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Abstract. In this paper we consider the set of all extremal Volterra quadratic stochastic
operators defined on a unit simplex S* and show that such operators can be reinterpreted
in terms of zero-sum games. We show that an extremal Volterra operator is non-ergodic
and an appropriate zero-sum game is a rock-paper-scissors game if either the Volterra
operator is a uniform operator or for a non-uniform Volterra operator V there exists a
subset I C {1, 2, 3, 4, 5} with |I| < 2 such that ZieI(V”x)i — 0, and the restriction of V
on an invariant face I'; = {x € §”~! : x; =0, i € I} is a uniform Volterra operator.

1. Introduction
Let

m
sl = {x: (X1, X2, ..., Xp) € R™: forany i x; > 0 and Zx,- = 1} (1.1)
i=1
be the (m — 1)-dimensional simplex. As shown by Jenks [15], the homogeneous
differential system on S~ ! given by

dx; .
d—t’zza;kx,-xk, (1.2)
J.k

with (i) a;k :a,ij for all i, j, ke {l,...,m}, (i) Y, a;ik =0forall j,ke{l,...,m}
and (iii) a;.k >0forall j #i,k#ie{l,...,m}, governs mathematical models for large
interacting populations of m constituents. Here the numbers x; represent a fraction of the
constituents of type i, i = 1, . . ., m, and satisfy the conservation law Zi x;i=1.
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The equations for Volterra’s treatise on the biological struggle for life [23] are
distinguished by the form

dx; .
d—;:xi;al’j.xj', z:l,...,m, (13)

that is, the special case where relation (iii) in (1.2) holds with equality. Here the g;; are
biological constants satisfying a;; = —aj;, that is, the m x m matrix A = (a;;) is skew-
symmetric. We will call the system of equations (1.3) a Volterra dynamical system.

In recent decades in game theory, evolutionary and dynamical aspects have dramatically
increased in popularity. Hofbauer and Sigmund’s book Evolutionary Games and
Population Dynamics [14] serves as a very good introduction to this theory. Zero-sum
games and their evolutionary dynamics were studied by Akin and Losert [1] (see also [14]
and references therein). We recall the definition of zero-sum games following [1] and show
their connection with Volterra dynamical systems. A two-player symmetric game consists
of a finite set of strategies indexed by ® = {1, ..., m} and an m x m payoff matrix (a;;).
When a player i meets a player j their payoffs are a;; and a;,, respectively. In evolutionary
game dynamics a large population of game players is assumed, each with a fixed strategy.
The state of the population is a vector in R = {P € R™ : p; > 0} where p; measures the
subpopulation of i strategists. So the total population size is |p| = Y, p;. The associated
distribution vector X = (x1, ..., x,,) lies in the simplex $”~!, where x; = p;/|p| is the
ratio of i strategists to the total population. The system of differential equations describing
the evolution of the distribution vector has the following form:

dxi
E:Zj:xjaij_jzk:xjx’cakj’ (]4)

where Y j Xjaij is the average payoff to the ith strategist because his opponent is a j
strategist with probability x;. If a payoff matrix is antisymmetric, then such games are
called zero-sum, since a;j + aj; = 0. This implies } ; ; x;x;a;; = 0 for any pointx, |a;;| <
1, and the associated system of differential equations (1.4) becomes

dx;
d—tl=xiza,’jxj'. (1.5)
J

Thus the Volterra dynamical system yields a zero-sum evolutionary game dynamics.
PROPOSITION 1.1. [12] The discrete time system corresponding to (1.2) is defined by the
mapping V : "1 — §"=1ypith
m
(VXk = ) pijXix;, (1.6)
i,j=1

where pjj = agk + (Bix +8jx)/2, and §;; is Kronecker delta. It is evident that

Pijk =0,
pijk=Ppjik foralli, j, k, (1.7)
Y oiet Pijk = 1.
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A mapping (1.6) with conditions (1.7), called a quadratic stochastic operator (qso),
was first introduced by Bernstein [3]. Such operators frequently arise in many models of
mathematical genetics, namely, the theory of heredity [3, 11, 15, 16, 18, 19]. Consider
a biological population, that is, a community of organisms closed with respect to
reproduction. Assume that each individual in this population belongs to precisely one
species (genotype) ® = {1, ..., m}. The scale of the species is such that the species of
the parents i and j unambiguously determines the probability p;; x of every species k for
the first generation of direct descendants of i and j. This probability is called the heredity
coefficient. It is then obvious that p;; x > 0 for all i, j, k and, for any pair 7, j,

m
Z Dijk=1.
k=1

The state of the population can be described by the m-tuple (x1, x2, . . ., x) of species
probabilities, that is, xj is the fraction of the species k in the total population. In the
case of panmixia (random interbreeding) the parent pairs i and j arise for a fixed state
X = (x1, X2, ..., Xp,) with probability x;x ;. Hence the total probability of the species k in
the first generation of direct descendants is defined by

m
Z pijkxix; (k=1,...,m).
i,j=1

Note that the linear operators are a special case of quadratic operators. If IT = (r;;)
is a stochastic matrix of size m x m, that is, r;; > 0 and Zj rij =1, then with p;; =
(rik +rjr)/2 we get

m
(VX =) rikxi. (1.8)
i=1
For example, if p;jx = (8ix +Jjk)/2, then the corresponding gso is an identity
transformation.
Volterra quadratic stochastic operators. Let ® = {1, . .., m} be the scale of genotypes or

collection of strategies in a zero-sum game and V be a qso on "1,

Definition 1.2. The quadratic stochastic operator V is called Volterra, if p;; x = 0 for any

k¢ i, j}.

The biological treatment of such operators is rather clear: the offspring repeats one of
its parents. Evidently, for any Volterra gso,

piii =1, ik + Pkii = Pikk + piki =1 foralli, k=1,....m, i #k. (1.9)
A Volterra gso V defined on §”~! has the form
m
(VR =x; +2 Y pikkXiXs, (1.10)
i=1,i#k

where k=1,...,m.
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PROPOSITION 1.3. [8, 15] A gso V is Volterra if and only if

(Vx)k=xk(1 +Zakixi) (1.11)

i=1
where A = (aij)’ln is a skew-symmetric matrix with ay; =2pijxx — 1 fori #k, a;; =0 and
la;j| < 1.Herei, j €{1,2,..., m}.

Proof. The proof follows easily from (1.9). O

PROPOSITION 1.4. The discrete time system corresponding to a Volterra dynamical
system (1.3) is defined by the Volterra operator V : S"~1 — §™=1 yith

(VX)k =Xk(1 +Zakixi) (1.12)

i=1
where A = (a;;)|' is a skew-symmetric matrix with |a;j| < 1. Herei, j € {1,2, ..., m}.

The proof follows immediately from Proposition 1.3. This proposition is also proven
independently in [1].

The nonlinear dynamical system (1.2) can be reinterpreted in terms of evolutionary
games and a gene conversion and in those forms it has a fair history [1, 14, 17, 20, 21].
Hofbauer and Sigmund’s book [14] reflects well the state of evolutionary games up to
1998.

In the discrete case, the Volterra operator yields the discrete time zero-sum evolutionary
game dynamics [1]. Note also that Nagylaki [20, 21] has introduced (1.12) with
antisymmetric a;; as a model for a gene conversion, and one can interpret the models
considered below as gene conversion models.

In this paper we will study the trajectory behavior of Volterra operators and the
evolutionary dynamics of discrete zero-sum games. As noted in [1], there is a radical
difference between discrete and continuous models in the antisymmetric case. The
continuous case will be the subject of another paper.

For a Volterra operator V defined on $”~!, we introduce a conjugacy invariant
Id(V)=(C(V), D(V)) as follows. Let (¥, V) be a tournament generated by a Volterra
operator V, where ® is a set of vertices of the simplex Sm=1 and let Ny(V) be a
number of k-cycles in the tournament (®, V), where k =3, ..., m. Then we put C(V) =
(N3(V), Na(V), ..., Nyu(V)). For any element k € ® we denote by (V) and Oy (V)
the indegree and outdegree of the vertex k respectively, where I (V) > 0 and O (V) < 0.
Then we put D(V) = {(11(V), O1(V)); (12(V), O2(V)); ...5 Un(V), On(V))}.

The space of zero-sum game matrices, that is, skew-symmetric matrices generating
Volterra operators, is parameterized by the cube [—1, 1]"("~D/2 The extremal points
of the cube are its vertices. The gso V is called extremal Volterra if the corresponding
skew-symmetric is a vertex of the cube, thatis, @;; = —1 or 1 for any i # ;.

Let & be the set of all extremal Volterra gsos on "~ !, It is evident that the total number
of extremal Volterra gsos is equal to 27— 1D/2,

In this paper we consider the set of all extremal Volterra gsos defined on the unit
simplex $”~! with m =5. We prove that a zero-sum game is the paper-rock-scissors

https://doi.org/10.1017/etds.2013.109 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2013.109

Quadpratic stochastic operators and zero-sum game dynamics 1447

game if either the corresponding Volterra operator is a uniform operator or for non-
uniform Volterra operator V there exists a subset I C {1, 2, 3, 4, 5} with || <2 such
that Ziel(V”x)i — 0, and the restriction of V on the invariant face 'y = {x € gm—1.
x;i =0, i € I} is a uniform Volterra operator. In §2 we discuss the ergodicity of a qso and
paper-rock-scissors games. For m = 3, 4 the asymptotic behavior of Volterra gsos has been
studied in [5-7]. In §3 we describe the paper-rock-scissors games for m = 3, 4 using the
results of these papers. In §§4 and 5 we present our main results, that is, we describe the
asymptotic behavior of the extremal Volterra qsos for m = 5. Note that one can reformulate
these results in terms of their corresponding zero-sum games, as was done in §3. Finally,
in §6 we discuss how one can generalize these results to an arbitrary Volterra operator and
an arbitrary m.

2. Ergodicity and paper-rock-scissors games

In statistical mechanics an ergodic hypothesis proposes a connection between dynamics
and statistics. In the classical theory the assumption was made that the average time
spent in any region of phase space is proportional to the volume of the region in terms
of the invariant measure, or, more generally, that time averages may be replaced by space
averages. For nonlinear dynamical system (1.6), Ulam [22] suggested an analogue of a
measure-theoretic ergodicity in the form of the following ergodic hypothesis: a nonlinear
operator V defined on the unit simplex S” ! is called ergodic if the limit

. 1 n—1 .
Jim_ -~ > vE@) (2.1)
k=0
exists for any x € "~ !. Note that a continuous time analogue of an ergodicity has the
form [14]
1 T
Tli—>mo<>7_/0 xi®)dt=p;, i=1,...,m. (2.2)

On the basis of numerical calculations, Ulam [22] conjectured that an ergodic theorem
holds for any gso V. In 1977, Zakharevich [24] proved that in general this conjecture is
false. He considered the Volterra operator on S .3

xp=x1(14+x2 — x3),
xé =x(1 — x1 + x3), (2.3)
x5 =x3(1 +x1 — x2),
and proved that it is a non-ergodic transformation. Later, in [5], the authors established
a necessary and sufficient condition for a gso defined on S to be a non-ergodic
transformation. Recently, in [6, 7], the authors studied special classes of a Volterra gso
defined on $°.
Note that in [2] the author investigated the dynamics of the classical paper-rock-scissors

games and studied the limit sets for the Cesaro sums (2.1).
Let ® ={1,2,...,m}and V be a Volterra operator defined on gm—1

(VX)k :xk(l + Zakix,'), (2.4)

i=1
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where A = (g;;)7' is a skew-symmetric matrix with |a;;| < 1. The set ® can be interpreted
as a collection of genotypes (constituents) or a collection of strategies. In the first case the
Volterra operator describes a model of heredity and in the second case a zero-sum game.

The following notation will be used throughout this paper. We let int $”"~! denote the
interior and 3S5™~! denote the boundary of §” !

int$" '=(xeS" ixixy x>0}, 88" 1=85""Nint s

Also, fori =1,2,...,m, we let ¢ = (81;, 82, ..., 6mi) denote the ith vertex of the
simplex §m=1 where d8;j is the Kronecker symbol. I'y ={x¢€ sm=l.xi=0,iel}
denotes a face of "~ !, where I C {1,2,...,m}. Assume that {V¥(x) e §" 1 k=

0,1, 2, ...} is a trajectory of the initial point x € sm=1 where V¥*t1(x) = V(V¥(x)) for
allk=0,1,2, ..., with Vo(x) =x.

Definition 2.1. A point a € "~ is called a fixed point of a qso V if V (a) = a.

Let Fix(V) be a set of all fixed points of gso V. It is evident that for any Volterra qso
{e1, e, ..., e,} CFix(V), that is, all the vertices of S™=1 are fixed points of V.

Definition 2.2. A gso V is called regular if, for any initial point x € §”"~!, a limit

lim V'(x) (2.5)

n— oo

exists.

Note that the limit point is a fixed point of a qso V. Thus the fixed points of qso
describe a limit or long-run behavior of the trajectories at any initial point. A limit
behavior of trajectories and the fixed points of a gso play an important role in many applied
problems [1, 8-10, 14-16, 18].

Let w(x) be the set of limit points of a trajectory (Vkx% esm1:k=0,1,2,...}.
One can control the w-limit points. Recall the definition of a Lyapunov function.

Definition 2.3. A continuous function ¢ : int $”~! — R is called a Lyapunov function for
aqso Vif o(V(x)) > ¢(x) for all x (or ¢(V (x)) < ¢(x) for all x).

A Lyapunov function is very helpful in describing the upper estimate o (x"). However,
there is no general recipe for finding such a Lyapunov function. In [1, 5, 8] the authors
presented examples of Lyapunov functions for dynamical systems.

It is evident that a regular gso V is ergodic; however, regularity does not follow from
the ergodicity. For example, the operator appearing in (1.8) is an ergodic Markov chain
and if r;x = 87 i)k, we get an operator 7, which is ergodic but not regular.

Below we recall some of the well-known properties of Volterra operators and we also
consider some of the new properties of Volterra operators.

Some basic properties of Volterra operators. As shown above, we can consider two forms
of Volterra operators:

m
(VX)p = x} +2 Z Dik kXi Xk, (2.6)
i=1,i%k
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where p;; =0 forany k ¢ {i, j}; and
m
(VX)k =xk(1 + Zakixi) .7
i=1

where A = (a;;) is a skew-symmetric matrix with ag; = 2p;x x — 1 fori #k, a;; =0 and
lajj] < 1. The form we use below depends on the problem being considered.

PROPOSITION 2.4. Let V be a Volterra gso. Then for any permutation w € S,, the
transformation Tﬂ’1 VT, is a Volterra gso.

Proof. Foraqso V (2.6) and a permutation € S,,, simple algebra gives

m
(Tn_l VT;TX)k = x,% +2 Z pn—l(i)ﬂ—l(k),ﬂ_1(k)x,-xk, (28)
i=1,i#k
where k =1, ..., m. It is evident that the transformation (2.8) is a Volterra gso. O

Note that, for any permutation 7, a qso T, 'V T, is regular (respectively, ergodic) if and
only if a gso V is regular (respectively, ergodic).

PROPOSITION 2.5. Let V be an extremal Volterra gso. Then for any permutation & € Sy,
the transformation T]T_l V Ty is an extremal Volterra gso.

Proof. The proof follows immediately from Proposition 2.4. O

Let V be the set of all Volterra gsos on $”~!. Let us introduce the following binary
relation on V.

Definition 2.6. Let Vi, Vo € V be two Volterra gsos. We will say that a qso V; is equivalent
to V3 and write V| ~ V; if there exists a permutation 7 € S, such that V, = Tn_l ViT;,.

Since this relation is an equivalence relation, we can split the set )V into equivalence
classes. Note that considering this relation on a finite set £ of all extremal Volterra qsos on
§™=1 we can explicitly list all elements of each equivalence class.

Below we consider Volterra gsos such that a;; #0 for any i, j=1,...,m. Let V
be a Volterra gso. Then on the set & = {1, ..., m} of genotypes one can introduce the
following binary relation: if a;; > 0, we say that genotype i dominates genotype j and
write i > j. Any two genotypes i and j are comparable, that is, i > j or j >i. If we
assume that ® = {1, ..., m} is a set of strategies in a zero-sum game, then if a;; > 0 we
say that a strategy j is beaten by a strategy i [1]. Along with a Volterra operator V we
consider a complete graph (&, V), with vertices ® = {1, ..., m} as follows: the edge
joining vertices k and i is directed to a dominant genotype (a winning strategy), that is,
directed from the kth to the ith vertex if a;; < 0 and in the opposite direction if ay; >
0. Since ay;i = —a;x and ax; # 0, the directions of all the edges of (®, V) are uniquely
determined by the specification of the Volterra operator. The directed graph obtained is
called a tournament [13].

A path of (¥, V) is defined as an alternating sequence iy, ey, i2, €2, . . ., €y—1, in Of
distinct vertices i and edges ey = (i, ix+1). Such a path has length n — 1 and is said to
connect i1 to ij.
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Definition 2.7. A cycle of a graph (®, V) is an alternating sequence iy, ey, iz, €2, .. .,
en—1, in, en, i1 of vertices and edges such that iy, ey, i2, €2, ..., ey—1, i, is a path and
e, = (in, i1); such a cycle has length n and is called a n-cycle.

If the vertices i1, i7, . . . , iy form a n-cycle, then we say that the strategies iy, i, . . ., iy
define a paper-rock-scissors game.

Definition 2.8. A cycle iy, eq, iz, €2, ..., en—1, in, €n, i1 is called a Hamiltonian cycle if
{i1, iz, ..., i} = ®. A graph containing no cycles of any length is known as an acyclic
graph, whereas a graph containing at least one cycle is called a cyclic graph.

It is evident that a zero-sum game generated by a Volterra operator V is a paper-rock-
scissors game if and only if the graph (&, V) contains a Hamiltonian cycle.

Let the indegree of a vertex be the number of edges leading to that vertex, and the
outdegree of a vertex be the number of edges leading away from that vertex.

Definition 2.9. A vertex with an indegree of O is called a source (since one can only leave
it) and a vertex with an outdegree of 0 is called a sink (since one cannot leave it).

It is easy to verify that these graph-theoretic definitions of source and sink coincide
with the well-known definitions for a discrete dynamical system. Let D,V(a)=
(dV;/3x;(x))x=a be a Jacobian of V at the pointa € gm=1,

Definition 2.10. A fixed point a € S"~! is called a sink (respectively, source) if the
spectrum Dy V (a) is contained inside (respectively, outside) the unit disk on a complex
plane.

Let V be a Volterra operator. Without loss of generality, one can consider a vertex
e;=(1,0,...,0). Then

1+ anx; apx apxy - aimX
a1 x2 1+ axxi apxy - amx2
D,V = ) ) (2.9)
am1Xm am2Xm am3xy, -+ 14+ Z AmiXi
and
1 an as v aim
0 1+ an 0 ce 0
D,Vep=|0 0 lt+a -~ 0 . (2.10)
0 0 0 o I 4am
It is evident that a spectrum of D,V (ey) is aset {1, 1 +az;, 1 +a31, ..., 1 +am}.
The spectrum is contained inside (respectively, outside) a unit disk on a complex plane if
and only if a1y > O forall k =2, ..., m, that is, e; is a sink (respectively, aj; < 0 for all
k=2,...,m, thatis, e is a source).
For any Volterra operator V we define a conjugacy invariant Id(V) = (C(V), D(V))
as follows. Let Ni(V) be a number of k cycles in a tournament (&, V),
where k=3,...,m. Then we put C(V)=(N3(V), No(V),..., Nu(V)). For
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any element k€ ® denote by I(V) and Of(V) the indegree and outdegree,
respectively, of the vertex k, where (V) >0 and Ok(V) <0. Then we put
D(V) ={1(V), O1(V)); (1o(V), O2(V)); ...; Uu(V), O (V)}.

Now we select Volterra gsos such that I (V) 4+ O (V) =0forany k=1, ..., m.

Definition 2.11. A Volterra gso V is called uniform if in any row of a skew-symmetric
matrix A = (a;;) the number of positive entries is equal to the number of negative ones.

It is evident that there are uniform Volterra gsos if and only if m is odd. The gso (2.3)
considered by Zakharevich is a uniform Volterra operator.
We conclude this section by generalizing the notions of ergodicity and regularity.

Definition 2.12. Let V be a nonlinear transformation on $”~! and let A be a maximal
measurable subset of $”~! such that for any x € A the limit (2.5) (respectively, (2.1))
does not exist. If pu(A) >0 with the usual Lebesgue measure p on $™=1_ then the
transformation V is called non-regular (respectively, non-ergodic); if ©(A) = 0, then the
transformation V is called regular by mod 0 (ergodic by mod O respectively).

3. Non-ergodicity and paper-rock-scissors game
In this section we show the correlation between non-ergodicity of Volterra operators and
paper-rock-scissors games. According to Definition 2.12, a Volterra operator V is non-
ergodic if there exists a subset A C §”~! with a positive measure such that the limit
1 n—1
lim — Z VK (x) (3.1)
n—-oon =0
does not exist for any x € A. In game theory (V*(x)); denotes the ratio of i strategists
to the total population at the moment of time k withi=1,...,mand k=0,1,2,...,
and (3.1) denotes that their time averages have chaotic behavior.
First, consider the case m = 3. The general paper-rock-scissors zero-sum game is
characterized by having three pure strategies such that R is beaten by R;, which is beaten
by R3, which is beaten by R; (see [14]). Then the corresponding payoff matrix has the

form
0 a —b
A=|—-a O c . (3.2)
b — O

In [5], the authors proved the following theorem.
THEOREM 3.1. Any Volterra operator
Vix,y,2) = (x(1+ax —bz), y(I —ax + cz), z(1 + bx — cy)), 3.3)

where a, b, c € [—1, 1], is non-ergodic if and only if the three parameters a, b, ¢ have the
same Signs.

Thus any Volterra operator (3.3), such that the parameters a, b, ¢ have the same signs,
describes a paper-rock-scissors game. The point (c/(a +b+¢),b/(a+b+c),a/(a +
cyba

b + ¢)) is the fixed point; the function f(x, y, z) =x“y”z? is a Lyapunov function and
the boundary 952 is an attractor [5].
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4

3

FIGURE 1. Tournament generated by operators in the first class, m = 4.

As a corollary, we have a non-ergodicity Zakharewich’s example (2.3) with a skew-
symmetric matrix

A=|-1 0 1 (3.4)

and its corresponding game is a paper-rock-scissors game.
Let m = 4. Then the set £ consists of 64 extremal Volterra operators

x| = x12 + 2ax1x2 + 2Bx1x3 + 2y x1X4,

xh= x% +2(1 — a)x1x2 + 28x2x3 + 2ex2X4,

Xy = x% +2(1 — B)x1x3 + 2(1 — 8)xox3 + 2Ax3x4,
xy=x7 +2(1 — y)xixs + 2(1 — &)xaxs + 2(1 — A)x3xg,

(3.5)

where a, 8, y, 8, &, . € {0, 1}. Simple but tedious algebra gives that the set £ is split into
four equivalence classes.

First equivalent class. If « =B =8 =¢=A=1 and y =0 then the corresponding gso
(3.5) with the payoff matrix A has the form

0 1 1 —1 x| = xl2 + 2x1x2 + 2x1x3,
P B B xh = x5 + 22003 + 2204, 36
-1 -1 0 1 x4 =x§ + 2x3x4, ’
1 -1 -1 0

/ 2
Xy = Xxj + 2x1x4,

and a tournament generated by this operator contains the Hamiltonian cycle 1 > 2 > 3 >
4 > 1 (see Figure 1).

The equivalent class containing this operator consists of 24 extremal Volterra gsos, and
each of them generates a tournament containing a Hamiltonian cycle. It is easy to see
that a set of fixed points contains the points ey, e, e3, e4, M5 = (1/3,0, 1/3, 1/3), Mg =
(1/3,1/3, 0, 1/3). Introducing new variables y; = x1, y» = x2 + x3, Y4 = x4, one can see
that

Vi=Xn o yp=xoba y=x,
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FIGURE 2. Tournament generated by operators in the second class, m = 4.

and gso (3.6) is reduced to a Zakharevich example (2.3),
¥y =y +2y1y2,
b =3 + 2523, 3.7)
Y5 =3 +2y1y3.

Note that gso (3.6) has the invariant subset {t M5 + (1 — 7)Mg, T € [0, 1]} [7]. Since a

Lebesgue measure of an invariant subset is equal to 0, gso (3.6) is non-ergodic. Thus we
have proved the following proposition.

PROPOSITION 3.2. Any gso from the first class is a non-ergodic operator.

Thus a zero-sum game corresponding to a Volterra operator (3.6) is a paper-rock-
scissors game.

Second equivalent class. f « = 8 =y =6 = A =1 and ¢ = 0, then the corresponding qso
(3.5) with the payoff matrix A has the form

0 1 1 1 xp= x% 4+ 2x1x2 4 2x1X3 + 2x1X4,
a |-t 01— xh = x5 + 2x2x3, 35
-1 -1 0 1 x, = x2 + 2x3x4, '
—1 1 -1 O

Xy = xf + 2x9x4,
and in the tournament generated by this operator (see Figure 2), the vertex e; is a sink, and
the other three vertices form a 3-cycle 2 > 3 > 4 > 2.

The equivalent class containing this operator consists of eight extremal Volterra gsos,
and each of them generates a tournament containing a 3-cycle. It is easy to see that a
set of fixed points consists of the points e, ey, e3, es, M5(0, 1/3, 1/3, 1/3). It is easy to
verify that for any initial x’ € S* with x? # 0 its trajectory converges to a vertex e and
the restriction of gso (3.8) on the face I'y is reduced to Zakharevich’s example (2.3). Since
the Lebesgue measure of this face is equal to 0, we have proved the following proposition.

PROPOSITION 3.3. Any extremal Volterra gso V in the second class is regular by mod 0.

Thus a zero-sum game corresponding to a Volterra operator in the second class is not a
paper-rock-scissors game.
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FIGURE 3. Tournament generated by operators in the third class, m = 4.

Third equivalent class. f « = =8 =¢ =1 and y = A =0, the corresponding gso (3.5)
with the payoff matrix A has the form

0 1 1 —1 xq =xf + 2x1x2 + 2x1x3,
-1 0 1 1 Xy = X2 + 2x2x3 + 2x0X4,
A=l 210 21| wog 3.9)
37— 73
1 -1 1 0

xé = xz + 2x1x4 + 2x3x4,

and in the tournament generated by this operator (see Figure 3) the vertex es is a source,
and the other three vertices form a 3-cycle 1 > 2 >4 > 1.

The equivalent class containing this operator also consists of eight extremal Volterra
gsos, and each of them generates a tournament containing a 3-cycle. It is easy to see that a
set of fixed points consists of the points ey, e, e3, e4, M5(1/3, 1/3, 0, 1/3). It is evident
that lim, 0o x{” = 0. If x* € §? is an initial point with x¥ # 0 then w(x°) C 3. It is
evident that the restriction of gso (3.9) on I'3 is reduced to Zakharevich’s example (2.3).
Thus we have proved the following proposition.

PROPOSITION 3.4. If an extremal Volterra gso V belongs to the third class, then it is a
non-ergodic transformation.

Thus a zero-sum game corresponding to a Volterra operator (3.9) is a paper-rock-
scissors game. Note that in [1] the authors considered an example similar to (3.9).

Fourth equivalent class, If « = 8 =y = 8§ = ¢ = A =1, then the corresponding gso (3.5)
with the payoff matrix A has the form

xp = x12 4 2x1x2 4 2x1x3 + 2x1X4,

0 1 1 1
-1 1 1 X, = x2 4 2xpx3 + 2x0x4,
A= 0 ) é 2X3 2X4 (3.10)
1 =10 1] x=x2 4 2um,
LI B AV )

and a tournament generated by this operator (see Figure 4) is acyclic.
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FIGURE 4. Tournament generated by operators in the fourth class, m = 4.

The equivalent class containing this operator consists of 24 extremal Volterra qsos.
In [7] the authors proved the following proposition.

PROPOSITION 3.5. Any extremal Volterra gso V belonging to the fourth class is a regular
transformation.

4. Classification of extremal Volterra operators on S*

In this and the next sections we discuss the trajectory behavior of extremal Volterra
operators on S*. In these sections we omit the reinterpretation of evolutionary dynamics
of zero-sum games. For m = 5 the set £ consists of 1024 extremal Volterra operators

xp = x12 + 2ax1x2 + 2Bx1x3 + 2y x1X4 + 28x1 X5,

x)= x% +2(1 — a)x1x2 + 2ex2x3 + 20x2x4 + 2Ax2X5,

xy=x7 4+ 2(1 — Bx1xz + 2(1 — &)xax3 + 2ux3x4 + 2vx31s, (4.1)
xj=x7 +2(1 — y)xixs + 2(1 — 0)xoxs + 2(1 — p)x3x4 + 2nx4xs,

xg = xg 4+ 2(1 = 8)x1x5 + 2(1 — A)xpx5 + 2(1 — v)xzxs + 2(1 — n)x4xs,

where o, B, v, 8,¢,0, A, u, v, n e {0, 1}.

Let us consider a partition of the set £ into equivalence classes with respect to the
equivalence relation defined above (see Definition 2.6). A simple but tedious algebraic
manipulation gives that £ is split into 12 equivalent classes. It is evident that any two
extremal Volterra operators in the same class have the same Id. Below we consider the
trajectory behavior of the extremal Volterra operators in each class. It is convenient to
formulate the following two evident statements.

LEMMA 4.1. Let ¢(x) = x(2 — x) be a one-dimensional transformation on the segment
[0, 1]. Then it has two fixed points x* =0, x™* = 1, where x* = 0 is repelling, x** =1 is
attracting, and, for any x € (0, 1), w(x) = {x™*}.

LEMMA 4.2. Let V be a Volterra gso on S" ' and T; ={xe S" ' :x; =0,i €I} bea
face of S"Y, where I is a subset of {1, 2, . .., m). If the restriction of V on the invariant
face Ty is non-ergodic and ) _;.;(V"X); — 0, then the operator V itself is non-ergodic.
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FIGURE 5. Tournament generated by operators in the first class, m = 5.

Class of operators generating acyclic graphs. The first class consists of 120 extremal
Volterra operators such that the corresponding graphs are acyclic. As a representative of
this class we consider the extremal Volterra operator withoa ==y =6=¢=0=X1=
w = v = n = 0; the corresponding qso with the payoff matrix A has the form

/2
0 -1 -1 -1 -1\ "=
10 -1 -1 —1| XM=x3+2axn,
A=]1 1 0 -1 -1 x4 = x3 + 2x1x3 + 2xx3, 4.2)
L1 1 0 -1 Xy = xi + 2x1%4 + 2x0x4 + 2X3X4,
1 1 1 1 0

xg= x52 + 2x1x5 + 2x2x5 + 2x3X5 + 2Xx4X5,

and a tournament generated by this operator (see Figure 5) is acyclic.

Itis evident that Id(V) = ((0, 0, 0); {(4+4, 0), (+3, =1)(+2, —2), (+1, =3), (0, =4)})
and Fix(V) = {ey, ey, e3, e4, es}, where the vertex e; is repelling, es is attracting and
other fixed points are saddles.

One can rewrite the fifth equality of (4.2) as x5 = x5(2 — x5) and, using Lemma 4.1,
one can show that for an initial point with xg > 0 a trajectory of the gso (4.2) converges to
the vertex es.

Similarly one can show that:

for x € I's, with xg > 0, the trajectory of gso (4.2) converges to the vertex e4;

for x € I'ys, with xg) > 0, the trajectory of gso (4.2) converges to the vertex e3;

for x € I"345, with xg > 0, the trajectory of gso (4.2) converges to the vertex e;.

Thus we have proved the following proposition.

PROPOSITION 4.3. Any extremal Volterra qso V belonging to the first class is a regular
operator.

Three classes of operators generating graphs with a single 3-cycle. For any extremal
Volterra qso V in these three classes C(V) = (1, 0, 0), that is, a graph generated by V
contains a single 3-cycle. However, for operator V in the second (respectively, third,
fourth) class we have D(V)={(+4,0); (+3, —1); (+1, =3); (+1, =3); (+1, —3)}
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FIGURE 6. Tournament generated by operators in the second class, m = 5.

(respectively, D(V) ={(+4, 0); (+2, =2); (+2, =2); (0, —=4); (+2, =2)}, D(V)=
{(+3, =1); (+3, —1); (+1, =3); (0, —4); (+3, —1)}), that is, the operators in different
classes have different Ids.

Second class with D(V) = {(+4, 0); (+3, —1); (+1, =3); (+1, —=3); (+1, —3)}. The
second class consists of 40 operators. As a representative of this class one can choose
the operator witha ==y =6 =¢ =0 = A = u =n =0, v = 1; the corresponding qso
with the payoff matrix A has the form

r_ 2
0 -1 -1 -1 -1 1=
10 -1 -1 —1| X=x+2xx,
A=1]1 1 0o -1 1 Xy = x% + 2x1x3 + 2x0x3 + 2x3X5, 4.3)
L1 1 0 -1 Xy = xZ + 2x1x4 + 2x2x4 + 2X3X4,
1 1 -1 1 0

X5 = x52 + 2x1x5 + 2x2x5 + 2x4X5,

and a tournament generated by this operator (see Figure 6) contains a single 3-cycle
3>5>4>3.

It is easy to show that Fix(V) = {ey, e», e3, e4, €5, M¢(0, 0, 1/3, 1/3, 1/3)}, where the
vertex e is repelling, and all others are saddle. Note that the restriction of gso (4.3) on an
invariant face "1 is reduced to Zakharevich’s example (2.3). Introducing new variables
Y1 = X1 + X2, Y2 = X3, 3 = X4, Y4 = X5, one can see that

and gso (4.3) is reduced to the following extremal Volterra operator on S°:

vy =01t

Y5 =3+ 2y1y2 + 2y2y4.
Y5 =3 +2y1y3 + 2y2y3.
Yo =i+ 2y1ya +2y3y4.

4.4
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FIGURE 7. Tournament generated by operators in the third class, m = 5.

This operator has been studied in [7] and its non-ergodicity proven. In fact, for this
operator, according to [8, Theorem 7], we have (V"x)| + (V"x), — 0 when n — oo and
from Lemma 4.2 the non-ergodicity of gso (4.3) follows. Thus the following proposition
is valid.

PROPOSITION 4.4. Any extremal Volterra gso in the second class is non-ergodic.

Third class with D(V) = {(+4, 0); (+2, —2); (+2, —2); (0, —4); (+2, —2)}. The third
class also consists of 40 operators. As a representative of this class one can choose
the operator withao ==y =8 =¢ =0 = u=v =0, A = = 1; the corresponding gso
with the payoff matrix A has the form

r_ 2
0 -1 -1 -1 -1 1=
1 0 —1 -—1 1 x§=x§+2x1x2+2x2x5,
A=[|1 1 0 -1 -1 X} = x3 + 2x1x3 + 2xx3, (4.5)
L1 1 0 1 Xy = xf 4 2x1%4 4 2x0x4 + 2x3%4 + 2Xx4X5,
1 -1 1 -1 O

xg= x52 + 2x1x5 + 2x3X5,

and a tournament generated by this operator (see Figure 7) contains a single 3-cycle 2 >
5 > 3 > 2. One can see that the vertex e; is a sink, and the vertex e4 is a source.

It is easy to see that Fix(V) = {e, e, e3, e4, e5, Mg(0, 1/3, 1/3, 0, 1/3)}, where the
fixed point e; is repelling, e, is attracting, and e, e3, es, Mg are saddles.

One can rewrite the fourth equality of (4.5) as x‘" = x4(2 — x4) and, using Lemma 4.1,
we have that for any initial point with xff > 0, the trajectory converges to {es}.

The restriction of gso (4.5) on an invariant face I'4 is reduced to the gso

/.2

X=X

x) = x% + 2x1x2 + 2x2x5,
U

5 (4.6)
X3 = x5 + 2x1x3 + 2x2x3,
xi= x52 + 2x1x5 + 2x3X5.

The non-ergodicity of this operator was proven in [7].
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FIGURE 8. Tournament generated by operators in the fourth class, m = 5.

PROPOSITION 4.5. Any extremal Volterra gso V in the third class is regular by mod 0.

Fourth class with D(V) = {(+3, —1); (+3, —1); (+1, =3); (0, —4); (+3, —1)}. The
fourth class also consists of 40 operators. As a representative of this class one can
choose the operator with coefficientse ==y =e¢=0=A=u=0,§ =n=v = 1; the
corresponding qso with the payoff matrix A has the form

x| = xl2 + 2x1x5,

o -1 -1 -1 1
1 0 -1 -1 -1 X} = x5 + 2x1x2,
A=11 1 0 -1 1 X} = x3 + 2x1x3 4 2x2x3 + 2x3x5, 4.7
1 1 1 0 1 Xy = xi 4 2x1x4 + 2x2x4 + 2x3x4 + 2x4X5,
-1 1 -1 -1 O

2
x§ = x5 + 2x2xs,

and a tournament generated by this operator (see Figure 8) contains a single 3-cycle
1> 5> 2> 1, and the vertex e4 is a source.

Itis easy to show that Fix(V) = {ey, e, e3, e4, es, Mc(1/3, 1/3, 0, 0, 1/3)}, where the
fixed points e, e, e3, e5 are saddles, ey is attracting and Mg is repelling. It is evident
that the restriction of gso (4.7) on an invariant face I'34 is reduced to Zakharevich’s
example (2.3). One can rewrite the fourth equality of (4.7) as xjf = x4(2 — x4) and, using
Lemma 4.1, we have:

(1) for any initial point with xg > 0 its trajectory converges to the vertex e4;
(2) for any initial point x € I'4 with xg > ( its trajectory converges to the vertex es.
Therefore the following proposition is valid.

PROPOSITION 4.6. Any extremal Volterra gso V that belongs to the fourth class is regular
by mod 0.

Two classes of operators that generate graphs with 3- and 4-cycles. Below we consider

two classes of operators that generate graphs with two 3-cycles and one 4-cycle, that is,
cC(V)=(2,1,0.

Fifth class of operators with D(V) = {(+4, 0); (+2, =2); (+2, =2); (+1, =3); (41, =3)}.
The fifth class consists of 120 operators. As a representative of this class one can
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FIGURE 9. Tournament generated by operators in the fifth class, m = 5.

choose the operator with parameterso ==y =6=e=0=u=v=n=0, A = 1; the
corresponding qso with the payoff matrix A has the form

0 -1 -1 —1 -1 X =xi.
1 0 —1 —1 1 Xy = x2 + 2x1x2 + 2225,

A=|1 1 0 -1 -1 X} = x3 + 2x1x3 + 2x2x3, 4.8)
i 11 1 (1) _01 Xy = xf 4 2x1x4 4 2x0x4 + 2X3X4,

Xy = x52 + 2x1x5 4+ 2x3x5 + 2X4X5,

and a tournament generated by this operator has the following form shown in Figure 9.

One can see that the vertex e is a sink; the four vertices e, e3, e4, 5 form two 3-cycles
2>5>3>2and2>5>4>2,andaoned-cycled >2>5>3>4.

It is easy to show that Fix(V) = {e, e, e3, e4, €5, Mg(0, 1/3, 1/3,0, 1/3), M7(0,
1/3,0, 1/3, 1/3)}, where fixed point e is repelling and e, e3, e4, es, Me(0, 1/3, 1/3, 0,
1/3), M7(0, 1/3,0, 1/3, 1/3) are saddles. Note that the restrictions of gso (4.8) on the
invariant faces I'14 and I'13 are reduced to a non-ergodic Zakhrevich example (2.3).
It is evident that the segment [Mg, M7] is the invariant subset of gso (4.8), and if
x € {tMg + (1 — T)M7} then w(x) = {M7}. It is also easy to check that the restriction
of gso (4.8) on the face I'y is reduced to a permutation of

x| = xl2 + 2x1xp + 2x1x3,
x) = x22 4 2x2x3 + 2x0X4, 9)
Xy = x32 + 2x3%4, ’
Xy = xf + 2x1x4,
which is non-ergodic [7]. From the first equality of (4.8) one can see that
lim;,— 5 (V"x)1 = 0, such that, using Lemma 4.2, we have the following proposition.

PROPOSITION 4.7. Any extremal Volterra qso V that belongs to the fifth class is non-
ergodic.

Sixth class of operators with D(V) = {(+3, —1); (43, —1); (+2, =2); (0, —4); (+2, —2)}.
The sixth class also consists of 120 operators. As a representative of this class one can
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FIGURE 10. Tournament generated by operators in the sixth class, m = 5.

choose the operator with coefficients « ==y =e=0=A=u=v=0,=n=1;
the corresponding qso with the payoff matrix A has the form

xp= x12 + 2x1x5,

0 -1 -1 -1 1
10 -1 -1 —1| X=x+2xn,

A=|1 1 0 -1 -1 X} = x3 + 2x1x3 + 2xx3, (4.10)
1 1 1 0 1 x:l = xi + 2x1x4 + 2x2x4 + 2Xx3X4 + 2x4x5,
-1 1 1 =1 0

x5 = x52 + 2x2x5 + 2x3X5,

and a tournament generated by this operator has the form shown in Figure 10.

Itis evident that the vertex ey is a source and the vertices eg, e>, €3, es form two 3-cycles
I1>5>2>1and1>5>3>1,andasingle4-cyclel >5>3>2>1.

It is easy to verify that Fix(V)={eq, e;, e3, e4, €5, Ms(1/3,1/3,0,0, 1/3),
M7(1/3,0,1/3,0, 1/3)}, where fixed point e4 is attracting, Mg is repelling and
e, e, e3, e, M7(1/3,0,1/3,0, 1/3) are saddles. It is evident that the restriction of
gso (4.10) on invariant faces I'34 and I'4 are reduced to Zakharevich’s example (2.3).
Note that the gso (4.10) has the invariant subset {t M¢ 4+ (1 — t)M7, T € [0, 1]} and the
trajectory of (4.10) which starts from this invariant subset converges to the fixed point M7.
One can rewrite the fourth equality in (4.10) as xé" = x4(2 — x4) and, using Lemma 4.1,
we have:

(1) for any initial point with xg > () its trajectory converges to the vertex es;
(2) the restriction of gso (4.10) on I'4, that is, xff =0, reduces to gso (4.9).
Thus we have the following proposition.

PROPOSITION 4.8. Any extremal Volterra gso V that belongs to the sixth class is regular
by mod 0.

Six classes of operators generating graphs with 3-, 4- and 5-cycles. Below we consider
the following six classes of operators that generate graphs with 3, 4 and 5-cycles.

Class of operators with C(V) = (3, 2, 1). The seventh class consists of 120 operators. As
a representative of this class one can choose the operator with coefficients e = =y =
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FIGURE 11. Tournament generated by operators in the seventh class, m = 5.

e=0=A=pu=n=0,8 =v =1; the corresponding qso with the payoff matrix A has

the form
x| =x% 4+ 2xx
0 -1 -1 -1 1 1= 145
10 -1 -1 —1| x=x+2xx0,
A= 1 1 0 -1 1 xé = x% + 2x1x3 + 2xpx3 + 2x3X5, “4.11)
1 1 1 0 -1 Xy = xf + 2x1x4 + 2x2x4 + 2x3X4,
-1 1 -1 1 0

xg= x52 + 2x0x5 + 2x4X5,

and a tournament generated by this operator has the form shown in Figure 11.

The corresponding graph contains three 3-cycles 1 >5>2>1,1>5>4 > 1and 3 >
5>4>3,two4-cyclesl >5>4>2>1and 1>5>4>3> 1, and one Hamiltonian
cyclel =5>4>3>2>1.

It is easy to verify that Fix(V) = {eq, ey, e3, es, €5, M(1/3,0,0, 1/3, 1/3), M7(1/3,
1/3,0,0, 1/3), Mg(0, 0, 1/3, 1/3, 1/3)}, where the fixed point M7 is repelling and all
other fixed points are saddles. It is evident that the restriction of gso (4.11) on the invariant
faces I'34, 23, I'17 is reduced to Zakharevich’s example (2.3). Note that the gso (4.11) has
the invariant subset {t M¢ + (1 — t)M7, T € [0, 1]} and for any initial point in this set its
trajectory converges to the fixed point Mg. Let x € int S4\{rM6 + A —-1t)M7, Tt €][0, 1]}
be the initial point; then from (4.11) we have

Xp ox;p l—xa—x3—xs+x5 x
_ <X

xy ox3 l4+xi+x—x4+x5  x3

xé_ﬂ 14+ x1 —x3 —x4 — X5 <32

X, x4 l+xitx2t+x3—x5 x4

According to [8] we have lim,_ oo (V"x); =lim,_ o (V"Xx)2 =0. Thus,
lim;,— 5 ((V"x)1 + (V"x)2) =0 and since the restriction of gso (4.11) on the face
I'1> is a non-ergodic gso, we have, using Lemma 4.2, the following proposition.
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FIGURE 12. Tournament generated by operators in the eighth class, m = 5.

PROPOSITION 4.9. Any extremal Volterra gso V in the seventh class is a non-ergodic
transformation.

Class of operators with C(V) = (3, 3, 1). The eighth class also consists of 120 operators.
As a representative of this class one can choose the operator withao ==y =0 =A=
n=v=n=0,8=e¢=1; the corresponding gso with the payoff matrix A has the form

X = x% + 2x1X5,

0 -1 -1 -1 1
10 —1 -1 —1| *=x3+2xx0,
A=|1 1 0 -1 -1 X} = x3 + 2x1X3 + 2103, (4.12)
1 1 1 0 -l Xy = x‘% + 2x1x4 + 2x2x4 + 2X3X4,
-1 1 1 1 0

X5 = x52 + 2x0x5 + 2x3x5 + 2x4X5,

and a tournament generated by this operator has the form shown in Figure 12.

Then the vertices ej, e, e3, €4, €5 form three 3-cycles 1 >5>2>1, 1 >5>3>1
and 1 >5>4>1,threed4-cycles 1 >5>3>2>1,1>5>4>2>1and1>5>4>
3 > 1, and a single Hamiltoncycle 1 > 5>4 >3 >2> 1.

It is easy to verify that Fix(V) = {ey, e», e3, e4, €5, Mc(1/3,1/3,0, 0, 1/3), M7(1/3,
0,1/3,0, 1/3), Mg(1/3, 0,0, 1/3, 1/3)}, where the fixed point Mg is repelling and all
other fixed points are saddles. It is evident that the restriction of qso (4.12) on faces
I'34, T4, I'y3 are reduced to Zakharevich’s example (2.3). Note that the triangle A =
{xe St ix =x5= 1/3, xo + x3 + x4 = 1/3} is an invariant subset and if x € A\{t Mg +
(1 —7)M7, T €10, 1]} then w(x) = {Mg}, and if x € {t Mg + (1 — T)M7, T € [0, 1]} then
w(x) = {M7}. Let x € int S*\ A be an any initial point. Then introducing new variables
Y1 = X1, y2 = X2 + X3 + X4, y3 = x5, we have

/ ! !/ / !/ / / /
YI=X1, Yy =X+ X3+ Xy, Y3=X5

and the gso (4.12) reduces to (2.3). Therefore we obtain the following proposition.
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FIGURE 13. Tournament generated by operators in the ninth class, m = 5.

PROPOSITION 4.10. Any extremal Volterra gso V in the eighth class is a non-ergodic
transformation.

Class of operators with C(V) = (4, 3, 1). The ninth class also consists of 120 operators.
As a representative of this class one can choose the operator withe ==y =¢ =0 =
uw=v=n=0,8 =X =1; the corresponding qso with the payoff matrix A has the form

’ 2
x| =xi + 2x1xs,

0 -1 -1 -1 1
1 0 —1 -—1 1 xé =x% + 2x1x7 + 2xpx5,

A=|1 1 0 -1 -1 X} = x3 + 2x1X3 + 2x0x3, (4.13)
1 1 1 0 -1

Xy = xf + 2x1x4 + 2x2x4 + 2x3X4,

-1 -1 1 1 0 xl = x2 + 2x3x5 + 2x4xs,

and a tournament generated by this operator has the form shown in Figure 13.

Then the vertices eq, e>, e3, €4, es form four 3-cycles 1 >5>3>1, 1 >5>4>1,
5>4>2>5and 5>3>2>5, three 4-cycles 1 >5>3>2>1, 1 >5>4>2>1
and 1 > 5> 4> 3> 1, and a single Hamiltoniancycle 1 > 5 >4 >3 > 2> 1.

It is easy to verify that Fix(V) = {ey, e>, e3, e4, es, Mc(1/3,0,0, 1/3, 1/3), M7(1/3,
0,1/3,0,1/3), Mg(0, 1/3,0, 1/3, 1/3), My(0, 1/3, 1/3, 0, 1/3)}, where the fixed point
M7 is repelling and all the other fixed points are saddles. It is evident that the restriction of
gso (4.13) on faces I'z4, '3, "4, I'13 reduces to Zakharevich’s example (2.3). Moreover,
the subsets M ={tMe¢+ (1 —t)M7, T € [0, 1]} and N = {EMg + (1 — E)My, £ € [0, 1]}
are invariant subsets. If x € M then w(x) = {Ms}; similarly, if x€ N then w(x) =
{Mg}. Let xeint S4\(M U N); then, introducing new variables y; =x1 + x2, y2 =
x3 + x4, y3 = x5, one can see that y; = x| +x}, y5 = x} + xj;, ¥; = x{ and the gso (4.13)
reduces to (2.3). Then the following proposition is valid.

PROPOSITION 4.11. If extremal Volterra qso V belongs to the ninth class, then it is a
non-ergodic transformation.

Class of operators with C(V) = (4, 4, 2). The tenth class also consists of 120 operators.
As a representative of this class one can choose the operator witha ==y =¢=A=
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FIGURE 14. Tournament generated by operators in the tenth class, m = 5.

n=v=0,56=6=n=1; the corresponding qso with the payoff matrix A has the form

1 -1 -1 ) x| =x12+2x1x5,

0 -1 1 —1| x= x% + 2x1x2 + 2x2X4,

10 —1 —=1] x}=xF+2x1x3+ 2xx3, (4.14)
-1 1 0 1 Xy = xf 4 2x1X4 + 2x3x4 + 2Xx4X5,
-1 1 1 -1 0

—_ == O

X = x52 + 2x7x5 + 2x3X5,

and a tournament generated by this operator has the form shown in Figure 14.

Then the vertices eq, e, e3, €4, €5 form four 3-cycles 1 >5>2>1, 1 >5>3>1,
2>4>3>2and2>4>5>2threed-cyclesl >5>2>4>1,1>5>3>2> 1land
5>3>2>4>35, and two Hamiltonian cycles 1 >5>2>4>3>1and 1 >5>3 >
24> 1.

It is easy to verify that Fix(V) = {ey, e>, e3, e4, es, Mc(1/3,1/3,0,0, 1/3), M7(1/3,
0,1/3,0, 1/3), Mg(0, 1/3, 1/3, 1/3, 0), My(0, 1/3, 0, 1/3, 1/3)}, where the fixed point
Mg is repelling and all the other fixed points are saddles. It is evident that the restriction
of qso (4.14) on faces I'34, "4, I'15, I'12 reduces to Zakharevich’s example (2.3). The
subsets M = {tMg+ (1 —t)M7, Tt € [0, 1]} and N ={EMg + (1 — )Mo, & € [0, 1]} are
invariant subsets. If x € M then w(x) = {M7}; similarly, if x € N then w(x) = {My}. Let
X € int S4\(M U N); then from (4.14) we have

/
XX 1 —xp —x3— x4+ x5 <x_1

Xy x4 l4xi—xa—xs+xs x4

According to [8] we have that lim,_, .o (V"x); = 0 and consequently w(x) C I';. The
restriction of gso (4.14) on this invariant subset Iy reduces to a non-ergodic qso (4.9).
Then, using Lemma 4.2, we prove the following statement.

PROPOSITION 4.12. If an extremal Volterra gso V belongs to the tenth class, then it is a
non-ergodic transformation.

Class of operators with C(V) = (4, 4, 3). The eleventh class consists of 40 operators. As
a representative of this class one can choose the operator witha ==y =e=rA=u=
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FIGURE 15. Tournament generated by operators in the eleventh class, m = 5.

v=n=0, 5 =60 = 1; the corresponding qso with the payoff matrix A has the form

x{ =xf + 2x1x5,

o -1 -1 -1 1
1 0 —=-1 1 =1 xé =x§ + 2x1x2 + 2x2x4,

A=l1 1 0 -1 -1 X} = x3 + 2x1x3 + 2x2x3, (4.15)
L -1 1 0 -1 Xy = xf + 2x1x4 + 2x3X4,

-1 1 1 1 0 x5 = X2 + 2x2x5 + 2x3x5 -+ 2x4Xs,

and a tournament generated by this operator has the form shown in Figure 15.

Then the corresponding graph contains four 3-cycles 1 >5>2> 1,1 >5>3> 1,2 >
4>3>2and1>5>4> 1,threed-cyclesl >5>2>4>1,1>5>3>2>1and 1 >
5> 4> 3> 1, and three Hamiltoniancycles 1 > 5>2>4>3>1,1>5>3>2>4>
land1>=5>4>3>2>1.

It is easy to verify that Fix(V) = {ey, ez, e3, e4, e5, Ms(1/3,1/3,0, 0, 1/3), M7(1/3,
0,1/3,0, 1/3), Mg(1/3, 0, 0, 1/3, 1/3), Mo(0, 1/3, 1/3, 1/3, 0), Mo(1/3, 1/9, 1/9,
1/9, 1/3)}, where the fixed points M7, Mo are repelling and all other fixed points are
saddles. It is evident that the restriction of qso (4.15) on faces I'34, I'24, 23, I'15 reduces
to Zakharevich’s example (2.3). Moreover, a triangle A = {x € S* 1 x; =x5=1/3, xo +
x3 + x4 = 1/3} is an invariant subset. The restriction of qso (4.15) on this invariant triangle
has the form

xp=1/3,

xh =x2(1 — x3 4+ x4),

xy =x3(1 4+ x2 — x4), (4.16)
xy =x4(1 — x2 4+ x3),

=173,

and this operator is non-ergodic.
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FIGURE 16. Tournament generated by operators in the twelfth class, m = 5.

Let x € int S4\A; then introducing new variables y; = x1, y» = x2 + X3 + x4, y3 = X5
we have y| = x|, y5 = x} 4+ x} + x};, ¥; = x4 and gso (4.15) reduces to a non-ergodic gso
(2.3). Therefore we obtain the following proposition.

PROPOSITION 4.13. Any extremal Volterra gso V in the eleventh class is a non-ergodic
transformation.

Note that in all the classes considered we can reduce the corresponding operator to
Zakharevich’s gso by introducing some new variables. The twelfth and final class consists
of uniform extremal Volterra operators. This class is essentially complex and we need to
develop a new approach and a new technique to study it. We therefore consider this class
in a separate section.

5. Class of uniform extremal operators

The twelfth class consists of 24 operators. The Id of any operator V in this class has
the form Id(V)) = ((5, 5, 2); {(+2, =2), (+2, =2), (+2, =2), (+2, =2), (+2, =2)}). As
a representative of this class one can choose the operator with coefficients ¢ = =¢ =
0=pnu=v=n=0,y =86 =A=1; the corresponding gso with the payoff matrix A has
the form

0 -1 -1 1 | xi=x12+2x1x4+2x1x5,

1 0 -1 =1 1 xé = x% + 2x1x3 + 2x7x5,
A=]l1 1 0 -1 -1 x4 = x3 4 2x1x3 + 2x2x3, (5.1)
-1 1 1 0 -1

Xy = xf + 2x0x4 + 2x3x4,
-1 -1 1 1 0

xg = x52 + 2x3x5 + 2x4X5,

and a tournament generated by this operator has the form shown in Figure 16.

Then the corresponding graph contains five 3-cycles 1 =4 >2>1,1>4>3>1,1>
5>3>2,2>5>3>2and4>2>5>4,fived-cyclesl =4>3>2>1,1>5>3>
2>1,1>5>4>3>1and4 > 3> 2> 5> 4, and two Hamiltonian cycles 1 > 4 > 2 >
5>3>1land1>5>4>3>2>1.

It is easy to verify that Fix(V) = {e, e>, e3, e4, €5, Ms(1/3,1/3,0, 1/3,0), M7(1/3,
0,1/3,1/3,0), Ms(1/3,0,1/3,0,1/3), Mqy(0, 1/3,1/3,0, 1/3), M19(0, 1/3,0, 1/3,
1/3), My (1/5,1/5,1/5,1/5,1/5)}, where the fixed point M is repelling and the
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other fixed points are saddles. It is evident that the restriction of gso (5.1) on faces
I35, ['ps, Toa, 14, T'13 reduces to Zakharevich’s example (2.3). Let (i, j) denote
an edge connecting vertices i and j. According to D(V)={(+2, —2), (+2, —2),
(+2, —2), (+2, —2), (+2, —2)}), one can introduce the following sequence of edges,
which forms a ‘cycle’:

(45) — (12) — (34) — (15) — (23) — (45),
or, in a more detailed form,
45 =23=2(12)=25=234)=22==2(15) =24 = (23) = 1 = (45)

where, for example, (23) = 1 = (45) means that there are two edges from e,, e3 to e; and
there are two edges from e; to e4, e5. Below we will use the following theorem.

THEOREM 5.1. [1,8,11] Letp = (p1, - . ., pm) be the repelling fixed point of the Volterra
qso (2.7). Then there exists a global decreasing Lyapunov function of the form ¢,(X) =
xf’l . xhm where p; >0, Y, pi=1l,pe sm—=1

Let us denote by ¢; (X) = ¢p; 5 (X), i = 1, 6, a Lyapunov function that corresponds to a

fixed point M; s, i =1, 6. According to Theorem 5.1 these Lyapunov functions have the
form

d1(%) = (x120x0) 13, () = (x1x3x0) 3, 3 (%) = (x1x305) 177,
Ba(x) = (12x3x5) 3, s(x) = (xaxax5)', (%) = (x1x2x3x4x5) /5.

It is easy to verify that the Jacobian of gso (5.1) at fixed point Mj s, i =1, 5, has
eigenvalues A; < 1 and Ay > 1, A3 > 1, A4 > 1. Then according to [4, Theorem 6.5] there
exists an invariant smooth curve y;, i = 1, 5, and for any initial point from this curve
its trajectory converges to a fixed point M; s, i =1, 5. Therefore lim,_, o ¢; (V"X) =
1/3 or lim,_ o ¢; (V'x) =0,i =1, 5.

The case lim,_, o0 ¢; (V"X) = 1/3,i = 1, 5, is not interesting and we consider the case
where

lim ¢;(V"'x)=0, i=1,5. (5.2)
n—oo

These relations will be very useful. For example, if i =1 with a Lyapunov function
é1(x) = (x1x2x4)"/3, then relation (5.2) means that

lim min{xfn), xén), xi")} =0.
n—oo
Consider the functions

P1(X) = x1x2x4,  @2(X) =x1x3X4, @3(X) = X1X3X5,

04(X) = x2x3X5,  @5(X) = x2x4X5, @(X) = max_ @i (x).
1<k<5

Thus we can conclude that for any x € int S4\{M11 UU; i} limy o0 @(V'x) =0, that
is,
w(X) CT23 UT 125 UT 145 UT 234 U T'3ys. (5.3)
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We introduce the following notation:
Gi={xeS*:xi>x>x3>x>x5},...,
Gio={xe 8" :1x5>x4>x3>x>x1}.
Let W be a “four-dimensional tetrahedronal’ neighborhood of the point Mi; and G =
{Gr : xi =max|<;<5 xj, VX € G¢}. We define the neighborhood U; of the vertex e; as
follows: U; = (I, G;'()\W, thatis, U; = {x: x; = max<j<s5 x; \W.
Let us consider a part of the above-mentioned ‘cycle’, say, (23) = 1 = (45). Then

for any point M € Us U Us its route is given in the opposite direction Uy U Us — Uy —
U, U Us.

LEMMA 5.2. Ifx € Ugs, x® e Uy, k= 1, n, then there is some n € N such that
n> Alog(B/p(x)), (5.4)

and x"HD e Uys, where Uss =UsUUs, U3 =U, UU3, X' =V(x) and A, B are
absolute constants.

Proof. (a) Letx € Uy, x® ¢ Uy, k= 1, n, and x+D ¢ Us; then from (5.1) for x € int s4

we obtain

Y - k k k k

3x§ :H(l—i—x]()+x£)—xi)—x§))<2".
k=1

Forx € Uy, X' € U; and XD € U3 one has

(n+1) ’or
X3 1 XXy - XXy

2" > 2 e = n = N
X3 5.X3 S(PZ(X ) SQ(X )

From (5.1) it follows that

4 x!
x‘/l =x4(x4 + 2x2 + 2X3) > X1X4 = M > ?1,
and since ¢ (x') < 1 we have
W 7\2
2"p(x') > Nt () > e > L
5 7 25 T 625 7 625
where T = min{g; (x'), i =1, ..., 5} and it is clear that T > 0 for all x € int $*.
(b) Let x € U, x® € Uy, k =1, n and x"+D € Us; then from (5.1) for x € int $* we
have
x(n+1) n
2xé _ H(l +x1(k) _xgk) _ xik) +x§k)) <o
k=1

Hence for x € Uy, X' € U; and x*tD € U, as above, we have

(n+1) a ;o
2n>x2 1 XXy - X1xy

> = .
Xy T 5x Spi(x) T Se(x)
From (5.1) it follows that

x1 (x4 + 4x4) - x|

xy = x4(x4 + 2x2 + 2x3) = x1 (x4 + 2x2 4 2x3) > X1x4 = 5 z 35
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and since @1 (x') < 1 we have
AN
5 25 T 625 T 625°

(c) Letx € Us, x® e Uy, k =1, n, and x"*+D € Us; then from (5.1) for x € int $* we
obtain

(n+1) n

T 1+ xl(k) +x£k) — xik) - xgk)) < 2"
3 k=1

Hence for x € Us, X' € U; and x"*tD € Uz we have
(n+1)
X3 1

YA, /a
o Mi¥s M1t

> — = .
Xy T 5x Se3(x) T Sex)
From (5.1) as above one can show that

4 X\
x5 =x5(xs5 + 2x3 + 2x4) > x1X5 = M = gla

and, using ¢1(x') < 1, we get
i N2
XX X 1 T

5 25 T 625 625
(d) Letx € Us, xX® € Uy, k=1, n, and x""*tD € Uy; then from (5.1) for x € int S* we

2"p(x') >

obtain
't § k k k k
L T e e ) <2,
2 k=1
Hence for x € Us and x’ € U; as above, we have
oW v e
Xy T 5xy, Sei(X) T Se(x) T Se(x)  Se(xX)
and , ,
V(') > ¢1(x) . P1(x) L
5 625 625
Therefore

T
n> 10g2 m > A log(B/(p(X/)) O

Remark 5.3. The other parts of the cycle can be considered in a similar manner.

Lemma 5.2 shows that there are neighborhoods of vertices such that the trajectory
moves from the neighborhood of a vertex to the neighborhood of another vertex, staying
for some time in this neighborhood and then moving to the neighborhood of a third vertex,
.... For any starting point from x € int §*, the problem of describing the exact sequence
of visits to these neighborhoods turns out to be rather difficult.

From this lemma, it follows that the time spent in any neighborhood of any vertex tends
to infinity and the average time spent in the exterior of the union of sufficiently small
neighborhoods of all vertices is equal to 0.
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We now consider the degree of convergence of ¢ (x). Evidently,

P(x) = 9(x) - (%) = (x) - max{Q1(x), Q2(x), Q3(x), Q4(x), Q5(X)},

where
01(x) = (x1 + 2x4 + 2x5) (x2 + 2x1 + 2x5) (x4 + 2x2 + 2x3),

02(x) = (1 + 2x4 + 2x5) (x3 + 2x1 + 2x2) (x4 + 2x2 + 2x3),
03(x) = (x1 4+ 2x4 + 2x5) (x3 + 2x1 + 2x2) (x5 + 2x3 + 2x4), (5.5)
04(x) = (x2 + 2x1 + 2x5) (x3 + 2x1 + 2x2) (x5 + 2x3 + 2x4),
05(x) = (x2 + 2x1 4 2x5) (x4 + 2x3 + 2x3) (x5 + 2x3 + 2x4).

(i) Let x3 =0 and without loss the generality assume that x; # xp, because V :
(0.5,0.5,0,0,0) — (0.25,0.75, 0, 0, 0). On the face I'123 we get Q(x) <1 by the
relations

01®) =2x1(1 +x)(1 —x1) <1,
Or(x) =4x1(1 —x1) <1, (5.6)
03(x) = Q4(x) = Q5(x) =0.

(ii) Let x3 > 0; then the restriction of gso (5.1) on the invariant face has the form

/2
X=X
U

Xy = x22 + 2x1x3, 5.7)
Xy = x% + 2x1x3 + 2x0x3,
xy=x5=0.

It is easy to see that, after a finite number of iterations, min{x{"H), x§"+1), x;"H)} <

(x](") —i—xé"))z. For x3 > 0, we have ¢(x"*t1D) < min{xf"H), xé"H), x§”+l)} < (x](n) +

xén))z and so o(x"*1) < (x1 +x2)%".

Hence from (i) and (ii) it follows that, for any x € int $*, the function ¢(x) rapidly
decreases exponentially. The other two-dimensional faces without cycles can be
considered in a similar manner.

Thus for any 6 > 0 there exists a neighborhood U of a vertex set such that ¢ (x') < 0¢(x)
for x e U. For any n let n =n| + ny, where n; is the time spent by x* in U and n;
is the remaining time; then ¢(x"*) < 8™ ¢(x). Therefore lim,,_, o, sup </p(x") <6 since
lim, o n1/n = 1 is shown above. It is clear that lim,_, », sup &/@(x") = 0, because 6 is
arbitrary. Using (5.4), we have 2! x™1+D) > /625 and 1(n1)/n — 0o as n — oo.
However, the average (x + X + ---+x")/(n + 1) is arbitrarily close to the closure U;.
Hence if the limit of averages exists and it lies in U1, then by the same argument one
can show that this limit lies in U, U3, Uy and U5 respectively, which contradicts with
Ul ﬂﬁzﬂﬁ3 ﬂﬁ4ﬂﬁ5 ={.

So we get the following proposition.

PROPOSITION 5.4. If an extremal Volterra qso V belongs to the twelfth class, then it is a
non-ergodic transformation.

Thus we have proved that there are 12 classes of extremal Volterra operators on S* with
different Id, described the trajectory behavior of operators in each class, and shown that
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operators with different Id have different trajectory behaviors. Note that the operators in
the twelfth class have essentially different trajectory behaviors.

In the next section we discuss briefly how to generalize these results for arbitrary, not
necessarily extremal Volterra operators and for an arbitrary m.

6. Conclusion

We have considered the set of all extremal Volterra qsos on S* and described their
trajectory behaviors. It is proven that any uniform extremal Volterra operator is non-
ergodic. A non-uniform extremal Volterra operator V is non-ergodic if and only if
there exists a subset I C {1, 2, 3, 4, 5} with || <2 such that Zie,(V"x)i — 0, and the
restriction of V on an invariant face I'; = {x € §”"~ ' : x; =0, i € I} is a uniform Volterra
operator. An extremal Volterra operator V is non-ergodic if and only if the graph generated
by this operator contains a Hamiltonian cycle or a Hamiltonian component with the
property described above.

It is evident that for a generic Volterra gqso with a;; #0,i, j =1, ..., 5, a tournament
generated by this operator coincides with the tournament generated by some extremal
Volterra operator, so that one can split the set of all Volterra operators into 12 classes.
Then, following [S], we can describe the trajectory behavior of any Volterra operator.

One can prove that if m is odd, then a uniform extremal Volterra operator is non-ergodic
and any non-uniform extremal Volterra operator can be reduced to a uniform Volterra
operator on §m=3- and if m is even, a uniform Volterra operator on S™=1 does not exist
and any extremal Volterra operator can be reduced to a uniform Volterra operator on §” 2.
Proofs of these statements will be considered in another paper.
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