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RATIONAL POINTS ON CUBIC HYPERSURFACES THAT
SPLIT INTO FOUR FORMS

BOQING XUE AND LILU ZHAO

Abstract. Let C ∈ Z[x1, . . . , xn] be a cubic form. Assume that C splits into
four forms. Then C(x1, . . . , xn) = 0 has a non-trivial integer solution provided that
n > 10.

§1. Introduction. Given a cubic form C(x1, . . . , xn) in n variables with
integer coefficients, let X ⊆ Pn−1 be the corresponding cubic hypersurface
defined by C = 0. A folklore conjecture predicts that X (Q) 6= ∅, or equivalently,
C has a non-trivial integer zero, as soon as n > 10.

We say that C , or X , is non-singular if the only solution to the system of
equations ∇C(x) = 0 is x = 0. Heath-Brown [9] proved that n > 10 implies
X (Q) 6= ∅ for non-singular cubic forms. For general forms, Heath-Brown [10]
verified that n > 14 ensures such a zero. A more general result is n > 11 + σX
(see [4]), where σX denotes the projective dimension of the singular locus of X .

The Hasse principle says that X (Q) 6= ∅ if and only if X (R) 6= ∅ and
X (Qp) 6= ∅ for each prime p. Since cubic forms are indefinite, the condition
X (R) 6= ∅ holds automatically. However, local obstacles may exist when n 6 9.
See Mordell’s example [13] for a cubic form in nine variables that fails to have
p-adic solutions for some particular p. It is conjectured that the Hasse principle
is still true for non-singular hypersurfaces with n > 5. See [6] and [11] for results
in this direction.

We say that C splits off s − 1 forms, or C splits into s forms, if C can be
written as

C = C1 + · · · + Cs,

where C1, . . . ,Cs have independent variables. Browning [2] showed that
X (Q) 6= ∅ for n > 13 and s > 2. Later, in [17], Dai and the first author proved
that X (Q) 6= ∅ if n > 11 and s > 3. In this paper, we deal with the case s > 4.

THEOREM 1.1. Let X ⊆ Pn−1 be a cubic hypersurface defined by a cubic
form that splits into four forms. Then X (Q) 6= ∅ as soon as n > 10.

In view of [17, Theorems 1.1 and 1.2], it is sufficient to prove the case C =
C1 + · · · + C4, where C1, . . . ,C4 have 1, 1, 1, 7 variables, respectively.
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PROPOSITION 1.2. Let C0 be an integral cubic form in seven variables. For
c1, c2, c3 ∈ Z, we set

C(x1, . . . , x10) = c1x3
1 + c2x3

2 + c3x3
3 + C0(x4, . . . , x10). (1.1)

Then the equation C(x1, . . . , x10) = 0 has a non-trivial integer solution.

Our proof is based on the Hardy–Littlewood circle method. A mean value
estimate involving a smooth cubic exponential sum will be used. For more details
about applications of the circle method to rational points, we refer the reader
to [3].

§2. Definition and notation. Throughout, we assume that C is given by (1.1).
We call a form degenerate if it is equivalent over Q to a form in fewer variables.
It is obvious that a degenerate form has non-trivial integer zeros. So, we always
suppose that C is non-degenerate. This means that c1c2c3 6= 0 and C0 is
non-degenerate. Also, we assume that C0 does not split off forms, otherwise
Proposition 1.2 is established by [17, Theorem 1.2]. We say that a cubic form is
“good” if for any H > 1 and any ε > 0, the upper bound

#{x ∈ Zn
: |x| 6 H, rankH(x) = r} � H r+ε

holds for each integer 0 6 r 6 n, where H(x) is the underlying Hessian matrix.
If a cubic form has at least three variables and is not “good”, then it has non-
trivial zeros for “geometric reasons” (see [8]). Therefore, we assume that C0 is
“good” as well.

We define the boxes

B0 := {(x4, . . . , x10) ∈ R7
: |xi − zi | 6 $ }

and

B := {(x1, . . . , x10) ∈ R10
: 0 6 x1, x2 6 1, ς 6 x3 6 1, (x4, . . . , x10) ∈B0},

where $, ς > 0 and z4, . . . , z10 are constants depending only on the form C .
Let PB be the box whose elements x all satisfy x/P ∈ B and PB0 be similarly
defined. Write e(x) := e2π ix and eq(x) := e(x/q). We introduce the cubic
exponential sums Gi (i = 1, 2), h, S as follows. Let

Gi (α) :=
∑
m∈A

e(αci m3) (i = 1, 2),

where

A = A(P, Pη) := {1 6 m 6 P : p|m ⇒ p 6 Pη}. (2.1)

We define
h(α) :=

∑
ς P6x6P

e(αc3x3)
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and
F(α) :=

∑
|xi/P−zi |6$
(i=4,...,10)

e(αC0(x)).

The cubic Gauss sums are given by

S(q, a) :=
∑

r (mod q)

eq(ar3), SGi (q, a) := S(q, aci ) (i = 1, 2),

Sh(q, a) := S(q, ac3),

SF (q, a) :=
∑

r4,...,r10 (mod q)

eq(aC0(r4, . . . , r10))

and
SC (q, a) := SG1(q, a)SG2(q, a)Sh(q, a)SF (q, a).

Then we define integrals

IGi (γ ) :=

∫ 1

0
e(γ ci t3

i ) dti (i = 1, 2), Ih(γ ) =

∫ 1

ς

e(γ c3t3
3 ) dt3,

IF (γ ) :=

∫
B0

e(γC0(t4, . . . , t10)) dt4 . . . dt10

and

IC (γ ) := IG1(γ )IG2(γ )Ih(γ )IF (γ ) =

∫
B

e(γC(t1, . . . , t10)) dt1 . . . dt10.

We write

M(X) =
⋃

16q6X

q⋃
a=1

(a,q)=1

[
a
q
−

X
P3 ,

a
q
+

X
P3

]

and

R(X) =
⋃

16q6X

q⋃
a=1

(a,q)=1

[
a
q
−

X
q P3 ,

a
q
+

X
q P3

]
.

The unit interval T are split into major arcs M = M(P1) and minor arcs m =
T\M, where1 is a fixed small positive number. We further write m = m1 ∪m2,
where

m1 = m ∩R(P), m2 = m\R(P).

As usual, the letter ε will denote a sufficiently small positive number, while the
value of ε may vary from sentence to sentence.
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§3. The minor arc estimate. In the next three lemmas, let us abbreviate Gi as
G, zi as z and ci as c. The following result is due to Wooley [16].

LEMMA 3.1. For each ε > 0, there exists an η = η(ε) > 0 such that∫ 1

0
|h(α)2G(α)4| dα � P3+(

√
2833−43)/41+ε.

Remark 1. (
√

2833− 43)/41 = 0.24941301 . . . < 1/4.

In particular, one has the following lemma.

LEMMA 3.2. There exists an absolute constant η > 0 such that∫ 1

0
|h(α)2G(α)4| dα � P3.2495.

Throughout the paper, we assume that η is a fixed small positive number such
that Lemma 3.2 is valid. The following result is proved using Lemma 3.1 of
Brüdern and Wooley [5].

LEMMA 3.3. Suppose that 2 6 X 6 P. There exists a constant B > 0 such
that ∫

R(X)
|h(α)2G(α)4| dα � P3(log X)B

+ P2+εX.

Proof. We define the multiplicative function ω(q) determined by

ω(p3u+v) =

{
2p−u−1/2 when u > 0 and v = 1,
p−u−1 when u > 0 and 2 6 v 6 3.

When a ∈ Z and q ∈ N with (a, q) = 1, one has q−1S(q, a) � ω(q). In
particular, one has

q−1S(q, ac)�c ω(q),

where the implied constant depends on c. By [15, Lemmas 6.1 and 6.2], we have

h(α)�
ω(q)P

1+ |β|P3 + X1/2+ε. (3.1)

Hence,∫
R(X)
|h(α)2G(α)4| dα

� P2
∑
q6X

ω(q)2
∫ X/(q P3)

−X/(q P3)

(1+ |β|P3)−2
q∑

a=1
(a,q)=1

|G(a/q + β)|4 dβ

+ X1+ε
∫ 1

0
|G(α)|4 dα.
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On applying [5, Lemma 3.1], there exists B > 0 uniformly for 2 6 X 6 P such
that∑
q6X

ω(q)2
∫ 1/(q P2)

−1/(q P2)

(1+ |β|P3)−2
q∑

a=1
(a,q)=1

|G(a/q + β)|2 dβ � P−1(log X)B .

The proof is completed by noting that∫ 1

0
|G(α)|4 dα � P2+ε. 2

LEMMA 3.4. For any sufficiently small ε > 0, we have

P3/2+ε
(∫

m
|F(α)|2 dα

)1/2

= o(P7). (3.2)

Proof. Recall that C0 is “good”. On applying [17, Lemma 4.6(ii)] with n = 7,
t = 3/2,3 = 7, we find that 4 = 0,$2 = −1/3, π2 = 3 and (3.2) holds
(see [17] for the definition of these parameters). 2

LEMMA 3.5. We have(∫
m2

|F(α)|2 dα
)1/2

= o(P43/8).

Proof. Taking n = 7, t = 0,3 = 43/8 in [17, Lemma 4.6(i)], we obtain
4 = 19/44,$2 = −1/3, π2 = 8/3 and

Pε
(∫

m\N
|F(α)|2 dα

)1/2

= o(P43/8),

where N is the set of α ∈ m with the representation

α =
a
q
+ β, 0 6 a 6 q 6 P19/44+K δ,

(a, q) = 1, |β| 6 q1/3 P−8/3+δ.

Here K > 0 is an absolute constant and δ > 0 is a real number depending only
on ε. In the above range, we have

|β| 6 q1/3 P−8/3+δ 6 (q P2)−1

and so N ⊆ R(P). Recalling that m2 = m\R(P), Lemma 3.5 now follows. 2

LEMMA 3.6. One has∫
m

h(α)G1(α)G2(α)F(α) dα = o(P7).
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Proof. By the Cauchy–Schwarz inequality, for i = 1, 2, we have∫
mi

h(α)G1(α)G2(α)F(α) dα

�

(∫
mi

|h(α)2G1(α)
4
| dα

)1/4

×

(∫
mi

|h(α)2G2(α)
4
| dα

)1/4(∫
mi

|F(α)|2 dα
)1/2

.

Since m1 ⊆ R(P), we apply Lemmas 3.3 and 3.4 to conclude that∫
m1

h(α)G1(α)G2(α)F(α) dα

�

(∫
R(P)
|h(α)2G1(α)

4
| dα

)1/4

×

(∫
R(P)
|h(α)2G2(α)

4
| dα

)1/4(∫
m
|F(α)|2 dα

)1/2

� P(3+ε)/4 · P(3+ε)/4 ·
(∫

m
|F(α)|2 dα

)1/2

= o(P7).

We deduce from Lemmas 3.2 and 3.5 that∫
m2

h(α)G1(α)G2(α)F(α) dα

�

(∫ 1

0
|h(α)2G1(α)

4
| dα

)1/4

×

(∫ 1

0
|h(α)2G2(α)

4
| dα

)1/4(∫
m2

|F(α)|2 dα
)1/2

� P3.2495/4
· P3.2495/4

· P43/8

= o(P7).

Now the desired estimate follows from above by observing that m = m1∪m2.
2

§4. The major arcs estimate.

LEMMA 4.1. Suppose that α = a/q + β with 1 6 a 6 q 6 P1, (a, q) = 1
and |β| 6 P−3+1. Then

F(α) = q−7 P7SF (q, a)IF (βP3)+ O(P6+21). (4.1)

Moreover, for any ε > 0, one has

SF (q, a)� q35/6+ε (4.2)

https://doi.org/10.1112/S0025579315000224 Published online by Cambridge University Press

https://doi.org/10.1112/S0025579315000224


436 B. XUE AND L. ZHAO

and

IF (γ )� (1+ |γ |)−7/8+ε. (4.3)

Proof. One can obtain (4.1) from [1, Lemma 8.2]. Recalling that C0 is good,
the estimate (4.2) follows from [10, (7.1)]. As for (4.3), see [1, Lemma 8.8] for
an analog. 2

LEMMA 4.2. Write L = (log P)1/100. Then there exists a constant % > 0
such that∫

M
h(α)G1(α)G2(α)F(α) dα = %2 P7S(L)J(L)+O(P7 log−1/1000 P), (4.4)

where

S(X) :=
∑
q6X

q−10
q∑

a=1
(a,q)=1

SC (q, a)

and

J(X) :=
∫ X

−X
IC (β) dβ =

∫ X

−X

∫
B

e(βC(t1, . . . , t10)) dt1 . . . dt10 dβ.

Proof. Suppose that 2 6 Q 6 P1. For α ∈M(2Q)\M(Q), there exist a, q
and β such that

α =
a
q
+ β, 1 6 a 6 q 6 2Q, (a, q) = 1, |β| 6 2Q P−3.

By Lemma 4.1, we have

F(α)� P7q−7/6+ε(1+ |β|P3)−7/8+ε. (4.5)

Since α 6∈M(Q), one has either q > Q or |β| > Q P−3. It follows from above
that

F(α)� P7 Q−1/9q−19/18+ε(1+ |β|P3)−55/72+ε (4.6)

for α ∈M(2Q)\M(Q) and, therefore,∫
M(2Q)\M(Q)

|F(α)|2 dα � P14 Q−2/9

×

∑
q62Q

q∑
a=1

(a,q)=1

∫
|β|62Q/P3

q−19/9(1+ P3
|β|)−3/2 dβ � P11 Q−2/9.

Noting that M(2Q) ⊆ R(4Q2), we conclude from Lemma 3.3 and the Cauchy–
Schwarz inequality that∫

M(2Q)
|h(α)G1(α)G2(α)|

2 dα � P3(log Q)B .
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We apply the Cauchy–Schwarz inequality again to obtain∫
M(2Q)\M(Q)

h(α)G1(α)G2(α)F(α) dα

6

(∫
M(2Q)

|h(α)G1(α)G2(α)|
2 dα

)1/2(∫
M(2Q)\M(Q)

|F(α)|2 dα
)1/2

� P7 Q−1/9(log Q)B
� P7 Q−1/10.

Then, by a dyadic argument, we have∫
M(P1)\M(L)

h(α)G1(α)G2(α)F(α) dα � P7L−1/10. (4.7)

In view of [14, Lemma 5.4], there exists a positive number %, depending at
most on η, such that whenever 1 6 a 6 q 6 L and |β| 6 LP−3, one has for
j = 1, 2 that

G j (a/q + β) = %q−1 P SG j (q, a)IGi (βP3)+ O(P7(log P)−1/2). (4.8)

It follows from [15, Theorem 4.1] that

h(a/q + β) = q−1 P Sh(q, a)Ih(βP3)+ O(log P). (4.9)

Now we can deduce from Lemma 4.1, (4.8) and (4.9) that∫
M(L)

h(α)G1(α)G2(α)F(α) dα = %2 P10S(L)I(L)+ O(P7(log P)−1/4),

(4.10)
where

I(L) =
∫ LP−3

−LP−3
Ih(βP3)IG1(βP3)IG2(βP3)IF (βP3) dβ.

A change of variables gives

I(L) = P−3J(L). (4.11)

Then (4.10) and (4.11) yield∫
M(L)

h(α)G1(α)G2(α)F(α) dα = %2 P7S(L)J(L)+ O(P7 log−1/4 P).

(4.12)
We complete the proof by combining (4.7) and (4.10). 2

The singular series is defined to be

S := lim
X→+∞

S(X) =
∞∑

q=1

q−10
q∑

a=1
(a,q)=1

SC (q, a).

The limit exists, thanks to the following lemma.
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LEMMA 4.3. The singular series S is absolutely convergent and S(X) =
S+ O(X−1/6+ε) for any ε > 0.

Proof. It is shown in [15, Theorem 4.2] that whenever (a, q) = 1, one has

Sh(q, a), SG1(q, a), SG2(q, a)� q2/3. (4.13)

It follows from (4.2) and (4.13) that

∑
q>X

q−10
q∑

a=1
(a,q)=1

Sh(q, a)SG1(q, a)SG2(q, a)SF (q, a)

�

∑
q>X

q−7/6+ε
� X−1/6+ε.

The lemma easily follows. 2

The singular integral is defined to be

J := lim
X→+∞

J(X) =
∫
∞

−∞

∫
B

e(βC(t1, . . . , t10)) dt1 . . . dt10 dβ.

The following lemma shows that the above limit exists.

LEMMA 4.4. The singular integral J exists and, for X > 1, one has

J(X) = J+ O(X−7/8+ε)

for any ε > 0.

Proof. We conclude from [15, Lemma 2.8] that

Ih(γ ), IG1(γ ), IG2(γ )� (1+ |γ |)−1/3. (4.14)

Then we deduce by (4.3) and (4.14) that∫
|β|>X

Ih(β)IG1(β)IG2(β)IF (β) dβ �
∫
+∞

X
|β|−15/8+ε dβ � X−7/8+ε.

This completes the proof. 2

Lemmas 4.2–4.4 yield the following conclusion.

LEMMA 4.5. There exists a constant % > 0 such that∫
M

h(α)G1(α)G2(α)F(α) dα = %2 P7SJ+ O(P7 log−1/1000 P).
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§5. The proof of Theorem 1.1. As pointed out in §1, Theorem 1.1 follows
from Proposition 1.2 thanks to [17, Theorems 1.1 and 1.2]. In view of the
discussion in §2, we assume that c1c2c3 6= 0 and C0 is non-degenerate. We also
assume that C0 is “good”. Let

N (P) = #{(x1, . . . , x10) ∈ Z10
: C(x1, . . . , x10) = 0,

x1, x2 ∈ A, ς P < x3 6 P, |xi/P − zi | 6 $ (i = 4, . . . , 10)},
(5.1)

where zi (4 6 i 6 10) and $ will be chosen later. By orthogonality, one has

N (P) =
∫ 1

0
h(α)G1(α)G2(α)F(α) dα.

Recalling the definition of M and m, we have

N (P) =
∫
M

h(α)G1(α)G2(α)F(α) dα +
∫
m

h(α)G1(α)G2(α)F(α) dα.

On applying Lemmas 3.6 and 4.5, we obtain

N (P) = %2 P7SJ+ o(P7)

for some positive number %. Standard arguments show that both S and J are
positive, provided that $ is chosen sufficiently small (see [7, Lemma 7.3],
[8, §16] and [12, §20.2] for details). We conclude that

N (P)� P7.

This completes the proof of Proposition 1.2, and therefore Theorem 1.1 is
established.
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5. J. Brüdern and T. D. Wooley, On Waring’s problem for cubes and smooth Weyl sums. Proc. Lond.
Math. Soc. (3) 82 (2001), 89–109.

6. J. L. Colliot-Thélène and P. Salberger, Arithmetic on some singular cubic hypersurfaces. Proc. Lond.
Math. Soc. 58 (1989), 519–549.

7. H. Davenport, Cubic forms in thirty-two variables. Philos. Trans. R. Soc. Lond. A 251 (1959),
193–232.

https://doi.org/10.1112/S0025579315000224 Published online by Cambridge University Press

https://doi.org/10.1112/S0025579315000224


440 B. XUE AND L. ZHAO

8. H. Davenport, Analytic Methods for Diophantine Equations and Diophantine Inequalities, 2nd edn.,
(ed. T. D. Browning), Cambridge University Press (Cambridge, 2005).

9. D. R. Heath-Brown, Cubic forms in ten variables. Proc. Lond. Math. Soc. 47 (1983), 225–257.
10. D. R. Heath-Brown, Cubic forms in 14 variables. Invent. Math. 170 (2007), 199–230.
11. C. Hooley, On nonary cubic forms. J. reine angew. Math. 386 (1988), 32–98.
12. H. Iwaniec and E. Kowalski, Analytic Number Theory (Colloquium Publications 53), American

Mathematical Society (Providence, RI, 2004).
13. L. J. Mordell, A remark on indeterminate forms in several variables. J. Lond. Math. Soc. 12 (1937),

127–129.
14. R. C. Vaughan, A new iterative method in Waring’s problem. Acta Math. 162 (1989), 1–71.
15. R. C. Vaughan, The Hardy–Littlewood Method, 2nd edn., Cambridge University Press (Cambridge,

1997).
16. T. D. Wooley, Sums of three cubes. Mathematika 47 (2000), 53–61.
17. B. Xue and H. Dai, Rational points on cubic hypersurfaces that split off two forms. Bull. Lond. Math.

Soc. 46 (2014), 169–184.

Boqing Xue,
Academy of Mathematics and Systems Science,
Chinese Academy of Sciences,
Beijing 100190,
China
E-mail: boqing xue@hotmail.com

Lilu Zhao,
School of Mathematics,
Hefei University of Technology,
Hefei 230009,
China
E-mail: zhaolilu@gmail.com

https://doi.org/10.1112/S0025579315000224 Published online by Cambridge University Press

https://doi.org/10.1112/S0025579315000224

	1 Introduction
	2 Definition and notation
	3 The minor arc estimate
	4 The major arcs estimate
	5 The proof of Theorem 1.1
	Acknowledgement
	 References

