmetric

and
(1) < exp (6(K + *VE 1), (52)
NEn(t) < M a(Dera(t), 0<t<1, (5:3)
Nren(t) < nrn(l)/eyral/t), t>1. (5-4)

[\

Hereafter, nk, will be a function that satisfies the conditions in Theorem 5-
when n > 3 and K > 1. When n = 2, we define

B s t
m(t) = mr2(t) = T ST |\ T3

¢
s

s 1+t

for all £ > 0 and K > 0. Agard [Ag] has shown that this function gives the smallest
possible value of 7k 2(t) in Theorem 5-2 at every point ¢ > 0.
The following theorem is easy to prove [AVV2, theorem 14-18].

5-3. THEOREM. Let f: R™ — R™ be K-qc. Then
|f(a)7 f(b>7 f(C), f(d)| < 77K,7L(|a7 bv ¢, d|)
for all distinct points a,b,c,d € R™.

—
Tt
(9]

-

Next we prove Theorem 1-2 concerning the quasi-invariance of ég. See also |GO,
pp- 62-65] for quasi-invariance properties of the metrics kg and jg. We need the
following inequalities:

5-4. THEOREM ([Vu2, theorem 7-47]). Forn > 2, K 2 1, and 0 < r < 1,

Prn(r) <A, a= KV, (5:6)
Pirn(r) = AT =KV, (57)
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5-5. Proof of Theorem 1-2. By Theorem 5-3 and the definition of 0,
Sar(f(x), f(y) <log (1 +mucp (€Y = 1)). (5-8)

Case 1. Suppose that dg(x,y) > log 2. Using the inequalities (5-4), (5-7), and the
Bernoulli inequality (2-6), we get

Sar < log (1 + g (DA (efe — 1)P)
< nr (A log (e797) = X7 Bk n(1)bc-

Case 2. Suppose that dg(x,y) < log 2. Using the inequalities (5-3), (5:6), the
Bernoulli inequality (2-6), and Lemma 2-19, we obtain

Scr < log (1 + Mg (DA€ — 1)%) < AN (1)62.

5:6. COROLLARY. If f, G, and G' are as in Theorem 1-2, then

e (F(@)s F) > 2O min {Sa(z, ), Sl )}
) = nK,n(l)’B ) 9 9
forall z,y € G.

Proof. Tf we replace f by f~!in the proof of Theorem 1-2, it follows that for each
x and y either

ba(,y) < X' Bnrn(Déer (f(@), f()
or

ba(,y) < N (D)oar (f(2), f(y)™.
The statement follows when we combine these inequalities. [

The following result has recently appeared (see [AQV]).

5-7. THEOREM. For K > 1, the function f(t) = nk(t) —log (1 + nx (e’ — 1)) is strictly
increasing on (0,00). In particular,

i (t) > log (1 +ng (e’ — 1)) (5-9)
Jorall K > 1 and t > 0.
Using (5-8) and (5-9) we obtain the following corollary.

5-8. CorOLLARY. If f: R? — R?isa K-qc map, G and G' = fG open sets of R* with
card G = 2, and x,y € G, then

b (f(), f(y) < nxc(bc (2, y))-

Next we shall study the conformal invariants Ap and pp, defined in 2-12, espe-
cially when D is a quasiball. Recall that quasiballs were defined in Section 1 after
Theorem 1-2.

For the proof of Theorem 5-11, we need some preliminary results.

5-9. THEOREM (| Vu2, theorem 8-6]). For all distinct x,y € B",

_ 1
pBn (T, Y) = Yn (‘mnh(p(:v,y)/?)) ) (5-10)
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g (2,7) = 17, (sinh2 p(”;y)> . (5:11)

The next theorem follows from the definitions of pp, Ap, and quasiconformality.

5:-10. THrorEM. If f: D — D' isa K-qc map, where D and D' are proper subdomains

of R™, then
x7
MO0 < (@), f0) < Kip(e,y) for all 2,y € D.
If also card 0D > 2, then
Ap(z,
A <A (@), f0) < KAp(e,y)

Jor all distinct z,y € D.

5:-11. THEOREM. Let D C R™ be a K-quasiball and let x,y € D be distinct points.

Then

Lo N <pmy <Ky (— 1 — (5-12)

T In X x, X n -1z

K" \Ganh (r/2) ) SHPOYS B G (s/2)
and

1 ; K ;
ST (sinhz g) < Ap(z,y) < 5 Tn (sinhz g) , (5-13)
where
r=log (1 + !, (7Y — 1)),

If n = 2, then also

1 —l(s 5
K <1/taﬂh nK(D)) < pp < Ky, <1/tanh nK(D)) (5-14)
and
1 P 6 K . —1 6
Proof. Let f: R® — R" be a K-qc¢ map for which f(D) = B™. Theorem 5-3 implies
that
p(f (), f(y) < log(1 + np(e’®Y) — 1)),
p(f (@), f(y)) = log (1 + ! (e2PY) —1)).

The inequalities (5-12) and (5-13) now follow from Theorems 5-9 and 5-10. The in-
equalities in the case n = 2 follow from (5-12) and (5-13), since r > 15! (6p(z, y)) and
s <k (ép(z,y)) by (5-9). O

Note that Theorem 5-11 reduces to Theorem 5-9 when K = 1.

5-12. THEOREM (Generalized Schwarz lemma). Let D; C R"™ be a K;-quasiball,
i1=1,2and f: D; — fD; a K-qc map such that fD; C Ds. Then

tanh g < Yrin (tanh %) , (5-16)
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where
r=log (1 +ng, , (exp (6p,(f(2), f() — 1)),
s =log (1 + 0, n (exp (bp, (,y)) — 1)),
K' = KK Ks, and x,y € Dy. In particular, if K; = Ky = 1, this reduces to the Schwarz
lemma 2-15. If n = 2, then also
e, 60, (f (2), f(®))
2
Proof. By (5-12), Remark 2-13(1) and Theorem 5-10,

tanh (5-17)

¢

< o (tanh nxl(fSD,(x,y))) '

1 1 1
E7n (tanh(r/Z)) < pp, (f(2), f(y) < Kpp, (z,y) < KK v, (tanh(s/Z)) :

Then
1

Vo (KK Kyyn(1/tanh (s/2)))

T s
tanh 3 < = QKin (tanh E)

by formula (2-5). Forn = 2, the inequality (5-17) follows, since r > ’I’];(j((SD__,(f(l'), f))
and s < 1)k, (6p, (2, y)) by (5-9).

6. Inequalities between Maobius-invariants

Next we shall give some inequalities between the conformal invariants yp and Ap
and the absolute ratio metric 6 p. For this we need the following lemma.

6-1. LEMMA ([Vu2, lemma 7.35]). Let R = R(E, F) be a ring in R™ and let a,b € E
and c,d € F be distinct points. Then

cap R > 7,(|a, b, ¢, d)).

Here equality holds of EE = [a,b] and F' = |c,d]|. where a = sse1. b = sieq, ¢ = szeq,
d = sseq, and 51 < 83 < 83 < S4.

The inequality (6-2) in the next theorem is due to S.-L. Qiu.
6-2. THrEOREM. Let D be a domain in R™, for which card 0D > 2 and 0D is connected.
Then, for distinct points x,y € D,

1
KD (T, Y) = Ty (e‘SD(Ivy)l> . (6-1)

Equality holds if © = syeq, y = syeq and D = R™\ [szey, sye], where sy < sy < 83 < 84.
If n =2, then

6p(e.y) < Sup(e.y) forall 2,y € D, (6:2)

Proof. By Lemma 6-1,

1
pp(x,y) = sup Tu(|z,y,a,b]) =7, () ,
a,bcdD mp(x,y)

thus proving (6-1).
For the equality in (6-1), we may assume that s; = —1, s, = 0, and s4 = oo, since
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1p and mp are Mobius-invariant. Then we observe by spherical symmetrization that

up(x,y) = Th(ss). Also

mp(x,y) o=t _ 1
D = sup —_— = —
’ a,b€|s;g}e)1,oo| |a||b + €1| 337

and equality holds.
If n = 2, then

wem) s ey (5))
"\ —1) W (T e ootmy) o AT 2 )

and (6-2) follows from the well-known inequality p(r) > log(1/r) (see e.g. [Vu2,
pp- 66-67].

6-3. LEMMA ([Vu4, theorem 1-7]). For distinct points x,y € R™\ {0},
[z —y| |z —yl + [[=] — lyl|
2 ) <O ) < : ,
" (nﬂn{rwr, ol ) S RIS T i (el o)
6-4. THEOREM. Let D = R™\ {0}. For distinct points x,y € D,

Ta(mp(,)) < Ap(,y) < 7o (3mp(@,y)) < V27(mp(z,y)).

Proof. Since mp(z,y) = |x—y|/ min{|z|,|y|}, the first two inequalities follow from
Lemma 6-3. The last inequality follows from [AVV1, theorem 1-8(3)]. [

6-5. THEOREM. Let D C R™ be a domain with card 0D > 2. Then
Ap(,y) < 7o (3mp(2,)) < V27 (mp (. y)-
Proof. Choose a,b € D such that mp(x,y) = |a, z,b,y|. Then, by Remark 2-13(1)
and Theorem 6-4,
Ap(@,y) < Are\ (a0} (2, 9) < 7 (3m0(2,9) -

6-6. Notation. If E and F are distinct sets in R”, then we see from the definition
of the absolute ratio that

sup |a,c,b,d| = sup |a,c,b,d|
a,beE a,beEOE
c,deEF c,d€EOF
We shall write
5E,F = 6R7L\E(F) = 6RH\F(E) = lOg (1 + sup |a,c, b,d|>

a,bEOE
c,d€EOF

In the next three theorems we shall find lower and upper bounds for the capac-
ity of a ring R(E, F') expressed in terms of 0g p. See also [Vu2, pp. 96-97] for the
corresponding bounds in terms of min {jg»\ g(F), jrm\r(E)}.

6-7. THEOREM. If R(E, F) is a ring with card E, card F' > 2, then

1
cap R(E,F) 2 Tn (e‘sEF—1> .

Equality holds if E = [—ey,0], F' = [tey,00], and t > 0.
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Proof. By Lemma 6-1,

sup |a,c,b,d|

a,beE
c,deF

1 1
Cap R(E7 F) 2 Sup T’n(‘aa b7 Cyd|) = Tn () = Tn <51> .
e E,F —

The equality cases also follow from Lemma 6-1. [
We need the following lemma in the proof of Theorem 6-9.

6-8. Lemma ([VAl, p. 22]). If 0 < a < b < oo, then
1—-n
M(A(S™ ! (a), S" "' (b); B™(b) \ B"(a))) = wn_1 <log 2) .

6:9. THEOREM. Let E;F CR", ENF = &, card E,card F > 2, and 6g r < log 2.
Then

1—n
1
M(A(E, F)) < wn—i <log W—l) :
Proof. Let a,b € OF and ¢,d € OF be points, such that
a,c =e’BF — 1,
| ) ) b7 d‘ (sE F 1

By the Mobius-invariance of M(A(E, F)) and dg , we can assume that a = e, b=0
and ¢ = co. Now

|d| = ! = ! > 1
e, 00,0,d|]  efrr —1
| ) s Uy
and
1
ﬂ = ley, 00,0, 2| < efmr 1 forall x € F,
T

and therefore FF C R™\ B™(0,1/(e®=F — 1)). Also

M = |y, 00,0,d| < efmr 1 for all ye FE,

|d|
and we have E C B"(1). Then, by Lemma 6-8,
M(A(E, F)) < M (A(S"H(1), S"7(1/ (e = 1))

- 1 1-n
Swn-r{log ey )

6-10. THEOREM. Let E and F be as in Theorem 6-9. Then
M(A(E, F)) < Q,e"eF,

Proof. Because of the Mébius-invariance we can assume that the set E is bounded.
Now, let @ € E be a point such that t = d(E, F) = d(a, F), and let b € E be a point
such that r = max ,cg|a — x| = |a — b|. Then %XB"(U,,TH) is an admissible function
for the curve family A(E, F'), and

M(A(E, F) < Q, (’“:t)n.
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Table 1. Inequalities between Mobius-invariants.

Ja,ba ka,oa BG, Ac
Jjac,ba ja < ba < 2ja bc < 0a, jo < kg OG connected:
1
(Theorem 3-4) (Theorem 3-12, |GP (2-2]) Tn (%71) < pe
edc —
(Theorem 6-2)

ka,oc G c-uniform: ke < og < 2kg

oa < cbg [Fel, p. 122]

(Definition 4-4)

e®e —1 .
HGs A A < Ta 3 e < h(3ka)

(Theorem 6-5) [Vul, lemma 2-39]

Here
r+t _ |la—1b]
t  da,F)

and we have M(A(E, F)) < Q,e"5.F

+1< eIrm\F(E) < eﬁE,F’

6-11. Remark. Theorems 6-7, 6-9 and 6-10 say that if R(E, F') is a ring, where the
sets E, F' C R™ have at least two points, then there exist increasing homeomorphisms
h;:]0,00) — [0,00), ¢ = 1,2, such that

hl(éE,F) < eap R(E,F) < hQ((SE7F).

Table 1 summarizes some inequalities between pairs of metrics 0, 0¢, e, and Ag.
The function h(T) is defined in [Vul, lemma 2.39] as
max {1,v}.d(T), el <2
max{1,1/7}.do(T), e’ >3,
v = dx (log 3) /di (log 3)

)

)
ds(T) = 6"Q, (T — 1)
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