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Abstract. In this paper we study topological cocycles for minimal homeomorphisms on
a compact metric space. We introduce a notion of an essential range for topological
cocycles with values in a locally compact group, and we show that this notion coincides
with the well-known topological essential range if the group is abelian. We then define
a regularity condition for cocycles and prove several results on the essential ranges and
the orbit closures of the skew product of regular cocycles. Furthermore, we show that
recurrent cocycles for a minimal rotation on a locally connected compact group are always
regular, assuming that their ranges are in a nilpotent group, and then their essential ranges
are almost connected.

1. Introduction
The aim of this paper is to study the dynamical behaviour of topological cocycles with
values in a non-abelian locally compact second countable (l.c.s.) group G, and throughout
the paper these cocycles will be defined over a minimal homeomorphism on a compact
metric space. In [A], Atkinson introduced the notion of essential values for continuous
R”-valued cocycles and studied their skew product extensions. Later his results were
extended to abelian groups by Lemanczyk and Mentzen (see [LM] and also [M1]).
However, if one uses this notion of an essential range naively in the case of a non-abelian
group (as has been done in [LM]), it turns out that one cannot obtain much insight into
the dynamical system. In fact, in [M2] examples of two cohomologous cocycles are given,
one of which has a non-trivial essential range while the other has a trivial essential range.
Let G be a l.c.s. group with identity 1g, let 7 be a minimal homeomorphism of a
compact metric space (X, ) and let f: X —> G be a continuous map. We then define
amap f:Z x X — G by

ST ) f(Tx) - f(x) ifn>1
fn,x)=11g ifn=0 (D)
f(_nv Tn-x)i1 1fi’l < O
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This map satisfies

Fl, T'x) - £, x) = flk+1,x) 2)

for all integers k, [ and every x € X, and is thus a cocycle of the Z-action on X defined by
(m,x) — TMx.
The skew product transformation of f is the homeomorphism on X x G defined by

Trx, ) =Tx, f(x)-8), (3)
and this transformation is related to the map f(n, x) by the equality
f}(x, g)={T"x, f(n,x)-g) foralln € Z.

Throughout this paper we denote the orbit closure of (x, g) € X x G under T by

Of(x,8) = (T (x, ) :n €Z}.

A cocycle is called topologically recurrent if for every open neighbourhood U of 1¢
and every open set O C X there is an integer n # 0 such that

T7"ONON{x: f(n,x) e U} #0.

This property is equivalent to the fopological conservativity (regional recurrence in the
terminology of [GH]) of the skew product T, i.e. for every open set O’ € X x G there is
an integer n # 0 so that T’ OHYNO #£4.

For non-abelian extensions, the following ‘local’ notion of an essential range is suitable
to study the dynamics of the system.

Definition. A group element g € G belongs to the essential range of the cocycle f at
x € X, which is denoted by E,(f), if for every open neighbourhood U of g and every
open neighbourhood O of x there exists an integer n 7 0 such that

T7"ONON{y: f(n,y) e U} #0. “4)

It is obvious from the definition that the essential range is a closed subset of G, and from
the cocycle equality (2) it follows that f(—n, T"x) = f(n,x)~" and hence E(f) is
symmetric, i.e. E,(f) = E.(f)~!. If f is topologically recurrent then the identity is in
E.(f) forevery x € X.

Remarks on essential ranges. (i) The topological essential range introduced in [LM],
denoted by E( f), differs from the definition above in that it does not refer to some x € X.
For any g € E(f), (4) must be fulfilled for every open neighbourhood V of g and every
open set O C X and, thus,
E(f) = (") Ex(f).
xeX

(i) Assume that x, — x and g, — g are two convergent sequences in X and G,
respectively, and assume that g, € E,, (f) for all positive integers n. Then the definition
of the essential range shows that g € E,(f).
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An important property of the local essential ranges is that they are always conjugate for
points belonging to the same T -orbit in X.

LEMMA 1.1. For every x € X and every integer n we have the following equality:
Epne(f) = f(n,x) - Ex(f) f(n,x)"". 5)

Proof. Let U be an open neighbourhood of g € f(n,x) - Ex(f) - f(n,x)"! and O an
open neighbourhood of 7"x. We set h = f(n, X1 g f(n,x) € Ex(f) and choose a
symmetric open neighbourhood V of 15 so that f(n, x)-Vh V2. f(n, x)~! C U. We then
choose an open neighbourhood @’ of x so that 70" € O and f(n,O") C f(n,x) -V
and, as h € E¢(f), we can find an integer k £ Oand y € X withy e T5O0’' nO' N {x :
f(k,x) € hV}. It follows that T"y € T—*©O N O while

fk, T"y) = f(n, T*y) - fk,y)- fi, )"V € f(n,x)- VRV?. fn,x)"! C U,

and as U and O were arbitrary we obtain that g € E7x,(f). So we can conclude that
f(n,x)-Ex(f)- f(n,x)~' € Epnc(f), and by symmetry the assertion follows. O

Remark. Obviously a cocycle is recurrent if and only if the identity is in E(f), and the
lemma above shows us that 15 € E,(f) for some x € X implies that 15 € Epny(f) for
all integers n. As the T-orbit of x is dense in X, it follows immediately that 1¢ € E(f)
forall y € X. Thus, 16 € E,(f) for some x € X implies that 15 € E(f) and the cocycle
is recurrent.

Another application of the lemma uses the fact that conjugation does not affect the
essential range in an abelian group and, thus, Er»,(f) = E,(f) for all integers n.
The fact that every T-orbit is dense now implies that E,(f) € E,(f) forevery y € X,
and by symmetry it follows that E,(f) = Ey(f) for all x,y € X. So we obtain that
E.(f)=E(f)forallx € X.

It is also an easy consequence that E(f) is always a closed subgroup of G,
independently of whether G is abelian or non-abelian, but the situation is much more
complicated for Ex (f). For the study of E,(f) we need another closely related definition.

Definition. For every x € X we set
P.(f) = {g g = lim f(ng,x)with lim T"x = x and |n;| — oo}.
k— 00 k— o0

Obviously Py (f) is contained in E ( f) and from the continuity of f(n, -) and the cocycle
equality (2), it follows that Py (f) is a closed sub-semigroup, assuming that it is non-empty.
It is obvious that 15 € Py (f) if and only if (x, g) is a recurrent point in the skew product
forany g € G, i.e. a point which is a limit point of its T s-orbit, and then it is easily verified
that

P(f)={geG:(x,g €O0sx 15}

Remarks. (i) The assertion of Lemma 1.1 also holds if one replaces E, (f) by P, (f) and
E7rny(f) by Pray(f), respectively, and the proof is analogous.

(ii) It is an important fact that assertion (ii) in the remarks on essential ranges no longer
holds if E,, (f) is replaced by Py, (f) and E,(f) is replaced by P (f).
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PROPOSITION 1.1. The set D(f) = {x € X : Ex(f) = Px(f)} contains a dense G s-set.
If f is recurrent, then for every x € D(f) the set Pc(f) = Ex(f) is a closed subgroup
of G.

Proof. If C is a compact subset of G, then the set D¢ = {x € X : Ex(f)NC = @} is
open in X. Indeed, suppose that E,(f) N C = @ while g, € E, (f) N C for a sequence
Xn, — x. As C is compact there exists a limit point g € C of a convergent subsequence
{gn; }k>1, and a contradiction occurs as this limit point is an element of E,(f) N C.

Now let U be a relatively compact open neighbourhood of 15, andlet g € G and ¢ > 0
be arbitrary. Let us consider then the following subset of X:

Gg,U,e) = ng Ufx: f(n,x) e gU2 for some 0 £ n € Z with §(x, T"x) < &}.

This set is open, because D T is open and the second component of the union above is
a countable union of open sets. Furthermore, this set is also dense in X, because for any
x € X eitherx € DgU or otherwise, as gU? is an open neighbourhood of some 4 € E, (f),
points out of the second component of the union are arbitrarily close to x. If {gr}x>1 is a
dense sequence in G and {U;};>1 is a neighbourhood base at 15, then by Baire’s theorem
the set

= (1 Ggu.2m

k,l,m>1

is a dense Ggs-subset of X. Let x € G be arbitrary and fix g € E,(f), then there exist
increasing sequences of integers {ky}mu>1 and {ln}n>1 so that the sets gkmﬁfm form a
neighbourhood base at g. From E(f) N gkmU,m # () we can conclude for any m > 1
and ¢ > O that there is an integer n # 0 so that §(x, T"x) < ¢ and f(n,x) € g, Ul%n.
Therefore we obtain that g € Py (f).

For a recurrent cocycle f it follows that 1 € E,(f) for every y € X, and for every
x € D(f) the set P (f) = Ex(f) is anon-empty and symmetric sub-semigroup of G and,
thus, it is a subgroup of G. O

Now we want to give a definition of regularity for a cocycle and this is done in analogy
to the measure theoretic setting of the problem.

Definition. A cocycle f is called regular if its skew product transformation T ; admits
an orbit closure of a single point (xg, go) which projects onto all of X under the first
projection. Such an orbit closure will be called a surjective orbit closuret of T s.

In the following we will see that for an abelian group G our definition of regularity
coincides with the definition given in [LM], i.e. that the factor cocycle f (n,x) =
f(n,x) - E(f)into G/E(f) does not assume the infinity as an improper essential value.

In the following two sections of this paper we investigate the structure of surjective
T s-orbit closures and essential ranges, first for cocycles with values in arbitrary l.c.s.
groups and then with values in nilpotent groups, in which case stronger results can be
achieved. We then state a general regularity theorem: if 7 is a minimal rotation on a
locally connected compact group and f is a recurrent cocycle with values in a nilpotent

+ This terminology is influenced by Glasner and Masad [GM], who use the term surjective cocycle for what we
call a regular cocycle.
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L.c.s. group, then f is regular. Together with the results on regular cocycles in the preceding
this theorem generalizes a result of Atkinson [A] to non-abelian groups.

Glasner and Masad [GM] developed a more abstract approach to the problem of regular
cocycles independently from our work. Their work differs from our approach in that they
use a topological analogue of the ergodic decomposition. In particular, the assertions
of Theorem 2.1, except the compactness and minimality of C/H, as well as results of
Theorem 2.2 are consequences of their work.

2. Regular cocycles in locally compact groups

The study of regular cocycles will be mainly accomplished in the skew product and an
important role is played by the continuous action of G on ¥ = X x G via the right
translations {Rj, : h € G} defined by

(h, (x, &) = Ri(x, ) = (x, gh™"). (6)

For any closed subset C of Y we denote the stabilizer with respect to the right translations
by

Stab(C) = {g € G : Ry(C) = C}. )

It is clear from the definition that Stab(C) is a subgroup of G. Furthermore, if g, is
a sequence in Stab(C) with g, — g € G, then for any y € Y it follows from the
closedness of C that Ry(y) = lim,_ 00 Rg,(y) € C. Thus, Rg(C) € C and, on the
other hand, we obtain for any fixed y € C that Rg;l Yy = R,-1y and hence R,-1y € C.
From R, o Rgfly = y we can conclude that C © R (C) and, thus, Stab(C) is a closed
subgroup of G.

Let H be a closed subgroup of G and denote by ¢,y the quotient mapping from G onto
the homogeneous space G/H. We use the notation 7,y for the map (x, g) — (x, gH)
from X x G onto X x G/H. The skew product transformation T s acts on X x G/H by

Trx,gH)=(Tx, f(x)-gH), (3
which causes no confusion with T  defined on X x G. In particular, we have Ty omrg/g =
G/ o Ty. Let C be a closed and T ¢-invariant subset of X x G and denote H = Stab(C),
then C contains with any (x, g) the whole left coset (x, g H). Thus, C itself is a subset of
X x G/H and the quotient set C/H = mg;p(C) is also closed and T y-invariant.

THEOREM 2.1. (Structure of surjective orbit closures) Suppose that f is a regular
cocycle taking values in a l.c.s. group G, and let C be a surjective T p-orbit closure.
Then for every point y = (x, g) € C with a dense orbit in C it follows that

C:={¢ €G:(x,g)eC)=¢gH, ©)

in which H = Stab(C). Furthermore, the quotient set C/H = ng,;y(C) is compact and
Ty : C/H — C/H is a minimal homeomorphism. In particular, for every x € X there
exists a compact set K, in G so that C, = K H.

Remark. As a consequence Theorem 2.2 (below), (9) holds on the set D(f) = {x € X :
E.(f) = Px(f)}, which contains a dense G set. Later we prove for nilpotent groups G
that Cy = gy H for every x € X.

For the proof of the statement above the following lemmas are necessary.
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LEMMA 2.1. Suppose that C is the surjective T ¢-orbit closure of a regular cocycle f.
Then every non-empty, relatively open subset Oc of C projects onto a set with non-empty
interior under the first projection wx.

Proof. We show first that for any open neighbourhood U of 15 there is an open
T r-invariant subset O € Ry (C) = UgeU R (C) sothat O N C is non-egg}y_and dense
in C. Let V be any relatively compact open neighbourhood of 1g sothat V. 'V € U and
choose a sequence {4, },>1 which is dense in G. Obviously it follows that | -, R, vC =
X x G,and as V is compact and the right translations are isometries, each of the sets
R, yC is closed. Hence, by Baire’s theorem, there is an integer n so that R, yC as well
as RyC = Rh,," (RthC) has a non-empty interior. Thus, R3C contains a T ¢-invariant
open set O’. Note that @' N C might be empty, however va 1 VC contains the open set
0= val (O’ which has non-empty intersection with C.

Now suppose that O is open in X x G and that O N C # @. Choose a smaller open
set @" and an open neighbourhood U of 1 so that O' N C # @ and Ry—1O" < O.
By the preceding argument Ry C contains an open set which is relatively dense in C, and
thus (RyC)° N O’ # . However, this implies that the (open in C) set Ry;—1O' N C is
non-empty, and its projection has non-empty interior. o

LEMMA 2.2. Let C be a surjective T g-orbit closure of a regular cocycle f. Then there
exists a point (xo, go) € C with a dense orbit in C so that Ex () = Px,(f).

Proof. By Lemma 1.1 the set D(f) = {x € X : Ex(f) = P¢(f)} contains a dense G
set D. It is clear that D| = ngl(D) N C is also a G set and Lemma 2.1 implies that D is
also dense in C. As C is topologically transitive, the set D; of all topologically transitive
points forms a dense Gs-set in C (cf. [GH, Theorem 9.20]). Then by Baire’s theorem
D N D5 is non-empty and hence we can find a point ygp = (xg, go) € C for which both
O (y0) = C and xo € D(f) hold. O

LEMMA 2.3. Suppose that Cy € X x G/H is a closed T y-invariant set which projects
onto all of X. Then there exists a compact set K G with the property that

X =ax(Cy N (X x KH)).

Proof. Let {K,},>1 be a sequence of compact sets for which G/H = | J,, K, H. Then all
the sets A, = mx (CyN(X x K, H)) are compact subsets of X and X = Un A,. By Baire’s
theorem there exists an open set O C X which is contained in some A,,. As Cy is
T -invariant, it follows for all integers k that

T*(0) € 7x(Cu N'TH(X x Ky H)),

but as X is compact and minimal we can find a positive integer N so that X =
U,](V:  T¥(O). Thus, the compact set K = U,I{V: | f(k, X) - K, is sufficient for the equality
that tx (Cy N (X x KH)) = X. O
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Proof of Theorem 2.1. Lemma 2.2 shows that there is a point (xg, go) € C with a dense
T -orbit in C and E (f) = Px,(f). In particular, Py,(f) is a subgroup of G and the
vertical section

Cry = Pry(f) - 80 = 808" Pxy(f) - 80

is a left coset of the subgroup H' = g, b Py, (f) - go. It follows from the definition of
the stabilizer that Stab(C) € H’, and in order to show that H' = Stab(C) we choose an
arbitrary i € H' and observe that

Ry (C) = RO £(x0, g0) = O (R (x0, 80)) € C,

since Rj,(xo, go) € C. As H' is a subgroup of G, we have R, (C) = C forevery h € H'
and, thus, H’ C Stab(C).

From Lemma 2.3 it follows that there exists a compact set K C G so that C/H N
(X x KH) projects onto all of X. However, for any integer n the vertical section of
C/H at T"x consists of one left coset of H, which therefore must be contained in K H.
Thus, the orbit of (xo, goH) under Ty is a subset of X x K H, and as this orbit is also
dense in C/H it followsthat C/H € X x KH.

For the proof of the minimality of Ty on C/H we fix a point (x,gH) € C/H and
choose a sequence of integers {nj}x>1 for which T"*x — xo. As C/H is compact,
a subsequence of T'}k (x,gH) converges to a point y € C/H with mx(y) = xo.
However, the only point in C/H which projects onto xg is (xo, goH ), and the fact that
the orbit of (xg, goH) under T is dense in C/H implies that T ¢ is minimal.

It remains to prove that for any (x, g) € C with a dense orbit in C the vertical section
C, consists only of a single left coset. As the orbit of (x, g) is dense in C, we can find
an integer sequence {ng}x>1 with 7"x — x¢ and f(ng,x) - g — go. Thus, it follows
for any h € Cy that f(ng,x)-h — gog’lh and we can conclude that gog’lcx C Cy-
By symmetry the same inclusion holds if we interchange (x, g) and (xo, go), and ultimately
we obtain that Cy = ggO_ICX0 =gH. O

The following theorem shows that the topologically transitive points of C can be
characterized by vertical sections and essential ranges.

THEOREM 2.2. (Essential ranges and transitive points) Suppose that f is a regular
cocycle taking values in a l.c.s. group G and let C be a surjective T p-orbit closure. For any
x € X we have the inclusions

Po(f) CCCl = (k™! ik € Cy)} C Ex(f), (10)

and equality between these three sets holds if and only if the orbit of some y € C with
wx(y) = x is dense in C. Furthermore, for any (x,g) € C with a dense orbit in C
we have the equality that

Ex(f)=gHg™ ", (11)

inwhich H = Stab(C). Thus for all x in the set D(f) = {x € X : Ex(f) = Px(f)}, which
contains a dense Gy set, the essential range E (f) is conjugate to the closed subgroup H
and Oy (x, 1) is a surjective T p-orbit closure.
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Proof. The inclusion Py(f) € C,C; I follows immediately from P,(f) - g € Cx
for any g € C,. Assume that 1,k € C, and let (xg,g0) € C be a point with
a dense orbit in C. Then we can find two sequences of integers {my}r>1 and {ng}i>1
so that T'}”‘ (x0, 80) — (x, h) and T'}" (x0, 80) — (x, k). However, this means that both
T™xy — x and T™xg — x while f(ny — mg, T™x0) — kh~!, and hence we can
conclude that {kh~! : h, k € C,} C E.(f).

If (x, g) € Cis a point with Ex(f) = P, (f), then it follows from O s (x, g)  C that
Pi(f) C ng*1 C E.(f), and hence P,(f) = ng’l. From g € C, we obtain the
inclusion gH C P (f) - g = Cy, and from the fact that Ty is minimal on C/H we can
conclude that (_)f x,g)=C.

We now assume that O f(x,g) = C and choose (according to Lemma 2.2) a point
(x0, 80) € C with a dense orbit in C and Ey (f) = Py (f). We let {ni}i>1 be a
sequence with T'}k (x, &) — (x0, go) and apply Lemma 1.1 to conclude that Ezn , (f) =
f(ng, x)oEx(f)of(nk,x)’l. However, as f(ng, x) — gog’1 while T" x — xq it follows
from the definition of the essential range that gog ~' - E. (f) ~gg071 C Ey,(f). Atthis point
we only used that the orbit of (x, g) is dense in C and as the orbit of (xp, go) is also dense
in C, we obtain the converse inclusion by symmetry and thus

Ex(f) =288y Ex,(f)-g0g "

From f(ng,x) — gog_l and T" x — xg it follows that gog_le C Cy,, and again by

symmetry we can conclude that
Cx = ggal Cx0~

As both (x, g) and (xg, go) have a dense orbit in C, we obtain that C, = Py(f) - g and
Cyy = Py (f) - g0, and together with the equality E,,(f) = Px,(f) we can conclude that
Cyy = Pxy(f) - 80 = Ex,(f) - go. Thus, we have that

Po(f) =Crg ™ = g8y Exo(f) - 8087 = Ex(f).

Furthermore, if the orbit of (x, g) is dense in C then Theorem 2.1 states that Cy =
P.(f)-g=gH, and hence E((f) = P,(f) = gHg . 0

Let us now discuss some consequences of Theorems 2.1 and 2.2. If f is a regular
cocycle and x is any point out of D(f), then the T s-orbit closure of (xo, 1) is compact
modulo the subgroup E,(f). Conversely, if xo € D(f) is a point so that C = Of (x0, 1)
is compact modulo E,,(f), then its projection wx (C) is a non-empty compact subset of X
and from the minimality it follows that mx(C) = X. Thus, we can state the following
characterization of regularity.

COROLLARY 2.1. A cocycle f is regular, if and only if for one (and therefore every) point
xo belonging to D(f) = {x € X : Ex(f) = Px(f)} the T y-orbit closure of (xo, Ex,(f))
in X x G/Ex,(f) is compact.

For an abelian group G we already know that £, () = E(f) forevery x € X. Thus, the
cocycle f is regular if and only if its factor cocycle f(n, ) = f(n,-) - E(f) into G/E(f)
does not assume the infinity as an extended essential value. This property is obviously

https://doi.org/10.1017/50143385705000076 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385705000076

Nilpotent extensions of minimal homeomorphisms 1837

equivalent to the compactness of the T ];-orbit closure of any point (xg, E(f)), and thus
the notion of regularity given in this paper generalizes the notion used in [LM].

Every surjective T ¢-orbit closure is a right translate of any other. In fact, if C1 and C;
are surjective T s-orbit closures then for any point x € D(f) we have C; = 0] f£(x, gi) for
appropriate elements g; € G. Therefore, C, = Rg71g1C1 is a right translate of C; and
their associated stabilizer subgroups H; = Stab(C;) are always conjugate.

It is an important question whether X x G is a disjoint union of surjective T y-orbit
closures. This is the case if and only if every vertical section C of an orbit closure C only
consists of one left coset of its stability group H. In the next section it is shown that this
condition is always fulfilled if G is nilpotent, but it is unclear to the authors whether this is
also true for an arbitrary l.c.s. group.

3. Regular cocycles in nilpotent locally compact groups

Suppose that G is a nilpotent l.c.s. group and denote by Z(G) the centre of G, which is a
closed normal abelian subgroup of G. If we define a sequence of 1.c.s. groups inductively
by Go = G and G, 41 = G,/ Z(G,), then G,, is trivial for some positive integer n. We say
that G is n-step nilpotent if n is the smallest integer for which G, is trivial. It is easy to
see that closed subgroups and homomorphic images of nilpotent groups are also nilpotent.
In the main results of the paper we use the following well-known properties of nilpotent
groups.

LEMMA 3.1. Let G be a nilpotent l.c.s. group and let H be a closed subgroup of G.
Then for every g ¢ H the closure of the double coset HgH does not contain the
identity 1. Furthermore, for any g # 1¢g the closure of the conjugation class C(g) =
{hgh™' : h € G} of g does not contain 1¢.

Proof. Our statement is obviously true for any 1-step nilpotent (abelian) group G. Suppose
that the statement of our lemma is true for all n-step nilpotent groups and let G be
(n + 1)-step nilpotent with a closed subgroup H. We denote by 7 the projection of G
onto G = G/Z(G).

If we have w(g) € H = 7(H), then for every open neighbourhood U of 15 we can find
h € Hsothath € Ug - Z(G), because r is an open mapping. It follows that there exists
an element k € Z(G) with kH € UgH, and as k is in the centre of G any left translation
by an element of H leaves the set k H invariant. Hence g H is the limit point of a sequence
of fixed points under the left translations by elements of H, and thus gH is also a fixed
point. We can conclude that HgH = HgH = gH, and this set does not contain 1g if
g¢H. ) ) )

Otherwise w(g) ¢ H and as G is n-step nilpotent the identity in G is not contained
in the closure of fln(g)f], and from the continuity of 7 it also follows that also 15 ¢
HgH.

The proof of the second statement is similar: if g € Z(G) then C(g) = {g}, otherwise
w(g) # 1 and the statement follows from the induction hypothesis on G and the
continuity of 7. a
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THEOREM 3.1. (Structure of surjective orbit closures) Suppose that f is a regular co-
cycle taking its values in a nilpotent l.c.s. group G, and let C be a surjective T p-orbit
closure. We then have the following statements, in which H denotes the closed subgroup
Stab(C):

(i) foreveryx € X there is some gy € G so that C, = gy H;

(i) the mapping y : X — G/H with y(x) = g H is continuous.

Proof. Suppose that C = O £ (x0, go) is a surjective orbit closure, let x € X be an arbitrary
point and let {ny}x>1 be a sequence with 7"*x — x¢. From Theorem 2.1 we know that
C/H is compact and that C,, = goH . If we choose a neighbourhood base {Uy}x>1 at 1,
then there is a subsequence {my}i>1 of {ni}r>1 such that

f(mg,x) - Cy = Cpmpy C UrgoH forallk > 1.

Indeed, assume that there exists a neighbourhood U; € ({Ui}r>1 and a sequence
{gkH}k=1 € Cyx such that f(ng,x) - gk H ¢ UjgoH for infinitely many k > 1. As Ty
is a minimal homeomorphism on the compact space C/H and T"*x — xq, it follows
that there exits a least one limit point of the sequence f (ng, x) - gx H outside of U;goH .
However, such a limit point is an element of Cy,/H apart from goH and this leads to a
contradiction.

If we assume that g, g’ € C,, then

g lg =g fome, )" flmg,x) - ¢ € Hgy ' U UrgoH,
and hence for suitably chosen sequences {/}k>1, {h} }k=1 S H it follows that
h'es™'g'h) € g5 U Ukgo = Vi

The open sets {Vi}x>1 also define a neighbourhood base at 1 and thus 16 € Hg~!g'H,
and then Lemma 3.1 implies that g~'¢’ € H. However, as g, ¢’ € C, were arbitrary the
set C consists of just one left H-coset.

The projection wx from C/H to X is a continuous, open, one-to-one, and onto mapping,
and hence it is a homeomorphism of the compact spaces C/H and X. As 7, Uis

continuous, the proof is complete. a

Remark. Theorem 3.1 as well as all other results of this section actually hold for any
group G satisfying the double coset property in Lemma 3.1. For instance, every discrete
group or every group which admits a bi-invariant metric obviously satisfies this property.
Note that the double coset property is weaker than nilpotency. For example, if the sequence
of groups G, defined by Go = G and G,4+1 = G,/ Z(G,) terminates with a group which
admits a bi-invariant metric (e.g. any compact group), then G also satisfies the double coset
property. The proof is then analogous to the proof of Lemma 3.1.

Let H be any closed subgroup of G and denote the set of all subgroups which are

conjugate to H over an element of G by H® = {gHg™! : g € G}. If we let
Stab(H) = {g € G : gHg ™' = H} be the stabilizer of H in G, then the mapping
¢ :G/Stab(H) — H® with ¢(g - Stab(H)) = gHg ™" (12)

is a bijection between G/ Stab(H) and H®. We identify HS with G/ Stab(H) and turn it
into a locally compact topological space by means of this identification.
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THEOREM 3.2. (Essential ranges) Suppose that f is a regular cocycle taking its values in
a nilpotent l.c.s. group G, let C be a surjective T g-orbit closure and let H = Stab(C).
For every x € X we have the equality that

Ex(f) = C:C = g Hg ', (13)

in which g, is determined as in Theorem 3.1. It follows that Ex(f) € HC forall x € X
and that x — Ex(f) is a continuous map from X into HC.

Proof. We want to show first that wx is an open mapping from C onto X, and from
Theorem 3.1 we already know that the first projection is an open mapping from C/H
onto X. As every vertical section of C consists of only one left coset of H we can conclude
for every open subset O € X x G with O N C # {J that

76/H(ONC) =ng/a(O)NC/H,

where the latter set is open in C/H. Therefore, mx (O N C) = mx (mg/u (O N C)) is open
in X.

The inclusion C,C_ ' € E,(f) is part of Theorem 2.2, and to prove the converse
inclusion let (x,g) € C and h € E,(f) be arbitrary. Let U be an arbitrary open
neighbourhood of 1 and choose an open neighbourhood V of 15 with VAVA™! C U.
For any § > 0 the set 7x (C N (B(x, §) x Vg)) is open and contains an open ball B(x, §)
for some 8 > 0. Ash € Ey(f), we can find a point x’ contained in B(x, ) so that
T"x' € B(x,8') and f(n,x’) € Vh. If (x', g’) is a point in C N (B(x, §) x Vg) which
projects on x’, then

'}(x', g)={T"x, f(n,xg) € B(x,8) x Vhg' C B(x,8) x Uhg.

As C is closed while U and § were arbitrary we can conclude that (x, hg) € C and thus
heC.Col.

Theorem 3.1 states that Cy = g,H and that the map y : X — G/H with
y(x) = gyH is continuous, and therefore E,(f) = CXC;I is equal to the conjugate
group gy Hg;1 € HY, which corresponds to the element g, - Stab(H) in G/ Stab(H).
The projection p : G/H —> G/Stab(H) with p(gH) = g - Stab(H) is continuous
and thus the map x — E,(f) = ¢ o p o y(x) is also continuous, where ¢ denotes the
homeomorphism between G/ Stab(H) and H°. O

4. Regularity of cocycles for minimal rotations

We suppose from now on that X is a locally connected compact metric group with a
minimal rotation T and we let §(-, -) denote an invariant metric on X. It follows that T
is a minimal isometry with respect to 8, and 8(T*x, x) < & for some x € X implies that
8(T*y,y) < e forall y € X. Thus, integer sequences {k,},>1 with Tknx — x for some
x € X fulfil that T% — Idy uniformly, and such sequences are often called rigidity times.

Definition. Let H be a closed subgroup of G and let HY denote the set of all subgroups
conjugate to H. We say that a continuous map y — H, from X into H G is a consistent
selection of subgroups in the essential ranges of the cocycle f, if it satisfies

Hy C Ex(f) (14)
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for all x € X and in analogy to the essential ranges that
Hrox = f(n,x) - Hy - f(n,x)"! (15)
for all x € X and all integers n.

In the following two lemmas we prove some elementary properties of such consistent
selections of subgroups.

LEMMA 4.1. Let U be a relatively compact open neighbourhood of 1 so that E,(f) N
(UH, \ UH.) = @ for some z € X. Then there exists an ¢ > 0 so that, for all y € X and
n € Zwith8(y,z) <eand§(T"y, z) < &, it holds that

either  f(n,y)-HyNUHy, # ¢ or f(n,y)-H,NUH,=0. (16)

Furthermore, for every y € X the set Ey(f) is a subset of the quotient space G/H,,
i.e. forany g € Ey(f) we have gH, C E,(f).

Proof. Assume that there exists a sequence {(ng, Yk)k>1 € Z x X with yx — z and
Ty, — z as well as f(ng, i) - Hy, NU = ¢ and f(ng, yx) - Hy, N U # @ for all
integers k > 1. We select then a sequence g € f(ng, yx) - Hy, N (U \ U) and assume
by the compactness of U \ U that g is convergentto g’ € U \ U. If this limit point g’
were within U Hy, then g’h € U for some h € H, would imply that VW C U for an open
neighbourhood V of g’ and an open neighbourhood W of h. As gx € V and WN H,, # @
for all k large enough, a contradiction to f(nk, yx) - Hy, N U = ¥ would occur and, thus,
g ¢ UH,y. The inclusion Hy, € E,, (f) holds for every integer k > 1 and, hence, for
every fixed k we can find a sequence {(mf, ylk)}lzl C X xZ so that ylk — Yk, T ylk — Yk
and f(ng, yr) - f(mf, ylk) — gr as | — oo. By the continuity of f (ng, -) we can state that
f(n, T'"f‘yf) - fmf, yf) = fu +mf, yF) — gk asl — oo, and in the limit k — oo
it follows that g’ € E.(f) N (U \ U Hy), which contradicts the assumptions of the lemma.

The second assertion of the lemma also follows from the preceding argument, if we
let f(nk, yv) — g € Ey(f) and, as the map y — H, is continuous, choose a sequence
{hidk=1, hx € Hy, with hy — h € Hy and let f(mf, y¥) — hy as | — oo. ]

LEMMA 4.2. Let U € G be an open subset and C C G a compact subset. Then for
any fixed integer n the sets {y € X : f(n,y)- HhNUH, # @} and {y € X :
f(n,y) - H N CH, = @} are both open.

Proof. If f(n,y) -h € U with some h € H,, then we can choose two suitable open
neighbourhoods V and W of f(n, y) and h, respectively, so that VW C U. From the
continuity of the maps y — f(n,y) and y — H, it follows that there exists an open
neighbourhood W of y with f(n,y") € V and Hy N W # ¢ for all y/ € W, and
thus f(n,y") - Hy NU # @ for all y' € W. For the proof of the second assertion we
assume that f(n,y) - Hy N C = @, while there is a sequence {y,},>1 convergent to y so
that f(n, yx) - Hy, N C # . For every positive integer k we select then s, € H,, and
gk = f(n, yr) - hy € C, and by the compactness of C we can assume that gy — g’ € C.
However, as f(n, -) is continuous the sequence {/}x>1 defined by hy = f(n, yk)_1 - 8k
converges to f(n,y)"! - g'. Asthe map y Hy is continuous and y; — y there is a
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sequence {(h}, bp)l>1 € H; x G with by — 1¢ so that hy = bkhjcbk_l and, hence, /), is
also convergent to f(n, y)~! - g. We obtain that f(n,y)~! . g € H\y and a contradiction
occurs. O

The following proposition is a generalization of a result in [A] and the fact that X is
locally connected will be essential.

PROPOSITION 4.1. Suppose that T is a minimal rotation on a locally connected compact
metric group X and that f : X —> G is a continuous recurrent cocycle for T with values
inalc.s. group G. Let y — Hy be a consistent selection of subgroups from X into HC
and assume that for every y € X there is a neighbourhood base {U, y},>1 of 1g, which
consists of relatively compact open sets, so that

Ey(f) N (UnyHy \ UpyHy) =0

forall n > 1. Then for every x € D(f) the T s-orbit closure of (x, Hy) in G/H, is
compact.

Proof. We suppose that (z, gHy) is a point in the T ¢-orbit closure of (x, Hy), and as
x € D(f) there exists an integer sequence {ny }x>1 With |ng| — oo so that 7"*x — z and
f(ng,x) — g as k — oo. Furthermore, it follows from f(ni, x) — g and (15) in the
limit that H, = gH,g~'. We fix p > 0 and a positive integer / and apply Lemma 4.1 to
find a positive ¢ < p so thatforally € X andm € Z with§(y,z) <eand §(T"y,z) < ¢
we have that

either f(m,y)-HyNU,,#9% or f(m,y)-HyNU,,=90.

There exists an open connected neighbourhood O of z with O C {y : §(y,z) < &/2},
because X is locally connected, and we choose an integer k¥’ > 1 so that for all k > &’
we have that 7" x € O and

fuex) - flue, )™ = flg —np, T x) € Us,,
[, x) - fng, )™ = fl —ni, T"x) € Uy ..
The rotation T is an isometry and, thus, §(T"¥ "y, y) < ¢ and §(T™* 'y, y) < &

uniformly for all y € X, and from the connectedness of O and Lemma 4.2 we can conclude
for all k > k’ that

fg —np,z)-H.NU;#0 and f(npy —ng,2)- HLNU; # 0.

Since p > 0 and ! were arbitrary and |nx| — oo the point (z, H;) is recurrent in the
terminology of [GH], i.e. it is a limit point of both of the sets {T’}(z, H;) : k > 1} and
{Tl}(z, H;) : k < —1}. The right translation R,-1 : X x G/H;, — X x G/Hy is a
homeomorphism and, thus, the right translate (z, gH,) = (z, H;g) = R,-1(z, Hy) is also
recurrent under T y. We then observe that

f(—ng,2) - gHy = f(—np, T"W7™"z) - f(np —ng, z) - gHy C
C f(—ny, T"W™z) - Uy H,gHy = f(—nyp, T" ™ "z) - Uy gHy
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for all k > k’ and, thus, f(—ng, z) - g Hy stays within a relatively compact set for all k > 1.
By passing to a subsequence we can assume that f(—ny, z)gH, is convergent to a left
coset g’ H, while T~z — x, because T is an isometry. Observe that (x, g’ H,) is also in
the T -orbit closure of (x, Hy), and from H, C Py (f) it follows that g’ belongs to Py (f).
However, g'~! also belongs to P, (f) which means that (x, Hy) is in the T s-orbit closure
of (x, g’ Hy), and therefore it also belongs to the orbit closure of (z, H,). This proves that
the orbit closure of (x, Hy) is minimal. From [GH, Theorem 7.05] we obtain that (x, Hy)
is almost periodic under T ¢, hence its orbit closure is compact. O

PROPOSITION 4.2. Let T be a minimal rotation on a locally connected compact metric
group X and let f : X —> G be a continuous recurrent cocycle for T with values in a
nilpotent l.c.s. group G. Suppose that y — H, is a consistent selection of subgroups from
X into HS satisfying Ey(f) C Stab(Hy) for every y € X. If there exists a point x € X
with Ex(f) = Hy, then for every y € X there is a neighbourhood Uy of 1¢ so that

Ey(f) N UyHy = Hy,.

Remark. Note that if we put H, = {1}, then the proposition yields that equality of the
sets E,(f) and H, at a single point implies that the identity 15 is an isolated point of
Ey(f) foreveryy € X.

In the proof of the proposition we need the following lemma, which requires the same
assumptions as Proposition 4.2.

LEMMA 4.3. Let z € X be arbitrary and assume that g € Stab(H;) \ H;. Then there
exists a neighbourhood U of 1¢ so that for all integers n

f(n,2)-gH,- f,2)"'NU = f(n,2)-g- f(n,2) " Hrn, NU = 0.

Proof. Suppose that there exists a sequence {(m;, h;)};=1 € 7Z x H; which satisfies
f(my, z) - ghy - f(ml,z)_l — 1g as I — oo. By the compactness of X we can
assume that 7"z — y € X. If we choose another integer sequence {k;};>1 with
Tkiy — z, then the continuity of f(k;,-) implies for every fixed positive integer i that
f(m; + ki, z) - ghy - f(m; + ki,z)~! — 1g as! — oo. Thus we can find an integer
sequence {ji};>1 with Thz — 7z and fUi,2) - gh - f(jl,z)_l — 1g as |l — oo.
Then according to (14) and the continuity of the mapping y — H, we can select a sequence
{(g1, b1)}i=1 € Stab(H;) xG with b; — 1 and f(ji, z) = b;g;. Hence, gl-ghl-gl_l - 1c
as [ — oo and this contradicts the second assertion of Lemma 3.1, applied to the nilpotent
L.c.s. group Stab(H;)/H;. O

Proof of Proposition 4.2. We assume that the identity coset H, is an accumulation point
of E.(f) in the quotient topology of G/H, for some z € X. From E,(f) = H,
it follows for any relatively compact open neighbourhood U; of 15 that there exists an
open neighbourhood U of x with

Ey(f) N (UiHy \ Ui Hy) = 0§ (17)

for all y € U. Indeed, as E,(f) is a set in the quotient space G/H, for all y € X
we could otherwise find a sequence {(yk,gk)hk>1 < X x G with yv — x and
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g € Ey (f)N (Ul \ Ui Hy,). As (jl is compact we can assume that the sequence {gi }x>1
is convergent to g’ € U,. If this limit point were in the open set Uy H,, then we could
find an open neighbourhood V of g’ and an open neighbourhood W of some kh € H, with
VW C Uj. There exists a positive integer ko with Hy,, "W # J and gx € V forall k > ko,
because the map y — H, is continuous and gy — g, and this contradicts that gx ¢ Uj H,,
for all integers k. Hence, it follows that g’ € E,(f) N U, \ U1 Hy), which contradicts that
Ex (f) = H;.

We now choose an integer n1 with 7"z € U and obtain from (5), (14) and (17) that the
relatively compact open neighbourhood V| of 15 defined by V| = f(n, z)*1 Ur- f(ny, 2)
of 1¢ fulfils that

E.(f) N (ViH, \ ViH;) = . (18)

The assumption that H, is not isolated in E,(f) in the quotient topology implies that there
existsa g € (E;(f) N Vi) \ H;, and Lemma 4.3 shows then that there exists a relatively
compact open neighbourhood U, of 15 such that

f(n,2)-gH, - f(n,2) ' NU, =0

for all integers n. In the same manner as above we can find an integer n, so that the
neighbourhood Vs = f(n2,2)~! - Us - f(na, ) satisfies

E.(f) N (VaH, \ VaHy) =0, 19)

while on the other hand gH, N V> = @ and hence g € E.(f) N (Vi \ Vo H,).

According to (18) and (19) we can apply Lemma 4.1 to find ¢ > 0 so that (16) holds for
the neighbourhoods V; and V», and we choose then an open connected neighbourhood O of
Zwith© C {y € X : 8(y, z) < €/2}. Asthe set V;\ V> H. is aneighbourhoodof g € E.(f)
we can select a sequence {(ng, zk) }k>11n Z x O with zx — z, §(T™y,y) < 27 k¢ for all
y € X, and f(zx,nx) € Vi \ VaH,. From the connectedness of O and the fact that
T%O C{y € X : 8(y, 2) < ¢} it follows from Lemma 4.2 that

fe,y) -HyNVi#9 and f(nk,y)-HyNVoa=9

for every y € O, because f(nx,zx) € Vi \ VoH. and both the sets {y € X
fm,y)-HyNV; #@}and{y € X : f(n,y) - HyN V; = @} are open. The compactness
of the set V1, the continuity of f(ng, -), and the inclusion H, C E,(f) imply in the limit

k — oo that

Ey(f)N(Vi\ V2Hy) # 0 (20)
for every y € O. However, as the T-orbit of x is dense in X, (5) shows that there are points
y € O with E,(f) = H, and a contradiction occurs. O

With these prerequisites we are now able to prove the main result on the regularity of
cocycles.

THEOREM 4.1. If T is a minimal rotation on a locally connected compact metric group
X and f : X —> G is a continuous recurrent cocycle with values in a nilpotent Lc.s.
group G, then the cocycle f is regular.
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Proof. The proof is by induction, starting with the O-step nilpotent group G = {15} where
the assertion is trivial. We suppose now that the assertion of the theorem is fulfilled for
every (n — 1)-step nilpotent group and let G be an n-step nilpotent group. We denote the
projection from G onto G/Z(G) by 7 and let f = 7 o f be the projection of the cocycle
f on the (n — 1)-step nilpotent quotient group G/Z(G), which is a regular cocycle by the
induction hypothesis.

Since each of the sets D( f) and D(f) contains a dense Gs-set we can fix a point x € X
with Ex(f) = Pc(f) = H and Ec(f) = P¢(f) = H. Theorem 2.2 shows then that
C =~(_)f~.(x, 1) is a surjective orbit closure in X x G with {:I = Stab(C) = Cy = E, (f) =
P, (f) and that there is a continuous map y : X — G/H with y(y) = C, = g,H.
Suppose that g € H and h € 7~V (H), then there is an integer sequence {k;};>1 so that
Tk — Idy and f(ki,x) - ganda sequence {(m;, z1)}i>1 € Z x Z(G) with T™ — Idx
and f(m;, x) - z; — h. For any fixed integer / > 1 it follows that

Sy, Thx) - f ki x) - f(=my, T™x) = f(my, %) - 218z " - f(=my, T x)

as i — oo. In the limit / — 0o we can obtain that hgh~! € H and thus Y H) C
Stab(H). Therefore, the map y : X — G/Stab(H) with y — (7~ ! o 7(»))-
Stab(H) is well defined with y (x) = Stab(H), and as 7 is open y is a continuous map.
Foreveryy € X weset Hy, = g, H 8y ! with some gy € y(y) and obtain a continuous map
from X to HC with H, = H. From y(Ty) = n(f(y))-7(y) forany y € X it follows that

y(Ty) = (x~ ' o 7(Ty)) - Stab(H) = f(y) - y(¥),

and hence the map y — H, obeys (15). Furthermore, from H, = H C E,(f) it follows
with (5) and (15) that Hye, € Eq«,(f) for all integers k. If y € X and ¢ € Hy are
arbitrarily chosen and if {k;};>1 is a sequence with TX'x — y, then by the continuity of the
map y we can choose a sequence {g;};>1 € G with gy € Hyy, and g — g. We obtain
that g € Ey(f) and hence both inclusions (14) are fulfilled.

Let y € X be arbitrary and let g € E\(f), then it follows that g € it (Ey(f)) and

from Theorem 3.2 and the inclusion 7~ (FI ) C Stab(H) we can conclude that

gen 'GO -H-70) H=a'GOo) -7 "H) -7 GO
C y(y) - Stab(H) - y(y) ™" = Stab(H,).

Proposition 4.2 shows now that for every y € X there is a neighbourhood U, of 1
with Ey(f) N UyH, = Hy and Proposition 4.1 applies. Since Ex(f) = Py(f) = H,
Corollary 2.1 shows that the cocycle f is regular. O

In [A] it has been proved that the essential range of cocycle for a minimal rotation
on a torus is connected if it takes its values in RY. Later in [M1] this result has
been generalized to cocycles for a minimal rotation on a compact monothetic group
(not necessarily connected) with values in an abelian l.c.s. group without compact
subgroups. In the next theorem we want to explore this problem in the case of nilpotent
L.c.s. groups.
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THEOREM 4.2. Let T be a minimal rotation on a locally connected compact metric
group X and let f : X —> G be a continuous recurrent cocycle with values in a nilpotent
l.c.s. group G. Then forevery y € X the essential range E( f) is almost connected, i.e. the
quotient group Ey(f)/(Ey(f))O of the essential range modulo its identity component is a
compact group. Furthermore, if G is a connected and simply connected nilpotent Lie group
then Ey(f) is connected for every y € X.

Proof. Let x be a point out of the set D(f) and let HO = (E.(f))° be the identity
component of the essential range at x. We already know from Theorem 4.1 that the
cocycle f is regular, and from Theorem 3.2 it then follows that E,(f) is conjugate to
E.(f)forally € X. We set H;) = (Ey (f))0 and obtain a consistent selection of subgroups
from X to (H?)®, because the essential ranges are conjugate on any T-orbit according
to (5), while the identity component is again mapped onto the identity component under
conjugation. Furthermore, the continuity of y > H}(,) follows from the continuity of
y = Ey(f) in Theorem 3.2 and the inclusion Stab(H) C Stab(H"). It is well known that
for any L.c.s. group H the identity component H is normal in H with a totally disconnected
quotient group H/H and, thus, the consistent selection of subgroups y H}(,) fulfils
the requirements of Proposition 4.1. Now we can conclude that the T ¢-orbit closure
of (x,H% in X x G/H" is compact and the inclusion H 0 c P()) implies that
nG/Ho((_)f(x, 1)) = (_)f(x, HY%). Hence, E.(f)/H® = P.(f)/H" is compact as well as
Ey(f)/H)(,) for any y € X, because all essential ranges are conjugate.

If G is a connected and simply connected nilpotent Lie group, then H® is a connected
and simply connected nilpotent Lie subgroup of G. As the quotient group of any Lie group
by its identity component is a discrete group, it follows that the compact quotient group
E(f)/H" is a finite group. If g H is an arbitrary element in E, (f)/H?", then we can con-
clude that gk € HO for some integer k. The exponential map is a diffeomorphism from the
Lie Algebra g onto G and its restriction to the Lie algebra h° is a diffeomorphism onto H°.
If Y is the unique element of g with exp(Y) = g, then exp(kY) = exp(¥)F implies that
kY € Y, and as §° is a linear space we can conclude that ¥ € h° and g € H°. O
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