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A large eddy simulation (LES) is used to estimate a reliable horizontal turbulent
diffusion coefficient, K, in a convective mixed layer (CML). The introduction of
a passive scalar field with a fixed horizontal gradient at a given time enables K,
estimation as a function of height, based on the simulated turbulent horizontal scalar
flux. Here Kj, is found to be of the order of 100 m? s=' for a typical terrestrial
atmospheric CML. It is shown to scale by the product of the CML convective
velocity, w,, and its depth, h. Here K, is characterized by a vertical profile in the
CML: it is large near both the bottom and top of the CML, where horizontal flows
associated with convection are large. The equation pertaining to the temporal rate
of change of a horizontal scalar flux suggests that K, is determined by a balance
between production and pressure correlation at a fully developed stage. Pressure
correlation near the bottom of the CML is localized in convergence zones near the
boundaries of convective cells and becomes large within an eddy turnover time, i/w,,
after the introduction of the passive scalar field.
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1. Introduction

When a thermally stratified fluid is either heated from below or cooled from above,
a convective mixed layer (CML) is formed, where release of potential energy results
in vigorous turbulence. CMLs occur in a wide range of geophysical and astrophysical
flows, such as in terrestrial and planetary atmospheres, oceans, the Earth’s interior
and stars. Like Rayleigh—Bénard convection, which results from both heating from the
bottom and cooling from the top, CML dynamics have also been studied extensively
(e.g. Plate et al. 1998).

Since individual convection cells in a CML are often characterized by much smaller
horizontal scales than those of flows of interest, most numerical models pertaining
to large-scale flows use horizontal grid sizes that do not resolve the convection cells.
Thus, turbulent transport caused by convection must be parameterized. A number of
studies have investigated parameterization of vertical turbulent transport in a CML
for Reynolds-averaged Navier—Stokes (RANS) models (cf. Mironov 2009). Global to
mesoscale numerical weather prediction models, which belong to a category of RANS
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models, have employed some of these parameterizations (e.g. Mellor & Yamada 1974;
Hong & Pan 1996; Nakanishi & Niino 2009). By contrast, physical processes that
cause horizontal turbulent transport have attracted less interest. Such processes have
not been studied in detail, partly because their effects are often masked by artificial
diffusion aimed at suppressing numerical instabilities.

One of the important topics related to horizontal turbulent transport involves the
dispersion of pollutants in the atmosphere. A number of attempts to parameterize
horizontal turbulent diffusion for RANS models have been made (e.g. Chino
& Ishikawa 1988; Byun & Schere 2006). Chino & Ishikawa (1988) used a
Pasquill-Gifford chart (Gifford 1961) that semi-empirically determines a horizontal
turbulent diffusion coefficient, K. Although K, thus determined may be reliable for
short downwind distances from a source, they may not be for long distances. Byun
& Schere (2006) parameterized K, based on the Smagorinsky model (Smagorinsky
1963) in a mesoscale atmospheric model to predict pollutant diffusion. However, the
use of the Smagorinsky model in a mesoscale setting may not be rationalized when
the grid size is outside the scale of an inertial subrange.

While the horizontal dispersion from a point source in CMLs has been studied
extensively at short downwind distances of typically less than 1 km in which high
concentration of pollutants can be generated (e.g. Gifford 1961; Weil et al. 2012),
relatively little quantitative discussion based on field observation has been presented
for horizontal dispersion in longer downwind distances that are larger than the
horizontal scales of convection cells. This is partly because the dispersion in the
real atmosphere is not only caused by convective motions, but also affected by
time-varying environmental winds, mesoscale circulations such as sea breezes and
local topographies. On the other hand, Willis & Deardorff (1981) performed a
laboratory experiment on a CML to investigate horizontal dispersion for vertically
integrated concentration of a passive scalar both in short and long distances.

Since RANS models which give accurate horizontal diffusion in a long downwind
distance may be critically important on an occasion such as the accidental emission of
radioactive material from a nuclear power plants in Fukushima, Japan (e.g. Morino,
Ohara & Nishizawa 2011), a reliable formulation of K, is desired. However, our
understanding of horizontal diffusion is not sufficient even for an idealized CML:
we need to know basic characteristics of horizontal diffusion in a CML such as its
scaling and vertical profile of Kj,.

On the basis of a large eddy simulation (LES) with a sufficiently high resolution
to resolve turbulent eddies in a CML, the present study examines basic processes of
horizontal turbulent transport. Hotta, lida & Yokoyama (2012) studied numerically
the horizontal dispersion of a passive scalar in the presence of Rayleigh—-Bénard
convection. The initial distribution of the passive scalar was given by a Gaussian
function, and an estimate of K, only for vertically integrated concentration was
desired. In the present paper, we introduce a novel way to reliably estimate K,: at
a certain time after the CML is developed, a passive scalar field having a fixed
uniform horizontal gradient is introduced, and the resulting horizontal turbulent flux
is used to obtain the vertical profile of Kj, which may in turn be used for improving
a parameterization of horizontal turbulent transport in a RANS model.

The remainder of this paper is organized as follows. In § 2 the experimental setting
is described. The horizontal diffusion coefficient is estimated in § 3, and the simulation
results are discussed in § 4. Finally, concluding remarks are presented in §5.
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FIGURE 1. Time series of (¢) CML h and (b) convective velocity, w, = (gQh/6)3
(solid lines) for 0 =0.2 K m s~!. The dashed lines show the predictions associated with
a heat budget.

2. Numerical setting

The three-dimensional LES model employed in the present study was developed
by Ito, Niino & Nakanishi (2010a,b). It employs the Boussinesq approximation and
Smagorinsky’s subgrid-scale (SGS) model (for details, see the Appendix of Ito et al.
2010a) on the Arakawa C-grid. CMLs reproduced by our LES code are similar
to those simulated by different codes in the presence of weak environmental shear
(Fedorovich et al. 2004).

A uniform grid size of 25 m in all three dimensions is used. The horizontal size
of the calculation domain is 18 km x 18 km, and the vertical extent is 5 km. The
top boundary is free-slip and adiabatic, whereas the lateral boundaries are cyclic.
No ambient wind is included. The initial potential temperature increases linearly
with height at a constant rate, I, of 4.0 K km~!' from its surface value of 299 K.
A constant kinematic heat flux, Q = 0.2 or 0.1 K m s~!, is adopted at the surface
to develop a CML. The surface stress is calculated using the bulk method, which is
based on the Monin—Obukhov similarity law. Time integration is performed with a
time step of 0.2 s. As examined in Appendix, the grid size and time step are fine
enough for the purpose of this study.

The CML continually grows because of the positive heat flux at the surface.
Figure 1 shows time series of the CML depth, 2 and the convective velocity scale,
ws = (ghQ/0)"? (Deardorff 1970), for Q = 0.2 K m s~!, where g = 9.81 m s
represents the acceleration due to gravity and 6y = 309 K is the standard potential
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temperature. The depth % is defined as the height where the horizontally averaged
vertical heat flux takes the minimum value. The development of / agrees reasonably
well with predictions based on a heat budget of 0.5 x I'h?> = Qt (see figure 1) at
time ¢. Note that a slight systematic difference occurs at the top of the CML due to
entrainment.

To investigate the horizontal turbulent diffusivity in the CML, a passive scalar
field, C, characterized by a uniform horizontal gradient in the y direction, dC/dy=—1,
is introduced at a given time. If the concentration of the passive scalar field, c, is
denoted by ¢ = C + ¢ + ¢/, where ¢ and ¢’ are the resolved and SGS deviations,
respectively, from the basic field characterized by the uniform gradient, a prognostic
equation for ¢ is given by

3¢ (08 ,0C 9e Loe 9 08\ b ( aC
— = —U——V— =V —W—F — | Vy— — | vo—
at ax dy oy dz  ox\ ‘ox)  ay\ ' dy

N d ac N d ac @.1)
— | ve— —lve— |, .
oy eay az\ oz

where &, v and W are the resolved velocity components in the x, y and z directions,
respectively, and v, represents the eddy diffusivity based on the zero-equation
Smagorinsky’s SGS model, which determines v, diagnostically (Ito et al. 2010a).
Note that ¢ is assumed to be periodic horizontally. Equation (2.1) is integrated
together with prognostic equations for &, 0, w and the potential temperature.

3. Horizontal eddy diffusivity
Horizontal eddy diffusivity, K, is defined as

et =) (-3
n=—(vc) ay—(vC) (ve’) =(ve) Y5y P = (vc) Y5y {ve),
(3.1)

where the brackets denote Reynolds averages, which are estimated here as horizontal
averages over the entire domain. Note that taking Reynolds averages eliminates
products of resolved and SGS variables such as (c’) and (v'¢) in the third expression,
in the final expression, the second and third terms represent SGS fluxes, which are
always by two orders of magnitude less than the first term.

For experiments where dC/dy is introduced at t=5 h and 0 =0.2 K m s™!, time
series of Kj, at different heights are shown in figure 2. At the instant when dC/dy
is introduced, K, =0, since ¢ =0. Here K, increases rapidly and fully develops after
approximately 30 min, which is close to the convection’s turnover time, i/w,.

Here K, then increases gradually as the CML grows. In the present CML, typical
values of K, are of the order of 100 m? s~', whereas K, is much smaller above the
CML (at z=1.25h), where turbulent motions occur only sporadically. In addition to
these fluctuations, K;, seems to have maxima near the top and bottom of the CML,
where the horizontal convective velocities are large, as suggested by Dosio et al
(2005).

To show the evolution of the vertical profile clearly, figure 3(a) shows time averages
of K, for a duration of 1.5 h at different heights during its fully developed stage,
which is attained 30 min after the introduction of dC/dy. Results of experiments in
which 0 =0.2 K m s™! and 9C/dy is introduced at =35, 7, 12 and 18 h after the
start of the LES are shown. Also shown are the results of an experiment in which
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FIGURE 2. Temporal variations of K, estimated based on (3.1) at various heights. The
passive scalar field horizontal gradient is imposed at r = 5 h from the start of the
calculation.

0=0.1 Km s7! and dC/dy is introduced at t =8 h after the start of the LES. For
a fixed surface heat flux of O =0.2 K m s~!, K, increases with time as the CML
develops.

Figure 3(b) is similar to figure 3(a), except that K, is scaled by w,h. The fully
developed values of the non-dimensional coefficient K, for different surface heat fluxes
and different times nearly approach a single vertical profile. Whereas the dimensional
K; as shown in figure 3(a) is specific to the present setting (for which a terrestrial
atmosphere has been assumed), the non-dimensional K,/w.h as shown in figure 3(b)
is applicable to a variety of CMLs that prevail in nature and engineering.

4. Discussion

In the present experiment, dC/dy is fixed, so that K, is solely determined by the
horizontal flux, (vc) ~ (v¢). The equation for the temporal rate of change of (0¢) is
given by

a .. 0 0C 0 .. N

8t(vc)_ (v )ay aZ(vwc +<p8y>+6, 4.1)
where the first term on the right-hand side represents the production, the second term
turbulent transport, the third term pressure correlation with p denoting the resolved-
scale kinematic pressure and the fourth term the SGS contribution, which turns out to
play a minor role. Note that horizontal turbulent transport d(duc¢)/dx and d(0°¢)/dy
are dropped off because of the periodicities for horizontal directions. At the fully
developed stage, the terms on the right-hand side should almost balance each other.

Figure 4(a,b) show vertical profiles of the terms in (4.1) at a developing stage of
(v¢) and at its fully developed stage, respectively, after introduction of the uniform
horizontal gradient of the scalar field ¢ where the terms are scaled by w?. Note that
the production term is solely determined by (9?). The vertical profile of (92)/(w,)?,
shown by the solid line in figure 4, agrees well with the profile found in previous
observational and numerical CML studies (e.g. Schmidt & Schumann 1989).

The magnitude of K, is almost entirely determined by the balance between
production and pressure correlation, except near the bottom of the CML. While the

-~
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FIGURE 3. Vertical profiles of fully developed, time-averaged (a) K, and (b) scaled
K,/w.h. Full development of K, is attained 30 min after dC/dy is introduced. The
standard deviations are shown as horizontal error bars. The averages and standard
deviations are based on K, measurements obtained every minute for a total duration of
1.5 h.

pressure correlation is almost uniform, the production exhibits peaks near both the
ground and the top of the CML, where vertical turbulent transport of (0¢) works to
compensate for the imbalance.

Figure 5 shows the distribution of ¢ and of the flow fields at a low level (z~ 0.064)
of the CML at its fully developed stage (=38 h) corresponding to figure 4(b). Flows
in the positive (negative) y direction tend to be associated with positive (negative) ¢
because of the dC/dy = —1 gradient. Figure 6(a) shows the horizontal distribution of
the pressure correlation term at low levels. Note that an additional horizontal filter
averaging over grid points within a square with a side of 150 m, has been applied
to the pressure correlation term to remove small-scale fluctuations. Convergence from
opposite y directions results in positive deviations of p and a negative d¢/dy gradient,
so that the pressure correlation tends locally to lead to large negative values at the
cell boundaries that are characterized by updrafts (see figure 6a). A similar process
occurs near the top of the CML, and large negative values of pressure correlation are
associated with downdraft regions at the centres of cells. By contrast, production has
relatively uniform values across the domain (see figure 6b). These results show that


https://doi.org/10.1017/jfm.2014.545

https://doi.org/10.1017/jfm.2014.545 Published online by Cambridge University Press

Horizontal diffusion in a convective mixed layer 559

. 2
Production/w;; ——

Turbulent transport/w? -

(@)

Pressure correlation/ wi —————————
Total / wi

1.4
12 ‘
Lop T T -
z/h 0.8 T R

06F 1
04f | R 1
02l :;‘1 fj:: e i

®) 14+

12}
LoF
z/h 08
0.6
04t
02} ¢

0 poooom ) 1 I
-02 -0.1 0 0.1 02 03 04

Flux budget

FIGURE 4. Vertical profiles of the terms on the right-hand side of (4.1) at (a) t =
7 h 10 min and (b) t =8 h, where the horizontal gradient of the passive scalar field is
introduced at + =7 h after the start of the calculation. Note that the height is scaled by
h and that all terms are scaled by w?.

pressure correlation and production are not balanced locally, although they are nearly
balanced when averaged over the horizontal domain containing several convection
cells. Thus, the K, values obtained in the present study are only applicable to
scalar-field gradients on horizontal scales larger than the convection cells.

Comparing figure 4(a,b), we note that the pressure correlation at t =7 h 10 min
is not as large as that at r = 8 h, and that it is not balanced with the production
term. The smaller pressure correlation causes a rapid increase of K, soon after the
introduction of the uniform gradient at t+ =7 h. This initial behaviour of K) can be
explained easily if the temporal rate of change of (0c) is rewritten in terms of an
autocorrelation function, R(t) = (0(1)d(t + 1)) /(0%(1)):

J .. J .. d .. a(vwe)
60 = (560)=(569) - (557)
L8N/ (o [ s
<dt<“>>—<dz (”/0 ! f)>
d . !
& ((U(O) )/0 R(‘[)d‘f), 4.2)

where d/df denotes the Lagrangian (temporal) rate of change. Note that, to derive the
second equality, the continuity equation and lateral periodicities are used and SGS
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FIGURE 5. The distribution of ¢ (colour shading) and horizontal wind vectors (green
arrows) in a horizontal section at z=112.5 m (~0.06h) at t =8 h after the start of the
LES. Note that only a section of the calculation domain is shown. Updraft regions where
w>1 m s~! are shown by black isolines.

contributions are neglected; we have also used d¢/df ~ —v3dC/dy =0 from (2.1) and
neglected SGS contributions and vertical turbulent advection (cf. figure 4) to derive
the third equality; steadiness of (v(f)) and R(r) is assumed in the final equality.
Equation (4.2) shows that the behaviour of K, ~ (0¢) is explained in a similar way
to the derivation of Taylor’s diffusion theory (cf. Panofsky & Dutton 1983, p. 238).
Since R(#) — 1 for t+ — 0, (v¢) = K, initially increases linearly with time. On the
other hand, K, tends to a constant because R(7#) — 0 after the eddy turnover time,
h/w,., when particles move from their initial positions to reach convergence zones of
convective cells.

Using a laboratory experiment in which a continuous point source is placed in
a CML with a weak environmental wind, Willis & Deardorff (1981) suggested
that crosswind dispersion, o,, for vertically integrated concentration in a downwind
distance satisfying xU/w,h > 2 is given by o,/h = 0.36 x (w,t/h)"/?, where x is
downwind distance from the point source, U environmental wind speed and ¢ elapsed
time after the passive scalar is released from the source. If the relationship o, ~ /2Kt
between the crosswind dispersion o, and horizontal diffusivity K, as obtained from a
solution of the one-dimensional diffusion equation (Panofsky & Dutton 1983, p. 231)
is considered, their result corresponds to Kj,/w.h ~ (0.36)2/2 ~ 0.065, which is
somewhat small compared with ours (figure 3b). The difference may possibly be
caused by the passive scalar in their experiment not being vertically well mixed even
for xU/w,h > 2. Based on a LES, Weil et al. (2012) also made a similar study to
Willis & Deardorff (1981). Their figure 9 suggests that crosswind dispersion, o,/h, for
t=h/w, is 0.3-0.4 depending on the source height, which gives K,/w,h ~ 0.045-0.08
if (4.3) is used. These values are again somewhat smaller than ours.

Weil et al. (2012) also plotted crosswind dispersion data obtained by the field
experiment CONDORS (COnvective Diffusion Observed by Remote Sensors;
Eberhard, Moninger & Briggs 1988; Briggs 1993) in their figure 9. The crosswind
dispersion, o,/h, for t = h/w, in the field experiment is generally larger than that
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FIGURE 6. As for figure 5, except (a) for filtered pressure correlation p(dc/dy) and (b) for
the production term, where the overbar denotes a filtered quantity which is obtained by
averaging over grid points within a 150 m square to remove small-scale fluctuations.

obtained by the LES, and that obtained for an elevated point source is 0.4—-0.9, which
gives K/w,h ~ 0.08-0.41. The larger values of the horizontal diffusivity in the field
experiments are likely to be caused by local circulations due to thermal contrast
and topographies. Several previous observations in the real atmosphere also suggested
larger values for K, for longer diffusion times (~several days) (Gifford 1982). Gifford
(1982) and Panofsky & Dutton (1983, p. 231) suggest that the larger values of K,
are likely to result from local circulations (such as sea-breeze circulations) which
have larger horizontal scales than the convection cells. Such local circulations are not
present in our study, since we have assumed statistical homogeneity in the horizontal
direction. In fact, Terada, Nagai & Yamazawa (2013) suggests that eddy diffusivity
of Gifford (1982) should be reduced if resolution of numerical model is improved to
resolve such local circulations.

We briefly discuss a comparison with the conventional parameterization given by the
Pasquill-Gifford chart that gives a relationship between crosswind dispersion o, and
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FIGURE 7. Vertical profiles of fully developed, time-averaged scaled K;/w,h for sensitivity
experiments presented in the same way as figure 3(b), where Q =0.2 K m s~! and the
passive scalar field’s horizontal gradient is imposed at t=35 h.

downwind distance x. The corresponding horizontal diffusion coefficient K, = ayz U/2x

monotonically increases with a certain power of x, where o, increases nearly with x*°.
When x =6 km, the chart indicates o, ~ 1 km in the unstable case. If a typical value
of U=2 m s7" is assumed, K, results in 170 m* s~!, which is slightly larger than
the value of K obtained in the present study. Note that when the environmental wind

vanishes as in the present LES, however, the formulation of K, does not remain valid.

5. Concluding remarks

Horizontal diffusion due to turbulent motions in a CML is investigated by means
of a LES in which a uniform horizontal gradient of a passive scalar is introduced at
a certain instant. The LES shows that the horizontal diffusion coefficient, Kj, is of
the order of 100 m? s~ for a typical terrestrial atmospheric CML. It is found that
K, scales with the product of w, and h, where w, is the convective velocity scale
and i the CML depth. Here K, has a universal vertical profile (see, e.g., figure 3b),
which needs to be considered when parameterizing the horizontal diffusion in a CML.
Note that a CML horizontal turbulent diffusivity is not proportional to the vertical
turbulent diffusion coefficient, which has a maximum in the middle of the CML (see
figure 2 in Degrazia et al. (1997) that presents a vertical profile of non-dimensional
vertical turbulent diffusion coefficient). The results of this study can be applied not
only to CMLs in the terrestrial atmosphere but also to those in the atmospheres of
other planets and stars, the lakes and the oceans.
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Appendix. Sensitivities on grid size and time step

In this appendix, we will examine sensitivities of horizontal turbulent diffusivity on
grid size and time step. First, the same experiment as the control, which utilized a
grid size dx of 25 m, was made with dx = 100, 50, and 15 m, while keeping the
domain size and time step. Figure 7 shows that the scaled diffusion coefficient nearly
converges if dx is less than or equal to 25 m.

Also plotted in figure 7 is the scaled diffusion coefficient for the same experiment
as the control except that the time step is reduced by half. The difference between
the two experiments is small, demonstrating that the results depend little on time step
if it is less than or equal to 0.2 s.
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