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BAYESIAN SIMULTANEOUS
EQUATIONS ANALYSIS USING
REDUCED RANK STRUCTURES

FRANK KLEIBERGEN AND HERMAN K. VAN DIJK
Econometric and Tinbergen Institutes
Erasmus University Rotterdam

Diffuse priors lead to pathological posterior behavior when used in Bayesian anal-
yses of simultaneous equation mod€ésEM’s). This results from the local non-
identification of certain parameters in SEMWhen this a priori known feature is

not captured appropriateli results in an a posteriori favoring of certain specific
parameter values that is not the consequence of strong data information but of local
nonidentification We show that a proper consistent Bayesian analysis of a SEM
explicitly has to consider the reduced form of the SEM as a standard linear model on
which nonlinearreduced rankrestrictions are imposeevhich result from a sin-
gular value decompositioit he priorgposteriors of the parameters of the SEM are
therefore proportional to the prigfgosteriors of the parameters of the linear model
under the condition that the restrictions holdis leads to a framework for con-
structing priors and posteriors for the parameters of SEMie framework is used

to construct priors and posteriors for gheo, and three structural equation SEM’s
These examples together with a theoyshowing that the reduced forms of SEM’s
accord with sets of reduced rank restrictions on standard linear metiels how
Bayesian analyses of generally specified SEM’s can be conducted

1. INTRODUCTION

Since the early 1940’s a lot of research has focused on the development of statis-
tical methods for analyzing simultaneous equation mo¢®EM's) (see e.g.,
Haavelm 1943 Anderson and Rubirl949. It shows that models that are able

to generate variables simultaneously are important because this is a stylized fact
of many economic time seriebhe SEM is not only important but also rather com-
plicated as a result of the problems regarding the identification of its parameters
The identification of the structural parametersiis reflected in the rank and order con-
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ditions that result from the implied reduced foteee Hausmari983. The order
condition reflects overall identification whereas the rank condition reflects local
(non) identification This latter phenomengiocal nonidentificationis shown to
lead to pathological posterior behavior when flat priors are used in Bayesian anal-
yses of the SEMThis behavior occurs in the traditional Bayesian analyses of
SEM'’s documented in the literatufeee e.g., Dréze 1976 Dréze and Morales
1976 Dréze and Richard 983. We show its occurrence in a limited information
(one equatiopanalysis of the SEMSimilar behavior can be found in other spec-
ifications of the SEM as well because the origin of the pathological posterior be-
havior, local nonidentification of parameteiis exemplary to SEM’s

To obtain a consistent Bayesian analysis of a SEM that does not suffer from
these pathologiesve construct a framework in which the reduced form of a SEM
is specified as a multivariate linear model with nonlinGaduced rankrestric-
tions on its parameters)sing singular value decompositions we specify the re-
strictions such that a one-to-one correspondence with a linear model is obtained
when the restrictions do not hold and the reduced form of the SEM is obtained
when they holdThe prior and posterior analysis then results when this specifi-
cation is used in the framework for analyzing nested models as parameter restric-
tions of embedding models constructed in Kleiberg&897). It a.o. leads to
invariance of the priors and posteriors with respect to the specification of the
model The resulting posteriors of the parameters of the SEM accord with the
posterior of the embedding linear mod€&ur analysis is therefore similar to
the construction of the Savage—Dickey density régme Dickey1971). That is
we construct the prioyposteriors in the points where the hypothdststriction
holds In contrastthe posterior of the parameters of a SEddrived in the usual
way using a diffuse prigiis inconsistent in the sense that its implied posterior of
the parameters of the embedding linear model is not a member of the standard
class of posteriors of the parameters of linear mo@de Kleibergenl997).

The paper is organized as follows Section 2we show the pathologies aris-
ing in the posteriors of the parameters of an incomplete structural equation
analysis of a SEM when flat priors are use®ections 3 and 4 show how an
incomplete SEM is rewritten as a multivariate linear model with nonlinear pa-
rameter restrictionsWe use this specification jointly with the framework for
analyzing nested models as parameter restrictions of embedding models to obtain
the prior and posterior analysiSingular value decompositions are also involved
that are similar to the canonical correlations used in a limited information max-
imum likelihood analysi¢see Anderson and Ruhiti949. In Section 5posterior
simulators are constructed to sample from the posterior of the parameters of an
incomplete SEMSection 6 extends the one structural equation analysis to a full
system analysis by showing that a fully specified SEM accords with a set of
reduced rank restrictions on a linear madifferent subsections then show the
framework for prior and posterior analysis for two and three structural equations
and also show that the order condition for a full system analysis of a SEM can
differ from the order condition resulting from a one structural equation analysis
Finally, Section 7 contains conclusians
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2. NONIDENTIFICATION AND PATHOLOGICAL POSTERIOR BEHAVIOR

To show the consequences that local nonidentification of parameters of SEM’s
has for posterior distributiong/e analyzeas an exampléhe case of onéset of)
structural equatiofs). This model is also known as the incomplete simultaneous
equations modelINSEM). As the results for the posteriors of the INSEM are
exemplary for other specifications of the SEtile importance of a proper treat-
ment of the issue of local nonidentification is shown by the analysis of the INSEM
We use as specification of the INSE(dee ZellnerBauwensand van Dijk
1988

VYi=YoB+Ziy+ e,

2.1)
Yo = Zy1lp + Zo105 + &5,

wherey;: T X1 andY,: T X (m— 1) are endogenous ai] : T X k; andZ,: T X

ks, k =k, + k, contain theweakly) exogenousgsee EngleHendry and Richard
1983, and lagged dependent variahlg®: (m — 1) X 1, y:k, X 1, I, =

(IT}, II5,) : k X (m— 1) and we assume théat; s,) ~n(0,2 & I+). The iden-
tification problems arise when the parameligr = 0 (or has reduced ranlas
(parts of) the structural form paramet@ is then nonidentifiedThis is easily
seen when we construct the reduced form of the INSEN),

Y1 = Zymi+ 2ol B + &,

2.2)
Yo = Zyllyp + Zo1ln + &5,

wherer,, =y + 1120, §1 = &1+ 828, (§1 &2) ~n(0,Q), 2 = B'QB, and

B 1 0
N <_B Im—l>'

WhenlIl,, = 0, B is not identified in(2.2) and the disturbances are not affected
by the value of3. Sq the likelihood is flat and nonzero in the direction®ivhen
I1,, = 0. If we use flat(diffuse) priors in a Bayesian analysis of the INSEMich
that the joint posterior is proportional to the likelihgdke joint posterior of the
different parameters will also be flat and nonzero in the directio@ fufr zero
values ofll,,. This property is passed on to the marginal posterishich are the
integrals of the joint posterior over the different parametéosshow the conse-
guences for the marginal posteriors in practize calculated the marginal pos-
teriors of the parameters of the demand equation of the “Tintner meat market”
model(see Tintnerl952. In this exact identified modey;, reflects quantity of
meat consumeds is the price of meatz; is national income per capita is the
cost of processing meéall variables are in deviation from their meéam = 2,
kl = k2 =1

In Figure 1 the joint posterior of3 andIl,, is drawn for the Tintner meat
market dataseaind Figure 2 contains the contour lines of this bivariate posterior
The functional form of this posterior is obtained by using a flat pftorl) and
integrating ou(X, 714,11;,) and reads
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FiGuRE 1. Bivariate posteriof 3, 7,,) demand equation Tintner model

P(B,1155|Y,Z) = |(y1 — Zo11528) Mz, (Y1 — Zo 115, B8)| /2T kamm—)
X | (Yo = Zp115)' Mz, (Yo = Z,115p) |~ M2 (T kamm=1), (2.3)

aSY2 = le_llz + 22H22 + € andMV = IT - V(V'V)_lV', V = Zl’ V = (Zl 82).
Both Figures 1 and 2 and the functional form of the posteridRi8) show that

-2 -1 0 1 2 3

Ficure 2. Contour lines marginal posterigg,11,,) demand equatian
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the marginal posterior does not depeng3omhenIl,,= 0 asitis flat and nonzero

in the direction ofg for zero values ofl,,. This implies that the marginal pos-
terior ofI1,,, which is the integral of the posteri¢2.3) overg, will be infinite at

I, = 0 as at this particular value @f,, we construct an integral of a function
over an infinite parameter region whereas the function itself does not depend on
the parameteB over which we integrateSq, the integral will be proportional to

the size of the parameter regidre., infinity. Both the functional form of the
marginal posterior ofl,,,

P(I1po|Y, Z) o [T15Z5M 7, .,) Zo 1155 vz

[115,Z5M (2, v, ZoT1,,| |~ /2T kam2(m=1)
IT52Z5M(z, v, v,) 221125
X | (Yo = Zp1150) Mz, (Yo — Z,11,p) |~ /2T kamm=), (2.4)

and the marginal posterior of,, for the Tintner dataset from Figure 3 show this
phenomenonand consequently the value of the posteriol} is infinite at
H22 =0.

The nonidentification oB also has consequences for its own marginal poste-
rior, which belongs to the class of-11 poly t densities See Bauwens and van
Dijk (1989, Dreze(1976), Dreze(1977), Dréze and Richarl983, and Richard
and Tompd1980 for an efficient algorithm to calculate the moments of this class
of densitiesThis posterior reads

L

O 1 1 1 L
-0.5 -0.4 -0.3 0.2 -0.1 0 0.1

Ficure 3. Marginal posteriotr,, demand equation Tintner model
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P(BIY,Z) = [(y1— Y28)M(z, 2, (Y1 — Y, B)| /2T ka—kemm=1)
X |(y1 = Y2B)' Mz, (yy = Yo B) |- W2 T kamm=), (2.5)

and it has fat tails resulting from the flat nonzero conditional posterigrgit’en
I1,, = 0. For the case of the Tintner modg#te marginal posterior is even nonin-
tegrable which is plausible given the fat tails of the marginal posteriojBof
shown in Figure 4In general the moments of the posterior {{2.5) exist up
to/including the degree of overidentification minusirhplying that exact iden-
tified models lead to nonintegrable posteriors when(fiiftuse) priors are used

A popular method for numerical calculation of posterior densities is to con-
struct the conditional posteriors and use them to perform Gibbs sam(skeg
Gelfand and Smith1989 Smith and Roberts1993. When this Markov chain
Monte Carlo(MC?) algorithm is used to compute the marginal posteriors of the
parameters of the INSEMs in Gewek&1996), the local nonidentification prob-
lems lead to a reducible Markov chain because when a locally nonidentified
parameter value is drawthe sampler continues drawing nonidentified param-
eter valuesStated differentlythe region of locally nonidentified parameter val-
ues is an absorbing state in the Markov chdine posteriartherefore violates
the convergence conditions for Gibbs samplers as outlined in Roberts and Smith
(1994. A solution to this problem is to use informative pripbat this approach
is questionable when priors are used that are notin accordance with the likelihood
(see Kleibergen1997.

0 1 1 1 L 1

-3 -2 -1 0 1 2 3

FiGuRre 4. Marginal posterio demand equation Tintner model
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The integrability problems of the posteriors discussed previously result from the
dependence of the structural form paramgten I1,,. In classical econometric
analysigsee Andersori982 Phillips, 1983 Poirier; 1994), the parametes is an-
alyzed conditional on a so-called concentration paramEtés is essentially a sta-
tistic to test the hypotheskd,: I1,, = 0, and it shows whether the information in
the likelihood is concentrated aroufd, = 0. When this concentration parameter
tends to infinity when the sample size becomes langemal asymptotic theory
can be appliedsee Andersgril982 Phillips, 1983. WhenIlI,, = 0, howeveres-
timators ofg, like 2SLS converge to random variablésee Phillips1989. The
integrability problems outlined previously show that also in a Bayesian ang@lysis
has to be analyzed givdly,, which is natural given that the identification prob-
lems in the likelihood result from model propertieg., the nonidentification of
B atll,, = 0, and are not the result of inferior daecause we know a priori that
these integration problems arjseframework is needed that formalizes the way
the parameters are analyzed conditional on one another and that leads to nonpath-
ological posteriorsT his framework is constructed in Kleiberge®97) and is used
in the following sections

3. PRIORS FOR THE INSEM PARAMETERS

In the previous sectignwe showed that the parameters that suffer from local
nonidentification problems should be analyzed conditional on the value of their
identifying parametersThis is one of the main properties obtained through the
priors constructed in this sectigim previous versions of this pap&see Kleiber-

gen and van Dijk1992 199443 see also Kleibergen and van Difil094h Kleiber-

gen and Zivat1998 Chao and Phillipsl998, Jeffreys’ priors are used to obtain

this property The resulting posterior when this prior is usedhswevey not
nested within the assumed posterior of the parameters of the embedding un-
restricted linear modefllhis is a key property of the priors constructed in this
section The prior we construct in this section results from Kleiberg&®97),

where it is shown that a whole range of models can be considered as nonlinear
restrictions on the parameters of standard linear modé¢ils gives a general
framework for the analysis of a large class of modskse also Kleibergen and
Hoek 1996 Kleibergen and Paaf@997).

3.1. SEM’s as Linear Models with Nonlinear Parameter Restrictions

Overidentified SEM’s can be considered as a nonlinear restriction on the param-
eters of a multivariate linear modét is well known how diffuse and conjugate
priors and their resulting posteriors are constructed for the parameters of linear
models(see Zellnerl971). When we explicitly consider the SEM as a nonlinear
restriction on the parameters of a linear modle¢ priors and posteriors of the
parameters of the SEM resydtraightforwardlyas proportional to the priors and
posteriors of the parameters of the linear model under the condition that the re-
strictions on these parameters hédege Kleibergenl997).
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To analyze the restrictions imposed by a SEM on the parameters of a linear
model consider the INSENR.1) and its implied reduced forii2.2). To show the
imposed restrictionsve add a parametarto this model that is such that when it
is nonzerg(i) there is a one-to-one correspondence with a standard linear model
and when it equals zero boti) the reduced form of the INSEM results afiid)
it is locally uncorrelated with specific other parametérkis latter property is
needed to obtain priors and posteriors of the parameters of the INSEM that are
invariant with respect to the specification of the mog@ele Kleiberge997, for
an exact specification of the conditions the restrictions have to sat&éyeral
restrictions imposed on the linear model namely lead to the reduced form of the
INSEM, but only one restriction leads to priors and posteriors that are invariant
with respect to parameter transformationiis invariance property is needed to
avoid the Borel-Kolmogorov paraddsee Billingsley1986 Dréze and Richatd
1983 for more details on this posterior invariansee Kleibergenl997). The
resulting modelwhich we call the unrestricted SEMeads

(Y1 Yo) = Zy(myq Tlpp) + Zo10o(B Iiye1)
+ Zollpp A(B Im1)i + (€1 &2), (3.1)

whereA: (k, —m+1) X 1 andll,,,, (B |n_1), are the orthogonal complements
of May, (B Im-1) resp, such thatllslly,, = 0, (B In-1)(B Im-1)L = 0,
and Moy Mooy = ligomis, (B Im-1)i(B Im-)t = 1 (e, My =
(—Ma2olT231 h—me1) (hgem-1 + Mool 531 0500) 4 when I, =
(TMhpq o), Thppg: (M — 1) X (M — 1), Tp:(k; — m+ 1) X (m — 1), and
(B lm—1)L = (1+ B'B)"Y2(1 —B’')). We note that the orthogonal complements
used in other parts of the paper are defined identical to the ones stated previously
Itis clearthatwhem =0, (3.1) is identical to(2.2) and becausg is multiplied
by the orthogonal complements of the matrices contaigimgdIl.,, the infor-
mation matrix is block diagonal at = 0. We therefore say that is locally
uncorrelated witt8 andIl,, at A = 0. The one-to-one correspondence between
the parameters dB.1) and a multivariate linear model

7 1o

b q)2>+(§1 €5), (3.2)

(Y2 Yo) =(Z4 Zz)<
whereg,: k, X 1, ®,: k, X (m— 1), can be shown using a singular value decom-
position (SVD) of ® = (¢, ®,) (for definitions of a SVD see Golub and van
Loan 1989 Magnus and Neudecket988. The equality of(3.2) and(3.1) is
shown in Appendix E and uses the SVD®f

® = USV, (3.3)
whereU : k; X kp, U'U =1, ; V:mXm, V'V =1l,;andS: k, X mis a rectangular

matrix containing thénonnegativgsingular valuesin decreasing ordgion its
main diagonal= (S1...Swm). If we now write
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Ull U12 S_I_ 0 Vi1 V12
U= , S= , and V= , 3.4
<U21 Uzz 0 Vo1 U2z (34)
Whereull, S_|_,V21: (m - 1) X (m_ 1); V1o 1X 1; l):i_l, Uoo: (m - 1) X 1; Ulzl (m_
1) X (kz_ m+1); U21:(k2_ m+1) X (m_l); Uzz:(kz_ m+1) X (kz_ m+

1); s5: (k, — m+ 1) X 1, then the following relationship betweé¢H.,, 8,1) and
(U,SV) results

Ull ’ r—1,.1
Iy, = U S Vz, B =V31 vy, and
21
A = (UpUzp)  Y2U 8501 0(v10015) Y2 (3.5)

Furthermorethe SVD shows that is identified by the smallest singular value of
® contained ins, and is essentially a rotation gf becauses, is pre- and post-
multiplied by orthogonal matrices to obtai Because the singular valisg is
invariant with respect to the ordering of the variables containet(ia(y; Y,))
andZ,, the length ofA, which is equal to the length & because it is a rotation
of s,, is identical for all orderings of the variables containedviandZ,. This
property is needed to obtain a priposterior of the parameters of the INSEM
that is invariant with respect to the ordering of the variable¥ andZ,.

When we use the least-squares estimator ®f in (3.3), & =
(Z3Mz, Z,) " Z5Mz (Y1 Y,), the estimators fop andIl,, resulting from(3.5)
are similar to the limited information maximum likelihood estimat(se An-
derson and Rubinl949 Hausman1983 when the instruments are reasonable
(for a proof of this see Kleibergen and Zivp1998. The hypothesi$iy: A =0
can also be tested in that setting to check the validity of the imposed
overidentification

The preceding discussion shows that the INSEM can be considered as a non-
linear (reduced rankrestriction A = 0, on the parameters of the linear model
(3.2). We therefore construct the priors and posteriors of the parameters of the
INSEM (2.1) as proportional to the priors and posteriors of the parameters of
the linear mode(3.2) evaluated im = 0. This framework for constructing priors
and posteriors results from Kleiberg€t997), and we discuss its results for the
INSEM in the following(sub section The framework can also be used in a full
system analysis in which SVD’s have to be applied recursiveyhis becomes
notationally more complicated we discuss it in a later sectiwte also that the
analysis for exactidentified SEM’s directly results from the standard linear model
because in that case there is a one-to-one correspondence between the parameters
of the structural form and the linear model

3.2. Prior Framework for SEM’s

As shown previouslythe INSEM can be considered as a nonlinear restriction on
the parameters of a multivariate linear madelis, howevey not possible to
analytically construct the conditional posterior of the parameters 4, 8, I1,,,
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andIlI,,, given the parameter reflecting the restrictiphésee Kleibergerl997).
To show this le® = (7T11,B,H12,H22) and’)’] = ((I),7T11,H12), then

an
a(6,1)

punsen(o’ A | Q,Ya Z)  Piin (T,(ey /\) | Q9Y’ Z) ‘ ) (36)

wheren is a function ofg andA andunsemstands for unrestricted SEM alid

for linear model Assume that the posterior of is well behavedwhich is
typically the case for the posterior of the parameters of a multivariate linear
model then we cannot give an exact expression of the conditional posterior of
0 given A, punsenf 0] A, Q,Y,Z), including its normalizing constants because we
cannot construct the marginal posterior 9fpynsentA|Y,Z), analytically This
results as\ is multiplied byIl,,, and(8 I,_1), in (3.1). The termA is there-

fore partly a nonlinear function g8 andIl,, such that we cannot construct its
marginal posterior analytical\50, to obtain a consistent analysia the sense
that the INSEM has to accord with its embedding linear modad cannot
ignore that the INSEM is a linear model with nonlinear restrictions on its pa-
rameters and just proceed by constructing the posterior as in Sectionht
section we namely implicitly assumed that the involved posterior is propor-
tional to punsen{ @, A1 Q,Y,Z)|,—0. This implies a posterior for the parameters of

the linear model im = 0,
3(6, )
on

As shown in Section 2 the posteri@fsent?, A Q,Y,Z)| o is badly behavednd
the resultingp;in (1] Q,Y,Z)|,-0 is thus also badly behavedhis is however a
posterior of the parameters of a linear model that is normally well behaved and
well understoodlt therefore does not belong tor is nested withinthe standard
class of posteriors of parameters of linear modeds more detailgefer to Kleiber-
gen(1997). Also slight modifications of the INSEMo, for examplean INSEM
that is nested in the original INSENkad to a different implied posterior of the
parameters of the embedding linear motlés therefore use the priofgosteriors
of the parameters of the linear model as a base to construct the/postsriors
of the parameters of the INSEMq we specify a prior for the parameters of the
linear modelfor examplea diffuse or natural-conjugate priee Zellngrl977),
and we evaluate this prior in= 0 to obtain the prior for the INSENtee Kleiber-
gen 1997 Kleibergen and Paafi997),

pinsem(e,Q) o punsen(e, A,Q) |/\=O
an
a(6,1)

whereinsemstands for INSEMWe note that we can also perform the construc-
tion of the prior vice versa by constructing a prior on the structural form param-

Piin (77‘ Q,Y, Z) ‘A:O o punserr(n(e, )\) ‘ QaY’ Z) |/\:0 (37)

A=0

o< plin(n(‘gv)\)’ﬂ)‘)\=0 ) (38)

A=0
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eters and checking whether the implied prior on the parameters of the embedding
linear model is plausiblésee Kleibergen1997 Kleibergen and Zivqt1998.

3.2.1. Diffuse prior. Using the framework resulting fro3.8), a diffuse(Jef-
freys’) prior for the parameters of the linear modet,4,11,,,®,Q),

Piin (7711, 1115, ®,Q) oc | Q- FAKEMHD o | =2V |0 ~1 & 7/ 7|VZ (3.9)
implies the prior for the parameters of the INSENB, 7711, 1115, 115,,Q),
Pinserd B85 11, 112, 1152,Q)
o [Q~VAMD01 Q) Z'Z|Y2[I(D, (1122, B,4)) =0l
o |Q|—(1/2)(k1+m+1) ‘ Zizl|(l/2)m| BJ_QBil—(l/Z)(kz—m+l)
X ‘Hrzm(zélezz)ilnzerl/z

1/2

’

BO B’ ® Z5My, Z, BOle, ® Z5My, Z,1,,
el 0B ®152,Z5Mz, Z, €107 ey ® M15,Z5Mz, Z,15,

(3.10)

where e;:m X 1 is the first m-dimensional unity vectorB = (8 1),
|J(®,(IIys, B,A))| = |0m/d(6,A)| and is constructed in Appendix A

The prior(3.10) shows thap3 is analyzed conditional on the valueld$,, as it
should be according to the local nonidentificatiorgafor lower-rank values of
I1,,. Furthermorethe prior shows the functional form of a diffuse prior for the
parameters of the INSEM his accords with our conclusions from the previous
section that diffuseness for models like the INSEM has to be defined in a different
way than the usual one for parameters of linear models

We note that the prig8.10) is the Jeffreys’prior of the unrestricted reduced form
of the INSEM (3.1) evaluated inA = 0. In Kleibergen and van DijK19943,
the Jeffreys’ prior of the reduced form of the INSE(@.2) is used to obtain
well-behaved posteriofsee also Chao and Phillig998. This prior is apart from
|B QB |~ 2kemm D 110, (Z5 Mg, Z,) 1,5, | Y2 identical to(3.10). We use
(3.10) instead of that prior for three reasof#st, (3.10) results in a generic man-
ner from the linear mod€B.2). Secondthe concept for constructin@.10) can
also be applied in the full system analysis whereas the Jeffreys’ priors of the re-
duced forms of full system SEM’s are intractaldl@ird, although we use data ma-
trices in(3.10) to obtain a more interpretable expression of the piids not data
dependent as no data matrices appear in the Jacdbiafil,,, 8, 1)), and|Z'Z|
can just be left outA Jeffreys’ prior on the reduced forf2.2) is data dependent
however For more detailssee Kleibergen and Ziv@1998.

The prior(3.10) is identical to the Jeffreys’ prior for the reduced form of the
orthonormal SEMsee Phillips 1983 Chao and Phillips1996, whereQ = I,
andZ;Mz, Z, = l,, asB, B} = 1, 115, 155, = Iy, m+1. Using Rayleigh quotients
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it can also be shown that the ratio of the pr{8r10) and a Jeffreys’ prior on the
reduced form(2.2) is bounded between finite nonzero constants

3.2.2. Natural conjugate prior. In case of a natural conjugate prior for the
parameters of the linear modale specify an inverted-Wishart prior forand a
matrix normal prior for(7ry4, 115, ®) givenQ,

Pin (Q) o |G| V2N | |~ W2M+m+D) ey (0 1G)]
Piin (711, 1112, ®| Q) o [Q]~T/2M| A (/2K

X exp{—} tr<Ql (( o 12> - P)r
(( 9"11 ‘1’12> ))} -
1 2 ’

whereG: mx m, A: k X k, G andA are positive definite symmetrigpds matri-
ces P:kx m, andhis the prior degrees of freedom parameidre matrixA can
be decomposed as

A= A A (3.12)
A21 A22 ’ .
whereA;: Ky X Ky, Ao = Abq: Ky X Ky, Ass: Ko X Ky, The prior of the parameters of
the INSEM resulting fronp;, (714, 112, ®, Q) can again be constructed usiidg),

Pinserd B, 11,1112, 1155, Q)
% Pin (7711, 112, @ (B, 1150, A), Q[ 1—0] I (P, (T2, B, A)) | 1=ol
o |G|(1/2)h|Q|7(1/2)(h+k1+m+1) |A11|(1/2)m| BLQBi‘f(l/Z)(szerl)
X Tlhpy Ag31Tlpp, | 7Y2

BQ 1B’ ® A BO 'e; ® Agailln,
Q1B ® %A1 €10 ter ® MMhAzsq s

1 B 1 g '
X exp[—é tr(Q 1<G + ((szﬁ 1‘[22> — P>
Ao wa) 7))} o
Uz 1l ’ '

whereA,, 1 = Ay, — Ay A7 A and the specification @B.13) is not unique in the

sense that certain scaling factors are used to obtain a more interpretable expression
It may be that we have more knowledge about possible values of the param-

eters of the INSEM than about the parameters of the linear mdted knowl-

edge can be used in the construction of the prior of the parameters of the linear

model thoughas these parameters are an exact function of the parameters of the

INSEM when the restriction = 0 holds We can also directly specify a prior on

1/2
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the parameters of the INSEM and check whether the implied prior on the param-
eters of the embedding linear model is plausiske Kleibergen and Zivpt998.

The prior(3.13) does not belong to a known class of probability density func-
tions and we do not know analytical expressions of its moméwtsich only
exist up to its first ordefbut not including i) or normalizing constanfThese
properties can be calculated using Monte Carlo simulatod in Section 5 we
construct a simulation algorithm to obtain drawings fr(8ri.3).

4. POSTERIORS OF THE INSEM PARAMETERS

The framework for constructing the priors of the parameters of the INSEM can
directly be applied to construct the posteriors of the parameters of the INSEM
This results because the likelihood of the INSEM is a continuous function of the
parameters such that the posterighich is proportional to the product of the
prior and the likelihoodcan be evaluated in the same way as the prior

Pinserd B> 11, 1112, 1122, Q[ Y, Z)
% Pinserd B> T11, 112, 122, Q) Linsend Y| B, 711, 12,1152, Q, Z)
% Punsent Bs A, 11,1112, 122, Q) [x=0 Lunsenf Y18, A, 711, 1112, 1122, Q, Z) [ 10
% Piin (711, 12, @ (B, A, T22), Q) [1=0] I (P, (T2, B, A)) [ a=o]
X Liin (Y] 7713, 12, @ (B8, A, T152), 2, Z) | ,—o- (4.1)

In the following two subsectionsve construct the posteriors for different spec-
ifications of the priori.e., a diffuse and natural conjugate prior

4.1. Posterior INSEM Using Diffuse Prior

Using the diffuse priof3.10), the joint posterior of the parameters of the INSEM
can directly be constructed from this prior and the likelihood ugit),

Pinserd B> 711, 1112, 1125, Q| Y, Z)
% Pinsend B> 11, 12,1120, Q) L(Y[ B, 711, 1112, 1155,9, Z)
o || WRTHhkatmiD) | 70 7 ((W/2m| g OBy |~/ e-mtD
X M55, (Z5Mz, Z5) Mgy, |12

1/2

( BO B’ ® ZuMy, Z, BO e, ® Z5My, Zo1lz; )
€10 B’ @ 112Z5Mz,Z, €0 ey ® 115,Z5Mz, Z,115,

wexd—~tlo (v, -2 z )< i H”) ,
2 yi Y2 1 42 My Ty
7 g
X ((Y1 Yo) — (24 22)<H223 1'[22)))} . (4.2)
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The posterior(4.2) does not belong to a known class of probability density
functions nor do any of the conditional postericapart from the conditional
posterior of(741,111,) given (3,115, Q), which is matrix normalbelong to a
known class of probability density functionSqo, we can only analytically in-
tegrate ouf(7r,4,111,) to obtain the marginal posterior 613,115, ),

Pinserd B: 122, Q[Y, Z) o [~ W2(TmHD B, OB [~ (1/2kemm+)
( BQ !B’ ® Z4Mz, Z, BQ e, ® Z5My, Z,11,, )
el B @ 1nZ5Mz, Z, €0 e ® [15,Z5Mz, Z,115,

1/2

X 3o, (Z5Mz, Z5) M, |12

X exp—3tr(Q7 (y1 Ya) = ZoIlpo(B Im—1))’
X Mz, (Y1 Ya2) = Zoll2(B 1m-1)))], (4.3)
which shows the functional form of the kernel of the density of a matrix normal
distributed random matrix with reduced rafdee Kleibergenl997). The poste-

rior (4.3) is proportional to the product of the marginal posteriof®f(2) and the
Jacobian of the transformation evaluatedis O,

pinsem(B,H22a9|YyZ) o< plin(CD([))7)\’HZZ)’Q|Y’Z)|A:0|‘J(¢)’(H22’B’/\)) ‘)L:O‘ .
(4.4)

In Section 5 we construct importance and Metropolis—Hastings samplers for
calculating the marginal posteriors @.3) that usg4.4).

4.2. Posterior INSEM Using Natural Conjugate Prior

Identically to the posterior of the parameters of the INSEM using a diffuse prior
(4.2), we can construct the posterior of the parameters of the INSEM when we use
the natural conjugate prig@8.13),

Pinsend B, 711, 112, 1155, Q[ Y, Z)
o |Q‘*(1/2)(T+k1+m+l) |(A + Z/Z)lll(l/z)ml BLQ’Bi‘*(l/Z)(kz*erl)
BO B ® (A+Z'Z)s1 BQ e, ® (A+ Z'Z)p0q110,
. ‘ (einB’ @ Moa(A+Z'Z)z, €0 ey @ Mpp(A+ 2'2)2211_[22)
X Moy (A + Z'Z) 331 Tpp, |72

1 < CETR VEP _\
Xexp —=trlQ G+ -1
{3 (o (s na) 1)
arzo(( ™ ™M) g 45
+ 2z - )
<aven(( )0l e

wherell=(A+Z2'2) " Y(Z’Y+AP),G=G+Y'Y-TTI'(A+ Z'2)I, Y= (y; Y,).
Again similar to the posterior using a diffuse pri@k.2), only the conditional

1/2

https://doi.org/10.1017/50266466698146017 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466698146017

BAYESIAN SIMULTANEOUS EQUATIONS 715

posterior of(744,1115) given(B,11,,,Q) belongs to a known class of probability
density functionsand (714,11;,) are the only parameters that can be integrated
out analytically to obtain the marginal posterior(@, 1,5, ),

Pinserd B, 1122, 2| Y, Z) o [ @~ M/2(T+m+D B, OB |~ (/2 e mtD

BO B ® (A+Z'Z)p1 BO e, @ (A+2Z'Z)y0110s
€O B @My (A+Z'Z)0, €0 T @ Mon(A+ Z'Z)z0410,

1/2

X Moo (A+ Z'Z) 531 Mg, |72
X exp[—3tr(Q NG+ (ITpo(B Iim-q) — IIp)
X (A+2Z'Z)201(Tpa(B Im-1) — M), (4.6)

wherell = (1T} T,), T;: kg X m, Tt ky X m.
Again (4.4) applies to this posteripand we use it in the following section to
construct a posterior simulator

5. SIMULATING POSTERIORS

As mentioned before the posterig#3) and(4.6) do not belong to a standard
class of probability density functions nor do their conditional posteritescan
therefore not perform Gibbs sampling as the conditional posteriors are nonstan-
dard The simulation algorithms constructed in this section therefore generate
drawings from a probability density function that approximates the true posterior
To correct for not drawing from the true posteriareights are attached to each
drawing of the parameters proportional to the ratio of the posterior and the ap-
proximating density in the generated parameter poiftese weights can be
used in both importance sampling algorithisee Kloek and van Dijk1978
Geweke 1989 and Metropolis—Hastings algorithn{see Metropolis Rosen-
bluth, Rosenbluth Teller, and Teller 1953 Hastings 1970 to draw from the
posterior We first discuss the construction of the weights and the approximating
density and hereafter we briefly discuss the two different simulation algorithms

We use the posterior of the unrestricted SEl\hsen( 8, A, 1125, QY, Z), as ap-
proximating density of the posterior of the INSEMnsen{ B, 122,Q|Y,Z). The
posterior of the unrestricted SEM contains the parameteoweverwhich is not
present in the posterior of the INSENb obtain a density that both accords with
the posterior of the INSEM and containswe assume that is generated given
(B,11,,,Q) from a proper conditional density(A| 3, 11,,,(), which we specify
ourselvegsee Chenl994 Verdinelli and Wassermari995 Kleibergen 1997
Kleibergen and Paa@d997). Furthermorewe assume thgs, I1,,, and Q are
generated frompy,senl 8, 1122, Q1Y, Z). Sq, as density function to be approximated
BY Punsenl 85 A, 22,2 |Y, Z) we have

g(/\ |B,sz,ﬂ)pinsen\(ﬂ,HZZ,Q|Y, Z)
& g()\ ‘ B’ HZZvﬂ)( punsenr(ﬁ, /\, H2279|Y’ Z) ‘)\=O)~ (51)
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The weight function thus becomes
g(/\ ‘ ﬁvHZZ’Q)( punseﬁ(ﬁa )\’H22’9'|Ya Z) ‘A:O)
punsen(ﬂ,/\’ H22’Q|Y’ Z)

The quality of the approximating densitynsent 8, A, o0, Q|Y, Z) crucially de-
pends onthe chosen specificatiorgof | 8,11,,, Q). In case we use the diffuse prior
for the parameters of the INSE[8.10), a natural choice of(A|B,115,,Q) is

g(/\ |B9H227Q)
= (2m)”WAtemmtD B, Q7B VAU M TTY,, Z Mz, Zo T, V2

W(BvA’HZZaQ) = (52)

X expl—3tr(B, Q 1BL(A — A) TThy, Z5Mz, Z,Tlps, (A — A))], (5.3)
where
A= (IThy, Z5Mz, Zo155, ) Moy, Z5My (Y = Z511,,B) Q1B (B, Q7 'B) 4,
whereas
g(A|B, M52, Q)
= (2m) W2lemmt g 1B |V M DI, (A+ Z'Z) 251 pp, |2
X expl—3tr(BLQBL(A = V) Thoi (A+ Z'Z)501 11550 (A = A))], (5.4)

Q7 BI(B,O7'B))™L AP + Z'Y = ((AP + Z'Y); (AP + Z'Y)5), (AP +
Z'Y)1:kyXm, (AP+Z'Y),: k, X m,is a natural choice af(A | 8, I1,,, Q) when we
use the natural conjugate pri@:.11).

The weight function resulting from these choicegotads in both cases

|3(D,(B,A,1152)) | ,—ol
‘J(@,(B,/\,sz)”

where g(A|B,11,,,Q) should be chosen front5.3) and (5.4) according to
the involved prior In Appendix A we show that|J(®,(8,A,11,,))| =
|J(®,(B,A,1155))| 10| such that the ratio of the Jacobians (#5) is always
finite. Furthermore ag(A|B,1I1,,,Q)| is a proper conditional densitit is also
finite, and the weight function is consequently always finite

When A = 0, the ratio of Jacobians itb.5) is equal to ongand the weight
function then simplifies to the proposed conditional density afvaluated in
A= 0. The weight function is therefore always finite and nonzero wher0. All
drawings of( 8, A, I1,,) for which A = 0 thus get a finite nonzero weigfithis has
consequences for the existence of moments of the posperEan 8,152, Q|Y, Z)
because it implies that the degree of finite moments is determined by the trans-
formation of® to (8, A, II,,). According to(3.5), 8 = V41 1vi,. As no restrictions
are imposed on the rank &4, this implies that the posterior @f has Cauchy-
type tails and no finite mean and variarisee Kleibergen and Zivpi998. Note

W(B,A, I, Q) = g(A[B, 2, Q) |5=o0, (5.5)
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also that the sampling distributions of limited information maximum likelihood
estimators have Cauchy-type taiteee Andersanl982 Phillips, 1983.

We summarize the different steps involved in obtaining the weight function
attached to théh drawingi =1,...,N, in a simulation algorithm as followsee
also Kleibergen1997 Kleibergen and Paa@997),

Draw Q' from p;in (Q]Y, 2).

Draw ®' from pjin (®|Q1,Y, 2).

Perform a singular value decompositiondgf= U'S'V".
Computes, A, 1y, according ta3.4) and(3.5).
Computew (', A, I15,, Q') according ta(5.5).

Draw 771, 115 from pin (712, 12| @ (B, A, 1122), Q4 Y, Z) 1 =o.

The posteriors of the linear model paramet€rand®, used in the first step
are standard density functian., inverted-Wishart and matrix normakspec-
tively, in case of diffuse or natural conjugate priofee exact functional speci-
fication of these densities depends on the specification of the involved priors and
is straightforward to construgdte.,

Piin (Q[Y,Z) = [ Q[ @2 expl - 3tr(Q7Q)], (5.6)

wherel =0, Q= Y’M;Yin the case of the diffuse pridr= handQ = Gin the case
of the natural conjugate prigand

Pin (@ Q,Y,Z) o | Q] =2k exp[ — Ltr(Q (P — &) W(P — D)], (5.7)

whe[e<i> = (Z5 MZIZZ)‘lz’z Mz, Y, W= Z5Mz, Z,in the case of the diffuse prior
and® = II,, W= (A + Z'Z),,4 in the case of the natural conjugate pribr
Kleibergen and Zivof1998 another simulation algorithm to generate drawings
from the posteriopinsend B8, 1122, Q2|Y, Z) is constructed that is sometimes more
efficient but is more difficult to generalize to the full information case

The weight function can either be used in an importance or a Metropolis—
Hastings sampling algorithm to calculate the marginal posteriors or moments of
these Using the importance sampling algoritisee Kloek and van Dijk1978
Geweke 1989, we approximate the momeBt( f (714,115, 8,1155,Q)) by

N
~ Zw(lgi’Ai7 iZZaQi)f(WZil.lv ilZaBtHiZZQi)
E(f(’lel,le,B,sz,Q)):I_l N - . s
EW(BI’/\I’HIZZ’QI)
i=1

(5.8)

where we usé to indicate that it is an estimator of the true expectafionn
Gewekg 1989, itis shown that under quite general conditions central limit theo-
rems can be used to prove the convergence of the approxinat®rio its true
value As the weights are always finitéhey satisfy the conditions for the central
limit theorems to applyand statistics can be calculated that show the numerical
accuracy of the approximatid.8).
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The weightg5.2) can also be used in a Metropolis—HastifiysH ) algorithm
(see Metropolis et al1953 Hastings 1970 known as the independence sampler
(see Tierneyl994). This algorithm constructs a Markov chain from the drawn
(iq, Mo, B 1155, Q1)'s. The(mriy, s, B, 115, Q1)'s in this Markov chain are ac-
cepted as drawings from the posterithis is achieved using the following steps

0.i=1

1. Draw (7ift, %S, BIHL I, Q1Y) using the simulation scheme stated previ-
ously Given that(wi,,1T},, 8", 11,5, Q') is accepted as drawing from the posterior
(i34 I3, L1551, 01 ) is accepted as th@ + 1)th drawing from the pos-
terior with probability mir((w(8', X, TT,,, Q1)) /(w( 81 4 AL TIL5E, 1)), 1); other-
wise (W£117Ha519Bi+17Hi2+219Qi+l) = (7TZiLl3 HiﬁLZrBtHiZZ’Qi)'

2.i=i+1LGotol

When the resulting Markov chairiz}, ITi,, B, 115,,Q1), i = 1,... has con-
verged to its equilibrium distributignsay afterH drawings we can record
(miq, I, B 1155,Q1), i = H + 1,... as simulated values of the parameters from
the posteriar

The simulation algorithms can also be used to calculate other properties of the
posterioy like Bayes factors and Bayesian Lagrange multiplier statigses
Kleibergen and Paafl997), and to obtain drawings from the natural conjugate
prior (3.13). In that casethe natural choice of the involveg{ A| 8,11,,, Q) reads

g(A|B, I, Q) = (277) W2kermtD B 1B |2 ke MU ], Ay 1 Ty, [M2
X exp[—4tr(B, Q1B (A — A)' Tlhy, Agaq Tlop, (A — A))],
(5.9)

whereA = (IThy, Agz1TTps,) 1Tlhs; Agsa(Py — T15,B)Q 1B (B, Q1B)) L P =

(P71 P%), Pi:ky X m, Py:ky, X m, and p;in (1Y, Z), pin(®|€Q,Y,Z) both result
from (3.11). This also shows the conjugateness of this prior as it equals the pos-
terior using a diffuse prior of some arbitrary set of observations that does not hold
for the extended natural conjugate prionghich are also specified for SEM's
used by Dréze and Moralé$976 and Dreze and Richard983. We note that

the simulation algorithms do not calculateasy = w1, + 11,8, we can easily
incorporatey into these algorithms

6. FULL SYSTEM ANALYSIS

The INSEM is a reduced rank restriction on a parameter matrix of a linear model
A full system analysis of a SEM can also be specified as a linear model with
nonlinear restrictions on its parametekgain these restrictions are reduced rank
restrictions but the difference with the INSEM is that they can depend on one
another in a recursive wayheorem 1 states that the reduced form of a SEM is a
linear model with reduced rank restrictions on its parameter matrices

https://doi.org/10.1017/50266466698146017 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466698146017

BAYESIAN SIMULTANEOUS EQUATIONS 719

THEOREM 6G1. Assume that &EM has the following specification

I'mm O
Brm Bmm
(Ym  Ym) B B =(Zn Znm Zm) Iom Tram + (em  &m), (6.1)
mm mm 0 L

where the number afariables contained in Yis chosen such thdt,,: im X jm
(im=]Jm) andTinm: Im X jmare unrestrictegdthe parameter matrice$mm: Im X jm,
Fiom: I X Jms Brom:im X Jm» BmmiJm X Jm» BromiJm X Jm» Bmm:jm X Jm cONtain
(some parameters that are restricted to zero except fggBwhich has all di
agonal elements equal to one and somedidfyonal elements equal to zeand
Bmm=l;,; then the reduced form of tI®EMfrom equation(6.1) is equal to a set
of reduced rank restrictions on the standard linear model

Ym Yo) =Zm Zom Zn)P +§,
where®: (Iq+ I+ im) X (im + jm)-
Proof See Appendix B

Theorem 1 shows that we can use the framework for fpmsterior analysis
used in the previous sectignghich results from Kleiberge1997), in a Bayes-
ian full system analysis of a SEMn important difference with the analysis from
the previous sections,ifowever the dependence of the different reduced rank
restrictions on one anothdtor the INSEM we can either analyzé conditional
on(7rq4,114,) Or vice versaSa the conditionalization of these parameters on one
another does not mattérhis does not hold for the full system analysis that we
can conclude from the proof of Theoremltlresults in a strict ordering in which
the reduced rank restrictions have to be imposad hence the parameters have
to be analyzed conditional on one anothére reduced form of the SEM con-
structed in Appendix B already shows some important conditionalization rules
for the parameters of the SEMor examplethe structural form parametgp,m is
analyzed conditional on the structural form paramggy, which are both de-
fined in Appendix B More of these conditionalization rules will appear when the
reduced form is constructed further

The conditionalization rules also imply rank and order conditions that can
differ from the INSEM-based conditions used in generais is part of the point
made in Maddald1976. Regarding the conditionalization rulethe reduced
form, constructed in Appendix Bshows thaB,,is identified wher 1, has full
rank(or when that part ofly, that is multiplied by the nonzero parts 8f,,has
full rank), where the elements df are defined in Appendix BNVhen the INSEM-
based conditions are usetis assumed that no restrictions are imposedigp.
If restrictions are imposedhoweverthe resulting rank and order conditions can
become differentin the following an example of this will be discussdd can
also be seen i, which is identified jointly byl [TnmBmm andIly,,, and
its rank and order conditions therefore depend on the specification of the SEM
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As mentioned befotghe framework for prior and posterior analysis used in
the previous sections can also be used to construct the priors and posteriors of the
parameters in a full system analysis of a SEW¥hen we apply this framework we
have to give an exact specification of the reduced form ar{tiyisen parameters
reflecting the restrictions that obey the three conditjoinat (i) when theséhy-
pen parameters are nonzethe model is observationally equivalent with a stan-
dard linear model and when the$g/pen parameters are zer(@i ) both the reduced
form of the SEM results andii ) these(hypen parameters are locally uncorre-
lated with specific other parameters such that the resulting posterior is invariant
with respect to the ordering of those variables for which the likelihood is also
invariant (for an exact specification of the conditions the restrictions have to
satisfy see Kleibergenl 997). This enables us to construct the pyioosterior of
the parameters of the SEM as proportional to the ppiosterior of the param-
eters of the linear model under the restriction that(thgen parameters reflect-
ing the restrictions are zeravhich is identical to the construction of prigrs
posteriors of the parameters of the INSEB&cause there are still some differences
compared to the analysis of the INSEbEecause the reduced form has a more
complicated structure and the number of additional parameters we have to sim-
ulate in the posterior simulator increagsse(5.1)), we give two detailed exam-
ples two and thredsets of) equatiorfs) models to indicate all these differences
These examples jointly with Theorem 1 show how a Bayesian full system anal-
ysis of any kind of SEM is conducted

6.1. Two (Sets of ) Equations

We specify the structural form of the twsets of equatioris) model by
Y1=YoB1+ 2Ty + 215 + &4, 6.2)
Yo = Y182+ Z3Thp + Z3lgs + &3,

whereY;: T X my, Y,: T X m, contain the endogenous variahles: T X Kk,

Z,: T X ky, Z3: T X ks contain(weakly) exogenous and lagged dependent vari-
ablesk, = my, ks=m,, m=my + my, (g1 &) ~N0,2 X I7), B1: My X My,
Bo:my X my, Ty ky Xmy, Tio: kg X mp, Toq: ko X my, Tt Kz X m,. The reduced
form of (6.2), which can be constructed using the proof of Theoremeads

Y1 = Zy1lyy + Zo10p; + Z3H35 81 + &4,

Yo = Z11lyp + Z51151 B + Zsllss + &,

wherelly; = (I11 + I1281) (Im, — B2B81) 4 oy = Dog(lm, = B281) % iz = (Tip +
[1182) (I, — B1B2) L Mz = Fo(lm, — B1B2) L 1= (a1 + €281)(Im, — B2B1)
Er= (g1 £1B2)(Im, — B1B2) % (1 é2) ~n(0,Q ® 1), X = B'OB, and

B— Im1 —B2
I T
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Similar to the reduced form of the INSER2.2) and as indicated in the proof of
Theorem 1we add parameters to the reduced form to obtain a modeth we

call unrestricted SEMUNSEM), that is observationally equivalent with a linear
model When these added parameters are zevth the reduced forit6.3) results

and the added parameters are locally uncorrelated with specific other parameters

(Y2 Yo) = Zy(Tyy Mip) + Zolog(le,  B2) + Z3Mls2(B1 i)
"’Zznzu)\z(|m1 B2), + Z3llzp) Aa(B1 |m2)L+(§1 &), (6.4)

where,: (k, — my) X my, A3: (ks —m,) X my and the orthogonal complements
Moy, Map1, (Im, B2)1, @and(B; 1y,), are defined similarly to the ones used in
(3.1) (see Appendix ¢ Itis clear that whemn, = 0, A5 = 0, the reduced forn6.3)
results and thai, and A3 are locally uncorrelatedvhen they are equal to zero
with (1,4, B2) and(I1s,, B1), respectivelyWhena, # 0, A; # 0, again similar to
(3.2), (6.4) is observationally equivalent with the linear madel

oy

M Yo)=(Zy Z, Zy)| P2 |+ (&1 &), (6.5)
%)

whered, = (114 I11,), ®,: ky X m, d5: ky X m. Using a SVD the equality 0f6.4)
and(6.5) can be showrSVD’s are also used to obta{,, A,,I1,,) from ®, and
(B1, A3, I13,) from @5 (see Appendix @ The resulting relationships are similar to
(3.3)-(3.5) and straightforward to derive givei3.3)—(3.5). The SEM(6.2) is
consequently a linear model with nonlinear restrictions on its parametets0,

A3 = 0. The framework for priofposterior analysis of the INSEM used in Sec-
tions 3 and 4 cartherefore directly be extended to the two equation SESR).

Sqa we specify a prior for the parameters of the linear mddgl ®,, ®5,Q), for
example a diffuse or natural conjugate pricand this implies a prior for the
parameters of the SENEB.3) as this SEM equals the linear model evaluated in
A, =0, A3 = 0. (Note that we use the reduced foffm3) but this model is obser-
vationally equivalent with the SENB.2).)

PsendIT11, 12, B1, B2, 1121, 132, Q)
% Punsenf 11, 112, B1, B2, A2, A3, 21, T35, Q) |3 ,=0,2,=0
% Piin (@1, P2( B2, A2, 1151), P3(B1,A3,1132),2)[1,-0,1,-0
X [ JI(@2,(B2,A2,121)) [ ,=0l [ I (P3,(B1, A3, T32)) =0l s (6.6)

wheresemstands for SEMunsenfor UNSEM, andlin for linear model and the
Jacobiang (®,, (B2, A,,1151)), J(Ps,( B4, A3,113,)) are straightforward to derive
given the derivation of the Jacobian of the transformation in the case of the INSEM
and are stated in Appendix. @sing (6.6) and the expressions of diffuse and
natural conjugate priors for the linear mod@.9) and(3.11), we can again con-
struct the functional expressions of diffuse and natural conjugate priors for SEM’s
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like (6.3). For reasons of compactness and similarity with Section 3 we do not
give the exact functional expressions

For the posterior exactly the same reasoning as for the prior appégshe
posterior of the parameters of the SE8/3) is proportional to the posterior of the
parameters of the linear model under the imposed restridtilercan decompose
the posterior of the linear model into a product of marginal and conditional pos-
teriors that belong to a standard class of density functicmsnormal or inverted-
Wishart(seee.g., Zellner, 1971). This property can directly be used to decompose
the posterior of the SEM

Psend 11, 12, B1, B2, 1121, 1135, Q[ Y, Z)

% Punsenf 111, 12, B1, B2s A2, A, 121, 1132, Y, Z) [ ,—0.2,-0

% Piin (P, P2(B2, A2, z1), P3(B1, A3, 132), 2| Y, Z) [ ) ,=0,2,-0
X | I(@2,(B2,A2,121)) [ ,=0l | I (P3,(B1, A3, I32)) | 1,0

% Piin (P1] P2(B2, A2, MM21), P3(B1, A3, 52), Q,Y, Z) ) =0, 4,0
X Piin (P2(B2,A2,1121) | P3( B1, A3, 1132), 2, Y, Z) |1 ,=0,2,=0
X [J(@2,(B2,A2,T21)) | a,=o0l
X Piin (P3(B1,A3,1132) | Q,Y, Z) |1 ,=0| I(P3,(B1, A3, T52)) [ 1 ;=0
X pin(Q[Y, 2). (6.7)

Note that we can also use other orderings in this decompositmsimulate
parameters from the posterior of the SE6), we use the decomposition of the
posterior of the SEM6.7). This allows us to perform the simulation in two dif-
ferent stepsFurthermorewe add in each of the two different stepgsarameters
to the model that wesimilar to Section 5assume to be generated from some
conditional densityg, which we specify ourselvesn the case of diffuse priors
the following choices of these functions are natural

01(A3|B1, 1152, Q)

= (2m)"W2s|By, 07 1BY, | V2] 55, Z5M 7, 7,) Z31155, | (172)my

X exp[—3tr(By Q7 'By (A3 — Xa)'HéuZéM(zlzz) Z3155, (A3 — A3))],

6.8)
O2(Az| B2, 1151, @3,Q)
= (277)*(1/2)Iz | B, QO 1B, ‘ 2/2)1, Ty, Zb lez2 Ty, | (1/2)m,
X exp[—3tr(By, Q7'Bs, (An — XZ),H’SZLZ’ZMZ]_Z3H32L(/\2 - A,
6.9)
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wherel, =k, —my, I3 = ks — myp, By = (81 Im,), Bo= (I, B2),
Ag= (M35, Z5M (2, 7,) Z3T132, ) 50, Z5M(z, 7,

X (Y = Z3l13,B,) Q7B (B, Q7B ) 7
Az = (M1 Z5Mz, Zo o0, ) Ty Z5 My,

X (Y = Z3®3 — Z,115,B,) O 'B5, (B Q7 'By; ) ™

The weight functions of the two different steps of the simulation algor;tinm
volving both(6.8) and(6.9), then become

| J ((I)S’(Bl’ /\35 H32)) |A3=O|
‘ J ((I)i?n(ﬁl? )\S)HSZ))|

Wi(B1,A3,1132,Q) = 01(A3|B1, 32, Q)5 -0,

(6.10)
|‘] (¢27(ﬁ27 /\271_[21)) |/\2=O|

WZ(,B25/\2,H215Q|®3) = |J((I)2 (B2 /\2 H21)|

02(Az| B2, 1151, @3,Q) 5 ,—0-

(6.11)

Again these weight functions are always finiféhe different steps involved in
obtaining the weight attached to a certain drawinmgr 1,..., N, of the parameters
of the SEM can then be summarized as follows

1. Draw Q' from p;n (Q]Y, Z).
Draw @} from pyi, (d3]Q1,Y, Z).
. ComputeBi, A, IT;, from &} using a SVD
. Computew; (8}, X5, 115, Q') according to(6.10).
Draw (DIZ fr(.)m.plin (q)z ‘ CDB(BZIIJ A37 !32)7Qi7Y5 Z) ‘/\3:0'
. ComputeBs, A, 15, from @5 using a SVD
. Computews, (B85, Az, b1, Q' | D3(B1, A3, I152)) [,,—o according ta(6.11).
. Compute total weighith drawing

NoO oA WN

W(B:'l.’ )\i?nH;SZa BIZy AiZsHiZlﬁﬂi) =W X Wa.
8. Draw @} from p”n(<I)1|CDZ(Biz,/\2,1'[‘21),<b3(,3‘1,/\3,1'[‘32),Qi,Y,Z)|/\2:0’,\3:0,

The posteriors from which we simulate are all standardhe case of diffuse
or natural conjugate prioyand are similar to the ones used in the algorithm in
Section 5The values of other structural form parameters can be directly calcu-
lated using the equations used(6:3) and the drawings from the preceding al-
gorithm The resulting total weightsv, can be used in an importance or a M-H
sampler as discussed in Section 5 to obtain a posterior simulator of the posterior
of the parameters of the SE(8.3).

6.2. Three (Sets of ) Equations
As an example of a thrgsets of) equatioris) model we use the following model

(Note that contrary to the two equation madék specification of a three equa-
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tion model is not unique because the model is not invariant with respect to the
ordering of the variables

Y1 = Y2821+ Z1101 + &4,
Yo = Y3832+ Z1 11+ Zo100 + &5, (6.12)
Y3 = Y1813+ Yo Bo3+ ZoI0o5 + Z3lss + &3,

whereY;: T X my, Y,: T X m,, andY;: T X mg contain the endogenous variables
andZ,: T X ky, Z,: T X k,, andZ3: T X ks contain lagged endogenous and weakly
exogenous variableg,,: m, X My, Bax: My X My, B13: My X Mg, Boz: My X My,

[iq: Ky Xmy, Tyo: Ky XM, oot Ko XMy, Tog: Ky X Mg, Taz: Kz X Mg, m=my +m, +

ms. Here(e, &5 £3) ~n(0,2 &) I1). Because the SENB.12) has to be properly
identified the following(INSEM) order conditions need to be fulfillel, + k; =

m,, ks = m3, k; = m; + m,. Using the proof of Theorem, the reduced form of
the model in equatiof6.12) is constructed and reads

I,
Y1 =Zi0ly + (Zy Z,1153) Bo1+ €1,
B3z
Yo = Zy1lyp + Zo1loo + Z3ll33B3, + &5, (6.13)

:813

+ Zollps + Z3ll33 + &3,
B3

Y3 = Z,(I1y; H12)<

where
I, —B13B2s
—B21 Im,— ,323[313)’
33 = g3(lm, — B2(B1B3 — Ba)),
lm, —(Ba2st ,321513)>

(F11 I'12) = (H11 H12)<

(o Toz) = (Tl Tlza) _
Baz Im,
(1 & &3)B,=(e1 & &3),
3 = B'QB,
Iml 0 —P13
B=| B Im, —Bas|.
0 —Baz Im,
The reduced forn(6.13) is again a system of reduced rank matrices like the
reduced forms of the one equati@h2) and two equatioli6.3) models An im-
portant difference with these models is that its reduced rank matrices depend on
anotherwhich is ao. reflected in the identification g#,,, which depends on one

of the other structural form parametgss,. This difference also leads to a change
in the order condition compared to the INSEAtcording to the INSEM order
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condition B,, is identified whenk, + k; = m,, i.e., the number of excluded
exogenous variables is at least equal to the number of included endogenous vari-
ables(see Hausmarl983. The model(6.12) shows howevery that,, is iden-

11

tified when< 5 ) has full rankAlthough this matrix hak, + ks rows which
3332

accords with the standard order conditida row rank can never exceég+ m;

I 0 I
(=k, + kg) as it can be specified 4s N 2 and the last matrix in this
0 Tig3/\ Ba2

product hak, + mz rows It is therefore important that the identification of the
different parameters of a SEM in a full system analysis is conducted using the
restricted reduced form parameter matrix instead of the unrestricted one as this
can lead to different rank and order conditidisse also Madda)d 976. This
different order condition results from the dependence on one another of the re-
duced rank structures imposed by the SEM.3) (see also proof of Theoren).1
The reduced rank structures appearing in the two equation model do not depend
on one anothers can be concluded fro(6.4), and therefore the INSEM order
conditions still apply there

As a consequence of the sequential dependence between the reduced rank struc-
tures not only do the order conditions of the INSEM and the SEM 2) differ,
as indicated previouslyut also the parameters that we add to the m@i&B),
to make it observationally equivalent to a linear modek different from the
ones we used befofeee also the proof of Theoren In the cases of the INSEM
(3.1) and the two equation SEK6.4), the parameters added to the reduced form
to make it observationally equivalent to a linear modkl not depend on one
another in a sequential walhe parameters added(&13) do, howeveydepend
on each other sequentialljo show this consider the linear model

b,
M Yo Y3)=(2Zy Zp Zy)| P2 |+ (&1 & &) (6.14)
&g

The reduced form modéb.13) can be obtained by using what we call an un-
restricted SEM specification of the parameterg®14),

Im1 0 B13 Im1 0 ,813
Oy = (IIy; IIyp) + (Thyy TIp), Ay ,
L

0 |m2 Bzg 0 |m2 1823
(6.15)
D, _ 6 Bor lm, O o Bor Im, O e
Dy 0 0 Iy S N SO R P (6.16)
o — I, Tlos (6.17)
= o, , )
0, = H33(,332 |m3) + Tl3a, )\3(,332 |m3)¢, (6.18)
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where the orthogonal complements are defined similarly to the ones u&kt)in
(see also Appendix DAq: (kg — my — my) X ma, Azt (ko + ks — my — mg) X my,

A3: (ks — mg) X m,. To analyze the implications of the different orthogonality
conditions in(6.15)—(6.18), we substitute the expression®fin (d5 ®3)’,

D2\ 1P I3 Bo1 Im, O
@3/ \Mas(Baz Imy) t MaaAs(Baz Imp)i J\ O 0 Iy,

N 19 P A Bz1 Im, O
Ma3(Bsz  Im,) + Maa As(Baz Iy /| Ao o0 Iy /L

(6.19)

It is clear from(6.15)—(6.18) that whenA; = 0, A, = 0, A3 = 0, the model
(6.13) results FurthermorewhenA, = 0, A, = 0, A3 = 0, A4 is locally uncor-
related with (I1,4,T115, B13, B23), Az with (I1s3, B32), and A, with B,; and

all parameters contained i, i.e., Iy, 153, I3, A3, B3. SVD’s are needed

to obtain (IT14,1115, A1, B13, B23) from @,, (O,A,,Br1) from (&,,d3), and
(TTy0, TT»3, T35, A3, B32) from ® and to show the observational equivalence be-
tween the model imposed b¥.15)—(6.18) and (6.14) when A, # 0, A, # O,

A3 # 0. These SVD's are stated in Appendix Dhe sequential dependence
between the structural form parameters now reflects itself in SVD’s that have
to be applied recursively.o. of ®, which already results from a SVD as it is
the reduced form of an INSEM

Y1 = YB3+ Z1A11 + vy,

- ~ (6.20)

Yo = 21851+ Z3 A0 + vy,

whereY, Y,, Z;, andZ, are data matrices\,; = Ilp3, Apy = Ila3, Agq = [y —
As1B3. Therefore® is similar to the(Ilqy, I;,m) parameter matrix used in the
proof of Theorem 1

Sq the SEM(6.13) is again a linear model with restrictions on its parameters
We canthereforeagain apply the framework for prigposterior analysis used in
the previous sections.e., we specify the priofposterior of the parameters of
(6.13) as proportional to the prigposterior of the parameters of the linear model
under the condition that the restrictions hold

Pserd B21, Bz2, B13, Bazs 11, 12, Mo, o3, Ta3, )
% Punsent B21> B2, B13, B23» A1, A2, Az, Ty, T2, Top, Tog, Mgz, Q) (4, 4,050
% Piin (P1(B13, B23, A1, 1111, I115),
(@2, 3)(B21, A2, O (M52, 23, Tl33, A3, B32), ) |41, 45,050
X [J(®1,(B1z, B2z, A1, 11, 1112)) [ 1, =0l
X [3(0,(I52, 53, 33, A3, B32)) [ 4,0l
X [I(®2,D3),(Ba1, A2, O(IM52,Tps, s, Ag, Ba2)[1,=0))[a,=0l,  (6.21)
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where J(®y,(B13, B23, A1,1111,1112)), I(0,(IIp, 1155, 33, A3, B32)), J((P2,P3),
(B21,A2,0)) are the Jacobians of the transformation framto (B3, 823, A1,
I114,1115), (P, P3) 10 (B21,A2,0) and® to (I, I155,1133, A5, B32). These Jaco-
bians are stated in Appendix. When we specify a diffus€3.9) or natural
conjugate prior3.11) for the parameters of the linear modéd.21) shows the
implied prior for the parameters of the SEM/e do not give the exact func-
tional expressions as they can be constructed along the lines of Section 3

Also for the posterigiwe use the framework from Kleiberg€h997). Further-
more we use the decomposition of the posterior of the linear model into a product
of conditional and marginal densities

Pserd B21, Baz, B13: Bz, 11, 12, Mo, o3, T33, Q[ Y, Z)
% Punsen{ B21, Ba2s B3, B2z, A1, A2, A, Iy,
I15, M5, 123, a3, Q| Y, Z) (A, 25.29)=0

% Piin (P1(B13, B23, A1, 1111, 1115),
(@2, ®3)(B21, A2, O(Il2, 33, T35, A3, B32), QY Z) (41, 45,050
X [J(®1,(B1s, B2z, A1, 1111, T112)) [ 1, =0l
X [3(0, (52, 53,33, A3, B32)) [ 4,0l
X [I((D2,D3),(B21, A2, O (152, Tlp3, 33, A3, B32) [1,=0)) 4,0l

% Piin (P1(B13, B2z, A1, 11, T12) [ (P2, P3) (B21,A2,0), A Y, Z) (1,205 -0
X [J(®1,(B1z, B2z, A1, 11, 1112)) [ 1, =0l
X Piin (P2, P3) (Ba1, A2, O (150, Ip3, 1153, A3, B32) | Q,Y, Z) | (1, 00)=0
X [JI((D2, D3),(B21, A2, O (1152, 1153, 1133, A3, B32) [1,=0)) [ 1,-0l

X [J(0,(Iz, 53, 33, A3, B32) [A,=0| Pin (2]Y, Z). (6.22)

We note that for this model only a few decompositions of the posterior into con-
ditional and marginal posteriors are allowed, fice., (P,, ®3) given®d, and vice
versabecause of the reduced rank structure imposed by the. & \¢tannot for
example analyz&, given &5 or vice versaWe use the decomposition of the
posterior(6.22) to construct a posterior simulatgkgain, similar to previous
sectionsto simulate from the posterior 66.13) we add parameters to the model
i.e., Aq,A,, A3, Which we assume to be drawn from a specific conditional degnsity
which we specify ourselvgseg(5.1)). In the case of a diffuse prior for the linear
model(3.9), natural choices for these conditional densities are
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01(A1]B1s, B2z, 11, Tl12, @, @3, Q)
= (27) M2 |By Q7B (VPN |(MMyy Myp)1 Z5Z4(Thyy THpp), [M2™
X exp[—3tr(By QB (A — Ay)’
X (M Tpp)1Z3Z4(Myy M) (A — Ag))], (6.23)
02(A2]B21,0,9Q)
= (27) W2'2|B,, 1B, |V?'2|01(Z,  Z3)'Mz,(Z, Z3)O,| 2™
X exp[—3tr(Bo © By (A2 — A2)'0L
X (Zy Z3)'Mz(Z, Z3)0, (X — A, (6.24)
U3(As| B3z, B21, 133, 2)
= (27)” V22| By, B, BBy, | V22| 1153, Z5 Mz, 7,) Z5) Tgg | /2™
X exp[—3tr(Ba B, BBy (A3 — Ag)' Tlsa
X Z5M(z, 2, Za) sz (A3 — A3))], (6.25)

Whel’e|1=kl—ml—m2,|2=|(2+k3—m2—m3,|3=|(3—m3,

Bl?,
Bl - <|m1+m2 <B23>>’
BZl
BZ = << 0 > |m2+m3>,

B; = (,332 |m3),
A= (M TMpp) Z4Zy(My o)) H(y Tip); 24
X (Y= 2Zy®; — Z3®3 — Z4(I1y; 1145)By) Q7 By, (B, Q7B ) 74
Ay = (0L(Z, Z3)'Mz,(Zy Z3)0,) 'O\ (Z, Z3)'Mg,
X (Y=(Zy Z3)0By)Q 'B5i(By Q7 'Bs) 7
As= (M52 Z5Mz,2, Zs Tlaa) ' Mhu Z5Miz, 2,
X (Y = Z31l133B5B,) Q7 *B, B (Bay B, 'ByBYyy ) ™

Because we simulate from a density that approximates the poster{6r1sj,

weight functions are involved in the different steps of the posterior simuksor
we simulate three different parametédrs., A1, A5, A3, that are not present in the
original posterior we want to simulate frgtinree weight functions are involved
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W1(B13, B23, A1, 1111, 12, Q| Dy, P3)

_ | J(P1,(B13, B2z, A1, 11, 1112)) [, =0l
| 3(®1,(B13, Bz, A1, 1111, 1155))|

X 01(A1]B13, B2z, 11,15, D5, P3,0) 5 o (6.26)
Wa(B21,42,0,0)

_ | J (((DZ’(I)S)’(BZL AZ’ ®)) |/\2=0,/\3=O|
| J (((I)Zv(DB)’(BZl? )‘29 ®)) |/\3¢0|

W3(B32, B21, A3, 133, Q)

_ 13(02,(B32,A3,1133)) [ 1,-0l
‘ J (623(532’ /\331—133)) ‘

where J(®y,(B13, B2z, A1, 11, 1115)), J(Po, P3),(B21,A2,0)), and J (05, (B3,
A3,1133)) are the Jacobians of the different parameter transformations and each of
the weight functions is always finitesee Appendix D

The different steps involved in obtaining the weight attached to a certain draw-
ingi,i=1...,N, of the parameters of the SE(@.13) can then be summarized as
follows:

02(A2[B21,0,9)[1,~0,,-0 (6.27)

95(A3| Ba2, B21, 1133 Q) 1,05 (6.28)

1. Draw Q' from p;n (Q]Y, Z).
Draw (®), %) from pji, (0o, P3| Q1Y, Z).
. ComputeB,, A, ®' from (dk, L) using SVD
. ComputeBi,, A5, 155 from ©), using SVD
. Computews( B3y, B1, A3, IT53,Q1).
Computew,(B5,, A5, 01, 01).
Draw @} from pyin (®4] D5, @5,Q1Y,Z)[,,—0 1,—0-
. ComputeBis, Bhs, A, IT} 1, 1T}, from @} .
. Computew,(Bis, Bha, A'1, 111, I35, Q' |q’i27‘13i3)|,\2:0,)\3:0-
. Compute total weighith drawing w = w; X w, X wjs.

©ONODUTAWN

The total weights can be used in an importance or an M-H sangslérdicated
in Section 5to obtain a posterior simulator of the posterior of the parameters of
(6.13.

The means of the conditional posteriors®f given (®,, ®3) and (®,, P3)
given ®, can also be used in an iterative scheme to obtain the full information
maximum likelihood estimator dfB,1, B3z, B1s, B2z, I111, 112,115, I153,1133) (S€E
Hausman1983. This is similar to the INSEM where evaluating the posterior
of @ at its posterior mean using a diffuse prior gives a similar analytical ex-
pression as the limited information maximum likelihood estimatoBadnd
I1,, when using the involved SVDThe iterative scheme for obtaining the full
information maximum likelihood estimator proceeds as follows
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(0) Initialize &, = &;
(i) Construct Bo1, B3z, 115, 1153, 153) from (&,, 3) using SVD's from steps 2 and 3
from the simulation scheme
(“) Compute value 0(@2,@3) Implled by(BZly Bgz, H22,H23,H33);
(iii) Construct( By, B23,I11,1115) from &, using SVD from step 7
(iv) Compute value ofb, implied by (813, 823,1111,1115);
(V) Unless(®4,®,,d3) have converged gotio)

where(®, ®3)' = (Z, Z3)'(Z, Z3)) (2o Zo)' (Y — Zy®y), By = (Z1Z4) 7t X

Zi(Y — (Z, Z3)(®5 P3). Using Theorem literative schemes similar to the
preceding one can be constructed to obtain the full information maximum like-
lihood estimators of the parameters of generally specified SEMistly with

the examples of the two and three structural equations SEM&orem 1 shows
how Bayesian analyses of generally specified SEM’s are conducted

7. CONCLUSIONS

The traditional Bayesian analyses of SEM’s using diffuse pyasgroposed hy
for example Dréze(1976), Dreze and Morale§1976, and Dréze and Richard
(1983, suffer from local nonidentification problems that lead to an a posteriori
favor for certain parameter values that is not the result of information in the prior
or dataWe therefore use a framework constructed in Kleiberd®97) in which
the priorgposteriors of the parameters of the SEM are proportional to the priors
posteriors of the parameters of a linear model under the condition that the restric-
tions imposed by the SEM on the parameters of the linear mboél. We applied
this framework to examples of ojt&vo, and three structural equation SEMfsr
which expressions of the priors and posteriors are derived jointly with posterior
simulatorsUsing a theorem that states that the reduced form of any kind of SEM
accords with a linear model with reduced rank restrictions of its paraméters
analysis of the examples can be generalized to other specifications of SEM's in a
straightforward wayThis theorem also shows how full information maximum
likelihood estimators can be constructed

Using results from Kleibergen and Pa@®97), we can also construct tools for
model comparison like Bayes factoosterior odds ratigsand Bayesian La-
grange multiplier statisticdn future work we will construct and apply these
procedures to analyze the support fomultiple structural equationsSEM’s in
practice It is also interesting to analyze the theoretical properties of the derived
posteriorsas for example in Chao and Phillips998, where functional expres-
sions are constructed for the marginal posterior of the structural form parameters
of the INSEM using a Jeffrey’s pripto investigate the similaritigdifferences
between small sample distributions of classical statistical estimators and the mar-
ginal posteriors of the structural form parametsez Kleibergen and Zivat998.
Both limited information maximum likelihoo@LIML ) estimatorgsee Anderson
and Rubin 1949 and the posteriors of the parameters of the INSEM are namely
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constructed using SVD'&ee Kleibergen and Zivp1 998 that correspond with
canonical correlations in the case of the LIML estima&x; it is interesting to
investigate to what extent these similarities hold further
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APPENDIX A. JACOBIAN OF TRANSFORMATION
FROM LINEAR MODEL TO INSEM

For the derivation of the Jacobian of the transformation from the linear model param-
eters to the parameters of the INSEiMs notationally convenient to conduct this trans-
formation in two steps(i) from @ to (Ilys1,65, 8,A) Wheref, = I1,,,I152; and (i) from
(IMp21,05, B, A) to (I1504,11500, B, A). In the following we construct the Jacobians of the
two transformations
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We can denot@ as

My, O B
ool ()

= 0ll,,:B+6,AB,,

whered = (Im-1 03), 0. = (—02 liy-me1) (lg-me1 + 0203) 72 B= (B Im1), B =
(1+ B'B) ¥2(1— B’). The Jacobians ob with respect tdl,y4, 65, 8, andA then read

B dvedq d) o,
J]_ = m - (B ® 0)3
dveq d) o dved6) L avedéd,)
= W =(B'M21 ® ly,) —aveqaz)' + (BLN ® ly,) —6vec(02)”
Jdved®) dvedB) ovedB,)
I3 = Jvedg) (Im @ 01152,) Tvedg) +(In® 0.1) Ived )’
B dveod) o,
J, = Ived A (BL ® 6.),
where

Jvedd) 0

aved6,) (Iml@ <|k2m+1>),

avedd,) i Im-1

Ve, —<H @2 ®< 0 >> Ki,—m+1m-1

| —6; aved(HY2)™1) gvecHY?) gvedH)
T lemn® Iy mi1) ) dveoHYZ) avedH) avedd,)’

aved(HY?)™)

= — —(1/2)r —1/2
dvedHY?2) (H QH ),

dveqHY?)

Tveory = (hmea @ HY2) + (HE2 @ 1y )™

dvec(H)

8VeC(02)/ = (02 ® |k27m+1> + (Ikz—m+1 ® 02)Kk2*m+],m—19

dved(B)

Ivedf) (€1 ® Im-1),
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avedB,) _ 0 _
o (LI [
N aved B~Y?) aved BY?) aved B)
A=Y ®D aved BY?) oavedB) avedp)’

—-1/2
% =-(BW2r®@BY2)=-B"
aved BY?) I
veoE = (@B + (BY @ 1)t = T5
dved BY?) , , ,
Svessy " (B @DKn11+t(1®B') =28

andH = ly,_ms1 + 0203, HY?HY2 = H, B = (1 + B'B), BY?BY? = B3, e, is the first
m-dimensional unity vectoK ;:ij X ij are so-called commutation matrices such that for
anyW:ixj,veqW’) = K; ;vedW), vedW) = K; ; vedW’), K; ; = K{; (see Magnus and
Neudecker1988. Note that wherQ is symmetric Q = PAP’, whereP are orthogonal
eigenvectors and is a diagonal matrix containing the eigenvalibenQ¥?2 = PAY2P' is
also symmetric

The Jacobian of the transformation frabrto (11,54, 6., 8,A) then reads

dveod) B
a(vedIIyy)'ved d,) ved B)' ved(A)') a

(i J2 Iz o)

Becaus®, = I1,,,1153;, the Jacobians of the transformations fréiiy,y, 65, 8,A) to I,
1555, B, and A read

Imfl ® Imfl
d(vedIly)'vedf,) ved B) vedA)) | —TI22i & 2ol
e avedTl,yy)’ a 0 ’
0
0
 d(vedIl) ved6,)' ved B) ved(A)') [ T231 ® lig-me1
2 avedIly)) Bl 0 ’
0
0
G. = Avedlz;y)' ved,)' vea(B) vead)')' 0
s dved B) 1®Ima |
0
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0

G, — d(vedIlp,)' vedd,)' ved B) vedA)')” 0

a aveg A B 0
1 ® |k27m+1

The Jacobian of the transformation frabrto (I1,,, 8, A) then becomes
o veo(®)
d(vedTl,y) vedB)' vedA)')

B ‘ Jved ®)
B a(vedIlyy)'ved8,)' ved B)' ved(A)')
’ d(vedIl,21)' vedd,) ved B)’ vedA)')’
d(vedIl,p) ved B) ved())')
:\(31 X Js J4)H(G1 G, G; G4)|-

‘J(@,(sz,ﬁ, /\))l = ‘

Sa
J(@,(To0, B, M) a0 =(B' @k, & @I Bl ® Iy, ).
To prove thaf(J(®,(I1524,02, A, 8))| = |(I(D,(I1p01,62, A, B))1=0)|, We use that
J(D,(Tl,A, B)) = I(D,(IT221,02, A, B)) I (Ta21, 62, A, B), (1122, A, B)).
As shown previously
J((H2217925/\3 B)r(H227 )\»B))‘/\:O = J((H2217925/\3 B)r(H227 )\»B))
It also holds that
J(@,(M223, 02,4, 8)) = I(D,(IT321,602, 4, 8)) [a=0 T W,
where

We (0 BA® ) dvedd,) dvedB,) )

aved6,)’ (Im® 0.2 7 vedB)

such that
(J(D,(MMp01,62, A, 8)) | x=0)W’ = 0.
This implies that
[3(®, (T221,62, A, B))| = |I(P, (Tp21,62, 4, 8)) I(®, (1221, 6, A, B))' |2
= [(I(®, (I3, 62, A, B)) [1=0) (I (D, (I1521, 02, A, B)) [ x=0)" + WW' [*/2

= |(J(D, (221,02, A, B)) | a=0) (I(P,(T524, 02, A, B)) | 1=0)' [V2
= [(J(D, (1151, 65, A, 8)) [a=0)|
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and consequently

‘J(‘:I),(sz, )" B))‘ = ‘(‘] (@,(sz,)\, B))'/\:O)'

APPENDIX B

Proof of Theorem 1. Assume that the reduced form of the SEM
YnBom = Zmlmm + Zmmlmm T €ms
reads
Y = Zollnm + Zoml om + Emy

wherellmm = TmnmBma, Inm = InmBmm, and this reduced form is equivalent to a set of
nonlinear(reduced rankrestrictions on the parameters of a linear model andlilgpen
parameters of this linear modealhich are restricted to zero to obtain the reduced fama
locally uncorrelated with specific other parameters

The parameter matrix of the reduced form of the SEM from Theorem 1 reads

Inm O
Brm Bmm\ 7!
Fom Thm B
O me mm mm
Fom 0 _ _ _ _ _ _
erln + Bmf% BmmBm%q-mBmm er% _erlanmBm%}m
= | Tom Tmm 1 1 1
- Bmm m Bmm Bmm Bmm- m
0 me
Hr‘nf‘n(ljrn + Bmmﬁmm) _Hmmﬁmm
= Hmm(ljm + Bmmlgmm) - HmmIBmm Hmm_ Hmmﬂr‘nm s
_HmmIBmm Mnm

wherellmm = Tnm By Hmm = Tnm By Tnm = LnmBmm ms Hmm = TmmBrmimms Bmm.m =
Bmm — BmmBr;%mem = Bmm — BmmBmms Bmmm = Bmm— Bam Br}rln Bmm Bmm = Bmm Br;\rln,
Bmm= BmmBmi m- This implies as bothl},,,andI,nare unrestrictedhat no restrictions
are imposed offil,,,,andIl,m The linear model of which the reduced form is a nonlinear
restriction reads

Ym Ym) =(Zm Zom Zm)® +§,

where®: (I + I+ im) X (jm + jm) @and can be specified as
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whered;;: ImX jm, @21 1m X jm, 312 im X jm, P12t Im X jm, P22: I X jm, P23:im X jm. TO
obtain the restrictions on the linear model parameters that result in the reducedviorm

specify® as
CI)ll cI)lZ ®11 ®12
Dyy Py | = | Oy (I, 0+ 022 [(—Bmm ;)
B3 Dog 0 Mmm
0
+ 0

My )‘mm(fﬁmm Ijm)L

0117 01> Mmm 0
0, O - My (ljm _Bmm)+ |jm Hmm(o |jm)

<Hmrm_ )\mm(ljm _,Bmm)J_>
J’_
0

’

where®11: lm X jm, @21: 1 X jm, O12: 1 X jm, O22: I X jm. It is clear from the chosen
specification that whei,,m= 0, Amm = 0, the reduced form results and thafis locally
uncorrelatedwhen it is zerg with the parameters containedlify,,andBmm, andA mm is
locally uncorrelatedwhen it is zerg with the parameters containedli,n andBmm As

we can apply the same kind of decompositionlbg,,andIl,m, which we assumed to be
possible and becausH,»andIl,,are unrestrictedsuch that there is no need to decom-
pose them furthewe can recursively apply the preceding decomposition and thereby the
theorem is proved u

APPENDIX C SINGULAR VALUE
DECOMPOSITION AND JACOBIANS
TWO EQUATION MODEL

For the two equation modeleduced rank restrictions are imposed on the parameter ma-
trices®, and®s. In the following we state the SVD’s and the Jacobians involved with
these two parameter matric&de start withd,.

Mz O B,
b= Y1) 0 A)\B,

= Yll511Bo + ¢ A5B,y,
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where Iy, = (11513 [55), T My X my, Ty (I—(%/z_ my) X my, ¢ = Ilpollhd,
W= (lm 92)s 1 = (=02 limy) (lig-m, + ¥2903) % Ba = (Im, Bz), Bar = (Im, +
B5B2) "?(=B% Im,)- A SVD can be used to obtain these parameters figm

©, = Ull U12 SJ_ 0 Vll V12 '
*\Ua U/ 0 5/ Ve Vi)’
whereU'U = |k2; V'V = Im, Ull’s.'l.’vll: my X Mg; Sz:(kz - ml) X my; V22: my X My;

Upy: (kz — my) Xmy; Ugp: my X (Kp — my); Ugp: (Ko — my) X (Ko — My); Vog, Vip: mp Xmy;
andS, contains the smallesn, singular values of,. This leads to the relations

11 = Uy S Vi3, o= Uy Upt,
B2 = (Vo1Vi')', A2 = (UzaU3o) Y2U0 S ViV Vo) 2

The Jacobians ob, with respect tdl,14, ¥, B2, and A, read

B dvedd,) o,
J = Tvedil,y =B ® ¥),
_ovedd) 9 vedip) . 9 vedi)
J = aved) (B350 @ ly,) ved,) + (B A2 @ ly,) Ived,)
B aved d,) B dvedB,) avedB,,)
Js = Wﬁz)' = (Im® lﬁHzn) Gvedﬁz)' + (|m® ¢LA2) avec(,Bz)' s
B aved d,) o
Jy= Tvedn,) (B2 ® 1),
where
Jvedy) 0
aved(ir,) a <Iml® <|k2m1>>,
avedyn) _ (), I,
avedi,) <H B o | Ksemmam:
=5 \\ ovedH Y2) aveqHY?) 9vedH)
Tl lem ® l,-m, ) ) dvedHY2) avedH) avedy,)’
dvedH Y?)
avearvzy ~ (T @R,
aveqHY?)

i~ (e m ®H¥) + (M @ 1)),

dvedH)

6vec(¢2)’ - (lﬂz ® Ik27ml) + (Iszml ® lﬂz) Kszml,ml»
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avedB,) 0
aved ) ((lm) ®© '”“1)’

dvedBy) _ I, ~1/2
dvedBs) << 0 > OB K.
dved B Y?) gved BY?) 9vedB)

(B2 ) @ lm) aved BY2) gvedB) avedpB)’

aved B ?)
Jved BY?)
% = ((Im, ® BY?) + (BY?" @ 1)) %,

aved BY?)
— o = (B:® Imz)Kml,m2 + (|m2®Bé)

aved B,)’
andH = Iy, + o3, HY2HY2 = H, B= (I, + B2 B2), BY?BY2 = B. The Jacobian of

the transformation fron®, to (1114, ¥2, B2, A») then reads
ovedd,)
=0 X J3 ).
I(vedTT,1,) vedy,) ved B,) ved Ay 2 2 a

Because), = Il,;,I154, the Jacobians of the transformations frofy1 4, 5, B2,A5) to

(87(1/2)/ ® 671/2)’

I3, o120, B2, @and A, read
Im1 ® Im1
G, = d(vedIly15)' vedyr,)'ved By) vedA,)") — 3] ® Mp1o0154
' avedTlz11)' 0 ’
0
0
o _ PvedlTloy) ved) ved By) vedd) ) _ | Tt @ li-m,
’ avedIl,yp)’ 0 ’
0
o _ dlvedlilyyy)veci) ved(fy) veoa,)) | O
’ dved B,)’ L, ® I, |’
0
0
o _ A(vedlloyy) vedy) veol ) very)) | O
! aved(\,) 0
Im2 ® Iszml
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The Jacobian of the transformation freba to (11,4, B2, A») then becomes
Jvedd,)
d(vedIl,,) ved B2) ved(A,)")

dvedd,)
d(vedIly11)' vedi,)' ved Bz) ved(A,)')
‘ d(vedTl,11)'vedyr,) ved B2)' vedAz)')'
a(vedTly,) ved B,) vedAz)")
=[(J X I WG G G Gl

“]((I)Zy(HZl? 32,/\2))\ =

The specification ofp; reads

Hz1 O B:
d3=(0 6,) o ug )
3 1L

wheref = (|m2 '95)', B.= (,31 |m2), M2 = (M321 1T52,)', Mz21: My X My, Tgz: (kg — my) X

m,, 6, = TI3,,1154,. Sq the specification ofb5 is identical to the specification df for the
INSEM. The parameterélls,, 81,A3) can therefore be obtained using the SVIB3)—

(3.5) and changing the sizes of the involved matrjges, k, to ks, m— 1 tom,, 1 tom;.

Also the Jacobian involved in the parameter transformation of the INSEM is identical to
the Jacobian in the case & when we change the sizes of the involved matrices in the
outlined manner

APPENDIX D. SINGULAR VALUE
DECOMPOSITION AND JACOBIANS
THREE EQUATION MODEL

For the three equation modekduced rank restrictions are imposed on the parameter
matrices(®5 ®3),, ®, and®,. The important difference with the INSEM and the two
equation model lies i®, which itself already results from a reduced rank restricths

we have to analyz® given(®5, ®3)’, we start with the SVD and Jacobian involved with
(®5 ®3). The specification of @5, ®5)’ reads

(DZ 0 B21 |m2 0 0 A ,321 |m2 0
= + ¢ .
Dy 0 0 Ip 2L o 0 1w/,

This Implles that Wheﬂ)z = ((I)z]_ @22), (13‘21: k2 X (ml + mz), @22: k2 X mz; CI)3 = (@31 @32),
D311 kg X (Mg + My), P3a: kg X Mg;

®ll ®lZ
0= ,
®21 ®22
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O11: k2 X (ml + mz), (CIPK k2 X mz, Osq: k3 X (ml + mz), (CPPH k3 X mz that the fOllOWing
equality holds

12 _ CI)22
22 CI)32

and we are left with

q321_®11( I)+®11 A( I)
By = Oy Ba1 I, O1 ), 20B21 Im,)1s

which is again identical to the specificationdfor the INSEM such that when we change
the sizes of the matrices in the appropriate manmeyrk, to k, + ks, m—1tom,, and 1
to ms, we can directly use the SVD’s and Jacobiansdasf the INSEM

The SVD’s and Jacobians fér, are constructed using.17) and(6.18),

(021 Oy) = H33(ﬁ32 |m3) + Iag, )\3(/332 |m3)r

Again this specification is identical to the specificationdofor the INSEM such that we
can use the SVD and Jacobians specified for the INSEM when we change the sizes of the
matrices in the appropriate manneee., k, to ks, m— 1 toms, and 1 toms.

The specification ofp; reads

Bas Bas
@y = (Hyy )| lmysm, + (g M) Ag | Tmpsem, .
Bos Bas) )1

This specification is identical to the specificationiafin the two equation model such that
we can use the Jacobians and the SVD listed there when we change the sizes of the ma-
trices in the appropriate mannee., k, to k;, m; to my + m,, andm, to ms.

APPENDIX E OBTAINING SEM’s FROM LINEAR
MODELS USING SVD'’s

The specification ofb reads

. Un U S 0 vin Va1
Usn Uy, 0 s:/\vip vh
=TLo(B Im-1) +Hop A(B 1)1,

such that

Ull

U21> Si(vir V)

(B Im1) = <
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and

Uqo
oo A(B 1o1)) = <U >52(U12 U32).
22
Consequently

Ull ’ =1,
Iy, = U SVz and B = Vi1 v

21

Substituting these expressions in the specificatiolpf and(8 1,-1), gives

—T131 52, et \-1/2
Iy, = (|k2—m+1 + H222H221H221H222)

Ik27m+1

3 <—U1’11311V211V2151U2’1

Iszer:L

—1yqr—11r \—1/2
)(lbm+1+-uzﬂJuFullluzﬁ Y

U/71Us, 3
=< (hg-me1 + Ua Uit Ui U4 ) Y2

Ik27m+1

asU{,U,, + Uz, U,, = 0 (because of the orthogonality of), U,,U,2t = —U{; U2, and
UioUpp + UzoUp, = Iy, me 1, SUCh that

UoUzt PP _1\-1/2
My, = (ky—me1 + Uz UfoUp,Us50)

Ik27m+1

U,
= (U ) U221(U2,2 l(U22U22 + U12 U12) U221) vz
22

Uiz
= Uzzl((Uéz 1Uzzl) 1)1/2
U,

U,
<U )Uzz (UppUz0) Y2
22

Similarly for (8 Im-1)1,
(B Im1)=@+pB) Y1 -p)

= (1401 Var" V1 o) Y21 —v11Varh)

= (14 01 vhov2ov17 ) Y21 01 v5o)

= (012" (Vi2v12 + VoV V1) VP01 (V12 v32)
12

:(U 012) Ulzl(Ulz U32)

= (V12012 Y12 V12 vho),
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because)ilvlz + V2,1U22 = O, such that_VZ/I]'Uil = Uzzl}le, and Uizvlz + Uézl}zz =1
Consequentlyto have equivalenge
A = (UpaUzs)  Y2Up,5,015(v10012) 2

= bsa,

whereb = (U,,U3,)"Y2U,,, anda = v,(v1,0},) %2 Bothb anda are orthogonal matrices
(scalargthat result from the singular value decomposition because Xkebd SV, where
bothU andV are orthogonalthen

(XX")¥2 = (USV'VSU')¥2 = (US?U")¥2 = USU,
such that
(XX")"V2X =US 'U'USV = UV,

which is an orthogonal matrjsuch thatA equals the smallest singular value pre- and
postmultiplied by orthogonal vectofmatrices or stated differentlyA is a rotation of the
singular values
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