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A SIEVE PROBLEM AND ITS APPLICATION
ANDREAS WEINGARTNER

Abstract.  Let 6 be an arithmetic function and let B be the set of positive integers
n = p{' - py* which satisfy pji1 < 6(p’ ---p;(j) for 0 < j < k. We show
that 3 has a natural density, provide a criterion to determine whether this density is
positive, and give various estimates for the counting function of B. When 6(n)/n
is non-decreasing, the set B coincides with the set of integers n whose divisors
l=dy <dy < <dypy=mnsatisfydj | <0(d;)forl <j<t(n).

§1. Introduction. Let 0 be an arithmetic function, 6 : N — R U {oco}. We
write B (or Bp) to denote the set of positive integers containing n = 1 and all
those n > 2 with prime factorization n = p{'--- pi*, p1 < p» < -+ < px,
which satisfy

pj+1 SO ---p) (O<j<h), (1)

where p‘lx' . pj.["' is understood to be 1 when j = 0. Let B(x) (or By(x)) be the

number of positive integers n < x in 3. The following list shows some examples

of 6 and its corresponding set B.

° If 6(n) = 2n, then B is the set of integers with 2-dense divisors, i.e.
integers n which have a divisor in every interval [y,2y] for 1 < y < n
(see [4, 5, 8)).

° If 0(n) = o (n) + 1, where o (n) is the sum-of-divisors function, then B is
the set of practical numbers, i.e. integers n such that every 1 < m < n can
be written as a sum of distinct positive divisors of n (see [4, 5, 8] and the
references therein).

° If 6(n) = n + 1, then B is the set of even @-practical numbers, i.e. even
integers n such that the polynomial X" — 1 has a divisor in Z[X] of every
degree from 1 to n (see [2, 6, 7]).

Building on earlier work by Tenenbaum [5] and Saias [4], we found [8,

Theorem 1.2] that

cox
B(x)~ — (x > o)
log x

for some positive constant ¢y, provided 6 (n) satisfies

nlog2n

2.1) <O() € ——2
max(@,m) S 00 K ogTog a1

(n=1)

for some & > 0. This applies to each of the three examples listed above.
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In this note, our goal is to investigate the set B in general, without any
restrictions on 6. We will show that I3 always has a natural density (Theorem 1)
and provide a criterion to determine whether this natural density is positive or
zero (Theorem 2). We give estimates for B(x) with explicit error terms, first
without any assumptions on 6 (Theorem 1), and then under certain conditions on
the size of 6(n) (Corollary 1 and Theorem 3).

As an application, we consider the following set, related to the distribution
of divisors. Let D be the set of positive integers containing n = 1 and all those
n = 2 whose divisors 1 =dy < dy < -+ < d¢(y) = n satisfy

diy1 <6Wd) (1<) <t @)

We write D(x) for the number of positive integers n < x in D. Theorem 4 shows
that B = D provided 6(n)/n is non-decreasing, so that all results concerning
B(x) also apply to D(x) under this assumption.

§2. Statement of results. Let P (n) (respectively P~ (n)) denote the largest
(respectively smallest) prime factor of n > 2 and put P (1) =1, P~ (1) = oc.

Note that replacing 6(n) by max(@(n), P (n)) in (1) leaves the set B
unchanged, because of the assumption p; < p>» < --- < pg. Moreover, if
0(1) < 2, then B = {1}. Thus, we may assume from now on, without any loss of
generality, that

6 :N— RU{oo}, 6(1) > 2, 0(n) > PT(n) n=2). 3
Let x (n) be the characteristic function of the set 3. We shall see in Lemma 4

that the series |
Lzz)((n) 1—[ <1__)

n
>l p<bin) P

converges to a value 0 < L < 1. Theorem 1 shows that, for every choice of 6,
the set B has a natural density, which is given by 1 — L.

THEOREM 1. Let 0 satisfy (3). We have

B(x) = (1 — L)x + o(x). 4)
More precisely,
o x(n) ~ max(0, log(x/n))
B(x)=(1—-L)x+ 0(1 +x ,; 2Tog8n) exp( 3 Tog8 (%) )) (5)

Theorem 2 provides a simple criterion to determine whether L = 1 and
B(x) =o(x),or L < 1and B(x) ~ (1 — L)x.

THEOREM 2. Let 0 satisfy (3).
(i) Assume that 0(n) < f(n), where nlog f(n) is increasing. If

1
anogf(n)

n=1

diverges, then L = 1 and B(x) = o(x).
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(ii) Assume that O(n) > f(n) =2, f(n) > P¥(n), and that for every t > 1
there exists anr € N such that f(2"'n) > tf(n) foralln > 1. If

Z 1
P nlog f(n)
converges, then L < 1 and B(x) ~ (1 — L)x.
(i) Bx)~x< L=0«&6n)=occforalln > 1< B(x) = [x].

Note that the three examples of € listed in the introduction satisfy L = 1 and
B(x) = o(x). For an instance where L < 1, consider 6(n) = 2", for which
L = 0.7734 ... by numerical computation. (For n > 30, we used estimates
for the Euler product with effective error bounds due to Rosser and Schoenfeld
[3, Theorem 7].) Hence, (4) implies that B(x) = cx(1 +o0(1)) withc =1—-L =
0.2265 ..., while (5) shows that we have B(x) = cx(1 + O(1/logx)) when
O(n) =2".

Corollary 1 generalizes this example to log 6 (n) < n“, where a is a positive
constant. We also consider the case logf(n) =< (log2n)%, where a > 1 is
constant. (The notation f(n) =< g(n) means that f(n) < g(n) (ie. f(n) =
0(g(n))) and g(n) K f(n).)

COROLLARY 1. Let 0 satisfy (3).

1) Iflog6(n) < n® for some constanta > 0, then 0 < L < 1 and

B(x):(l—L)x(l—i—O( ! ))
log x

(i) Iflog6(n) < (log2n)? for some constanta > 1, then 0 < L < 1 and

1
B()C) = (1 — L).X(l + O<W))

The error terms in Corollary 1 are easily derived from (5), using the trivial
bound x (n) < 1. The claim that 0 < L < 1 follows directly from Theorem 2,
with (i) f(n) = max(2, exp(cn®)) and (ii) f(n) = max(2, exp(c(log2n)?)),
where ¢ > 0 is a suitable constant. Other examples of 6, for which L < 1,
can be dealt with similarly.

When B(x) = o(x), we need a different strategy for obtaining an asymptotic
formula for B(x), since the estimate (5) provides only an upper bound for B(x)
whenever L = 1. We will focus on the case 6(n) < n%, where a > 1 is constant.
Theorem 2 shows that L = 1 and B(x) = o(x). Theorem 3 generalizes [8,
Theorem 1.2], where the case a = 1 is established with A; = 1.

THEOREM 3. Let 0 satisfy (3) and assume that 6 (n) < n® for some constant
a > 1. Then there are constants cg > 0 and \, € (0, 1] such that

B(x) = —2_(1 0(1 ) 6
= e (o)) ©
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Figure 1: Values of A, together with the bounds (8) and (9).

Here s = —A, is the unique solution in the interval [—1, 0) of the equation
0=st s [T —en 2 ™
=S —_— + w —€ e
ala +1)* 1 (at + 1)s+1

where w(t) denotes Buchstab’s function and y is Euler’s constant. Fora > 1,

v 71 ) 0.16
xa>e—(1+e ogatl ) @)
a a a
and )
~y 71 H o1 1
)\a<e—<1+e oglatl) | log (a2+ )>. )
a a a

Figure 1 and Table 1 show several values of A,, obtained by solving equation
(7) numerically.

As in [8, Theorem 1.2] with a = 1, one can consider a less restrictive
condition on 6, such as n?(log n)_b K 0(n) < n“(log n)?, where 0 < b < 1,
and establish the estimate (6) with the relative error term O(1/log x) replaced
by O(1/(log x)'~?). However, we will not pursue this here.

We now turn to the distribution of divisors. Let D be the set defined in (2).
When 6 (n) = tn, where ¢t is constant, Tenenbaum [5, Lemma 2.2] showed that
D = B. We want to generalize this result as much as possible. The example
O(n) = n + 1, for which D = {1, 2} while B is infinite, illustrates that some
condition on 6 is required to ensure equality of these two sets. The condition we
need is

O(n) <O(n—+1), mln) < O(mn) m,m >1,ged(n,m)=1). (10)

Note that (10) is satisfied if 6(n)/n is non-decreasing.
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Table 1: Truncated values of A,.

a Aa a Aa

1 1 2.5 0.3195...
1.1 0.8854. .. 3 0.2567. ..
1.2 0.7927. .. 35 0.2139...
1.3 0.7164. .. 4 0.1829...
1.4 0.6526. .. 4.5 0.1595...
1.5 0.5985. .. 5 0.1412. ..
1.6 0.5522. .. 6 0.1147...
1.7 0.5122... 7 0.09639. ..
1.8 0.4772. .. 8 0.08301...
1.9 0.4464. .. 9 0.07283. ..
2 0.4191... 10 0.06484. ..

THEOREM 4. Let 0 satisfy (3).

(i) We have D C B and hence D(x) < B(x).
(1)  If 0 satisfies (10), then D = B and hence D(x) = B(x).

As an example, consider 6(n) = n*> + 1. Theorems 3 and 4 show that the
number of integers n < x whose divisors 1 =d; < dp < -+ < dy(n) = n satisty
djy1 < djz. + 1 for1 < j < t(n) is given by

D(x) = — =~ _ (1+0( : ))
= (log x)*2 logx ) )’

where c is a positive constant and A = 0.4191 . ...

With 6(n) = 2", Corollary 1 and Theorem 4 show that the number of integers
n < x whose divisors 1 =dy < dy < -+ < dy(y) = n satisfy dj1 < 24j for
1 < j < t(n)is given by

Dx)=(1- L)x(l + O<L>)
log x

where 1 — L = 0.2265....

The proof of Theorem 1 is based on the functional equation in Lemma 3 and
an estimate for the number of integers without small prime factors in Lemma 2.
Theorem 2 is established with the help of Theorem 1. The proof of Theorem 3,
which requires the most amount of work, is modeled after [8, Theorem 1.2], with
the added difficulty that the poles of the Laplace transform (i.e. the solutions
of equation (7)) now depend on the parameter a (see Lemma 9). The proof of
Theorem 4 generalizes that of Tenenbaum [5, Lemma 2.2].

§3. Preliminaries. Let
Px,y)=#Hl<n<x: P (n) >y}

and define ®(x,00) = 1 for x > 1. For u > 1, Buchstab’s function w (i) is
defined as the unique continuous solution to the equation

wow)) =oww—1 WU >2)
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with initial condition uw(u) = 1 for 1 < u < 2. Let w(u) = 0 foru < 1 and
define w at 1 and o’ at 1 and 2 by right-continuity. Let I' (1) denote the usual
gamma function.

The calculation of the values of A, in Table 1 and the approximation of several
integrals in the proof of Lemma 9 require estimates for integrals involving w (¢) —
e~ 7. For that purpose, we used exact formulas for w(¢) for 0 < ¢ < 5, derived
with the help of Mathematica. To estimate the contribution from ¢ > 5, we used a
table of zeros and relative extrema of w(¢) —e™” on the interval [5, 10.3355] due
to Cheer and Goldston [1], and the estimate (ii) from Lemma 1 for # > 10.3355.

LEMMA 1. We have:

0 (W <YTu+1D (u=0);
(i) lo@) —e 7| <YTwu+1) (@=0).

Proof. See [8, Lemma 2.1]. [l

LEMMA 2. Letu = logx/logy.
(i) Forx =1,y >2 wehave

—u/3
wr=enso TI(-1) oy - )

I
Py 08y

(i) Forx =y = 2, we have

—u/3
CD(x,y):xH(]—%)-i-O(xe )

1
Py 08y

Proof. (1) See [8, Lemma 2.2]. Part (ii) follows from (i) and Lemma 1. U

LEMMA 3. Let 0 satisfy (3). For x > 0, we have

[¥1 =) x(m) D(x/n, 6(n)).

n<x

Proof. In [8, Lemma 2.3], we proved this result assuming that (n) < oo.
The inclusion of oo in the possible values of 6 has no effect on the proof. The
basic idea is that every integer 1 < m < x factors uniquely as m = nr, where
n € Band r is counted in ®(x/n, 6(n)). O

LEMMA 4. Let 0 satisfy (3). The series

T 11 ()

nz>1 p<O(n)

converges and 0 < L < 1.
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Proof. Lemma 2(ii) implies that limy_, o ®(x,y)/x = Hpgy(l — 1/p).
From Lemma 3, we have

Z x (n) l—[ <l_é><1

n
1<n<N p<6(n)

for every N > 1. The result now follows since the terms of the series are
> 0. O

§4. Proof of Theorems 1 and 2.

Proof of Theorem 1. Since ®(x/n,0(n)) = 1 whenn < x < nf(n), Lemma 3

yields
[x]=B(x)+ Y x(m) (®(x/n,0(n)) — 1)
n<x
=B+ Y x()(®(x/n,6(n) —1)
no(n)<x
1
—Bw+x Y X2 ] (1——>+0<E1(x>>,
né(n)<x n p<O(n) P
where

B N N C710)
aw = n9%<x nlog6(n) exp( 310%9(”))

by Lemma 2(ii). Thus,
[x] = B(x)+ Lx + O(E1(x) + E2(x)),

where

_ x (n)
EZ(X) =X Z m

no(n)>x

This completes the proof of (5). The estimate (4) follows, since E1(x)+ E>(x) =
o(x), by Lemma 4. ]

Proof of Theorem 2. (i) Assume that L < 1, so that B(n) > cn for some ¢ > 0
and alln > 1. Let g(n) = log f(n) and assume that ng(n) is increasing. Partial
summation applied twice yields

Xy B | i
— B —
2 o) = Nay T 2 (”)<ng(n> nt Dgn 1 1))

n<N n<N-—1
cN 1 1
> e T 2 C”(ng(n)‘ <n+1>g<n+1>)

n<N-—1
>

e ng(n)

https://doi.org/10.1112/5002557931600022X Published online by Cambridge University Press


https://doi.org/10.1112/S002557931600022X

220 A. WEINGARTNER

which grows unbounded as N increases. But this is impossible, since

x(n) x () x(n) 1
Y rir < X grr < 250 1 (1-5) <2<

ng(n)
n<N 8 n<N n<N p<b(n) p

by Lemma 4. Thus, L = 1 and B(x) = o(x).
(ii) Assume that 8(n) > f(n) > 2, where f(n) > PT(n), and that

>
i< nlog f(n)
converges. Then there exists a t > 1 such that 1f(n) > P*(n) and
Lip <) 1 [T (1 L) <1
tf X I’l » .
nzl  p<if(n)

Theorem 1 implies that B;(x) > x. According to the hypothesis, there is an
r € Nsuch that f(2"n) > tf (n) forall n > 1. Thus, if n is counted in B, (x /2"),
then 2"n is counted in B¢ (x). This yields

Bg(x) = By(x) = Biy(x/2") >, x.
Part (iii) is an immediate consequence of Theorem 1. ]

§5. Proof of Theorem 3. Throughout this section, we assume that 6 satisfies
(3) and that

B(x) K (x =22 (1)

X
(logx)”
for some suitable v € [0, 1], to be determined later. Clearly, v = 0 is admissible.
All constants implied by « and the big O notation may depend on 6, and
therefore on a, but are otherwise absolute. Lemmas 5 through 8 correspond to
Lemmas 5.3 through 5.7 of [8]. The main difference is the assumption on the
size of B(x) for the purpose of estimating the error terms, for which we use (11)
here.

LEMMA 5. For x > e, we have

o M y logx/n _l X
Bw=x-x ), = "e ‘“(1og9(n>> [l (1 p)+0((1ogx)1+v)'

né(n)<x p<O(n)

Proof. As in the proof of Theorem 1, we have

B(x)=I[x]— Y  x(n) (®x/n,0@m)—1). 12)

nf(n)<x
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We apply Lemma 2(i) to estimate each occurrence of ®(x/n, 6(n)) in (12). The
contribution from the error term O(y/logy) is

< Y X )lo 9()<< > xn )10g2

nf(n)<x nltagx
xa/(l-i—a)

X
< Z x(n) K W,

log x
nex 1/ (1+a)

by (11). For the contribution from the error term O(xe /3 /(log y)z), we split
up the range of summation by powers of 2 and use (11) to get

logx/n
< > X ) ———— ex p<——>
n(n)<x n(logd(n)) 3log6(n)
X log 2x X
< Z T exp(— ) < —,
nex /(40 n(log2n)=*" Alog2n (log x)1+v
where A is some suitable positive constant. 0

LEMMA 6. For x > e, we have

. X (n) —y logx/n X
B = x’; n1ogf(n) (e “’<1og9(n>>) i 0<<1ogx)1+v>'

Proof. We have L = 1 by Theorem 2. Since w(u) = 0 foru < 1, Lemma 5

shows that
B(x )—xZX( ") I1 (1——)( - Vw(—logx/")>+0(—x )
= <o) log 6 (n) (log x)1+v

The contribution from n with logn < /logx is < x exp(—+/log x). For those n
for which logn > /log x, we use the estimate

1 eV 1
[ (1 B Z) = Togo(n) (1 * 0((logn>4)>‘

p<b(n)

The contribution from the error term is

1 X X
. 0
<x ) nlogny & Togx)? < Togn)

logn>./logx

LEMMA 7. For x > e, we have

x(n) ([ _ logx/n x
Bx) = xz < anlogn (e B w( alogn )) + 0((logx)1+”>'
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Proof. Since 6(n) < n%, we have logf(n) = alogn + O(1). Inserting this
estimate for each instance of log 8(n) in Lemma 6 yields the desired result. For
more details of the calculations, see [8, Lemma 5.6], where the case a = 1 is
treated. ]

LEMMA 8. For x > e, we have
> B 1

B(x):x/ PO oy (BN gy (),
e aylogy alogy (log x)!+v

Proof. This follows from applying partial summation to the sum in Lemma 7.
g

From Lemma 8, we have, for x > e,

*® B I
B(X):xoz—x/ 2()’) a)( 0gx/y>d
e ay-logy \alogy

where © g
a = e_”/ #dy.
ay*logy
€

X
o)

For x > e, let z > 0 be given by
z = loglog(x)

and let
Blexp(e)) _ B(x)

Go(@) = exp(e?) X

Dividing (13) by x and changing variables in the integral via u = loglog y, we
get, forz > 0,

Go(z) =a — 6—11/ Go(u)w((e*™ = 1)/a)du + Ep(2)
0
:a—é/ Go(u) Q,(z —u)du + Eg(2), (14)
0

where
Eg(z) < e~z (15)

and
Qu(u) :==w((e" —1)/a).

Equation (14) leads to the equation of Laplace transforms
~ o 1~ ~ ~
Gy(s) = e ;Ge(S) Qa(s) + Eo(s) (Re(s) > 0),

which we solve for 69 (s) to get

@ Eg(s)
s(14+ (1/a)Q4(s) 14 (1/a)Qu(s)

Go(s) = (Re(s) > 0).
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Let F,(z) be given by

F,()=1- é/z F,(u) Q,(z —u)du. (16)
0

Equation (16) is an error-free, rescaled version of equation (14), which depends
on a, but does not involve 6. Note that the upper limit of the integral could be
replaced by z — log(a + 1), since w(t) = 0 for ¢t < 1. Thus, F,(z) = 1 for
0 < z <log(a + 1) and, for z > log(a + 1), F,(z) is determined by the values
of F,(u) foru € [0, z—log(a + 1)]. Hence, (16) defines the continuous function
F,(z) for z > 0. As with Gy(z), we find that the Laplace transform of F,(z) is
given by |

Fa) = oty KW=

and, therefore, R R R
Go(s) = aF,(s) +sF,(s)Eg(s). (17)

The Laplace transform of 2, (u), defined for Re(s) > 0, is given by

~ o0 u —us _ OO L
sza<s>=/0 (" —1)/a)e d”—afo OO G

L+ /OO( (t) — —V)L
sat+ 1y ) WP T

The last equation extends ﬁa (s) to a meromorphic function on C with a simple
pole at s = 0. We will need to investigate the location of zeros of the entire
function g, (s), defined by

8a(s) = 1/Fu(s) = S<1 + lﬁa(S))

dt
(at + 1)s+1'

e’V y
=5+ a(a+1)*+s/ (w() —e™7)

LEMMA 9. Fora > 1, g,(s) has a simple real zero ats = —A,4, where Ay = 1,
ra € (0, 1) fora > 1,

v V1 1 0.16
xa>e_(1+e cglatl) ):za

a a a

and 5
eV e Vlogla+1 log©(a + 1
Aa<—(1+ ga+l) g(2 ))::ua.
a a a

Fora > 1, g,(s) has no other zero with Re(s) > —1 — u,.

Proof. We have g,(0) =e™”/a > 0 and
(D) =—-14+e7A+1/a)— 27V —1)=e7"(1/a—1).
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Thus, gi(—=1) = 0 and A; = 1. Assume that ¢ > 1. We have g,(—1) < 0, so
that g, (s) has a zero in the interval (—1, 0), since g,(s) is real if s is real. For
s € [—1, 0], we have

dt

= [T — e —4
L6y i= [0 e

- 1 /°°| o 7| 0.16
S —— w —€ < —,
(a + 1)s+1 1 (a + 1)s+1

by numerical computation of the last integral, and

L,(s) = / ¢t —e77) _dr —I—/oo(a)(t) —e ) di

( t 4 1)s+l (at + 1)st!
1 o y
——(y—e 7 -1) - ———— t)—eV|dt
(w7+nﬁﬁy e e =) (wV+UHRL o =7l
y—14+e77 —0.021 0.11
> .
(ae¥ + 1)s+1 (ae” + 1)s+1
Since s < 0,
) . eV n 0.11 +(5)
< =
8a(s s a@ 1y s(aey PRI 8a S
and
eV 0.16 _
8a(s) > =184 (5).

+ a(a + 1)5 +s (a + 1)s+1

Hence, g,(—l,) > g, (—l,) and g,(—u,) < ga( ug) if u, < 1. A calculus
exercise, made easier with the help of a computer, shows that g, (—/,) > 0 and
g;f(—ua) < Ofora > 1. Hence, g,(s) has a zero in (—1, 0) N (—ug,, —Lg).

It remains to show that, for a > 1, g,(s) has no other zero with Re(s) >
—1 — u,. We write

ha(s) = ga(s) — s, Mg =Ug + 1.
For Re(s) = —uq,

v o0 dt
|ha(s)] < e——l—ISI/ lw(t) —e V| ———.
Cl(Cl =+ 1)_'““ 1 (a[ + 1)—,ua+1

Since u, > land at + 1 < (a + 1)t for t > 1, the last integral is
oo
<(a+lwal/1|w0)—eyuhhh
1

First assume that a > 10. We have

wio—1<0.1,

—-1<
L<ao+nHot <12

sy
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and
eV eV

<
a(a + 1)—Ha 10(10 4 1)—#H10
Thus, for a > 10,

< 0.73.

o0
lha(s)] < 0.73 + 1.2]s] / lw(t) —e " 1t% dr < 0.73 +0.21]s],
1

by numerical computation of the integral. Hence, we have |h,(s)| < |s| provided
|s| > 0.93. On the boundary of the rectangle R with corners —u, =17, « £ 1T,
where o, T > 5, we have |s| > 0.93, since ©, > 1. Rouché’s theorem implies
that g,(s) and s have the same number of zeros, i.e. exactly one zero, with
Re(s) = —pq.

Next, assume that 1 < a < 10. We have

pa—1< 1 —1< 1.1,
@+ D T<a+npm ! <21
and
-Y -Y
¢ < —2 <24
a(a+1)=Ha = (1+ 1)~
Thus, for 1 < a < 10,

o0
lha(s)] <2.4+2.1|s|/ lw(t) —e 7|t dt < 2.4+ 0.5]s].
1

Hence, |h,(s)| < |s| provided |s| > 4.8. On the boundary of the rectangle R,
we have [s| > 5, with the possible exception of the segment with end points
—Wg £ 5i. For s on this segment, and 1 < a < 10, we evaluate |h,(s)/s|
numerically to get

|ha(s)] _ |ha(—pg +17)|
Is| |—ta + 17|

<098 (1<a<10,-5<1t<L)).

Hence, |h,(s)| < |s| on the boundary of R, and Rouché’s theorem implies that
8a(s) has exactly one zero with Re(s) > —ug. O

LEMMA 10. We write s = o + it and

1 o
Hal@) ‘=m+;/1 Ol G 17 r+1)0

If g.(s) =0, then |t| < Hy(0). For |t| = 2H,(0), we have

1 _1+0< Ha(o)>
ga(s) s o2+ 12)
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Proof. Integration by parts shows that

1 [*, .
uls) =5+ —ﬁ W) = @)

ala +1)° +a

where &,(s) € C with |&,(s)| < 1. Thus, any zero of g,(s) must satisfy |7| <
Is| < Hq(0). We have
H
ga(s) = s(l + —”(Us)g"(s)),

from which the estimate for 1/g,(s) follows. O

LEMMA 11. The function F,(z) defined by (16) satisfies

Fu(2) = cae™% 4 0477 (z 2 0) (18)
and

F(2) = qe ™™ + Og(e™%) (22 0) (19)
for constants ¢4, ¢4 = —hqCq, Wwhere g > Ay + 1. Here F,(z) denotes the right

derivative of F,(z).

Proof. We evaluate the inverse Laplace integral

1 I+ico
F.(2) = —/ F,(s)e* ds.
271 J1sico

Let u = g = ug + 1 from Lemma 9 and put 7 = exp(z(u + 1)). Since the
result is trivial for bounded z, we may assume that z is sufficiently large such
that T > 2H (—u). We have

1+ioco . 1+ico
/ F (s)e** ds = / —e¥ds + 0/ T) = 0(e™H),
1+HT 1+T S

by Lemma 10 and integration by parts applied to the last integral. We apply the
residue theorem to the rectangle with vertices —p 17", 1 £17. The contribution
from the horizontal segments can be estimated by Lemma 10 as

I+HT e?
/ Fa(s)e® ds <« == 0 (e™M).

u+HT
For the vertical segment with Re(s) = —u, we have
—uH2H, (—p)
‘/ F,(s)e¥* ds
—u—i2H,(—p) N
<4Hu(—p) max  |Fy(—p+ir)le” ™ = 0™
|T|<2Hq(—p)
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and

—pu+iT . —pu+HiT 1
/ Fu(s)e¥ ds = / (— + O(t_2)>ezs ds = 0(e™™).
—u+i2H, (— ) —UAH2H, (—p) \ S

The residue theorem now yields
Fa(2) = Res(Fu($)e™; —ha) + 0(e™H) = cee ™% + 07,

which completes the proof of (18).
If 0 < z < log(a + 1), we have F,(z) = 1 and hence F)(z) = 0. If z >
log(a + 1), (16) implies that

z—log(a+1) el _ 1\ el U 1
Fi(z2) = _;/0 Fa(u)w'<—) du—;Fa(Z—log(a—l—l)).

a a

(20
The estimate (19) follows from applying (18) to each occurrence of F, on the
right-hand side of (20), and the fact that o'(f) <4 t~4 for any constant A, by
Lemma 1. O

We are now ready to finish the proof of Theorem 3. Since f’Z(s) = sl/il (s) —
F,(0) and F,(0) = 1, (17) yields

Go(s) = aFu(s) + Eg(s) + F(5)Ep(s)
and thus

Go(2) =06Fa(Z)+E9(Z)+/Z F!(z — u) Eg () du. a1
0

We estimate F,(z) and F,(z — u) using Lemma 11. Since Ep(u) < e~ (WD by
(15), v > 0 and A, < 1, (21) shows that Gy(z) < ze *«%. Thus, v = A, — &
is acceptable in (11) for every ¢ > 0. With this choice of v, (21) shows that
Gy(z) <« e 7% which means that v = A, is acceptable in (11). Hence, we
assume that v = A, and Eg (1) < e~ %« tD¥ for the remainder of this proof. The
contribution to the integral in (21) from the main term in Lemma 11 is

Z
/ Gae T E S (u) du
0

o0 o0
= e hat </ U Eg(u)du + O (/ ghatle=(hatDu du))
0 z

=G, (B + 0@,

say. The contribution from the error term in Lemma 11 to the integral in (21) is
< /Z e Halemi0 =Gt Dt g1y o o= Crat D)z,
0
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since (4, > A4 + 1. Hence, (21) implies that
Go(2) = (acq + pea)e ™ 4 0 (e~ H o),
With ¢g := ac, + Bcq, we get
Go(z) = B(x)/x = cy(logx) ™% + O((logx)~*atD),

It remains to show that ¢y > 0 if a > 1. Since 6(n) > n* > n, there exists an
integer k such that 0(2%n) > 2n for all n > 1. With 6p(n) = 2n, we have that
n € By, implies that 2¢n € By. Hence, By(x) > By, (x/2%) > x/logx, by [8,
Theorem 1.2]. Since A, + 1 > 1, we must have ¢y > 0.

86. Proof of Theorem 4. (i) Assume that n = p‘lx' p,‘f" € D, where p; <
p2 < - < pr. Let 0 < ] < k and write d; = p1 (;’ . The next larger
divisor, d; 1, satisfies dj 11 = pjy1, since d; 41 must be d1v1sible by at least one
of the primes pjy1, ..., px. Thus,

pi+1 <dip1 <0(di) =0(p}’ ...p;’,‘j)’

which means that n € B.

(i1) Assume that 0 satisfies (10). To show that n € B implies that n € D for
all n > 2, we proceed by induction on k, the number of distinct prime factors of
n.Whenk = 1, n = p* € B implies that p < 6(1). For 1 < j < «, we have

disy=pl=p/ 'p<piTlo) <O/ = 6(d)),

which means that n € D.

Now assume that, for some k > 1 and each m = p‘l)‘1 e p,‘f", if m € B, then
m € D.Letn = mp® € B, where p > pyandm = p{' - -- p/*. By the definition
of B,wehave m € Bandhencem € D. Assumethat l =t <t <--- <t, =m
are the divisors of m. Then the divisors of n,say 1 =d; <dy < --- < d; = n,
are of the form d; = pﬂtj,where() <B<La, 1 <j<r. If j <r,wehave

div1 < pPri < pPOt)) <0(pPrj) =0(dy),

as desired. If j = r, then d; = pﬂm and we may assume that 0 < 8 < «, that is,
d; < n.If p > m, then pP*! > pPm = d;. Also, n € B implies that p < 6(m),
)

dit1 < pPT < pPom) <o(pPm) =0(d)).

If p<m,thent; <m/p <ty forsome s with 1 < s <r.Nowd; = pPm <
B+1
pPT 541, 50

dit1 < pﬂ+1ts+1 < Pﬁ—He(ts) < e(pﬁ-Hts)-

Since t; < m/p, we have pPt1t; < mpP = d; and hence 0(pPt1t,) < 0(d;), as
6(n) is non-decreasing. Thus, d; 11 < 6(d;) also holds in this case, which means
thatn € D.
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