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Abstract. We consider Gevrey perturbations H of a completely integrable non-degenerate
Gevrey Hamiltonian H°. Given a Cantor set 2, defined by a Diophantine condition, we
find a family of Kolmogorov—Arnold—Moser (KAM) invariant tori of H with frequencies
w € 2, which is Gevrey smooth in a Whitney sense. Moreover, we obtain a symplectic
Gevrey normal form of the Hamiltonian in a neighborhood of the union A of the invariant
tori. This leads to effective stability of the quasi-periodic motion near A.

1. KAM theorem for Gevrey Hamiltonians
Let D° be a bounded domain in R”, and T" = R” /27", n > 2. We consider a class of
real-valued Gevrey Hamiltonians H in T x D° which are small perturbations of a real-
valued non-degenerate Gevrey Hamiltonian H%(7) depending only on the action variables
I € D°. Our aim is to obtain a family of Kolmogorov—Arnold—Moser (KAM) invariant
tori A, of H with frequencies w in a suitable Cantor set 2, defined by a Diophantine
condition and to prove Gevrey regularity for it. A KAM invariant torus A, of H of
frequency w is a smooth embedded submanifold of the phase space which is invariant under
the corresponding Hamiltonian flow exp(z X ) and such that the restriction of exp(t X )
to A, is smoothly conjugated to a rotation with rw at T". It turns out that, for each
w € Q, Ay is Gevrey smooth having the same Gevrey regularity as the Hamiltonian H.
Moreover, we shall prove that the family A,,, ® € Q, is Gevrey smooth with respect to w
in a Whitney sense, with a Gevrey index depending on the Gevrey class of H and on the
exponent in the Diophantine condition. In other words, we shall obtain integrability over
a Cantor set of tori in Gevrey classes. This naturally involves anisotropic Gevrey classes.
Integrability over a Cantor set of tori for C* Hamiltonians is obtained by Lazutkin (see [7]
for references), Poschel [12], and Chierchia and Gallavotti [2].

We are going to work with anisotropic Gevrey classes which are defined as follows.
Let p1, po > 1 and Ly, L, be positive constants. Given a domain D C R”", we denote
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by g{‘l’ﬁ(w x D) the set of all C*° real-valued Hamiltonians H in T" x D such
that

IHllz, L, == sup  sup (19¢0VH@, DILT 'L Plat=r1p177) < 00, (1.1)
a,BeN (0,1)eT*xD

where |o| = o1 + -+ + @, and ! = o1!---o,! for @ = (ay,...,a,) € N'. In the

same way we define g,‘j']y“gz (T" x D), where D is the closure of D. If p = p» = p

we also write gfl LZ(T” x D), and sometimes we do not indicate the Gevrey constants
Ly, Ly.

1.1. KAM theorem. LetT" x DY > @,1) - HO(I) € R be a completely integrable
real-valued Gevrey smooth Hamiltonian. We suppose that H° is non-degenerate, which
means that the map VH? : DO — Q0 Q0 := VHO(DY), is a diffeomorphism. Denote by
g € C®(Q0) the Legendre transform of H 0 (then Vg° : Q% — DY is the inverse map to
VH O). We also suppose that there are positive constants p > 1, Ag > 1, and Ly > 1 such
that HY € g{O(DO), g e gfo(szo), and

IH Ny, 18°02, < Ao (1.2)

in the corresponding norms, defined as in (1.1). In particular, QO is a bounded domain.
Given a subdomain D of D° we set @ := VHY(D) c Q°. Fixt > n —1andx > 0.
We denote by €2, the set of all frequencies w € 2 having distance greater than or equal
to « to the boundary of €2 and also satisfying the Diophantine condition

[{w, k)| z% forall0 £k € Z", (1.3)
where |k| = |k1| + - - - + |ka|.

We are going to find a Gevrey family of KAM invariant tori with frequencies in 2, for
small perturbations of HY in gthz with Lo, > L1 > 1 and Ly, > Lg. In what follows
we fix the constants Ag and Lo, and allow the constants Ly > L to be arbitrarily large.
This occurs in the case of the elliptic equilibrium for example (L, >> 1). Moreover, we are
going to obtain Gevrey-type estimates for the corresponding canonical transformation and
for the transformed Hamiltonian with Gevrey constants given explicitly in terms of L1, L2,
and «. For any w € Q we denote by L, = (w, 9y) = Z?‘:l w;0/0¢; the corresponding
vector field on T”. Fix 0 < ¢ < 1.

THEOREM 1.1. Let H® be a real-valued non-degenerate GP -smooth Hamiltonian, p > 1,
depending only on I € D° and satisfying (1.2). Let D be a subdomain of D° with D c D°,
and @ = VHO(D). Fix Ly > Ly > landk < L}~ such that Ly > Lo and Q # 0.
Then there exist N = N(n,p,t) > 0 and € > 0 independent of k, L1, Lo, and of the
domain D C DO, such that for any H € g{l)Lz (T" x 5) with norm

) —N
en =« 2|H - H°lp, 1, <eL",

there exists amap ® := (U, V) : T" x Q — T" x D of an anisotropic Gevrey class Grr,
o = p(t+ 1)+ 1, such that:
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(i) foreachw € Qu, Aw := {(PO, w)) : 0 € T"} is an embedded Lagrangian invariant
torus of H and X o ®(-, w) = DP(-, w) - Lop;

(ii) there are constants A > 0 and C > 0, independent of k, L1, Ly, and of D C DY,
such that

10505 (U (0; ) — 0)| + k19595 (V (65 @) — Vg° ()
2
SAc|la‘(CZ/K)|/3|O{!PIB!P(T+1)+1L11V/ \/G’
uniformly in (0, w) € T" x Q and for any o, 8 € N", where C; = CL; and
Cy, =CLTH
Note that ® belongs to Qg’l'o /Lz (T" x D) with Gevrey constants L; = CL; and

Ly = Cok~ ! > CLf“L;Jrg . As a consequence, we obtain a symplectic normal form
of H near the union of the invariant tori.

1.2.  Symplectic normal form and effective stability. We say that a real-valued function
® € C*®°(R" x D) is a generating function of an exact symplectic map y : T" x D —
T" x D if ®(x, I) — (x, I) is 2w -periodic with respect to x, |Id — ®;| < 1, and

{(p. I; x(@, ) : (¢, 1) € T" x D}
={(p(®;(x, D), I; p(x), Px(x, 1)) : (x,I) € R" x D},

where p : R" — T”" is the natural projection. Fix ¥ = k(D) so that the Lebesgue
measure of Qz is positive. Define §~2,<, 0 < k < K(D), to be the set of points of a positive
Lebesgue density in €2,. In other words, w € ?2,( if, for any neighborhood U of w in €2, the
Lebesgue measure of U N €2, is positive. Obviously, Q. and , have the same Lebesgue
measure.

COROLLARY 1.2. Suppose that the hypothesis of Theorem 1.1 holds and 0 < k < K.
Then there exist N = N(n,p,7) > 0 and € > 0 independent of k, L1, Ly, and D,
such that for any H € gaLZ (T" x D) with ey < eLl_N there is a gp/-diﬁ”eomorphism
w : D — Q, and an exact symplectic transformation x € GPP'(T" x D, T" x D) defined
by a generating function ®(x, ) = (x,I) + ¢(x,I), ¢ € grr' (T"™ x D), such that the
transformed Hamiltonian H (¢, I) := H (x (¢, I)) belongs to Gre' (T" x D) and T" x {I}
is an invariant torus ofI:Ifor each I € ™! (EZK). The functions K (I) := I:I(O, I) and
R(p, 1) := H(p, I) — K(I) satisfy

foralla € N*, forall (p, 1) € T xo Y(Q), 0°VKU) = %), 3 R(p,I)=0.

Moreover; there exist A, C > 0 independent of k, L1, La, and of the domain D € D°, such
that

1829) ¢ (9. DI + 137 (1) — VH(1)| + 13%8] (H (9. 1) — H(1))|
< ACl /) Platr g1P LY Jeg,

uniformly with respect to (¢, I) € T" x D and for any a, 8 € N, where C; = CL{ and
C, =CLTH
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Denote by Q2 > w + [(w) € D the inverse map to the diffeomorphism / — w(I) and
set £, = a)_l(fé,(). Then, for each I € E,, the restriction of the Hamiltonian flow of H
to the invariant torus T" x {[} is given by (¢, ¢, I) — (¢ +tVK (), I).

Expanding 838?R((p, I) in a Taylor series at some Iy € E, such that |Ip — I| =
|E. —I| =infpeg, |I' — 1|, we obtain for any o, B € N" and m € N

1950 R(g. DI < € ACY" (C2/10) PH"at? B m? " Ec — 11", (. 1) € T" x D,

where the positive constants A, C1, and Cy are as above. Using Stirling’s formula, we
minimize the right-hand side with respect to m € N for I ¢ E,. An optimal choice for m
will be

m ~ (Co|Ex — 1|/k) /1P,

which leads to
10207 R(p. D)| < Kk ACI (Ca /) Plat? B exp(—(Ca| B — 1/i) /0Tl (1.4)

for any o, B € N" uniformly with respect to (¢, I) € T" x D, I ¢ E,, where C1 = CLy,
Cr = CLEH, and the positive constants A and C are independent of x, L1, L7, and of the
domain D € D. This estimate yields effective stability of the quasi-periodic motion near
the invariant tori as in [14].

COROLLARY 1.3. Forany A > 1 and for any integral curve

exp(tX 7) (o, lo) = (@(1), I(1))

of the Hamiltonian vector field H with initial data (9(0), I(0)) = (¢o, Ip) € T" x D,
Iy ¢ E,, we have
[[(1) — Ex| < Allo — Ei|

for
lt] < (b — D(AC) ™ [Io — Ec|exp((ACa|lp — Ej|/x)~ /Py,

Moreover, for any 0 < ¢ < 1 we have

[1(t) — Io] + (C1k/C2)|e(t) — o — tVK (Ip)]
< (A — Do — E¢|exp(—(1 — &)(ACa|lp — Ey| /i) /PEHD),

provided that
1] < (0 = D(KAC) ™" exp(e(ACa /i)~ 1/PHD),

where A, C1, and Cy are as above.

Effective stability of the action along all the trajectories for Gevrey smooth
Hamiltonians has been obtained recently by Marco and Sauzun [10]. The importance of
the Gevrey category for those kinds of problems is indicated by Lochak [9]. Giorgilli and
Morbidelli [3, 11] proved in the case of quasi-convex analytic Hamiltonians that the action
variable is almost invariant on any integral curve of H with initial data ¢ close to the KAM
tori in a time interval which is super-exponentially long with respect to 1 /¢. Here, we have
stability not only of the action but of the quasi-periodic motion as well in an exponentially
long time interval. Moreover, we do not impose any steepness condition.
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Theorem 1.1 and Corollaries 1.2 and 1.3 hold in the case of a non-degenerate elliptic
equilibrium for Gevrey Hamiltonians as in [14]. Indeed, let us consider the Birkhoff
normal form of the Hamiltonian, namely, H (0, I) = HOI) + HY(0, I, where HO(1) =
@°, 1)+ (QI, I), withdet Q % 0,and H (9, I) = O(|I|>/?), (6, I) being suitable polar
symplectic coordinates. Here, H Lis Gevrey smooth in T" x Dy, Dg = {coa < I; <
cala :j=1,...,n},and 0 < a < ap, where 0 < ¢o < 1 is fixed. More precisely,
H' € GJ | (T" x Dg) with norm [|H'|, 1, = O(a”/?), where Ly = Coa™", and the
positive constants L1 and Cy are fixed. Then Theorem 1.1 holds choosing x = 8a'*¢,
0<¢<1/4,0<éd<l,and0 <a <qp K 1.

As in [14] the symplectic normal form in Corollary 1.2 can be used to obtain a
Gevrey quantum normal form over the corresponding family of invariant tori and to
construct quasi-modes with exponentially small discrepancy in the semi-classical limit for
Schrodinger-type operators with Gevrey coefficients. Similar results could also be obtained
for more general classes of non-quasi-analytic Hamiltonians.

The idea of the proof of Theorem 1.1 is close to that of [14, Theorem 1] (see also [6]).
It follows from a KAM theorem for a family of Hamiltonians P (6, I; w), where the
frequencies w are taken as independent parameters. Here we follow closely the exposition
of Poschel [13]. First we prove an approximation lemma for Gevrey Hamiltonians P
with real-analytic Hamiltonians P; in suitable complex domains in §3.1. To obtain P;
we first construct a suitable almost analytic extension of P and then we use Green’s
formula. In §3.2 we recall from Poschel [13] the KAM step and in §3.3 we set the
parameters and make the iterations. Finally, using a Whitney extension theorem due to
Bruna [1], we complete the proof of the theorem. In §3.6 we consider the case of real-
analytic Hamiltonians and we improve certain results in [14]. We prove in Appendix A an
anisotropic version of the implicit function theorem of Komatsu [5] in Gevrey classes.

2. KAM theorem for Gevrey Hamiltonians with parameters

Consider the Hamiltonian H(0, z) = Ho(z) + Hl(é?, z) in T" x D. Denote by Q" a
neighborhood of 2, in Q@ = VH(D) such that the distance between Q, and the boundary
9Q of Q' is > «/2 and the distance |Q' — 3| > «/2, and set D’ = Vg?(Q'), where g° is
the Legendre transform of H 0, Expanding H 0(z), z € D, near a given zg € D', we write

1
H°(z) = H(z0) + (V.H (20). I) +/ (1 —0)(VZH (z0)1, 1) dt,
0

where z; = zo + tI, z1 = z, I varies in a small ball B = {|I| < R} in R", and
VZ?H 0 stands for the Hessian matrix of H?. In view of (1.2), we can take any positive
R < k(4AoL3)™'. We put w = VH (z0). Then z9 = Vg°(w), and we write
H'(z) = e() + (@, I) + (P°(I; )1, 1),
HY0,2)=H'(0,Vg()+ 1) = P, I; w),
where e(w) = H°(Vg(w)), while P° stands for the quadratic term in / in the Taylor

expansion of H?. To simplify the notation, we are going to replace the constants Cep,
CAp, CLy, and CL; by €y, Ao, L1, and Ly, respectively, whenever C > 1 depends
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only on Lo, p, 7, and n. Then using (1.1), (1.2), and Proposition A.3 we obtain
— — — .
PP e G] [ (BRxQ)CGy  (BrkxQ)and P! € G/ | | (T" x Bg x Q) with
norms
1PNty s < 1P lLo.Los IPMILyLors < Ken. (2.1)

We consider the family of Hamiltonians

H®,I; ) :=e(w) + (w, I)+ PO, I;0), PO, ;) =(P°I;w)l,I)+ P O,I;w)
(2.2)
in T" x Bg depending on the frequency w € Q. Forany 0 < r < R and P as above we
set
(P = r*IPNlLyry + P Ly Lo Lo

where the norms are taken in T x B, and T" x B, X ﬁ/, respectively. Fix 0 < ¢ < 1.
We can now formulate our main result in this section.

THEOREM 2.1. Suppose that H is given by (2.2) in T" x Bg x Q, and let k < L;Pg.
Then there exist N = N(n, p, 1) > 0 and € > 0 independent of k, L1, Ly, R, and of the
domain Q2 in Qq, such that for any 0 < r < R and P satisfying

(P, = IPO + [P < ewrL™ (2.3)

there exist maps ¢ € GP(Q,Q) and ® = (U,V) € GPP(T" x Q,T" x Bg),

o' = p(t + 1)+ 1, such that:

i) for each w € Qy, the map ¥, = ®(-,w) : T" — T" x B is a G°-embedding
and N, = D,(T") is an embedded Lagrangian torus invariant with respect to
the Hamiltonian flow of Hyw) (@, 1) := H(p, I; ¢(w)); moreover, XH¢<w) o®d, =
D®, - L,onT";

(i) there exist A, C > 0, independent of k, L1, Lo, r, and of 2 C Qo, such that

18598 (U (0; w) — 0)| +r 119508V (6; )| + k1 3E (¢ (w) — w)]

(P
< ACl(Ca /i) Platr pro %

N
Ll
uniformly in (0,w) € T" x Q and for any a and B, where C; = CL; and
Cy = CLTH,

Remark. Note that the constant e(w) in (2.2) plays no role in Theorem 2.1 since the
Hamiltonian vector field Xy does not depend on it. From now on we take e(w) = 0.

Theorem 2.1 will be proved in the next section. Theorem 1.1 and Corollary 1.2 follow
from Theorem 2.1 and they will be proved in §4.

3.  Proof of Theorem 2.1

We divide the proof of Theorem 2.1 into several steps. First, using Theorem 3.7, we
extend P/, j =01, to a Gevrey functlon PJ of the class g ~ (T" x RZ”) such that
||P/|| < AL"+1||P’ Il L1 = CL{, and Lz = CLy, where A = A(n p)and C = C(n, p)
are positive constants. To simplify the notation we drop the ~. Multiplying P/ with
a suitable cut-off function, we assume that the support of P/ with respect to (I, w) is
contained in By x By, where R > 1is such that Qo C Bg_;y.
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3.1. Approximation Lemma for Gevrey functions. We fix 0 < ¢ < 1 and choose three
strictly decreasing sequences of positive numbers {”.1'}?‘;0’ {v J'},(;)'Ozo and {wj}i‘;o tending
to zero and such that

forall j e N: wjLy, w;jLy <u;Li <1, wvo,wo<L) °. 3.1)
Consider the complex sets Z/l;.", m=1,2,inC"/2n 7" x C" x C" consisting of all (0, I, w)
such that

Ref € T", Rel € By, Rew € By |, (32)

ImO| <muj, |Iml| <mv;, |[Imawx|<mw;, 1=<k=<n. '

SetU; = U 11 and denote by A(U;) the set of all real-analytic bounded functions in U/
equipped with the sup-norm | - [, .

PROPOSITION 3.1. (Approximation Lemma) Let P € Qfly LZ(T” x R?"). Suppose that
the support of P with respect to (I, ) is in By x By, and assume (3.1). Then there is a
sequence P;j € A(Uj), j = 0, such that
|Pjy1 = Pjly,,, < CoL} exp(—3(p — QL) /=) P,
| Polugy < Co(1+ L exp(=3(p — D2L1u0)~ /= D) P,
where Coy = Eo(n, p, <)(R" + 1). Moreover,
sup |0§97 8% (P — P;)(0, I, )| < CoL} Laexp(=3(p — )@L1u;)~ /=) P,
inT" x By x Bg for |a| + ||+ |y| < 1.

Remark. Instead of 3/4 in the above we can take any positive number less than 1 in
order to absorb certain polynomials of (Lluj)_l. Similar estimates can be obtained
without the inequalities vy, wo < L; I=¢ . In this case 50 = 60(11, p), but the right-hand
side of the estimates above should be multiplied by L%”. Using the ‘standard’ proof of
the Approximation Lemma [16] one obtains for any § > 0 an approximation modulo
C(p, 8) exp(—c(p)(Liuj)~/PT)|P|, C,c > 0.

Proof. We divide the proof into two parts.
(1) Almost analytic extension of P. There is a constant C(p) > 1, depending only on p,
such that
te(0,2l,meN, 1<m<¢ V=g (3.3)

implies
"m1P~ < C(p)ymP=D/2e=(p=Dim (3.4)
Indeed, by Stirling’s formula, we get
"m1P < C1(p)m PV 2e=PDM oxptm[(p — 1) Inm + Int]}
= C1(p)mP~ V2= P=DM expl(p — 1)m In[m¢ '/~ D]}.
Moreover,

m In[me/ D] < mIn[l + 1/®=D] < me/0=D < | 4 21/0=D)

which proves (3.4).
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We define an almost analytic extension F; of P in Z/l]g as follows:

(0T (i)

Fi@+i0, 1 +il,0+id) = Z 029P 0y P, 1, ) —— = ——. (3.5
@BPreM, alBly!
The index set M ; consists of all multi-indices @ = (ay,...,0,), B = (B1,..., Bn), and

Yy =Wi,...,¥Yp)suchthat oy < Ni, Br < Noand yx < N3, k=1,...,n, where

N1 =[QLup) VD141, Ny =[QLyvy) /] 41, 56
N3 = [QLywj)~ /=D 41, '

and [7] stands for the integer part of 7. We have

IFilye <IPI Y. @Lwup) " @Lyvp) P 2Lyw )Y (! Bly )~
! (a,8,7)eM;

For o, Bk, vk # 0 we estimate each term
QLiuj) o~ QL) B! QLow)P ! k=1,....n,

by C(p)ymP=D/2¢=(0=Dm \where m > 1 stands for oy, Bx, and yy, respectively. To this
end, we put t = 2Luj, 2Lov;, 2Lowj, respectively, and we get ¢ € (0, 2] in view of
(3.1). Now (3.3) holds because of (3.6). Then using (3.4) we obtain

00 3n
IFjlyz < 1P (1 +Cp) Y m“””e(ﬂ”’") = C1||P].

m=1

Set zx = O + i9~k. Then applying 5Zk = (0/06k + ia/aﬁk)/z to F; we obtain

i B N ~ NG DT
20, Fj(0+i6. 1 +il,o+i®) = Y 05370}0,P@, 1, w>w'
(@.Br)eM; wply!
ag=N]
(3.7)

We estimate each term in the sum by
LiQ2L1u ) 2Lav) Pl 2Low Y (@!Bly )~ (@ + DPIIP|
in Ujg, where o = Nj. Since
QL) VD < = Ny < QL) V0D 41,
we obtain from (3.4) (with t = 2L u; and m = Np)
QL1 ! e + 1P < C'(Lyuy) =P D" exp(—(p — D@L~/ 0= D).
This implies as above
19 Fjlye = C"Li(Lyuy) =0 exp(=(p — D@Ly~ /=) P

|9;, Fj 2 < CLi exp(—3(p — DQ@Lyu)) /Py P,
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where C = C(p, n) > 0. In the same way, differentiating (3.7), we get with 8 +y =1
B a7 3 B ay 3 Y 3
106, 9 Ju Filyzs 197,07 9a Fily2, |3£,,35,,3Zij|u}
< CLiLyexp(—3(p — D@Ly~ /=Dy Py,

where C = C(p,n) > 0 (we recall that L, > L; > 1). Using (3.1), we obtain the same
estimates for 51k F;j, éwk F;, and for their derivatives of order one in u}% Indeed, putting

7k = I + i’I\/L we obtain
02, Fj = C'Lo(Lovj) PP D712 exp(—(p — 1)(2Lov;) P~y P

< Cexp(—3(p — DLy /=Dy P
< Cexp(—3(p — DQL1uj)~ =Dy Py,

where C = C(p,n,¢c) > 0, since Ly < (szj)’l/g by (3.1). We generalize these
estimates as follows. Set z = (0,1,w) € C"/2n7Z" x C*; denote by x; and yy,
respectively, the real and the imaginary part of zx, 1 < k < 3n, and put E_)Zk = (O, +
i0y,)/2. Then using (3.1), (3.4), and (3.6), we obtain, for any § = (81,...,83,) € N3n
with 0 < §; < 1 and |§] > 1, the estimate

|52F,-|1,,,z < CL} exp(—3(p — DQLyuj)~ =Dy Py,

where C = C(n, p, ) > 0. To this end, differentiating (3.5), we obtain an expression
similar to (3.7), where for each k such that § = 1 we have oy = Ny if 1 < k < n,
ar = Nyifn+1 <k <2n,and oy = N3 if 2n + 1 < k < 3n, and then we proceed as
above. More generally, for any § = (61,...,83,) € N3 with 0 < 8k < land|d8] > 1, and
any B,y € N¥ with 0 < |8| + |y| < 1, we obtain as above the estimate

19£8) 82 Filye < CLLY ™ exp(=3(0 = D@Ly /O DIPI (38)
where C = C(n,p,5) > 0. Obviously, the same estimate holds for 55 8y Z_)g F; if
0 < |Bl+ |y| < 1. By construction we have F;(z) = F;(2).

(2) Construction of P;. We are going to approximate F; by functions which are real
analytic in Ujg using Green’s formula,

RENENIOF // Bf O e :f@ feen, g
2]‘” D

2wi Jagpn—¢ n—¢ 0 if¢ ¢ D,

where D C C is a bounded domain symmetric with respect to the real axis and with
a piecewise smooth boundary d D which is positively oriented with respect to D, D =
DUJD, and f € C'(D). Notice that

)
Foy= 27i Japn—¢ d

is real analytic in D provided that f () = f(n) on dD.
We denote by Dy C C the open rectangle {|xx| < ak, |yx| < bi}, where ay = 7 and
by =2ujforl <k <n,a =2and by = 2v;forn+1 <k <2n,anday = R+ 1
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and by = 2w; for 2n + 1 < k < 3n. We also denote by d Dy the boundary of Dy which
is positively oriented with respect to Dy and by I' the union of the oriented segments
[—7 —2iuj, 7 — 2iu;]U[mw + 2iuj, —m + 2iu;]. Note that Dy and I" also depend on j
but we omit it here. Given n € C, we consider the 27 -periodic meromorphic function

1
(= KM, ¢0)=——+Ki(n,?),
n—¢

1
Ki(n,¢) = lleZ(n_g+znk+n—g—2nk)’

Consider the function

1
Fii1(z) = 2—7”/ Fi(ni,z2, ..., z30) K1, z1)dm,  z eUf.
- :

It is analytic and 2m-periodic with respect to zj in the strip {|Imz;| < 2u;}, and
F;1(z) = Fj1(z). Moreover, for z; € D1, we have

1
Fj1(2) = z=— Fi(m,z2, ..., 232) K (m, z1) dn,
2mi D,

since the function under the integral is 2 -periodic with respect to 71, and using (3.9) we
obtain

1 - _
Fi1(@) =Fj(2) — =— / O Fi(ni,z2, ..., z30) K (1, 21) dy A diy.
2mi D

By continuity, the last formula remains true for Rez; = £m. Set Fjo(z) := Fj(z) and
Llil = Lllz N {[Imz1| < u;}. We claim that for any multi-index & = (0, a2, ..., a3,) €
N3 with0 <, < 1,1 < m < 3n, any index k, and B,y € Nsuchthat0 < g +y < 1,
we have

105, 32,32 (Fj.1 = Fjo)lye, < CL{LY™ exp(=3(p = D@Ly~ " D)|P]l. - (3.10)

where C = C(n, p, ¢) > 0. Fork # 1 the claim follows directly from (3.8), differentiating
under the integral. To prove it for k = 1, we use the same argument for

an Fi,z2, - 30 Ki(niy z0) dmy A dify.

On the other hand,
1 0y Fi(n,z2,..., _
_/ n ](771 22 23n) dn A dijy
27i Jp, m—zi
- 1 80 Fi(1,22, .., 230) — 02, Fi(z B}
—_Zlale (Z)+—/ n ,1(771 n) Z1 j( )drll A diiy
2mi ' n —2z1

for z; € Dy, which follows from (3.9) applied to f(z1) = z;. Differentiating the last equal-
ity and using (3.8) we get the estimate. Moreover, if |«| > 1, then (3.8) and (3.10) imply

|92 82, 3¢ ,1|u2 <CL"Lﬁerexp(—Z(,o—1)(2L1u,) Ve=Dyip). (3.11)
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We define Fj,,(z), 2 < m < n, by recurrence and we prove that it satisfies (3.10) in
u}%m = ui,n_l N{|Imzy| < uj}fora = (0,...,0,nt1,--.,a3,). Moreover, Fj »(z)
satisfies (3.11) for || > 1.

Forn < m < 3n we define

1 Fim-1(Z1, ..., Zme1, Mm,» 2 ey 230)
j.m ’ s Xm—1sNlm> <m+1, » X3n 2
Fj,m(z) = N dnm, zE€ Uj,
2mi 3Dy Mm — Zm
2 . 2
and set Z/lj)m = Uj’m_l N{Imzy| < pm}, where p, = vj forn +1 < m < 2n and

pm = wj for 2n +1 < m < 3n. By recurrence with respect to m, we obtain (3.10) for
Fjm inL{im foranyn <m <3n,0 = (0,...,0, @1, ..., 23,), 0 <0y < 1(a=0if
m = 3n), for any index k and B, y such that 0 < 8 + y < 1. Moreover, F; ,,(z) satisfies
(3.11) for |@¢| > 1 and m < 3n. For 2n < m < 3n the constant C should be replaced by
C'(14+R)™ 2" where C' = C’(p, n, ¢). The factor 1 + R comes from the measure of D,,,,
2n <m < 3n.

Set P; = Fj3,. By construction P; is real analytic in I{; and for any index k and
£ =0,1, we have

|05, (Pj — Fply, < C LiLiexp(—3(p — D@L )~ /=Dy  P].

In particular,
|Pj+1 = Pilu;y = |Pjy1 = Fjpal + [ Pj = Fjl + |Fjy1 — Fj
< CLY exp(=3(p — D@Lup)~ /=Dy P|.

Moreover, for any index k and £ =0, 1,

185 (Pj(x) — P(x))| < CL}LS exp(=3(p — 1)(2L1u;)~ /P~ P
inU; N {Imz = 0}, since F;(x) = P(x) for x real. Finally,

|Poluy < [Fol + |Po — Fol < C(1 + LY exp(—3(p — D(Q2L1ug) "/ *~ Dy P|.

This completes the proof of the proposition. O

3.2. The KAM step. Introduce the complex domains

Ds,={0eC"2rnZ" : Im6O| < s} x {{ € C" : |I| <r},
Op={weC":|w—Ql <h}.

The sup-norm of functions in V := Dy, x Op will be denoted by | - |5 5. Fix
0 < v < 1/6and set U = 1/2 — 3v (later we shall choose v = 1/54 and U = 4/9).
Fix0<s,r<1,0<n<1/8, 0 <o < s/5 and K > 1. Consider the real-valued
Hamiltonian H(0, I; ) = N(I; w) + H (0, I; w), N(I; w) = e(w) + {w, I). We shall
denote by ‘Const.” a positive constant depending only on n and 7, and denote this constant
by ‘const.’ if it is less than or equal to 1. We recall the following from Poschel [13].
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PROPOSITION 3.2. Let H be real analytic in V. Suppose that |H — Nl ,pn < & with:
(a) & <const.knro™tl;

(b) & < const. vhr;

() h<«k/2KT.

Then there exists a real-analytic transformation
F = (P, ¢), &: Ds—SU,nr x Op — Ds,r X Op, ¢ : Oz —> Oy,

of the form ® (0, I, w) = (UB; w), V(O, I; w)), with V affine linear with respect to I,
where the transformation ® (-; w) is canonical for each w, and such that HoF = N+ P4
with Ny (I; w) = e (w) + (w, I), and

2
&
' ls—5o.ron < Const. | ——— + (n*> + K"e *)e ] :
|Py] . C (0% + K"e Ko (3.12)
I krottl

Moreover,

IW(® —id)|, [W(Dd —Id)W~!| < Const, ——,
krottl

|6 —id|, vh|D¢ — Id| < Const. &,
;

uniformly on Ds_s¢ 5 X Oy and Ogy, respectively, where W = diag(a‘1 Id, r~11d).

Remark 3.3. Set W = diag(c~'1d,r~'Id, h~'1d) and suppose that 1 < ko7l
Since 1 — U > 1/3, using the Cauchy estimate with respect to w, we obtain

_ _ . C
|W(F —id)|, [W(DF — Id)W 1|§—;, C=C@mn,1)>0,
r

uniformly on Ds_54 , X Ogp, where DF stands for the Jacobian of F.

The proof of Proposition 3.2 is given in [13]. The only difference between the statement
of Proposition 1.3 and that of the KAM step in [13] appears in the transformation of the
frequencies (U = 1/4 in [13]). To prove the proposition with U as above we use the
following analog of [13, Lemma A.3].

LEMMA 3.4. Suppose f : O, — C" is real analytic with bounded | f|,. Let0 < v < 1/6
and U = 1/2 — 3v. If |f —id|, < vh, then f has a real-analytic inverse ¢ : Oy —
O2(v+v)n and
|¢ —id|gn, 3vh|D¢ —idlgn < |f —idls.
A sketch of proof of the Lemma is given in Appendix A. We are going to prepare the
next iteration. We choose a ‘weighted error’ 0 < E < 1, fix 0 <& < 1, and set

n=E"Y? e=%kErc™"', 0<E <1/64.

We define K and & by
K

n —Ko __ _
K" e =FE, = Sge

Setting x = Ko we get the equation x"e™ = E¢”, which has a unique solution with
respect to x € [1, +00), since 0 < E < 1/64 < 1/e. Then K = xo~! > 1. We set

ry =nr, sy =s5—50, o4 =40,
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where 0 < § < 1. Later we shall choose § = §(p) as a function of p only. Now the KAM
step gives the estimate

|Pyls, r,.5n < Const. Bcro™ TN E? + (> + K"e X9)E)

™+ E2 = Const. B(p)_f_l’s\/cr+6i+lE3/2.

= Const. €kro
Hence there is a constant ¢; > 1 depending only on n, p, and t such that

~ 1~ 1/2 +113/2
| Pylsy ryon < 5€C ICV.|.()’JTr E3/2,

We fix the weighted error for the iteration by £+ = ¢
then define 4, x, K., and h as above. Note that ¢c; E; = (c1 E)3/%. We also require
c1E < 1, which leads to an exponentially converging scheme. Suppose that

1/2 —~
1/ E3? sete, = £Kr+(7fr+1E+, and

hy < Oh. (3.13)

Then we obtain
|Pilsy oy < 36+ (3.14)

3.3. Setting the parameters and iteration. As in [13] we are going to iterate the KAM
step infinitely many times choosing appropriately the parameters 0 < s, r, o, h, n < 1 and
so on. Our goal is to get a convergent scheme in the Gevrey spaces G#?T+D+1 We are
going to define suitable strictly decreasing sequences of positive numbers {s; }?‘;0, {rj }?‘3:0
and {h j}?‘;o, tending to zero, and denote

Dj = Ds;rj»  Oj=O0n;, Vj=Djx0;.
Fix § € (0, 1) (§ will depend only on p) and set
s = soéj, oj = croéj, so(l1 — &) = S0y.
Obviously, sj+1 =s; —50j and o = 5_1(1 —8)sj for j > 0. We set
uj =4s; = 45087, vj = 4ro8, wj = 4hod?,

We assume for the moment that these sequences verify (3.1) and denote by Z/l} the
corresponding complex sets defined by (3.2). Set

Uj:={06.1.w) el : |I| <r}.

Then applying Proposition 3.1 to P? and P!, we obtain functions P]Q and le which are
real analytic in L{} such that P;(I; w) = (P?(I; w)l, 1) + le (¢, I; w) satisfy

|Polys, < CoL2" T (P),

5 /(=1
2n+1 —Bps;
|Pj = Pj—tlu; < CoLy"* ' (P)re” "%

_BOU]_—I/w—n

= CoL¥" ™ (P),e i1 (3.15)
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We recall that the norm (P), = ;’2||P0||1‘2,L2 + ||P1||L],1‘2,L2 is taken in T x B, x Q
and the positive constants By and By depend only on p and §. In view of (2.3) for any
0 < a <1 we have

Ti=(P), LY " 2(ar) ™ < (), LY (er) < 1. (3.16)

Introduce

g :?5/cr()<70H'l exp(—Boojfl/(pfl)).
Later we will choose N = N(n,t,p) and0 <a <1,a =a(n, p,1,¢, ﬁ) independent of
k, Ly, Ly, and r, so that | Pyly4, < g and |Pj — Pj—llZ,{/- <€, for j > 1. Now we put

Ry B
Ej = ey exp(=Boy /“7V) with B = 267070 ),

where ¢; > 1 is the constant in the KAM step. We find § € (0, 1) from the equalities
forall j eN, Ej;1= cll/zE?/z.

This is equivalent to 011 = (2/3)/)’10]-, and we get § = (%)p’l, which implies

B = Bo/4 = AgL;~ /=D where Ag = Ao(p) > 0 depends only on p. Now we

setn; = Ejl./z, rj+1 = 1,7}, and put

= Frriott!
gj =¢ekrjo; " E

i
The choice of the ‘weighted error’ E; above is motivated by the inequality £; < €;41/2,
J = 0, which will be proved in (3.21). This inequality will allow us to put P; — P;_i
in the error term of the iteration of order j. Next we determine K; from the equation
K?E_Kjaj = E;. Setting x; = Ko, we obtain

x - —1/(p—1
xje” =Ejo} =c| 10;’ exp(—Bo; /o=y,
Consider the equation
xj—nlnszBoj_l/(p_l)—nln(crj)—i—lncl. (3.17)
We set
oo =0Li'(n(L1+e) ¥V, 0<o<Fmnp <1 (3.18)

Obviously, ogL| <o <o (n, p) K 1, and for any j € N we obtain
Bo; """V —nin(op) +1ner = Bog TV = Ag(Liog) V7D > Age V7D 51,

Hence, choosing 0 < o < &(n, p) < 1, we obtain for each j € N a unique solution
xj = xj(0) of (3.17) such that
%5 2 x5 —nin; = Boy V07D = 400D 5 1,
Thenx; —nlnx; = x;(1+o0(1)) as o \( 0. On the other hand, again using (3.18), we get
xj—nnx; < Bo; /701 —nAg (Lo "V in(L1oy)
+nAy (L10)" "D (n Ly + In(c1))]
= B(fjfl/(pfl)(l +o(1)),
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uniformly with respect to j € N. Hence,

Bo D < x; < Bo7 VO V(1 +0(1)., o N0, (3.19)

uniformly with respectto j € N. We set h; = /{2_11(]7{_l and fix v = 1/54.

We are going to check the hypothesis (a) and (b) in Proposition 3.2 for any j > 0 ((c)
is fulfilled by definition). To prove (a) we use (3.16) and the fact that 175 =Ej =o0()as
o \{ 0. Using (3.18) and (3.19) we obtain

Ej — — — —
J — ﬁEijtJF] < chfl exp(_Bo,j L/(p U)(BO'} L/(p 1))T+1 (1 + 0(1))
Finj '

A A 1 /(p—
<c(p, T)exp <—70(L10j)_1/('0_1)) <c(p,T)exp <—70(08-’) e D) .

This implies that ¢ (rjhj)_1 < const. v for0 < o < o(n, p, 7) K 1 which proves (b).
In the same way, we obtain

> Cej . Ce;
I1 (1 + —h’) <exp (Z hJ;) <2 (3.20)

=0 rinj =0’

for0 <o <o, p,7) € 1, where C = C(n, t) > 0 is the constant in Remark 3.3.
We are going to check (3.13) with v = 1/54. Using (3.19) we obtain x;/x;4y1 =
(0j+1/0)Y®=D(1 + o(1)). This implies

. . +1 ) +1 (r+1)
hj+i :( Xj )r <cr,+1 >f — 5THDR/ =D (] 1 o(1)) = (z)pr o)

hj Xj+1 oj 3

for o N\ 0, uniformly with respectto j € N. Since p > 1 and 7 + 1 > n > 2, we obtain

hj+1 4\* 4

—— <[=) <=-=7,

hj 9 9
forany 0 < 0 < (n, p, t) < 1, which proves (3.13).
Using the special choice of Ej, we are going to prove by induction that
forall j e N, & < lejpi. (3.21)
To obtain the estimate for j = 0 we write £| = ’§Krlaf+1E1 = :S‘\KVOO’()T+1(ST+IC}/2ES, and
we obtain
Zo/er = ¢y P3O exp(—2Bay V) <12

for0 <o <o(n, p,7) K 1, since By = 4B. To prove it for j + 1 > 1 we write

}’+18r+lcl/2E2

€j+2 = EKTj420; Ej= EKTj 110, | Ej =¢€j1c) TEj418 T

Then for j > 0 we obtain

~ ~ —1 +1 —1
€j+1 ( €j ) =12 (é)(r v )exp (—130.‘”('“‘”) <1
Ej+2 \&j+1 : 2 2 -

for0 < o < o(n, p,t) <K 1 which implies (3.21) by recurrence. From now on we
fix 0 = o(n, p,7) K 1, so that all the estimates above hold, and define oy by (3.18).
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Then we set so = Soo(1 — 8)~!. We are going to prove that the sequences uj = 45087,
vj = 4r9d/, and wj = 4hos/ verify (3.1) choosing ro = cr and ¢ = c(n, p, 7,¢) < 1.
We have 4soL; < 1 in view of (3.18). Moreover, hy < KUOT‘H
we obtain w;jLy < u;Li, and w; < L;Pg. Finally, ro = cr < cL;Pg < L;lfg, and
roLy < chg < soL1, choosing appropriately ¢ = c¢(n, p, 7, ¢) < 1.

It remains to show that

1=
<kso <L, gso, and

[Poluy <%0, |Pj— Pj—tly; <€j, j=1, (3.22)
fora « 1. In view of (3.15) we have

~ ro_
[Polyy, < Co(P)rL%nH — 8"’0C0r—L1 N+3n+3
0

On the other hand, using (3.18) we get

od T Eo = ¢ ol T exp(—Ao(L1og) /P D)
=C'(n, p, 1)L (In(Ly + ) PV (L) 4 o)™
>Cn, p, 1)L T2,

where M = Ag(p)o (n, p, 7)~"/»~D_ Now we fix N =M + 1 +3n +5 and chose
170 -1
a=Cn,p,1)C) —=C,p,1)c(n, p,7,5)Cy .
r

Then | Polyy, < 20. Recall that Co = Co(n, p) comes from the Approximation Lemma
and the extension in the beginning of §3; hence, a = a(n, 7, p, ¢, ﬁ) is independent of
k, L1, Ly, and of r. Using (3.15), for each j > 1 we obtain

|Pj — Pj_1lu; <Zoexp(—Boo;~/¥7V) <%

We are ready to make the iterations. We consider the Hamiltonian H;(¢, I; w) =
No(I; w) + Pj(¢, I; w) which is real analytic in {{;, where No(/; ) := {(w, I). For any
J € N, we denote by D; the class of real-analytic diffeomorphisms F; : Dj11 x Oj41 —
D; x Oj of the form

FiO.I;0) = (0, I; 0), ; (@), D;0,1;0) = Uj@; w), Vi@, I; w), (3.23)

where @ ; (0, I; w) is affine linear with respect to /, and the transformation ®; (-, -; ®) is
canonical for any fixed w. To simplify the notation we denote the sup-normin D; x O; by
| -1; instead Of | - |5;,r;,n;. Obviously, Dj x O; C Uj.

PROPOSITION 3.5. Suppose Pj, j > 0, is real analytic on U; with
[Poleiy <80, |Pj— Pj—itly; <%, Jj=1.

Then for each j > 0 there exists a real-analytic normal form N;(I; w) = ej(w) + {w, I)
and a real-analytic transformation F/, where F° = 1d and

.7'-j+1=.7'—()o---o.7:j:Dj+1XOJ'_H—)(D()XO())HZ/[', j =0,
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with Fj € Dj such that H; o Fitl = Njt1+ Rjt1 and |Rjt1lj+1 < €j4+1. Moreover,

— . — — 1 Cej
\Wi(Fj —id)|j1. [W;(DF; —IOW; |1 < # (3.24)
J"
_ . . CEj
[Wo(FIH — Fiy| i < j (3.25)
J"

where C = C(n, p) > 0 is the constant in Remark 3.3, ¢ = c¢(n, p) > 0, DF/ stands for
the Jacobian of F/ with respect to (8, I, ), and W j = diag(o;~' 1d, r; 7' 1d, h; 7' 1d).

Proof. The proof is similar to that of the Iterative Lemma from [13]. First, applying the
KAM step we find Fl = Fy such that Hy o Fy = N1 + Ry, where R is real analytic in
D; x Op and |R|1 < e1. By recurrence we define, for any j > 1, the transformation
Fitl = Fio F 7, where F; belongs to D;. By the inductive assumption we have
Hj_jo Fi = N; + Rj, where Nj(I; w) = ej(w) + {w, I) is a real-analytic normal
form, R; is real analytic in D; x Oj, and [R;|; < &;. Then we write
H; o Flitl = (No + Pj_1) o Fit! +(Pj — Pj_1) o Fitl

= [Hj—1 0 F/loFj+ (Pj — Pj_1) o FiT!

=(Nj+Rj))oF;j+ (Pj—Pj_1) o FiHL,
We apply Proposition 3.2 to the Hamiltonian N; 4+ R; which is real analytic in D; x O;.
In this way, using (3.14), we find a real-analytic map F; : Djy1 x Oj11 — Dj x O;
which belongs to the class D; and such that (N + Rj) o Fj = Nj41 + Rj11,1, where

1~ t+1 1/2053/2 1
IRj+11lj+1 = g8kTj4105 01 ¢) "E}" = 2841

Moreover, F; satisfies (3.24) in view of Remark 3.3 and as in [13] we obtain (3.25). We are
going to show that
FIT i Dig x 0541 — U,. (3.26)

This inequality combined with (3.21) and (3.22) implies
I(Pj — Pj—1) o FItY 41 < |Pj — Pi_tly; <€ < Tejtt,

and we obtain H; o F/™! = Nji| + Rj41, where |Rj41]j4+1 < &j41.
To prove (3.26) we note that

— —
[WiW | = sup{sii1/sk, rk+1/7ks i1/ b} = Skv1/sk = 6,

since rgi1/re = E,:/2 & 8,and hyq1/ hi ~ s@+De(=D"" _ 5 for any k € N. Then, using
(3.20) and (3.24), we estimate the Jacobian of F/*! in Dji1 x Oj4 as follows (see [13]):

— i1 =—1 — ——1
(WoDF/H'W |41 = [WoD(Foo -0 FPW, | j41
= ——1 — =1 = ——1
< [[UWkDFEW, ia W Wy DIW; DF; W

k=0
00 .
<] <1 ) ) <26/,
=0 Finj
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Setz= (0,1, w) =x+iy € Djy1 x Ojy1, where x and y are the real and the imaginary
parts, respectively, of z. Then

i . ; —1 —

Fitl(x +iy) = FIH ) + Wy T (x, )Wy,
1

Tjti1(x,y) = i/O WoDF/H! (x +ity)W;1 dt.

Moreover, |Tj11(x, y)| < 28/ and using the fact that [W;y| < |[W j11y| < +/3 we get
ITjs1(x, )Wyl <48/, x+iye Djt1 x Ojy1.

This implies F/+!1(x 4+ iy) € U;, since Fi+1(x) is real, and we complete the proof of
Proposition 3.5. a

We are going to prove suitable Gevrey estimates for F/. We set
D;={0.1) e Dj: Imb] <s;/2}, O;=f{weC":|w—Q]<h;/2},

and we denote S/ = F/*! — FJ . For any multi-indices « and 8 and m € N with || < m,
we denote

RIOF05SH 0.1, &) == 050587 (0. 1.0) — > (o — )’ 0§07 ST (0. 1 w)/y!.
|B+yI<m
Recall that p’ = p(t + 1) + 1.
LEMMA 3.6. Under the assumptions of Proposition 3.5 we have
(Wodg o587 (0,0, w)| < BACIHAI LA 1Bl g1’ g 1/2,
(6,0,w) € Dj41 x Oj41,
|WORg’ (agagsj (9’ 0’ a)/))l < ’gAcm-HOCH-lLlla‘+(’"+l)(f+l)+lx—m—l

|w — w/|m*\ﬂ\+1

-9
(m — 181+ D!

0eT" w, o €,

p o l/2
al®(m +1)! E/”,

foranym € N, a, B € N*, |8] < m, where the constants A and C depend only on t, p, n,
and g.

Proof. Using (3.25) and the Cauchy estimate, we evaluate 9 8£Sj 6,0, w) forany j > 0
and @ + 8| > 1in Dj41 x Oj41. We have

. 2le+Bly181e 2letPlgIBIE 0T
Mjap(0.0,0) = |Wod29857 (6,0, w)| < CTﬁwj - c;csij]
r.ihjsj+lhj+1 hjsj+1hj+l

Recall that s; = 5(1 — 8) " loj = 5(1 — 5)*‘Ag*‘L;l(Baj‘”(‘"“)*(ﬂ*“, and

. f —t—1 _ f T+l —7-1
hj = > K; =30 %
Then by (3.19) we get
_ N —1/(p—1
hjil <k ICoLf“(BUj /(p ))p(r+1)’
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where Cy depends only on t and p. This implies

Mj,a,ﬂ < ’é\Al C‘la—‘rﬁ‘Llla‘+|ﬁ|(r+l)+ll(‘7‘ﬂ‘ol!ﬁ!
x (Baj_l/(/’_l))(pfl)(\Ollff)+,0(r+l)(|f3|+1) CXp(—BO'j_l/(p_l)),

where A and C; depend only on t and p. Then we obtain
Mj,a,ﬂ < gAC\a+ﬂ\L|1a\+|/3|(T+1)+1K7\ﬂ\a!p,3!p(t+l)+1 E;/Z’ (327)

where A and C depend only on 7 and p.

We are going to prove the second estimate for w, ® € €. First, we suppose that
|o" — | < hj;1/8. Expanding the function  — 3987(6,0,w), @ € T, which is
analytic in O in Taylor series with respect to w at ', and using as above the Cauchy
estimate for M; 4 ,,, we evaluate

L”, 5 = |Wo(RUO§05S)(0,0:0)], 0 €T, w0 €Q,.

For |B] < m + 1 we have
B+ ) 52“34.),\,3!52“34_” (m+1)! '
y! (m— B+ D!
Then as above we obtain
Lis=< Y 10 —ol"Mjep4y0.0,0)/y!

7
ly|1=m—|Bl+1
Iw/ _w|mf|ﬁ|+1 4\a|+m+18j

(m =181+ DY s ]

-1 —m—
XY @l — ol
[B+y|=m+1

<ca!m+1)!

and we get
|w/ _ w|m—\ﬂ\+l 4|a\+m+18j

— ! lal 2 m+1
n = 1Bl+ DY rjnys 2 noh

Lm

" < 2eal(m + 1)

5?AC‘“H'"HLllaH(mH)(tH)“K*m’l
o — a)|m—\ﬁ\+l

=z 7
(m — 18]+ D!

where A and C depend only on 7, p, and n. For | — w| > hj+1/8 we obtain the same
inequality by estimating L’}fa, p term by term as in (3.27). This proves the lemma. O

10 1p(t+D)+1 1172
al”(m + 1)! E;"",

According to Proposition 3.5 and Lemma 3.6, the limit

WHP O, w) == jl_i)rr;o AILLFI(6,0,0) — (0,0, w)], (B, w) € T" x L,

exists for each ¢, 8 € N and it is uniform since ) E]]./ 2 < 00. Moreover, the partial

derivatives of 9§ (HP) = g HP exist and they are continuous on T” x €2,. Consider the
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jet H = (83‘7‘(’3), a, B € N”, of continuous functions 85‘7—[/3 T x Qe — T" x D x Q,
and set

(REGH)p0. o) = 0§ HP (0. 0)) = Y (& — ) OfHITY (0, 0) /7.
|B+yI=m

In view of Lemma 3.6, we have

(WodgHP (0, w)| < EAL1(CLD)!I(CLT /ic) Platr g1’

Wo(RM38H) 46, )| < FALy(CL)™ (LT peyrrt 0 =P
(m — 1B+ D!
(3.28)

for each «, and 8 satisfying 0 < |B| < m,and 0 € T", w, ' € Q,, where A and C depend
only on 7, p, o, and n. We are going to extend 7 to a Gevrey function on T" x Q.

3.4. Whitney extension in Gevrey classes. Let K be a compact set in R” and p > 1,
p > 1. We consider a jet (f#), B € N", of functions f# : T" x K — R, such that for
each o € N” the partial derivative 8(‘3‘ f B exists, it is continuous on T” x K, and there are
positive constants A, Cp, and C, such that

185 £2(6, )| < AC 'Yt 1,

m=1Bl+1 (3.29)

m [0 = & m + 1)1

mao ! ler| N —
|(Ryy 35 f)p(0, @) < ACy C m— 18]+ 1)!

foreacha, B e N",0 € T",and w, 0’ € K.

THEOREM 3.7. There exist positive constants Ag = Ag(n, p, p') and Coy = Co(n, p, p'),
and for any compact set K and any jet f = (f?), B € N", satisfying (3.29) there exists
fe GPP'(T" x R™) such that agaﬁf = 8gfﬁ on'T" x K for each «, B8, and

1902 F(6, w)| < ApA max(Cy, 1)(CoC) ¥ (CoC)Plat? B1?, (6, w) € T" x R".

Remark. We point out that the positive constants Ag = Ao, p,p’) and Cy =
Co(n, p, p’) are independent of the jet f, the compact set K, and of the constants A, Cj,
and C,.

Proof. Consider the Fourier coefficients

=0 [ et pgmde. ke
T'l

and denote by A the set of all Whitney jets g; = (gf), B € N", where g,f = e ff and

k| = |k1]| + - - - + |kn|. Choosing r = C()Cl_l/p with 0 < ¢o = ¢o(n, p) < 1, we are going

to show that (gf ) € A satisfy

Igf(w)l < AzC'Z’s'ﬁ!'“, weKkK

lw — o | 1BIH] (3.30)

|(R$gk)ﬂ(w/)| = A2C£n+lm(m + 1)!p/, w, o €K
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where Ay = 2Amax(Cy,1). We decompose j = pf; +¢qj, j,£; € N,0 < g; < p.
For any k = (k,...,k,) € Z" we have |k| < nmaXi<i<, |ki| = nlkp| for some p.
Then integrating by parts and using (3.29), we estimate

Jkli/P J , , . /
ri k| 1 (@) < A%ne-/HCf’HClzﬁl(Ej—i—1)!”,3!" <27 Amax(C;, HCPp1,

Jj!

choosing r = conl/p with 0 < ¢co = co(n, p) K 1. This proves the first part of
(3.30). To prove the second part, we notice that (R} fi)s (") is just the Fourier coefficient
of (R f)p(0, ') corresponding to k. Now we use a variant of the Whitney extension
theorem due to Bruna (see [1, Theorem 3.1]).

THEOREM 3.8. There exist positive constants Ay = Ao(n, p') and Cy = Co(n, p') and
for any compact set K and a jet g = (gP), B € N", satisfying (3.30) on K with some As,
Cy > 0, there exists § € GP (R") such that aﬁg = gP on K for any B, and

1083 ()| < AgA2(CoC)PIBY,  w e R".

Proof. The proof of Theorem 3.8 is given in [1]. Here, for the sake of completeness, we
only recall the main lines in the proof, verifying that the positive constants Ag = Ag(n, p’)
and Cy = Cy(n, p") do not depend on the compact set K on the jet g or on the constants
A and C5.

Step 1. Setting

P =a7'c; PP (i lw), wek = {Cho:weK),
we obtain | £ (w)| < B!* and

| _w/|n17|ﬁ|+1

[CE IR

(RY Pp(@) = A7 PRI, @)p(Cy ') <
2
for w, v’ € K. As usual, we denote M} = k!/’/, k € N. Recall from Bruna [1] that the jet
h = (h’B)ﬂENn belongs to the Whitney space Cj; (K) if it satisfies

P () < Ae®' Mg, BeN', wek
| — M~ 1BIHL ~ (33D
R"h N < A"t T M., e N, <m, w,0' €K
[(Ryh)p(@)] < = 1B+ D1 M1 B Bl=m, o, ©
for some A > 0 and € > 0. Hence, f € ij(l? ) and it satisfies the estimates above with
A = e = 1. In particular, for any @ € K the sequence (f#(w)) peNn belongs to

B :={(ag)gen: : ag € C, lag| < Mg},

which is a bounded set in the space c"M of all sequences (ag) BeNt, ag € C, such that
lag| < AePlym 18| for some positive constants A and €. On the other hand, ¢/}, and D{; (R")
(the space of C* functions i with compact supports satisfying for any 8 € N" and w € R”
the inequality [08h(w)| < Ae“f”M‘ gl» where A and e are positive constants) are Silva
spaces, that is, inductive limits of Banach spaces such that the canonical mappings are
compact [8]. Now we use the following argument of Bruna [1].
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LEMMA 3.9. Suppose that E and F are Silva spaces andu : E — F is a linear mapping,
continuous and onto. Then, for every bounded set B in F, there exists a bounded set A in
E such thatu(A) = B.

We apply the lemma for the bounded set B above and the mapping u : D§; (R") — ¢,
defined by u(h)g = 3Ph(0), B € N". Tt is proved in [1, §2], that the map u is onto as
far as the sequence M = (M) satisfies the so-called strong non-quasi-analytic condition,
a particular case of which is My = k! ?" with o’ > 1. In this way we find a bounded set
C C D§;(R"), such that u(C) = B. According to [8], there exist Ry > 0, A > 0, and
€ > 0 such that the support of any ¢ € C is contained in the ball Bg, C R" and

0Py ()| < AP Mg, B eN', weR"

In this way we assigntoany n € N, n > 1, and p’ > 1 positive constants Ry = Ro(n, p’),
A = A(n,p’), and € = €(n, p’) such that for any y» € C the estimates above hold
and suppyy C Bg,. In particular, for each » € K there exists 8» € C such that
supp g» C Br,, 88 g,(0) = fP(w) for any B € N”, and it satisfies the above estimates.
We set f,(2) = gw(z —w), ® € K,z € R". Then we have

3 f(@) = fPw), wek, peN,

~ (3.32)
10f fo(2)| < AP Mg, zeR", we K, BeN".

Step 2. Consider the function / defined for x > 0 by

k! 1 1,

We recall that 2(x) > 1 is a decreasing function, h(x) = 1 for x > 1, and by Stirling’s
formula A (x) ~ (m)l_p/ﬁexp((p’ - 1)x_1/('0/_1)) as x — 0. It is easy to see that,
for any ¢ € N, there exist positive constants C = C(g, p) and ¢ = c(g, p) such that
h(x)? < Ch(cx),x > 0.

Asin [1, §3], we obtain

lPIMg
h(e(lz — o + |z — ')’

:eR", w, o €K, B eN",
(3.33)
where A = A(n, p') > 0 and € = €(n, p’) > 0 are independent of the compact set K and
of the jet f.
Step 3. We recall the following two lemmas from Bruna [1, §3].

108 (fuo(2) — fr (@) < A

LEMMA 3.10. There exists a collection of closed cubes with sides parallel to the axes,

01, 02, .. .Lsuch that:

@ R\K={J;0:

(b) the interiors of Q; are disjoint;

(¢) ifé; = diam(Q;) and d; denotes the distance from Q; to I?, then §; < d; < 46;;

d if0 < 1 < 1/4, and Q;k denotes the cube which has the same center as Q;,
expanded by the factor 1 + X, then there is a constant ¢ = c(n, A) > 1 such that
18 <d(z, K) < c8; forz € 0%

(e) if D = (12)*, then each Q7 intersects at most D cubes Q’;
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(f)  there is a constant ¢ = c(n, ) > 1 such that c_léj <8 <cs;if QN ij #+ 0.
We fix A = 1/8.

LEMMA 3.11. Foreach n > O there exists a family of functions ¢; € D57 (R") such that:

(@ ¢i=0;

(b) supp¢i C Q7

© Y, =1 zeR"\K;
(d) there exist positive constants B = B(n, p') and C = C(n, p') such that

10891 (2)| < Ch(Byd(z, K)n'P My, z € OF.
Now for each i we choose w; € K such that d(wi, Q;) = d(I?, Q;) and define

[P ifze K.
FO=\Y g fun () ifz ¢ K.

Step 4. For any w € K fixed, we compare, as in [1], f(z) with f,(z) for z ¢ K.
We have

W f@) -l fu) = (’3) D 07910V { fu (2) — fu(D)-

y=B i

Evaluating the terms for which y = 0 and using (3.33) we get

Al

— P ;eR", weKk, BeN,
h(elz — w|) p

‘Z@(Z)Bﬁ{fwi (2) — fw(z)}‘ <A

where A = A(n, p) > 0 and € = €(n, p) > 0 are independent of the compact set K and
of the jet f. On the other hand, for y # 0, we have ), 37 ¢;(z) = 0 on R" \ K, and we
can write

D07 $i (@0 { fu (D) — @) =D 0741207V {fu (2) = fur @M=z,
where 7 € K is such that |z —z| =d(z, E). Then (3.33) and Lemma 3.11(d) imply

‘ Y 076107 fuy (D) — fo@}] < AP Mg h(ed (2, K)) T h(Bd (2, K)).

As was mentioned in Step 3, there exist constants ¢ = c(p’) > 0 and Cp = Cp(p') > 0
such that 2(cx) ™ h(x) < Coh(x)~! for x € (0, +00), and choosing = n(n, p’) = €/cB
we get, as in [1],

‘Za%(z)aﬁ—y{fwi @) = fo@)| < APV IMgh @z — 07!, €= E

The last two inequalities yield

> (f ) D 074120 { fu (2) — fu(2)

Y=B i

<A+ MphElz — o)™
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forany z € R", w € I? and 8 € N". Arguing as in [1], we obtain that f € Dﬁ(R”),
3P f = fP on K and that

107 F(2)| < AeP Mgy, z e R,

where A = A(n, p') and € = €(n, p’) are positive constants. Scaling back by C» we obtain
the desired estimates with constants Ay = Ag(n, p’) > 0 and Cy = Co(n, p’) > 0. a

Applying Theorem 3.8 to the family of jets .A, we obtain a family of functions g € G*'

such that 8£§k = g,’f on K for each 8, and

10831 ()| < AgA max(Cy, 1)(CoCo)\PIB1Y" forallw e R”, k € Z', B € N™.

Now it is easy to see that the function

fO.0) =3 “HT g w)

keZ

. . . _ L/
satisfies the requirements of Theorem 3.7, since ZkeZ” P <C(n, p)C{l. O

3.5. Proof of Theorem 2.1. Using (3.28) and Theorem 3.7 we extend the jet H to a
Gevrey function H = (H1, Ha, H3) : T" x R* — T" x R" x R". We have

[WodgdEH©O, w)| < BAL'(CL)I(CLTH! /i) Platp g1 +D+1

where € = (P)rLllv_"_z(alcr)_l, and A = A(n, t,p) and C = C(n, 1, p) are positive
constants (independent of Ly, L2, «,r, and Q C By). Weset F = (®, ¢), = (U, V),
where U (0, w) = H1(0, w)+6, V (0, w) = H2(8, w), and ¢ (w) = H3z(w)+ w. Recall that
ro = cr,wherec = c(n, 7, p, ¢) > Ois fixed in §3.3. On the other hand, ig < KUOTH < K,

and we obtain

1098 (U (0; ) — 0)| +r 19585V (6; )| + k7188 (¢ (0) — )|

N
Byuiay (L)L i) Plare g1’
Kr

for some positive constants A and C as above. Choosing ¢ < 1/A in (2.3) we obtain
[V, w)| < A(P)rL{VK’1 < Aer < r < R. In the same way, we get ¢(w) € Q for
w € . This proves the estimates in Theorem 2.1. As in [13, §5.d], we obtain that
|XH/. o Fl —D®/ . Xy| < cej/rihj on T" x {0} x €, for all j > 0, where XH/. and
X, stand for the Hamiltonian vector fields of H; (0, I; w) and N, = (w, I), respectively.
On the other hand, V H; converges uniformly to VH as j — oo in view of Proposition 3.1,
hence

XH(;p@) o P=DP- Xy,

on T" x {0} x Q. Then {®(@;w) : 6 € T"} is an embedded invariant torus of the
Hamiltonian H (0, I; ¢ (w)) with frequency @ € €. It is Lagrangian by construction
(see also [4, §1.3.2]). This completes the proof of Theorem 2.1. O
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3.6. Real-analytic Hamiltonians. Consider a real-analytic Hamiltonian
PeG} 1, 1,(T" x Bg x Q)
with norm
1Pl 1, = sup(1858F 92 PO, I; )| LT L P17 @1ty ) 1) < oo

Then P can be extended as an analytic Hamiltonian in Dy , x Oy, where s = L)) !and
r =h = (2L, and with sup-norm satistying || Pll2z, 22, < IIPlls..n < ClIPILy. Ly
where C = C(n) > 0. Fix T’ > t > n — 1. We can slightly improve Theorem 3.1 [14].
Given s > 0 we denote by U the set of all & € C" /27w Z" such that |Im6| < s.

THEOREM 3.12. Suppose that H is given by (2.2) where P € gil Lz,Lz(Tn X Bgp X Q).

Fixx > 0andr > 0 such that k,r < L;l and r < R. Then there exist 0 < so < s and
€ > 0 both independent of k, Lo, r, R, and of 2 C o, such that if

|P|| <ekr

in gil)Lz)Lz (T" x B, x ), then there exist maps

peG R, Q), D= (U,V)eG" AUy x Q, Uy, X Br),

satisfying Theorem 2.1(i), with p = 1. Moreover, there exist A, C > 0, independent of «,
Lo, r, and 2, such that

/ P
108U 0; w) —0)| +r 71198V (6; 0)| + k718 (¢ (w) — w)| < ACPLcIPlg1 “”K—r”

uniformly in (0, w) € Usyy2 x Q and for any B € N".

Proof. Fix p = (t/ — 1)(t + 1)~! + 1 and set as above oj = 0087, and Sjy1 =s8j — 50,
Jj = 0, where so(1 — 8) = 2000 (then s; — 3s0/4) and 59 < s = @eL)~L.

As above we define E; = cl_lexp(—(rjfl/(pfl)) and set £; = ’s\xrjaijEj, where
€T = ||P||S,r,h(a/<r)’1. Choose r9 = r and hg = h and define r;, x;, K;, and h;

as above. We consider H = (w,I) + P in D; x O;. We fix o9 = oo(n, p,7,5) <
s(1 —38)/20, so that Proposition 3.1 (a)—(c) and (3.13) hold for any j > 0. Next we choose
a=am,p,t,L1) < cflcroft*1 exp(—cro_l p_l)). Then |Plo < &9, and we can apply

Proposition 3.5. Moreover, as in Lemma 3.6 we obtain with o’ = p(z + 1) + 1 =1" + 2,

(Wod5S7 (0.0, w)| <FACHWIBI £ (0,0, ) € Usya x 041,
[WoR™ (3857(6,0, w))| <BAC™ ™!

|(1) _ a)/|m7\ﬂ\+l

rL1/2
X m(m-Fl)'p E] s 2] EZ/[S()/Z’ (1),(,()/ c QK,

forany m € N, g € N*, |B| < m, where the constants A and C depend only on 7, p, n,
and L. We complete the proof of the theorem as above. O
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4. Proof of the main results

Proof of Theorem 1.1. Set r = R = k./ég and suppose that ey < €2(1 +
||P0||L0)_2L172N, where N and € are the constants in Theorem 2.1. Then (2.1) implies
(P), < (||PO||L0 + Dir/eq < erLl_N, and we can apply Theorem 2.1. Consider the
map @ : T" x Q — T" x R" given by

(6, ) = (U(B; ), Ve* (P (@) + V(6; »)),

where U and V are obtained in Theorem 2.1. Multiplying V by a suitable Gevrey cut-off
function which equals 1 in a neighborhood of 2, and 0 outside ' (recall that |2, — 3| >
K /2), we can suppose that V = 0 outside Q' keeping the same Gevrey estimates for V.
Then @ : T" x Q2 — T" x D. We have H(8, I; ¢ (w)) = H(O, Vg°(¢p(w)) + I), I € Bg,
in the notations of Section 2. Then Theorem 2.1(i) implies that A, = {®(8, w) : 6 € T"},
® € K, is an embedded Lagrangian invariant torus of the Hamiltonian H for each
o € Q, with frequency . The corresponding estimates for ® follow directly from those
in Theorem 2.1. O

Proof of Corollary 1.2. The proof is close to that of [14, Theorem 2.1], and we will be
concerned mainly with the corresponding Gevrey estimates. Let ey < eLfN =2, Then in
the notation of Theorem 1.1(ii) we get ACq L{v/zﬁ < AC./e. Choosing € small enough
and using Proposition A.2 as well as Theorem 1.1(ii), we obtain a solution 8 = 6 (¢, w) of
the equation U (6, w) = ¢ such that 0 (¢, w) — ¢ satisfies the same Gevrey estimates as U.
Set F(p, w) = V(@(go, w), ). We have A, = {(¢, F(p, w)) : ¢ € T"} for each w € Q.
Moreover, by Proposition A.4 we obtain

8295(F (9. @) — Vg ()| < kAC{N(Ca /i) Plate po+DH LY Jeyy

uniformly in (0, w) € T" x . Hereafter, A, C; = CLi, and C; = CLEH are

positive constants as in Theorem 1.1. Denote by p : R” — T” the natural projection.

As in [14, Lemma 2.2], we shall find ¢ € G** (R" x Q) and R € G* () such that

O(x,w) :=¥(x,w) — (x, R(w)) is 2 -periodic with respect to x and

() forall (x,®) € R" x Q, Vit (x,w) = F(p(x), o),

i) 192950(x, )] + 18] (R@) — Vg'@)| < kACP(Cofi)Plate prosb+1 /2
Jeu,

for (x, w) € R" x Q. To obtain ¥ we consider the function

1
Jm@=/0=/w@mmwmm (x,0) e R" x Q,
Vx 0

where y, = {(tx, F(p(tx),w)) : 0 < t < 1} and 0 = &dx is the canonical
1-form on T*R". Then J(x, ) — (Vg% w), x) satisfies the Gevrey estimates (ii) in
[0,47]" x Q. We set 2R (w) = J(Znej;a)), o € 2, {e;} being an unitary basis
in R”. Then R — Vgo satisfies (ii) in Q. Since A,, @ € €2, is Lagrangian, we obtain
as in [14] that for such a w the function Vxlz(x, w) is 2m-periodic with respect to x
and 1Z(x + 2mtm, w) — J(x, w) = (2mm, R(w)) for m € 7Z". Consider the function
é(x, w) = J(x, w) — (x, R(w)). It satisfies the Gevrey estimates (ii) in [0, 47]" x €,
and it is 2m-periodic with respect to x for @ € €,. We are going to average é
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on T". Let f € QZ(R”) with supp f C [7/2,77/2]", where C > 0 is a positive
constant, and such that ) ", . f(x — 27k) = 1 for each x € R". Consider the function
Q(x,®) = e (f é)(x — 27k, w). It is 2 -periodic with respect to x by construction,
it belongs to g/”/’/(R” x ), and Q(x, w) = é(x, w) for (x, w) € R" x Q,. Moreover,
Q satisfies the Gevrey estimates (ii) in R” x €. We set ¥ (x, w) = Q(x, w) + (x, R(w)).
Recall that dist(2¢, R” \ Q) > «. Then multiplying Q and R — Vg° by a suitable cut-off
function € gg(sz), with C = C/x and C > 0 independent of Q2 C 0, such that h = 1
in a neighborhood of 2, and h(w) = 0 if dist(w, R" \ Q) < /2, we can assume that
V(x,w) = (x, Vg (w)) for any w such that dist(w, R" \ ) < «/2. This does not change
the corresponding Gevrey estimates for .

Let eg LY ™7 < ¢ « 1. Then kAC|(Ca/i)LY* Jém < ACEJ€ < 1, and the
map 2 3> w — V¥ (x,w) € D becomes a diffeomorphism for any x fixed, which gives a
gp’p/—foliation of T" x D by Lagrangian tori A, = {(p(x), Vx¥(x,w)) : x € R"}, w € Q.
The action I = (I, ..., I,) € D oneach A,, w € D, is given by

1) = @r)"! / o = 2n)" (Y(@re), ) — ¥(0, ) = R; (@),

vj(w)

where y;(w) = {(p(te;), Vi (tej,w)) : 0 < t < 2n}. Then I(w) — Vgo(a)) =
R(w) — Vg% (w) satisfies (ii) in €2, and choosing eHL{VJrZ(HZ) < € « 1 we obtain the
fact that the frequency map Q2 > w — [ (w) € D is a diffeomorphism of Gevrey class G

Using Remark A.1 we show that the inverse map D 3 I — w(I) € Qs in G* and
10% (@ (1) — VHO(I))| < k A(Ca /i)t LY Jer,

uniformly with respect to (¢, w) € T" x Q and for any o, 8 € N'. Now we set
D(x,I) =Y (x,w()). Then ®(x, I) — (x, I) is 2w -periodic with respect to x, and using
Proposition A.3 we get the estimates

10998 (@ (x, 1) — (x, )] < KACI*N(Ca /i) Flatr gD+ L NI e

Solving the equation ®;(0,1) = ¢ with respect to 6 by means of Proposition A.2
we obtain the symplectic transformation x. For any @ € €, and any 6 we have
0, F0,w) =0, Pa(0, I (@) = x (P10, I (»)), [ (w)), hence A, = x (T" x {I(w)}).
Set H(p, I) = H(x (¢, I)). Then H is constant on T" x {I(w)}. We set K(I) = H(0, I)
and R(p, I) = I:I(go, I)— K(I). Then R(¢,I) =0onT" x E,, hence all the derivatives
of R vanish on T" x E,, since each point of E, is of positive Lebesgue density in E,.
Using Proposition A.4 for I:I(fp, I) = H@l(p, 1), Pg(0(p, 1), 1)) we obtain for any
a, B eN?

1829) (A (. 1) — HO(1)| < k ACY (Ca/ic) Plant? 1o+ D1 LYV ey

uniformly with respect to (¢, I) € T" x D, where the constants A, C1, and C; are as
above. O

Proof of Corollary 1.3. Consider an integral curve (¢(1), I(t)) = exp(tXz)(go, lo),
t € (—a,a),suchthat Iy ¢ E,. Fix p € E, such that [y — p| = |Ip — Ei|. Then d(z) :=
|[I(t)—p| > Oforanyt € (—a, a). Suppose that there exists T > 0 such that d(¢) < Ad(0)
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fort € [0,T) and d(T) = Ad(0). Consider d(t) = —(VuR(p(t), 1(1), I(t) — p)/d(@).
Then

T T
(. — Dd(0) < f IVoR(p(t), [(1)|dt < kACy f exp(—(Cad (1) /i)~ /1P +D) gy
0 0

< Tk AC| exp(—(ACad (0) /xc)~V/1PEHDIy

which proves the first part of the statement. The second one follows from (1.4). a

A. Appendix

We shall obtain a variant of the implicit function theorem of Komatsu [5] in anisotropic
Gevrey classes. Let X and Q( be domains in R” and R™, respectively. Fix o’ > p > 1.
Let F = (f1,..., fu) be a Gevrey function of the class gp’p/(X x 2, R"). We suppose
that there are constants Ag > 0 and &, hp > 0, and a small parameter 0 < & < 1, such
that

forall (x, ) € X x Qo, 0208 (F(x, ) — x)| < eAoh!®'nfla1 g1’ (A1)

for any multi-indices «, 8. We choose ¢ > 0 so that eAghy < 1/2. Then |Dy F(x, w) —
Id| < 1/2 for any (x, w) € X x Qq, where Dy F stands for the Jacobian of F' with respect
to x. Hence, the inverse matrix (D, F)~! exists and |D,F(x,w)™'| < 2 in X x .
Now consider a local solution x = g(y, w), (y,w) € Y x Q of F(x,w) = y, where
Y c R" and Q C Qo are suitable domains.

PROPOSITION A.1. Suppose that (A.1) holds and 0 < & < 1 and ¢Aph; < 1/2,
and consider a local solution x = g(y,w), (y,w) € Y x @, of Fx,w) = Y.
Then g € GPP (Y x 2, X), and there exist positive constants A and C depending only
on p, p', n, and m, such that

forall o, B, sup 10295 (g(y. @) — y)| < sAOAcwa+mh\1a|h|2ﬁ|a!pﬂ!p/_
Y x

Remark A.1. Let f = (fi,..., fu) € G°(X,R") and [3%(f(x) — x)| < eAoh!®la!’ in X
for any o, where 0 < ¢ < 1 and eAph < 1/2,andlet g : ¥ — X be an inverse map to f.
Then the inverse map g of f belongs to G° (Y, X) and |8;’,‘(g(y) —y)| < eAgACIplelg1r
in Y for any o.

As a corollary we obtain the following.

PROPOSITION A.2. Suppose that F € GPP' (T x Q,T") satisfies (A.1) with0 < ¢ <1
and eAohy < 1/2. Then there exists g € GPP'(T" x Q,T") and there are positive
constants A and C depending only on p, p’, n, and m such that

forall a, B, sup 18995 (3(v, ) — )| < eAgAC! P In{ nflarr pre’.
X

Proof of Proposition A.1. We rescale the variables
x+—>h1x=i€h1X:=)~(, yl—>h1y=§€h1Y2=)7,

w> ho=d¢chQ:=Q.
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Set F(x,w) = hF(h{'x,h;'w), (x,w) € X x ©, and §(y,w) = hig(h] 'y, h; o),

(y,w) € Y x Q. Then x = g(y,w), (y,w) € Y x €, is a solution of the equation
F(x, w) = y. Moreover, (A.1) implies

sup [0%0P (F (x, w) — x)| < Ea!P 17, (A.2)
x$

where € := e¢Agh; < 1/2. We are going to prove that there exist positive constants A and
C depending only on p, o', n, and m such that

foralla, B,  sup 10295(3(y, ) — y)| < FACIHPlg1P 1P, (A.3)
Y xQ
Then rescaling back the variables we obtain the estimates in Proposition A.1.
We are now going to prove (A.3). From now on we omit ‘~’ to simplify the notation.
The implicit function theorem of Komatsu [5] implies that g € Gr' (Y x2; X). Moreover, it
follows from [5] that

sup 0208 (g, (y, @) — y;)| < eARIHBI(1B1)”". (A.4)
XxQ

Hereafter, A and & are positive constants, depending only on p, o, n, and m. To obtain
(A.4) we consider the inverse mapping (g, id) of (F,id) in X x € and we apply the
corresponding estimates in [5] (the estimates (A.4) also follow from the estimates of "¢
below).

Take any x°, y* € X and 0 € Q such that F(x?, ®®) = y°. Changing the variables
if necessary we assume y? = 0 and ®° = 0. Now consider the solution @ — g(0, w) of
F(x, w) = 0 with g(0, 0) = x°. Then we obtain

F(x,w)=(x —g0,0)D,F(g0, ), w) + R(x, w),

in a neighborhood of (0, 0), where R(x, w) = O(|x — g(O0, »)|?), R € grr' (X x Q; R™).
Moreover, it follows from (A.2), (A.4), and from Proposition A.3 below that

sup [0%0P R(x, w)| < e ARI*HPlo1P g1e’,
XxQ

where A > 0 and & > 0 depend only on p, p’, n, and n. Now me make a local change of
variables

2= (x—g0,w)DF (g0, w), w),
and we obtain the equation (with respect to z)
z=y+4+¢iz,w), zel,yeY we, (A.S5)
where Yo and Y are neighborhoods of 0 in R”, ¢(0, w) = 0, and

foralla, B,  sup |3%8Pp(z, w)| < s AR HPla1r g1’
Y()XQ

with some positive constants A and & as above. We are going to estimate the derivatives
85 92u(0, 0) of the solution z = u(y, w) of the equation above as in [5].
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For j e Nweset M; = j!” and N; = j!/’/. Then M; < N; and there exists H > 1
such that

(Mg /gh" 1= < H(M,/pH'/P=!, (Mg /qh)V9 < HM,/pH'?, 2 <q < p.
(A.6)
The same estimates also hold for N;.
Consider the Taylor expansion of ¢ in a formal power series at (0, 0),

p,a
o)=Y w'a,z"w"‘, oP = 878%9(0, 0).

|p|>2 aeNm

Then we have

P K eA Z Z Mipi _N|°“h\p|+\alzpwa7
2 aein PH !

which means that [p”*| < eAM|, Njoh'P'*1¥l for each p,@. Consider the solution
z = u(y, ) of (A.5) and its formal Taylor series at (0, 0),

ube
u(y, w) =y + Z Z R
IpI=2 welm P&
Then (A.5) is formally equivalent to
ub-e P ud-b p
P — q,,8 o
D BECUEED DD D (R D) Dt R
[p|=2 aeNm |p|>2 aeNm lg|>2 BeNm
Denote by v(y, w) the power series
vPo
vy o) =Yy Y —=yPe,
|p|>2 aecNm pie
and suppose that it is a formal solution of
M, N
vy =eA Y Y STy 4oy, w)Per. (A7)

| !
Ipl=2 aenm Pr &

We claim that such a solution exists and it is unique, v”** > 0, and u < y + v. Indeed, for
any |[p| = 2,0 € N, and 1 < j < n, there is a polynomial O+ ; # 0 of the variables
(t4,8, 5r,y) and with non-negative coefficients, where g, r ¢ N", 8,y e N, 2 < |g] < |p|,
B<a?2<|rl <|pl—1,y < a, and such that uf’a (respectively, vf’a) is the value
of Qpa,jfortys = P, 5., = u’;” (respectively, for 1,5 = e AMjp|Nigh!P1H1,

Sry = v;’y). For | p| = 2 the polynomial Q . ; is independent of s, ,,, |r| > 2. Since the

coefficients of Q, q j are non-negative, we get |u;.’a| < v;’a for |r| = 2 and each «.
By recurrence we obtain |u;’a| < v;’a for each |r| > 2 and « € N™,
Now we sety = (s, ...,s),s > 0, and consider
o ¢r,ot r!
P (s, w) = E E ' 'sra)“, oY = E vp’a—'.
r=2 aeNm ria: Ipl=r p:
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Note that for such y the right-hand side of equation (A.7) is invariant under any permutation
of the components v;(y, w), I < j < n, and using the uniqueness of the solution we obtain
d1(s,w) = -+ = Pu(s,w) = q~5(s w). Thent =5 + q;(s ) is a formal solution of

t—s—i—eAZ Z Z M N‘al(hl) (hw)*,

r=2 aecNm Ip\—r

where >°,_ (r!/p)) < n”. Letr = (s, 0) =5 + Yooy > penm (YW /rlal)s"w® be
the formal solution of

t=s+eAd Z M, N'“‘(h 0 (hw)®. (A.8)

r=2 aeNm

We obtain as above s + ¢ < ¥, which implies Iui.”al < ylPL® for 1 < j < n and for any
Ip| > 2, a € N '

We are going to estimate ¥"%. Set C(w) = A ) ,cnn(Njoj/a!)(hw)®. Then (A.8)
becomes

s =k(t,w) =1t — eC(w) Z %"(hm)’.
— r.

Recall that 0 < ¢ < 1. We also suppose that A > 1 and 7 > 1. As in [5], using the
Lagrange expansion theorem, we obtain for r > 2

y = [33{<%>”<k<ttw>)r} L 0

. d\' "~ 1, o r—1 Mp-H ) g\’
58[3‘“{<E> (;(C(”)h”;(wl)!(h”” )) }

and we get

’

w=0

-

—1
YT < eM, (4Hhn) = ‘[a“(l +ann S MLy )ﬁ> }
B<a |'B|' w=0

No\lal By
o (5 ((25) "))
5 !

< M, Nig|(8AHh*n?)" ~plelpm=2Fel

w=0

We have used the inequalities (A.6) for M; and N, as well as the identity

q
(X o) = % coor.
ﬁeNm OZENm
whereg =r —1 > 1 and

c, = (1t~ D (a+om =1\ _ omg-Dtiel
o1 o2 -

forall (p. e, ). |ul | < Y’ < e AM|pNjgh+

Thus we obtain

where A, h > 0 depend only on p, p’, n, and m. Changing back the variables and rescaling
back €2, we obtain the desired estimates for g. O
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Finally we recall the Gevrey estimates for the composition of two functions in
anisotropic Gevrey classes.

PROPOSITION A.3. Let g € ggl (R2,Y)and f € gg’féz(X x Y), where u > p > 1, B,
C1, and C3 are positive constants and X, Y, and Q2 are open sets in R". Suppose that
llgllc, = A1 and || fllB,c, = A2 in the corresponding Gevrey norms with Ay, Ay > 0.
Then the composition (x, w) — F(x, w) := f(x, g(w)) belongs to gg:’é (X x Q), where
C = 2"t Cymax(1, A|Cp) and | F|c < Aj.

Proof. Using the Faa de Bruno formula, we write

Y aB
IF ()= Y. 079y f)(x, g())

!
I<|Bl=p=<la| B!

|
XY e @@ @@,

al+tal=a
let|>1,....JaP|>1

Since [92g(@)| < A;CI*'a!”, and j! < 2/ (j — 1)! for j > 1, we estimate |3] 9% F (x, )|
above by
AQB‘)"(ZM_IC])M]/!'OO(!
x Y D AP (ot = D (P = DphE

1<|Bl=p<la| gl4..taP=a
le!>1,...,laP|>1

We have (ja!] — D! -- (Ja?| — D!p! < |a|! < n!*la!. Observe that, for any r, p € N,

r, p > 1, the number of multi-indices y = (y1,...,yp) € N? with |y| = r is given by
(r;lifl) (see [15, §1.2]). Then the number of partitions al+-  +a? =a,a/ € N*, of
a = (ag,...,q,) is given by

<(¥1+P—1>.”<Oln+l7—1) §2|a\2n(p—l)’
p—1 p—1

187 0% F (x)] < A2 " B2 HpiCy max(1, A1 C)) @y 1P ot

x Y27 < A BIYICIy gt m
ﬂENn

which implies

In the same way we obtain the following.

PROPOSITION A.4. Let g € gl’;’l’fcl (XxQ,Y)and f € gg;’fcz (Y xQ), where u > p > 1,
Bj and Cj, j = 1,2, are positive constants, and X, Y, and Q are open sets in R".
Suppose that ||g||B,,c, = A1 and || fllB,,c, = Az in the corresponding Gevrey norms
with A1, Ay > 0. Then the composition (x, w) — F(x,w) := f(g(x, w), w) belongs to
G ¢(X x Q), where B = 4" (4n)” By max (1, A1 By), C = C2+4"(4n)? C1 max(1, A1 By),
and || Fllp,c < As.
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To prove the Gevrey estimates we set z = (x, ) and, using the Leibnitz formula and
the Faa de Bruno formula, we write

<a> @92~ £)(8(). )ly=o
' 1<|Bl=p=ly+/| p!

3 9%F (x, w) = Z

o' <a

8! sl aP
x 2. S an Oz 8@ - (97 )(2),
81+“'+8p:5=()/,0(/)
1811>1,...,187|>1

where 8/ = (yj, a/). Then
107 92 F (x, w)| < A2B) 'y la!
X Z C‘la/lClza‘_la/l(a — oyl Z (A1By)P P!

o' <o 1<|Bl=p=ly+o’|

1 —1,.1 Iptyp—1

x Z A B V) o VA BV B
Sl 8P =8=(y ')
[81=1,....187|=1

On the other hand,
AR i C A R e T
< 2(p71)ly+a/\((|y1 +a =D (y? + P = DIpHP LMo PYRP
< 2(,0—1)|V+0/\(zn)(P—l)IV+a/\yPa/!M.
We obtain as above

|07 9% F (x, @)| < Ap((4n)” By max(1, A By) "y 1Pt

x 3 (@n)?Cymax(l, A By Iyt =y gD
a'<a 1<|Bl=p=ly+a/|
which implies the estimates. a

Proof of Lemma 3.4. First, using the Cauchy formula, we obtain as in [13, Lemma A.3],
that f : Oy4uvyn — C is one-to-one (injective). Note that 2(0 + v) = 1 — 4v. To show
that Oz, C f(O(1—sav)n), we take w € Op;, and w € Q, such that [w — w| < Uh.
Set f =id — F. Then |F|, < vh and |DF|1—4v)n < 1/4 by the Cauchy estimates.
Put ug = w and ux4+1 = F(ur) + w for k > 0. By recurrence we prove that

k1 — u| <27147KA = dv)h,  Jugp — 0] < (2/3)(1 =471 — 4v)h.

Taking the limit we find u € B,(w), r = (1 — 4v)h, such that u = F(u) + w.

The corresponding estimates of ¢ follow from the arguments in [13, Lemma A.3]. a
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