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Abstract

In this article, we propose three tests for general linear hypotheses in generalized linear models with
repeated measures using external moment information, including means and (co)variances of outcomes
and predictors, as well as previous estimates of model parameters. To this end, we embedded the approach
of generalized estimating equations in the generalized method of moments framework. The developed
method is capable of reflecting both uncertainty of external information due to estimation by including
external variance estimates and uncertainty due to different designs, populations, or procedures by using a
set of external values. For block invariant designs, we provide analytic expressions for estimators and some
test statistics. Further, for these designs, the dependence structure cancels out, so that our results are valid
for every possible of these structures without the need to model it. We investigated the validity and power
of the three tests in simulation studies under a variety of conditions. All three tests show nominal type I
error rates when correct external information is used and in some cases the use of external information
increases the power, even if uncertainties are reflected properly. The three tests have been implemented in
the R package exgmm, available on GitHub (https://github.com/MartinJann/exgmm).

Keywords: external information; general linear hypotheses; generalized estimating equations; generalized method of
moments; imprecise probabilities

1. Introduction

The goal of this article is to derive statistical tests for general linear hypotheses for parameters
of externally informed models developed by Jann and Spiess (2024) using the generalized method
of moments (GMM; Hansen, 1982). These models allow a researcher to incorporate knowledge of
statistical moments into statistical analysis. External moment information often comes in the form
of means or (co)variances from other studies. The advantages of using external information are an
increase in robustness (if the external information is properly represented) and possible efficiency
gains in estimators and test statistics. It is therefore of interest to exploit this effect to increase power
in parameter testing. To have an effect on the statistical analysis, external information must relate
to moments that can be estimated from the sample data. According to simulation studies, using less
effective moments in combination with other moments can reduce the effect of the latter (Jann, 2023).
Therefore, it is recommended to use only the most effective moments, such as the means or covariances

© The Author(s), 2026. Published by Cambridge University Press on behalf of Psychometric Society.

This is an Open Access article, distributed under the terms of the Creative Commons Attribution-ShareAlike licence (https://creative
commons.org/licenses/by-sa/4.0), which permits re-use, distribution, and reproduction in any medium, provided the same Creative Commons
licence is used to distribute the re-used or adapted article and the original article is properly cited.

Downloaded from https://www.cambridge.org/core. 10 Nov 2026 at 07:55:32, subject to the Cambridge Core terms of use.


www.doi.org/10.1017/psy.2026.10130
https://orcid.org/0000-0002-5785-3894
https://orcid.org/0000-0003-1855-643X
mailto:martin.jann@uni-hamburg.de
https://github.com/MartinJann/exgmm
https://creativecommons.org/licenses/by-sa/4.0
https://crossmark.crossref.org/dialog?doi=10.1017/psy.2026.10130&domain=pdf
https://www.cambridge.org/core

2 Martin Jann and Martin Spiess

of the dependent variable and the predictors, as variances or second moments may be less effective (Jann
& Spiess, 2024).

There is some literature on testing (general) linear hypotheses in a GMM framework, offering a
variety of aspects to be represented in hypothesis testing. Starting with the seminal work of Newey
and West (1987) comparing test statistics for the efficient GMM, there are extensions to the case
where parameters are unidentified or weakly identified (Dufour, 2003; Andrews & Guggenberger, 2017)
asymptotic as well as robust extensions of tests (Ronchetti & Trojani, 2001). There are bootstrapping
approaches (Brown & Newey, 2002) and tests that are invariant under hypothesis reformulations and
reparameterizations (Dufour et al., 2017). Furthermore, the performance of tests for (general) linear
hypotheses has been compared for a number of different data scenarios and designs, ranging from
autoregressive panel data (Bond et al., 2001) to cluster-correlated data (Rotnitzky & Jewell, 1990) to
linear panel data (Bond & Windmeijer, 2005).

In longitudinal designs, the use of repeated measures can increase estimation efficiency compared to
cross-sectional studies (Diggle et al., 2002, pp. 24-25). In addition, repeated measures are common
in clinical and general psychology, for example, suggesting their relevance in applied psychological
research. The use of externally informed models for longitudinal data offers an opportunity for synergy
in terms of efficiency gains. The focus will be on population means and thus marginal models, since
they allow estimation via generalized estimating equations (GEEs; Liang & Zeger, 1986), which can be
incorporated directly into GMM (Cameron & Trivedi, 2005, p. 790).

When using external information, one must represent its uncertainties in order to arrive at a valid
statistical test. To properly represent the uncertainties, one must distinguish between uncertainty due
to estimation and structural uncertainty due to different designs, sampling mechanisms, populations,
and other aspects of the external data compared to the new data (Jann, 2024). While the former type
of uncertainty can be represented by using variances of the estimates (the typical case in statistical
analysis), the latter can be represented by using a range of possible values for the external estimates,
for example, in the form of external intervals, as was done by Jann and Spiess (2024). By traversing the
external interval, one can construct intervals of possible estimates and variances or unions of confidence
intervals. As demonstrated by Jann and Spiess (2024), this increases distributional robustness, leading to
valid inference even when, contrary to the assumed normality, the data are not normally distributed. Our
approach has conceptual similarities with robust Bayesian approaches that use sets of prior distributions
(Augustin et al., 2014, pp. 154-165). Instead of using prior distributions, however, we use a priori sets
of means and variances. We rely on frequentist asymptotics rather than specific prior distributions.

For testing general (linear) hypotheses, there are three (asymptotically equal) types of tests typically
used in the GMM framework: the Wald test, the Lagrange multiplier test, and criterion-based tests
(Bond & Windmeijer, 2005). These tests are presented in Section 2. Section 3 introduces an extension of
these tests to the case where external sets are used. In Section 4, the tests with external sets are applied
to generalized linear models with repeated measures, discussing designs where their computation is
feasible. Section 5 compares the tests in terms of type I error rate and power in small samples for different
scenarios through simulation studies. To demonstrate its applicability to real-world data, the tests are
applied to a psychological dataset.

2. Testing general linear hypotheses

To emphasize the application to regression analysis, the parameter of interest is denoted by  throughout
the article.

Definition 1. Let € @ c R? be a parameter and B its true value. Let R be a (constant) k x g real-valued
matrix, representing the linear constraints, and r be a k-dimensional vector of known real constants. If
rank (R) = k < g, a general linear hypothesis is defined by the pair

Ho:RB,=r and Hy:RB, #r.
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Important examples of general linear hypotheses are main and interaction effects in ANOVAs.
In effect coding, these hypotheses are of the form f8; = -+ = ;. = 0 and are thus equivalent to general linear
hypotheses, where R has the (k x k) identity matrix as a block at the corresponding position and all other
elements are 0, while r = 0. Other important examples are tests for single entries of the parameter, where
R has entry one at the corresponding position and zero entries elsewhere, and tests for differences of
parameter values where the only non-zero entries of R are 1 and —1 at the corresponding positions.

To fix the notation, the presentation from Bond and Windmeijer (2005) is adopted. Let x; be a
vector of observed variables for the i-th unit for i = 1,...,n, and g(x, 8) be a function that assigns
values in R? to each x; and f € ©. The function g represents estimating equations used to estimate
the true parameter value B,. We assume that # is larger than g and that with respect to x the first and
second moment of g(x, B) exist for all B € ©. So we can define g(8) = = Y., g(x;, ) and W,,(B) =

(% YiLg(x, B)g(xi, ﬁ)T)_l. For q > n, our approach would have to be adapted, for example, by using
sieve-based or penalized GMM approaches (Cheng et al., 2024; Dong et al., 2023). The function W,
represents a weighting matrix that balances the influences of the entries of the estimating equations.
The choice of W, is made to find the efficient GMM estimator (with respect to all possible weighting
matrices) (Hansen, 1982). GMM estimation is typically carried out in two steps. First, minimize the
quadratic form g(8)"Wg(B) with respect to f for some constant (g x q) matrix W, for example, W = I,
the identity matrix. The resulting minimum value is denoted by ffl and is called a one-step GMM
estimator. Second, minimize the quadratic form g(8)"W,(B,)g(B) with respect to B. Analogously,
the result is denoted by iiz and is called a two-step GMM estimator. The corresponding variance
estimator is

T (B,) = - (G"Wa(B,)6) ™ G W (B)8, Wi (B,)G(G" W, (B,)6) ™,

where G = V3g(B)| 3, denotes the gradient operator with respect to f evaluated at B, and S, is a

consistent estimator of E(g(x, B,)g(x, B,)") (Cameron & Trivedi, 2005, p. 175). The estimator \7§r([§2)
is robust to heteroskedastic errors. We will use S, = W, ( [?2)71 throughout the article, leading to the
simplified Var(B,) = 1 (G"W,.(B,)G) ™" at the cost of assuming W, (8,) " to be a consistent estimator.

Now, general linear hypotheses pose a significance testing problem that we want to address in the
GMM framework in order to incorporate external moment information. The discussion of tests is based
on the work of Bond and Windmeijer (2005). All of the tests presented below have the same asymptotic
distributions under mild regularity conditions. Under the null hypothesis, they have an asymptotic
xt-distribution with k degrees of freedom (Bond & Windmeijer, 2005). Under local alternative hypothe-
ses and using the efficient GMM estimator, they asymptotically follow a non-central ¢ (1)-distribution
with k degrees of freedom and the non-centrality parameter A (Cameron & Trivedi, 2005, p. 245). Thus,
only the test statistic is left to specify the tests. The standard Wald test is given by the test statistic

Tw = (RB,—r)" (RVar(B,)R") " (RB, - 1).

The Lagrange multiplier test uses the same test statistic, but with a different estimator. Let ii, denote a
two-step GMM estimator in which the weighting matrix W, is computed in the second step with a one-
step GMM estimator B1 that is restricted under the null hypothesis, that is, where the first step quadratic
form optimization is subject to the constraints Rf = r. Its test statistic is

LM = (RB, 1) (RVar(B)R") " (RB, - 1),

The criterion-based test uses the difference between the objective function evaluated at the two-step
estimator constrained under the null hypothesis and at the unrestricted two-step estimator. Let f8, be
the two-step GMM estimator obtained under the constraint Rf = r, then the test statistic is

Dy = ”(g(ﬁz)TWﬂ (Bz)g(igz) - g(Bz)TWn (ﬁz)g(ﬁz))
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Note that our definitions are slightly different from the one in Bond and Windmeijer (2005), since
the weighting matrices are evaluated at the two-step estimators and not at the one-step estimators.
However, the resulting weighting matrices have the same limits as those using one-step estimators, so
the asymptotic results remain unaffected. Furthermore, the two-step estimator is efficient, while the
one-step estimator is not, so our test statistics may perform advantageous in small samples.

Regarding small sample performance for linear panel data models, the Lagrange multiplier test
and the criterion-based test have been found to be more reliable than a standard Wald test (Bond &
Windmeijer, 2005). In addition, the standard Wald test appears to have poor small sample performance
for within-subject designs (Spiess et al., 2019). We restrict our attention to these three tests because
results for local alternative hypotheses are available for them, and the tests involving external sets
developed in the next section depend on the results for local alternative hypotheses.

3. Hypothesis testing with external sets

The foundations of hypothesis testing when external moment information is known were developed by
Jann (2024) to test whether data and external information fit. In this section, we extend the results to
testing general linear hypotheses. The presentation here follows the arguments in Jann and Spiess (2024)
and Jann (2024). The basic idea of incorporating external moment information into GMM estimation by
formulating additional moment conditions was given by Imbens and Lancaster (1994) and Hellerstein
and Imbens (1999). To illustrate how external information enters the estimation process, we will give
an example.

Example 1. Suppose a linear regression of y on x is to be estimated based on n observations. To include
the information that the expected value of y is 3, first define the corresponding sample moment function
h(y) = y - 3. Then, define g = (m”,h")”, where m represents the estimating equations for the model
parameters 8 = (o, /31) Here, m(B) = (1,x)" (y— o — f1x). To apply the two-step GMM procedure,
first minimize g(ﬁ) g(B) with respect to B. This results in the OLS estimator ﬁOLS In the second step,
minimize g(B) W (B, )&(B) with respect to B. According to Theorem 1 of Jann and Spiess (2024),
the resulting estimator is

1oy mi(yi—3) &

Bex = BOLS - (XTX)_ 1:1( 3)2

Z (y 1 -3 )7
and its variance is

L Smi(yi-3) (S mi(ri-3)) "

1 (ri=3)?
where the subscript i indicates that the corresponding expression is calculated for the i-th observation,
and X is the design matrix. Thus, the externally informed estimator is equal to the OLS estimator shifted
by an expression dependent on the external information. This reduces the variance estimates when the
covariance of m and h is not zero. However, note that while external information can reduce variance, it
can also shift the estimator to zero, which could reduce the power of the resulting tests. This is especially
apparent when external knowledge implies that the covariance of x and y is 0, which would shift an
externally informed slope estimate closer to 0.

Var(i;ex) = Var(BOLS) - (XTX)_ (XTX)_17

Now, the three tests presented in Section 2 can be applied if the GMM regularity conditions hold. The
most critical regularity condition is E(h) = 0, that is, the moment information must be correct. Since
this is unlikely to be true, some modifications are needed to make this approach applicable.

First, it is clear that the external information is an estimate. Suppose, as in Example 1, that h takes
the form of a difference of some function of the data and the external value. In this case, uncertainty
due to estimation can be reflected by adding a corresponding variance (matrix) estimate to the lower
right block of the inverse of the weighting matrix W, using the independence of the external and the
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new data (Jann, 2024). More precisely, let V., be a variance (matrix) estimate for the external moments
obtained from external sources, then the uncertainty due to estimation is reflected by using

Wn: w;1+(g‘2)
X

instead of W,. See Jann (2024) for a derivation of this expression. This approach relaxes the assumption
of knowing the true value to knowing an unbiased estimate of the moment.

Second, there are often multiple sources of external information and thus a set M., of possible
estimates. Due to differences in design, sampling, or population, one may even doubt the assumption
of unbiasedness of the estimates. This structural uncertainty is more difficult to quantify. The most
conservative approach is to not aggregate the elements of M.x and be agnostic about which element
represents the true expected value. Even further, one could extend M., to a (multidimensional) interval
by taking element-wise infima and suprema of M., as was done by Jann and Spiess (2024). Such an
interval extension of M. is denoted by I.x. As a result, the assumption is weakened to knowing bounds
on the true expected value of the moment. In summary, our procedure has the following underlying
assumption.

Assumption 1. Let Py be the data generating process that is assumed to have created the sample data.
Let 7 be a moment function of (a random variable based on) a probability distribution, that takes the
value #, for Po. Let Py, ..., P, be data-generating processes, that are assumed to have generated the
external data, for which the same moment function # takes the values #,, ..., ,,, that possibly differ
from #,. We assume that

min{zy,,...,n,,} <, <max{n,,...,n,},

and that there are unbiased estimates ey, ..., e, of i, ..., 7, so that M, = {ey, ..., em }. We also assume
that external sources provide unbiased variance (matrix) estimates Var(ey), ..., Var(em).

To reflect both uncertainties, the variance matrices of all estimates should be considered. Since
computing the test statistic is a non-trivial optimization problem, this can be very time consuming,
especially if there are many variance (matrix) estimates. A better solution would be to select a variance
matrix with the lowest Lowner (partial) order (if it exists), separating the selection from the computation
of the test statistic. See (Puntanen et al. (2011, p. 12) for a definition and technical details regarding the
Lowner order. The rationale is to choose the smallest variance (matrix) estimate to compensate for the
length of the external interval. Even if not all variance matrices are comparable, this provides a way to
exclude at least some, namely, all variance matrices with a Lowner order at least as high as one of the
other variance matrices.

Example 1 (continued). Suppose the true expected value, E(y), is unknown and only three external,
empirical sources on the variable y are available. Assume that these sources report means of 2, 2.5,
and 4, as well as corresponding standard errors of 0.3,0.23, and 0.37. In this case, we would set
Lx = [2,4] and V., = 0.23* = 0.0529 and compute the estimator of Example 1 for all e € I, while adding
nVex to X0, (yi—3)?. The result is a set of possible estimators. The same rationale is applied to variance
estimates, test statistics, and confidence intervals. The Supplementary Material includes an R script,
which demonstrates how these results can be calculated with the R package exgmm.

While the implementation of uncertainty due to estimation is straightforward and does not change
the tests, the same cannot be said for structural uncertainty since the external information is set-valued.
Therefore, we will discuss its implementation below.

3.1. General hypothesis tests based on credal sets

Assume a (not necessarily linear) null hypothesis Hp : 8, € @p is given, and that a hypothesis test for
the null hypothesis is known. For the sake of simplicity, let the test be right sided with respect to the
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test statistic, that is, reject the null hypothesis if the test statistic is larger than a critical value. Based on
Assumption 1, the test statistics have a variety of possible distributions when calculated for different
elements of M,y (or IL.). For the unbiased estimate of the true value it will be a central distribution,
for all other values it will be a non-central distribution. However, it is not known which estimate is
related to the true value, so for each value only a set of possible distributions for the test statistic can be
determined. Such sets of probability measures are called credal sets. A general introduction to credal
sets is given by Augustin et al. (2014, p. 19). In our case, a credal set is defined as a family of probability
measures M = {Py|60 € ®} (on the same measure space) indexed by a parameter 6, consisting of the
possible distributions for the random variable of interest, here the test statistic. Let P be a set-valued
function defined by assigning to each measurable set A the infimum probability with respect to M, that
is, P(A) = infpepq P(A). The function P is called lower probability (based on M). Based on credal sets
and lower probability, one concept for a hypothesis test is as follows.

Definition 2 (Jann (2024)). Let T(B) be a test statistic that is a function of a parameter 8. Let 7 be the
set of estimated (sample) test statistics based on M,y (or L), where ¢ denotes its infimum with respect
to Mex (or Lex). Let M be a credal set of possible distributions of the test statistics, and P be the lower
probability based on M. Under the null hypothesis Hy : 8, € @0, a I'-maximin test with significance level
ae(0,1)is

If P(T > t) <, then reject Ho : B, € @, else maintain Hy.

A T-maximin test is based on the simple idea that the null hypothesis is rejected if it is rejected
for every possible test statistic, where the lower probability of the credal set provides the p-value. By
Theorem 2 of Jann (2024), a I-maximin test with significance level « “contains” a valid hypothesis test
of level a, if the credal set M is stochastically ordered and its minimum is exactly the distribution of
T(p,)- In other words, the I'-maximin test will have a significance level of « or (usually) lower if the
lower probability is equal to the true distribution under the null hypothesis.

The most prominent examples of such credal sets are the families of non-central y*- and
F-distributions. They are stochastically ordered in the non-centrality parameter (Ghosh, 1973), so
their central versions (with the non-centrality parameter zero) are the lower probability. Under the
null hypothesis, many test statistics are distributed like the central distribution in these families.
Note that it is still important to show that test statistics follow the non-central distributions when
the null hypothesis is violated. The reason is that the scale may also be affected. Thus not only non-
central but also scaled distribution families have to be considered, which may not be stochastically
ordered. However, all three tests of Section 2 satisfy this condition, since their (asymptotic) credal sets
consist of the non-central y*-distributions for local alternatives and the degenerate distribution 1co
for fixed alternatives, which sets all masses to infinity and is the maximum with respect to stochastic
order.

3.2. Tests for general linear hypotheses using external sets

We will now extend the tests of Section 2 to the scenario where external sets are present. This is done
by simply combining g with the external moment function h, that is, define §,, = (g, BT)T. Let ey be
the true value of the considered moments in h for the new dataset. At ey, the regularity conditions are
satisfied, and the derivations and resulting test statistics are the same as in Section 2, only based on g,
instead of g. The set of possible test statistics 7 is given by computing the test statistic for each value in
M., (or I.). The credal set is the non-central X2 -family, where the lower probability is reached by the
central y*-distribution. The derived tests are summarized below.

Definition 3. Let Ty (e), LM(e), and Dry(e) be the test statistics for the standard Wald test, the
Lagrange multiplier test, and the criterion-based test in Section 2, based on g, and e € Mex (or Ley).
The externally informed Wald test, Lagrange multiplier test, and criterion-based test are defined by the
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test statistics

Tw = inf TW(e),M: inf LM(e), and@: in(fl DRu(e),

eeMe; (Iex) eeM () eeMey (Lx

respectively, while using critical values from a central y*-distribution.

Since the tests are constructed based on the minimal test statistic, they are valid if any element of
M.« (or L) represents the true moment value. Regarding robustness, there are two different aspects
to consider: robustness of validity and robustness of efficiency (Huber & Ronchetti, 2009). While the
former means that the level of the test is not exceeded when the true distribution under the null
hypothesis differs slightly from the assumed distribution, the latter means that a test has acceptable
power under small deviations from (distributions under) specified alternatives. In general, the proposed
tests can increase the robustness of validity because they use a (credal) set of possible distributions and a
set of test statistics. The tests are performed using the minimum of all test statistics, which (as a random
variable) is not expected to be greater than the test statistic at the true external value, given the null
hypothesis and a correctly specified external variance. Applying the y*-distribution to the test statistic
based on the true external value would asymptotically lead to a nominal type I error, so applying it
to the minimum test statistic can only reduce the actual type I error or leave it unchanged. Thus, the
inference will be valid for all distributions with nominal type I errors at the minimal test statistic, for
example, distributions with (slightly) heavier tails. The inference is valid even when all external sources
are misspecified, provided that Assumption 1 is correct.

The robustness of the power of the tests can be discussed on the basis of the initial “point” test.
If the latter has more power, then it is reasonable to assume that the resulting interval tests may inherit
it. The use of external moments can (strongly) reduce the variance of the estimator, as shown in Jann
and Spiess (2024).

4. Generalized linear models with repeated measures

We will use the derived tests of Section 3 in the context of marginal generalized linear models for
longitudinal data, following the presentation of Diggle et al. (2002). The general idea is to specify the
expectation of the dependent variable by a mean function or its inverse, a link function, and to define
additional nuisance parameters to model the correlation structure of the multiple measurements of the
dependent variable on the same subject or unit. Count data can be modeled by the log link and binary
data by the logit link. Logit models for binary data can be directly extended to the multinomial case.
For example, cumulative logit models can be used for categorical ordinal dependent variables (Agresti,
2002). An important example of a correlation structure assumes equal correlations between variables,
called the uniform correlation model or equicorrelation. In the case of a linear model, this uniform
correlation model corresponds to a random intercept model (Diggle et al., 2002, p. 54), which is widely
used in applied psychological research. Another example is an exponential correlation model, where
the correlation decays at a certain rate over time.

We adopt the notation of Spiess and Hamerle (1996). Let € R? denote the parameter. Leti=1, ..., n

be the index of the units and j = 1, ..., t be the measurement or time index. Note that we assume here
that all units have been measured ¢ times. Let y, = (yi, ..., i) be the response vector of participant
i over the t measurements, and y = (le, e 7yZ) denote the vector of all nt responses. Similarly,

x;; € R? denotes the values of the g covariates (including the constant 1 to represent the intercept, if
one is specified) for the ij-th observation, and the aggregated matrices are

X,‘:(Xil Xiz)T al’ldX:(XT XZ:)T,

where X is assumed to have full column rank. A subscript § indicates that an expression is a function of
the parameter value. Now, define #;; = x; B and 1= (1, - ., ) - To specify the marginal generalized
linear model for longitudinal data, suppose that a mean function h(-) is known such that E(y) = p; =
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(h(#11), .-, h(nue))™ when evaluated at the true parameter value. Further, assume that Var(y;) =
¢V (h(n;j)), where V(-) is a variance function, usually associated with the mean function A(-), and
¢ is a scale parameter. The scale parameter ¢ allows the (co-)variances to be different from what would
be expected based on the regression parameter 8 alone, allowing a certain type of underdispersion or
overdispersion. This is especially relevant for modeling count data using the log link. Define the diagonal
matrix Vg = diag(V(h(y11)), .., V(h(#x)) ). We assume that the responses are uncorrelated between
units, so we only need to specify the correlations within units. Suppose that the correlation matrix is the
same for all units and that it can be viewed as a function of a (vector-valued) parameter a. We denote
the correlation matrix by Ry, where the subscript « again represents the fact that this expression can be
seen as a function of a parameter. Under the present assumptions, the full “working” covariance matrix
over all nt responses, denoted by X, can be expressed as Z¢ 4 g = ¢Vll3/ (I, ® Ra)V;/ ?_ Here, I, denotes
the (n x n) identity matrix and ® the Kronecker product, so the middle matrix is a block diagonal
matrix with identical blocks equal to R,. Additional care must be taken in the case of the cumulative
logit model (Agresti, 2002, pp. 274-275). Let xg have a 1 as its first entry, representing the intercept,
and suppose y can take values in one of ] ordered categories. Then X must be expanded by replacing
each x,-? by the ((J-1) x (J - 1)q) matrix X; = I;_ ®x;, where x| is repeated J — 1 times. The idea
of the cumulative logit model is to use separate logit models for the J — 1 probabilities P(y < k|x) of y
being in category k or lower for all but the highest category. Therefore, each y;; has to be replaced by
a binary vector with J — 1 entries, indicating into which category y;; falls. These extensions introduce
new parameters for each category except the highest, representing the effects of the covariates on the
cumulative probabilities. Taken together, due to the assumptions made here, the model is fully specified
by the parameters ¢, &, and B. To estimate the model parameter of interest, 8, GEEs can be used (Liang
& Zeger, 1986). Instead of using the likelihood function, which can be difficult to specity, this approach
specifies only moment-type conditions. For our repeated-measures marginal generalized linear model,
the estimating equations are

tges(B) = X DpZ, p(y- #g) =0,

where Dg = 0(p;)/0(n) = diag(Oh(m1)/Ona, ..., Oh(1t ) [Onwt) is a diagonal matrix containing the
derivatives of tg with respect to 7.

4.1. Adding external information

To estimate an externally informed version of this model, we interpret mggz () as moment conditions,
see Cameron and Trivedi (2005, p. 790) for details, and combine them with the external moment

conditions h, resulting in g, = (Lthces(B)”, BT)T. The weighting matrix has the block form

Q= X'DX 'WVar(y)2'DX Q7 :=X"DE ' Cov(y—p h)\ "’
Q,:=Cov(y-p,h)"27'DX @ :=n(Var(h) + V)

(@ @7\ (W= (Qu-0Q70;'Q,) 7 W
o a,) w, w, )

Wn:n(

where the necessary inverses are assumed to exist and parameter indices are suppressed. Based on the
block form of W, the first-order conditions for minimizing the GMM objective function, given by
Hansen (1982), are

(Vp8(B)) "Wag(B) =0 = (Vprnges(B))" (Wmmcee(B) + W, h) =0
<~ IhGEE(ﬁ) —QZQ;IB =0.

To compute the estimate based on the first-order conditions, an iterative multistep procedure is used,
requiring consistent estimators ¢ given f and & given ¢ as well as 8 (Liang & Zeger, 1986). To avoid
this computational complexity, we use the results of Spiess and Hamerle (1996), who showed that GEE
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estimators are simplified if the covariates are all either invariant across blocks or block specific. The basic
idea is that @ and ¢ cancel out (partially) in these cases. We will show that for the block invariant case,
this property carries over to the externally informed tests.

Covariates are said to be block invariant, if the design matrix can be written with identical blocks
X;=7Z for i = 1,...,n. For block invariant covariates, Spiess and Hamerle (1996) showed that all
appearing matrices have repeated blocks and can therefore be simplified by Kronecker products, that is,
X=1,0Z,D=1,8D;, and X =1, ® X;, where 1, is a vector full of ones with dimension n. To derive
simplifications, it is assumed that Dy, X, and Z are quadratic and nonsingular. It seems to be a strict
requirement that the latter matrix is quadratic. Therefore, an example is given to show that it still covers
interesting models.

Consider a study that is interested only in time effects, for example, how the effect of a partic-
ular intervention evolves over time. This scenario can be modeled by including an intercept in the
model representing the first measurement and dummy variables for each subsequent measurement
representing the difference from baseline at that measurement. Here, Z is given by changing the
first column of I; to ones. Since the result is a lower triangular matrix with ones on the diagonal, it
is not singular. Using a generalized linear hypothesis, any of the differences can be compared, and
global tests can be constructed to test whether a difference is equal to zero. The latter indicates that
saturated analysis of variance models are also possible application scenarios. Note that X = 1, ® Z has
full column rank if and only if Z is nonsingular. Thus, all within-subject designs that use the same
procedure (e.g., stimuli) for all subjects satisfy the above requirement if their design matrix has full
column rank (or can be made to have full column rank by deleting columns). Section 4.2 provides an
extension to mixed designs where the within factors are block invariant but the between factors are
not.

We will now describe the simplifications for block invariant designs.

Proposition 1. Let the subscript i indicate that only the values for block i are considered for the indexed
expression. If the covariates are block invariant, the first-order conditions for the externally informed GEE
estimator 3, are

1 gL -
;(th) (== Cov(y, —, i) Qi k) = 0

i=1

and its variance (matrix) estimator Vc?r(fiex) is

1 af 1 - _
~(D:2) 1(; Y- Var(y,) ~ Cov(y; —u;, h) ' Cov(y, — . h)T)(ZTDt) E
i=1
Both the first-order conditions and the variance estimator do not contain the parameters & and ¢.
Proof. See Appendix A of the Supplementary Material. ]

Proposition 1 allows for a discussion of what kind of external information would be useful. Both the
first-order conditions and the variance estimate differ from those for (uninformed) GEE estimates only
by the terms Cov(y, - u;, h;)Q;, 'h and Cov(y, - p;, hi)Q;, Cov(y, -, hi) " Thus, Cov(y -, h) is the
important term, and if it is expected to be different from 0, then variance reduction is expected to occur.
This is similar to the discussion in Jann and Spiess (2024). A linear dependence between covariates
and errors is generally not expected (which is positive for the validity of the model), so information
about covariates is not useful per se. Subject of interest is information about the mean or the variance
of the dependent variable, as well as information about the correlations or covariances between the
dependent variable and the covariates. One example is information about the expected value of the
dependent variable at the baseline. There are examples of external moments and their implementation
in the simulation studies in Section 5.
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The expression Cov(y, — ;, h;) can be estimated by (y, - #,)h; . To compute \7:;‘([33)6), the expression
Var (y,) can be replaced by (y, - u,)(y, - ;)" (Spiess & Hamerle, 1996) and Var(h) by Var(h) =
Y7 h'h;/n. Now, to compute an estimate 3 > the first-order condition from Proposition 1 can be solved
analytically. The solution varies depending on whether the estimation procedure is strictly two-step or
not. In a strict two-step procedure, Cov(y, — g, h;) is computed based on the first-step estimator, and

thus is not a function of B, but is constant in the second step. Hence, the solution is
P -1 T & P T —1f
ﬁex:Z h ;Z(Yi_(Yi_yi(lgl))hi Qh h) 9
i=1

where h™! is a vector-valued function containing only the link function 4~" as entries. Note that, in
the absence of external information, the estimator simplifies to ﬁex =Z'h7'(¥), a generalization of the
analytic solution of Spiess et al. (2019) in the linear case. If ifl is computed without (information about)
¢ and a, then the estimate is not a function of them at all. This can always be achieved by choosing a
weighting matrix for the first-step estimator that is not a function of ¢ and «. In addition to the two-step
approach, the first-order conditions can also be solved in a single step. The derivation is explained in
Appendix B of the Supplementary Material, the result is the one-step estimator

B.=z"'n" 1 z"j( —yh!0;,'h)

e l—l_lTQ;Ill_l nia Vi v S '

Taken together, if the covariates are block invariant, then the estimate for the parameter of the
externally informed generalized linear regression model for longitudinal data and its variance are
independent of the working correlation matrix, and thus identical for any possible covariance structure.
This property carries over directly to the test statistic Ty, since it is computed using only the GMM
estimator based on the first-order conditions and the variance estimate derived from Proposition 1.
In the following, we will always choose the one-step estimator to compute Ty, as it leads to the most
computationally efficient test. The same holds for LM, using the first approach based on a strict two-
step procedure, the only difference being that Cov(y, - u;, h;) is computed based on a restricted first-step
estimator.

Proposition 2. Let the covariates be block invariant and assume that the regularity conditions for the
externally informed GEE estimator are fulfilled (especially that it is a solution to the first-order conditions),
then the test statistic of the criterion-based test becomes

1& -1z
Drv = — 3 (3~ #; = Covly,—p, hi) Qi ')
i=1
. B -1
% (Z(}’i_.“i)(}’i_ﬂi)T_COV(yi_ﬂnhi)QhICOV(J’i_”i’ hi)T)
i=1

1 L
x 0 Z()’i —H; —Cov(yl. —H; h))Q;, Ih),
i=1
where all expressions are evaluated at f3,.

Proof. See Appendix C of the Supplementary Material. O

Using Proposition 2, Dry is not a function of ¢ and « if the restricted estimator 3, can be computed
without using ¢ or &. Details about the corresponding computation of restricted estimators are described
in Appendix D of the Supplementary Material. Note that W, is fixed in each step and is recalculated after
the new estimate is found. In summary, with external point information and block invariant covariates,
it is possible to compute test statistics for general linear hypothesis testing in generalized linear models
with repeated measures without ¢ and &, that is, without having to specify a working covariance matrix.
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Note that this applies to repeated-measures designs, such as crossover studies, as well as longitudinal
studies, even when the interval between measurements of the dependent variable varies. In the latter
case, however, one should still be cautious about the comparability of the slopes of the regression model.
Furthermore, models involving between-subject variables with many values, for example, age, generally
do not allow the derived simplifications.

When using external sets, the minimum test statistic must be computed to perform a I'-maximin
test. Even if analytic formulas for estimators and test statistics are available, this is generally a non-
convex optimization problem, which becomes a problem when an external interval is considered (Jann,
2024). In addition, calculating the restricted estimates B, and f, is done by an iterative procedure. If the
dimension of the external interval is small, grid searching on the external interval is a simple procedure
to approximate a solution without further assumptions (Cameron & Trivedi, 2005, p. 337).

So far we have assumed that all matrices are invertible. However, there is one case where this
assumption is certainly not true. If the external variance matrix V. is not regular, for example, if V. = 0,
it may be that Var Bex) is singular. To illustrate this, consider the case, where h encodes the true external
information about the expected value of y in a particular group, say the k-th group. Then the k-th entry
of Cov(y,—p;, h) is just the variance of y in group k, and the remaining entries are the covariances with
the other groups. Since V., = 0, )}, is also just the variance of y in the k-th group. Thus, the k-th column
and the k-th row of @(ﬁex) computed based on Proposition 1 would be exactly 0, implying that it
is singular. This can also apply to matrices calculated on the basis of \7&([3&), and to the restricted
estimation. Fortunately, the simple workaround is to use Moore-Penrose inverses (see Lemma 1 and
Theorem 1 in Jann, 2024).

4.2. Extension to designs that are not block invariant

In this section, we will explain how to apply our findings on block invariant designs to certain types
of unbalanced (mixed) designs. Suppose the between subject factors of a mixed design give rise to k
factor combinations. Assume that all k combinations apply a block invariant within subject design. The
within design is explicitly allowed to vary across the k factor combinations. Let n; denote the sample
size, and 1,, ® Z; denote the design matrix for each of the i = 1, ..., k factor combinations, where Z; is
nonsingular. We can then apply our procedure for the block invariant case to each factor combination,
yielding analytic estimators Bl, ...,[:ik. An estimator, 3 .,» for the full design can be constructed by
stacking these estimators. Note that our coding of predictors may differ from typical dummy coding.
To return to dummy coding, contrast matrices can be applied to 8 .- A rigorous proof showing that
the stacked estimator is equal to the estimator obtained by solving the GEEs is provided in Appendix
E of the Supplementary Material. Furthermore, Appendix E of the Supplementary Material provides an
analytical expression for the corresponding variance estimator and demonstrates its independence from
both & and ¢. In the case of within variables that are not block invariant, one must distinguish between
two cases. If missing data are the reason, then the missing values should be treated, for example, via
multiple imputation, yielding again balanced designs. If the design is naturally unbalanced, such as with
continuous time data, consider the full GEE procedure described in Section 4.1. This procedure involves
specifying consistent estimates of the working correlation matrix based on parameter « and of scale
parameter ¢. However, when the data are nearly block invariant, the results of continuous time models
and block invariant modeling may be practically equivalent. We will demonstrate this in a simulation
study in the next section.

5. Simulation studies and application to real data

We conducted two simulation studies to analyze the validity and power of the proposed tests. The first
scenario is abstract and is used to analyze the robustness of the tests against small deviations from
the block invariance assumption. It also demonstrates the full GEE estimation procedure. The second
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Table 1. Rejection rates for simulations with nearly block invariant design

Type | error rate Power

Test Block invariant Full GEE Block invariant Full GEE

Tw 0.050 0.050 0.976 0.970
LM 0.048 0.042 0.972 0.970
Dgy 0.034 0.030 0.948 0.946

Note: The tests are represented by their respective test statistics. Ty, stands for the
Wald test, LM for the Lagrange multiplier test, and Dgy, for the criterion-based test.

scenario was adapted from Zeibig et al. (2023). The corresponding dataset is open source (see Zeibig
etal,, 2022). We considered a mixed design with a categorical dependent variable and used a cumulative
logit model to analyze this data. Since we are using the real data scenario as an example, we will only
briefly describe the theory behind it. The simulations were performed in the statistical software R,
version 4.3.2 (R Core Team, 2023). The code for test functions, simulation studies and data reanalysis
can be found in the R scripts in the electronic supplementary material. Some technical details of the
simulation studies have been omitted. These can be found in Appendix F of the Supplementary Material.

5.1. Simulation study with nearly block invariant design

Suppose a dependent variable is measured three times in succession: at baseline and after 20 and 30
hours. As is common in practice, the timing of the measurements varies. Let (the realizations of) x;; ~
N(20,1) and x5 ; ~ N(10, 1) model the exact durations between measurements for unit i. Suppose the
measured variable y is equicorrelated and grows linearly over time, resulting in the random intercept
model

t
yz,i:ij,,-[}j+ri+sj,ifori:1,...,n and t=0,1,2,
=0

where xo,; = 1. We choose ¢;,; ~ N(0,1) and 7; ~ N(0,1), resulting in a correlation of 0.5 between
measurements of the same unit. Although the independent variables are continuous, this model is nearly
block invariant, adding only small variations to the mean measurement times. For our simulation study,
we generated # = 50 independent units using this model with Sy =1, 1 =2 =0and o =1, 1 = > =0.025
to analyze type I error rate and power. For each simulation, we analyzed the data using block invariant
estimation with dummy coding of the measurement times, as well as full GEE estimation. We used
Ix =[0.9,1.1] and Ve, = 0.1 as external information for E(yy,;) = 1. For the full GEE estimation, as
proposed by Liang and Zeger (1986), we used consistent estimates for & and ¢ before minimizing the
GMM objective function. In accordance with the true model, we chose the linear link function and
an equicorrelation structure. We selected the mean of the three correlations of the dependent variable
between measurements as the estimator of the single correlation, &, which determines the complete
equicorrelation structure. Furthermore, based on consistent estimates of 3, denoted by f3j, ¢ can be
estimated consistently by </> = ﬁ pa Zf:o (ye,i— Z,Lo x;, iﬁj)z. In the first step of the GMM estimation,
¢ was set to 1 to obtain consistent initial estimates j3;, and in the second step, we computed ¢ based on
them. We conducted 500 simulation runs and computed the test statistics Tw, LM, and Dgy under the
null hypothesis that all parameters except the intercept are zero. Although the parameters differ between
the two analysis methods, the null hypothesis implies that there is no linear effect over time, which makes
the results comparable. We calculated the rejection rate as an outcome measure and displayed the results
in Table 1.
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5.2. Simulation study with real data scenario

Zeibig et al. (2023) examined the positive long-term effect of exercise intervention on mental disorders
in a sample of 74 outpatients awaiting psychotherapy. Participants were assigned to either a passive
control group or an exercise intervention group. Both groups were measured three times, at baseline,
immediately after treatment, and one year after treatment. Thus, the design is mixed, including
intervention group as a between factor and measurement time as a within factor. The between factor
was originally unbalanced, with 38 participants in the exercise group, but two participants in this group
had to be excluded due to misdiagnosis at baseline, resulting in a balanced between factor. As outcome
measure, we only use the affect regulation subscale of the Physical Activity-related Health Competence
Questionnaire (PAHCO). It is calculated as the mean of four items, each of which has a four-point Likert
scale coded from 1 to 4. For our analysis, we formed three categories [1,2), [2,3), and [3,4] and named
them category 1, 2, and 3. We applied a cumulative logit model to model the effect of the two factors on
the probability of a participant being in category 1 and being in category 1 or 2 (abbreviated as 1 U 2).

As a source of external information, we used a validation study for the PAHCO based on 1,028
patients in rehabilitation facilities at the beginning of their medical program (see Study A in Sudeck
& Pfeifer, 2016). Although they differed from the sample of Zeibig et al. (2023) in types of disorders
(medical vs. mental) and type of upcoming treatment (rehabilitation vs. psychotherapy), both samples
had a similar range of ages and had not started treatment but were waiting for it. In order to account for
these differences, we planned to construct an interval of possible values for the relative frequencies of
category 1 and 1U2. We faced the problem that the dataset of Sudeck and Pfeifer (2016) is not available
online, and that the study does not report the named frequencies. To approximate these frequencies, we
used linear programming to calculate the possible minimum and maximum frequencies based on the
given information, details are described in Appendix E.1 of the Supplementary Material. This provides
another justification for the use of intervals: Not only to reflect the presence of multiple studies, but also
in the case of uncertainty about the external information from a single study. The resulting intervals are
[0.238,0.362] for category 1 and [0.692,0.806] for 1 U2.

We simulated the data according to the 3 x 2 mixed design with all interactions (resulting in 12
parameters, 6 for category 1 and 6 for 1U2). As the reference category, we chose category 1 in the control
group at baseline. The sample size was set to 72. To generate data according to the dataset of Zeibig et al.
(2022), we wanted to calculate the frequency of category 1 as well as 1U2 in all 6 factor combinations in
the dataset. However, there was a significant amount of missing data for the PAHCO score. To restore
the balance in the between factor without deleting data, we decided to use the multiple imputation
method implemented by the R package mice (van Buuren & Groothuis-Oudshoorn, 2011). Specifically,
the PAHCO scores were imputed using predictive mean matching with 5 donors and 100 imputations.
The rule of thumb that longitudinal data require at least as many imputations as the percentage of
missing values accounts for this large number of imputations Wijesuriya et al., 2025. In each imputed
dataset, the 12 frequencies were calculated, and the mean of these frequencies over the 100 datasets was
used as probabilities for the simulation study.

We then used a threshold model based on a joint normal distribution to induce dependencies across
measurements (see Appendix F.2 of the Supplementary Material for details). To test validity, a null model
was applied to generate the data, where all parameters except the intercepts for category 1 and for 102
were set to zero. Thus, we utilized probabilities of 0.266 for category 1 and 0.482 for category 2. To test
the power, we used the full vector of the 12 calculated frequencies as an alternative model.

To test the influence of external information on the three tests under different conditions, we created
11 cases: First, no external information was used as a baseline. Second, the true value based on the
model was utilized as a point to evaluate the best case result. Then, the external intervals calculated
above are applied to evaluate the influence of the interval width (both include the true value). To
analyze the influence of misspecification, we defined 0.35 and 0.5 as false values and [0.35,0.4] and
[0.4,0.5] as false intervals. All cases so far do not use external variance estimates. To test the influence
of estimation uncertainty, we used all cases except the first and introduced estimation uncertainty by
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Table 2. Type | error rates and power for category 1, categorical data

Type | errors Power

Scenario Tw LM Dru Tw LM Dru

Without external information 0.063 0.063 0.046 0.633 0.633 0.622

External values (without V)

True external value 0.091 0.077 0.067 0.772 0.788 0.943
[0.238,0.362] (true) 0.046 0.034 0.041 0.665 0.678 0.887
0.35 (false) 0.346 0.277 0.309 0.978 0.985 0.990
[0.35,0.4] (false) 0.343 0.277 0.307 0.978 0.985 0.990

External samples (with Vey)

True external value 0.094 0.079 0.061 0.767 0.772 0.938
[0.238,0.362] (true) 0.046 0.036 0.046 0.675 0.688 0.898
0.35 (false) 0.281 0.221 0.259 0.970 0.978 0.990
[0.35,0.4] (false) 0.249 0.189 0.231 0.960 0.968 0.990

Note: The tests are symbolized by the respective test statistic. T,y stands for the Wald test, LM for the
Lagrange multiplier test, and Dgy for the criterion-based test. The significance level is a = 0.05, so type |
errors should be about 0.05 or less.

generating samples. We generated external samples before the simulation runs to test the influence of
reusing the same external samples. Since in this scenario external values represent probabilities, we used
a Bernoulli distribution to generate the external samples, using the (minimum and maximum) external
values of the above conditions as probabilities. The sample size for the external samples was 1,028, the
same as in Sudeck and Pfeifer (2016).

The significance level was « = 0.05. The null hypothesis rejection rate and the number of divergences
is computed over all simulations. Complete separation may occur because the sample size of 72 is
relatively small. For a discussion of this phenomenon in the context of GEE and its remedy using a
Firth-type penalty term (see Mondol & Rahman, 2019. We restrict ourselves to excluding and counting
the number of simulation runs where complete separation occurred. To maintain a sufficient number
of simulation runs, we increased the number from 500 to 700 after having done some pilot simulations.

The resulting type I error rates and power of the simulation conditions are shown in Tables 2
and 3. For the null model, no complete separation occurred, for the alternative model, 100 (category
1) and 101 (1U2) cases occurred, leaving over 500 runs in each of these cases. There were divergences
for the simulations with 1 U 2. For the alternative model and Dgy, there was one divergence in the no
external information condition, one for the external interval cases (with or without external variance)
and 9 in the false external point condition, 53 for the false external interval, 9 for the false external point
with external variance, and 51 for the false external interval with (minimal) external variance. For the
alternative model and LM, two divergences occurred in the cases with false external points, respectively,
as well as 5 for the false external interval without external variance and 4 with external variance. For the
null model, only Dry produced divergences, 2 for false external point, 19 for false external interval, 2
for false external point with external variance, and 17 for false external interval with (minimal) external
variance.

5.3. Reanalysis of real data

We applied all three hypothesis tests to the real dataset from Zeibig et al. (2022), testing the same
hypotheses as in the simulation studies using the specified external intervals and external variance,
respectively. To adjust for missing values, we used the 100 imputations described above and performed
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Table 3. Type | error rates and power for category 1U 2, categorical data

Type | errors Power

Scenario Tw LM Druy Tw LM Dru

Without external information 0.086 0.086 0.054 0.806 0.806 0.711

External values (without V)

True external value 0.109 0.096 0.074 0.995 0.995 0.967
[0.692,0.806] (true) 0.073 0.064 0.036 0.975 0.943 0.798
0.5 (false) 0.991 0.849 0.747 0.606 0.273 0.145
[0.4,0.5] (false) 0.991 0.843 0.711 0.593 0.229 0.097

External samples (with Vey)

True external value 0.111 0.100 0.069 1.000 1.000 0.973
[0.692,0.806] (true) 0.071 0.061 0.034 0.972 0.940 0.788
0.5 (false) 0.993 0.853 0.747 0.608 0.272 0.145
[0.4,0.5] (false) 0.991 0.840 0.710 0.589 0.229 0.097

Note: The tests are symbolized by the respective test statistic. T,y stands for the Wald test, LM for the
Lagrange multiplier test, and Dgy for the criterion-based test. The significance level is a = 0.05, so type |
errors should be about 0.05 or less.

Table 4. Resulting p-values from reanalysis for categorical data

Test Catl (Catl)ex Catlu2 (Cat1U2)e

Tw 0.1411 0.0338 0.0262 0.0084
LM 0.1411 0.0335 0.0262 0.0092
Dry 0.1363 0.0033 0.0380 0.0202

Note: The tests are symbolized by the respective test statistic. T,y stands
for the Wald test, LM for the Lagrange multiplier test, and Dgy for the
criterion-based test. Cat 1 and Cat 1 U 2 symbolize the tests performed
without external information for the hypotheses specified in Section 5.
Asubscriptexindicates that an externalinterval and an external variance
are used.

the tests based on the D, test statistic (Li et al., 1991). The results are shown in Table 4. In all cases, the
p-values decreased, leading to significant results for the category 1 that were not significant before.

6. Discussion
6.1. Summary of simulation results and data reanalysis

In the simulation study with a nearly block invariant design, the results were not substantially different
for block invariant and full GEE estimation. Similar results were obtained by Spiess and Hamerle (1996)
in their simulation studies investigating cases involving block invariant and block specific covariates.
These results clearly demonstrate the robustness of block invariant estimators to small departures from
the block invariance assumption. The type I error rates were nominal. Regarding power, Tw and LM
produced the highest values with virtually no difference, while Dry had substantially lower power.

In the simulation study with a real data scenario, the three tests led to valid type I errors when used
without external information, except for category 1 U2, where Tw and LM had slightly increased type I
errors, possibly due to the small sample size of 36 pairs. In all cases, using the true external point slightly
increased type I errors, regardless of whether external variance was used or not. Combined with the
fact that using external intervals (with or without external variance) reduced type I errors compared
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to the case where no external information is used, this provides an argument for using intervals
even when a reliable external value is known. This is supported by the observation that using false
external points significantly increases type I errors, up to 0.993 for category 1 U2 in the categorical case
using Tw. Thus, our I'-maximin framework offers partial protection against misspecified external
sources, provided that the external values provide proper upper and lower bounds for an unbiased
estimate of the true moment value, in accordance with Assumption 1. As a limitation, using false external
intervals (with or without external variance) does not prevent increased type I errors. The fact that
spurious external intervals lead to almost the same type I errors as spurious external points indicates that
the width of the interval per se is not as important as the best case value within the interval. Thus, caution
is required to construct external intervals that contain true values, or an unbiased or consistent estimate
thereof, in order to benefit from the width of the interval in terms of validity. Using external samples
based on true external values or intervals did not greatly increase type I errors. For the categorical data,
they were nearly equal to those using the true external value or interval, suggesting that the conditional
use of external information (i.e., using the same external sample each time) was not a problem in our
case. However, this may be due to the large external sample size of 1, 028.

Regarding power, the results are different for the categories. For category 1, the highest gain in power
occurred for Dry, which was 0.32. The power gain was only slightly affected when external samples were
used. Using a true external interval resulted in a maximum net power gain of only 0.04 for Tw and LM,
while it remained above 0.26 for Dry. Furthermore, in the presence of external information, the power
was always highest for Dry. Using false external values or intervals resulted in power values of 0.96 or
higher. While this seems like a good effect, it is clearly offset by the increased type I errors, and it only
occurred for category 1, so it is not reliable. For 1 U2, the results were partly the opposite. Again, Dry
led to the highest power gain and using external samples had no significant effect on power. However,
using true external intervals resulted in a power gain of more than 0.199 for T, while it shrank to 0.08
for Dgy. Furthermore, Ty always led to the highest power. With false external information the power
was lower than without external information. Taken together, the test statistic Tw was advantegous for
category 1 U2, while Dpy was advantegous for category 1 of the ordinal data. These results are reflected
in the (reduced) p-values for the reanalysis of the dataset in Table 4.

We included a third simulation study in the electronic supplementary material. Similar to the
previous two simulation studies, this one shows results favoring Tw with regard to power in the case
of count data. It also shows that using correctly specified broad external intervals may reduce power,
in one condition from above 0.8 to below 0.5. As discussed in Example 1, external information shifts
the estimator. A broad external interval may contain values that shift the estimator closer to the null
hypothesis while reducing its variance. Since the I'-Maximin test chooses the worst case test statistic,
the result is a reduction of power. To analyze the power of our procedure for varying sample sizes, we
provide power functions for the block invariant linear model considered in Section 5.1 in Appendix G
of the Supplementary Material. The results in Appendix G of the Supplementary Material suggest that
the externally informed tests are consistent. However, they are less sensitive to local alternatives as
the sample size increases. The reduced sensitivity may be attributable to the enhanced distributional
robustness stemming from the underlying credal set.

6.2. Conclusion and further research

The summary of the results shows that no test is superior in all cases, and even for the same dataset, it
can vary which test is more powerful. Despite type I and type II errors, another important argument for
test selection is computational complexity. Here, Ty is clearly advantageous because it can be calculated
analytically, without iterative procedures, thus avoiding the need to specify good initial values, which
was important for Dry. Further research could examine the behavior of the three test statistics proposed
in this article and perhaps other possible test statistics to provide a more nuanced recommendation as
to which test is best to use in different scenarios. We recommend using Tw in applied research because
it exhibited the highest power under most simulated conditions and can be computed analytically.

Downloaded from https://www.cambridge.org/core. 10 Nov 2026 at 07:55:32, subject to the Cambridge Core terms of use.


https://doi.org/10.1017/psy.2026.10130
https://doi.org/10.1017/psy.2026.10130
https://www.cambridge.org/core

Psychometrika 17

We have shown that reflecting the uncertainty in the external information by using reasonably
narrow external intervals and external variances does not substantially reduce power. In the investigated
categorical data scenario, the substantial increase in power was preserved. Further research is needed
to assess whether and to what extent the robustness of validity increases for various violations of
the distributional assumptions when external information is used. Since the use of false external
information in many cases led to more type I and II errors, we strongly recommend using an external
interval and external variance that are theoretically justified, that is, constructed on the basis of studies
that are as similar as possible to the present study, to avoid misspecification.

Finally, a formal comparison of our approach with the Bayesian approach is a promising topic for
future research that could contribute to the literature on the use of external information. A standard
Bayesian approach has the property that the influence of prior distributions typically vanishes with
large sample sizes (Bernardo & Smith, 1994, pp. 285-294). In contrast, our frequentist approach
has the property that external values shift the estimator, which does not vanish with larger sample
sizes. Therefore, our method may correct for selective sampling when external values anchor the data
generating process of interest. Furthermore, our method only requires the specification of an external
interval and an external variance, eliminating the need to specify a full prior distribution.

Supplementary material. The supplementary material for this article can be found at https://doi.org/10.1017/psy.2026.10130.
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