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Abstract. We study the dimension spectrum of Lyapunov exponents for multimodal maps
of the interval and their generalizations. We also present related results for rational maps
on the Riemann sphere.
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1. Introduction
This paper is an interval multimodal mapping counterpart of the authors’ earlier paper on
complex rational maps on the Riemann sphere, [14]. Some new ideas also yield progress
in the complex setting (see Appendix A).

We consider a C? (or C? with bounded distortion) multimodal map f on a finite union
T of pairwise disjoint closed intervals in R and the iteration of f on the maximal forward
invariant subset K (in an equivalent approach: K is f-forward invariant and f|x satisfies
the Darboux property{). We assume that f|x is topologically transitive and has positive
topological entropy. Given « € R, we consider the level sets of Lyapunov exponents of f

L(a) :={x €K: x(x):= lim % log |(f™")'(x)] =a}

and study the function o — dimpg £ («), which is called Hausdorff dimension spectrum of
level sets L(«) for Lyapunov exponents, or, shortly, the Lyapunov spectrum. We prove
that this spectrum can be expressed in terms of the Legendre transform of the geometric
pressure function, that is, of the function r — P(f |k, —t log | f'|). We only allow non-flat
critical points in K.

This is a classical result in the uniformly hyperbolic case (see, for example, [28, 29, 45]
and also earlier papers by mathematical physicists, for example, [6, 12, 41]). But our
system is just ‘chaotic’ in the sense that it is topologically transitive and has positive
topological entropy. Observe that our system has a uniformly hyperbolic factor obtained
in the following way: identifying endpoints of gaps (intervals complementary to K in the
case where K is a Cantor set; it can be a priori a finite union of closed intervals T), by
a continuous change of coordinates we get a piecewise continuous piecewise monotone
map of the interval with constant slope hp(f|x). In particular, this map is piecewise
uniformly hyperbolic, see [36, Appendix A]. Unfortunately, the geometric potential

T See [36, Appendix A] and references therein.
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x +— —tlog | f'(x)| does not survive this coordinate change. Hence, this approach would
not help in studying the geometric properties of the original map.
We are also studying the irregular part of the spectrum, that is, the level sets of irregular
points
L, B)={xeK: x(x)=a, x(x)=8}, a<p

for the lower and the upper Lyapunov exponents. In some cases we obtain a precise
formula, conjectured in previous papers in both the real and the complex cases. Our main
tools are hyperbolic approximation to show lower bounds and conformal measures and
their generalizations to show upper bounds. The existence of those conformal measures
has been proved via an inducing scheme in [36, Theorem Al].

In particular, we show that certain level sets are empty. Denoting by xinf the infimum
of exponents of f-invariant probability measures on K, we obtain y (x) > xinr for every
x € K for which x(x) exists and is different from —oo. This was conjectured before in
[20, 21]+.

Moreover, in the case that K = 7\, f is non-exceptional, and f has no indifferent
periodic orbits in K, we conclude that X ()% > Xint provided ¥ (x) > 0. Here yx(x)*
denotes a certain non-negative average of ;(x) and ¥ (x), see §6. N

The novelty of this paper, compared to methods used in [14], is that we investigate not
only non-critical pull-backs but also allow pull-backs of bounded criticality (Topological
Collet—Eckmann type feature).

Our setting of multimodal maps has been elaborated recently by Przytycki and Rivera-
Letelier [36]. Substantial earlier contributions to this theory have been made in particular
by Hofbauer, Iommi and Todd.

1.1. Generalized multimodal maps. In this paper we work in the multimodal setting
elaborated in [36]. We will consider a C” map f on a certain open subset of the real
line into the real line. We assume r =2 if not stated otherwise. A point x is said to be
critical if f'(x) =0. We denote by Crit(f) the set of all critical points of f. We denote
by Critr (f) C Crit(f) the set of all turning critical points and by Crit; (f) C Crit(f) the
set of all inflection critical points. We say that f is non-flat at a critical point ¢ if f(x) =
+|p(x)|? + f(c) forsomed >2and ¢ a C" diffeomorphism in a neighborhood of ¢ with
¢(c) =0, see [25, Ch. IV]. In this paper, we assume that f has only a finite number of
critical points and that all of them are non-flat. We say such a map is multimodal.
We denote by deg f the geometric degree of f, that is,

deg f:=sup #f | ({x}).
xeK

Let K C R be an infinite compact set in the domain of f. We assume that K is forward
invariant under f, thatis, f(K) = K. We also assume that f: K — K is topologically
transitive, that is, for all Vi, V> C K non-empty and open in K there is n > 1 such that
VDNV £ 2.

T After this paper was written, J. Rivera-Letelier explained to us that x(x) > xiof follows easily from
—limy— 00 1/nlog max [Wy| = Xin, where the maximum is taken over all connected components Wy of

preimages f (W) with W C I a sufficiently small interval. The latter inequality was proved in [42] under
additional, but not substantial, assumptions on f. See Appendix B for details.
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We will usually assume that f|x has positive topological entropy.

We assume that there exists a covering of K by a finite family of pairwise disjoint closed
intervals E in the domain of f, with end points in K, such that K is the maximal compact
forward invariant set in

TK = U E
J

We assume that TK\K does not contain critical points.

Furthermore, we consider a C" extension of f to some neighborhoods U/ of E such
that U/ are pairwise disjoint and none of U/\ K contains a critical point. Let U = U.,' U/
Sometimes to distinguish U we write Uk .

Following [36], we denote the space of the quadruples (f, K, Ix, U ) satisfying the
above properties by /. We simply write <7, if r =2. As in [36], the subscript +
indicates that f|x has positive topological entropy. We will omit it if this assumption
is not necessary. Sometimes we abbreviate to (f, K, TK), (f, K, U), orjust (f, K). For
such quadruples, triples, couples, we sometimes use the name generalized o7 -multimodal
maps or systems.

If (f, K) € o, then K is either the union of a finite collection of compact intervals
K = TK or a Cantor set, see [36, Lemma 2.1].

1.2.  Periodic orbits. ~We say a point p € U is periodic if there exists m > 1 such that
f™(p) = p, and we call the smallest such number m its period. We denote by O(p) its
periodic orbit and define the basin of attraction of O(p) by

B(p):=int{x e U: f"(x) - O(p) asn — o0}.

The orbit O(p) is said to be attracting if O(p) C B(O(p)). The orbit is said to be
repelling if |(f™)'(p)| > 1 and some small neighborhood W of O(p) is forward invariant
for g = f|W’1 and satisfies g"(W) — O(p) as n — oo. If |(f™)'(p)| > 1 then p is said
to be hyperbolic repelling. In the remaining cases we say O(p) is indifferent. We denote
the set of indifferent periodic points by Indiff( f).

The multimodal systems we study in this paper are natural generalizations of the class
of multimodal maps of the interval f: I — I (extended to a neighborhood U of ), where
K =1\ U[, HB(p) is called a Julia set, see [36, Example 1.8] or [25, Ch. IV]. A wider class
of examples are so-called basic sets in the spectral decomposition, see again [36, Example
1.9] or [25, Ch. II1.4].

A special case occurs if K = Tk and, in particular, if K = I. This will allow us to prove
stronger forms of Theorems 2 and 3.

For (f, K) € o there are no periodic orbits in TK\K . Further, periodic orbits in K are
either hyperbolic repelling (and there are infinitely many such orbits if (f, K) € <Z;) or
non-hyperbolic repelling or indifferent (and of those two types there are at most finitely
many orbits). By changing f outside K and shrinking U if necessary, we can also
assume that periodic orbits outside K are hyperbolic repelling (see [36, Remark 1.6 and
Appendix A]).
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Definition 1.1. For (f, K, U) € of we say K is weakly isolated if there exists an open set
U’ C U such that every f-periodic orbit O(p) which is contained in U’ must be contained
in K.

Recall that in the definition of &/ we required that K is the maximal invariant set in
T;<, so the weak isolation condition is not automatically satisfied; a priori there can be
hyperbolic repelling periodic orbits close to K intersecting R\TK, see [36, Example 2.12].

If K is maximal in an open neighborhood of K, then it is weakly isolated, and
even isolated (see the definition in §2.1), but observe that TK does not contain an open
neighborhood of K.

In the main theorems of this paper we need to assume that K is weakly isolated. Notice
however that if K is a Julia set (see the definition above), then the weak isolation condition
is automatically satisfied.

1.3. Distortion. Let us introduce some more notation following the terminology
in [25]. We define as

/
X
Dist g|7 := sup |g/( )|
X, yeZ |g ()’)l

the maximal distortion of a differentiable map g on a set Z. Given two intervals U C V,
we call V an ¢-scaled neighborhood of U if V\U has two components of length ¢|U|. In
this case, we also define

Vi=(1+42)0U. (1.1)

Correspondingly, we write
U=(1+2¢)"lovV.

We say that (f, K) € o satisfies a bounded distortion condition if there exists § > 0 such
that for every ¢ > 0 there is C = C(¢g) > 0 such that the following holds: for every pair of
intervals 11, I C U such that I} intersects K and |I>| < 8, and every n > O for which f"
maps an interval /| containing /; diffeomorphically onto an interval ; being the e-scaled
neighborhood of 15,

Dist f"|;, < C(e). (1.2)

This easily implies that there exists t(¢) such that / 1’ contains a t(¢)-neighborhood of 1.
If (f, K) € < satisfies the bounded distortion condition, we write (f, K) € «/BP.

Remark 1.2. For (f, K) € o/BP, the only periodic orbits in K are either hyperbolic
repelling or indifferent one-side repelling (see [36, Remark 1.11]).

If (f, K) e </? and all periodic orbits in K are hyperbolic repelling, then f can
be changed outside K if necessary, so that (f, K) € <f BD (see [36, comments after
Theorem A, Remark 2.14, and Lemma A.4]). The </BP assumption can therefore be
considered as the weaker and the appropriate one if only facts concerning f|x are asserted.
Indeed, it assumes only C? smoothness and allows indifferent periodic orbits in K.

1.4. Exceptional sets. Denote by NO(f, K) the set of points where f|x is not
open. Observe that NO(f, K) C Crity (f) U dlk (see also [36, Lemma 2.2]). We call
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S:=Crit(f)U E)TK the singular set and §’ := Crit( f) U NO( f, K) the restricted singular
set. In fact, §’ plays a more substantial role in this paper (and in [36]) than S does.

Given an arbitrary finite set ¥ C K, we say a non-empty set £ C K is weakly
Y -exceptional if E is non-dense in K and satisfies

flk MENZ CE. (1.3)

Condition (1.3) can be read as: all backward trajectories for f which start in £ and go
outside E are ‘immediately blocked’ by X. We say that E is X-exceptional if it is weakly
% -exceptional and forward invariant.

Observe that the union of (weakly) X-exceptional sets is (weakly) ¥-exceptional. Note
that in the case that (f, K) € <7, by [36, Proposition 2.7] all weakly X-exceptional sets
E are finite and have a uniformly bounded cardinality. Therefore, there is a finite maximal
weakly ¥-exceptional set. Indeed, the union of all weakly X-exceptional sets clearly has
the property (1.3) and is not dense since there is a uniform bound for its cardinality.

Finally, we say a point x € K is (weakly) X-exceptional if x belongs to a (weakly)
Y -exceptional set.

We shall apply this for £ = §’. If there does not exist any S’-exceptional set, we say f
is non-S’-exceptional or just non-exceptional, otherwise we say f is exceptional.

Example 1.3. Chebyshev maps such as, for example, f(x) = x> —2 with K = Ix being
the interval [—2.2], are S-exceptional, but many other interval maps are not.

The critical value of a unimodal map (for example, a quadratic polynomial) constitutes
a (one-element) weakly S-exceptional set.

1.5. Lyapunov exponents. ~We are interested in the spectrum of Lyapunov exponents of
the map f: K — K. Given x, we denote by x (x) and X (x) the lower and upper Lyapunov
exponents at x, respectively, where

1 1
x() = liminf - log |(/") (¥)],  F(x) = lim sup —log |(/") (x)]

n—oo N

If both values coincide then we call the common value the Lyapunov exponent at x and
denote it by x(x). We say such x is Lyapunov regular. We allow x(x) = —oo. Given
a e R, let

Lla):={xeK: x(x)=al,

that is, the set of Lyapunov regular points in K which have exponent «. For given numbers
0 < o < B, we consider also the following level sets

Lla, B):={x e K: x(x) =a, x(x) =B}
If o < B, then L(«, B) is contained in the set of so-called irregular points
Liw:={x e K: x(x) <X(x)}.

Given a compact f-invariant set X C K, we denote by M(X) the set of all f-invariant
Borel probability measures supported on X. We denote by Mg (X) the subset of ergodic
measures contained in M(X). We simply write M = M(X) and Mg = Mg(X) if X =K.
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Note that in the following definitions it is irrelevant whether we consider u € Mg or
n € M. Given u € M, we denote by A, (f) the measure theoretic entropy of  and by

() :=/10g|f’ldu

the Lyapunov exponent of w (if © € Mg then for almost every x, x(u) is equal to y (x)
by Birkhoff’s Ergodic Theorem). Notice that for (f, K) € &/ we have x (u) > 0 for any
probability f-invariant i supported on K (see [32, Theorem B], and [42, Appendix A] for
a simplified proof).

1.6. Pressure and Legendre-like transform. Given t € R, we define the function
¢ K — [—00, +00] as
@ (x) == —rlog | f'(x)]. (1.4)

We define the variational pressure of ¢, (with respect to f|x) as

Pyar(9r) :=M;nj\%?f)<hﬂ(f)+/A<pz du)=ﬂénwz%?f)(hu(f)—tx(u)). (1.5)

We shall often denote this pressure (and other pressures being equal to it, see (2.1)) simply
by P(t¢) and call it the geometric pressure.
The function t +— P () is convex as the maximum of convex (even affine) functions

t=h(f) —tx(w).

It is monotone decreasing, since for all © € M(f) we have x >0 (see the references
above).
Let
Xinf ;= 1inf{} (u): w € M}, xsup :=sup{x (n): u € M}. (1.6)

The definition of the variational pressure (1.5) implies

. 1 . 1
Xinf = Hm ——Puar(@r),  Xsup = lim  ——Pyar(y).
t—00 t t——00 t

Observe that xinf and xsup coincide with the inclinations of, respectively, the right and left
asymptotes of — Pyyr(¢;), see [14].
Given real o # 0, let us define

F(a):= i inf(P(t) + at). (1.7)
|| teR

Observe that o +— inf; (P (¢) + at) is a Legendre-like transform of P(¢); more precisely,
o+ —inf,(P(t) — at) is the Legendre transform of the function P(z) (see, for
example, [29, 40]). Note that, while the function « > inf; (P (¢) + «t) is always concave,
the function @ — F () is not always concave (see, for example, [18]). However, on any
compact interval it achieves its minimal value at an endpoint. Some of the possible shapes
of the graphs of the function ¢ — P (¢) are shown in Figure 1; the corresponding graphs of
o — F(a) are shown in Figure 2. Also let

F(0):= lim F(a). (1.8)
a—0+
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FIGURE 1. The geometric pressure: LyapHyp with 1 = oo, LyapHyp with 74 < 0o, and non-LyapHyp.

F(a)

*

x*=0

Xinf X

Xinf x* Xsup Xsup Xsup

FIGURE 2. F(«): LyapHyp with 4 = oo, LyapHyp with £ < 0o, and non-LyapHyp.

Note that F' # —oo precisely on the interval [ xinf, Xsupl, Where F is non-negative.
Define
to :=1inf{t € R: Pyar(¢;) = 0}.

This number is well defined since the latter set is non-empty, see [36, Proposition 1.19]. It
coincides with the so-called hyperbolic dimension, that is, the supremum of the Hausdorff
dimension of expanding Cantor repellers (see §3.4 and [36, 40]).

There are two significantly different behaviors of f:

The case xint > 0, Lyapunov hyperbolic condition (LyapHyp)t. This property implies
that P(t) - —oo as t — 0o, with the slope bounded away from zero. Note that for every
(f, K) e o fD satisfying the weak isolation condition, LyapHyp is equivalent to TCE
together with the absence of indifferent periodic points (see §2.4 for the definition of TCE
and [36, Theorem CJ).

The case xinr = 0. In this case we have P(¢) = 0 for all # > #y. Indeed, by contradiction,
assume that P (¢) < 0. Since for all u© € M by the variational principle we have A(u, t) :=
hu(f) —tx(u) < P(t) and A(u, 0) = h,(f) =0, we would obtain x (1) = (A(u, 0) —
A(u, t))/t = —P(t) > 0, a contradiction.

This distinction is illustrated in Figure 1. For the definition of 7, see §2.2.

Denote by x* the right derivative of P(¢) at ¢t =fy. Notice that F(«) attains its
maximum at x * and note that this maximum is equal to #9. Observe that F («) is increasing

+ In [36] this property is called Lyapunov.
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on [xinf, x*] and non-increasing on [x*, xsup]l. Hence, for every o < g we have
min{F(q): @ < g < B} =min{F(a), F(B)}. (1.9)

In the case xjnf = 0, the maximum of F' is attained at 0, so we have F(0) =1q. If P(t)
is not differentiable at 7y, then we have F'(«) = fp on the whole interval between the right
and the left derivatives of — P (¢) at 1.

Let us remark that usually, for example for each C3 multimodal map f of the interval
with all periodic points being hyperbolic repelling and |(f")'(f(c))| — o0 as n — oo
for all f-critical points ¢, we have typ = 1 and there exists an f-invariant probability
measure absolutely continuous with respect to the Lebesgue measure (abbreviated as
pacim), see [4]. However, even in the special case of f being S-unimodal, pacim need
not exist, see [1] and references therein. Furthermore, 7y < 1 can happen, for example for
unimodal Fibonacci combinatorics polynomials z¢ + ¢ with integer £ large enough, see [3,
Theorem 10.5]. For other examples see [S].

1.7. Main results.

THEOREM 1. Let (f, K) EMED satisfy the weak isolation condition and be non-
exceptional. For any o < < xap with B >0, and additionally assuming o >0 if
Xinf = 0, we have

min{F(a), F(B)} < dimyg £(a, B) < max{o, max, F(q)}. (1.10)
o=g=
In particular, for any a € [ Xinf, Xsup]\{0} we have
dimy £(a) = F(x).

We also have
dimyg £(0) > F(0).

Moreover,
{(xeK: —00 < x(x) < xinf} = 9, (1.11)
x e K: X(x)> Xsup} =9, (1.12)
and
dimg{x € K: 0 < (x) < xinf} = 0. (1.13)

The assumptions of the above theorem are satisfied if, for example, (f, K) € sz_a and
there are no indifferent periodic orbits (see Remark 1.2).

Remark 1.4. Theorem 1 has the same assertion as [14, Theorem 2] (except that we do
not assume o« > 0 which is, in fact, needed neither here nor there). The strategy of the
proof is also the same. However, there are technical differences, and the part which has an
entirely new proof, since the holomorphic one does not work, is to show that {x € K: 0 <
X (x) < xinf} = @ in (1.11). This answers a conjecture in [21, p. 4] and [20, Remark 4.1].
In Theorem 3 below, we prove an even stronger fact under the additional assumptions
K = Ix and K contains no indifferent periodic orbits.
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Remark 1.5. After this paper was written, J. Rivera-Letelier explained to us that (1.11) in
Theorem 1 follows from his paper [42]. See Appendix B for the discussion.

Let us mention that the above results extend [20] in the following sense: our results
enable us to also cover the boundary points of the spectrum £(ar) for o = xinf and xsup,
as well as the irregular points £(w, B) for « < 8. Moreover, we are additionally able to
consider maps that have indifferent periodic orbits.

Hofbauer [16] proves results about the Lyapunov spectrum in a situation which is, in
some aspects, considerably more general than the one discussed in the present paper (he
considers piecewise monotone piecewise continuous interval maps), but which does not
allow singularities 0o for the geometric potential.

As in the complex case, we do not know whether {x € K : x(x) =—o0}=
U0 f " (Crit(f)), unless there is at most one critical point in K. In this case the proof
of the equality is the same as in the complex situation.

Under additional assumptions we can improve (1.10), the right-hand side inequality,
sometimes even getting the equality.

THEOREM 2. Let (f, K) € de (or ,szf_f) satisfy the weak isolation condition and be non-
exceptional and without indifferent periodic orbits. Then, given numbers a < B < Xsup
with B > 0, we have

dimyg £(, B) < max{0, F(8)}. (1.14)
Ifwe assume K = TK (that is, K is the finite union of intervals), then
dimy £(, ) < max{0, min{F (&), F(B)}}, (1.15)
where
. B

TR B -/t
Note that o is positive and o < a® < B (except for the case @ = 8, when ot = o = B).
Remark 1.6. If F(«) > F () then, together with Theorem 1, we obtain the equality
dimg £ (a, B) = F(B). (1.16)

In particular, we obtain the equality (1.16) for non-LyapHyp systems (f, K) (systems
where xinr = 0).
For uniformly hyperbolic systems, for all xinf < & < 8 < Xsup, the equality

dimy £(a, ) = min{F (), F ()}
holds. The question of whether this equality holds in general remains open.

The trouble with improving the maximum by the minimum in the right-hand estimate
(1.10), is that the times one can go to large scale avoiding S’ for a conical point x (see
§3.8) are not related to the times of an a priori given Lyapunov exponent between o and
B. The new idea is to consider a larger set of (restricted Pliss hyperbolic) times where one
can go to large scale with finite criticality, thus allowing us to control the exponent.

We deduce also the following strong version of a part of the property (1.11) of
Theorem 1.
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THEOREM 3. Let (f, K) € JZ%ED (or sz_a) satisfying K = TK be non-exceptional and
without indifferent periodic orbits. Then, given numbers o < B with o < xinf and p > 0,
the set L(w, B) is empty.

Remark 1.7. The proof of the fact that {x € K: — 00 < x(x) < xinf} = @ (observe that
this set concerns Lyapunov regular points only) in Theorem 1, provided in §5, is
conceptually simpler: it does not use the existence of conformal measures, see the end
of §2.3 for this notation.

The existence of true conformal measures is the only reason for which we have to
assume no indifferent periodic orbits in Theorems 2 and 3.

Theorem 1 is proven in §4, except for relation (1.11) which is shown in §5. Theorems 2
and 3 are proven in §6.

2. Tools

2.1. Pressure functions. Recall that f is said to be uniformly expanding or uniformly
hyperbolic on a set X C R if there exists A > 1 such that for every n > 1 we have
[(f™)(x)| = A" for every x € X. A compact set X C R is said to be isolated if there is an
open neighborhood U of X in the domain of f such that f"(x) € U for all n > 0 implies
x € X. Aset X C R is said to be invariant if f(X) C X. A compact f-invariant isolated
uniformly expanding set X C R is called an expanding repeller.

Given X C R invariant and ¢ : X — R continuous, we denote by P/, (¢) the standard
topological pressure of ¢ with respect to f|x (see, for example, [44] or [40]). Sometimes
we write P(f|x, ¢). In the case X = K we simply write P(¢). Furthermore, we denote
by Phyp (@) the hyperbolic pressure defined by

Phyp(p) := sup Py (@),
XCK

where the supremum is taken over all expanding repellers X C K. The variational
hyperbolic pressure of ¢ with respect to f|x is defined by almost the same formula as
the variational pressure:

Pvarhyp((p) ‘= Sup (h# )+ / 2 dﬂ)v
neMg(f) A
where the supremum is taken over ergodic f-invariant measures of positive Lyapunov
exponent.
By [36, Theorem B], for every (f, K) € szfD and r € R we have

P(t) = P(¢) := Pyar(r) = Pvarhyp(QDI) = Phyp(‘pt)- 2.1

The proof of the equality Pyar(¢;) = Pyarhyp(¢;) is not easy in the interval case and
follows from the equality of various definitions of Topological Collet-Eckmann maps,
see [42] or [36, Lemma 4.6 and Theorem C]. The inequality Pyarhyp(¢:) > Phyp(@;) follows
immediately from the variational principle. The proof of Pyarhyp(¢:) < Phyp(¢;) will be
outlined in §3 for completeness, and to introduce another variant of Phyp(¢,) (on Cantor
sets).
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2.2. Phase transitions. Let (f, K) € ,foD. Let
ty :=sup{t € R: P(¢;) + t xinf > 0}.

Observe that since P(@o) = hiop(flg) > 0, we have 7y > 0. Note that cases 1, = 00
and 74 < oo are both possible. The latter case occurs, for example, in the non-LyapHyp
case, that is, if xinr = 0, see §2.4 and references therein. Observe that the case 7 < co can
happen even if xinr > 0 (and P can be differentiable or non-differentiable at 7..), see [7]
and [8].

Also let

t_:=inf{r € R: P(¢;) + t xsup > 0}.

Observe that 7~ < 0. There are examples in which t_ > —oo (for example, f(x) =x> —
2), but this can happen only for f exceptional. This was proved in the interval setting
under some restrictions, see [19, Theorem B].

That in our situation 7_ = —oo for non-exceptional f can be seen from the following
argument. Suppose to the contrary that P(¢,) = —t xsup for some ¢ < 0. Then this holds
for every t' <t by the definition of P. By the definition of P, there exists a sequence
wn € M weakly* convergent to some s € M such that —t'x (un) + by, (f) = P(ey),
hence —1"x (u,) — P(g,), as the entropies must be equal to zero. Then by the upper
semi-continuity of the function wu — x (1) on M(f) we get —t'x (u,) = P(¢') and hence
X (y) = Xsup (in particular, u, is an equilibrium state). Now, by the Key Lemma
in [17]1 adapted to (f, K) € o fD, since we assume (f, K) non-exceptional, we get
P(¢;) > —t"x (1), a contradiction.

Figure 1 illustrates various cases. In all three cases the asymptotes — xup are depicted.
In the first case (LyapHyp with 7. = 00) the asymptote — xi,r does not always pass through
0; it could intersect the vertical axis at a positive number. The simplest example is provided
by a piecewise linear expanding map with two branches with slope exp(xinf) and two
branches with slope exp(xsup). This corresponds to the case where F (xsup) and F (Xinf) are
positive. See also [43] for uniformly hyperbolic examples with general Holder potentials.

2.3. Conformal measures. Given a function ¢: K — R, we call a finite Borel measure
w supported on K a ¢p-conformal measure if it is forward quasi-invariant for f, that is, sets
of measure zero are sent by f to sets of measure zero, and if it satisfies

W(f(A)) = /A ¢ du (2.2)

for every A C K on which f is injective. Conformal measures do not always exist for
t <0, in particular in the presence of critical points in K. It is unclear at the moment
whether conformal measures exist for # > 0 or r < 0 in the exceptional case. However, the
following weaker version will be sometimes sufficient for our setting.

We say w is conformal away from the restricted singular set S’ or a CaS measure if (2.2)
is satisfied under the additional assumption that A is disjoint from S’ and w is forward
quasi-invariant for f on K\S’. As usual, we call ¢ the Jacobian of f for .

Tt > 0 is assumed there, but J. Rivera-Letelier has informed us that under small modifications the proof works
also for t < 0.
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PROPOSITION 2.1. If f is non-exceptional, then for every t € R there exists a CaS
measure with Jacobian L(t)|f'|" for log A(t) = P(t) which is positive on open sets. We
will denote this measure by i} .

Proof. We construct u; by Patterson—Sullivan’s method, as in [40, pp. 333-334] (see
also [38] for the + < 0 complex case).

For ¢ > 0, Patterson—Sullivan’s construction gives a conformal measure in the complex
case, but (2.2) can fail at points in S in the interval case, see [36, Appendix C] for a more
precise description. So we get only a CaS measure.

The measure u; is positive on open sets. Indeed, it is proved in [36, Lemma C.3]
that, for each r € R, if u; vanishes on an open set then it is supported on a weakly
S’- exceptional set E (which is finite, as mentioned in §1.4).

In the case where f is non-exceptional this leads to a contradiction. Below is an
explanation (repeated for completeness after [36, Lemma C.3]).

By Patterson—Sullivan’s construction, for every x € K and every z € f~'(x) N K we
get (see [36, (C.2), (C.3)D

WU @I <ur@ < Y wrolr ol (2.3)

yef~l(x)NK

provided no expression of the form 0 - co is involved.
We consider three cases:

Case t <0. If uf(x) > 0 at x € E, then we have atoms of u; at all points " (x) for
n > 0 due to the left-hand side inequality (2.3). In particular, since f is non-exceptional,
w has an atom at some w = f"(x) not weakly §’-exceptional (this will be proved in
Lemma 3.6(ii) below). This contradicts the condition that .} is supported on E.

Case t > 0. If u} has an atom at x, then it has an atom at a point y € f ~1(x) by the
right-hand side inequality (2.3). Therefore, it has atoms at all f*-preimages of x which
constitute an infinite set which is therefore not contained in £. We have a contradiction
again.

Case t = 0. We can consider a measure with maximal entropy as ji;. O

In the proof of Theorem 2, in §6 we rely on a part of [36, Theorem A], asserting that
for (f, K) € JaffD without indifferent periodic orbits there exists a probability measure
w; which is truly conformal for the function ¢ = e?®| f’|* for every ¢ < t,, non-atomic,
positive on open sets, and supported on the set of conical points in K, see §3.8.

2.4. Topological Collet—Eckmann and related notions. In this section we will discuss
some (partially equivalent) conditions for (f, K) € <.

Given y = f"(x), denote by Comp, f~"(B) the component of the preimage of an
interval B > y which contains x. We sometimes call this component a pull-back of B
by f". For (f, K) € o/ we consider only pull-backs intersecting K. This component is
an interval; to denote its length we use either |-| or diam (to avoid confusion with other
meanings of |-]).

Lyapunov Hyperbolic Condition (LyapHyp): It holds that yj,¢ > 0.
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Topological Collet—Eckmann Condition (TCE): There exist numbers M > 0, P > 1, and
r > 0 such that, for every x € K, there exists a strictly increasing sequence of positive
integers (1) j>1 such that for every j > 1 we haven; < P - j and

#lk {0, ....nj — 1}: Comp iy £~ P B (x), r) NCrit(f) # @} < M. (2.4)

We only consider this condition in the absence of indifferent periodic orbits; in this
situation all components above are well inside Uk for r sufficiently small (see BaShrink
below). Of course, the number r can be taken arbitrarily small and P can be taken
arbitrarily close to one (at the cost of increasing M).

Exponential shrinking of components (ExpShrink): There exist numbers A > 1 and
r > 0 such that, for every x € K, every n > 0, and every connected component W of
f7"(B(x, r)) which intersects K, we have

[W| <A™".

See [36] for the usage of the condition LyapHyp in the multimodal case and, for
example, [37] in the complex holomorphic setting. In the interval case the proof of the fact
that, assuming weak isolation, LyapHyp implies TCE is different from the holomorphic
case and is given in the multimodal case in [42] and later in [36, Theorem C] (in the more
general case of f € @/PP).

By [36, Theorem C], for every (f, K) € & ED satisfying the weak isolation condition,
LyapHyp is equivalent to TCE together with the absence of indifferent periodic points
which in turn is equivalent to ExpShrink. For more conditions and their equivalences in
the interval case, see [36, Theorem C] or [42].

In what follows, instead of ExpShrink, we will use only the following weaker condition
which is satisfied for every (f, K) € &7 (see [36, Lemma 2.10]).

Backward Shrinking (BaShrink): For every ¢ > 0 there exists § > 0 such that if T is
an open interval in R intersecting K, disjoint from Indiff( f), and satisfying |T'| < 4, then
for every n > 0 and every component 7’ of f~"(T) intersecting K we have |T'| <e.
Moreover, the lengths of all components of f~"(T) intersecting K converge to zero
uniformly as n — oo.

In particular, for § sufficiently small, for every &’ > O there exists a positive integer
= (8, &’) such that for every T as above, satisfying |T| < §, and for every component
T’ of f~"(T) intersecting K with n > 3, we have |T'| < ¢&’.

3. Preliminary constructions
3.1. Outside singular set.

LEMMA 3.1. For (f, K) € & there exists § > 0 such that for every interval T C Ug
intersecting K and disjoint from S', if |T| <6, then f: T — f(T) is a homeomorphism
and

f(TYNK = f(TNK). (3.1)

In [36] such f on T is called a K-homeomorphism. For completeness we provide the
proof of this lemma.
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Proof. For x € 8TK (there are only finitely many such points) consider the point f(x).
There are two possibilities: either f(x) is accumulated by points in K from both sides, or
f(x) is a boundary point of a component of R\ K. In the latter case we denote by g, the
length of the component of R\ K adjacent to f(x). Let U’ be a neighborhood of K with
closure in Uk . Let L be Lipschitz constant for f|y/. Choose

1
8 := min {dist(K, 3U’), — min gx}.
L =x

Consider now an open interval T of length less than § which intersects K and is
disjoint from §’. Since K is forward invariant, the only possibility of (3.1) failing is
when f(T)N K\f(T N K) # @. In such a situation 7 must contain a point x € 871(
Indeed T intersects I x because it intersects K, and if T C Ix k., then (3.1) holds, since
UK N f(T)) CK, by maximality of K. Let T’ be the component of T\{x} which is
disjoint from TK. If f(x) is accumulated by points in K N f(T”), then x € NO(f, K) and
hence x € §’, a contradiction. Otherwise, f (x) is a boundary point of a component of R\ K
and, by our choice of 8, we have f(T') N K = @. Since T" := T\T’ C Ix, maximality of
K implies the property (3.1) for T”. Hence (3.1) holds for T'. 0

3.2. More on K-homeomorphisms.

LEMMA 3.2. Let (f, K) € o be non-exceptional, satisfying the weak isolation condition.
Consider any x € K not weakly S'-exceptional. Then, for a constant r > 0 small enough
depending on (f, K) and every integer n large enough, the following holds. Assume that
B(f"(x), r/2) does not contain any indifferent periodic points. Let W, be the pull-back
of B(f"(x), r/2) for f" which contains x. For all j =0, ..., n define Wi = f1(W,).
Then forall j =0, ..., n — 1 the interior of W] is disjoint from NO( f, K)\Critz (f).

Proof. Let r > 0 be small enough that every T intersecting K, containing no indifferent
periodic points, with |T'| < r, satisfies BaShrink.

Choose an arbitrary periodic point p whose periodic orbit O(p) consists of points not
weakly S’-exceptional. This is possible since the set of weakly S’-exceptional points is
finite, see §1.4, and the set of all periodic points in K is infinite, see [36, Proposition 2.5].

Suppose there exists jo€{0,...,n — 1} and z € int W,{O, not a turning critical point,
at which f|g is not open. We assume that r, and hence |Wj°| is small enough (smaller
than the minimal mutual distance between the points in NO(f, K)) that there are no
turning crmcal points in WJ % Then there exists 7’ € W;/ o+l arbitrarily close to f(z) whose
f-preimage z” in W,{O isnotin K. Let zo = x, z1, . . . be a backward trajectory of x in K,
(that is, f(z;) =z;—1), converging to O(p) omitting S’ (possible since we have assumed
x is not weakly S’-exceptional) and let p = yg, y1, . . . be a backward trajectory of p in K
such that 7’ is its accumulation point. Choose ng such that yy, is close enough to z’ to be
in W,{O—H. In fact, we want |y,, — z’| < ¢ for an arbitrarily small & > 0.

Choose § > 0 small enough that all consecutive pull-backs V; for f of B(p, §) along
vj,J=0,1,2,..., ng are disjoint from S’ and Vi 18 also close enough to 7' to be in

W,{"H, and even within an arbitrarily chosen neighborhood, say in B(Z, ).
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If n is large enough, then |W,| is so small that all consecutive pull-backs Z; of W, for
falongz;, j=0,1,2,...are disjoint from S’. Choose n7 such that Zy,, C B(p, 9).

Let us summarize: [0t (W,) = W™, v, c Wi, frov,) = B(p. 8), Zu, C
B(P, 3), and f"l(an) =W,

Hence there exists a periodic orbit O of period jo + 1 + no + n; close to K and passing
arbitrarily close to z” for & small. Hence, by the weak isolation assumption, O c K, and
hence 7" € K, a contradiction. O

The considerations on shadowing as above can be found for other aims in [36, §7.3,
item la]. It is also related to the ‘bridges’ technique in §3.4.

COROLLARY 3.3. In the situation of Lemma 3.2, in particular for x not weakly §'-

exceptional, for r small enough, and all n large enough, f is a K-homeomorphism on each
int W] containing no turning critical points, onto int W] + . If there is a turning critical
point ¢ € int W] then f is a K-homeomorphism on both components of int Wj \{c},; one
of them is mapped onto int W, 1 and the other one is mapped into int W] +

Proof. By Lemma 3.2, if int W,{ contains z € NO(f, K), then z € Crity (f). So if there is
no turning critical point in int W,/ , there is no point belonging to NO(f, K) either. Hence,
f is a homeomorphism on int W;/, and also a K -homeomorphism, since int W;/ contains
fi(x) € K, by Lemma 3.1.

If there is a turning critical point c € int W,{ , then there are no other turning critical
points in int W’ since the interval is short enough, and f(c) is an end of f (Wj ), and at
least one of the ends of Wj is mapped to the other end of f (W] ). Since there are no points
belonging to NO(f, K)\{c} in W;/ if this interval is short enough, the K-homeomorphism
property on each component of int W/ \{c}, asserted in the corollary, follows. O

3.3. More on topological recurrence and exceptional sets. The fact that f: K — K
is topologically transitive and has positive topological entropy implies that it is weakly
topologically exact (see [36, Lemma A.7]). However, we will sometimes need a weaker
conclusion, that f|x is strongly topologically transitive, which immediately follows from
weak topological exactness and, less easily, from the topological transitivity, that is, it is
automatically true for (f, K) € <7, see [22] or [36, Proposition 2.4].

We say that f|x is weakly topologically exact (see also [36, Definition 1.15]) if there
exists a positive integer N such that, for every non-empty open set V C K, there exists
a positive integer n = n(V) such that f*(V)U---U f*N=1(V) = K. Notice that this
automatically implies the same for all n > n(V), by applying f"~"() on both sides of the
equality.

Definition 3.4. The map f|g is strongly topologically transitivet if for every non-
empty open V C K there is a positive integer m = m(V) such that VU f(V)U-.-U
f™(V) =K. Note that f|g is strongly topologically transitive if, and only if, the union of
backward trajectories of every point in K is dense in K.

+ This name was used in [22]. See also the references therein. In [36, Definition 2.3] it is called the density of
preimages property (dp).
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Notice that for a given A > 0 one can choose m (V) which works for all V = B(x, A),
x € K. We will denote this number by m.(A).

Later we will need the following notation. For a measure p and A > 0 let

T, A):= inf p(B(x, A)). (3.2)

In our case, for u being ¢-conformal, this number is positive, which follows easily from
the strong topological transitivity of (f, K) due to the existence of m = m.(A). In the
case of 1 being a CaS measure, this positivity also holds provided this measure has infinite
support. Indeed, let S| = U;f’;(} S8 and S =T f7(S1). If w(B(x, A)) is small,
then forward quasi-invariance implies that V-(U’;l:o f J(B(x, A)\S1)) is small: smaller
than 1 — £(S»). This contradicts the fact that U?:()(fj (B(x, A)\S)) contains K\S».

In §6 we shall need the following very easy general fact. We will apply itto X = K.

LEMMA 3.5. Let (X, p) be a compact infinite metric space without isolated points. Then
for every r > 0 and integer m > 0 there exists € = e(r, m) > 0 such that, for every x € X,
there exists Z C X N B(x, r) with #Z > m such that for all z1, zo € Z with 71 # 22 we
have p(z1, z2) > €.

Proof. For every point x € X for every r and m there exists ¢(x) satisfying the assertion
because x is not isolated; the problem in this lemma is to prove that one can choose
one ¢ which works for all x. Assume that this is not the case and that there exists a
sequence (x,), such that for (x,) maximal possible, we have £(x,) — 0. Let x be an
accumulation point of sequence (x,); passing to a subsequence we can assume x = lim x,,.
Then B(x, r/2) C B(x,, r) for n large enough, and hence for the same m and for r’ =r/2
we would have &(x) = 0, a contradiction. O

The following lemma provides a justification of the notions of ‘exceptional’ and ‘non-
exceptional’. Given x € K, let

Oreg () := y=flg) " x):n=0,1,..., f*y) ¢ 8 forevery k=0, ..., n— 1}

be the union of all backward trajectories (finite or infinite) for f|x starting at x that do not
hit §’. Recall the notion of being weakly S’-exceptional in §1.4.

LEMMA 3.6. Let (f, K) € &Z4. Then the following hold.

(i)  For every x € K not weakly S’-exceptional (we do allow x € S’) the set O
dense in K.

(ii) For every x € K not §'-exceptional there exists n > 0 such that f"(x) is not weakly
S’-exceptional.

(iii) For every invariant measure i1 which gives measure 0 to all S'-exceptional sets, the
set of points x € K for which the set O, (x) is dense in K has positive measure (.

reg (X) s

reg

Proof. By its definition, the set Or;g(x) satisfies (1.3) for ¥ = §’. Hence, as x does not
belong to any weakly S’-exceptional set, Orgg (x) must be dense in K which proves item (i).

Suppose that each y = f"(x), n > 0 belongs to a weakly S’-exceptional set £ (y). Then,
by definition, O;eg (y) C 2(y), and hence it is finite and weakly S’-exceptional. Then
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Y= Uy cO+(x) Or_eg(y), for O (x) denoting the forward orbit of x, is finite, in particular
not dense, and forward invariant. Therefore ¥ is S’-exceptional, and hence x belongs to
an §’-exceptional set. This proves item (ii).

Item (iii) follows immediately from item (ii). O

The weak exactness property has not been used directly in the proof of Lemma 3.6.
However, it is needed to prove the finiteness of the union of all weakly S’-exceptional sets,
see [36, Proposition 2.7, Part 2], used in Proof of Lemma 3.6.

Have in mind the example of irrational rotation of the circle (though formally it is
not in R) or a ‘solenoid’ K = w(c) for an infinitely renormalizable unimodal map of the
interval and c its critical value, where all finite blocks {c, f(c), ..., f"(c)} are weakly
S’-exceptional sets. These examples are strongly topologically transitive, but not weakly
exact, and assertions 2 and 3 of Lemma 3.6 fail.

3.4. Cantor repellers and ‘bridges’. We describe a construction to ‘connect’ two given
uniformly expanding repellers by building ‘bridges’ between them.

Let f: U — R be a C'*¢ map on an open domain U C R. We call a set X C U an
(f-uniformly) expanding Cantor repeller (ECR) if f|x is a uniformly expanding repeller
being a topological Cantor set and being a limit set of a finite graph directed system
(GDS) satisfying the strong separation condition (SSC) with respect to f. Recall that a
GDS satisfying the SSC with respect to f is a family of domains and maps satisfying the
following conditions (compare [24, pp. 3, 58]).

(1) There exists a finite family U = {Ux} of open intervals with pairwise disjoint
closures.

(ii) There exists a family G = {gj¢} of branches of f~! mapping U, into Uy with
bounded distortion (not all pairs k, £ must appear here).
Note that a general definition of GDS allows many maps g from each Uy to each Uy.
Here however there can be at most one, since we assume that f-critical points are far
away from X, the intervals Uy are short, and the maps g are branches of f -1

(iii) We have

o0
X = ﬂ U 8kiky © kaks O+ + © 8y ik, (Uky)-
n=1ky,....k,
We assume that we have f(X) = X and hence that for each k there exists £, and for
each £ there exists k, such that gz, € G.
We can view k’s as vertices and gi, as edges from £ to k of a directed graph I' = I"(U, G).
Notice that the limit set X of any GDS as above is either a Cantor set or, provided f|x
is topologically transitive, a periodic orbit.
Observe that, even if X contains points in NO( f, K), the resulting restricted map f|x
is open as X is a limit set of a GDS satisfying the SSC.
We import the following result from Pesin—Katok theory (see, for example, [40,
Theorem 11.6.1], [36, Theorem 4.1] (concerning our interval case) [13], and also [26]
for earlier related results). Recall again the definition of weakly isolated (Definition 1.1).
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LEMMA 3.7. Consider f: U — R for an open set U C R, being a C* map with all critical
points non-flat. Consider an arbitrary compact f-invariant X C U. Let u € Mg be
supported on X and have positive Lyapunov exponent. Let ¢: U — R be a continuous
function. Then there exists a sequence (Xi)ir>=1 C U of topologically transitive ECRs or
periodic orbits such that, for every k,

lim inf Prix, () 2 hyu(f) +/<ﬂdu, (3.3)

and that every sequence ((i)i>1 of measures |y € Mg(Xi) converges to (i in the weakx-
topology. Moreover, we have

lim x (px) = x (w). (3.4)
k— 00
If X is weakly isolated, then one can choose Xi C X.

For X =K for (f, K) € .;z%fD satisfying the weak isolation condition, Lemma 3.7
easily implies Pyarhyp(¢r) < Payp(@:), see (2.1). Indeed, by definition we can consider u
such that h, (f) + f @ du is arbitrarily close to Pyarhyp (@) and next find Xy as in Lemma
3.7 applied to ¢ = 0. From (3.3), hiop(f1x,) is at least &, (f) (up to an arbitrarily small
positive number) and, applying (3.4) for u; being measures of maximal entropy on X,
we obtain

Pyarhyp(¢r) < PECR(91x) := sup Priy (¢) < Phyp(®r), (3.5)
XCK

where the supremum is taken over all ECRs and periodic repelling orbits X C K. This
uses an inequality in the classical variational principle for the continuous potentials ¢;|x, ,

namely: Ay, (f1x,) + f o dpg < Pflxk (¢1)-
Compare also [36, Lemma 4.2].

Definition 3.8. Consider (f, K) € sszD satisfying the weak isolation condition, and set
X = K. Consider two ECRs or periodic repelling orbits X; and X, contained in K,
resulting from families of domains U; = {Uj x} and Uy = {U2 «} respectively. A bridge
connecting X to X» is a backward trajectory that starts in X, goes close to X», and in
between avoids the singular set S’. More precisely, it is a sequence of points x, € K

for n=0,—1,..., —N such that f(x,) =x,—1, x =x0 € Uy for an integer k, and
the components W,, of f~"(U; ) containing x, are disjoint from S’ forn =0, ..., N,
disjoint from | J, Uik forn=1,..., N — 1, and Wy C Uy for an index k’.

If (f, K) is non-exceptional, then for any two X1, X, a bridge exists. In fact, by
Lemma 3.6(iii), in X», for every invariant measure p on X» there is a positive measure
set of points x whose backward trajectories omitting S’ are dense in K. This allows us to
prove that for every X a bridge from X to X, exists (for appropriate U;).

Based on this idea of bridges connecting X to X; and X» to X, one can prove the
following lemma (compare [14, Lemma 2]).

LEMMA 3.9. For any two disjoint ECRs or repelling periodic orbits X1, Xo» C K there
exists an ECR set X C K containing the set X1 U Xo. If f is topologically transitive on
each X;, i =1, 2, then f|x is topologically transitive.
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In case two different ECRs or repelling periodic orbits intersect, in a preliminary step
we first have to modify one of them by the following lemma. For that we also have to take
into consideration ECRs with respect to f”.

In the following two results we use the standard notation S¢¢p =¢p +po f+---+ ¢ o
¢! for a function ¢: X — R and a natural number £ > 0.

LEMMA 3.10. Let X be a topologically transitive f"-ECR. Let ¢;: X — R be a finite
number of Holder continuous functions. Then, for any open sufficiently small interval D
intersecting X, and for any ¢ > 0, one can find a set X' C D N X and a natural number
€ > 0 such that X' is an f*-ECR and for every ¢; satisfies

1 1
Z f[|X’(Se¢i) Z ;Pf"|X(Sn¢z) —¢&.

Notice that for every repelling periodic orbit X; C K there exists an ECR X C K
containing X. Indeed, take another repelling periodic orbit X, C K existing due to
(f, K) € </ and find X as in Lemma 3.9. Thus, combining Lemmas 3.7, 3.9, and 3.10,
we obtain the following key result.

PROPOSITION 3.11. For every nom-exceptional (f, K) € MED satisfying the weak
isolation condition, there exists a sequence (a)n, of positive integers and a sequence
Xm C K of f%-invariant uniformly expanding topologically transitive ECRs such that,
for everyt € R, we have

1 1
P(g) = lim _Pf‘W\Xm (Sa,, 1) = sup —Pfam|x,,,(Sa,,,§0z) (3.6)

m>1

For every a € (Xinf, Xsup) We have

F(a) = lim F,(x) = sup Fp(x) 3.7
m—0o0 le
and
lim Xll’lf - lnf me = Xinf, hm Xsup Sup Xsup Xsupa (38)

m—00

where F, and Xi’r’ff/sup are defined as in (1.7) and (1.6) but for the pressure
(1/am) P fam|x,, (Sa,, @) instead of P(¢).

The proofs of Lemmas 3.7, 3.9, and 3.10 are, almost verbatim, as the proofs of
[14, Lemmas 2—4]. We would like to remark that to make the proof of Lemma 3.10 work
(and this should also have been mentioned in the proof of [14, Lemma 4]) we need to
choose D of sufficiently small size that the considered pull-backs (see §3.6 below) of D
are all univalent.

Finally, notice that our sets X, are in K, since periodic points are dense in them and if
they are sufficiently close to K they are in K by the weak isolation property.

In fact one can assume all a,, = 1. This follows from the fact that one can replace
Xm by Y= U;‘"’Ol X, and find Y’ containing Y also f-invariant uniformly expanding
topologically transitive and, moreover, isolated (the property we might have lost for Y),
see [40, Proposition 4.5.6].
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3.5. Local properties at critical points.  Let ¢ be a non-flat critical point of a C! map f.
There exist constants Ry > 0 and Ag > 1 such that for every x with |x — ¢| < Ry there is
d(c) > 2 so that

_1 |f (0l
Ay = m < Ayp. (3.9

In our situation there are only finitely many critical points, hence Ao can be chosen
uniformly.

3.6. Telescope constructions. A number n € N is called a Pliss hyperbolic time for a
point x with exponent o > 0 if

(P8 (7K (x))| = ek forevery 1 <k <n. (3.10)

The following is an immediate consequence of the Pliss lemma (see, for example, [30] or
[2, Lemma 3.1]. In Lemma 6.1 below we will provide a more refined abstract result.

LEMMA 3.12. (Pliss lemma) Let f be a C' map of a closed interval. For every point x
with X (x) > o > 0 there exist infinitely many Pliss hyperbolic times for x with exponent
0. Moreover, if H C N denotes the set of hyperbolic times, then we have

d(H) :=lim sup w

n—00 n

> 0.

We will call d(H) the upper density of H.

PROPOSITION 3.13. (Telescope) Let f: I — I be a C' multimodal map on a closed
interval 1. Given € >0 and o > 0, there exist constants A1 = A1(e) >0 and R =
Ri(e, 0) > 0 such that the following is true. Given a point x € I with X (x) > 0o >0,
for every number r € (0, Ry), for every n > 1 which is a Pliss hyperbolic time for x with
exponent o, and for every k =1, ..., n we have

diam Comp pu—t (o) £ F(B(f"(x), 1)) <7 Ap e |(f5Y (F7F o™
<r A e ko—o,

This proposition was first stated and proved, with various variants, in the complex
setting in [31]. Here we provide a slightly simplified proof for interval maps. Notice
that only C! regularity is required and that no advanced distortion properties are needed.

We first prove a preliminary result. Recall the choice of constants A, R in §3.5.

LEMMA 3.14. Given a point c € Crit(f), let T C B(c, Ro) be aninterval and x € T. Then

diam f(T) > WI)AS | f'(x)| diam T.

Proof. Letd =d(c). Let y be the endpoint of T furthest away from ¢ and z the endpoint
closest to c. We can assume that y is to the left of c.

Suppose first that T is on one side of ¢ (that is, its interior does not contain ¢). Hence
diam T = |y — z|. By (3.9) we have

Lol = Ayt x — e,
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which implies
ly—cl
diam f(T) 3/ AgtsdT! ds.

lz—c|

Combining this inequality with
If' D < Ao ly — e,

we obtain

diam f(T) > qu —cl? — |z —cl
— Aod

1 d—1
> — . —
= Aod ly —cl ly —zl

1 /
> ——|f (x)| diam T.
= a2 Lf ()]

Suppose now that y and z are on the opposite sides of c. Suppose first that x € [y, c].

Then we apply the above to T replaced by [y, c] and obtain

1, 1
_ X . —c| >
A%dlf()l ly |_2A(2)d

diam £(T) > diam £ ([y, c]) > | f/(x)] - diam T.

Suppose now that x € [c, z]. Then we apply (3.9) to the point X = ¢ — (x — ¢). Then
X € [y, c] and by the previous estimate and applying (3.9) we obtain

1
2A%d

diam f(T) > |f'®)| - diam T > |f/(x)| - diam T.

4
2A,d
The proof is complete. O

Remark 3.15. If the bounded distortion condition holds, the following unifying version of
Lemma 3.14 holds. There exists C > 0 depending only on f such that for any interval T
short enough and x € T

diam f(T) > C|f'(x)| diam T.

Indeed, if T is close to a critical point, this follows from Lemma 3.14. Otherwise, if, say,
2o T NCrit(f) = @, it follows from the bounded distortion condition.

Let A(r) be the minimum of | f’| outside the r-neighborhood of Crit. Let y (-) be the
modulus of continuity of the function | f/|. We have the following simple estimation.

LEMMA 3.16. Given an interval T of length R’ that has distance at least R from Crit(f),

we have
/'] _ AR) + y (R)

sup <
x,yer 1/ A(R)

Proof of Proposition 3.13. Fix o and ¢ € (0, min{o, 1}). Let n be a Pliss hyperbolic time
for x with exponent o. For k =0, ..., n and r > 0 consider the sets

Wi (r) := Comp pu-t () f T (B(f" (x), 1)).
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Let Ry < R, be positive numbers to be defined below. Let
M =#Crit, d:=maxd(c).

Let A(N) be the minimum distance £ such that there exists a critical point ¢ and a point
y € B(c, £) such that f*(y) € B(c, £) for some k < N. For a critical point ¢ we say that
a number k < n is a c-critical time if dist(c, W¢(R})) < Rx. Let C" be the set of times
which are c-critical for some ¢ € Crit.

The following claim will immediately prove the proposition.

CLAIM. There exist positive numbers Ry € (0, Ro/2), Ry € (0, R,), A1, and a positive
integer N such that for allk =0, ..., nandr € (0, Ry) we have:
(@) diam Wi(R) < Ry,
(b) foreveryie CMit i <k, we have
diam W;_{(r) 1 i
T )]
diam W; (r) 2d A

while

NG
1_[ Distw, (r)) f = <1 + 5) ;

i¢Ccm,i§k
(c) given c € Crit, any two c-critical times <k differ at least by N, and
() diam We(r) <7 Ay (7Y (el

Proof. Let us first fix some constants. Let
Ay > 2dAyH™M. (3.11)
Choose a positive integer N satisfying
Ay < N2, (3.12)

Choose a positive number R, satisfying

. | Ro A(N)
R, <miny —, —¢. (3.13)
2 2
Choose a positive number R satisfying
: R, RS
R{ < min )»(Ro)TAh > ApArd 3.14)
and
A(Ry)
y(Ry)) <e¢ 7 (3.15)

The proof is by induction on k. Note that all statements (a)—(d) hold for k = 0. Suppose
that the claim holds for k = £.

Observe that we have chosen A| and N sufficiently large such that we can conclude (d)
from (a)—(c). We have chosen R, sufficiently small such that (a) implies (c). Finally, we
have chosen R; small enough that the previous lemmas and (a) imply (b). We are now
going to conclude that properties (a)—(d) hold for £ + 1.
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Property (a). Since (d) holds at time £ and since n is a Pliss hyperbolic time, by the
choice of ¢ we have
diam We(R1) < RiA1e|(f9) (/" 0D~ < RiA1€ ™7 < RiAy.

Thus, together with (3.14), we can conclude

. R1A) 1/d
diam Wy, 1 (R) < + (Aod R1AD) Y < Ry

~ A(Ro)

and therefore, we have (a) at time £ + 1.

Property (b). We will distinguish two cases.
If £4+1eC™t then dist(c, Wo1(R})) < Ry < Ro/2 for some c e Crit and by
Lemma 3.14 we have

diam W, (r) 1 1o pn—(+1)
>
Fam Won ) = 2z /0"

while the estimate of the product remains unaltered. Thus, (b) holds for £ + 1 in this case.
If € + 1 ¢ Ct then dist(c, Wei1(R1)) > R, forall ¢ € Crit and hence, by Lemma 3.16
and by (3.15), we obtain
!
F/ @l _ MR +y(R) _ e

sup < <1+ -
xyeWen Ry /O] AMRy) 2

DiStWHl ) f =

Thus, we obtain

P £+1
1_[ DiStWi(Rl)f < <1 + 5) .

igCert j<g+1

On the other hand, we have

diam W, (r) 1o en—(+1) . 1

—_— > - (Dist
diam W(J,-] (I") - |f (f (-x))| ( 18 Wes1(Ry) f)
1

4
2d A}

L/ (D 0,

=

that is, (b) holds for £ + 1 in this case as well.

Property (c). If (a) holds at times O, . . ., £, then it follows from (3.13) that (c) holds
at time ¢ + 1. Indeed, by (a), W;(R;) C B(c, 2R;) holds for all c-critical times i < £.
The definition of A(N) implies that no point y € W;(R1) has a preimage f~“*tD(y) e
B(c, 2R,) for £ + 1 < N. Hence, times i + £ + 1 are not c-critical for { + 1 < N.

Property (d). It remains to show that (d) is true at time £ + 1. For all non-critical times
i <f+4+ 1 we have

diam Wio10) ) or( ni ()] - (Disty ey £),

diam W;(r)
while for all c-critical times i < £ + 1, using (b), we have
diam W;_1(r) ) i 1
- > . .
dam Wi () = L )l 2447
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Thus, together with (3.11), we obtain
diam Wy (r) diam Wy 1(r)
diam Wy (r) diam W, (r)
<r|(FHY et T Distwy f - 2dAHHM
igCert i <g+1
<l D o) e e Ay
Here we also used the fact that there are only M critical points and that by (c) the critical

times <{ 4+ 1 for each of them happen at most once every N iteration. Thus, we obtain (d)
for £ + 1. This finishes the proof. O

diam Wg+1(r) =r

This completes the proof of the proposition. O

Remark 3.17. The proof is simpler when one assumes the bounded distortion condition. In
this case it is not necessary to go step by step; one can take the whole non-critical stretch of
the trajectory of x and use the bounded distortion there. One proceeds as in the pull-back
construction, see §3.7.

3.7. Pull-back construction. To formulate our second preliminary technical result
we use the following construction, see [15, 37, 38] and [36, Definition 5.1]. Some
complications arise in the presence of indifferent periodic orbits.

Recall that §” denotes the restricted singular set

S’ = Crit(f) UNO(f, K).
Pull-back construction: Let (f, K, U) € &Z,. Givenn >0, R > 0, and y € K, consider
a backward trajectory (y;)j_; of y, that is, yo=y and yi4; € f~ Yy for every
i=1,...,n—1. Let k; be the smallest integer for which Compykl f 1 (B(y, R))
contains a point in S’. For every £ > 1 let kg1 > k¢ be the smallest integer such that
Compkal f_(kH'_k‘f)(B(yke, R)) contains a point in §” and so on.

In this way, with each backward branch (y;); considered we associate a sequence (k¢)¢
of numbers 1 < ky < n that has a maximal element which we denote by k. We consider the
set of all pairs (yx, k) built from all the backward branches that start from y, and denote
by N(y, n, R) the cardinality of this set.

In order to make this construction work, we need to know that every considered
preimage is well defined. If there are no indifferent periodic orbits in K then this is easy
to achieve provided that R is small enough that all pull-backs of intervals of length at most
2R intersecting K are well inside Uk (it is sufficient if their closures are in Ug), so that
they do not become truncated. This is possible in the absence of indifferent periodic orbits
by [36, Lemma 2.10]; compare the definition of BaShrink in §2.47.

In the presence of indifferent periodic orbits this construction works if we a priori know
or assume the following:

(%) Let
R’ := Ldist(S’, Indiff( f)).

+ Notice that this difficulty does not appear for rational mappings on the Riemann sphere.
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Assume that all pull-backs Compyi f _i(B(y, R)) for i =0, ..., k; have diameters
smaller than R’ and are well inside Uk .

Additionally, we assume that R is small enough that for every x € S’ the pull-backs
Comp, f‘k(B(x, R)),forallk=0,1,...and fk (z) = x, have diameters smaller than R’
(in particular, with k = 0 we have 2R < R’). This is possible since S” N Indiff( f) = & (S’
has no periodic points) and S’ is finite (refer again to [36, Lemma 2.10], by BaShrink). We
also assume, as before, that R is small enough that all pull-backs of intervals of length at
most 2R intersecting K and disjoint from Indiff( f) are well inside Uk .

Under the above assumptions, the pull-back construction works. Indeed, the pull-
backs Comp,, f~{(B(y, R)) for i =0, ..., kj are short by assumption. Then for c €
SN Compyk1 fM(B(y, R)) we have |c — yi,| < R’; hence B(yk,, R’), and therefore
B(y,, R) are disjoint from Indiff( f) and we can continue the construction.

Remark 3.18. As mentioned before, the condition (x) holds for R small enough if B(y, R)
does not contain any indifferent periodic points. Notice that it also holds if k; is a Pliss
hyperbolic time for y,, by Proposition 3.13.

In fact, due to Proposition 3.13, the backward shrinking as in, say, (*) holds for any
piece of a trajectory x, f(x), ..., f"(x) if n is a Pliss hyperbolic time for x € K.

PROPOSITION 3.19. (Pull-back) Given ¢ > 0, there exist numbers Ay = A>(g) > 0 and
R> = Ry (&) > 0 such that for every r € (0, Ry) and every y € K we have

N(y,n,r) <Aye" foralln>1.

Proof. Let

My :=#S', My:=#S'+ Y  (d(c)— D).

ceCrit(f)
Given ¢ > 0, let us choose a positive integer N large enough such

M1 In((N + 1) M)
<e.
N <

Observe that there are no cycles in S’; that is, f k (x) # x for every k > 1 and every

x € §, see [36, Lemma 2.2]. Observe, though, that a point in S" may be mapped to another
point in this set. So, given N, there is

(3.16)

8(N):=min min |f*(x)—x|>0.
xeS8 1<k<N

Moreover, let §(V) be sufficiently small that for any interval I of length §(N) and for any
1 <k < N the size of each component of f_k (1) is smaller than 8§’ (N)/2.

Let us consider an integer n > Ne~ 1.

Let § € (0, 6(N)). Given a point y € K and r € (0, §), consider the ball B = B(y, r).
By definition of the number N (y, n, §), every backward branch of y determines a sequence
of numbers (k¢)y. The definition of §(N) implies that if in our construction along some
backward trajectory (yi)?: | of y there are two ‘singular times’ k¢, ki, 1 < k¢ <k <n,
corresponding to the same singular point x € §’, then k,, — k; > N. As a consequence,
given a stretch of this backward trajectory with times in {j + 1, ..., j 4+ N}, there are at

most M; ‘singular times’ ky corresponding to a point in S’.
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Finally, given 1 <i <n, considering all possible backward trajectories starting in y,
at most M> of them have a smallest ‘singular time’ ky =i, that is, the corresponding
component of f~#(B) will intersect S’ for the first time after exactly i backward iterations.
Observe that all of those components will be disjoint. This implies, in particular, that at
most M, of them can intersect S’. The same argument will apply not only for backward
branches starting at y, but also the branches starting at f % (y) that we use in the
construction.

Let us summarize the construction in the statement of the lemma. When we divide the
time interval {1, ..., n} into intervals Iy ={kN + 1, kN +2, ..., (k+ 1)N}, for any
backward trajectory of y at most M7 singular times can be in [;. Hence, there are at most
(N + )M possibilities for {k;} N I;. Moreover, given the sequence {k;} N {1, ..., kN}
each of the possible subsets {k;} N I; can be realized for at most Méw ! subbranches. This
lets us estimate the number of backward branches for which there is a singular time in
I; by

[(N + DM *HDM,

and the number of all singular branches up to a time n by

[n/N]
N(y,n,r) < Y [N+ DM *FOME < A g)e™.
k=0
This proves the proposition. a

3.8. Conical points.  After [9], for (f, K, Ug) € &7, apoint x € K is said to be conical
if there exist a number > 0, a sequence of positive integers n; /' 0o, and a sequence (U;);
of neighborhoods U; C Uk of x, such that f" is defined on U;, f™ (U;) = B(f" (x), r)
and Dist f" |y, is bounded uniformly in i. We say that x is S’-conical if, additionally, for
alli and 0 < k < n; we have fX(U) NS = @.

Notice that |U;| — 0 as n; — oo, otherwise there would exist a wandering interval or
an attracting (or indifferent attracting from the side of K) periodic orbit in K, which is not
possible; see [25, Ch. 4, Theorem A], and compare [36, §2.3].

Remark 3.20. We observe that the concept of conical points is in fact very much related
to the concept of points that are ‘seen’ by an inducing scheme (see, for example, [20] for
an application of this technique to questions similar to those discussed here). Similarly
to Proposition 3.21 below, in [20, Theorem 3.3(c)] the authors show that the inducing
scheme captures all but a set of points of zero Hausdorff dimension. See also [35] in the
holomorphic case.

PROPOSITION 3.21. (Non-conical hyperbolic points) The set of points x € K that are not
S’-conical and satisfy X (x) > 0 has Hausdorff dimension zero.

Proof. Let us choose some numbers ¢ > 0 and ¢ > 0. Let
= ——— min{Ry, Ry},
r AT 2) {R1, R2}

where A; and R; are constants given by Proposition 3.13 and where R; is given by
Proposition 3.19. Let R := 2~ min{R;, R»}.
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We fix a finite family of balls {Bi}f\': | of radius 3r such that any ball of radius 2r which
intersects K must be contained in one of the balls in this family.

Given m > 1 and o > 0, let G(m, o) be the set of points x € K with ¥ (x) > o for
which, for all £ > m being Pliss hyperbolic times with exponent o, the pull-back of

B(ft(x), 2r) for f* containing x meets a point in S'; that is, we have
Comp siyy £~ P(Bf" (). 2r) NS # @ (3.17)

forsome k € {0, . .., £ — 1}. Since £ is a Pliss hyperbolic time, by Proposition 3.13 all the
above pull-backs are small, and in particular well inside Ux. Hence the assumption (x)
enabling the pull-back construction holds. Compare Remark 3.18.

We claim that dimy G(m, o) =0 for any m > 1 and o > 0. Indeed, given n > m, let us
denote by G (m, o, n) the set of points in G(m, o) for which n is a Pliss hyperbolic time
with exponent o. Recall that ' (x) > o > 0 implies that there exist infinitely many Pliss
hyperbolic times for x with exponent . Hence, we have

G(m, o) = ﬂ U G(m, o, n). (3.18)

k>m n>k

Let x € G(m, o). Then x € G(m, o, n) for some n > m arbitrarily large. Let B; be a

ball from the above chosen family which contains B(f"(x), 2r) and pick y such that

B; = B(y, 3r). We will apply the pull-back construction of Proposition 3.19 to the point

v, the number n, the radius R, and f". Let (yk, k) be given by the pull-back construction.
We first note that Proposition 3.13 and | f"(x) — y| <r < R; imply that

750 = el =7 A7 < Ay
By our choice of constants we have r A 4+ 2r = R, which implies
B(f""*(x), 2r) C BOx, R).

Since x € G(m, o), the pull-back of B(f*(x),2r) must meet a point in S’ whenever
£ > m. On the other hand, k is the maximal element and hence the pull-back of B(yx, R)
does not meet any critical point. Thus, we conclude m > n — k. Thus, fixing n and Bj,
by Proposition 3.19 the point x must belong to one of at most Ae"®(deg f)™ preimages
of Bj .

Also observe that B; = B(y, 3r) C B(f"(x), 4r) and 4r < Ry. Since n is a Pliss
hyperbolic time for x with exponent o, by Proposition 3.13 this preimage of B; has
diameter not greater than 4r Aje™"(" %),

Hence, we showed that every point in G(m, o, n) belongs to the nth preimage of some
ball B; along a backward branch of y and the maximal element (yi, k) as defined in the
pull-back construction satisfies k > m — n. Thus, by Proposition 3.13, the set G(m, o, n)
is contained in a union of at most Aje*¢(deg f)™ sets of diameter not greater than
4r A1e =8 We apply G(m, o) c |J,,..,, G(m, o, n) to obtain

n>m

dimyg G(m, o) <

o —¢&

(recall (3.18)). As ¢ can be chosen arbitrarily small, this proves dimyg G (m, o) = 0.
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Finally, let us consider the set
o o0 1
G = - ).
UUd(n;)
m=1 n=1

By the above we have dimy G = 0. Let x € K\G be a point with ¥ (x) > 0. Let us now
show that x must be S’-conical. By the above, there is a sequence of Pliss hyperbolic times
(ni); such that Comp fx FCi=R(B(f" (x), 2r)) does not intersect S’ for any k =0,
...nj — 1. Hence, in particular, f" maps I{ =Comp s, f~ " (B(f" (x), 2r))
diffeomorphically onto 7, = B(f"(x), 2r). Note that (1 — &)I; C B(f" (x), r). Hence,
as f satisfies bounded distortion near K, there exists C(¢) > 1 such that for every i > 1

Dist g|p(fri (x),) < C(e)  where g = (f™ IIf)_l.

Thus, x is S’-conical with r, (n;);, and U; = I{. This finishes the proof. O

4.  Proof of Theorem 1
In this section we shall prove Theorem 1, except for (1.11) which is postponed to §5.

4.1. No conical points with small exponent. We start with a proposition, which,
together with Proposition 3.21 in the previous section, proves in particular (1.13) in
Theorem 1 (compare also [20, Remark 4.1]). In the following sections we shall provide
improvements, skipping the assumption that the points are conical, in particular proving
(1.11) and its generalizations.

PROPOSITION 4.1. Let (f, K) € szfD be non-exceptional and satisfy the weak isolation
condition. Then the set {x: x is conical, X (x) < Xint} is empty.

In particular, above we can write §’-conical, which together with Proposition 3.21
is also sufficient to prove (1.13). Moreover, we point out that the assumption of weak
isolation is not needed in this proof.

Let us summarize that we get a decomposition of K into three sets:

. points x being non-$§’-conical with X (x) < 0;

) points x being non-S’-conical with )} (x) > 0; and

e  x being S’-conical.

We do not know much about the first set. By Proposition 3.21, the second one has
Hausdorff dimension 0. Any x in the third set satisfies ¥ (x) > xinf by Proposition 4.1.

Sketch of Proof of Proposition 4.1. For x conical we find an arbitrarily small
neighborhood U of x, and n such that f* maps U onto B(f"(x),r) with bounded
distortion. By strong transitivity, f~" (x) is r/2-dense for sufficiently large m. As |U]| is
small, its respective pull-back U’ is in B(f"(x), r). Then one finds a shadowing periodic
orbit and distributes an invariant measure p on it. We obtain x (u) < x(x) + ¢ with &
arbitrarily close to 0. Observe that capturing critical points when going forward from U’
to U does not hurt as the small derivative of f close to them works to our advantage. O

https://doi.org/10.1017/etds.2014.135 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2014.135

1470 K. Gelfert et al

4.2. Upper bound. The content of this subsection, like §4.1 and 4.3, is very similar to
the complex case in [14]. However, the modified versions of the proof of Proposition 4.2
will be considered in §5 and 6, so we include the details.

Thus, the first part of Theorem 1 consists of the following upper bound.

PROPOSITION 4.2. Given numbers o < B < xsup with B > 0, and additionally assuming
a > 0if xinf =0, we have

dimy L(a, B) < max{O, max F(q)}.
a<q=p

The possibility of restricting to S’-conical points due to Proposition 3.21 makes the
proof easier than the proofs in §5 and §6, where one deals with finite criticality (TCE). It
turns out that considering ‘non-critical conical times’ is not sufficient and that one has to
deal with true conformal measures.

Proof. Let o and B be as in the assumption and x € L(«, B). By Proposition 3.21, it is
enough to assume that x is S’-conical with a corresponding number r > 0, a sequence
n; /' 0o, and a sequence (U;); of neighborhoods of x such that f" (U;) = B(f" (x), r)
(U;’s are pull-backs in another terminology) and that Dist f" |y, is bounded uniformly in i
by some constant C. By passing to a subsequence we can assume that 1/n; log [(f") (x)]
has a limit g € [, B]. If xinf > O then as in the proof of Proposition 4.1 we can find a
periodic point x with x (x) less than g + ¢ for ¢ arbitrarily close to zero, for n; sufficiently
large. Hence g > xint > 0. If xjnr = O we use the assumption « > 0 to ensure that g > 0.

Every FRU;) and thus 57 (B(f" (x), r)), for every k=0, ..., n; — 1, is disjoint
from §’. So when we consider . (the measure defined in §2.3 with Jacobian A|f'|" for
A =eP®), applying the conformality relation for f repeated n; times, we have, due to
Lemma 3.1,

/. YT dpa = (B (o), 1) 27
S TBfM(x),r)
Given r, there is a constant ¢ = ¢(r, t) > 1 such that ¢! < wi(B(y,r)) <cforevery y €
K, see §3.3 (where the notation Y was used). This, together with the distortion results,
implies

ST B ), ) = () @) C et PO, (4.1)

Now we conclude as in the proof of [14, Proposition 2] (see also the end of §6) that
the lower local dimension of u; is bounded from above by ¢ + (P(t)/q) at x. Then,
continuing as in this proof, and applying the Frostman lemma, we obtain

dimyg L(a, B) < max[O, max F(q)}. 4.2)

a=q=p
In the case yinr > 0 we have got a formally better result, with max{c, xinf} < g < B in the
above estimate, but this does not make a difference since F () = —oo for @ < yijnf. This
finishes the proof. O

Notice that, in particular for 0 < ¢ < 8 < xins, for ¢ large enough we have P(t) < —q t.
Hence, for ¢ small enough the measures in (4.1) diverge. So such §’-conical points x
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cannot exist. Observe that in this way we have obtained an alternative proof of the partial
result in Proposition 4.1 stating that the set of S’-conical points is empty (the emptiness of
the conical set does not follow, since to use the CaS measure we need to omit S’).

Summarizing, Proposition 4.1 together with Proposition 3.21 prove (1.13). This
approach will be used again in §6.

4.3. Lower bound—interior of the spectrum. The proof of the lower bound for the
regular spectrum in Theorem 1 goes exactly like in [14, §5], with the only difference being
that we use S’ instead of the set of critical points. The main idea is to construct ECRs and
use bridges, as recalled in §3.4, and to apply Proposition 3.11.

We use the formula for the Lyapunov spectrum on a uniformly hyperbolic repeller X,
(see, for example, [29]) which gives in particular

dimp{x € X;n: x(x) =a} = Fy(a).
Hence, using (3.7), for any & € (Xinf, Xsup) W€ get
dimg{x € K: x(x) =a} > sup F, (o) = F(),
m

which is the lower bound asserted in Theorem 1.

4.4. Lower bound—boundary and irregular part. It is sufficient to have the following
result.

THEOREM 4. Let (X;); be a sequence of ECRs invariant for f% in K (Cantor sets; we do
not allow individual periodic orbits here), disjoint from alx. Let (¢i)i be a sequence of
Holder continuous potentials and let (1;); be a sequence of equilibrium states for ¢; with
respect to f%|x,. Then we get
dimH[x € K: x(x) = liminf x (1), ¥(x) = lim sup x(m)] > lim inf dimy 2;
- i—00 i—00 [—>00
and for the packing dimension
dimp[x € K: x(x) =liminf x (u;), x(x) =limsup x(u;) > lim sup dimgy ;.
- =00 i—00 i— 00
Proof. This proof goes exactly like the proof of [14, Theorem 3]. However, in our setting,
even assuming the weak isolation condition, it is not a priori clear that the Cantor set C of
points x constructed in [14] is in K. So, we should care about this in the construction. The
points in C are the points whose forward trajectory spends time n; close to a trajectory in
X1 Birkhoff for ¢; (that is, with finite time Birkhoff average close to f ¢1 duy); next it
goes along a bridge which joins X» to X (in the forward direction), then it spends time
ny close to a trajectory in X, Birkhoff for ¢,; next it goes to X3, etc. The sequence (n;);
grows sufficiently fast to guarantee the required properties.

Since the measures u; are non-atomic, the (countable) set Ufno:o fm (BTK) has measure
zero. Hence, we can choose any point outside this set and construct (backward) bridges
from such a point. These bridges will be disjoint from d1x. If U; consist of components
of length small enough, then ;- /™ (C) C Tx. Hence, by the maximality of K in Ik,
we have C C K, see §1.1. O
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To prove lower bounds for, say, dimyg £(«, B) with &, 8 € (Xinf, Xsup), W€ consider
ECRs X; as in Proposition 3.11 (indexed X, there). Consider also

OP(flx;, ¢)| _ Ja iodd,
ot f B B ieven,
and let u; be the equilibrium for ¢; with respect to f|x; .

We can assume X; to be disjoint from BTK. Otherwise we can subtract from X; an open
set W covering 31k which, for example, can be taken to be small ‘cylinders’ of the form
8kiks © 8koks O * * * O 8k,_1k, (Uk,), see §3.4. This does not change the topological pressures
on X; much. Indeed, this continuity follows from the following.

@i = ¢y, |x; wheret; is such that

LEMMA 4.3. Let f: X — X be an expanding repeller in R (or, more generally,
an open distance-expanding map, see [40]) which is topologically transitive and of
positive topological entropy. Let ¢: X — R be a continuous function. Take an
arbitrary finite set Z C X. Denote X (r) := X\Y, where Y, = U;io f_j(B(Z, r)). Then
P(flxuy, ¢lx¢y) /" P(f, @) asr — 0.

For completeness we provide an elementary proof. Another proof follows from the use
of conformal measures, see [11]. Compare also [36, Proof of Theorem 4.1, Case 2] from
which yet another proof can be extracted. Remark also that using a Markov partition
one can approximate ¢ by a function constant on small ‘cylinders’, and reduce the
consideration to the continuity of the leading eigenvalue of the corresponding Markov
matrices.

Proof of Lemma 4.3. We replace Z by a finite subset Z’ of its forward trajectory, so that
no point in Z' is pre-periodic but non-periodic and such that the forward trajectories of any
pair of distinct points in Z’ are disjoint. Then for an arbitrary ' > 0 and W = B(Z', r’)
we get U;)io f~/(W) DY, for all r small enough.

Let £p be such that every point x € X has at least two distinct preimages of level £y in X.
Fix n and take r’ > 0 small enough that all the sets f/(B(z,7')),z€ Z’, j=0,...,n+
£o are pairwise disjoint, with the possible exception of f/1(B(z, r')), f”2(B(z, ")) for
z € Z' periodic with j, — j; being a multiplicity of the period (such sets, naturally, must
intersect).

Consider

o
xwy=x\ |J r7mw.
j==to
Take x € X(W). Consider two distinct points y, y' € f~%(x). Then by the definition
of W at least one of them, say y, has the property that all the preimages f~/({y}),
j=0,...,n are disjoint from W. By definition of X (W) all fj(y), j=1,..., ¢y are
also outside W. Thus, all the backward branches of x of length n + £( passing through y
are disjoint from W.
Let ¢ be a non-negative potential obtained by adding a constant to ¢. We choose n
large enough that for all w € X we have
n—1—4£

1
e X eXp( > w(f‘@))zp(f, v) —e.
=0

ng*"“fo (w)
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Indeed, this follows by [40, Proposition 4.4.3]. This proposition formally assumes Holder
continuity. However, the uniform convergence of pressure holds also in the general
case of a merely continuous potential, since every continuous function can be uniformly
approximated by a Holder continuous one.

Given x € X(W) and y as above, using the fact that i is non-negative, noting also that
z € f"o(y) implies z € X (W), we obtain

n—1 n—1-—4¢g
> exp(Zwﬂ(z)))z > exp( > xb(f‘f(z))). (4.3)

zefM(x)NX (W) =0 zef 0 (y) =0

Composing these two inequalities we obtain a uniform lower bound for the left-hand
side of (4.3) valid for every x € X (W). In particular we can apply it for each z in place of
x in (4.3). Thus, using this lower bound repeatedly we obtain for every positive integer m

mn—1

> exp( 3 mff(z))) > exp(m(n — £)(P(f. ¥) — £))
Zef—mn (X) (=0
and hence ¢
n—
P(flxey V) 2 ——(P(f. ) = o).
This proves the lemma. O

One can correct X;, defined as X (r) above, to become topologically transitive: first,
by slightly extending it so that f|x, becomes an open map (see [40, Proposition 4.5.6])
but still X; C int Tk next, replacing it by its subset of all non-wandering points of f|y;
(by the variational principle it does not change pressures); and finally, restricting it to an
appropriate basic set in the spectral decomposition, see [40, Theorem 4.3.8].

If at least one of the numbers «, B is in the boundary of the interval [ inf, Xsup], then
we consider u; for a sequence of numbers #; corresponding to ¥; € (Xinf, Xsup) Which
accumulates at 8 and at . This proves in particular dimg £(0) > F(0) in Theorem 1.

5. On the completeness of the spectrum
Analogously to [14, §3] we investigate which numbers can occur at all as upper/lower
Lyapunov exponent. The proof of (1.12) in Theorem 1 that

{x € K: X(x) > Xsup} = @
is the same as in [14, Proof of Lemma 5]. The proof of (1.11) in Theorem 1 that

{xeK:—00 < x(x) < Xinf} =&
is more difficult and in part different from the one in [14]. This section is devoted to this
proof.
5.1. No points with exponent less than xi,r. We prove the completeness part of

Theorem 1, promised at the beginning of this section.

THEOREM 5. Let (f, K) € o _ED and satisfy the weak isolation condition. Then for every
x € K such that finite x (x) exists, we have x(X) > Xinf.
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Proof. The proof of y(x) > 0 under the hypothesis lim,_, o log | f/(f"(x))| =0 is the
same as in [14, Lemma 6]. However, to prove y (x) ¢ [0, xiaf) We cannot use complex
methods as in [14], so we provide an alternative proof.

Let us suppose that x(x) > 0. We can also freely assume that x is not eventually
periodic. Indeed, otherwise, x (x) = x(p) for some periodic p and x (p) > xinf because
we can distribute an invariant measure on the orbit of p. If xj,r = O then automatically
X (x) > xinf and the assertion holds. Thus, it remains to consider the case yi,r > 0. By the
properties listed in §2.4, we know that ( f, K) satisfies TCE and lacks indifferent periodic
points in K.

Fix any n = n; from the sequence (n;); in TCE and consider the intervals

W=B(f"(x),r) and W:=1o0W=B(f"(x),r/2),

that is, W is the 1 /2-scaled neighborhood of W (recall (1.1)). Given k =0, .. ., n, denote
by Wi the pull-back of W for ¥ which contains f"~*(x),

Wy = Comp -k y,) 7w,
and denote by Wj the corresponding pull-back of W. Denote by
Wk\Wk =Ly URy

the union of the left and right interval (margin) in this difference.
We shall now prove the following fact.

CLAIM. There exists a number t > O (which depends only on f, not on x, n) such that
each Wy contains an t-scaled neighborhood of Wy.

Compare, for example, [33, Lemma 1.4] in the complex case.

Proof. Recall the choice of § in (1.2). Assume that in TCE the number r is small enough
that in BaShrink all pull-backs of W for iterates of f have lengths less than §.

For k € {0, ..., n} denote by t; the maximal number for which the claim still holds.
By construction, 79 > 1/2.

Let 0 <kj <---<ky <n — 1 be the subsequence of all consecutive integers k such
that Wk N Crit(f) # . By TCE, we have N < M. Note that M depends neither on x nor

on n.
Let us divide the interval {0, ..., n — 1} into critical times {k;} and intercritical
intervals {k; +1, ..., kix1 — 1}, i=1,..., N — 1. By (3.9), at any critical time the

number 7; can decrease at most by a constant factor. By (1.2), in an intercritical interval
the number 7; can decrease at most by a constant factor. As the number of critical
times and intercritical intervals are bounded by M and M + 1, respectively, the claim
follows. O

Notice that f"(dW,) C 9W (it can happen that both ends of W,, are mapped to one end
of W). Since f"(W,) contains also the point f"(x), we get | f"(W,)| > r/2.
We will show in the following that there is a constant a € (0, 1) such that

ao(f"(W))NK #2. 5.1)
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aof"(Wn)
—_—
+ 3 a d of"(Wy)
C 3 3 o
: AN .
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FIGURE 3. Capturing a periodic orbit.

Observe that this condition says that there is a point belonging to K which is ‘well inside’
f(W,). We will show this fact not for all n; but for some subsequence, slightly corrected
if necessary, satisfying (2.4) (with the same r, but the constant M may be altered), or else
assuming that x is not pre-periodic. But let us postpone the proof for a while.

(i) Proof of x (x) > xinf assuming (5.1).

(i)(a) Capturing a shadowing periodic orbit. Let a’ = (a+1)/2. Pick some z €
ao (f"(W,)) N K. Recall the function m. in Definition 3.4. There exists some m €
{0, ..., mc((a’ —a)r/4))} and y € f~™(x) such that |y — z| < (¢’ — a)r/4. Hence, as
| f*(W,)| > r/2, we have y € a’ ¢ (f"(W,)).

Hence, due to BaShrink, the pull-back interval W,,,, of W, for f which contains y
has length smaller than (1 — a’)r/4, for n large enough. Hence, it is strictly contained in
S (W,). Therefore, there exists a periodic point p € W, 1, of period n + m. By the weak
isolation condition, p € K. See Figure 3.

(i)(b) Comparison of derivatives. Let us now estimate |(f"*™)(p)| from above. Denote
by Lip the Lipschitz constant of f|x. First observe that existence and finiteness of x (x)
imply lim, o 1/nlog | f'(f"(x))| = 0. Hence, given & > 0, for large enough n we have
[(f™)(x)| < exp(§ Nn). For n large enough, we have

N N
IS P = 1™ )] - [T IS5y =5 ol - TT L G ol

i=1 i=1
Now let 7 be as in the Claim and C(7) as in (1.2). We can further estimate
N

I ()l < Lip™™ c@oN - TS (it (o))
i=1
< Lip"™ C(ON - 1(f") (¥)| exp( Nn). (5.2)

We conclude

1
n—+m n

Considering the f-invariant probability measure

1
log | (/") (p)| < N& + lim —log|(f")'(x)] + 0( )

1 n+m—1
Mg = > i (5.3)
k=0
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its Lyapunov exponent is x (p). Hence, letting £ — 0 and n — oo, we obtain a sequence
of measures (1, ¢ such that inf, ¢ x (u,,e) < x(x). This proves the assertion assuming
that (5.1) holds.

What remains to prove is (5.1).

(ii) Proof of (5.1), changing n and M if necessary. Now let us prove the postponed (5.1).
We shall specify the constant a later on. For any p > 0 define

0, ={z€eK:(z,z+p)NK=or(z—p,2) NK =0}

Considering a > 1/2,setb =2a — 1 (hence | — b =2(1 —a)) and p = br/2. Assume

first that
f"(x) ¢ B0y, (1 = b)r/4). (5.4)

In words this means that f”(x) € K is not closer than (1 — b)r/4 to a ‘big hole in K” which
is of length at least p. Then K intersects both intervals R =b ¢ (f"(x), f"(x) +r/2)
and L=bo (f*(x) —r/2, f"(x)). Since f"(W,) covers either (f"(x), f"(x) +r/2) or
(f"(x) —r/2, f"(x)), then (5.1) follows. Indeed, notice that (" (x), f"(x) +r/2) is a
(1 — b)r/4-scaled neighborhood of R (analogously for L), so f"(W,) contains a (1 —
a)r/4-scaled neighborhood of R (or L).

Notice that if 0 < ry < r7 then 9, C 9. If r/3 < p, and thus b > 2/3, then (5.4) and
thus (5.1) hold for all n such that

f"(x) ¢ B(3r/3, (1 — b)r/4) =: B. (5.5)

Notice that our subscript at o is independent of b now. Notice that the set d,/3 is finite,
with the number of elements depending only on ». This set can contain periodic points,
which must be hyperbolic repelling. Let 6 > 0 be a constant such that for each periodic
point g € 9,/3 with period m(q), for every y € B(q, 6) we have (DY (y)| > 1.

Let us consider the upper density

_ 1
d:=limsup —#{0 <k <m: f*(x) ¢ B).
m

m—00

(ii)(a) The case d > 0. Taking P in the definition of TCE small enough that 1/P + d>
1, possibly passing to a subsequence, we can assume that there is a strictly increasing
sequence (7;); such that TCE and (5.5) hold. Hence, this shows (5.1) and finishes the
proof of Theorem 5 in this case.

(ii)(b) The case d = 0. Set
a :=dist(f(3,/3)\0r/3, dry3) > 0.
Then, for each z € 8,/3\f_1(8r/3),
f(B(z, Lip~" @/2)) N B(3,/3, @/2) = @. (5.6)
Recall that Lip denotes the Lipschitz constant of f|x. Define

O :=min{|lw — w'|: w #w', w, w' €9,,3}.
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We set
, ® 0

. { o
o =mmny-——, —, -
2Lip 2 2
Let b be defined by (1 — b)r/4 = «’. This, in turn, eventually specifies a. Finally, recalling
the definition of »¢(-) in BaShrink, define

M' =M +#3,/3 + »(2r, &'). (5.7)

Recall again that f k(x)¢ B implies (5.5) and hence (5.1). As we have d = 0, for all
m large enough, an arbitrarily large proportion of {1, 2, ..., m} is covered by blocks A ;
of consecutive integers k so that f k(x)e B (zk, &) for an appropriate z; € 9r/3; such zj is
unique by the choice of o’. Moreover, it also follows from the choice of &’ that for integers
k, k + 1 belonging to one block A; we have

@) = 2kt 1. (5.8)

Hence, for each block A; ={£;,£; +1, ..., Z’j}, if #A; > #0, 3, then the point 2, is
eventually periodic; namely, there exists a periodic point g € 9,3 with period not greater
than #A; — 1, which we denote by ¢;7.

Note that we can exclude the case f Li(x) = 25, because then x would be eventually
periodic (we considered this case in the beginning of the proof of Theorem 5). Increasing
m if necessary, we can assume that the last block ends at m and that all the blocks A ; have

been chosen to be maximal, that is, f tj+ (x) ¢ B for all j. Observe that each block must
indeed be finite by definition of o’

So (5.5) and hence (5.1) hold for n; = Z’j + 1 for each j. What remains to be checked
is that this number also satisfies (2.4) in TCE.

We will prove that (2.4) holds for n; = K/j + 1 with the constant M’ provided it holds

for some m; € Aj with the constant M. Indeed, the pull-backs Comp sk () f —(+1-k)

B( fZ;H(x), r) have lengths smaller than o’ for all k > 5(2r, ') by the definition of
the latter constant in BaShrink, and hence their consecutive pull-backs do not capture
critical points for £; +¢; <k < E/j — »#(2r, &'); they can capture critical points only for
ke{mj,...,mj+t; — 1} and the number of such k’s is bounded by #9, /3. In conclusion,
when passing from m ; to é/j + 1, TCE still holds with M replaced by M’ defined in (5.7).

Finally, recall that the union of the blocks A ; covers an arbitrarily large proportion of
{0, ..., m} for m large enough. Hence there exist arbitrarily large m ; belonging to some
A also satisfying TCE, and hence there exist arbitrarily large n; = K/j + 1 satisfying TCE
with M’, and simultaneously satisfying (5.1).

This finishes the proof of the theorem. O

6. Strong upper bound for irregular part
We now shall prove Theorems 2 and 3 from §1.7. We start with a technical lemma, to be
applied later for ®(n) = log |(f") (x)|. It will allow us to strengthen Pliss lemma 3.12

+ Notice that we can assume that ;€ fl-/(ng). Otherwise, fe-/ W) would cover the side of fe-/ (x)

not containing 2 and hence (5.1) would hold immediately. However, we will not use this observation and
assumption later on.
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(q1. g2)-crossing interval

/

(q1, gp)-interval
FIGURE 4. (q1, g2)- and crossing intervals.

which states that for x with ' (x) > o > 0 there is an abundance of hyperbolic times with
exponent o for x (that is, ‘illuminated’ from an angle o, see Figure 4). We will conclude
that, in fact, there are times with exponent (1/n) log |(f™)'(x)| within an arbitrary a priori
fixed reasonable interval [q1, ¢2].

LEMMA 6.1. Let ®: Ry — R be a continuous function, and L > 0 be such that for each
0<t <t we have ®(t2) — ®(t1) < L(t2 — t1). Let 0 <o <q1 < q2 be real numbers.
Let C := L™ (q2 — q1) and define

@7 (1) ;= sup(P(s) + o (t — 5))

s<t

and

Hp:={xeR,: ®(x)=®°(x)}] and Hy:={neN: d®{n)=>%n)}.
Let t1 < 13 be positive numbers satisfying ®° (1)) = q1t1, ©°(12) = q212. Then, with £
denoting the length measure, we have

1
—L(Hg N [11, 2]) = C. (6.1)
1)

If ® is affine between each pair of consecutive integers and 1, is an integer then

%#(HN N[z, ©2]) > C. (6.2)
2
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Proof. Notice that the function &7 is affine on certain open intervals, on each such interval
its graph has slope o, and these intervals are all in the complement of Hy. Since by our
assumption ¢ < L, the function ®° is monotone increasing Lipschitz continuous with
Lipschitz constant L. Hence

D (1) — ®9(11) < L - £(Hr N [11, 2]) + 0 - £([1, 2]\ HR).
On the other hand,

D9 (1) — (1) =qpr2 — q1T1 = (92 — 1) T2 + q1 (12 — 7).

From o < g1 we get
(g2 — g2 = L -L(Hr N[11, 2])

and (6.1) follows.

Finally, notice that if & is affine between each two consecutive integers, then ¢ € Hg
implies [¢t] € Hr where [¢] denotes the smallest integer > ¢. Hence #(Hy N [11, 12] for
integer 17 is not less than the number of intervals of the form (m, m + 1] intersecting
Hg N [1], 72]. Hence

#(Hy N[, 2)) = L(He N (11, @) = L (g2 — gD,
which proves (6.2). O
Below we will apply this lemma to numbers 0 < o < g1 < g2 < L so that
() =qiti, qt <P7(@) <qot forallt €[r1, 2], P7(r2) =qo12.

We call such an interval [11, 72] a (g1, g2)-interval for ®°. If it is the minimal interval
with this property, we call it a (g1, g2)-crossing interval (compare Figure 4).

LEMMA 6.2. Let ®,L be as in Lemma 6.1, =Ilimsup, ., ®()/t, and o=
liminf,_, o ®(t)/t (we allow « to be negative). Let

1
Lo :=lim sup sup N|<I>(k + N) — & (k).

N—oo k

Then for o € [0, B) we have
®*(1) _B+oB—a)/Lo—0)

lim inf < . (6.3)
t>o0  f I+ (B —a)/(Lo—o0)
In particular, for o = 0, see Figure 5, we have
®0(¢
lim inf @ < P

oot T 14+ (B—a)/Lo

Applying this lemma we shall consider o > 0 arbitrarily close to zero, so we will be
allowed to use the latter formula.

Proof. We always have

a <af(o):= prop=a)/(Lo= U). (6.4)
1+ (B —a)/(Lo—o0)
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Fix a small ¢ < min{ — o, (a(o) — «)/2}. Let (n;); be a sequence of times for which
O (n;) < (a + e)n;. We can freely assume (passing to a subsequence if necessarily) that
D (n;) > O (n;) for every i, otherwise the assertion follows immediately. Hence, each n;
lies on a plateau of ®7; denote by k; and ¢; the beginning and the end of this plateau. We
have
@ (ki) + (Li — ki)o = P(L;)
and, for i large enough,
D (ki) < (B + &)ki.
We can freely assume that &% (¢;) > (" (o) — €)£;, otherwise the assertion follows. As
@) = P(ni) + (¢ —ni)L,
this implies that
Zi L—a—c¢
- Z -, = 13
nj — L—af(o)+e¢
and hence, for i large enough,

D) < P(n;) + (Lo+e)l; —ni) < (a+e)k; + Lo(€; — k).

(2
— — (T €&
i Lo+e—o ki

Hence,

and
o) b _ D)
ki ki ki
Dividing side by side we get

e _(@ki)/ki) —o)(Lo+e—o0)

o
¢ T (ki) /ki)+Lo—0 —a
The function x — (x — 0)/(x — 0 + Lo — «) is increasing. As ®(k;)/k; < B + ¢,

©(€i)<0 (B+e—o)Lo+e—o0)
7 Lo—o+B—a+e¢
Passing with ¢ to zero we get the assertion. O

In the rest of the section we consider the following piecewise affine function

I Y ift=¢eN,

o) = og [(f7) (x)] 1 6.5)
C+1—0)- PO+ -0 - PU+1) ifl<t<l+1.

Observe that, by [36, Proposition 4.7], when considering the orbit of a point x and the

above defined function we have Lo < xsup. Hence, in the following, for this function we

let
aﬁ = #
1+ (B — a)/Xsup

LEMMA 6.3. For every d € (0, 1] and every positive integer k there exist an integer m =
m(d, k) and a number ng such that, for every n > ng and every J C {1, ..., n} such that
#J > dn, there exist numbers a; < ay < - -- < ay in J such that a; — a; < m.
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FIGURE 5. Sketch of the proof of Lemma 6.2 (¢ = 0).

Proof. Letm = |2k/d] + 1, where |-| denotes the integer part. Then for n large enough

1
Y Il j+mIN[L ]l = m#) —m) = mdn —m* > Smnd.
jeJ
Hence, there exists i € {0, ..., n} such that

A@):={jeJ:i€lj, j+m]lN[l,n]} satisfies #A(i) > %md.
We now leta; < a> < - - - < ai be the consecutive indices j in A(7). O

The following lemma will provide a substantial technical ingredient to prove
Theorem 2.

LEMMA 6.4. Let (f, K) € /. Given a < B with 8 > 0, for every q > o > 0 such that
au(a) <q < B and every ¢ > 0, there exist M >0, r > 0, &' > 0 such that, for every x €
L(a, B), there exists a subset H of N of upper density

- . #(H N [1, n])
d(H):=limsuyp —— >
n—0 n

such that for everyn € H and every k =0, . . ., n for the pull-back Wy of B(f"(x), r) for
X which contains "% (x), the following properties hold:

0

IS (R < e, (6.6)

|Wi| < e k=), (6.7)

n(qg —e) <log |(f") ()| < n(q +e), (6.8)
#Hk: 0<k <n, Wy NCrit(f) # 2} < M. (6.9)
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Moreover, for ® defined in (6.5), if « < B then there exists n"? > n such that
d(r"P)  Dd(n)

d(t ()
> +¢&  and L > (m) —¢
nup n t n

foralln <t <n"P, (6.10)

If o = B then only the second inequality holds for all t > n.

Observe that (6.9) is as in (2.4) in TCE, however we conclude this property for the
subset L (¢, B) C K only.

The property (6.10) is technical, and is not needed in the case K = Ix. The possibility
of finding a positive upper density set H of integers for which Pliss’s type properties (6.6),
(6.7) and (6.9) simultaneously hold has been recently proved in [23], using ‘shadows’
from [39].

Proof.

Step 1. Let H; be the set of all Pliss hyperbolic times for x with exponent o. As
o < ¥ (x) = B, by the Pliss Lemma 3.12 (see §3.6) H; has positive upper density d(H}).
Now the property (6.6) follows by definition of the Pliss hyperbolic times and (6.7) holds
by the Telescope Lemma 3.13.

To prove (6.8) and (6.10) we can assume « < 8, since for « = g = 8 these properties
hold immediately.

Letq) <g5and[q1,q5]1 C (@ —&,q+&)N (a*(0), B). Assume also o < g1. Letgo =
(q1 + g5)/2 (hence g — q1 < ¢). We define &' := ¢} — ¢>.

To apply Lemma 6.1, let us consider the piecewise affine function @, defined in (6.5).
Now let Hy be the set from Lemma 6.1 applied to this function. Recall that every integer
n € Hy satisfies ®° (n) = ®(n) and is a Pliss hyperbolic time for x with exponent o, that
is, Hy C Hj. Continue to consider the set H> being the set Hy intersected with the union of
all the (g1, g2)-crossing intervals (recall the definition right after the proof of Lemma 6.1).
If [t1, 12] is now such a crossing interval then, for n = 7, and for C as in Lemma 6.1, we

have
#(Hy N [, n])

n

>C > 0.

Moreover, by

1 1
log [(f")(x)| <a*(0) <q1 and g5 <limsup — log |(f™")(x)| =B

lim inf —
n—oo n n—oo N

there are infinitely many crossing intervals, and hence infinitely many such n’s. Thus, the
set H has positive upper density and also satisfies (6.6) and (6.8). The crossing property

easily implies (6.10).

Step 2. Now we shall concentrate on proving (6.9), further restricting H>. By [36,
Lemma 3.1] (see also [27], or [10] in the holomorphic case) there is a constant Q > 0 such
that for every x € K for every n and an arbitrary ¢ € Crit(f) we have

n

Y —log|fi(x) —c| < On. 6.11)

J=0
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where ¥’ means that in the sum we omit an index j of smallest distance | f/(x) — c|
(only one if there is more than one such j). For normalization (to have only non-negative
numbers in (6.11)) we assume K C [0, 1]; this influences only the constant Q.

We continue, using the ideas from [39], following the proof of the fact that ExpShrink
implies TCE (see also [27]). Given j > 1, let

a(j) := — log dist( £/ (x), Crit).

Fix a number s > 1/(0 — €). For each j consider the interval (‘shadow’) S; :=(j, j +
»a(j)]. Denote by 1, the characteristic function of S;. Then, by (6.11), we have

D) s, () <> a(j) < #Critn + 2Qn = n(# Crit +3Q) =: n Q...

k=1 j=0 j=0

where the term # Crit -n takes care of the indices which have been omitted from the sum
in (6.11). So, given an arbitrary M > 0 the cardinality ny; of the set of k € {1, ..., n}
covered by more than M shadows is less than n(# Crit +5cQ)/M. Hence, there is n =
n(M, », Q) such that

1 —ny/n>1— #Crit +5Q)/M = 1.

In particular, the lower density satisfies

lim inf(l — "—M) >,
n—00 n
and, choosing M sufficiently large, n is arbitrarily close to one.
Now let H be the set of numbers in H, which do not belong to more than M shadows.
Thus, its upper density is still positive for sufficiently large M.

It remains to show that every n € H satisfies (6.9). If n € H and n ¢ S; for j < n then
by definition n — j > saj, and hence

exp(—(n — j)/») < dist(f7 (x), Crit).

Thus, by (6.7) we obtain |W;| < e~""=)©=#)_Since 3 > 1/(c — &) we conclude that W;
is disjoint from Crit. Thus the set H defined above satisfies (6.9). O

We remark that our term ‘shadow’ originates in its analogy to the ‘shadows’ in the
proof of existence of Pliss hyperbolic times. Indeed, compare Figure 4 where the shadows
correspond to the lines with slope o to catch hyperbolic times with such exponent.

The following proposition is the key step in the proof of Theorem 2. In the remainder of
the section we will assume that (f, K) € ;zf/_ED is non-exceptional and we will consider the
following family of measures ;. In the case that there are no indifferent periodic orbits
in K, then for every r < ;. we denote by y, the unique (non-atomic) e¥’ | f'|’-conformal
measure which is well defined by [36, Theorem A]. For ¢ < 0, if such a measure does not
exist we consider a CaS measure ] instead, positive on open sets (see §§2.3 and 4.2) and
denote it also by ;.
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PROPOSITION 6.5. Let (f, K) € ,foD satisfy the weak isolation condition and be non-
exceptional and without indifferent periodic orbits. Given numbers a < B and q such that
af <q < B, for every x € L(a, B) not weakly S’-exceptional there exist a sequence of
integers n;j — 00, a sequence (q;); of positive numbers q; € [q, Bl, and r > 0 such that
forevery e > 0andi > 1 we have

diam Comp, £~ (B(f" (x), r)) <e M@=, (6.12)
For every t < t,, the measure [i; satisfies
wi(Comp, f~" (B(f™ (x), r))) = e PO emnidi=nieltiny (), (6.13)

where Y (t) := Y (s, A) defined in (3.2), for A depending only on r, f, and sgn(t). In
the case K = Ik, one can take q; = q for all i.

Proof. The property (6.12) for n =n; € H and ¢g; = g follows immediately from (6.6),
(6.8), and Proposition 3.13. (Though later on there will occur a case where we need to
work with different choice of g;.) Therefore the rest of the proof will be devoted to (6.13).

We start by repeating the construction in the proof of Theorem 5. Consider Wand W =
1/2 o W = B(f"(x), r/2) and denote by W the pull-back of W for f¥ which contains
fn—k (x).

The general strategy to prove (6.13) is, as for Proposition 4.2, using the conformal
measure u = ;. We will start by considering a particular case.

(i) Assume f"(W,) = Wt.

(i)(a) The case t > 0. We will pay particular attention to the encounter of critical points.
As in the proof of Theorem 5, let 0 < k; < --- < ky <n — 1 be the subsequence of all
consecutive integers k such that Wi N Crit # . Here, by Lemma 6.4 property (6.9), we
capture critical points only M" < M times.

We pull back W = B(f"(x), r/2) in place of B(f"(x), r), and use bounded distortion
for fki—ki-1=1 on the pull-back Wk,—1 3 fr=®i=D(x) for fk—1 as in the proof of
Theorem 5 (the formula (5.2)).

In the proof of Theorem 5, in part (i)(b) we only needed to compare derivatives. Here
however we pull back u; on K so we must be careful. Let us explain it in detail. As
in Lemma 3.2 we use the notation W] = f7/(W,,). By Corollary 3.3 the map fki—*i-1-1
is a K-homeomorphism of W) %*! onto W/ %~'. These are in fact diffeomorphisms
with bounded distortion, since we also take into account, while defining k;, the capture
of inflection critical points. Therefore, there exists some constant C coming from the
distortion relation (1.2) so that

—ki+1 —ki+1

i (W ) = Cte,(k‘.,kiq,])p(,)<|Wr’: |)t
_ki— - —k[_ :

Wy 7 Wy

If W, ki contains an inflection critical point ¢, f is a K -homeomorphism onto W,/ kit
again by Corollary 3.3 and, denoting (f |ank,v)_1 by g, we have (as u; is non-atomic,

(6.14)

T This is so in the iteration of a rational function case. Hence for rational maps the same proof will give us (6.13),
see Appendix A.
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in particular not having an atom at ¢, we can even write equality in place of the first
inequality)
(W) > e’””/ 1§ DI dpe (y)
W,

n—k;+1
n

W, ]\ kit
W) e (Wy =%,
n

with a constant C arising from Lemma 3.14, applied for every y under the integral. We
again get (6.14) (forn = 1).

If Wy, ki contains a turning critical point ¢, then we apply the above estimate by
choosing as g the branch of f~! on W, —kitl mapping it onto W, ki according to
Corollary 3.3.

Notice finally that the case where W,;’_k" contains no critical points can happen, since
this set can be strictly contained in Wy,. Then f is a K-homeomorphism on its image and
we also get the above estimate, referring to Remark 3.15.

Composing those inequalities we obtain

> Cte—P(t)<

| Wil
[ (W)l
This ends the proof as we assumed f”(W,) = W and hence

me (B (x), r/2)) = Y (s, r/2) > 0

(W) = C1OM D0 ) (7 W (6.15)

(see (3.2) and (6.12)).

(i)(b) The case r < 0. By Lemma 3.5 applied to X = K there are some r' = &(r/2, M +
1)/2 and z € K N B(f"(x), r/2) such that B(z, r') is disjoint with [ Jj_, f/(CritnW)).
Then f™ has no critical points and has bounded distortion on the pull-back W, of W' =
B(z, r'/2) contained in W,,. Hence, by (1.2) and the telescope estimate in Proposition 3.13,
since B(z, r’) is 1/2-scaled neighborhood of B(z, r'/2), for every y € W),

r/

ny/ 1 1
[ W= C/2) Wi > A

> Col(f") (x)le™™

for arbitrarily small ¢ > 0 and some constants C1, C2. As f" is a K-homeomorphism on
W, , by Corollary 3.3, for t < 0 we get

e ( Comp,, f"(B(f"(x), 1)) = e (Wy)
> Clzt\e—nP(t)|(fn)/(x)|—te—n|t\s Y (s r//2)

giving again (6.13), with Y () = Y (us, r'/2).

In steps (i)(a) and (i)(b) we showed the assertion under the assumption that f"(W,,) =
W. However, this equality, which is always true for rational maps, is not true in general.
To prove the general case we need to modify the construction.

The problem is that, when f": W,, — W is not onto, during the pull-back we can lose
part of the conformal measure. To have f” onto, in this construction we replace W with
f™"(W,). Then, however, we lose the uniform bound u,(f"(W,)) > ¢ > 0. (Notice that in
§4.2 we did not have this trouble.)
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A priori u:(f"(Wy,)) (or its piece if t <0 as in (i)(b)) could be arbitrarily close to
zero. Notice, however, that if there is a constant 6 > 0 such that there is y € K with
B(y, §) C f"(W,) then, as before, u;(f"(W,)) > Y (u;, §) and we are done. (Compare
(5.5) to be used also later on.)

(ii) Assume f*(W,) =W, but K = TK. In this case the above holds. Indeed, we assume
that r is smaller than the lengths of all gaps in R\TK and all components of Tx. For n
large enough, |W,| < r by BaShrink, see §2.4. Hence, as x € K, at least one end, say z, of
W, isin K. Hence f"(z) € K. Since | f"(x) — f"(z)| =r/2 and f"(x) € K, letting y be
the middle point between f”(x) and f"(z) and § := r/4 we have u,(f"(Wy,)) > Y (us, 8)
and we are done.

(iii) The general (f, K) € mffD. We shall overcome the difficulty with estimating
we(f*(W,)) from below by acting similarly as in the last part of the proof of Theorem 5.
Unfortunately it can happen that we need to replace g with some g’ > ¢.

We first restrict our considerations to a particular subset of the Pliss hyperbolic times H,
see Lemma 3.12. Fix a number 72 € N sufficiently large that #(H N {1, ..., 7)) > d(H)/2.
Then for d = d(H)/4 we have #(H N {|7d], ..., n}) > dn. Applying Lemma 6.3 to d,
k =#0,/3 + 1 (see the notation in the proof of Theorem 5), 7, and the set Hy:= H N
{1,...,n}, wefind anumber m =m(d, k) > 0 and numbers a; <ap < --- < ay allin Hy
such that a, — a; <m.

Consider now an arbitrary constant b € (0, 1) (to be specified later on), close to one.
Define

B :=B(6,/3, (1 —b)r/4).

‘We consider two cases.

(iii)(a) Assume there exists n € Hy with f"(x) ¢ B. Then, comparing (5.5) and the
notation in the proof of Theorem 5, there is some a € (0, 1) such that some point x’ € K
is well inside f"(W,,), thatis, x’ € a ¢ (f"(W,)) N K, and thus f"(W,,) contains the ball
B(x’, (1 — b)r/4). So, as above, we conclude

e (f" (W) = Y (e, (1 = b)r/4) > 0.
This proves the assertion in the case ¢ > 0.

For 1 <0 we proved already that there is some point x” € K such that we have
B(x"”, (1 —b)r/4) C f*(W,). As in step (i)(b), applying Lemma 3.5 to X = K there is
r" =e((1 =b)r/4, M +1)/2 and z € K N B(x”, (1 — b)r/4) such that the pull-back of
B(z, r"") along the trajectory of x does not encounter critical points. As before, we obtain

pe (B, (1 —=b)r/4)) = Y (par, ") > 0.

This proves the assertion in the case ¢ < 0.

(iii)(b) Assume f"(x) € B for all n € Hz. In particular, this holds for all n = a; < ay <
-+« < ag in H; as chosen above. For any integer N > 0 define

N

ay = dist<U S y3)\0r3, 8r/3> >0.

j=1
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Then for each j =1, ..., N we have, for each z € 9,3\ U;V:l @ 3),
I (B(z, Lip™ an/2)) N B(3,3, an/2)) = 2, (6.16)

where Lip denotes the Lipschitz constant of f|x. Hence, comparing the definition of o’

preceding (5.7), for
;o . aN @ 9
oy '=min [—ZLipN’ ER 5]
foreach 0 < s1 < s2,if f*1(x) € B(z1, ay) and f*2(x) € B(z2, ) for z1, 22 € 9,3, then
either sp — s1 > N or
[N 2) = 22,

compare (5.8).

Now we fix N:=m and let s1, s> be any a;, a; for i < j. We fix b such that
(1 —b)r/4=a,,. Hence f%(x) € B(d,3, a,,) = Bforalli =1, ... k.

Therefore, there is an index i such that y := f% (x) is within the distance at most o,
from a periodic point p € 9,3, of period at most m. Let us take n :=a;. Note that p is
hyperbolic repellingt.

If y = p then x(x) = x(p), and in particular y (x) exists, contrary to our assumption
that x € L(«, B) for o # B. So we can assume y # p. Let £ > n be the least integer such
that f¢(x) ¢ B. It exists by the definition of 6.

Considering the pull-back W, of B(f‘(x), r/2) containing x, we repeat the reasoning
of step (iii) case (a). This provides us lower bounds for ;.

Unfortunately we do not know now whether g (£) :=log |(f £y (x)|/¢ is in the interval
[g — &, g + €]. This depends on yx (p). We deal with this difficulty using the item (6.10)
in Lemma 6.4. For simplicity, we assume the period of p to be equal to one.

Case 1. x(p) >q — 2¢. Then g(£) > min{qg — ¢, x(p) — €} > g — 3¢. We obtain (6.12)
and (6.13) with £ in place of n, with 3¢ in place of ¢ and with g(£) > g (n).

Case 2. x(p) < q — 2¢. In this case

1
q(1) < ;(nq(n) + @ —n)(x(p) +¢) <q(n)
for t € (n, []. In particular, n"P > £. Hence, by (6.10), g(£) > g(n) — & > q — 3¢. Hence
we obtain (6.12) and (6.13) with £ in place of n, 3¢ in place of ¢ and with ¢g(£) > g — 3e¢.

To define the sequence (n;); in the proposition, we repeat the above steps infinitely
many times, for some increasing sequence of restricted Pliss hyperbolic times obtaining
(6.12) and (6.13) for some numbers n; and g; := g (n;) € [q, B]. O

Now we can finally prove Theorems 2 and 3.
Proof of Theorem 2.

(i) Special case. Suppose that in Proposition 6.5 all g;’s are equal to ¢, which occurs, for
example, if K = Ik (and also in the case of a rational function on the Riemann sphere as
in Appendix A).

F The remainder of the proof would also work if p were indifferent, repelling to one side, but in this proof we
had to exclude indifferent periodic orbits to refer to [36] for the existence of ;.
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Let x € L(a, B). We can assume x is not weakly S’-exceptional by replacing it
with f"(x) for some n > 0, see Lemma 3.6. Indeed, for each n we consider X, :=
{x € L(a, B): f"(x) is weakly regular} and any upper estimate of dimg(f”(X,)) holds
automatically for X,. Notice that x € L(w, B) implies that x is not precritical, hence
f(x) € L(a, B). For every q € [aF, B], for every t < t, for the measure yu; as in the
proposition, the lower local dimension at x satisfies

1 C “(B(fM(x),
d (x) < liminf og lft( omp, f"(B(f"(x),r)))
a i—oo logdiam Comp, f~" (B(f™ (x), r))
—n; (P(t t log Y (t P(t t
<liminf ni(P(t) + (q + &)t) +1og T(1) < (1) +q g
i—00 —ni(qg —¢€) q
with &’ > 0 arbitrarily close to zero for ¢ appropriately small. We conclude that
P(t t P(t
@ +qt _ PO e
q q

d, (x)= (6.17)

(ii) General case. In general, Proposition 6.5 provides us only with a sequence of g; €
[g, B] instead of g; = ¢g. This leads to the estimate

P(t
d, (x) < max ©
! qi€lg.Bl  qi

+ 1. (6.18)

(iii) Conclusion. To obtain the estimates (1.14) and (1.15) we will use the Frostman lemma.
To obtain (1.14) we consider ¢ = 8 and then (6.17) and (6.18) coincide. We can choose
t < ty such that the right-hand side in (1.14) takes a value arbitrarily close to F(8) (recall
(1.7)) and the assertion follows from Frostman lemma.

To obtain the additional upper bound for (1.15) (note that our assumptions for this
inequality guarantee that we are in the special case here) we will use g = . As we
are in the special case, (6.17) holds and we can find ¢ < ¢ such that the right-hand side of
(6.17) is arbitrarily close to F ("), and then apply the Frostman lemma.

This proves Theorem 2. O

Proof of Theorem 3. We are in the special case in the proof of Theorem 2. Let o and
be such that of < Xinf- Let x € L(a, B). We have (6.17) for any ¢ < ¢. If o < xint then
F(a") = —o0, and hence there exists ¢ < 7 such that

P(t

% +1t<0.
By (6.17), this implies that the corresponding measure u; has negative local dimension
at x (that is, the measure u;(B(x, r)) escapes to infinity as » — 0), which is impossible.
Hence, no such point x can exist. O
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A. Appendix. Strong upper bound. Holomorphic case

We consider a rational map f: C — C of degree at least two. Denote by J its Julia set
(it corresponds to the set K in our interval maps notation). The sets considered below are
subsets of J.

The following results provide the complex counterparts of our main results. The first
one is a slightly strengthened version of [14, Theorem 2] (observe that there we only
assumed that o > 0). The other two are new. For their proofs we refer to the remarks and
footnotes in §6.

THEOREM A.l. Let f be a non-exceptional rational map of degree > 2. Forany o < § <
Xsup with B > 0, and additionally with a > 0 if xint = 0, we have

min{F (), F(B)} < dimyg L(«, B) < max{0, max}S F(q)}. (A.1)
a<q=<

In particular, for any a € [ Xinf, Xsup]\{0} we have
dimyg L(o) = F(a) and dimyg £(0) > F(0).
Moreover,
{xeK: —00<x(x) < xinf} = {x € K: X (x) > Xsup} =2

and
dimp{x € K: 0 < Xx(x) < xint} = 0.

THEOREM A.2. Let f be a non-exceptional rational map of degree > 2 without indifferent
periodic orbits. For any o < 8 < xsup with B > 0, we have

dimyg £(«, 8) = max{0, min{F («¥), F(B)}}, (A2)

where

¢ B
[0 A e ——
1+ (B _a)/Xsup

THEOREM A.3. Let f be a non-exceptional rational map without indifferent periodic
orbits. Assume xint > 0 ( f is Topological Collet—Eckmann). Then, for any a < B < Xsup
with B > 0, if & < Xinf, then L(a, B) = @.

B. Appendix. On Rivera-Letelier’s proof of x (X) > Xinf

After this paper was written, J. Rivera-Letelier explained to us that x (x) > xinf, or, more
precisely, (1.11) in Theorem 1, follows easily from his paper [42]. We devote this
Appendix to a brief explanation and comparison to our proof.

In [42], multimodal maps of the unit interval / are considered with K = J( f) being the
Julia set (see §1.2: periodic orbits), of class C3, with all periodic orbits in K hyperbolic
repelling and f|x topologically exact (which is formally stronger than having positive
entropy; see [36] for a discussion concerning a comparison of these notions). However,
this theory is working in our more general setting of (f, K) € &/BP.

Define

_ 1
XExpShrink := — lim sup — log(max{|T,|}), (B.1)

n—oo N
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where the maximum is taken over all connected components 7;, of f~"(T') intersecting K,
over all open intervals 7 C R of length at most r, not intersecting G (G being the union of
all components of R\ K longer than some constant r’ (‘large gaps’)). The number r > 0 is
also a constant small enough, in particular not bigger than § in the definition of Backward
Shrinking in §2.4. (Then xgxpshrink Occurs independent of r by a variant of the Telescope
Proposition 3.13.)

Then a part of the Main Theorem in [42, §4] asserts (in our setting) that

XExpShrink = Xinf- (B.2)

COROLLARY B.1. Let (f, K) € de satisfy the weak isolation condition. For every
regular x € K (that is, such that x (x) exists), if x (x) > —oo, then

X (X) > Xinf- (B.3)

Proof. First notice, as in Proof of Theorem 5 which refers to [14], that x (x) > 0. Notice
also that by the existence of a finite y (x) we have

lim inf dist(f" (x), Crit(/)) = 0. (B.4)

Using this, one can prove (compare [14, Claim in §3]) that there exists » > 0 (maybe
smaller than the previous one) such that for any ¢ > 0 arbitrarily close to zero, for every n
large enough the map f” is a diffeomorphism of Comp, f~"(B(f"(x), r exp(—en)/2))
onto B(f"(x), r exp(—en)/2) with distortion bounded by, say, 1/2. Therefore x(x) >
XExpShrink — €, and hence, taking & — 0,

X (X) > XExpShrink- (B.5)

Hence, by (B.2) applied to T = B(f"(x), r/2), we get (B.3), provided there is a sequence
n; such that all f"/(x) are within a distance at least r/2 from dG. This is only not the case
if x is pre-periodic, where x (x) > yxinf holds directly. O

Remark B.2. In fact, we use above only an easy case of (B.2), where the distance of T
from dG is bounded away from zero. This is explained in more detail below.

The strategy above, together with the proof of (B.2), is in fact similar to ours. Here is a
comparison of both.

e Our proof is direct. We shadow x, ..., f"(x), extended by a block of a backward
trajectory of x of length bounded by a constant independent of n, ending close to f”(x)
(we call it ‘closing the loop’), by a periodic trajectory of a point p, close to K, and thus in
K by the weak isolation assumption. TCE allows to easily compare the derivatives, though
on the other hand we can consider only n = n (see (2.4)) which causes (fortunately minor)
difficulties. Hence x (x) > liminf,— o X (Pn) > Xinf-

We can ‘close the loop’ whenever we can choose 7 such that f"(x) is not too close to
aG, see §5, (5.1). If we cannot, then x is pre-periodic as above and we are done.

e To follow [42], one considers an auxiliary number xcg2(z) and proves that for z
being safe and hyperbolic (see [36, Definitions 1.22 and 1.23] and [40, Definition 12.5.7])
one has

X (X) > XExpShrink = XCE2(2) > Xinf- (B.6)
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(1) The first inequality has been already proven above. It is sufficient to consider x not
pre-periodic, so we can consider in the definition of xgxpshrink only 7" within the distance
at least  from G, getting the same inequality.

(2) Define xcg2(z) for a point z € K as logarithm of Acg2(z) being the supremum of
such X that there exists C = C(z, A) > 0 such that for every n > 1 and every w € f~"(z),

(™) (w)] = CA". (B.7)

Here w is not necessarily in K but we consider all w such that Comp,, f~"(B(z, 1))
intersects K, for a constant ry.

Safe and hyperbolic points exist, see [36, Lemma 4.4].

The conditions ‘safe’ and ‘hyperbolic’ allow us to find via shadowing (as in [37,
Lemma 3.1] or, for example, [36, §3]; compare also Proposition 4.1, although there
we do not care about the times of going to large scale) periodic points p, such that
xcE2(z) > lim inf,, oo x (Pn) > Xinf, thus proving the last inequality in (B.6).

(The property xcg2(z) > 0 is called CE2*(z) (or backward Collet-Eckmann condition
at z for preimages close to K), see [36, §3]. So the last inequality yields LyapHyp =
CE2*(z) for safe hyperbolic z.)

(3) The novelty in [42] is proving the missing inequality

XExpShrink > XCE2(2). (B.8)

As remarked above, we need here only its easy case where T is not close to dG. Then
also the proof in [36, Proof of Theorem C. Case 1] works. We consider a finite set ¥ of
f/-preimages y € K of z, j =0, 1, ... which constitute a §-dense set for K for § small
enough. By finiteness for every A as in the definition of xcg2(z) we can find a common C.
If T is not close to @ we can assume it is between two consecutive points y, y" of V. Then
pulling [y, y'] back we obtain (B.8) for z being y or y’.

Note the following.

The pull-backs of T become short after a bounded time by Backward Shrinking, see
§2.4. Note that we can assume xcg2(z) > 0, otherwise there is nothing to prove, since
XExpShrink 18 obviously non-negative. Then we deal with short intervals and rarely capture
critical points. One proves by induction that it is increasingly rarely. This yields at
most subexponential growth of |T,| - |(f™)'(x,)|. The proof resembles the proof of the
Telescope Proposition 3.13. One need not use TCE, as one can capture critical points
unbounded number of times.

In the complex situation this proof does not work. One does not have the Backward
Shrinking property and already at the beginning the pull-backs can become uncontrollably
large. Fortunately, one has a different method: joining f"(x) to z satisfying CE2 with
a curve y in sufficient distance from critical values (of subexponential quasi-hyperbolic
length, see [14] and [34]).

Surprisingly, our proof works in the complex case too, since Backward Shrinking (even
ExpShrink) holds due to TCE. Since f is open in the complex case, only the easy part of
the proof of Theorem 5.1 is needed ((5.1) holds automatically). So we get a new proof
of x(x) > xinf, easier than the one in [14], just by shadowing by periodic orbits, without
joining f"(x) with y to a remote safe hyperbolic z.
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