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We examine the time-dependent behavior of a birth–death process, whose birth rates
and death rates are decreasing and increasing, respectively, with respect to the current
state. Such models can be used to describe Markovian queueing systems with exponential
reneging, where potential arrivals balk with a certain probability that depends on the
number of customers observed upon arrival. Our results are derived by interpreting the
birth–death process as the queue-length process of what we refer to as the “knockout
queue.”

1. INTRODUCTION

In most real-life queueing systems, a customer has the opportunity to balk (i.e., decide not
to enter the system) upon observing the state of the system at the time of arrival. Moreover,
a customer that does enter the system may choose to renege if he is unsatisfied with the
quality of service received while in the queue. It stands to reason then that when forming a
mathematical model of a queueing system, allowing customers within the model to balk or
renege can tremendously improve our ability to accurately describe the queueing system.

We present a time-dependent analysis of a birth–death process {Q(t); t ≥ 0} on the state
space {0, 1, 2, . . . , N}, with N being either finite or infinite. The birth rates are decreasing
up to state N , that is λn ≥ λn+1 for 0 ≤ n ≤ N − 1, with λn = 0 for n ≥ N , and the death
rates are increasing in n, so that μ1 ≤ μ2 ≤ . . . ≤ μN . The sojourn time in each state n is
exponential with rate λn + μn for n ≥ 1, and λ0 for n = 0.

This framework allows us to consider Markovian queueing models that allow for cus-
tomer balking or reneging to occur. An example of such a model is a system where arrivals
that observe n customers in the system decide to join upon arrival with probability pn, and
where customers that do join the system bring unit exponential amounts of work to a single
server operating at rate μ that processes work in a first-come-first-served (FCFS) manner,
but are only willing to wait in the system for at most an exponentially distributed patience
time with parameter γ. The birth and death parameters corresponding to such a system
are as follows: λn = λpn, and μn = μ + (n − 1)γ, for 0 ≤ n ≤ N (with λN = μ0 = 0).

In fact, it is always possible to associate a simple queueing interpretation to {Q(t); t ≥
0}. Indeed, this process represents the queue-length process of a FCFS queueing system with
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balking, where potential customers arrive to the system in accordance to a homogeneous
Poisson process with rate λ0, and enter the system with probability λn/λ0 whenever an
arrival observes n customers present in the system upon arrival (otherwise they balk from
the system). Moreover, each arrival entering the system brings a unit exponential amount
of work for processing, where the server processes work at rate μn whenever there are n
customers present in the system. We refer to this system throughout the paper as the FCFS
system.

By constructing another queueing system whose queue-length process is equal in distri-
bution to Q, we are able to compute expressions for both the first moment of Q(t), t ≥ 0, as
well as the time-dependent balking probability of the FCFS queueing system. We refer to
our constructed queueing system as the knockout queue, or knockout model. The knockout
queue has many appealing properties that make it suitable for a time-dependent study via
the transient Little’s law, which is discussed in [8]. The techniques used here are very similar
to those found in both [7] and [8], yet the results given here also depend heavily on the
deliberate construction of our knockout model, which seems not to have been studied until
now. The expressions we derive are in terms of events associated with hitting-times of a
continuous-time Markov chain (CTMC) with absorbing states, and are analogous in form
to the results of Abate and Whitt [1–4] for the M/M/1 queue and for regulated Brownian
motion, along with the results found in [7,8].

We also illustrate how our results simplify for two classical models: the M/M/N/N loss
model, and the M/M/1/N model. The transient behavior of the loss model is an object of
interest in many studies: see Abate and Whitt [5] and (with a different approach) Virtamo
and Aalto [15] (with both studies focusing on exact calculations of the first moments and/or
loss probabilities), along with Mandjes and Ridder [12], who focus on deriving various types
of simple approximations for the loss probabilities.

2. CONSTRUCTING THE KNOCKOUT QUEUE

We now construct the knockout queue. We assume N < ∞ throughout, as the case where
N = ∞ is simpler, and less interesting.

Suppose customers arrive to the system in accordance to a Poisson process with rate
λ0, and each customer brings with it an exponential amount of work with unit rate, inde-
pendently of all other customers. This queueing system consists of N slots, where customers
always occupy the lowest available slots: for example, when there are n customers in the
system, they can be found among the first n slots.

When a customer arrives to the system, he first decides whether or not to eliminate,
or “knockout” one (and only one) of the customers currently found in the queue. Assuming
there are n customers present in the system upon arrival, the arriving customer eliminates
the customer found in slot k with probability αk, 1 ≤ k ≤ n, where

αk =
(

1 − λk

λk−1

) k−1∏
i=1

λi

λi−1
=

λk−1 − λk

λ0
,

or decides not to eliminate any customers with probability λn/λ0. If the arrival eliminates
the customer in slot k, he joins slot 1, and all customers formerly in slot i move to slot
i + 1, 1 ≤ i ≤ k − 1. Otherwise, if the arrival does not eliminate anyone, he moves into slot
1, and customers formerly in slot i move into slot i + 1, 1 ≤ i ≤ n. We also assume that if
a customer arrives and finds N customers in the system, he eliminates the customer in slot
k, 1 ≤ k ≤ N − 1, with probability αk. If he decides not to eliminate one of these customers
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(which occurs with probability λN−1/λ0), he joins slot 1, pushing the customer formerly in
slot i to slot i + 1, 1 ≤ i ≤ N , so that the customer formerly in slot N is eliminated due to
overcrowding.

Finally, the server always processes the work of the customer in the ith slot at a rate
μi − μi−1 (μ0 = 0), so that the total rate at which the work is processed while there are n
customers in the system is simply μn. When a customer in slot i completes its service, the
customer formerly in slot j > i moves to slot j − 1, for all slots j > i containing a customer
at the service completion instant.

It is not difficult to see that Q is equal in distribution to the queue-length process
of the knockout queue. Moreover, the knockout queue has many useful properties: (i) the
arrival process of customers to the knockout queue is a homogeneous Poisson process with
rate λ0, (ii) the sojourn time of a customer arriving at time s depends only on the amount
of work he brings to the system, along with the work brought by customers that arrive
after time s, and (iii) the sojourn time of a customer is always equal in distribution to τ ,
which represents the amount of time it takes a CTMC S := {S(t); t ≥ 0} with generator
R = [r(i, j)]0≤i,j≤N+1 to reach the absorbing set {0, N + 1}, where R is of the form

r(i, j) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

λi−1 − λi, 1 ≤ i ≤ N − 1, j = N + 1;
μi−1 − μ0, 1 ≤ i ≤ N, j = i − 1;
λi, 1 ≤ i ≤ N, j = i + 1;
μi − μi−1, 1 ≤ i ≤ N, j = 0;
0, otherwise.

To see why the generator of S is of this form, suppose that at a given time, a particular
customer is in slot i. The customer will move to slot i + 1 if someone arrives and either
eliminates a customer in a higher-labeled slot, or chooses not to eliminate anyone, and this
occurs with rate λ0(λi/λ0) = λi. Next, the customer will move to slot i − 1 if a customer
in one of the lower-labeled slots completes its service, and this occurs with rate μi−1 − μ0.
Finally, from state i the customer could be eliminated from the system by an arrival,
or it could complete its service: these events occur with rates λ0αi = λi−1 − λi and μi −
μi−1, respectively. Note that, S reaching state N + 1 first corresponds to a customer being
eliminated, while S reaching state 0 first corresponds to a service completion.

2.1. The Time-Dependent First Moments

We are now ready to state our first main result.

Theorem 2.1: The time-dependent first moments of the knockout queue are as follows: for
each t ≥ 0,

Ek[Q(t)] =
k∑

j=1

Pj(τ > t) + λ0E1[τ ]P1(Rτ ≤ t). (1)

Here Pk represents a conditional probability, given Q(0) = k if our probability is in
terms of Q, or given S(0) = k if our probability is in terms of τ , and Rτ represents the
equilibrium version, or residual, of τ . Recall that for a non-negative random variable X, its
residual RX is a random variable whose cumulative distribution function is of the form

P (RX ≤ t) =
1

E[X]

∫ t

0

P (X > s)ds,

for each t ≥ 0.
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Proof: Fix a t ≥ 0. To derive the first moment, recall from the transient Little’s law [8]
that for each 0 ≤ k ≤ N integer,

Ek[Q(t)] =
k∑

j=1

Pj(τ > t) +
∫ t

0

Ps(W (s) > t − s)λ0ds,

where Ps represents the time-dependent Palm probability induced by the Poisson arrival
process with rate λ0, and W (s) is the sojourn time of the customer arriving at time s: recall
that under Ps, an arrival occurs at time s with probability one (we refer readers who are
interested in learning more about Palm probabilities to Kallenberg [10]).

Finally, the dynamics of the knockout model imply that for each s > 0, Ps(W (s) >
t − s) = P1(τ > t − s), since the sojourn time of the customer arriving at time s is only
dependent on the customers arriving after time s. �

It is interesting to note that when the knockout model is empty at time zero, we have
that

E0[Q(t)] = λ0E1[τ ]P1(Rτ ≤ t)

which leads to the following corollary.

Corollary 2.1: E0[Q(t)] is a concave function in t.

Proof: It suffices to note that the derivative of E0[Q(t)] is decreasing, proving
concavity. �

This concavity result can also be found on page 162 of Lindvall [11], where it is proven
via coupling techniques.

2.2. The Time-Dependent Balking Probability

We next focus on deriving the probability Pk,t(B(t)), where B(t) is the event that the
customer arriving at time t in the FCFS system decides not to enter the system, and Pk,t

is the Palm probability induced by the Poisson arrival process with rate λ0, given that k
customers are present in the system at time zero: again, recall that under Pk,t, a customer
arrives at time t with probability one. Readers should note that the time-dependent balking
probability given above is a natural quantity to study, despite it being expressed as a Palm
probability. In fact, for some models it can be expressed in terms of the underlying measure
P . For example, note that when λn = λ0 for 1 ≤ n ≤ N − 1, a customer only balks if he
observes N customers already present upon arrival, and so by letting Q(t−) = lims↑t Q(s),
we have that

Pk,t(B(t)) = Pk,t(Q(t−) = N) = Pk(Q(t) = N),

where the last equality follows from the transient PASTA property; see [6] for details regard-
ing transient PASTA. In the M/M/N/N loss model setting, Pk(Q(t) = N) is carefully
studied in [5,12,15].

We state our expression for Pk,t(B(t)) in terms of random variables τi, where τi

represents the first time the S process hits state i.
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Theorem 2.2: For almost-every (with respect to Lebesgue measure) t ≥ 0, and each 0 ≤
k ≤ N , we have that

Pk,t(B(t)) =
1
λ0

d

dt

⎡
⎣ k∑

j=1

Pj(τN+1 ≤ t, τN+1 < τ0)

⎤
⎦+ P1(τN+1 ≤ t, τN+1 < τ0). (2)

Proof: We first compute the expected number of knockouts occurring in the interval (0, t],
where we denote the number of knockouts occurring in (0, t] as K(0, t]. Observe first that
a customer found in slot j at time 0 is knocked-out at or before time t with probability
Pj(τN+1 ≤ t, τN+1 < τ0). Moreover, for a customer arriving at time s, the probability he is
knocked-out at or before time t is P1(τN+1 ≤ t − s, τN+1 < τ0). Applying the Campbell–
Mecke formula (see [8], for example), we see that the expected number of knockouts
occurring in (0, t] is

E[K(0, t]] =
k∑

j=1

Pj(τN+1 ≤ t, τN+1 < τ0) + λ0

∫ t

0

P1(τN+1 ≤ t − s, τN+1 < τ0)ds.

Furthermore, the expected number of customers suffering a knockout in (0, t] is also
the expected number of customers that balk upon arrival in (0, t] in the FCFS system,
where the server operates at rate μn whenever there are n customers in the system, and
where customer elimination is replaced by ordinary balking, with balking occurring with
probability 1 − λn/λ0 if there are n customers observed in the system upon arrival. Applying
the Campbell–Mecke formula with this observation yields

E[K(0, t]] = λ0

∫ t

0

Pk,s(B(s))ds,

so for each t ≥ 0, we have that

λ0

∫ t

0

Pk,s(B(s))ds =
k∑

j=1

Pj(τN+1 ≤ t, τN+1 < τ0) + λ0

∫ t

0

P1(τN+1 ≤ t − s, τN+1 < τ0)ds,

and taking derivatives of both sides with respect to t completes the proof. �

3. EXAMPLES

The examples given below illustrate that in some settings, our first moment expressions and
balking probabilities simplify further. We assume that Q(0) = 0 in each of the examples
given below, however readers should note that similar observations may be made for any
possible initial condition.

3.1. The M/M/1/1 Queue

We first consider the M/M/1/1 queue, where customers arrive according to a Poisson
process with rate λ, each customer brings with it an exponentially distributed amount of
work with unit rate, and work is processed with rate μ. Thinking of this as a knockout
model, we see that the sojourn time of a typical customer is the minimum of the amount of
work it brings, and the time remaining after its arrival to the system until the next arrival.
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In other words, its sojourn time is exponential with rate λ + μ. Assuming the system is
empty at time zero, we see from (1) that

P (Q(t) = 1 | Q(0) = 0) = E0[Q(t)] = λ

∫ t

0

e−(λ+μ)(t−s)ds =
λ

λ + μ
(1 − e−(λ+μ)t),

which agrees with the well-known time-dependent results for the M/M/1/1 system (see
e.g., Ross [14]).

3.2. The M/M/N/N Loss Model

Our next example focuses on the first moment of the M/M/N/N loss model {Q(t); t ≥ 0},
with arrival rate λ and service rate μ for each customer. Thinking of the loss model as a
knockout queue, we see that an arbitrary arrival to the system leaves the system whenever
either (i) he completes service or (ii) an arrival occurs while he, along with N − 1 customers
that arrived after him, are still in the system. Hence, in this case (1) yields

E0[Q(t)] = λ

∫ t

0

P0(τM/M/∞,N > t − s, eμ > t − s)ds

= λ

∫ t

0

P0(τM/M/∞,N > t − s)e−μ(t−s)ds,

where τM/M/∞,N is the amount of time it takes a M/M/∞ queue with arrival rate λ and
service rate μ to reach state N , and eμ is an exponential random variable with rate μ.

3.3. The M/M/1/N Queue

Additional computations of the time-dependent loss probabilities can be performed for the
M/M/1/N queue, thanks to martingale theory. Suppose {A(t); t ≥ 0} and {D(t); t ≥ 0} are
two independent homogeneous Poisson processes with rates λ and μ, respectively, and set
X(t) = A(t) − D(t). Furthermore, set

Z(t) = eqX(t)−f(q)t,

where for each q ≥ 0,
f(q) = −λ(1 − eq) − μ(1 − e−q).

Choosing f in this manner makes {Z(t); t ≥ 0} a martingale with respect to itself.
Fix two integers a, b, where b < 0 < a, and define Ta,b = inf{t ≥ 0 : X(t) ∈ {a, b}}, Ta =
inf{t ≥ 0 : X(t) = a} and similarly for Tb. An application of the optional sampling theorem
yields

1 = E[eq(X(Ta,b))−f(q)Ta,b ]

= E[eq(X(Ta,b))−f(q)Ta,b1(Ta < Tb)] + E[eq(X(Ta,b))−f(q)Ta,b1(Ta > Tb)]

= eqaE[e−f(q)Ta1(Ta < Tb)] + eqbE[e−f(q)Tb1(Tb < Ta)]

= eqaE[e−f(q)Ta1(Ta < Tb)] + eqb
[
E[e−f(q)Ta,b ] − E[e−f(q)Ta1(Ta < Tb)]

]
,

and after a bit of algebra, we see that

E[e−f(q)Ta1(Ta < Tb)] =
eqbE[e−f(q)Ta,b ] − 1

eqb − eqa
.
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This expression can be written in a more convenient form: recall that the inverse function
Φ : [0,∞) → R of f exists, in that for each q ≥ 0, Φ(f(q)) = f(Φ(q)) = q. In fact, Φ can be
expressed in closed-form: for each q ≥ 0,

Φ(q) = ln

[
(q + λ + μ) +

√
(q + λ + μ)2 − 4λμ

2λ

]
.

Hence,

E[e−qTa1(Ta < Tb)] =
eΦ(q)bE[e−qTa,b ] − 1

eΦ(q)b − eΦ(q)a
.

We are now ready to compute P0(Q(eq) = N), where eq is an exponential random variable
with rate q > 0, independent of Q. We focus here on the case where the system is empty
at time zero, but the same approach may be used for all other possible initial states. By
making use of (2), we see that

P0(Q(eq) = N) =
∫ ∞

0

P0(Q(t) = N)qe−qtdt

=
∫ ∞

0

P1(τN+1 ≤ t, τN+1 < τ0)qe−qtdt

= P1(τN+1 ≤ eq, τN+1 < τ0)

= E1[e−qτN+11(τN+1 < τ0)]

= E0[e−qTN 1(TN < T−1)]

=
e−Φ(q)E[e−qT−1,N ] − 1

e−Φ(q) − eΦ(q)N

=
E[e−qT−1,N ] − eΦ(q)

1 − eΦ(q)(N+1)
.

Note that with this approach, we do not need to compute any other terms of the form
Pi(Q(eq) = j): this would be the case if we were to compute these probabilities via the
Kolmogorov Forward equations.

3.4. The M/M/N/N Queue

We now further study the time-dependent loss probabilities of the M/M/N/N loss model. If
we again make use of the fact that the probability a customer is knocked out of the system
is equal to the probability that an external loss model with N servers reaches level N before
the customer completes service, starting from state zero, we find that

P0(Q(t) = N) = P1(τN+1 ≤ t, τN+1 ≤ τ0),

= P0

(
sup

0≤s≤min(t,eµ)

Q∞(s) ≥ N

)
,

where Q∞ represents the queue-length process of a M/M/∞ queue with arrival rate λ and
service rate μ that is independent of eμ, with eμ being thought of as the amount of time it
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takes to process the customer’s amount of work. Integrating with respect to an exponential
density with rate q > 0 yields, after an application of (2),

P0(Q(eq) = N) = P1(τN+1 ≤ eq, τN+1 ≤ τ0)

= P0

(
sup

0≤s≤min(eq,eµ)

Q∞(s) ≥ N

)

= E0[e−(q+μ)τM/M/∞,N ]

=

∑N
m=0

(
N
m

) (ρ)N (−1)m

(N)!
q+μ

q+(m+1)μM
(
1, q

μ + m + 2,−ρ
)

∑N
j=0

∑2(N−j)
m=0

(
N
j

)(
2(N−j)

m

) (ρ)N−j(−1)m

(N−j)!
q+μ

q+(j+m+1)μ

×M
(
1, q

μ + j + m + 2,−ρ
)

,

where the last equality follows from Lemma 3.3 of [9], with ρ = λ/μ. Here, M represents
the Kummer function, where

M(a, b, z) =
∞∑

n=0

(a)nzn

(b)nn!
,

with (a)0 = 1, and for n ≥ 1, (a)n = (a)(a + 1) · · · (a + n − 1). Again, we note as before that
no other probabilities of the form Pi(Q(eq) = j) need to be computed in order to compute
the loss probability.

We close by noting that for this particular queueing system, an alternative method can
be used to derive expressions for the time-dependent loss probability. It is well-known that
by the Campbell-Mecke formula (see also [5])

E0[Q(t)] = λ

∫ t

0

e−μ(t−s)P0(Q(s−) ≤ N − 1)ds,

implying

λ

∫ t

0

eμsP0(Q(s−) ≤ N − 1)ds = λeμt

∫ t

0

P1(τ > s)ds.

Taking derivatives of both sides with respect to t gives

λeμtP0(Q(t) ≤ N − 1) = λeμtP1(τ > t) + λμeμt

∫ t

0

P1(τ > s)ds

or

P0(Q(t) ≤ N − 1) = P1(τ > t) + μ

∫ t

0

P1(τ > s)ds = P1(τ > t) + μE1[τ ]P1(Rτ ≤ t),

where Rτ is itself also a phase-type random variable (see Chapter 5 of Neuts [13]). Rewriting
this expression gives the following alternative expression for the loss probability:

P0(Q(t) = N) = P1(τ ≤ t) − μE1[τ ]P1(Rτ ≤ t).
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