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Diffuse priors lead to pathological posterior behavior when used in Bayesian anal-
yses of simultaneous equation models~SEM’s!+ This results from the local non-
identification of certain parameters in SEM’s+When this a priori known feature is
not captured appropriately, it results in an a posteriori favoring of certain specific
parameter values that is not the consequence of strong data information but of local
nonidentification+ We show that a proper consistent Bayesian analysis of a SEM
explicitly has to consider the reduced form of the SEM as a standard linear model on
which nonlinear~reduced rank! restrictions are imposed, which result from a sin-
gular value decomposition+ The priors0posteriors of the parameters of the SEM are
therefore proportional to the priors0posteriors of the parameters of the linear model
under the condition that the restrictions hold+ This leads to a framework for con-
structing priors and posteriors for the parameters of SEM’s+ The framework is used
to construct priors and posteriors for one, two, and three structural equation SEM’s+
These examples together with a theorem, showing that the reduced forms of SEM’s
accord with sets of reduced rank restrictions on standard linear models, show how
Bayesian analyses of generally specified SEM’s can be conducted+

1. INTRODUCTION

Since the early 1940’s a lot of research has focused on the development of statis-
tical methods for analyzing simultaneous equation models~SEM’s! ~see, e+g+,
Haavelmo, 1943;Anderson and Rubin, 1949!+ It shows that models that are able
to generate variables simultaneously are important because this is a stylized fact
of many economic time series+The SEM is not only important but also rather com-
plicated as a result of the problems regarding the identification of its parameters+
The identification of the structural parameters is reflected in the rank and order con-
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ditions that result from the implied reduced form~see Hausman, 1983!+The order
condition reflects overall identification whereas the rank condition reflects local
~non! identification+ This latter phenomenon, local nonidentification, is shown to
lead to pathological posterior behavior when flat priors are used in Bayesian anal-
yses of the SEM+ This behavior occurs in the traditional Bayesian analyses of
SEM’s documented in the literature~see, e+g+, Drèze, 1976; Drèze and Morales,
1976;Drèze and Richard, 1983!+We show its occurrence in a limited information
~one equation! analysis of the SEM+ Similar behavior can be found in other spec-
ifications of the SEM as well because the origin of the pathological posterior be-
havior, local nonidentification of parameters, is exemplary to SEM’s+

To obtain a consistent Bayesian analysis of a SEM that does not suffer from
these pathologies,we construct a framework in which the reduced form of a SEM
is specified as a multivariate linear model with nonlinear~reduced rank! restric-
tions on its parameters+ Using singular value decompositions we specify the re-
strictions such that a one-to-one correspondence with a linear model is obtained
when the restrictions do not hold and the reduced form of the SEM is obtained
when they hold+ The prior and posterior analysis then results when this specifi-
cation is used in the framework for analyzing nested models as parameter restric-
tions of embedding models constructed in Kleibergen~1997!+ It a+o+ leads to
invariance of the priors and posteriors with respect to the specification of the
model+ The resulting posteriors of the parameters of the SEM accord with the
posterior of the embedding linear model+ Our analysis is therefore similar to
the construction of the Savage–Dickey density ratio~see Dickey, 1971!+ That is,
we construct the priors0posteriors in the points where the hypothesis~restriction!
holds+ In contrast, the posterior of the parameters of a SEM, derived in the usual
way using a diffuse prior, is inconsistent in the sense that its implied posterior of
the parameters of the embedding linear model is not a member of the standard
class of posteriors of the parameters of linear models~see Kleibergen, 1997!+

The paper is organized as follows+ In Section 2, we show the pathologies aris-
ing in the posteriors of the parameters of an incomplete~one structural equation
analysis of a! SEM when flat priors are used+ Sections 3 and 4 show how an
incomplete SEM is rewritten as a multivariate linear model with nonlinear pa-
rameter restrictions+ We use this specification jointly with the framework for
analyzing nested models as parameter restrictions of embedding models to obtain
the prior and posterior analysis+ Singular value decompositions are also involved
that are similar to the canonical correlations used in a limited information max-
imum likelihood analysis~seeAnderson and Rubin, 1949!+ In Section 5, posterior
simulators are constructed to sample from the posterior of the parameters of an
incomplete SEM+ Section 6 extends the one structural equation analysis to a full
system analysis by showing that a fully specified SEM accords with a set of
reduced rank restrictions on a linear model+ Different subsections then show the
framework for prior and posterior analysis for two and three structural equations
and also show that the order condition for a full system analysis of a SEM can
differ from the order condition resulting from a one structural equation analysis+
Finally, Section 7 contains conclusions+
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2. NONIDENTIFICATION AND PATHOLOGICAL POSTERIOR BEHAVIOR

To show the consequences that local nonidentification of parameters of SEM’s
has for posterior distributions,we analyze, as an example, the case of one~set of!
structural equation~s!+ This model is also known as the incomplete simultaneous
equations model~INSEM!+ As the results for the posteriors of the INSEM are
exemplary for other specifications of the SEM, the importance of a proper treat-
ment of the issue of local nonidentification is shown by the analysis of the INSEM+

We use as specification of the INSEM~see Zellner, Bauwens, and van Dijk,
1988!

y1 5 Y2 b 1 Z1g 1 «1,

Y2 5 Z1P12 1 Z2P22 1 «2,
(2.1)

wherey1 : T31 andY2 : T3 ~m21! are endogenous andZ1 : T3 k1 andZ2 : T3
k2, k5 k1 1 k2 contain the~weakly! exogenous~see Engle, Hendry, and Richard,
1983!, and lagged dependent variables, b : ~m 2 1! 3 1, g : k1 3 1, P2 5
~P12
' P22

' !' : k 3 ~m2 1! and we assume that~«1 «2! ; n~0,S J IT!+ The iden-
tification problems arise when the parameterP22 5 0 ~or has reduced rank! as
~parts of! the structural form parameterb is then nonidentified+ This is easily
seen when we construct the reduced form of the INSEM~2+1!,

y1 5 Z1p11 1 Z2P22b 1 j1,

Y2 5 Z1P12 1 Z2P22 1 «2,
(2.2)

wherep11 5 g 1 P12b, j1 5 «1 1 «2b, ~j1 «2! ; n~0,V!, S 5 B'VB, and

B 5 S 1 0

2b Im21
D+

WhenP225 0, b is not identified in~2+2! and the disturbancesj1 are not affected
by the value ofb+ So, the likelihood is flat and nonzero in the direction ofb when
P225 0+ If we use flat~diffuse! priors in a Bayesian analysis of the INSEM, such
that the joint posterior is proportional to the likelihood, the joint posterior of the
different parameters will also be flat and nonzero in the direction ofb for zero
values ofP22+ This property is passed on to the marginal posteriors,which are the
integrals of the joint posterior over the different parameters+ To show the conse-
quences for the marginal posteriors in practice, we calculated the marginal pos-
teriors of the parameters of the demand equation of the “Tintner meat market”
model~see Tintner, 1952!+ In this exact identified model, y1 reflects quantity of
meat consumed, y2 is the price of meat, z1 is national income per capita, z2 is the
cost of processing meat~all variables are in deviation from their mean!, m5 2,
k1 5 k2 5 1+

In Figure 1, the joint posterior ofb and P22 is drawn for the Tintner meat
market dataset, and Figure 2 contains the contour lines of this bivariate posterior+
The functional form of this posterior is obtained by using a flat prior~@ 1! and
integrating out~S,p11,P12! and reads
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p~b,P226Y,Z! } 6~ y1 2 Z2P22b!'M~Z1«2!~ y1 2 Z2P22b!62~102!~T2k12m21!

3 6~Y2 2 Z2P22!
'MZ1

~Y2 2 Z2P22!62~102!~T2k12m21!, (2.3)

asY2 5 Z1P12 1 Z2P22 1 «2 andMV 5 IT 2 V~V 'V !21V ', V 5 Z1, V 5 ~Z1 «2!+
Both Figures 1 and 2 and the functional form of the posterior in~2+3! show that

Figure 1. Bivariate posterior~b,p22! demand equation Tintner model+

Figure 2. Contour lines marginal posterior~b,P22! demand equation+
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the marginal posterior does not depend onb whenP2250 as it is flat and nonzero
in the direction ofb for zero values ofP22+ This implies that the marginal pos-
terior ofP22, which is the integral of the posterior~2+3! overb, will be infinite at
P22 5 0 as at this particular value ofP22 we construct an integral of a function
over an infinite parameter region whereas the function itself does not depend on
the parameterb over which we integrate+ So, the integral will be proportional to
the size of the parameter region, i+e+, infinity+ Both the functional form of the
marginal posterior ofP22,

p~P226Y,Z! } 6P22
' Z2

'M~Z1«2! Z2P2262102

3 F 6P22
' Z2

'M~Z1 Y2! Z2P226
6P22
' Z2

'M~Z1 Y1 Y2! Z2P226G2~102!~T2k122~m21!!

3 6~Y2 2 Z2P22!
'MZ1

~Y2 2 Z2P22!62~102!~T2k12m21!, (2.4)

and the marginal posterior ofP22 for the Tintner dataset from Figure 3 show this
phenomenon, and consequently the value of the posterior ofP22 is infinite at
P22 5 0+

The nonidentification ofb also has consequences for its own marginal poste-
rior, which belongs to the class of 12 1 poly t densities+ See Bauwens and van
Dijk ~1989!,Drèze~1976!,Drèze~1977!,Drèze and Richard~1983!, and Richard
and Tompa~1980! for an efficient algorithm to calculate the moments of this class
of densities+ This posterior reads

Figure 3. Marginal posteriorp22 demand equation Tintner model+
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p~b6Y,Z! } 6~ y1 2 Y2 b!'M~Z1 Z2!~ y1 2 Y2 b!6~102!~T2k12k22m21!

3 6~ y1 2 Y2 b!'MZ1
~ y1 2 Y2 b!62~102!~T2k12m21!, (2.5)

and it has fat tails resulting from the flat nonzero conditional posterior ofb given
P225 0+ For the case of the Tintner model, the marginal posterior is even nonin-
tegrable, which is plausible given the fat tails of the marginal posterior ofb
shown in Figure 4+ In general, the moments of the posterior in~2+5! exist up
to0including the degree of overidentification minus 1, implying that exact iden-
tified models lead to nonintegrable posteriors when flat~diffuse! priors are used+

A popular method for numerical calculation of posterior densities is to con-
struct the conditional posteriors and use them to perform Gibbs sampling~see
Gelfand and Smith, 1989; Smith and Roberts, 1993!+ When this Markov chain
Monte Carlo~MC2! algorithm is used to compute the marginal posteriors of the
parameters of the INSEM, as in Geweke~1996!, the local nonidentification prob-
lems lead to a reducible Markov chain because when a locally nonidentified
parameter value is drawn, the sampler continues drawing nonidentified param-
eter values+ Stated differently, the region of locally nonidentified parameter val-
ues is an absorbing state in the Markov chain+ The posterior, therefore, violates
the convergence conditions for Gibbs samplers as outlined in Roberts and Smith
~1994!+A solution to this problem is to use informative priors, but this approach
is questionable when priors are used that are not in accordance with the likelihood
~see Kleibergen, 1997!+

Figure 4. Marginal posteriorb demand equation Tintner model+
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The integrability problems of the posteriors discussed previously result from the
dependence of the structural form parameterb on P22+ In classical econometric
analysis~seeAnderson,1982;Phillips,1983;Poirier,1994!, the parameterb is an-
alyzed conditional on a so-called concentration parameter+This is essentially a sta-
tistic to test the hypothesisH0 :P225 0, and it shows whether the information in
the likelihood is concentrated aroundP2250+When this concentration parameter
tends to infinity when the sample size becomes large, normal asymptotic theory
can be applied~see Anderson, 1982; Phillips, 1983!+WhenP225 0, however, es-
timators ofb, like 2SLS, converge to random variables~see Phillips, 1989!+ The
integrability problems outlined previously show that also in a Bayesian analysisb
has to be analyzed givenP22, which is natural given that the identification prob-
lems in the likelihood result from model properties, i+e+, the nonidentification of
b atP225 0, and are not the result of inferior data+ Because we know a priori that
these integration problems arise, a framework is needed that formalizes the way
the parameters are analyzed conditional on one another and that leads to nonpath-
ological posteriors+This framework is constructed in Kleibergen~1997! and is used
in the following sections+

3. PRIORS FOR THE INSEM PARAMETERS

In the previous section, we showed that the parameters that suffer from local
nonidentification problems should be analyzed conditional on the value of their
identifying parameters+ This is one of the main properties obtained through the
priors constructed in this section+ In previous versions of this paper~see Kleiber-
gen and van Dijk, 1992, 1994a; see also Kleibergen and van Dijk, 1994b;Kleiber-
gen and Zivot, 1998; Chao and Phillips, 1998!, Jeffreys’ priors are used to obtain
this property+ The resulting posterior when this prior is used is, however, not
nested within the assumed posterior of the parameters of the embedding un-
restricted linear model+ This is a key property of the priors constructed in this
section+ The prior we construct in this section results from Kleibergen~1997!,
where it is shown that a whole range of models can be considered as nonlinear
restrictions on the parameters of standard linear models+ This gives a general
framework for the analysis of a large class of models~see also Kleibergen and
Hoek, 1996; Kleibergen and Paap, 1997!+

3.1. SEM’s as Linear Models with Nonlinear Parameter Restrictions

Overidentified SEM’s can be considered as a nonlinear restriction on the param-
eters of a multivariate linear model+ It is well known how diffuse and conjugate
priors and their resulting posteriors are constructed for the parameters of linear
models~see Zellner, 1971!+When we explicitly consider the SEM as a nonlinear
restriction on the parameters of a linear model, the priors and posteriors of the
parameters of the SEM result, straightforwardly, as proportional to the priors and
posteriors of the parameters of the linear model under the condition that the re-
strictions on these parameters hold~see Kleibergen, 1997!+
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To analyze the restrictions imposed by a SEM on the parameters of a linear
model consider the INSEM~2+1! and its implied reduced form~2+2!+ To show the
imposed restrictions, we add a parameterl to this model that is such that when it
is nonzero, ~i! there is a one-to-one correspondence with a standard linear model
and when it equals zero both~ii ! the reduced form of the INSEM results and~iii !
it is locally uncorrelated with specific other parameters+ This latter property is
needed to obtain priors and posteriors of the parameters of the INSEM that are
invariant with respect to the specification of the model~see Kleibergen, 1997, for
an exact specification of the conditions the restrictions have to satisfy!+ Several
restrictions imposed on the linear model namely lead to the reduced form of the
INSEM, but only one restriction leads to priors and posteriors that are invariant
with respect to parameter transformations+ This invariance property is needed to
avoid the Borel–Kolmogorov paradox~see Billingsley, 1986;Drèze and Richard,
1983; for more details on this posterior invariance, see Kleibergen, 1997!+ The
resulting model, which we call the unrestricted SEM, reads

~ y1 Y2! 5 Z1~p11 P12! 1 Z2P22~b Im21!

1 Z2P224l~b Im21!41 ~j1 «2!, (3.1)

wherel : ~k2 2 m11! 31 andP224, ~b Im21!4 are the orthogonal complements
of P22, ~b Im21! resp+, such thatP22

' P224 [ 0, ~b Im21!~b Im21!4
' [ 0,

and P224
' P224 [ Ik22m11, ~b Im21!4~b Im21!4

' [ 1 ~i+e+, P224 5
~2P222P221

21 Ik22m11!'~Ik21m21 1 P222P221
21 P221

21'P222
' !2102, when P22 5

~P221
' P222

' !', P221: ~m 2 1! 3 ~m 2 1!, P222: ~k2 2 m 1 1! 3 ~m 2 1!, and
~b Im21!45 ~11 b 'b!2102~1 2b '!!+We note that the orthogonal complements
used in other parts of the paper are defined identical to the ones stated previously+

It is clear that whenl 5 0, ~3+1! is identical to~2+2! and becausel is multiplied
by the orthogonal complements of the matrices containingb andP22, the infor-
mation matrix is block diagonal atl 5 0+ We therefore say thatl is locally
uncorrelated withb andP22 at l 5 0+ The one-to-one correspondence between
the parameters of~3+1! and a multivariate linear model,

~ y1 Y2! 5 ~Z1 Z2!Sp11 P12

f1 F2
D1 ~j1 «2!, (3.2)

wheref1 : k2 31, F2 : k2 3 ~m21!, can be shown using a singular value decom-
position ~SVD! of F 5 ~f1 F2! ~for definitions of a SVD, see Golub and van
Loan, 1989; Magnus and Neudecker, 1988!+ The equality of~3+2! and ~3+1! is
shown in Appendix E and uses the SVD ofF,

F 5 USV', (3.3)

whereU : k23 k2, U 'U 5 Ik2
; V :m3 m, V 'V5 Im; andS: k23 m is a rectangular

matrix containing the~nonnegative! singular values~in decreasing order! on its
main diagonal~5 ~s11+ + +smm!!+ If we now write
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U 5 SU11 U12

U21 U22
D, S5SS1 0

0 s2
D, and V 5Sv11 v12

V21 v22
D, (3.4)

whereU11,S1,V21: ~m21! 3 ~m21!; v12: 131; v11
' , v22: ~m21! 31; U12: ~m2

1! 3 ~k2 2 m1 1!; U21: ~k2 2 m1 1! 3 ~m2 1!; U22: ~k2 2 m1 1! 3 ~k2 2 m1
1!; s2: ~k2 2 m1 1! 3 1, then the following relationship between~P22,b,l! and
~U,S,V ! results:

P22 5 SU11

U21
DS1V21

' , b 5 V21
'21v11

' , and

l 5 ~U22U22
' !2102U22s2v12

' ~v12v12
' !2102+ (3.5)

Furthermore, the SVD shows thatl is identified by the smallest singular value of
F contained ins2 and is essentially a rotation ofs2 becauses2 is pre- and post-
multiplied by orthogonal matrices to obtainl+ Because the singular values2 is
invariant with respect to the ordering of the variables contained inY ~5~ y1 Y2!!
andZ2, the length ofl, which is equal to the length ofs2 because it is a rotation
of s2, is identical for all orderings of the variables contained inY andZ2+ This
property is needed to obtain a prior0posterior of the parameters of the INSEM
that is invariant with respect to the ordering of the variables inY andZ2+

When we use the least-squares estimator ofF in ~3+3!, ZF 5
~Z2
'MZ1

Z2!21Z2
'MZ1

~ y1 Y2!, the estimators forb andP22 resulting from~3+5!
are similar to the limited information maximum likelihood estimators~see An-
derson and Rubin, 1949; Hausman, 1983! when the instruments are reasonable
~for a proof of this, see Kleibergen and Zivot, 1998!+ The hypothesisH0 : l 5 0
can also be tested in that setting to check the validity of the imposed
overidentification+

The preceding discussion shows that the INSEM can be considered as a non-
linear ~reduced rank! restriction, l 5 0, on the parameters of the linear model
~3+2!+ We therefore construct the priors and posteriors of the parameters of the
INSEM ~2+1! as proportional to the priors and posteriors of the parameters of
the linear model~3+2! evaluated inl 5 0+ This framework for constructing priors
and posteriors results from Kleibergen~1997!, and we discuss its results for the
INSEM in the following~sub!section+ The framework can also be used in a full
system analysis in which SVD’s have to be applied recursively+As this becomes
notationally more complicated we discuss it in a later section+ Note also that the
analysis for exact identified SEM’s directly results from the standard linear model
because in that case there is a one-to-one correspondence between the parameters
of the structural form and the linear model+

3.2. Prior Framework for SEM’s

As shown previously, the INSEM can be considered as a nonlinear restriction on
the parameters of a multivariate linear model+ It is, however, not possible to
analytically construct the conditional posterior of the parameters, V, p11, b, P12,
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andP22, given the parameter reflecting the restrictions, l ~see Kleibergen, 1997!+
To show this letu 5 ~p11,b,P12,P22! andh 5 ~F,p11,P12!, then

punsem~u,l 6V,Y,Z! } plin ~h~u,l!6V,Y,Z!* ]h

]~u,l! *, (3.6)

whereh is a function ofu andl andunsemstands for unrestricted SEM andlin
for linear model+ Assume that the posterior ofh is well behaved, which is
typically the case for the posterior of the parameters of a multivariate linear
model; then we cannot give an exact expression of the conditional posterior of
u given l, punsem~u6l,V,Y,Z!, including its normalizing constants because we
cannot construct the marginal posterior ofl, punsem~l 6Y,Z!, analytically+ This
results asl is multiplied byP224 and ~b Im21!4 in ~3+1!+ The terml is there-
fore partly a nonlinear function ofb andP22 such that we cannot construct its
marginal posterior analytically+ So, to obtain a consistent analysis, in the sense
that the INSEM has to accord with its embedding linear model, we cannot
ignore that the INSEM is a linear model with nonlinear restrictions on its pa-
rameters and just proceed by constructing the posterior as in Section 2+ In that
section we namely implicitly assumed that the involved posterior is propor-
tional to punsem~u,l 6V,Y,Z!6l50+ This implies a posterior for the parameters of
the linear model inl 5 0,

plin ~h6V,Y,Z!6l50 } punsem~h~u,l!6V,Y,Z! 6l50*S ]~u,l!

]h D*
l50

*+ (3.7)

As shown in Section 2 the posteriorpunsem~u,l 6V,Y,Z!6l50 is badly behaved, and
the resultingplin~h6V,Y,Z!6l50 is thus also badly behaved+ This is, however, a
posterior of the parameters of a linear model that is normally well behaved and
well understood+ It therefore does not belong to~or is nested within! the standard
class of posteriors of parameters of linear models+For more details, refer to Kleiber-
gen~1997!+Also slight modifications of the INSEM, to, for example, an INSEM
that is nested in the original INSEM, lead to a different implied posterior of the
parameters of the embedding linear model+We therefore use the priors0posteriors
of the parameters of the linear model as a base to construct the priors0posteriors
of the parameters of the INSEM+ So, we specify a prior for the parameters of the
linear model, for example, a diffuse or natural-conjugate prior~see Zellner, 1971!,
and we evaluate this prior inl50 to obtain the prior for the INSEM~see Kleiber-
gen, 1997; Kleibergen and Paap, 1997!,

pinsem~u,V! } punsem~u,l,V!6l50

} plin ~h~u,l!,V!6l50*S ]h

]~u,l!D 6l50
*, (3.8)

whereinsemstands for INSEM+We note that we can also perform the construc-
tion of the prior vice versa by constructing a prior on the structural form param-
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eters and checking whether the implied prior on the parameters of the embedding
linear model is plausible~see Kleibergen, 1997; Kleibergen and Zivot, 1998!+

3.2.1. Diffuse prior. Using the framework resulting from~3+8!, a diffuse~Jef-
freys’! prior for the parameters of the linear model, ~p11,P12,F,V!,

plin ~p11,P12,F,V! } 6V62~102!~k1m11! } 6V62~102!~m11! 6V21 J Z 'Z6102, (3.9)

implies the prior for the parameters of the INSEM, ~b,p11,P12,P22,V!,

pinsem~b,p11,P12,P22,V!

} 6V62~102!~m11! 6V21 J Z 'Z6102 6J~F,~P22,b,l!!6l506

} 6V62~102!~k11m11! 6Z1
' Z16~102!m6B4VB4

' 62~102!~k22m11!

3 6P224
' ~Z2

'MZ1
Z2!21P22462102

3 *S BV21B' J Z2
'MZ1

Z2 BV21e1 J Z2
'MZ1

Z2P22

e1
'V21B' J P22

' Z2
'MZ1

Z2 e1
'V21e1 J P22

' Z2
'MZ1

Z2P22
D*102

,

(3.10)

where e1 :m 3 1 is the first m-dimensional unity vector, B 5 ~b Im21!,
6J~F,~P22,b,l!!65 6]h0]~u,l!6 and is constructed in Appendix A+

The prior~3+10! shows thatb is analyzed conditional on the value ofP22, as it
should be according to the local nonidentification ofb for lower-rank values of
P22+ Furthermore, the prior shows the functional form of a diffuse prior for the
parameters of the INSEM+ This accords with our conclusions from the previous
section that diffuseness for models like the INSEM has to be defined in a different
way than the usual one for parameters of linear models+

We note that the prior~3+10! is the Jeffreys’prior of the unrestricted reduced form
of the INSEM ~3+1! evaluated inl 5 0+ In Kleibergen and van Dijk~1994a!,
the Jeffreys’ prior of the reduced form of the INSEM~2+2! is used to obtain
well-behaved posteriors~see also Chao and Phillips,1998!+This prior is apart from
6B4VB4

' 62~102!~k22m11! 6P224
' ~Z2

'MZ1
Z2!21P22462102 identical to~3+10!+ We use

~3+10! instead of that prior for three reasons+ First, ~3+10! results in a generic man-
ner from the linear model~3+2!+ Second, the concept for constructing~3+10! can
also be applied in the full system analysis whereas the Jeffreys’ priors of the re-
duced forms of full system SEM’s are intractable+Third,although we use data ma-
trices in~3+10! to obtain a more interpretable expression of the prior, it is not data
dependent as no data matrices appear in the JacobianJ~F,~P22,b,l!!, and6Z 'Z6
can just be left out+A Jeffreys’ prior on the reduced form~2+2! is data dependent
however+ For more details, see Kleibergen and Zivot~1998!+

The prior~3+10! is identical to the Jeffreys’ prior for the reduced form of the
orthonormal SEM~see Phillips, 1983; Chao and Phillips, 1996!, whereV 5 Im

andZ2
'MZ1

Z2 5 Ik2
, asB4B4

' 5 1, P224
' P2245 Ik22m11+ Using Rayleigh quotients
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it can also be shown that the ratio of the prior~3+10! and a Jeffreys’ prior on the
reduced form~2+2! is bounded between finite nonzero constants+

3.2.2. Natural conjugate prior. In case of a natural conjugate prior for the
parameters of the linear model, we specify an inverted-Wishart prior forV and a
matrix normal prior for~p11,P12,F! givenV,

plin ~V! } 6G6~102!h 6V62~102!~h1m11! exp@2 1
2
_tr~V21G!#

plin ~p11,P12,F6V! } 6V62~102!m6A6~102!k

3 expF2
1

2
trSV21SSp11 P12

w1 F2
D2 PD'

3 ASSp11 P12

w1 F2
D2 PDDG, (3.11)

whereG :m3 m, A : k3 k, G andA are positive definite symmetric~pds! matri-
ces, P : k3 m, andh is the prior degrees of freedom parameter+ The matrixA can
be decomposed as

A 5 SA11 A12

A21 A22
D, (3.12)

whereA11: k13k1,A125A21
' : k23k1,A22: k23k2+The prior of the parameters of

the INSEMresulting fromplin~p11,P12,F,V!canagainbeconstructedusing~3+8!,

pinsem~b,p11,P12,P22,V!

} plin ~p11,P12,F~b,P22,l!,V6l506J~F,~P22,b,l!!6l506

} 6G6~102!h 6V62~102!~h1k11m11! 6A116~102!m6B4VB4
' 62~102!~k22m11!

3 6P224
' A22+1

21 P22462102

3 *S BV21B' J A22+1 BV21e1 J A22+1P22

e1
'V21B' J P22

' A22+1 e1
'V21e1 J P22

' A22+1P22
D*102

3 expF21

2
trSV21SG 1SS p11 P12

P22b P22
D2 PD'

3 ASS p11 P12

P22b P22
D2 PDDDG, (3.13)

whereA22+15A222A21A11
21A12and the specification of~3+13! is not unique in the

sense that certain scaling factors are used to obtain a more interpretable expression+
It may be that we have more knowledge about possible values of the param-

eters of the INSEM than about the parameters of the linear model+ This knowl-
edge can be used in the construction of the prior of the parameters of the linear
model though, as these parameters are an exact function of the parameters of the
INSEM when the restrictionl 5 0 holds+We can also directly specify a prior on
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the parameters of the INSEM and check whether the implied prior on the param-
eters of the embedding linear model is plausible~see Kleibergen and Zivot, 1998!+

The prior~3+13! does not belong to a known class of probability density func-
tions, and we do not know analytical expressions of its moments~which only
exist up to its first order~but not including it!! or normalizing constant+ These
properties can be calculated using Monte Carlo simulation, and in Section 5 we
construct a simulation algorithm to obtain drawings from~3+13!+

4. POSTERIORS OF THE INSEM PARAMETERS

The framework for constructing the priors of the parameters of the INSEM can
directly be applied to construct the posteriors of the parameters of the INSEM+
This results because the likelihood of the INSEM is a continuous function of the
parameters such that the posterior, which is proportional to the product of the
prior and the likelihood, can be evaluated in the same way as the prior,

pinsem~b,p11,P12,P22,V6Y,Z!

} pinsem~b,p11,P12,P22,V!Linsem~Y6b,p11,P12,P22,V,Z!

} punsem~b,l,p11,P12,P22,V!6l50Lunsem~Y6b,l,p11,P12,P22,V,Z!6l50

} plin ~p11,P12,F~b,l,P22!,V!6l506J~F,~P22,b,l!!6l506

3 Llin ~Y6p11,P12,F~b,l,P22!,V,Z!6l50+ (4.1)

In the following two subsections, we construct the posteriors for different spec-
ifications of the prior, i+e+, a diffuse and natural conjugate prior+

4.1. Posterior INSEM Using Diffuse Prior

Using the diffuse prior~3+10!, the joint posterior of the parameters of the INSEM
can directly be constructed from this prior and the likelihood using~4+1!,

pinsem~b,p11,P12,P22,V6Y,Z!

} pinsem~b,p11,P12,P22,V!L~Y6b,p11,P12,P22,V,Z!

} 6V62~102!~T1k11m11! 6Z1
' Z16~102!m6B4VB4

' 62~102!~k22m11!

3 6P224
' ~Z2

'MZ1
Z2!21P22462102

3 *S BV21B' J Z2
'MZ1

Z2 BV21e1 J Z2
'MZ1

Z2P22

e1
'V21B' J P22

' Z2
'MZ1

Z2 e1
'V21e1 J P22

' Z2
'MZ1

Z2P22
D*102

3 expF21

2
trSV21S~y1 Y2! 2 ~Z1 Z2!S p11 P12

P22b P22
DD'

3 S~y1 Y2! 2 ~Z1 Z2!S p11 P12

P22b P22
DDDG + (4.2)
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The posterior~4+2! does not belong to a known class of probability density
functions nor do any of the conditional posteriors, apart from the conditional
posterior of~p11,P12! given ~b,P22,V!, which is matrix normal, belong to a
known class of probability density functions+ So, we can only analytically in-
tegrate out~p11,P12! to obtain the marginal posterior of~b,P22,V!,

pinsem~b,P22,V6Y,Z! } 6V62~102!~T1m11! 6B4VB4
' 62~102!~k22m11!

3 *S BV21B' J Z2
'MZ1

Z2 BV21e1 J Z2
'MZ1

Z2P22

e1
'V21B' J P22

' Z2
'MZ1

Z2 e1
'V21e1 J P22

' Z2
'MZ1

Z2P22
D*102

3 6P224
' ~Z2

'MZ1
Z2!21P22462102

3 exp@22
12tr~V21~~ y1 Y2! 2 Z2P22~b Im21!!'

3 MZ1
~~ y1 Y2! 2 Z2P22~b Im21!!!# , (4.3)

which shows the functional form of the kernel of the density of a matrix normal
distributed random matrix with reduced rank~see Kleibergen, 1997!+ The poste-
rior ~4+3! is proportional to the product of the marginal posterior of~F,V! and the
Jacobian of the transformation evaluated inl 5 0,

pinsem~b,P22,V6Y,Z! } plin ~F~b,l,P22!,V6Y,Z!6l506J~F,~P22,b,l!!6l506+

(4.4)

In Section 5, we construct importance and Metropolis–Hastings samplers for
calculating the marginal posteriors of~4+3! that use~4+4!+

4.2. Posterior INSEM Using Natural Conjugate Prior

Identically to the posterior of the parameters of the INSEM using a diffuse prior
~4+2!,we can construct the posterior of the parameters of the INSEM when we use
the natural conjugate prior~3+13!,

pinsem~b,p11,P12,P22,V6Y,Z!

} 6V62~102!~T1k11m11! 6~A 1 Z 'Z!116~102!m6B4VB4
' 62~102!~k22m11!

3 *S BV21B' J ~A 1 Z 'Z!22+1 BV21e1 J ~A 1 Z 'Z!22+1P22

e1
'V21B' J P22

' ~A 1 Z 'Z!22+1 e1
'V21e1 J P22

' ~A 1 Z 'Z!22+1P22
D*102

3 6P224
' ~A 1 Z 'Z!22+1

21 P22462102

3 expF2
1

2
trSV21S EG 1SS p11 P12

P22b P22
D2 EPD'

3 ~A 1 Z 'Z!SS p11 P12

P22b P22
D2 EPDDDG , (4.5)

where EP5 ~A1Z 'Z!21~Z 'Y1A'P!, EG5G1Y 'Y2 EP'~A1Z 'Z! EP,Y5 ~y1 Y2!+
Again similar to the posterior using a diffuse prior~4+2!, only the conditional
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posterior of~p11,P12! given~b,P22,V! belongs to a known class of probability
density functions, and~p11,P12! are the only parameters that can be integrated
out analytically to obtain the marginal posterior of~b,P22,V!,

pinsem~b,P22,V6Y,Z! } 6V62~102!~T1m11! 6B4VB4
' 62~102!~k22m11!

3 *S BV21B' J ~A 1 Z 'Z!22+1 BV21e1 J ~A 1 Z 'Z!22+1P22

e1
'V21B' J P22

' ~A 1 Z 'Z!22+1 e1
'V21e1 J P22

' ~A 1 Z 'Z!22+1P22
D*102

3 6P224
' ~A 1 Z 'Z!22+1

21 P22462102

3 exp@22
12tr~V21~ EG 1 ~P22~b Im21! 2 EP2!'

3 ~A 1 Z 'Z!22+1~P22~b Im21! 2 EP2!!!# , (4.6)

where EP 5 ~ EP1
' EP2

' !', EP1 : k1 3 m, EP2 : k2 3 m+
Again ~4+4! applies to this posterior, and we use it in the following section to

construct a posterior simulator+

5. SIMULATING POSTERIORS

As mentioned before the posteriors~4+3! and~4+6! do not belong to a standard
class of probability density functions nor do their conditional posteriors+We can
therefore not perform Gibbs sampling as the conditional posteriors are nonstan-
dard+ The simulation algorithms constructed in this section therefore generate
drawings from a probability density function that approximates the true posterior+
To correct for not drawing from the true posterior, weights are attached to each
drawing of the parameters proportional to the ratio of the posterior and the ap-
proximating density in the generated parameter points+ These weights can be
used in both importance sampling algorithms~see Kloek and van Dijk, 1978;
Geweke, 1989! and Metropolis–Hastings algorithms~see Metropolis, Rosen-
bluth, Rosenbluth, Teller, and Teller, 1953; Hastings, 1970! to draw from the
posterior+We first discuss the construction of the weights and the approximating
density, and hereafter we briefly discuss the two different simulation algorithms+

We use the posterior of the unrestricted SEM, punsem~b,l,P22,V6Y,Z!, as ap-
proximating density of the posterior of the INSEM, pinsem~b,P22,V6Y,Z!+ The
posterior of the unrestricted SEM contains the parameterl, however,which is not
present in the posterior of the INSEM+ To obtain a density that both accords with
the posterior of the INSEM and containsl, we assume thatl is generated given
~b,P22,V! from a proper conditional densityg~l 6b,P22,V!, which we specify
ourselves~see Chen, 1994; Verdinelli and Wasserman, 1995; Kleibergen, 1997;
Kleibergen and Paap, 1997!+ Furthermore, we assume thatb, P22, and V are
generated frompinsem~b,P22,V6Y,Z!+ So, as density function to be approximated
by punsem~b,l,P22,V6Y,Z! we have

g~l 6b,P22,V!pinsem~b,P22,V6Y,Z!

} g~l 6b,P22,V!~ punsem~b,l,P22,V6Y,Z!6l50!+ (5.1)
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The weight function thus becomes

w~b,l,P22,V! 5
g~l 6b,P22,V!~ punsem~b,l,P22,V6Y,Z!6l50!

punsem~b,l,P22,V6Y,Z!
+ (5.2)

The quality of the approximating densitypunsem~b,l,P22,V6Y,Z! crucially de-
pends on the chosen specification ofg~l 6b,P22,V!+ In case we use the diffuse prior
for the parameters of the INSEM~3+10!, a natural choice ofg~l 6b,P22,V! is

g~l 6b,P22,V!

5 ~2p!2~102!~k22m11! 6B4V21B4
' 6~102!~k22m11! 6P224

' Z2
'MZ1

Z2P22' 6102

3 exp@22
12tr~B' V21B4

' ~l 2 Zl!'P224
' Z2

'MZ1
Z2P224~l 2 Zl!!# , (5.3)

where

Zl 5 ~P224
' Z2

'MZ1
Z2P224!21P224

' Z2
'MZ1

~Y2 Z2P22B!V21B4
' ~B4V21B4

' !21,

whereas

g~l 6b,P22,V!

5 ~2p!2~102!~k22m11! 6B4V21B4
' 6~102!~k22m11! 6P224

' ~A 1 Z 'Z!22+1P2246102

3 exp@22
12tr~B4V21B4

' ~l 2 Zl!'P224
' ~A 1 Z 'Z!22+1P224~l 2 Zl!!# , (5.4)

where Zl5~P224
' ~A1Z 'Z!22+1P224!21P224

' ~~AP1Z 'Y!22~A1Z 'Z!22+1P22B! 3
V21B4

' ~B4V21B4
' !21, AP 1 Z 'Y 5 ~~AP 1 Z 'Y!1

' ~AP 1 Z 'Y!2
' !', ~AP 1

Z 'Y!1 : k13m, ~AP1Z 'Y!2 : k23m, is a natural choice ofg~l 6b,P22,V! when we
use the natural conjugate prior~3+11!+

The weight function resulting from these choices ofg reads in both cases

w~b,l,P22,V! 5
6J~F,~b,l,P22!!6l506
6J~F,~b,l,P22!!6

g~l 6b,P22,V!6l50, (5.5)

where g~l 6b,P22,V! should be chosen from~5+3! and ~5+4! according to
the involved prior+ In Appendix A, we show that 6J~F,~ b,l,P22!!6 $
6J~F,~b,l,P22!!6l506 such that the ratio of the Jacobians in~5+5! is always
finite+ Furthermore asg~l 6b,P22,V!6 is a proper conditional density, it is also
finite, and the weight function is consequently always finite+

Whenl 5 0, the ratio of Jacobians in~5+5! is equal to one, and the weight
function then simplifies to the proposed conditional density ofl evaluated in
l50+ The weight function is therefore always finite and nonzero whenl50+All
drawings of~b,l,P22! for whichl 5 0 thus get a finite nonzero weight+ This has
consequences for the existence of moments of the posteriorpinsem~b,P22,V6Y,Z!
because it implies that the degree of finite moments is determined by the trans-
formation ofF to ~b,l,P22!+ According to~3+5!, b 5 V21

'21v11
' + As no restrictions

are imposed on the rank ofV21, this implies that the posterior ofb has Cauchy-
type tails and no finite mean and variance~see Kleibergen and Zivot, 1998!+Note
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also that the sampling distributions of limited information maximum likelihood
estimators have Cauchy-type tails~see Anderson, 1982; Phillips, 1983!+

We summarize the different steps involved in obtaining the weight function,
attached to theith drawing, i 51, + + + ,N, in a simulation algorithm as follows~see
also Kleibergen, 1997; Kleibergen and Paap, 1997!,

Draw V i from plin~V6Y,Z!+
Draw F i from plin~F6V i,Y,Z!+
Perform a singular value decomposition ofF i 5 U iSiV i'+
Computeb, l, P22 according to~3+4! and~3+5!+
Computew~b i,li,P22

i ,V i ! according to~5+5!+
Draw p11

i , P12
i from plin ~p11,P126F~b i,l,P22

i !,V i,Y,Z!6l50+

The posteriors of the linear model parameters, V andF, used in the first step
are standard density functions, i+e+, inverted-Wishart and matrix normal, respec-
tively, in case of diffuse or natural conjugate priors+ The exact functional speci-
fication of these densities depends on the specification of the involved priors and
is straightforward to construct, i+e+,

plin ~V6Y,Z! } 6V62~102!~T1l1m11! exp@22
12tr~V21Q!# , (5.6)

wherel 50,Q5Y 'MZY in the case of the diffuse prior, l 5handQ5 EG in the case
of the natural conjugate prior, and

plin ~F6V,Y,Z! } 6V62~102!k2 exp@22
12tr~V21~F 2 ZF!'W~F 2 ZF!# , (5.7)

where ZF 5 ~Z2
'MZ1

Z2!21Z2
'MZ1

Y,W5 Z2
'MZ1

Z2 in the case of the diffuse prior
and ZF 5 EP2, W 5 ~A 1 Z 'Z!22+1 in the case of the natural conjugate prior+ In
Kleibergen and Zivot~1998! another simulation algorithm to generate drawings
from the posteriorpinsem~b,P22,V6Y,Z! is constructed that is sometimes more
efficient but is more difficult to generalize to the full information case+

The weight function can either be used in an importance or a Metropolis–
Hastings sampling algorithm to calculate the marginal posteriors or moments of
these+ Using the importance sampling algorithm~see Kloek and van Dijk, 1978;
Geweke, 1989!, we approximate the momentE~ f ~p11,P12,b,P22,V!! by

ZE~ f ~p11,P12,b,P22,V!! 5
(
i51

N

w~b i,li,P22
i ,V i ! f ~p11

i ,P12
i ,b i,P22

i ,V i !

(
i51

N

w~b i,li,P22
i ,V i !

,

(5.8)

where we use ZE to indicate that it is an estimator of the true expectationE+ In
Geweke~1989!, it is shown that under quite general conditions central limit theo-
rems can be used to prove the convergence of the approximation~5+8! to its true
value+As the weights are always finite, they satisfy the conditions for the central
limit theorems to apply, and statistics can be calculated that show the numerical
accuracy of the approximation~5+8!+
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The weights~5+2! can also be used in a Metropolis–Hastings~M-H ! algorithm
~see Metropolis et al+, 1953;Hastings, 1970! known as the independence sampler
~see Tierney, 1994!+ This algorithm constructs a Markov chain from the drawn
~p11

i ,P12
i ,b i,P22

i ,V i !’s+ The~p11
i ,P12

i ,b i,P22
i ,V i !’s in this Markov chain are ac-

cepted as drawings from the posterior+This is achieved using the following steps:

0+ i 5 1+
1+ Draw ~p11

i11,P12
i11,b i11,P22

i11,V i11! using the simulation scheme stated previ-
ously+ Given that~p11

i ,P12
i ,b i,P22

i ,V i ! is accepted as drawing from the posterior,
~p11

i11,P12
i11,b i11,P22

i11,V i11! is accepted as the~i 1 1!th drawing from the pos-
terior with probability min~~w~b i,li,P22

i ,V i !!0~w~b i11,li11,P22
i11,V i11!!,1!;other-

wise ~p11
i11,P12

i11,b i11,P22
i11,V i11! 5 ~p11

i , P12
i ,b i,P22

i ,V i !+
2+ i 5 i 1 1+ Go to 1+

When the resulting Markov chain, ~p11
i ,P12

i ,b i,P22
i ,V i !, i 5 1, + + + has con-

verged to its equilibrium distribution, say afterH drawings, we can record
~p11

i ,P12
i ,b i,P22

i ,V i !, i 5 H 1 1, + + + as simulated values of the parameters from
the posterior+

The simulation algorithms can also be used to calculate other properties of the
posterior, like Bayes factors and Bayesian Lagrange multiplier statistics~see
Kleibergen and Paap, 1997!, and to obtain drawings from the natural conjugate
prior ~3+13!+ In that case, the natural choice of the involvedg~l 6b,P22,V! reads

g~l 6b,P22,V! 5 ~2p!2~102!~k22m11! 6B4V21B4
' 6~102!~k22m11! 6P224

' A22+1P2246102

3 exp@22
12tr~B4V21B4

' ~l 2 Zl!'P224
' A22+1P224~l 2 Zl!!# ,

(5.9)

where Zl 5 ~P224
' A22+1P224!21P224

' A22+1~P2 2 P22B!V21B4
' ~B4V21B4

' !21, P 5
~P1
' P2

' !', P1 : k1 3 m, P2 : k2 3 m, andplin~V6Y,Z!, plin~F6V,Y,Z! both result
from ~3+11!+ This also shows the conjugateness of this prior as it equals the pos-
terior using a diffuse prior of some arbitrary set of observations that does not hold
for the extended natural conjugate priors, which are also specified for SEM’s,
used by Drèze and Morales~1976! and Drèze and Richard~1983!+We note that
the simulation algorithms do not calculateg; asg 5 p11 1 P12b, we can easily
incorporateg into these algorithms+

6. FULL SYSTEM ANALYSIS

The INSEM is a reduced rank restriction on a parameter matrix of a linear model+
A full system analysis of a SEM can also be specified as a linear model with
nonlinear restrictions on its parameters+Again these restrictions are reduced rank
restrictions, but the difference with the INSEM is that they can depend on one
another in a recursive way+ Theorem 1 states that the reduced form of a SEM is a
linear model with reduced rank restrictions on its parameter matrices+
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THEOREM 6+1+ Assume that aSEM has the following specification:

~Y Um Ym!SB Um Um B Umm

Bm Um Bmm
D 5 ~Z Um Z Umm Zm!1

G Um Um 0

Gm Um G Umm

0 Gmm
2 1 ~« Um «m!, (6.1)

where the number ofvariables contained in Ym is chosen such thatGmm: im 3 jm
~im$ jm! andG Umm: lm3 jm are unrestricted, the parameter matrices, G Um Um: l Um3 j Um,
Gm Um: lm 3 j Um, B Um Um: j Um 3 j Um, B Umm: j Um 3 jm, Bm Um: jm 3 j Um, B Um Um: j Um 3 j Um contain
~some! parameters that are restricted to zero except for BUm Um, which has all di-
agonal elements equal to one and some off-diagonal elements equal to zero, and
Bmm5 Ijm; then the reduced form of theSEM from equation~6+1! is equal to a set
of reduced rank restrictions on the standard linear model,

~Y Um Ym! 5 ~Z Um Z Umm Zm!F 1 j,

whereF : ~l Um 1 lm 1 im! 3 ~ j Um 1 j Um!+

Proof+ See Appendix B+

Theorem 1 shows that we can use the framework for prior0posterior analysis
used in the previous sections, which results from Kleibergen~1997!, in a Bayes-
ian full system analysis of a SEM+An important difference with the analysis from
the previous sections is, however, the dependence of the different reduced rank
restrictions on one another+ For the INSEM, we can either analyzeF conditional
on ~p11,P12! or vice versa+ So, the conditionalization of these parameters on one
another does not matter+ This does not hold for the full system analysis that we
can conclude from the proof of Theorem 1+ It results in a strict ordering in which
the reduced rank restrictions have to be imposed, and hence the parameters have
to be analyzed conditional on one another+ The reduced form of the SEM con-
structed in Appendix B already shows some important conditionalization rules
for the parameters of the SEM+ For example, the structural form parameterbm Um is
analyzed conditional on the structural form parameterb Umm, which are both de-
fined in Appendix B+More of these conditionalization rules will appear when the
reduced form is constructed further+

The conditionalization rules also imply rank and order conditions that can
differ from the INSEM-based conditions used in general+ This is part of the point
made in Maddala~1976!+ Regarding the conditionalization rules, the reduced
form, constructed in Appendix B, shows thatb Ummis identified whenP Um Um has full
rank~or when that part ofP Um Um that is multiplied by the nonzero parts ofb Ummhas
full rank!,where the elements ofP are defined inAppendix B+When the INSEM-
based conditions are used, it is assumed that no restrictions are imposed onP Um Um+
If restrictions are imposed, however, the resulting rank and order conditions can
become different+ In the following, an example of this will be discussed+ It can
also be seen inbm Um, which is identified jointly byP Umm, P Um Umb Umm, andPmm, and
its rank and order conditions therefore depend on the specification of the SEM+
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As mentioned before, the framework for prior and posterior analysis used in
the previous sections can also be used to construct the priors and posteriors of the
parameters in a full system analysis of a SEM+When we apply this framework we
have to give an exact specification of the reduced form and its~hyper! parameters
reflecting the restrictions that obey the three conditions, that~i! when these~hy-
per! parameters are nonzero, the model is observationally equivalent with a stan-
dard linear model and when these~hyper! parameters are zero, ~ii ! both the reduced
form of the SEM results and~iii ! these~hyper! parameters are locally uncorre-
lated with specific other parameters such that the resulting posterior is invariant
with respect to the ordering of those variables for which the likelihood is also
invariant ~for an exact specification of the conditions the restrictions have to
satisfy, see Kleibergen, 1997!+ This enables us to construct the prior0posterior of
the parameters of the SEM as proportional to the prior0posterior of the param-
eters of the linear model under the restriction that the~hyper! parameters reflect-
ing the restrictions are zero, which is identical to the construction of priors0
posteriors of the parameters of the INSEM+Because there are still some differences
compared to the analysis of the INSEM, because the reduced form has a more
complicated structure and the number of additional parameters we have to sim-
ulate in the posterior simulator increases~see~5+1!!, we give two detailed exam-
ples, two and three~sets of! equation~s! models, to indicate all these differences+
These examples jointly with Theorem 1 show how a Bayesian full system anal-
ysis of any kind of SEM is conducted+

6.1. Two (Sets of ) Equations

We specify the structural form of the two~sets of! equation~s! model by

Y1 5 Y2 b1 1 Z1G11 1 Z2G21 1 «1,

Y2 5 Y1b2 1 Z1G12 1 Z3G32 1 «2,
(6.2)

whereY1 : T 3 m1, Y2 : T 3 m2 contain the endogenous variables; Z1 : T 3 k1,
Z2 : T 3 k2, Z3 : T 3 k3 contain~weakly! exogenous and lagged dependent vari-
ables; k2 $ m1, k3 $ m2, m 5 m1 1 m2, ~«1 «2! ; n~0,S J IT!, b1 :m2 3 m1,
b2 :m1 3 m2, G11: k1 3 m1, G12: k1 3 m2, G21: k2 3 m1, G32: k3 3 m2+ The reduced
form of ~6+2!, which can be constructed using the proof of Theorem 1, reads

Y1 5 Z1P11 1 Z2P21 1 Z3P32b1 1 j1,

Y2 5 Z1P12 1 Z2P21b2 1 Z3P32 1 j2,
(6.3)

whereP115 ~G111 G12b1!~Im1
2 b2b1!21, P215 G21~Im1

2 b2b1!21, P125 ~G121
G11b2!~Im2

2 b1b2!21,P325 G32~Im2
2 b1b2!21, j15 ~«11 «2 b1!~Im1

2 b2b1!21,
j2 5 ~«2 1 «1b2!~Im2

2 b1b2!21, ~j1 j2! ; n~0,V J IT!, S 5 B'VB, and

B 5 S Im1
2b2

2b1 Im2

D+
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Similar to the reduced form of the INSEM~2+2! and as indicated in the proof of
Theorem 1, we add parameters to the reduced form to obtain a model, which we
call unrestricted SEM~UNSEM!, that is observationally equivalent with a linear
model+When these added parameters are zero, both the reduced form~6+3! results
and the added parameters are locally uncorrelated with specific other parameters,

~Y1 Y2! 5 Z1~P11 P12! 1 Z2P21~Im1
b2! 1 Z3P32~b1 Im2

!

1 Z2P214l2~Im1
b2!41 Z3P324l1~b1 Im2

!41 ~j1 j2!, (6.4)

wherel2: ~k2 2 m1! 3 m2, l3: ~k3 2 m2! 3 m1 and the orthogonal complements
P214, P324, ~Im1

b2!4, and ~b1 Im2
!4 are defined similarly to the ones used in

~3+1! ~seeAppendix C!+ It is clear that whenl250, l350, the reduced form~6+3!
results and thatl2 andl3 are locally uncorrelated, when they are equal to zero,
with ~P21,b2! and~P32,b1!, respectively+Whenl2 Þ 0, l3 Þ 0, again similar to
~3+1!, ~6+4! is observationally equivalent with the linear model,

~Y1 Y2! 5 ~Z1 Z2 Z3!1
F1

F2

F3
2 1 ~j1 j2!, (6.5)

whereF15 ~P11 P12!,F2 : k23m,F3 : k33m+Using a SVD, the equality of~6+4!
and~6+5! can be shown+ SVD’s are also used to obtain~b2,l2,P21! from F2 and
~b1,l3,P32! from F3 ~see Appendix C!+ The resulting relationships are similar to
~3+3!–~3+5! and straightforward to derive given~3+3!–~3+5!+ The SEM~6+2! is
consequently a linear model with nonlinear restrictions on its parameters, l25 0,
l3 5 0+ The framework for prior0posterior analysis of the INSEM used in Sec-
tions 3 and 4 can, therefore, directly be extended to the two equation SEM~6+2!+
So, we specify a prior for the parameters of the linear model~F1,F2,F3,V!, for
example, a diffuse or natural conjugate prior, and this implies a prior for the
parameters of the SEM~6+3! as this SEM equals the linear model evaluated in
l2 5 0, l3 5 0+ ~Note that we use the reduced form~6+3! but this model is obser-
vationally equivalent with the SEM~6+2!+!

psem~P11,P12,b1,b2,P21,P32,V!

} punsem~P11,P12,b1,b2,l2,l3,P21,P32,V!6l250,l350

} plin ~F1,F2~b2,l2,P21!,F3~b1,l3,P32!,V!6l250,l350

3 6J~F2,~b2,l2,P21!!6l25066J~F3,~b1,l3,P32!!6l3506, (6.6)

wheresemstands for SEM, unsemfor UNSEM, andlin for linear model and the
JacobiansJ~F2,~b2,l2,P21!!, J~F3,~b1,l3,P32!! are straightforward to derive
given the derivation of the Jacobian of the transformation in the case of the INSEM
and are stated in Appendix C+ Using ~6+6! and the expressions of diffuse and
natural conjugate priors for the linear model, ~3+9! and~3+11!, we can again con-
struct the functional expressions of diffuse and natural conjugate priors for SEM’s
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like ~6+3!+ For reasons of compactness and similarity with Section 3 we do not
give the exact functional expressions+

For the posterior exactly the same reasoning as for the prior applies, i+e+, the
posterior of the parameters of the SEM~6+3! is proportional to the posterior of the
parameters of the linear model under the imposed restriction+We can decompose
the posterior of the linear model into a product of marginal and conditional pos-
teriors that belong to a standard class of density functions, i+e+, normal or inverted-
Wishart~see, e+g+,Zellner, 1971!+This property can directly be used to decompose
the posterior of the SEM,

psem~P11,P12,b1,b2,P21,P32,V6Y,Z!

} punsem~P11,P12,b1,b2,l2,l3,P21,P32,V6Y,Z!6l250,l350

} plin ~F1,F2~b2,l2,P21!,F3~b1,l3,P32!,V6Y,Z!6l250,l350

3 6J~F2,~b2,l2,P21!!6l25066J~F3,~b1,l3,P32!!6l3506

} plin ~F16F2~b2,l2,P21!,F3~b1,l3,P32!,V,Y,Z!6l250,l350

3 plin ~F2~b2,l2,P21!6F3~b1,l3,P32!,V,Y,Z!6l250,l350

3 6J~F2,~b2,l2,P21!!6l2506

3 plin ~F3~b1,l3,P32!6V,Y,Z!6l3506J~F3,~b1,l3,P32!!6l3506

3 plin ~V6Y,Z!+ (6.7)

Note that we can also use other orderings in this decomposition+ To simulate
parameters from the posterior of the SEM~6+3!, we use the decomposition of the
posterior of the SEM~6+7!+ This allows us to perform the simulation in two dif-
ferent steps+ Furthermore, we add, in each of the two different steps, parameters
to the model that we, similar to Section 5, assume to be generated from some
conditional densityg, which we specify ourselves+ In the case of diffuse priors,
the following choices of these functions are natural:

g1~l36b1,P32,V!

5 ~2p!2~102! l3 6B14V21B14
' 6~102! l3 6P324

' Z3
'M~Z1 Z2! Z3P3246~102!m1

3 exp@22
12tr~B14V21B14

' ~l3 2 Zl3!'P324
' Z3

'M~Z1 Z2! Z3P324~l3 2 Zl3!!# ,

(6.8)

g2~l26b2,P21,F3,V!

5 ~2p!2~102! l2 6B24V21B24
' 6~102! l2 6P214

' Z2
'MZ1

Z2P2146~102!m2

3 exp@22
12tr~B24V21B24

' ~l2 2 Zl2!'P324
' Z2

'MZ1
Z3P324~l2 2 Zl2!!# ,

(6.9)
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wherel2 5 k2 2 m1, l3 5 k3 2 m2, B1 5 ~b1 Im2
!, B2 5 ~Im1

b2!,

Zl3 5 ~P324
' Z3

'M~Z1 Z2! Z3P324!21P324
' Z3

'M~Z1 Z2!

3 ~Y2 Z3P32B1!V21B14
' ~B14V21B14

' !21,

Zl2 5 ~P214
' Z2

'MZ1
Z2P214!21P214

' Z2
'MZ1

3 ~Y2 Z3F3 2 Z2P21B2!V21B24
' ~B24V21B24

' !21+

The weight functions of the two different steps of the simulation algorithm, in-
volving both~6+8! and~6+9!, then become

w1~b1,l3,P32,V! 5
6J~F3,~b1,l3,P32!!6l3506
6J~F3,~b1,l3,P32!!6

g1~l36b1,P32,V!6l350,

(6.10)

w2~b2,l2,P21,V6F3! 5
6J~F2,~b2,l2,P21!!6l2506
6J~F2,~b2,l2,P21!6

g2~l26b2,P21,F3,V!6l250+

(6.11)

Again these weight functions are always finite+ The different steps involved in
obtaining the weight attached to a certain drawingi, i 51, + + + ,N, of the parameters
of the SEM can then be summarized as follows:

1+ Draw V i from plin~V6Y,Z!+
Draw F3

i from plin~F36V i,Y,Z!+
2+ Computeb1

i , l3
i , P32

i from F3
i using a SVD+

3+ Computew1~b1
i ,l3

i ,P32
i ,V i ! according to~6+10!+

4+ Draw F2
i from plin ~F26F3~b1

i ,l3,P32
i !,V i,Y,Z!6l350+

5+ Computeb2
i ,l2

i , P21
i from F2

i using a SVD+
6+ Computew2~b2

i ,l2
i ,P21

i ,V i 6F3~b1
i ,l3,P32

i !!6l350 according to~6+11!+
7+ Compute total weightith drawing:

w~b1
i ,l3

i ,P32
i ,b2

i ,l2
i ,P21

i ,V i ! 5 w1 3 w2+

8+ Draw F1
i from plin ~F16F2~b2

i ,l2,P21
i !,F3~b1

i ,l3,P32
i !,V i,Y,Z!6l250,l350+

The posteriors from which we simulate are all standard, in the case of diffuse
or natural conjugate priors, and are similar to the ones used in the algorithm in
Section 5+ The values of other structural form parameters can be directly calcu-
lated using the equations used in~6+3! and the drawings from the preceding al-
gorithm+ The resulting total weights, w, can be used in an importance or a M-H
sampler as discussed in Section 5 to obtain a posterior simulator of the posterior
of the parameters of the SEM~6+3!+

6.2. Three (Sets of ) Equations

As an example of a three~sets of! equation~s! model,we use the following model+
~Note that contrary to the two equation model, the specification of a three equa-
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tion model is not unique because the model is not invariant with respect to the
ordering of the variables+!

Y1 5 Y2 b21 1 Z1G11 1 «1,

Y2 5 Y3 b32 1 Z1G12 1 Z2G22 1 «2, (6.12)

Y3 5 Y1b13 1 Y2 b23 1 Z2G23 1 Z3G33 1 «3,

whereY1 : T 3 m1, Y2 : T 3 m2, andY3 : T 3 m3 contain the endogenous variables
andZ1 : T3k1, Z2 : T3k2, andZ3 : T3k3 contain lagged endogenous and weakly
exogenous variables, b21:m2 3 m1, b32:m3 3 m2, b13:m1 3 m3, b23:m2 3 m3,
G11: k13m1, G12: k13m2, G22: k23m2, G23: k23m3, G33: k33m3,m5m11m21
m3+ Here~«1 «2 «3! ; n~0,S J IT!+ Because the SEM~6+12! has to be properly
identified, the following~INSEM! order conditions need to be fulfilled: k21k3$
m2, k3 $ m3, k1 $ m1 1 m2+ Using the proof of Theorem 1, the reduced form of
the model in equation~6+12! is constructed and reads

Y1 5 Z1P11 1 ~Z1 Z2P33!SP22

b32
Db21 1 j1,

Y2 5 Z1P12 1 Z2P22 1 Z3P33b32 1 j2, (6.13)

Y3 5 Z1~P11 P12!Sb13

b23
D1 Z2P23 1 Z3P33 1 j3,

where

~G11 G12! 5 ~P11 P12!S Im1
2b13b23

2b21 Im2
2 b23b13

D,
G33 5 P33~Im3

2 b2~b1b3 2 b4!!,

~G22 G23! 5 ~P22 P23!S Im2
2~b23 1 b21b13!

2b32 Im3

D,
~j1 j2 j3!B, 5 ~«1 «2 «3!,

S 5 B'VB,

B 5 1
Im1

0 2b13

2b21 Im2
2b23

0 2b32 Im3

2 +
The reduced form~6+13! is again a system of reduced rank matrices like the
reduced forms of the one equation~2+2! and two equation~6+3! models+ An im-
portant difference with these models is that its reduced rank matrices depend on
another,which is a+o+ reflected in the identification ofb21,which depends on one
of the other structural form parameters,b32+This difference also leads to a change
in the order condition compared to the INSEM+ According to the INSEM order
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condition, b21 is identified whenk2 1 k3 $ m2, i+e+, the number of excluded
exogenous variables is at least equal to the number of included endogenous vari-
ables~see Hausman, 1983!+ The model~6+12! shows, however, thatb21 is iden-

tified whenS P22

P33b32
D has full rank+Although this matrix hask21k3 rows,which

accords with the standard order condition, its row rank can never exceedk2 1 m3

~#k2 1 k3! as it can be specified asSIk2
0

0 P33
DSP22

b32
D and the last matrix in this

product hask2 1 m3 rows+ It is therefore important that the identification of the
different parameters of a SEM in a full system analysis is conducted using the
restricted reduced form parameter matrix instead of the unrestricted one as this
can lead to different rank and order conditions~see also Maddala, 1976!+ This
different order condition results from the dependence on one another of the re-
duced rank structures imposed by the SEM~6+13! ~see also proof of Theorem 1!+
The reduced rank structures appearing in the two equation model do not depend
on one another, as can be concluded from~6+4!, and therefore the INSEM order
conditions still apply there+

As a consequence of the sequential dependence between the reduced rank struc-
tures, not only do the order conditions of the INSEM and the SEM~6+12! differ,
as indicated previously, but also the parameters that we add to the model~6+13!,
to make it observationally equivalent to a linear model, are different from the
ones we used before~see also the proof of Theorem 1!+ In the cases of the INSEM
~3+1! and the two equation SEM~6+4!, the parameters added to the reduced form,
to make it observationally equivalent to a linear model, do not depend on one
another in a sequential way+ The parameters added to~6+13! do, however, depend
on each other sequentially+ To show this, consider the linear model

~Y1 Y2 Y3! 5 ~Z1 Z2 Z3!1
F1

F2

F3
2 1 ~j1 j2 j3!+ (6.14)

The reduced form model~6+13! can be obtained by using what we call an un-
restricted SEM specification of the parameters of~6+14!,

F1 5 ~P11 P12!SIm1
0 b13

0 Im2
b23
D1 ~P11 P12!4l1SIm1

0 b13

0 Im2
b23
D
4

,

(6.15)

SF2

F3
D 5 QSb21 Im2

0

0 0 Im3

D1 Q4l2Sb21 Im2
0

0 0 Im3

D
4

, (6.16)

Q 5 SP22 P23

Q2
D, (6.17)

Q2 5 P33~b32 Im3
! 1 P334l3~b32 Im3

!4, (6.18)
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where the orthogonal complements are defined similarly to the ones used in~3+1!
~see also Appendix D!, l1: ~k1 2 m1 2 m2! 3 m3, l2: ~k2 1 k3 2 m2 2 m3! 3 m1,
l3: ~k3 2 m3! 3 m2+ To analyze the implications of the different orthogonality
conditions in~6+15!–~6+18!, we substitute the expression ofQ in ~F2

' F3
' !',

SF2

F3
D 5 S P22 P23

P33~b32 Im3
! 1 P334l3~b32 Im3

!4DSb21 Im2
0

0 0 Im3

D
1 S P22 P23

P33~b32 Im3
! 1 P334l3~b32 Im3

!4D4l2Sb21 Im2
0

0 0 Im3

D
4

+

(6.19)

It is clear from ~6+15!–~6+18! that whenl1 5 0, l2 5 0, l3 5 0, the model
~6+13! results+ Furthermore, whenl1 5 0, l2 5 0, l3 5 0, l1 is locally uncor-
related with ~P11,P12,b13,b23!, l3 with ~P33,b32!, and l2 with b21 and
all parameters contained inQ, i+e+, P22, P23, P33, l3, b32+ SVD’s are needed
to obtain ~P11,P12,l1,b13,b23! from F1, ~Q,l2,b21! from ~F2,F3!, and
~P22,P23,P33,l3,b32! from Q and to show the observational equivalence be-
tween the model imposed by~6+15!–~6+18! and ~6+14! when l1 Þ 0, l2 Þ 0,
l3 Þ 0+ These SVD’s are stated in Appendix D+ The sequential dependence
between the structural form parameters now reflects itself in SVD’s that have
to be applied recursively, a+o+ of Q, which already results from a SVD as it is
the reduced form of an INSEM,

EY1 5 EY2 b32 1 EZ1 D11 1 v1,

EY2 5 EZ1 D21 1 EZ2 D22 1 v2,
(6.20)

where EY, EY2, EZ1, and EZ2 are data matrices, D21 5 P23, D22 5 P33, D11 5 P22 2
D21b32+ ThereforeQ is similar to the~P Um Um

' Pm Um
' !' parameter matrix used in the

proof of Theorem 1+
So, the SEM~6+13! is again a linear model with restrictions on its parameters+

We can, therefore, again apply the framework for prior0posterior analysis used in
the previous sections, i+e+, we specify the prior0posterior of the parameters of
~6+13! as proportional to the prior0posterior of the parameters of the linear model
under the condition that the restrictions hold,

psem~b21,b32,b13,b23,P11,P12,P22,P23,P33,V!

} punsem~b21,b32,b13,b23,l1,l2,l3,P11,P12,P22,P23,P33,V!6~l1,l2,l3!50

} plin ~F1~b13,b23,l1,P11,P12!,

~F2,F3!~b21,l2,Q~P22,P23,P33,l3,b32!,V!6~l1,l2,l3!50

3 6J~F1,~b13,b23,l1,P11,P12!!6l1506

3 6J~Q,~P22,P23,P33,l3,b32!!6l3506

3 6J~~F2,F3!,~b21,l2,Q~P22,P23,P33,l3,b32!6l350!!6l2506, (6.21)
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where J~F1,~b13,b23,l1,P11,P12!!, J~Q,~P22,P23,P33,l3,b32!!, J~~F2,F3!,
~b21,l2,Q!! are the Jacobians of the transformation fromF1 to ~b13,b23,l1,
P11,P12!, ~F2,F3! to ~b21,l2,Q! andQ to ~P22,P23,P33,l3,b32!+ These Jaco-
bians are stated in Appendix D+ When we specify a diffuse~3+9! or natural
conjugate prior~3+11! for the parameters of the linear model, ~6+21! shows the
implied prior for the parameters of the SEM+ We do not give the exact func-
tional expressions as they can be constructed along the lines of Section 3+

Also for the posterior,we use the framework from Kleibergen~1997!+ Further-
more,we use the decomposition of the posterior of the linear model into a product
of conditional and marginal densities,

psem~b21,b32,b13,b23,P11,P12,P22,P23,P33,V6Y,Z!

} punsem~b21,b32,b13,b23,l1,l2,l3,P11,

P12,P22,P23,P33,V6Y,Z!6~l1,l2,l3!50

} plin ~F1~b13,b23,l1,P11,P12!,

~F2,F3!~b21,l2,Q~P22,P23,P33,l3,b32!,V6Y,Z!6~l1,l2,l3!50

3 6J~F1,~b13,b23,l1,P11,P12!!6l1506

3 6J~Q,~P22,P23,P33,l3,b32!!6l3506

3 6J~~F2,F3!,~b21,l2,Q~P22,P23,P33,l3,b32!6l350!!6l2506,

} plin ~F1~b13,b23,l1,P11,P12!6~F2,F3!~b21,l2,Q!,V6Y,Z!6~l1,l2,l3!50

3 6J~F1,~b13,b23,l1,P11,P12!!6l1506

3 plin ~~F2,F3!~b21,l2,Q~P22,P23,P33,l3,b32!6V,Y,Z!6~l2,l3!50

3 6J~~F2,F3!,~b21,l2,Q~P22,P23,P33,l3,b32!6l350!!6l2506

3 6J~Q,~P22,P23,P33,l3,b32!!6l3506plin ~V6Y,Z!+ (6.22)

We note that for this model only a few decompositions of the posterior into con-
ditional and marginal posteriors are allowed for, i+e+, ~F2,F3! givenF1 and vice
versa, because of the reduced rank structure imposed by the SEM+We cannot for
example analyzeF2 given F3 or vice versa+ We use the decomposition of the
posterior~6+22! to construct a posterior simulator+ Again, similar to previous
sections, to simulate from the posterior of~6+13! we add parameters to the model,
i+e+, l1,l2,l3, which we assume to be drawn from a specific conditional density,
which we specify ourselves~see~5+1!!+ In the case of a diffuse prior for the linear
model~3+9!, natural choices for these conditional densities are
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g1~l16b13,b23,P11,P12,F2,F3,V!

5 ~2p!2~102! l1 6B14V21B14
' 6~102! l1 6~P11 P12!4

' Z1
' Z1~P11 P12!46~102!m3

3 exp@22
12tr~B14V21B14

' ~l1 2 Zl1!'

3 ~P11 P12!4
' Z1
' Z1~P11 P12!4~l1 2 Zl1!!# , (6.23)

g2~l26b21,Q,V!

5 ~2p!2~102! l2 6B24V21B24
' 6~102! l2 6Q4' ~Z2 Z3!'MZ1

~Z2 Z3!Q46~102!m1

3 exp@22
12tr~B24V21B24

' ~l2 2 Zl2!'Q4
'

3 ~Z2 Z3!'MZ1
~Z2 Z3!Q4~l 2 Zl2!!# , (6.24)

g3~l36b32,b21,P33,V!

5 ~2p!2~102! l3 6B34B2V21B2
' B34
' 6~102! l3 6P334

' Z3
'M~Z1 Z2! Z3!P3346~102!m2

3 exp@22
12tr~B34B2V21B2

' B34
' ~l3 2 Zl3!'P334

'

3 Z3
'M~Z1 Z2! Z3!P334~l3 2 Zl3!!# , (6.25)

wherel1 5 k1 2 m1 2 m2, l2 5 k2 1 k3 2 m2 2 m3, l3 5 k3 2 m3,

B1 5 SIm11m2 Sb13

b23
DD,

B2 5 SSb21

0 D Im21m3D,
B3 5 ~b32 Im3

!,

Zl1 5 ~~P11 P12!4
' Z1
' Z1~P11 P12!4!21~P11 P12!4

' Z1
'

3 ~Y2 Z2F2 2 Z3F3 2 Z1~P11 P12!B1!V21B14
' ~B14V21B14

' !21,

Zl2 5 ~Q4
' ~Z2 Z3!'MZ1

~Z2 Z3!Q4!21Q4
' ~Z2 Z3!'MZ1

3 ~Y2 ~Z2 Z3!QB2!V21B24
' ~B24V21B24

' !21,

Zl3 5 ~P334
' Z3

'M~Z1 Z2! Z3 P334!21P334
' Z3

'M~Z1 Z2!

3 ~Y2 Z3P33B3B2!V21B2
' B34
' ~B34B2V21B2

' B34
' !21+

Because we simulate from a density that approximates the posterior of~6+13!,
weight functions are involved in the different steps of the posterior simulator+As
we simulate three different parameters, i+e+, l1,l2,l3, that are not present in the
original posterior we want to simulate from, three weight functions are involved,
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w1~b13,b23,l1,P11,P12,V6F2,F3!

5
6J~F1,~b13,b23,l1,P11,P12!!6l1506
6J~F1,~b13,b23,l1,P11,P12!!6

3 g1~l16b13,b23,P11,P12,F2,F3,V!6l150 (6.26)

w2~b21,l2,Q,V!

5
6J~~F2,F3!,~b21,l2,Q!!6l250,l3506
6J~~F2,F3!,~b21,l2,Q!!6l3Þ06

g2~l26b21,Q,V!6l250,l350 (6.27)

w3~b32,b21,l3,P33,V!

5
6J~Q2,~b32,l3,P33!!6l2506
6J~Q2,~b32,l3,P33!!6

g3~l36b32,b21,P33,V!6l350, (6.28)

whereJ~F1,~b13,b23,l1,P11,P12!!, J~~F2,F3!,~b21,l2,Q!!, and J~Q2,~b32,
l3,P33!! are the Jacobians of the different parameter transformations and each of
the weight functions is always finite~see Appendix D!+

The different steps involved in obtaining the weight attached to a certain draw-
ing i, i 51, + + + ,N, of the parameters of the SEM~6+13! can then be summarized as
follows:

1+ Draw V i from plin~V6Y,Z!+
Draw ~F2

i ,F3
i ! from plin~F2,F36V i,Y,Z!+

2+ Computeb21
i ,l2

i ,Q i from ~F2
i ,F3

i ! using SVD+
3+ Computeb32

i ,l3
i ,P33

i from Q2
i using SVD+

4+ Computew3~b32
i ,b21

i ,l3
i ,P33

i ,V i !+
5+ Computew2~b21

i ,l2
i ,Q i,V i !+

6+ Draw F1
i from plin ~F16F2

i ,F3
i ,V i,Y,Z!6l250,l350+

7+ Computeb13
i ,b23

i ,l1
i ,P11

i ,P12
i from F1

i +
8+ Computew1~b13

i ,b23
i ,l1

i ,P11
i ,P12

i ,V i 6F2
i ,F3

i !6l250,l350+
9+ Compute total weightith drawing: w 5 w1 3 w2 3 w3+

The total weights can be used in an importance or an M-H sampler, as indicated
in Section 5, to obtain a posterior simulator of the posterior of the parameters of
~6+13!+

The means of the conditional posteriors ofF1 given ~F2,F3! and ~F2,F3!
given F1 can also be used in an iterative scheme to obtain the full information
maximum likelihood estimator of~b21,b32,b13,b23,P11,P12,P22,P23,P33! ~see
Hausman, 1983!+ This is similar to the INSEM where evaluating the posterior
of F at its posterior mean using a diffuse prior gives a similar analytical ex-
pression as the limited information maximum likelihood estimator ofb and
P22 when using the involved SVD+ The iterative scheme for obtaining the full
information maximum likelihood estimator proceeds as follows:
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~0! Initialize F1 5 ZF1;
~i! Construct~b21,b32,P22,P23,P33! from ~ EF2, EF3! using SVD’s from steps 2 and 3

from the simulation scheme;
~ii ! Compute value of~F2,F3! implied by~b21,b32,P22,P23,P33!;

~iii ! Construct~b13,b23,P11,P12! from EF1 using SVD from step 7;
~iv! Compute value ofF1 implied by~b13,b23,P11,P12!;
~v! Unless~F1,F2,F3! have converged goto~i!

where~ EF2
' EF3

' !' 5 ~~Z2 Z3!'~Z2 Z3!!21~Z2 Z3!'~Y2 Z1F1!, EF1 5 ~Z1
' Z1!21 3

Z1
' ~Y 2 ~Z2 Z3!~F2

' F3
' !'+ Using Theorem 1, iterative schemes similar to the

preceding one can be constructed to obtain the full information maximum like-
lihood estimators of the parameters of generally specified SEM’s+ Jointly with
the examples of the two and three structural equations SEM’s, Theorem 1 shows
how Bayesian analyses of generally specified SEM’s are conducted+

7. CONCLUSIONS

The traditional Bayesian analyses of SEM’s using diffuse priors, as proposed by,
for example, Drèze~1976!, Drèze and Morales~1976!, and Drèze and Richard
~1983!, suffer from local nonidentification problems that lead to an a posteriori
favor for certain parameter values that is not the result of information in the prior
or data+We therefore use a framework constructed in Kleibergen~1997! in which
the priors0posteriors of the parameters of the SEM are proportional to the priors0
posteriors of the parameters of a linear model under the condition that the restric-
tions, imposed by the SEM on the parameters of the linear model, hold+We applied
this framework to examples of one, two, and three structural equation SEM’s, for
which expressions of the priors and posteriors are derived jointly with posterior
simulators+Using a theorem that states that the reduced form of any kind of SEM
accords with a linear model with reduced rank restrictions of its parameters, the
analysis of the examples can be generalized to other specifications of SEM’s in a
straightforward way+ This theorem also shows how full information maximum
likelihood estimators can be constructed+

Using results from Kleibergen and Paap~1997!,we can also construct tools for
model comparison like Bayes factors, posterior odds ratios, and Bayesian La-
grange multiplier statistics+ In future work we will construct and apply these
procedures to analyze the support for~multiple structural equations! SEM’s in
practice+ It is also interesting to analyze the theoretical properties of the derived
posteriors, as for example in Chao and Phillips~1998!, where functional expres-
sions are constructed for the marginal posterior of the structural form parameters
of the INSEM using a Jeffrey’s prior, to investigate the similarities0differences
between small sample distributions of classical statistical estimators and the mar-
ginal posteriors of the structural form parameters~see Kleibergen and Zivot,1998!+
Both limited information maximum likelihood~LIML ! estimators~see Anderson
and Rubin, 1949! and the posteriors of the parameters of the INSEM are namely
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constructed using SVD’s~see Kleibergen and Zivot, 1998! that correspond with
canonical correlations in the case of the LIML estimator+ So, it is interesting to
investigate to what extent these similarities hold further+
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APPENDIX A+ JACOBIAN OF TRANSFORMATION
FROM LINEAR MODEL TO INSEM

For the derivation of the Jacobian of the transformation from the linear model param-
eters to the parameters of the INSEM, it is notationally convenient to conduct this trans-
formation in two steps: ~i! from F to ~P221,u2,b,l! whereu2 5 P222P221

21 and~ii ! from
~P221,u2,b,l! to ~P221,P222,b,l!+ In the following we construct the Jacobians of the
two transformations+
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We can denoteF as

F 5 ~u u4!SP221 0

0 lDS B

B4
D

5 uP221B 1 u4lB4,

whereu 5 ~Im21 u2
' !', u4 5 ~2u2 Ik22m11!'~Ik22m11 1 u2u2

' !2102, B 5 ~b Im21!, B4 5
~11 b 'b!2102~12 b '!+ The Jacobians ofF with respect toP221, u2, b, andl then read

J1 5
] vec~F!

] vec~P221!
' 5 ~B' J u!,

J2 5
] vec~F!

] vec~u2!'
5 ~B'P221

' J Ik2
!

] vec~u!

] vec~u2!'
1 ~B4

' l' J Ik2
!

] vec~u4!

] vec~u2!'
,

J3 5
] vec~F!

] vec~b!'
5 ~Im J uP221!

] vec~B!

] vec~b!'
1 ~Im J u4l!

] vec~B4!

] vec~b!'
,

J4 5
] vec~F!

] vec~l!'
5 ~B4

' J u4!,

where

] vec~u!

] vec~u2!'
5 SIm21 J S 0

Ik22m11
DD,

] vec~u4!

] vec~u2!'
5 2SH2~102!' J SIm21

0 DDKk22m11,m21

1 SIk22m11 J S 2u2
'

Ik22m11
DD ] vec~~H 102!21!

] vec~H 102!'
] vec~H 102!

] vec~H !'
] vec~H !

] vec~u2!'
,

] vec~~H 102!21!

] vec~H 102!'
5 2~H2~102!' J H2102!,

] vec~H 102!

] vec~H !'
5 ~~Ik22m11 J H 102! 1 ~H ~102!' J Ik22m11!!21,

] vec~H !

] vec~u2!'
5 ~u2 J Ik22m11! 1 ~Ik22m11 J u2!Kk22m11,m21,

] vec~B!

] vec~b!'
5 ~e1 J Im21!,
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] vec~B4!

] vec~b!'
5 2SS 0

Im21
D J B2102DKm21,1

1 ~~12b ' !' J 1!
] vec~B2102!

] vec~B102!'
] vec~B102!

] vec~B!'
] vec~B!

] vec~b!'
,

] vec~B2102!

] vec~B102!'
5 2~B2~102!' J B2102! 5 2B21,

] vec~B102!

] vec~B!'
5 ~~1 J B102! 1 ~B ~102!' J 1!!21 5

1

2
B2102,

] vec~B102!

] vec~b!'
5 ~b ' J 1!Km21,1 1 ~1 J b ' ! 5 2b '

andH 5 Ik22m11 1 u2u2
' , H 102H 102 5 H, B 5 ~1 1 b 'b!, B102B102 5 B, e1 is the first

m-dimensional unity vector, Ki, j : ij 3 ij are so-called commutation matrices such that for
anyW: i 3 j, vec~W '! 5 Ki, j vec~W!, vec~W! 5 Kj, i vec~W '!, Kj, i 5 Ki, j

' ~see Magnus and
Neudecker, 1988!+ Note that whenQ is symmetric, Q 5 PLP', whereP are orthogonal
eigenvectors andL is a diagonal matrix containing the eigenvalues, thenQ102 5 PL102P' is
also symmetric+

The Jacobian of the transformation fromF to ~P221,u2,b,l! then reads

] vec~F!

]~vec~P221!
'vec~u2!' vec~b!'vec~l!' !

5 ~J1 J2 J3 J4!+

Becauseu2 5 P222P221
21 , the Jacobians of the transformations from~P221,u2,b,l! to P221,

P222, b, andl read

G1 5
]~vec~P221!

'vec~u2!' vec~b!' vec~l!' !'

] vec~P221!
' 5 1

Im21 J Im21

2P221
21' J P222P221

21

0

0
2 ,

G2 5
]~vec~P221!

' vec~u2!' vec~b!' vec~l!' !'

] vec~P222!
' 5 1

0

P221
21' J Ik22m11

0

0
2 ,

G3 5
]~vec~P221!

' vec~u2!' vec~b!' vec~l!' !'

] vec~b!'
5 1

0

0

1 J Im21

0
2 ,
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G4 5
]~vec~P221!

' vec~u2!' vec~b!' vec~l!' !'

] vec~l!'
5 1

0

0

0

1 J Ik22m11

2 +
The Jacobian of the transformation fromF to ~P22,b,l! then becomes

6J~F,~P22,b,l!!6 5 * ] vec~F!

]~vec~P22!' vec~b!'vec~l!' ! *
5 * ] vec~F!

]~vec~P221!
'vec~u2!' vec~b!' vec~l!' ! *

3 * ]~vec~P221!
' vec~u2!' vec~b!' vec~l!' !'

]~vec~P22!' vec~b!' vec~l!' ! *
5 6~J1 J2 J3 J4!66~G1 G2 G3 G4!6+

So,

J~F,~P22,b,l!!6l50 5 ~B' J Ik2
e1 J P22 B4

' J P224!+

To prove that6~J~F,~P221,u2,l,b!!6$ 6~J~F,~P221,u2,l,b!!6l50!6, we use that

J~F,~P22,l,b!! 5 J~F,~P221,u2,l,b!!J~~P221,u2,l,b!,~P22,l,b!!+

As shown previously,

J~~P221,u2,l,b!,~P22,l,b!!6l50 5 J~~P221,u2,l,b!,~P22,l,b!!+

It also holds that

J~F,~P221,u2,l,b!! 5 J~F,~P221,u2,l,b!!6l50 1 W,

where

W 5 S0 ~B4
' l' J Ik2

!
] vec~u4!

] vec~u2!'
~Im J u4l!

] vec~B4!

] vec~b!'
0D

such that

~J~F,~P221,u2,l,b!!6l50!W ' 5 0+

This implies that

6J~F,~P221,u2,l,b!!6 5 6J~F,~P221,u2,l,b!!J~F,~P221,u2,l,b!!' 6102

5 6~J~F,~P221,u2,l,b!!6l50!~J~F,~P221,u2,l,b!!6l50!' 1 WW' 6102

$ 6~J~F,~P221,u2,l,b!!6l50!~J~F,~P221,u2,l,b!!6l50!' 6102

$ 6~J~F,~P221,u2,l,b!!6l50!6
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and consequently

6J~F,~P22,l,b!!6 $ 6~J~F,~P22,l,b!!6l50!6+

APPENDIX B
Proof of Theorem 1. Assume that the reduced form of the SEM,

Y UmB Um Um 5 Z UmG Um Um 1 Z UmmGm Um 1 « Um,

reads

Y Um 5 Z UmP Um Um 1 Z UmmPm Um 1 j Um,

whereP Um Um 5 G Um UmB Um Um
21 , Pm Um 5 Gm UmB Um Um

21 , and this reduced form is equivalent to a set of
nonlinear~reduced rank! restrictions on the parameters of a linear model and the~hyper!
parameters of this linear model,which are restricted to zero to obtain the reduced form, are
locally uncorrelated with specific other parameters+

The parameter matrix of the reduced form of the SEM from Theorem 1 reads

1
G Um Um 0

Gm Um G Umm

0 Gmm

2SB Um Um B Umm

Bm Um Bmm
D21

5 1
G Um Um 0

Gm Um G Umm

0 Gmm

2SB Um Um
21 1 B Um Um

21 B UmmBmm{ Um
21 Bm UmB Um Um

21 2B Um Um
21 B UmmBmm{ Um

21

2Bmm{ Um
21 Bm UmB Um Um

21 Bmm{ Um
21 D

5 1
P Um Um~Ij Um 1 b Ummbm Um! 2P Um Umb Umm

Pm Um~Ij Um 1 b Ummbm Um! 2 P Ummbm Um P Umm2 Pm Umb Umm

2Pmmbm Um Pmm

2 ,
whereP Um Um 5 G Um UmB Um Um

21 , Pm Um 5 Gm UmB Um Um
21 , Pmm5 GmmBmm{ Um

21 , P Umm5 G UmmBmm{ Um
21 , B Um Um{m 5

B Um Um 2 B UmmBmm
21 Bm Um 5 B Um Um 2 B UmmBm Um, Bmm{ Um 5 Bmm2 Bm UmB Um Um

21 B Umm, bm Um 5 Bm UmB Um Um
21 ,

b Umm5 B UmmBmm{ Um
21 + This implies, as bothGmmandG Ummare unrestricted, that no restrictions

are imposed onPmmandP Umm+ The linear model of which the reduced form is a nonlinear
restriction reads

~Y Um Ym! 5 ~Z Um Z Umm Zm!F 1 j,

whereF : ~l Um 1 lm 1 im! 3 ~ j Um 1 j Um! and can be specified as

F 5 1
F11 F12

F21 F22

F31 F23

2 ,
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whereF11: l Um3 j Um, F21: lm3 j Um, F31: im3 j Um, F12: l Um3 jm, F22: lm3 jm, F23: im3 jm+ To
obtain the restrictions on the linear model parameters that result in the reduced form, we
specifyF as

1
F11 F12

F21 F22

F31 F23

2 5 1
Q11

Q21

0
2 ~Ij Um 0! 1 1

Q12

Q22

Pmm

2 ~2bm Um Ijm!

1 1
0

0

Pmm4lmm~2bm Um Ijm!4
2 ,

SQ11 Q12

Q21 Q22
D 5 SP Um Um

Pm Um
D~Ij Um 2b Umm! 1S 0

Ijm
DP Umm~0 Ijm!

1 SP Um Um4l Um Um~Ij Um 2b Umm!4

0 D,
whereQ11: l Um 3 j Um, Q21: lm 3 j Um, Q12: l Um 3 jm, Q22: lm 3 jm+ It is clear from the chosen
specification that whenlmm5 0, l Um Um5 0, the reduced form results and thatlmmis locally
uncorrelated~when it is zero! with the parameters contained inPmmandbm Um, andl Um Um is
locally uncorrelated~when it is zero! with the parameters contained inP Um Um andb Umm+ As
we can apply the same kind of decomposition onPmmandPm Um, which we assumed to be
possible, and becauseP UmmandPmmare unrestricted, such that there is no need to decom-
pose them further, we can recursively apply the preceding decomposition and thereby the
theorem is proved+ n

APPENDIX C+ SINGULAR VALUE
DECOMPOSITION AND JACOBIANS

TWO EQUATION MODEL

For the two equation model, reduced rank restrictions are imposed on the parameter ma-
tricesF2 andF3+ In the following we state the SVD’s and the Jacobians involved with
these two parameter matrices+We start withF2+

F2 5 ~c c4!SP211 0

0 l2
DS B2

B24
D

5 cP211B2 1 c4l2B24,
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where P21 5 ~P211
' P212

' !', P211:m1 3 m1, P212: ~k2 2 m1! 3 m1, c2 5 P212P211
21 ,

c 5 ~Im1
c2
' !', c4 5 ~2c2 Ik22m1!

'~Ik22m1
1 c2c2

' !2102, B2 5 ~Im1
b2!, B24 5 ~Im2

1

b2
' b2!2102~2b2

' Im2!+ A SVD can be used to obtain these parameters fromF2,

F2 5 SU11 U12

U21 U22
DSS1 0

0 S2
DSV11 V12

V21 V22
D',

whereU 'U 5 Ik2
; V 'V 5 Im; U11,S1,V11:m1 3 m1; S2: ~k2 2 m1! 3 m2; V22:m2 3 m2;

U21: ~k22 m1! 3 m1; U12:m13 ~k22 m1!; U22: ~k22 m1! 3 ~k22 m1!; V21,V12
' :m23 m1;

andS2 contains the smallestm2 singular values ofF2+ This leads to the relations

P211 5 U11S1V11
' , c2 5 U21U11

21,

b2 5 ~V21V11
21!', l2 5 ~U22U22

' !2102U22S2V22
' ~V22V22

' !2102+

The Jacobians ofF2 with respect toP211, c2, b2, andl2 read

J1 5
] vec~F2!

] vec~P221!
' 5 ~B2

' J c!,

J2 5
] vec~F2!

] vec~c2!'
5 ~B2

' P211
' J Ik2

!
] vec~c!

] vec~c2!'
1 ~B24

' l2
' J Ik2

!
] vec~c4!

] vec~c2!'
,

J3 5
] vec~F2!

] vec~b2!'
5 ~Im J cP211!

] vec~B2!

] vec~b2!'
1 ~Im J c4l2!

] vec~B24!

] vec~b2!'
,

J4 5
] vec~F2!

] vec~l2!'
5 ~B24

' J c4!,

where

] vec~c!

] vec~c2!'
5 SIm1

J S 0

Ik22m1

DD,
] vec~c4!

] vec~c2!'
5 2SH2~102!' J SIm1

0 DDKk22m1,m1

1 SIk22m1
J S 2c2

'

Ik22m1

DD ] vec~H2102!

] vec~H 102!'
] vec~H 102!

] vec~H !'
] vec~H !

] vec~c2!'
,

] vec~H2102!

] vec~H 102!'
5 2~H2~102!' J H2102!,

] vec~H 102!

] vec~H !'
5 ~~Ik22m1

J H 102! 1 ~H ~102!' J Ik22m1!!
21,

] vec~H !

] vec~c2!'
5 ~c2 J Ik22m1! 1 ~Ik22m1

J c2!Kk22m1,m1
,
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] vec~B2!

] vec~b2!'
5 SS 0

Im2

D J Im1D,
] vec~B24!

] vec~b2!'
5 2SSIm1

0 D J B2102DKm1,m2

1 ~~2b2
' Im2

!' J Im2
!

] vec~B2102!

] vec~B102!'
] vec~B102!

] vec~B!'
] vec~B!

] vec~b!'
,

] vec~B2102!

] vec~B102!'
5 2~B2~102!' J B2102!,

] vec~B102!

] vec~B!'
5 ~~Im2

J B102! 1 ~B ~102!' J Im2
!!21,

] vec~B102!

] vec~b2!'
5 ~b2

' J Im2
!Km1,m2

1 ~Im2
J b2

' !

andH 5 Ik22m1
1 c2c2

' , H 102H 102 5 H, B5 ~Im2
1 b2

' b2!, B102B102 5B+ The Jacobian of
the transformation fromF2 to ~P211,c2,b2,l2! then reads

] vec~F2!

]~vec~P211!
' vec~c2!' vec~b2!' vec~l2!' !

5 ~J1 J2 J3 J4!+

Becausec2 5 P212P211
21 , the Jacobians of the transformations from~P211,c2,b2,l2! to

P211, P212, b2, andl2 read

G1 5
]~vec~P211!

'vec~c2!'vec~b2!' vec~l2!' !'

] vec~P211!
' 5 1

Im1
J Im1

2P211
21' J P212P211

21

0

0
2 ,

G2 5
]~vec~P211!

' vec~c2!' vec~b2!' vec~l2!' !'

] vec~P212!
' 5 1

0

P211
21' J Ik22m1

0

0
2 ,

G3 5
]~vec~P211!

'vec~c2!' vec~b2!' vec~l2!' !'

] vec~b2!'
5 1

0

0

Im2
J Im1

0
2 ,

G4 5
]~vec~P211!

' vec~c2!' vec~b2!' vec~l2!' !'

] vec~l2!'
5 1

0

0

0

Im2
J Ik22m1

2 +
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The Jacobian of the transformation fromF2 to ~P21,b2,l2! then becomes

6J~F2,~P21,b2,l2!!6 5 * ] vec~F2!

]~vec~P21!'vec~b2!' vec~l2!' ! *
5 * ] vec~F2!

]~vec~P211!
'vec~c2!' vec~b2!'vec~l2!' ! *

3 * ]~vec~P211!
'vec~c2!'vec~b2!' vec~l2!' !'

]~vec~P21!' vec~b2!' vec~l2!' ! *
5 6~J1 J2 J3 J4!66~G1 G2 G3 G4!6+

The specification ofF3 reads

F3 5 ~u u4!SP321 0

0 l3
DS B1

B14
D,

whereu 5 ~Im2
u2
' !', B15 ~b1 Im2!,P325 ~P321

' P322
' !',P321:m23 m2,P322: ~k32 m2! 3

m2, u2 5 P322P321
21 + So, the specification ofF3 is identical to the specification ofF for the

INSEM+ The parameters~P32,b1,l3! can therefore be obtained using the SVD’s~3+3!–
~3+5! and changing the sizes of the involved matrices, i+e+, k2 to k3, m2 1 to m2, 1 to m1+
Also the Jacobian involved in the parameter transformation of the INSEM is identical to
the Jacobian in the case ofF3 when we change the sizes of the involved matrices in the
outlined manner+

APPENDIX D+ SINGULAR VALUE
DECOMPOSITION AND JACOBIANS

THREE EQUATION MODEL

For the three equation model, reduced rank restrictions are imposed on the parameter
matrices~F2

' F3
' !', Q, and F1+ The important difference with the INSEM and the two

equation model lies inQ, which itself already results from a reduced rank restriction+ As
we have to analyzeQ given~F2

' F3
' !', we start with the SVD and Jacobian involved with

~F2
' F3

' !'+ The specification of~F2
' F3

' !' reads

SF2

F3
D 5 QSb21 Im2

0

0 0 Im3

D1 Q4l2Sb21 Im2
0

0 0 Im3

D
4

+

This implies that whenF25 ~F21 F22!,F21: k23 ~m11m2!,F22: k23m3;F35 ~F31 F32!,
F31: k3 3 ~m1 1 m2!, F32: k3 3 m3;

Q 5 SQ11 Q12

Q21 Q22
D ,
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Q11: k2 3 ~m1 1 m2!, Q12: k2 3 m3, Q21: k3 3 ~m1 1 m2!, Q22: k3 3 m3 that the following
equality holds:

SQ12

Q22
D 5 SF22

F32
D

and we are left with

SF21

F31
D 5 SQ11

Q21
D~b21 Im2! 1SQ11

Q21
D
4

l2~b21 Im2!4,

which is again identical to the specification ofF for the INSEM such that when we change
the sizes of the matrices in the appropriate manner, i+e+, k2 to k2 1 k3, m21 to m2, and 1
to m3, we can directly use the SVD’s and Jacobians forF of the INSEM+

The SVD’s and Jacobians forQ2 are constructed using~6+17! and~6+18!,

~Q21 Q22! 5 P33~b32 Im3! 1 P334l3~b32 Im3!4+

Again this specification is identical to the specification ofF for the INSEM such that we
can use the SVD and Jacobians specified for the INSEM when we change the sizes of the
matrices in the appropriate manner, i+e+, k2 to k3, m2 1 to m3, and 1 tom2+

The specification ofF1 reads

F1 5 ~P11 P12!SIm11m2 Sb13

b23
DD1 ~P11 P12!4l1SIm11m2 Sb13

b23
DD
4

+

This specification is identical to the specification ofF2 in the two equation model such that
we can use the Jacobians and the SVD listed there when we change the sizes of the ma-
trices in the appropriate manner, i+e+, k2 to k1,m1 to m1 1 m2, andm2 to m3+

APPENDIX E+ OBTAINING SEM’s FROM LINEAR
MODELS USING SVD’s

The specification ofF reads

F 5 SU11 U12

U21 U22
DSS1 0

0 s2
DSv11

' V21
'

v12
' v22

' D
5 P22~b Im21! 1 P224l~b Im21!4,

such that

P22~b Im21! 5 SU11

U21
DS1~v11

' V21
' !
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and

P224l~b Im21!4 5 SU12

U22
Ds2~v12

' v22
' !+

Consequently,

P22 5 SU11

U21
DS1V21

' and b 5 V21
'21v11

' +

Substituting these expressions in the specification ofP224 and~b Im21!4 gives

P224 5 S2P221
21'P222

'

Ik22m11
D~Ik22m11 1 P222P221

21 P221
21'P222

' !2102

5 S2U11
'21S1

21V21
21V21S1U21

'

Ik22m11
D~Ik22m11 1 U21U11

21U11
'21U21

' !2102

5 S2U11
'21U21

'

Ik22m11
D~Ik22m11 1 U21U11

21U11
'21U21

' !2102,

asU11
' U121 U21

' U225 0 ~because of the orthogonality ofU !, U12U22
21 5 2U11

'21U21
' , and

U12
' U12 1 U22

' U22 5 Ik22m11, such that

P224 5 SU12U22
21

Ik22m11
D~Ik22m11 1 U22

21'U12
' U12U22

21!2102

5 SU12

U22
DU22

21~U22
'21~U22

' U22 1 U12
' U12!U22

21!2102

5 SU12

U22
DU22

21~~U22
'21U22

21!21!102

5 SU12

U22
DU22

21~U22U22
' !102 +

Similarly for ~b Im21!4,

~b Im21!4 5 ~11 b 'b!2102~1 2b ' !

5 ~11 v11V21
21V21

'21v11
' !2102~1 2v11V21

21!

5 ~11 v12
21' v22

' v22v12
21!2102~1 v12

21' v22
' !

5 ~v12
21'~v12

' v12 1 v22
' v22!v12

21!2102v12
'21~v12

' v22
' !

5 ~v12
21' v12

21!2102v12
'21~v12

' v22
' !

5 ~v12v12
' !102v12

'21~v12
' v22

' !,
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becausev11
' v12 1 V21

' v22 5 0, such that2V21
'21v11

' 5 v22v12
21, andv12

' v12 1 v22
' v22 5 1+

Consequently, to have equivalence,

l 5 ~U22U22
' !2102U22s2v12

' ~v12v12
' !2102

5 bs2a,

whereb5 ~U22U22
' !2102U22, anda5v12

' ~v12v12
' !2102+Bothbandaare orthogonal matrices

~scalars! that result from the singular value decomposition because whenX5USV',where
bothU andV are orthogonal, then

~XX' !102 5 ~USV'VSU' !102 5 ~US2U ' !102 5 USU',

such that

~XX' !2102X 5 US21U 'USV' 5 UV ',

which is an orthogonal matrix, such thatl equals the smallest singular value pre- and
postmultiplied by orthogonal vectors0matrices, or stated differently, l is a rotation of the
singular values+
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