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We develop a novel asymptotic theory for local polynomial extremum estimators of
time-varying parameters in a broad class of nonlinear time-series models, including
discrete-valued ones. We show that the proposed estimators are asymptotically nor-
mally distributed under weak conditions. We also provide a precise characterization
of the leading bias term due to smoothing. We demonstrate the usefulness of our
general results by establishing primitive conditions for local (quasi-)maximum-
likelihood estimators of time-varying models threshold autoregressions, ARCH
models and Poisson autoregressions with exogenous covariates, to be normally
distributed in large samples and characterize their leading biases. An empirical study
of U.S. corporate default counts demonstrates the applicability of the proposed local
linear estimator for Poisson autoregressions, shedding new light on the dynamic
properties of U.S. corporate defaults.

1. INTRODUCTION

There is ample empirical evidence of time-varying parameters in many economet-
ric models (see, e.g., Ghysels and Hall, 1990; Inoue and Rossi, 2011; Caldara et al.,
2012; Christoffersen, Jacobs, and Ornthanalai, 2012; Giacomini and Rossi, 2016).
Most studies aiming at accommodating this feature assume a fully parametric
model for this time variation; one example of this is structural break models.
This has the advantage that the time-varying version of a given model stays
parametric and can be estimated using existing methods. The disadvantage is that
the researcher runs the risk of choosing a misspecified model for the time variation.

To reduce this risk, methods that treat the problem of time-varying parameters
as a structured nonparametric one have been developed: They assume that the
sequence of time-varying parameters arise as values of an underlying function
which is then estimated nonparametrically; one popular class of estimators that
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falls in this category are local estimators which includes the so-called rolling-
window estimator. However, the existing literature has mostly focused on local
constant (Nadaraya—Watson) kernel estimators of the time-varying parameters
(see, e.g., Dahlhaus, Richter, and Wu, 2019; Bardet, Doukhan, and Wintenberger,
2022).

We here propose to estimate the time-varying parameters using local polyno-
mial estimators since these are known to have a number of attractive properties
compared to the local constant one (see, e.g., Fan, Heckman, and Wand, 1995).
Under very weak restrictions on the model being estimated and the time-series
data being used, we develop an asymptotic theory for the estimators. Specifically,
we show that they are normally distributed in large samples and provide a complete
characterization of the leading variance and bias components.

The class of estimators includes as special cases the local constant estimator and
the local linear estimator. We find that the local constant estimator requires stronger
regularity conditions to be well-behaved in large samples and will generally suffer
from additional biases in the interior of the domain compared to the local linear
estimator. These additional biases involve the so-called time derivative process of
the stationary approximation to data which is not present in the biases of the local
linear one. Moreover, the local linear estimator enjoys the well-known automatic
boundary adjustment property: At the beginning and end of the sample, it will
perform better than the local constant one. This feature is important since often
the main interest is on the values that the time-varying parameters take at the end
of the sample.

The two most closely related papers to ours are Dahlhaus et al. (2019) and
Bardet et al. (2022) who develop a general theory for local constant estimators
of time-varying parameters in Markov models and infinite memory models,
respectively. Our general framework encompasses theirs as special cases and we
consider a broader class of estimators than they do. Moreover, our proof techniques
are different and, when specializing to local constant estimators, allow us to
arrive at the same results as they do under weaker conditions: First, our theory
imposes minimum requirements on the data-generating process (DGP) with the
main assumption being that it is locally stationary. Second, it imposes weaker
restrictions on the bandwidth used in the estimation; in particular, we can allow
for the bandwidth being chosen using standard bandwidth selection rules, such as
cross-validation, which is not the case in Dahlhaus et al. (2019) and Bardet et al.
(2022). Second, we characterize the leading bias term of the estimators, which is
in contrast to Dahlhaus et al. (2019) and Bardet et al. (2022). To demonstrate these
attractive features of our general theory, we apply it to a class of Markov models
with exogenous covariates.

Another important feature of our theory is that it also applies to discrete-valued
time-series models, such as Poisson autoregressions. Such models are not covered
by the theories of Dahlhaus et al. (2019) and Bardet et al. (2022) since these
require the DGP to be smooth w.r.t. time which is violated when the time series
is discrete-valued. In contrast, our theory for local linear estimators impose very
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weak smoothness conditions on the DGP due to our new proof techniques and so
applies to discrete-valued time-series models without any modifications. For the
local constant estimator, we combine the ideas and techniques of Truquet (2019)
with our main result to obtain a complete analysis of this estimator.

We also contribute to the literature on asymptotic analysis of local polynomial
estimators of varying-coefficient models by extending existing results (see, e.g.,
Fan et al., 1995; Loader, 20006) to cover situations where the objective functions
are non-concave. This proves to be a non-trivial extension, but at the same time
an important one since the log-likelihood functions of many non-linear models are
non-concave.

As an empirical application, we revisit the empirical study of Agosto et al.
(2016), where a Poisson autoregressive model with additional covariates was used
to model and analyze U.S. defaults. Using the proposed methodology, we find
substantial time variation in the model parameters that the original study was
unable to capture. In particular, we find that the ability of macroeconomic and
financial variables to predict defaults have varied substantially over time. A battery
of informal tests of the time-varying model against the time-invariant version finds
strong support for the former.

The remainder of the article is organized as follows. Framework and estimators
are introduced in Section 2. Section 3 presents the asymptotic theory of the estima-
tors. Section 4 provides examples of the theory when applied to particular models.
We present the results of two simulation studies and the empirical application in
Sections 5 and 6, respectively. We conclude in Section 7, where we discuss how
our results potentially could be applied to time-varying infinite-memory models.
All proofs have been relegated to the Appendix.

2. FRAMEWORK

We are given n observations, Z,, € (Z, ||-|), t = 1,...,n, where (Z, ||-]|) is a
Banach space, from a time-series model characterized by a finite-dimensional vec-
tor of unknown parameters § € ® C R% to be estimated. In most applications, Z, ,
will also be finite-dimensional but our theory allows for, for example, functional
data as well. We take as given an objective function ¢,, , (8) = ¢ (Zn,,; 9) € R, where
Zp1=(Zutr ... Z30,Zn -1, ...). Since we do not observe the process before r = 1,
we here initialize the process at deterministic values chosen by us, Z, _, = z_,,
t > 1. Under regularity conditions stated below, the effect of the initial values will
vanish asymptotically.

The objective function is assumed to identify the data-generating parameter
as its maximizer, 6§ = argmaxgcoE[£,,(0’)], if 6 indeed was time-invariant,
and Z,L,(G/) was stationary and ergodic. In this case, the natural estimator
is to replace population expectations by sample ones and estimate 6 by 6 =
argmaxgrco » Y €n: (0).

Suppose now that in fact 6 is varying over time so that Z,, is generated by
Ony = 0(t/n), t = 1,...,n, where 6 : [0,1] — © is an unknown function that
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characterizes the time variation in the parameters.' At the same time, the objective
function is still assumed to identify the parameter in the sense that 6 (¢/n) =
argmaxa/E@E[ﬁn, ' (9’)]. We then propose to estimate 6 (1) at any given value
u € [0, 1] using local polynomial estimators: First, for #/n in a neighborhood of
u, we approximate 6 (¢/n) by the following polynomial of order m > 0:

5 (1/n) = B1 4 B (t/n— ) + -+ B (t/n— )" Jm!= Dy (t/n—w) B, (1)

where B = (81, ... ,ﬂ,’nﬂ)/ e R"Dds with B,y =09 (u) = 8’0 (u) /ou’ € R% and

Dy, () = (Lu,?/2....u" /m!) ® 1, € R¥*m+Ddo

Next, to control the approximation error, 6 (t/n) — 6, 4 (t/n), we introduce a kernel
weighted version of the “global” objective function evaluated at the polynomial
approximation:

1 n
Ly (Bluy =~ D Ky (t/n—u) Ly (05 (t/n)).
t=1

where K, (-) = K(-/b) /b, K : R — R is a kernel function, and b = b, > 0 is a
bandwidth. The kernel weights ensure that when ¢/n — u is “large,” the correspond-
ing observations are down weighted in the estimation, thereby controlling for the
aforementioned approximation error. We then estimate the polynomial coefficients

by
B (u) = arg rglggLn (Blu), 2
where

B={geR" D% 0x, (v)e®forve[01]}.

The estimated 8 coefficients are used as estimates of 6 (1) and its first m deriva-
tives, 09 (u) = Bip1 ), i = 0,...,m. When m = 0, we recover the standard
local-constant estimator. The above class of estimators is similar to the ones
considered in Fan et al. (1995) for so-called varying-coefficient models, except
that we consider time-series models with the “regressor” that we smooth over being
normalized time, #/n, and do not restrict 6 — £, (9) to be convex.

The choice of the order of the polynomial, m, should reflect the degree of
smoothness that we are willing to assume u +— 6 (1) has. If 6 (1) is m times
differentiable, then we should use this m in the estimation for optimal control of
the bias in the nonparametric estimation. On the other hand, increasing the order
of the polynomial tends to increase the variability of the resulting estimator, since
more local parameters are introduced in the estimation. For a further discussion of
this issue, we refer the reader to Section 3.3 of Fan and Gijbels (2018).

Our framework includes Markov processes and stochastic processes with infi-
nite memory (see, e.g., Doukhan and Wintenberger, 2008; Bardet et al., 2022) as

IData points now depend on sample size n through 6 (¢/n), which is why we write Z,, ; instead of of Z,.
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special cases. In Section 4, we apply our general theory to the following class of
Markov models with exogenous covariates:

Yn.t = G(Yn,t—l’ ey Yn.t—qun,t—l, &t 0 (t/n)) s (3)

where G : Y7 x X x £ x ® is a known function, X, ,_; is a Markov process of
exogenous covariates, and &, is a sequence of errors. For a given specification of
G and the distribution of &,, we can then derive the corresponding log-likelihood
for the model with time-invariant parameters, €, (6) = €(Z,,;, X,,1—1;6), where
Zp, = (Y,,, . ,). Below, we provide three examples of models that our theory
applies to.

Example 1. Time-varying threshold autoregressive with exogenous covariates
(tv-TAR-X) model with two regimes:

q q
Y=o+ Y anit/mY 4 ai@/mY, +y /) Xy a+e, ()
i1 i1
where y* := max{y,0} and y~ := min{y,0}. Here, X,, | contains addi-
tional predictors, and ¢, is i.i.d. with E[g] = 0 and E[e?] < oo. A natural
estimator of 8 = (a),ai,a;,y/)/ is the least-squares one so that £, () =

- ro— \2
— (Yo —0=3L, O‘I,iYZrA - i, -y Xn,tfl) :
Example 2. Time-varying ARCH model with covariates (tv-ARCH-X):

q
Yo =hne @ t/m) e}, Mni@) =0+ ai¥ui1+y Xuit, ®)
i=1
where 6 = (a),a’,y’)/, & is ii.d. with E[stz] =1, and X, ,; contains addi-
tional predictors. The Gaussian log-likelihood function takes the form ¢, ,(0) =

Y1/ hns () —10g (As( (0)), where 6 = (w,a,y’) .

Example 3. Time-varying Poisson autoregression with exogenous covariates
(tv-PARX):

q

Yoo il Foim1 ~ Poisson (A, (0 (t/m)), Ans(0) =@+ ai¥pi1+y Xui1,  (6)
i=1

where Poisson (1) denotes the Poisson distribution with intensity parameter A,

6 = (a),a/,y’),, and X, ,; contains additional predictors. The log-likelihood
function takes the form €, (6) = Y, ,10g (A, (6)) — An, (0).

3. ASYMPTOTIC THEORY

We here provide an asymptotic theory for B. One complication of this analysis is
that the components of S converge with different rates. We follow the existing
literature and handle this issue by introducing a re-scaled version of S (see,
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=

e.g., Han and Kristensen, 2014, for a similar approach): Define & = U,
@ @), b0 (wy,...,b"0"™ (u)'), where

U, =diag{1,b,...,b"} @Iy, € RO"Dax by

is a weighting matrix containing their relative convergence rates, Given that U, is
non-singular, the estimation problem (2) is equivalent to solving

& = argmax Q, (|u) Q(oc|u)=12n:1( (t/n—u)y; (Dpp (t/n—wye), (7)
wed n ) n n b n,t m,b )

=1
where D, , (u) = Dy, (u/b) and
A= {ot eR™DD . p (Vo e®, Vve IC} 8

with I denoting the support of K. We will then analyze the properties of &.

Due to the time-varying parameters, Z, , will generally be non-stationary. To
develop an asymptotic theory that allows for this feature, we will rely on the
concept of local stationarity as introduced by Dahlhaus (1997); see also Dahlhaus
and Subba Rao (2006) and Dahlhaus et al. (2019). We first generalize this concept
to sequences of random functions.

DEFINITION 1. A triangular family of random sequences W, ,(6), 6 € ©,
t=1,2,...,nand n > 1, is uniformly locally stationary on ® (ULS (p,r,®)) for
some p,r > 0 if there exists a family of processes W} (0|u), u € [0, 1], such that: (i)
the process {W[* (9|u)} is stationary and ergodic for all (6,u) € ® x [0, 1] and (ii)
for some C <ooand p < 1,

lip t ro
E[sup ||Wn,,(0>—W;"(e|u>}|”] SCO——M‘ +_r+pf).
0e® n

n

If W, (6) = W,; does not depend on any parameters, we write LS (p,r). The
above condition states that W, ,(6) may be non-stationary, but it is locally in
time well-approximated by a stationary version W;" (8|u). Compared to existing
definitions of local stationarity, we allow for an additional term p’ to appear in
the approximation error. This is needed in order to allow for the initial value of
W,..; (0) to be chosen arbitrarily. In contrast, by not including p’ in their definitions,
most of the existing literature implicitly assumes that W, ; (9) has been initialized
at W, 0 (0) = W; (0u). When used in the analysis of local estimators, this latter
definition implicitly requires that the DGP changes as the researcher varies u in the
local log-likelihood which is a rather peculiar assumption. In contrast, the above
definition allows for W, o (f) to be initialized at a given fixed value—as long as
the impact of this dies out with rate p.

For an example of how the additional error term appears in autoregressive
models, we refer the reader to the proof of Lemma 3 in Section 4 which allows
for arbitrary initialization of the DGP. The additional error term due to different
initializations is here assumed to decay geometrically and so our definition rules
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out long-memory-type processes. This is mostly for simplicity and we expect that
most of our results can be generalized to allow for slower decay rates.

We will then require that £, , () is ULS (p, r, ®) with stationary approximation
€ (0lu) = £(Z; (u),0), where ZF (u) = (ZF (w), Z7, (u),...) is the stationary
solution to the model being estimated when 8, , = 6 (1) is constant. To illustrate,
consider again (3). Under regularity conditions on G and &, (see Section 4 for
details), the stationary solution will in this case take the form

Y =G(Y ), ... Y., ), X ), &; 0 w),

where we impose the high-level condition that the exogenous covariates are locally
stationary. If the DGP is locally stationary, it follows under great generality that
the likelihood and its derivatives are also locally stationary (cf. Section 4).

The next step in our proof is to establish a uniform law of large numbers (ULLN)
for the stationary approximation of Q,(x|u), O (alu) = % Yo Ki (t/n—u)
£ (Dy (t/n—u)alu). A sufficient condition for a ULLN to hold is that
0 — €, (0]u) is L,-continuous.

DEFINITION 2. A stationary process W} (0|u) is said to be L,-continuous w.r.t.
0 if E[|W; @lu)|"] < oo for all 6 € ® and

1/p
Ve >038>0:E sup | Wy @lu)— Wi (0'|u)|” <€.
0":[|o—0"|| <5

Imposing L,-continuity w.r.t. 6 is weaker than almost surely continuity: If

6 — W (0]u) is almost surely continuous with E [sup, e | W (0]u)|"] < oo, the
)

process is also L,-continuous since DW;(8) = supjg_gp/| <5 || W) ©|u) —W; (6’|u)
8 > 0, will then satisfy lims_.o DW,(§) = 0 almost surely and so, by dominated
convergence, lims_,oE[DW,;(8)] = 0. It is easily verified that L,-continuity
w.r.t. 6 implies stochastic equicontinuity of O («|u) and so a ULLN holds (cf.
Lemma A(i) in Appendix A.1).

We are now ready to state the regularity conditions used to show consistency.

Assumption 1. (i) K (-) > 0 has compact support K and fj;o KWdv =1,
(ii) for some A < o0, |[K(v) —K®)| < A|lv—"|, v,v € R; and (iii) v > 6 (v) is
continuous at u.

Assumption 2. (i) ® is compact and the true value 6 (1) € ®; (ii) 6 — £ (6|u)
is Li-continuous; and (iii) 0 > E [Z;‘ (] |u)] has a unique maximum at 0 (u) € ©.

Assumption 3. ¢, ; (6) is ULS (1, r, ®) for some r > 0 with stationary approxi-
mation £7 (6|u).

Assumption 1(i) imposes stronger than usual assumptions on K and excludes,
among others, the Gaussian kernel and higher-order kernels. It includes, on the
other hand, the Epanechnikov and the triangular kernel. The restriction that
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K (-) > 0 is used to ensure the identification of the parameters when m > 0; without
this, identification is not necessarily guaranteed; see below for further discussion.
For the analysis of the local constant estimator (m = 0), all subsequent results will
go through with K having full support and taking negative values.

The compact support assumption greatly simplifies our analysis of local polyno-
mial estimation of non-concave models: In order to establish uniform convergence
of the likelihood, we require ® to be compact as is standard in the literature. But
under this restriction, it is easily checked that D,, , (V)@ ¢ ® as b — 0 for any
given o = (ay,...,0,+1) With o; 7= 0 for some i > 1 and any v # 0. Thus, to
allow for kernels with unbounded support, we would generally need the parameter
space A, as defined in (8), to collapse at {(«1,0,...,0) : @1 € ®} as b — 0. Such
shrinking behavior in turn means that a formal Taylor expansion of ¢,, , (Dm, » (V) a)
w.r.t. « is difficult to obtain and so standard arguments to establish asymptotic
normality of & cannot be applied. On the other hand, by restricting the support
K to be compact, Kj (v) £y, (D (v) @) is well-defined for all « € A and v € R
(where we set K, (v) €, , (Dm,;,(v)oz) = 0 for v/b ¢ K). Moreover, («y,0,...,0)
is an interior point of .4, and so in our analysis of &, we can employ standard
arguments involving a Taylor expansion of the score function around this point.

Assumption 2 is standard in the analysis of “global” extremum estimators of sta-
tionary models on the form 6 (1) = argmaxgce Yo £ (0u) /n. In particular, for a
given time-series model, we can import existing results for verification of Assump-
tion 2 (ii) and (iii); see Section 4 for more details. Assumption 2 in conjunction
with K () > 0 ensures that the local polynomial estimator identifies 6 (u). If we
allow for kernels that take negative values, we have to replace Assumption 2(iii)
with the following more abstract identification condition: The function Q* («|u) =
[KWE[€ (D (v)alu)]dv satisfies O (alu) < O ((6 ()0, ...,0)[u) for any
o # (6 (u),0,...,0). We have not been able to provide primitive conditions for
this to hold when K can take negative values and so instead impose the positivity
constraint on K.

If the objective function 6 +— ¢, ,(6) is concave and ® is convex, we can
replace Assumption 3 with the following pointwise versions: For any 6 € O,
£,.¢(0) is locally stationary and E [lﬁ;‘ ©O|u) |] < 00 (see Theorem 2.7 in Newey
and McFadden, 1994). Under the above assumptions, the following consistency
result holds.

THEOREM 1. Let Assumptions 1-3 hold. Then, as b — 0 and nb — o0, a —P
0 (u),0,...,0). In particular, 6 (u) —" 6 (u).

Note that the above theorem only shows the consistency of é(u), and so, at
this stage, we cannot make any statements regarding 6@ (), i = 1,...,m. This
is similar to other results for nonlinear extremum estimators that converge with
different rates (see, e.g., Theorem 9 in Han and Kristensen, 2014, where a global
consistency result is only provided for the component with the fastest rate).
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However, under additional regularity conditions on the quasi-likelihood func-
tion, we can provide a more precise analysis of the estimators, including local
consistency of O® (u), 1 < k < m. With s,,(0) = 3£,,(8)/(30) € R% and
Tyt (6) = 9%£,,,(6) /(9006)) € R%*%_ D, () = Dy (t/n—u) and K,,, (u) =
K, (t/n —u), the score and Hessian of Q, («|u) are given by

00, 1
Sy (etlue) = Qa(o‘f'”) ZKMM)DM(u) $n (Dns W) ),
=1
920, 1
H (el = T2 —ZKnt(u)Dnz(u) i (Do () Dy ).

It is easily checked that g := U, By, where By = (8 (u) .0 (), ...,0" (u)'),
belongs to the interior of A for all n large enough due to Assumption 4(ii) below
in conjunction with Assumption 2. Due to the consistency result, so will & w.p.a. 1.
Thus, @ will satisfy the first-order condition of (7) which combined with the mean-
value theorem yields

0 =S, (@lu) = S, (o) + Hy (&|10) (& — ct9) = S, (cto|u0) + Hy (&|0) Un (B — o),
)

where @ is situated on the line segment connecting & and «g. We then decompose
the score function into a bias and variance component, S, (ag|u) = B, (u) + S, (),
where

1 n
Bn (I/t) = ; ZKn,t (I/l) Dn,t (I/t)/ bn,ta bn,t = Su,t (9: ([/}’l)) — St (9 (t/n)) (10)
=1

1 n
Snu) =~ ZKn,t @) Do (W) Sp1 Sn0 = 5,0 (0 (/) (11

t=1

and 67 (t/n) was defined in eq. (1). This decomposition is different from the one
usually employed in the analysis of kernel estimators of time-varying coefficients,
where s, is replaced by the stationary version of the score function evaluated
at 0 (u), s7 (0 (u) |u) (see, e.g., Dahlhaus and Subba Rao, 2006; Dahlhaus et al.,
2019). This “usual” choice has the consequence that the corresponding bias term
generally involves the time derivative process of the score function and so the
resulting analysis tends to impose stronger regularity conditions on the model
being estimated. By instead centering the analysis around s, ;, we can obtain the
leading term of the bias B, (#) through a standard Taylor expansion w.r.t. 8:

(m+1)( )

: * * _ o am+l
b = byt (65 (1/m) {65 (1/n) =6 (t/n)} = =Ry (6 () ———— i {t/n—u}™™".
(12)

Thus, our approach allows for a simpler derivation of the leading bias and variance
terms under the following weak regularity conditions.
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Assumption 4. (i) 6 — £, ,(0) is twice continuously differentiable; (ii) 6 («)
lies in the interior of ® and is m + 1 times continuously differentiable; and (iii)
sy, 1s a martingale difference (MGD) array w.r.t. F,, = F {Z,L,, Zni—1y--- } and LS
(2, r) with stationary approximation s} (6 () |u) for some r > 0.

Assumption 5. (i) h,,(9) is ULS (1,r,N (u,€)) with continuous stationary
approximation 4} (6 (u)) for some r > 0, where N (u,€) :={0 € © : |0 —6 (u) || < €}
for some arbitrarily small € > 0 and (ii) H (u) = E [} (6 (u)|u)] is non-singular.

Similar to Assumption 2, Assumption 4 contains standard regularity condi-
tions used in the analysis of regular parametric estimators on the form 6 (1) =
argmaxgece Z:’zlﬁf (6|u). At the same time, Assumption 4(iii) is non-standard
compared to the existing literature (as discussed above) and allows us to apply
a novel martingale central limit theorem for locally stationary sequences to S, (u):

VnbS, () - NO,K2@Qw), ) =E[s" (6 @) |u)s} @ w)u)] (13)

(see Lemma A(iii) in Appendix A.1). This result can be seen as a generalization
of the standard CLT for stationary and ergodic MGDs that allows for locally
stationary processes. The MGD assumption amounts to assuming that the time-
varying model is correctly specified and has to be verified on a case-by-case basis
(see Section 4.2 for examples of this).

Finally, Assumption 5 together with the expansion in eq. ( 12) is used to derive
the limits of B, (1) and H, (&@|u):

_ . G(m-H) (M) .
H,(@|lu) ="K ®H W), B,w)=—-b""u QH ) m +op (bm+ )’
(14)

where w; = [ K(W)V"™D, (v)dv and K; = [, K'(v) Dy, V) Dy (v)'dv, i > 1.
Combining (9), (13), and (14), we obtain the following theorem.

THEOREM 2. Suppose that Assumptions 1-5 hold. Then, as b — 0 and nb — 00,
VnbU, {,3 Bo— R, Bias (u)} S9N (0K KK @ V),

where Rn = diag{bm+1 b",...b} ® Iy, V) = Hw™ ' Q@HwW™", and

Bias (1) = w1 9((::;)(?).

In particular fori=0,1,...,m,
Vb {é D (1) — 0D (u) — b~ Bias; (u)} 4N (0,k02,1V (1), (15)
where Bias; (u) = k|, ,% and K ; and ky,; denote the ith element of Kl 1

and (i,i)th element of K| KzKl , respectively.
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Similar to existing results for local polynomial estimators in a cross-sectional
setting, the leading bias term in (15) only depends on 6"V (1) and so the
estimators adapt to the curvature of 0 (). The asymptotic variance in Theorem 2
can be estimated using plug-in methods: It follows from the proof of Theorem 2
that H, (&|u) —P K; ® H (1) and

R 1 < /
W =~ K3 () Dot (0) 301 (Dt () @) 501 (D (1) &) Do (0
=1

Ko ®Q ).

Compared to most existing asymptotic results for the local constant estimator,
such as Dahlhaus et al. (2019), the above result with m > 1 imposes much weaker
restrictions on the bandwidth. In particular, standard bandwidth selection rules can
be employed here but not under most of the existing theories since their conditions
require undersmoothing (i.e., b — 0 at a faster rate than the optimal one). This is
due to the fact that these theories do not provide a complete characterization of
the leading bias term. The few papers that do characterize the leading bias term,
such as Dahlhaus and Subba Rao (2006), require the so-called time derivatives of
the stationary score function to exist and be well-behaved since these enter their
bias expressions. Our conditions and results, on the other hand, do not require these
and are analogous to the ones found in the literature on local polynomial likelihood
estimators (see, e.g., Theorem 1b of Fan et al., 1995).

Equation (15) holds for any value of m > 0 and i =0, ...,m. However, if K is
symmetric, then «;; = 0 when m — i is even. In particular, for the local constant
estimator (m = i = 0), Theorem 2 only informs us that the bias component of
é(u) is 0, (b) which is not a sharp rate. To obtain the leading bias term in the
cases where m — i is even, a higher-order expansion of b, ; in eq. (10) is necessary.
This expansion requires additional assumptions involving aforementioned time
derivatives and standard derivatives w.r.t. 6 of A} (6 (u) |u). To present these, we
need the following additional concept.

DEFINITION 3. A stationary process W} (0|u) is said to be L,-differentiable
w.rt. u if there exists a stationary and ergodic process 0,W; (0|u) with
E[|8.W; (0lu)|"] < oo such that

E[|W; @lut A) = W7 @lu) — 3, W @l A]"]" =0(A), A — 0.

Our definition of time differentiability is slightly weaker compared to the one
found in Dahlhaus et al. (2019) and other papers where differentiability w.r.t. # has
to hold almost surely. With this definition in hand, we are ready to introduce the

following additional regularity conditions in order to derive the leading bias term
when m — i is even.

Assumption 6. dh,,(0)/(30;) exists and is ULS (1,r,N(u,€)) with
L;-continuous stationary approximation a4y (6|u) / (06;),i=1,...,dy.
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Assumption 7. i} (0|u) is L; -differentiable w.r.t. u at 0 = 6 (1) with time-
derivative 3,k (6 (u) |u) = 0k} (O|u) / (3u) lo=p() € R0 >4

Assumption 8. Y°°°, ‘COV( 500 ) I, (0 (u)|u))‘ <ooij=1,....dp.

The time-derivative 9,47 (6]u) will generally involve time derivatives of the
underlying stationary approximation of data: If 4} (0|u) = h (Z;" (u); 0) for some
function & which is differentiable w.r.t. Z; (1), then it takes the form 9,4} (0|u) =
Z?io 0h (20,2122, ---30) / (32) le=zp ) X 0uZ; (u), where 9,Z; (u) is the time
derivative of Z (u). The short memory condition imposed in Assumption 8 is
used to control the variance component of the first-order bias term derived in
Theorem 2. In Section 4, we use the concept of T—weak dependence (Doukhan
and Wintenberger, 2008) to verify Assumption 8.

Under the above additional assumptions, we obtain the following higher-order
expansion of the bias component.

THEOREM 3. Suppose Assumptions 1-8 hold and 0 (-) is m+ 2 times continu-
ously differentiable. Then, as b — 0 and nb — oo, the bias B, (u) defined in (10)
satisfies, with r given in Assumption 6,

9(m+1) (u)

B, (u) = —b""! [Ml ®H (u) !

+op (b)i| — 0" (2 ® By () +0, (1]
(16)

. 1
— 52 (12 ® By )+ 0, (D] + Op (1/0™17) 10, (T—b)
n

where, with 9,H (u) =E 9,k (6|u)] and 8o, H (u) =E[0h} B|u) / (96)],_, W

0=06(u)

9(m+1) (u)

(m+1!°

g (m+2) () do "
Bi(w) =H(w) === auH(u)+IZl:0i (1) 39, H (1)

-1

B = 1P &

Ze)(’"*” () 3o, H (1) 0D ().

As a special case, we obtain the following result for the local constant estimator.
COROLLARY 1. Under the assumptions of Theorem 3 with m = 0 together with

fRK (v)vdv = 0, the local constant estimator satisfies, as b — 0, nb> — oo, and
nmin{r, l}b — 00,
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/nb {é () — 6 (u) — B*usBiaso (u)] S9N (0,k20V (W),

where Biasy(u) = H™' (1) [B1 () + B> (u)] and By(u) and B:(u) are given in
Theorem 3.

Two equivalent representations of By (u) + B, (u) are, with s7 (0 |u) denoting the
stationary approximation of sy ;(6),

192 ., 92
B+ By () = 5 25 E[s] O W) )], 5

E[sr @0 w]_,
2

10 *
_ _EWE[S, O]y

where the second representation is only well-defined if s} (0lu) is twice
L, -differentiable w.r.t. u.

To our knowledge, this is the first complete characterization of the leading
bias term of local constant estimators in general time-varying parameter models.
The final characterization of the bias, B (u) + B, (1) = —%Bf]E [s;“ IO |u)]v=u,
corresponds to the one obtained in Dahlhaus and Subba Rao (2006) for the time-
varying ARCH model. This characterization, however, requires s; (6|u) to be twice
differentiable w.r.t. u, while our characterization only requires 4y (6|u) to be once
differentiable w.r.t. u.

Comparing Theorems 2 and 3, we see that the local linear and local constant
estimators share convergence rate and asymptotic variance, but that the latter
suffers from additional biases. This is consistent with the theory found for local
constant and local linear estimators in a cross-sectional setting (see, e.g., Fan et al.,
1995).

3.1. Discrete-Valued Time Series

The above theory for the local constant estimator does not cover discrete-valued
time-series models. Specifically, Theorem 3 requires /; (6|u) to be differentiable
w.r.t. u (cf. Assumption 7). This property rarely holds when £ (6 |u) is a function of
discrete-valued random variables since these are generally not smooth functions of
the underlying parameters of the model (see Truquet, 2019 for more details). Thus,
Theorem 3 does not apply to, for example, the Poisson autoregressive model.

But Theorem 2 still applies. We therefore combine the ideas of Truquet (2019,
2020) with Theorem 2 to obtain a theory for the local constant estimator that
also covers models with discrete-valued outcomes. This is achieved by replacing
Assumptions 7 and 8 with the following ones.

Assumption 9. v+ E [/} (6 (u) [v)] is continuously differentiable at u.
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Assumption 10. (i) V (vi,v2) = 3.2, Cov (h;;’o(e @) ), Iy, (0 (u)|v2))

exists for all (v{, ;) in a neighborhood of (i, u) and all (i, k, [) and (ii) \_/,-jk/ vi,v2)
is continuously differentiable at (vi,v2) = (u, u).

If v > AF (6 () |v) is Ly-differentiable w.r.t. v at u, then 3, E A} (6 w) )] _, =
E [,k (0 ) [v)] _ . Thus, Assumption 9 is weaker than Assumption 7 and is
satisfied as long as the cumulative distribution function of #; (6 (u) |v) is differen-
tiable w.r.t. v (cf. Lemma 2 below). This property holds for many discrete-valued
models, including Poisson autoregressions and dynamic discrete choice models
(cf. Truquet, 2019, 2020).

Assumption 10, on the other hand, is stronger than Assumption 8. How-
ever, similar to Assumption 8, part (i) is satisfied if A (0 (u)|v) is t-weakly
dependent for v in a neighborhood of u since this in turn implies that the
joint process (h;k @ () |vi), by (O (u) |vz)) is weakly dependent for (vi,v;) in a
neighborhood of (u,u). Moreover, part (ii) will hold under the same conditions
that ensure Assumption 9 holds, namely, that the joint distribution function of
(h§ (0 () [v1), k(0 (u) [v2)) is differentiable.

The following result shows that the results for the local constant estimator
remain essentially the same under Assumptions 9 and 10 in place of Assumptions 7
and 8.

THEOREM 4. Suppose Assumptions 1-6, 9, and 10 hold and 0 (-) is m+2 times
continuously differentiable. Then the conclusions of Theorem 3 and Corollary 1
still hold, except that 9,H (u) in the expression of By (u) is now defined as d,H () =
OE[Ry (6 (u) |v)]

v=u'

3.2. Behavior at Boundary

We have already seen that the local linear estimator has smaller biases than the
local constant one in the interior of its domain, u € (0, 1). Another well-known
advantage of the local linear estimators in a cross-sectional setting is that they
exhibit automatic boundary carpentering. This property also holds in our setting
where the boundaries are ¥ = 0 and u = 1. Since the results for u = 1 are similar,
we here only analyze the properties of the local constant (m = 0) and the local
linear (m = 1) estimators at u = cb for some constant ¢ > 0. Combining the
intermediate bias—variance analysis carried out in the proofs of Theorem 2 and 3
with the arguments of Fan et al. (1995), we find that the two estimators remain
asymptotically normally distributed but their asymptotic biases and variances take
different forms.

COROLLARY 2. Let éo () and 0, (u) be the local constant and local linear

estimators, respectively, of 0 (u). Under the assumptions of Theorem 3 with m = 1
together with w, = fRK(v) vdv =0, as b — 0, nb®> — oo, and n™n"1p 5 oo,
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and for m € {0, 1},

nb (é,,, (cb) — 6 (cb) — b'"+'Biasm) 4 N@©,a,V(0.)),

where V (04) =lim, o V (1) and

= \—! 1 I(chz)z_chlchs 2
Biasy = (k{,)" «{,0"(04); Bias) = - ~—————20%(0,);

KoKy o — ("16,1)2

[\

ag = K30/ ("16,0)2;
2
ar = [ (k52) 50— 265 155+ ) 5]/ [ oo = (57

We refer to Fan et al. (1995) for the precise expressions of the constants «;,
i=12and j=0,1,2. At the boundary, both the biases and variances of the
local constant and local linear estimators are now different. While the difference
between two asymptotic variances is a constant scale, compare ag and a; above, the
biases are now of a different order: The local linear estimator still enjoys a bias of
order O (bz) while the bias of the local constant one blows up and becomes of order
O (b). Thus, the local constant estimator will generally suffer from significantly
larger biases at the boundary compared to the local linear one.

4. APPLICATIONS

In this section, we illustrate how our general results can be verified for a class of
Markov models with exogenous covariates and provide concrete examples within
this framework. Application to infinite-memory models, as considered in Bardet
et al. (2022), is discussed in Section 7 as a direction for future work.

By inspection of our Assumptions 1-5, we observe that, for a given parametric
model and estimator, most of the assumptions are easily verifiable using standard
arguments known from the literature on regular parametric estimators. The only
ones that are non-standard are Assumptions 3 and 5, which require the researcher
to show that ¢, , (8) and its first two derivatives are ULS. Similarly, Assumption 6
is also a ULS requirement, while Assumption 8 and/or 10 will hold if A} (6 (u) |u)
is weakly dependent.

The following lemma provides sufficient conditions for a given transformation
of a time series to be ULS if the underlying time series is ULS. It also shows that
if the stationary version is t-weakly dependent (see Doukhan and Wintenberger,
2008 for the definition), then so is the transformation.

LEMMA 1. Let (Z, ||-|) be a Banach space and f : (Z, ||-|D®° x © R,
d < oo, be a given mapping. Then the following hold, where Z,,(0) =
(Z,,,,(G),Zn,t_l ), ... ) and Z} (0|u) 1= (Zt* Oluw),Z: , Olu), .. ) is its stationary
approximation:
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1. Suppose that (i) for some g : (Z, ||-1)*° x © = Ry and {a;}2, with Y >y a; < 00
so that

2 00
I (z1:0) —f(z2:0) ] < {Zg(zk)} Zai |21, — 22,

k=1 i=0

: 17)

forall 0 € © and z; = (Zk,o,Zk,l, .. ) € Z%, k= 1,2 and (ii) for some p1,p> > 1
and r > 0, Z,,(0) € Z is ULS (p1,r,0) with E[supycq | Z.: @)]"'] < oo,
E [supgeo g (27 (9|u))m] < oo and E[sup(,e@g(zn,,(Q))m] < o0o. Then
f(2.:0):0) is ULS (p.r,®), where p = (1/p1+1/p))~", and
E[supyeo | (27 (0):6) "] < o0

2. Suppose that: (i) in part 1. of the lemma holds with (ii’) g(z) < C(1+ Y =,
b;il1zi||*) for some s > 0 and {b;}2, with Z?jo bi<oo, k=1,2;(iii’) Z,,(0) € Z
is ULS (p1,7,©) with E [supyeq | Zn: 0) "] < 00 and E [supyeq | Z7 @1 ']
< oo, for some p; > s. Then f(Z,,,, 0); 9) is ULS (p,r,®) with
E[supgee [If (27 (01u);0)|"] < 00 and p=p1/ (s + 1.

3. Suppose furthermore that Z} (6|u) is t-weakly dependent with weak depen-
dence coefficients t7 (k). Then f (Z,* ©Olu); 9) is also T-weakly dependent with
E [Hf (Z,* ©Olu); 9) Hp ] whose weak dependence coefficients vanish at the same
rate as tz (k). In particular, if p > 2 and tz (k) vanish at geometric rate then

Yo [Cov (F (25 @lu);0).f (ZF ©lu);0))| < oo

Next, we here provide more primitive conditions for Assumption 9 that can be
applied to discrete-valued random variables.

LEmMMA 2. Suppose that the distribution function Fz(z;u) of ZF (u) satisfies
dFz (z;u) = p(z;u)du (z) for some measure |, where u v p(z;u) is differ-
entiable w.r.t. u-a.s. Then for any function f(z) with E[Hf (Z,* (u);u) H] < 00,
0,E [f (Z,* (u))] = ff (2) 0up (z;u) du (z) assuming the integral is well defined.

A sufficient condition for [|f(2)3d.p(zu)ldu(z) < oo is E[|[f(Z ()|
|s (Zt* (u)) |] < 00, where s = 9,p/p is the score function. For example, if |s (z; )| <
C(1+21°). = 0, then the result will hold under £ [ | 77 @) [ (27 @1u) ;) ]
< 00. For Markov models, the conditions of Lemma 2 can be verified by importing
results from Truquet (2020) and Vazquez-Abad and Kushner (1992); see proof of

Corollary 6 for an example of this.
We summarize our findings in the following corollary.

COROLLARY 3. Suppose that (i) K satisfies Assumption I; (ii) the stationary
version of the model, as summarized by 0 > £; (0|u), satisfies Assumptions 2
and 5(ii); (iii) sp,; is an MGD; (iv) £, (0), Sp,1, and h,,, t(0) satisfy the conditions
imposed on fin Lemma 1; (v) Zy,, is LS (p,r) and E[ Z (u) ||p] < 00. Then, the
conclusions of Theorem 2 hold.
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Suppose that, in addition, (vi) the stationary distribution satisfies either Assump-
tion 7 or 9; (vii) Z} (u) is T-weakly dependent with t (k) vanishing at geometric
rate; and (viii) h} (0|u) satisfies (17) with § > 0 so that p/ (§ +1) > 2 and the
conditions of Lemma 2. Then, the conclusions of Theorem 4 hold.

If the model and estimator of interest are regular in the sense that its stationary
version satisfies the above assumptions, then all that remains to be shown is that
Z,,, is locally stationary with Z; (1) being weakly dependent. The next section
provides primitive conditions for this to hold for Markov models with exogenous
covariates, while the second section revisits the examples of Section 2 and provides
primitive conditions under which our main results apply to these.

4.1. Markov Models with Exogenous Covariates

Consider the following class of g-Markov models with exogenous covariates:

Yn.f = G(Yvn,t—h ey Yn,t—qun,t—l’ St; 0 (t/n)) k) (18)

Xn,t ZH(Xn,t—la ~~~aXn,t—q’ Nts I/}’l) (19)

We here restrict X,,; to be a Markov process. We could allow for X,,; to exhibit
richer dynamics, for example, allow for X,, ; to depend on lags of Y, ;. However,
this would lead to more complicated assumptions and so we here maintain (19) for
simplicity. We impose the following assumptions on (18) and (19).

Assumption 11. (i) (&;,7n,) is i.i.d. over time; (ii) for some p, < 1, p > 1, and
xo € X7, E[|H (x;nu) —H & nnw)lP] < pellx—X[” and E||H (xo: nnw)ll”] <
oo for all x,x' € X7 and u € [0, 1]; (iii) for some (xp,yp) € X7 x Y4, L < 0o and
py < 1, supyee ELIG (o, X0, & 0)|I’] < 0o and

/ 1 /
E[IIG (.x.6:0) — G (. x.e:0) ] < Lix = ||+ pylly =¥l

for all (x,y), (x/,y/) € X9 x Y1, (iv) for some p > 1, r > 0, and § > 0 and all
6,60’ €O,

nnp /b 8 ) nr

E[IG 0x2:0) = G (v 0)P | = C(14+ hall> + 1) o €11
1P ) r
E[I1H (i) = H enan) P | < € (14 1P) lu— vl

V) E[11Y,,01P] < o0 and E[||1X,,0ll7] < oo.

This assumption is similar to the one found in Dahlhaus et al. (2019). However,
in contrast to this article, we do not require the process to be initialized at the
stationary distribution, (Y,,0,X,0) = (¥ (u),X; (1)), and instead allow it to be
initialized at any given value or distribution.
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LEMMA 3. Under Assumption 11(i)—(iii), for any u € [0,1], there exists a
stationary and t -weakly dependent solution {Y,* (W), X; (u)} to

Vi) =G (Y, (). X (w),e:0 ), (20)
X[ (u) = H (X}, (u),ny,u), 1)

with Ty x (k) <O (,ok). If furthermore Assumption 11(iv) and (v) hold, sup,,cy 11 E
[1X; @) 17°], sup,co. E[I1Y] @) I7°] < 00 and u > 6 (u) and u — H (x,1;,u) is
continuously differentiable, then (Yn,t,Xn.,) is LS (p,r) with Supn,tIE[HYn,,Hﬁ] <
oo and sup, ,E [||Xn,,||ﬁ] < 00 for any given initial values (Y,,,O,Xn,o) with
E[l1Yu0llP] < 00 and E[[1X,,0I7] < oo.

Combining Corollary 3 with Lemma 3, we obtain a set of easily verifiable
primitive conditions for local M-estimators of time-varying parameters in Markov
models to satisfy Theorems 2 and 4 (see Section 4.2 for examples of the verification
procedure).

4.2. Specific Examples

We here apply Corollary 3 and Lemma 3 to Examples 1-3. Note here that the first
and third examples cannot be analyzed using some of the existing theories since
these rely on differentiability of the DGP. Moreover, none of the existing theories
allow for covariates to be included in the model. As such, the results below are
new to the literature.

Throughout this section, the following assumption is maintained where 6 ()
and O are specified in each of the following examples.

Assumption 12. (i) The kernel K satisfies Assumption 1; (ii) € (1) € Int (®) and
0 (-) is twice continuously differentiable; (iii) the additional predictors X, ; of the
model solve (19), where H (x, n;; u) satisfies the conditions in Assumption 11 with
p=p=2;and (iv) & isi.i.d.

For the time-varying TAR-X model in Example 1, we obtain the following result.

COROLLARY 4. Let ® = R*+%+! qnd suppose that Assumption 12 holds with

E[e?] < 0o and

’

q
sup Y max {|ay; )|, |oa; ()]} < 1. (22)

uel0,1] i=1

Then, the results of Theorem 2 apply to the local linear estimators of the tv-TAR
(1) model (4) with H (1) = E [5(,* WX (u)/], Q () = E[2]H (u), and

X = (Y@, Y ), Y @) Y ) X ().
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If, in addition, E [8;‘] < 00, & has a differentiable density and H (x, n,, u) satisfies
Assumption 4.1(L3) and (L4) in Dahlhaus et al. (2019), then the results of
Theorem 3 hold for the local constant estimators with dgH (u) = 0 and 9,H (u) =
OH (8u) / (9u) lg=ow)-

Note here that we do not need to restrict ® to be compact since here ¢, ; (6) is
concave. Equation (22) ensures that the model indeed has a locally stationary solu-
tion and is T-weakly dependent. The additional restrictions imposed in the second
part of the corollary are used to show that the time derivative of (Y;“ (), X; (u))
exists so that Assumption 7 holds.

Next, consider the local Gaussian QMLE of the tv-ARCH-X model given in
Example 2. Under eq. (23) below, there exists a locally stationary solution to the
model which takes the form

Yi(u) = MM (w)el, AF(u) = 0w) X} (u),

where X7 (u) = (LY (), ... Y5 (). X} w)') .

R —1
COROLLARY 5. Assume that Assumption 12 holds, ® C Rifﬁd" is compact with
w>w>0foralld €®, X, € Rix, E [8;‘] < 00, infyepo, 17w (1) > 0, and

q
sup o (u) < 1. 23)
uel0,1] ;

Then, the results of Theorem 2 apply to the local linear estimators of the tv-ARCH-
X model (5) with

ot () (3pF )
Ax(u)?

H@u)=-E [ } ., Q(u)=—Var(e})H u).

If, in addition, E [s:““S ] < 00, for some & > 0, and H (x, 0, u) satisfies Assumption
4.1(L3) and (L4) in Dahlhaus et al. (2019), then the results of Theorem 3
apply to the local constant estimators of the tv-ARCH-X model with 9,H (u) =
0H (0u) / (0u) lo=6() and

95 H (1) = 2E |:30,)», () By (1) (97 () } |

A (u)3

Our conditions on the model are more or less identical to Bardet et al. (2022) but
allows for exogenous regressors to be included. Our conditions are substantially
weaker compared to Dahlhaus and Subba Rao (2006) and Inoue, Jin, and Pelletier
(2019) who impose much stronger moment conditions.

Finally, we apply our results to the local MLE of the tv-PARX model in
Example 3. Under (24) below, the tv-PARX process is locally stationary with
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stationary solution ¥ (u)|F , (u) ~ Poisson (A} (1)), where A (u) = 0 () X} ()
and X () = (L Y2 ), ..., Y2, (0, X7, ().

12

COROLLARY 6. Suppose that Assumption 12 holds, ® C Rfﬁd’( is compact
withw > w > 0forall € ©, X, ,_; € Rﬁx, inf,ep0, 1y (1) > 0, and
q
sup Zai () < 1. 24)

uel0,1] =1

Then, the results of Theorems 2 apply to the local linear estimators of the tv-PARX
model (6) with

(3025 ) (d2F ()’
AF (1)

Q(u)=E|: :|=—H(u), Bert (u) =X (u).

Suppose furthermore that X; (u) satisfies the following: Its Markov transition
kernel is continuous w.rt. the Lebesgue measure with density px (x|xo;u) > 0
which is differentiable w.rt. u for all (x,xo); |0,px (x|xo;u)|/px (x|xo;u) <

C (4 lxll + Ixoll); px (elxos ) < Py (xlxos ) and 18,px (xlxo:w)] < | (xlxo)
where [ |1x]|1> 5 (xlxo; u) dx < 00, k=0, 1. Moreover, E[1 + X (u)? |X* | (u) = x] <

p (u) (1 + ||x||2) ~+ b (u) for some p (u) < 1 and b (u) < oo. Then the local constant
estimator satisfies Theorem 3 with

Do, () g1t (u) (3o F (w))'
Ak (u)? '

’

39, H (1) = 2E|:

5. SIMULATION STUDY

In this section, we examine the finite-sample performances of the local constant
and local linear estimators. All reported results are based on 1,000 simulated
data sets. The overall performance of the estimators is evaluated using the mean

absolute deviation error (MADE), MADE; := 1 Y™ | & [|é,» (t/n) —6; (t/n) |], as
well as their integrated bias, variance, and mean squared error. All results are

based on the Epanechnikov kernel and with the bandwidth chosen using the cross-
validation method proposed in Richter and Dahlhaus (2019).

5.1. Time-Varying ARCH

We first consider the time-varying ARCH(1) in eq. (5), where ¢ ~ i.i.d.N (0, 1),
() =0.7—0.5sin (4 u), and a (u) = 0.454 0.4 sin (4w u). We estimate w (1) and
« (1) using both Gaussian log-likelihood and the WLS method of Fryzlewicz, Sap-
atinas, and Subba Rao (2008). Table 1 reports the performance of the estimators.
For all sample sizes, the local MLEs perform better than the local WLS estimators.
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TABLE 1. Performance of the local constant (LC) and local linear (LL) estimators
for tvARCH model: Integrated squared bias (IBias2), integrated variance (IVar),
integrated mean squared errors (IMSE), and MADE.

o (u) o ()
WLS ML WLS ML
n LC LL LC LL LC LL LC LL

250 IBias2 0.0212 0.0222 0.0202 0.0204 0.0217 0.0279 0.0178 0.0213
IVar 0.0647 0.0787 0.0549 0.0578 0.0734 0.0848 0.0771 0.0720
IMSE 0.0859 0.1009 0.0752 0.0782 0.0951 0.1126 0.0948 0.0933
MADE 0.2223 0.2386 0.2136 0.2141 0.2462 0.2643 0.2414 0.2379
IBias2BD 0.0397 0.0173 0.0310 0.0215 0.0226 0.0208 0.0181 0.0144
500 IBias2 0.0116 0.0118 0.0091 0.0091 0.0107 0.0140 0.0076 0.0096
I'Var 0.0346 0.0390 0.0313 0.0322 0.0448 0.0484 0.0464 0.0442
IMSE 0.0461 0.0508 0.0405 0.0413 0.0555 0.0624 0.0541 0.0537
MADE 0.1651 0.1743 0.1555 0.1556 0.1878 0.1977 0.1813 0.1794
IBias2BD 0.0383 0.0071 0.0346 0.0128 0.0206 0.0092 0.0207 0.0134
1,000 IBias2 0.0067 0.0060 0.0045 0.0043 0.0060 0.0072 0.0038 0.0049
IVar 0.0205 0.0225 0.0182 0.0183 0.0278 0.0297 0.0274 0.0257
IMSE 0.0272 0.0285 0.0228 0.0226 0.0337 0.0369 0.0312 0.0306
MADE 0.1261 0.1301 0.1152 0.1148 0.1463 0.1515 0.1374 0.1353
IBias2BD 0.0322 0.0017 0.0274 0.0049 0.0183 0.0039 0.0164 0.0072

For sample sizes of n = 250 and n = 500, the local constant MLE performs as well
as the local linear MLE in terms of the global measures, but the latter performs
best in terms of IMSE and MADE for n = 1,000. Thus, the overall superiority
of the local linear estimator indicated by the theory appears to be a large-sample
property.

To compare the performance of the estimators near the end of the sample,
we also evaluate the bias of the estimators for the first and last 2.5% of time
periods corresponding to u € [0,0.025]U[0.975, 1]. This is reported as IBias2BD
in Table 1. As predicted by the theory, we find that, relative to the local constant
versions, the local linear WLS and ML estimators enjoy significantly smaller
biases near the boundaries of [0, 1] for all sample sizes.

5.2. Time-Varying Poisson Autoregression with Exogenous Covari-
ates (PARX)

We here report simulation results for the local linear MLE of the following
PARX(1) model with an additional exogenous regressor X, ;:

At =@ (t/n)+a(t/n) Y, +y (t/m X2,
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TABLE 2. Performance of the local linear estimators for tvPARX models: Inte-
grated squared bias (IBias2), integrated variance (I'Var), integrated mean squared
errors (IMSE), and median of MADE.

DGP1 DGP2
n o (u) o (u) y ()  (u) o (u) y ()
250 IBias2 0.0330  0.0037  0.0004  0.0339  0.0035  0.0003
IVar 0.1550  0.0078  0.0422  0.1409  0.0077  0.0383

IMSE 0.1880 0.0115 0.0426 0.1748 0.0111 0.0386
MADE 0.2407 0.0839 0.1463 0.2371 0.0832 0.1447
500 IBias2 0.0111 0.0016 0.0002 0.0137 0.0016 0.0002
IVar 0.0528 0.0039 0.0216 0.0648 0.0042 0.0208
IMSE 0.0639 0.0055 0.0218 0.0784 0.0057 0.0209
MADE 0.1645 0.0586 0.1080 0.1717 0.0593 0.1079
1,000 IBias2 0.0044 0.0007 0.0001 0.0044 0.0008 0.0001
IVar 0.0266 0.0023 0.0115 0.0286 0.0022 0.0111
IMSE 0.0310 0.0030 0.0116 0.0330 0.0030 0.0112
MADE 0.1216 0.0426 0.0798 0.1199 0.0428 0.0798

where w (1) = 0.6 — 0.3+ 0.3sin 2w u), a (u) = 0.3 4+ 0.3u — 0.3 sin 27w u), and
y (u) =1 —0.5cos (ru). The dynamics of the exogenous regressor was chosen as

Xpe=Jo (/) +B/m X2, 0 £ ~1PidN ©.1).
where either

e DGPI1: o (1) =0.8 and B (1) = 0.4 so that X, ;, = X, is strictly stationary.
e DGP2: 0 () = 0.8+ 0.4cos(2rnu) and B () = 0.4 —0.2sin 2w u) so X, is
locally stationary.

Table 2 reports the overall performance of the estimators in terms of integrated
squared bias, variance, MSE, and MADE. The table shows that, in all sample
sizes, the local linear estimator behaves well for both DGP1 and DGP2. All bias,
variance, and MADE decrease as the sample size increases. Finally, similar to
the case of the tvyARCH model, the local linear estimator performs well near the
boundaries; we leave out these results since they are similar to the ones reported
for the tv-ARCH model above.

6. EMPIRICAL APPLICATION

We here revisit the empirical analysis of U.S. corporate defaults carried out in
Agosto et al. (2016) with the aim of examining whether there is evidence of
structural instability in the time series. The data set consists of monthly number
of bankruptcies among Moody’s rated industrial firms in the United States for the
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FIGURE 1. Left: Number of defaults per month among Moody’s rated U.S. industrial firms in the
period 1982-2011; Right: autocorrelation function of defaults.

period 1982-2011 (n = 360 observations), collected from Moody’s Credit Risk
Calculator (CRC). Figure 1 shows the time series of default counts together with
its sample autocorrelation function, which reveals high temporal dependence in
default counts and existence of default clusters over time.

With Y, , € {0,1,2,...}, > 1 denoting the number of defaults in a given month,
we use a log-PARX model to gain better understanding of the dynamics of Y, ,
as a function of its own past, Y, ,_,,, m > 1, but also in terms of additional
covariates X,, ; € R%, which include relevant macroeconomic and financial factors
as considered in Agosto et al. (2016). We model Y, ; as a conditional Poisson
distribution Y,, | 7, .1 ~ Poisson (A, (6 (t/n))),t=1,2, ...,n, where the intensity
At (6 (t/n)) depends on past counts, covariates X, ;. and a vector of time-varying
parameters 6 (t/n). Our favored specification of A, , (9) is the log-PARX model of
Fokianos and Tjgstheim (2011), which is here augmented by the chosen set of
exogenous variables, X, ;—1,

P
10ghn () =0+ Y _a;log (Yo i+1)+y Xur1, (25)

i=1

so that 0 = (a),al, e, Olp, y’)/.

We here deviate from Agosto et al. (2016) that specifies A, , to be a linear
function of past counts and factors. The reasons for us favoring the above log-
specification over the linear one are three-fold: First, (25) do not impose positivity
constraints on the parameters which facilitates the numerical computation of the
estimators; second, it allows us to include any predictors we wish without the need
of first transforming them to ensure that each component of the resulting X, ;—; is
positive; third, when we estimate both models using the U.S. default data, we found
that the log-specification delivers a better fit.

Similar to Agosto et al. (2016), we use Zle «; (t/n) as a measure of contagion
in the financial markets: If Y 7| «; (t/n) is large, then firms defaulting today will
lead to a large increase in the risk of other firms defaulting next period everything
else equal.
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As exogenous covariates, we consider the same financial, credit market, and
macroeconomic variables as in Agosto et al. (2016): Realized volatility (RV)
computed using daily squared return on the S&P 500 index, the Leading Index
released by the Federal Reserve (LI), year-to-year change in Industrial Production
Index (IP), one-year return on the S&P 500 index (SPX), the three-month Treasury
bill rate (7B3), and BAA Moody’s rated to 10-year Treasury spread (SP).> Agosto
etal. (2016) decompose LI and [P into their positive and negative parts to deal with
above-mentioned issue of X, ;_; having to be positive in the linear specification. In
contrast, no such transformations are needed for our log-specification. Moreover,
as well as RV, we also consider the logarithm of RV, log(RV), to evaluate if
the latter is a better predictor; again, this would not be possible in the linear
specification of Agosto et al. (2016).

The lag length p is chosen using BIC where, for a given model, the log-likelihood
is evaluated at the estimated time-varying parameters.’ According to this version
of BIC, the preferred specification is p = 2. Importantly, by allowing for the
parameters to be time-varying, a much more parsimonious model is selected by
BIC: If we do model selection where for each model we restrict the estimated
parameters to be constant over time, the preferred model is p = 6. Moreover, the
persistence, or contagion, of the estimated time-invariant version, as measured by
3P| &, is substantially higher than for the time-varying version, as measured by
Zle @; (u), u € [0,1]. This is consistent with the findings reported in Hillebrand
(2005) for GARCH models: Neglecting structural changes in parameters causes
the estimates of these to be suffering from a strong upward bias which in turn
leads BIC to selecting a bigger model.

As benchmark, we first estimate the time-invariant version of (25) with p = 2.
Table 3 shows the estimation results for four different specifications of the time-
invariant LLPARX(2) model: Column (1) contains the results when only (RV, LI)
are included; column (2) when only (logRV, LI) are included; column (3) when
all covariates are included except for log (RV); and column (4) when all covariates
except RV are included. As in Agosto et al. (2016), once we control for the
information contained in RV and LI, none of the other four covariates are found to
be relevant in predicting future defaults. We also observe that the two specifications
using log (RV) appear to perform better than the ones using RV. Based on these
results, our favored specification of the time-varying version is to use LI and
log (RV) as exogenous variables:

logh, = w(t/n)+a;(t/n)log (Y,,,,_l + 1) +ay (t/n)log (Yn.,_z + 1)

(26)
+ Brv (t/m)10g (RV,y,1—1) + Bri (t/n) L, .

2These covariates are tested for the existence of default covariates in Das et al. (2007), Duffie, Saita, and Wang (2007),
and Lando and Nielsen (2010).

3As pointed out by a referee, we are unable to provide a formal justification for using BIC to choose the lag length
in our time-varying parameter version of the PARX model. So the application of this model selection criterion to our
setting is very ad hoc.
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TaBLE 3. Estimation results of different LLPARX models.

(D 2) 3) “4)

w 0.2186 1.0425 0.1003 1.3015
(0.1022) (0.2491) (0.2118) (0.4188)

ai 0.3040 0.2777 0.3093 0.2836
(0.0492) (0.0496) (0.0497) (0.0501)

o 0.5033 0.4876 0.5082 0.4956
(0.0491) (0.0486) (0.0499) (0.0492)

RV 5.8496 5.4864
(3.9738) (4.4365)

log (RV) 0.1230 0.1484
(0.0373) (0.0437)

LI —0.1767 —0.1482 —0.1864 —0.1860
(0.0310) (0.0308) (0.0490) (0.0487)

P 0.0029 —0.0167
(0.0480) (0.0481)

SPX 0.2074 0.2412
(0.2408) (0.2413)

TB3 0.0065 0.0007
(0.0134) (0.0136)

SP 0.0300 —0.0426
(0.0585) (0.0615)

Note: Standard errors are in parentheses.

Figure 2 shows the time series of the local linear estimates of the time-varying
parameters of (26) together with the time-invariant estimates reported in column
(2) of Table 3. Pointwise confidence bands are computed based on the asymptotic
distribution derived in Theorem 3. The Leading Index is pointwise significant
for most of the sample period which highlights the link between macroeconomic
activity and corporate defaults also found in Agosto et al. (2016). At the same
time, this link exhibits substantial time variation, in particular at the end of the
sample during the Great Recession. The link between realized volatility and
defaults of industrial firms is less significant but also appears to be changing
over time. Similar to Agosto et al. (2016), the realized volatility and the Leading
Index are strong explanatory variables during the Great Recession (2007-2011).
However, differently, both of them are still relevant in the late 1980s and early
1990s. Especially, the effect of log(RV) tends to be negative in this period
which cannot be captured by the aforementioned linear version of the PARX
model.

https://doi.org/10.1017/50266466626100449 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466626100449

26 DENNIS KRISTENSEN AND YOUNG JUN LEE

th tvLLPARX(2)
e & with LLPARX(2)
25

1985 1990 1995 2000 2005 2010 1985 1990 1995 2000 2005 2010 1985 1990 1995 2000 2005 2010
Year Year Year

h LLPARX(2)

1982 1985 1987 1990 1992 1995 1997 2000 2002 2005 2007 2010 1982 1985 1987 1990 1992 1995 1997 2000 2002 2005 2007 2010
Year Year

FIGURE 2. Local linear estimate of time-varying parameter in eq. (26): Shaded areas are the 95%
confidence intervals.

Finally, judging from &; (¢/n) + &, (t/n), there is very little contagion in the
financial markets from the 1990s onward, which is somewhat consistent with
the findings in Agosto et al. (2016). However, at the end of the sample, we
actually find a negative effect of today’s log-defaults on tomorrow’s default risk.
Also note that the time-varying estimates, &, (¢/n) and &, (¢/n), remain below the
corresponding time-invariant ones, &; and &, as marked by the horizontal red lines,
throughout the sample period. Again, this seems to indicate that ignoring time
variation in the parameters of PARX models lead to over estimation of the level of
persistence/contagion.

To assess in-sample fit and whether the reported time variation in the parameters
is statistically significant, we carry out an array of graphical and quantitative
diagnostic tools for time series. First, we plot in the left panel of Figure 3 the actual

default counts together with the predicted defaults f/,,, ;= )A»,,,t = s (é (t/n)). As

can be seen from this plot, the time-varying LLPARX model captures the default
counts dynamics well. In the right panel of Figure 3, the sample autocorrelation

function of the standardized Pearson residuals e, ; = )A»,Z }/ 2 (Yn,, — 5\”7,) is plotted.

Under correct specification, e, , should be white noise—the plotted sample auto-
correlation function supports this.

We also evaluate the adequacy of fit using the probability integral transform
(PIT). We follow Davis and Liu (2016) and compute the PITs by

i\tn,t = Fn,t (Yn,t - 1) + v, [Fn,t (Ynt) _Fn,t (Yn,t - 1)] s

where {v;} is a sequence of i.i.d. random variables from a standard uniform
distribution, and F, , is the CDF of a Poisson():n,,) distribution. Under correct
model specification, i, , is a sequence of i.i.d. random variables from the standard
uniform distribution. Figure 4 depicts the histogram of PIT which show that the
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FIGURE 3. Left: Actual number of defaults (blue) and estimated intensity (red); Right: Sample
autocorrelation function of Pearson residuals.
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FIGURE 4. Left: Histograms of randomized PITs for log-linear PARX(2) and time-varying log-linear
PARX(2) models fitted to the U.S. default data; Right: QQ-plots of the randomized PIT against standard
uniform distribution for the corresponding models.

tvLLPARX(2) model provides a better in-sample fit than the corresponding time-
invariant model.

Finally, in Table 4, we report the log-likelihood, AIC, and BIC values and the
p-value from a Kolmogorov—Smirnov test of the PITs being uniformly distributed
of each of four specifications in columns (1)—(4) of Table 3 together with the
time-varying versions of (2) and (4), labeled tv (2) and tv(4), respectively. From
these, we see that allowing for time-varying parameters increase the in-sample
fit dramatically. While this is not a formal statistical test of time variation, it
provides strong informal evidence of such. As mentioned earlier, we also see that
specification (2) is favored over (1), (3), and (4) in the time-invariant case, and that
(2) is favored over (4) in the time-varying case.

We complete the analysis by conducting a final sensitivity analysis of (26). This
is done by including the remaining exogenous covariates in addition to realized
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TABLE 4. In-sample fit of time-invariant and time-varying LLPARX models.

) @) v (2) 3) (G v (4)
logL 696.3 700.6 777.7 696.8 701.8 778.6
AIC —-1,3825 -—-1,391.2 —-1,526.6 —1,375.6 —1,3855 —1,539.3
BIC -1,363.1 -1,371.7 -1,507.2 -1,340.6 —1,350.5 —1,504.3

p-value of PIT  0.0726 0.1319 0.5432 0.0588 0.1544 0.6445

volatility and Leading Index in the time-varying version of the model:

loghnr = @ (t/n) + oy (t/n)1og (Yu -1 + 1) + o (t/n)log (Y -2+ 1)
+ vy (t/n)10g (RV,y,1—1) + vis (t/n) Ly 1 + yip (t/n) IPy 1y

+ vspx (1/n) SPXy 11 + yrp3 (t/n) TB3, 11 + ysp (/1) SPy 1.
(27)

The estimation results are provided in Figure 5. The estimates, except for
the realized volatility, are consistent with our baseline findings. The Leading
Index remains highly significant, which shows that macroeconomic factors are
relevant in predicting future defaults. The link between short-term interest rates
and defaults of industrial firms changes over time. During the late 1980s and
the Great Recession (2007-2011), interest rates play a role in determining the
interest expense of firms. In the 1990s, similar to the finding in Duffie et al.
(2007), the sign of the coefficient for the short-term rate is consistent with the
fact that the U.S. Federal Reserve often increases the short-term rates to control
business expansions. Controlling for LI and TB3, other covariates are estimated to
be insignificant for most of the sample period except for the period of the Great
Recession (2007-2011), in which financial, credit market, and macroeconomic
variables are significant explanators of the default intensity. These are novel
findings that the original analysis of Agosto et al. (2016) did not reveal.

7. CONCLUSION AND FUTURE WORK

We have here developed a general theory for kernel regression-type estimators
of time-varying parameters and used this to provide primitive conditions for the
estimators in Markov models. Another interesting application would be infinite
memory models of the form

Yl’l,t = G(YH,I—I’Y}’L,I—27 "'7‘9!;9 (t/n)) .

The local constant estimator of 6 (1) was analyzed in Bardet et al. (2022) using
techniques different from ours. Specifically, they provide primitive conditions
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FIGURE 5. Local linear estimate of time-varying parameter in eq. (27): Shaded areas are the 95%
confidence intervals.

under which Y, , satisfies

sup E[|Yas =¥ @[] < C(0 + Mutumetnsa)
[n(u—cb))<t<[n(u—cb)]+2cnb

where Y/ (1) is the stationary solution to Y (u) = G(Yt’i1 W), Y ,w),...,e1
6 (u)). But this result unfortunately does not suffice for our theory since this
requires Y, ; to satisfy our version of local stationarity as given in Definition 1.
At the same time, Bardet et al. (2022) do provide primitive conditions for the
assumptions on the stationary version of Corollary 3 to hold. Thus, under the
high-level assumption that Y,, , satisfies our version of local stationarity, we can
combine the results of Bardet et al. (2022) with our Corollary 3 to obtain a theory
for local polynomial estimators of infinite memory models. Under this high-level
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condition, we are also able to provide a precise characterization of the leading bias
term of their estimator, something which was missing in the analysis of Bardet
et al. (2022). We leave it to future research to establish primitive conditions under
which infinite memory models satisfy our Definition 1.

A. Appendix

A.1. Auxiliary Results

In the following, assume that L satisfies: (i) L(-) has a compact support and (ii) for some
A <00, |Lv) —LOV)| < A [v—V'|, v,v/ € R. We denote Ly, () := L(-/b) /b.

LEMMA Al. The following hold as b — 0 and nb — oco:

(i) Suppose { Wh, ,(9)} is ULS (p,r,®) with its stationary approximation { Wy (9|u)}
being Ly, continuous for some p > 1,r > 0, and © is compact. Then, with A defined in
Assumption 2 and for any u € (0, 1),

l n
suEl ;ZLb(:/n—u)W,Z,,(Dm,b(r/n—u)a)—/L(v)E[W;‘(Dm(v)am)]dv =op(1).
ae =1

(ii) Suppose {Wn, [,]-—n,;} is an MGD array and LS (p,r) for some p > 2 and r > 0 with its
stationary approximation W} (u) being Lp-continuous. Then, for any u € (0,1),

\/EZLb(t/n—u)Wn,,—%lN<O,/L2 (v)dvx]E[W,* (u)z]);
n
=1
n “+o00
\/EZLb(t/n—cb)Wn,,edN<O,/ L2(v)dv><]E[W,*(u)2]>.
=1 ¢

(iii) Suppose W} (u) is stationary and ergodic with ) 2, !COV (W,* (u), Wi (u))| < 0.
Then,

%ZLb(t/n—u)Wt* (u)—/L(v)dvx]E[W,* ]| =op (1/%).
=1

Proof of (i). We first show that for all 6 € ®,

%ZLI, (t/n—u) Wy, (0) =P /L(v)dv xE[W) @u)].

=1
Note that L(v) = 0 for |v| > v for some v > 0. Then, Minkowski’s inequality implies that
" p1/p
E| 231 a/n—u) {Wo 0 0) — W} @10}
n

t=1

1 n
< =~ 3 Iy /=) [ E[[ W (0) =W} ©@w|r1"”
=1
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<7Z|Lb(z/n—u)|<br ffn—u +1/n’+p’>
< EZ|L,, t/n—w|x 'V +1/n"+p")=0(b") +0(n—’)+o<i),
o =1 \/IE
where we have used that
1 z 1
—DLb (t/n—w)p" < —Z )y tfn—w) | Y o> = 0(—)
=1 nt:l =1 M

Next, with Wy = W} (0|u) — E[W}* (9|u)] YLy (t/n—uw) Wy = nlb Z? (Lp (t/n—u)
W; for sufficiently large n, where 7 = [n (u+ vb)] and t = [n(u—vb)]. Here, [x] denotes the

integer part of any real number x. By summation by parts, we have, with Sy, ; = ] ; Wj

; _
1 _ 1
= Ly t/n—uyWy ==Ly (t/n—1) (Sn.t — Sp,1—1)
n n
t=t 1=t
—1
1 1 _
== [Lp(t/n—u) =Ly (t+1) /n—w)]Sn. s+ —Lp ({/n—u) S, 7.
n— n
Since {Wt} is stationary, Sp,¢ has the same distribution as S’n = Zt t1+] W Thus, for

J=
S,, t|. The ergodic theorem

1Ly (t/n—u) Wy < b SUP; <7141
yields S‘n, t/t— 0 which in turn implies that 1 n thl Ly (t/n—u) W; tends to zero almost
surely. Finally, using the mean-value theorem, there exists vy ; € [%, %] so that with

L=sup, L(v),

ZLh(t/n—u)—/Lb(x u)dx| = ZLh(t/n—u) Z[ Ly (x— u) dx

(t—1)/n

1
s%;\Lm/n—u)—Lb(vn,t—u)y

o)

which shows that %Z'le Ly (t/n—wE[Wf ©@lw)] = [Lp(x—u)dxE[W} Ou)] +
01/ (nb)).

For the uniform convergence, we note that by definition of A, Dy (v —u)a € © for
all v € supp (L) and « € A. Thus, % "1 Kp (t/n—u) Wyt (Dp,; () &), where Dy ¢ (u) =
Dy, (t/n—u), is well-defined for « € A, and

t/n

E [ sup || Wa,¢ (Dn,r (w) ) — Wi (Dp,r () ctur) H <E [sup | W, 6) — W7 ©1u) ||”]
acA 0e®

<C(lt/n—ul"+1/n" +pt)p.
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Using Holder’s and Minkowski’s inequalities,

E| sup ZL;, (t/n—u) (W1 (Dn,t () ) — Wi (D, (u) tur) }

acA t 1

1/p
Z|Lb (t/n—u)IIE|:sup [ Wi, (Dn,1 (w) o) — Wi (Dn,,(u)am)up}
t 1

SC%ZlLb(t/n—u)l(’ t/n - ‘ +1/n" +p> o).
=1

Next,

1 n
sup | =Y "Ly (t/n—u) {W; (Dp.s wyerlu) —E[W} (Dn,s () c|ur) ]}

acA =1

<gsug nZLb(t/n—u){W, Olu) —E[W} @lw]}| +op (1),
€t =1

where 1 Y Ly (t/n—uw) {W} 0lu) —E[W; (0lu)]} = op (1) for all & € ©. Thus, the

n
result will follow if we can show stochastic equicontinuity of 6 %ZLI Ly (t/n—u)
W7 (6|u) but this follows from the assumption of 6 — W;* (0|u) being Ly continuous: For
agiven § € ® and € > 0, there exists § > 0 so that

E sup Ly (t/n—u) W (9|u)—7 Ly, (t/n—u) W (0 |u
0:116—6"(| <8 "; b ' Xj‘ b t( )

1
SnZ|Lb(l/"—u)|E|: sup HW?@IM)—W?‘(@/IM)H}
=1

0:|6—6"|| <5
€ n
=2 Ly t/n—w|=0().
t=1

Proof of (ii). Observe that \/b/n 1Ly (t/n—u) Wy ; is a martingale with quadratic
variation Q, = zzt= L2 (t/n—u) W,%’ ;- Since Wy ; is LS (2,r), it follows from part

() that QO —P [ 12 (W) dxE[W; (2] The result will then follow if the Lindeberg

condition is satisfied (cf. Brown, 1971). With my, ; = \/b/nLy, (t/n — u) Wy, ; and mj (u) =
SBTnLy (t)n— ) Wi (),

lemnrll (e > €) = Z(Hmn,rHZ—llm?‘(u)IIz)I(Hmn,rH>8)

t=1

43 It @1 (Il > e | @] <2/v3)

t=1

+ 3 | 21 (g @] > e/+2).
=1
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Recycling the arguments used in the proof of part (i), the first and third terms are op (1). For
the second term, employ the following inequality and Markov’s inequality:

>z @l 1 (e > .
t=1

mi W) < /72)

2 2 5 )
<5 L1 (Il -l @ = 212).
Proof of (iii). Assuming w.l.o.g. that E [Wz*] =0,

n

1 < 1
Var (=3 Ly (t/n—w Wy @) | < — 37 Ly @ /n—wl Ly (ta/n—w] [E[W W ]|
=1 t, =1

L - f/n—u 1
k]| o
fwy)z”ZI‘L( | il =o(5;)
1,2=
O

A.2. Proofs of Results in Section 3

Proof of Theorem 1. By Lemma A(i), sup, ¢ 4 |On (@t|u) — O (a|u)| = op (1), where
O* (alu) = [R KW E[€f (D (v)at|u)]dv. Now, observe that for any o = (af, ..., 0p41)
with «; # 0 for some i > 2, the polynomial v = D, (v)a is non-constant almost
everywhere. Thus, for any a # a® = (0 (u),0,...,0), Dy W a # 0 (u) = Dy, (v)a™® for
almost all v € [0,1] and so by Assumption 2(iii) E[£] (D (W) a|u)] < E[€F (6 () |u)] =
E [} (Dm (v) a*|u)] for almost every v. Since K (-) > 0, this in turn implies that Q* (a|u) <
o* (oz* |u). Finally, by the dominated convergence theorem together with Assumption 2(ii),
a +— Q* (a|u) is continuous. This proves & — a* (cf. Theorem 2.1 in Newey and
McFadden, 1994). O

Proof of Theorem 2. From Theorem 1, we know that & —? o™ := (0 (1) ,0, ...,0). Itis
easily checked that the limit is situated in the interior of A and so w.p.a.1. so will &. As a
consequence, @ will satisfy (9) w.p.a.1. Adding and subtracting S, («) and then rearranging
yields

0 = /nbSy (1) + Hy, (&|u)m(& —ag—H; ' @) (Sn (ctg|0) — Sn (u)}) .

Here, H,/ L(@|u) is well-defined w.p.a.l since, as shown below, it converges toward an
invertible matrix. The claimed asymptotic result now follows if we can verify the claims
of egs. ( 13) and (14).

Proof of eq. (13). With L(u) = K(u)Dy, (1), ~/nbSy, (1) = \/EZLI Lyp(t/n—u) Q@ sp,r.
The result now follows from Lemma A(ii) under Assumption 4.

Proof of first claim of eq. (14). With L(u) = K(u)Dy, (u) Dy, (1)’, we can write
H, (Blu) = %Z?:] Ly(t/n — u) & hp,t (Dn,¢ (u) B). 1t follows from Lemma A(i) and
Assumption 5 that

sup
aeB(e)

=op(1),

Hy (atlu) — / KD ()Dy(v)' @ H(Dy(v)ex | u)dv
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where H (0|u) = ]E[h;‘ (0|u)] is continuous in # and B(e) = {o : |la — a™|| < €}. Since
@ —p o™ and Dy, (v) o = 6 (u) for all v, continuity of H(- | u) yields

Hy(@lu) —p K1QHO W) |u) =K1 @H (u).

Finally, K| = [ K (v) Dy, (v) Dy, (v)' dv is positive definite under standard kernel conditions,
and H (u) is invertible by assumption.

Proof of second claim of eq. (14). First observe that Dy, ; (u)a™ = 60, (t/n), where
6, (t/n) was defined in eq. (1). Now, employ the mean-value theorem to obtain that, for
some én,t lying between 6, (¢/n) and 6 (¢/n) and some uy,; € [t/n,ul,

bn,t = Sn,t (9: ([/")) —Sn,t

_ _ 9(m+1) (Un [) "
=hy¢ (911,[) {9: (t/n)—0 (l‘/l’l)} = —hy,; (Qn,t) W (t/n— u)™
0(m+1) (t/n) |
= —hn,+ (6 (/1)) RTET (t/n—u)™t

; (efn—uy™*+!
i @ @m0 D @) — s B ) 6D () | =
=5 +52).

The first term is locally stationary and so by the same arguments as in the proof of
Lemma A(ii):

1< pmt mt1
= Kt () Dy () by = = Zan<u>Dnz<u> (”" )

=1 t=1
9(m+l) (t/n)
(m+1)!

m+1 9(m+1) (u)
—b {Ml@H(u)W—i—l)!+0p(l) .

B, (0 (2/n))

For the sec~ond term, observe that for |t/n—u| < Cb, ||9_n,, — 0@t/ < |16 (t/n) —
0(t/m| < Cb"™ 1 and so, using the ULS property of &, ¢ (6),

SU?E [17n,1 0 (t/n)) = hn,1 (On,2) 1]

< C(br

as n — oo and b — 0. Similarly, sup,, t||9(m+1) (t/n) — o@D (Mn,z)|| — 0 asn— oo.
m+1 2)
bn,t =

t/n—ul”

+1/n’>+ sup B[l @lwy— hF (6/lu) ] — 0
o~ <Cpm+!

m+1 _
These two results combined show that the b W Kn,t () Dyt () (I/HT“>
op (1). O

Proof of Theorem 3. Write

bu,t = s, (05 (/1)) —sp,e = 57 (05 (t/n),1/n) —sf (O (t/n),t/n)+Op (n").
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The proof proceeds exactly as the one of Theorem 2 except that the first-order expansion
of by, is replaced by a second-order expansion of s, ; (f) w.r.t. 6 combined with

(m+1) (3 (t/n— u}’”+] N p(m+2) ( )

- 7 -\ m+2
m+1)! eyt T

0 (t/n) =0, (t/n) +
where uy, ¢ lies between u and t/n. This yields
bt = hn,1 (0 (1/m) {65 (t/n) — 6 (1/n)}

dp A
1 i It Bne)
32 (o m—6;/m)| gié’) {63 a/m =6 a/m)

1

g+ () m+1 9(m+2)( ) m+2
= —hp,¢ (0 (t/n)) |:(m+1)!{f/n—’4} +W{Z/n u}
dp ,(m+1) (m4+1)
729 (un,z) dhn, 1 (6n,1) 0 (utn, ){z/n—u}2m+2.
(m+1)! 36; (m+1)!

Thus, with L'} (u) = K () Dy, ) (L5 “) ,

1 n
Bu(@) =~ Kn1 () Dyt () b s
=1

g (m=+1) ()

_pm+1 1 - (m+1) I
b nZLn,l @)hn, (6 (t/n)) (m+1)!

t=1

1 Z” !
Comi2 )1 (m+2) (m+2) N —
" n t:an,t Whn, 1 0 (t/n) 0" (un, 1) (m+2)!
p2m+2 dy (m+l) Qm+2), . 0hn, t(9n t)
ooy 9%, 1 \Un.t) 5(m+1)
2{(m+1)v}22 Z (o) L™ 00 30, ’ 1)

t 1

‘We now analyze the three bracketed terms. First,
1
ZL""* (W, 0 (t/n))

I (m
= = LD ) [ 0 /) — s 8 )]
=1

L nt 1 b, (mt2
+- ZLE{,’; "G @ (o + X%Lfl,’i )3 (6 (u) )
=

+- ZL(’"“)(L» I, (0 (1)) — hF 0 () ) — D (O ) ) {2/ — )]
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By Lemma A(iii) together with Assumption 8 and Lemma A(i),

n dp
I s m
=L@ [ 6 /) = o 6 @)] = bz Y67 )9, H () +0p ()
=1 i=1
(A1)

ZL(erl)( YhF (0 (u) |u) = pymy 1 H (W) +op (1/M>,

2
ZL("’+ )3k (6 ) 1) = pm20uH () +0p (1),
while, using Assumption 7, with hy, s (1) = hy, ¢ (0 (w)) and k' (1) = b (0 (u) |u),

ZIIL('"H)( VIE [V (0) — B () — Bk () {2/ — )]
ZML(’”“)(u)nc (1/n"+p")

+- ZnL(”‘*”(u)n]E 1 (/) — B () — Bk ) e/ — u)]

= 0p(n")+0p (1/«/@) +op(b).

For the second and third terms, similar to the proof of eq. (14) and using Assumption 6,
- 2
STL @) b1 0 1/1) 0 (1) =P 2 H ()0 (),

” _
2m+2 1 Ohn,t (On,1
ZL}(L:VH» )(u) Oi(WH- ) (un,t) naé'n )0(m+1) (Mn,t)
=1 !
=7 o 20" ) 0g,H )0 ()
Collecting terms now yields the claimed result. ]

Proof of Corollary 1. The first part is a direct consequence of Theorem 3. To show the
second part, first observe that

B1 () +Bo (u) = H (u)

E10)) 1 %
2(’4) i BMH(M)‘FEZQ;D () 9, H (u) oM ).

i=1
Next, using that E [s;‘ (CXO)] |v)] =0 for all v,

82
0=SE[s 0],
av
2 2 2

3 d
= a?E [sFOmw],_, +2-—F [sFOWw],_,+ WE [sfOmw],_,.
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where it is easily checked that
2 2

0 9 .
2mﬂi [S;k @) |”)]v=u + WIE [Sz CIO) |u)]v=u =2{B| (u)+ By ())}. -

Proof of Theorem 4. Inspecting the proof of Theorem 3, we observe that Assump-
tions 7 and 8 are only invoked in the analysis of % Z;l: 1 L,(:;H) (u)hp,t (0 (t/n)). We here
re-analyze this term under Assumptions 9 and 10: Write

n

1 & m 1 m
S LY 0 6 /) = LY 0 [ 6 6/m) 10 0)]

=1 t=1

1 n
+- ;Lﬁ,’,’ﬁl)(u)hn,, © W),

where the first term satisfies eq. (A.1). Now, with A 1= hp (0 (w)) and hf (v) :=
hf (6 () v),

ZL<m+1>( Vin s Zﬁ’“”m) { e = @/m)}
- ZL<m+1>< ) {nF t/m)— E[hf t/m)])

=:A +A2 +Asz.

By Assumption 5(ii),

1 n
E{lA1ll =< -
n

L B =7 @/ml] < 55>

L“"*”(u)\ =0(n"):

for any element Aj;; of Az, by Assumption 10 and with Vl( Zh |(v1 v) = Cov
(e ;000 OO ),

1 n ..

2 (m+1) (m+1 ((3)]

[ ;]=— 2 LV oLl v, o mim
1, t2—1

+1 +1 (%)
~ LS L V2 @ imam = V2 ww)
t,h=1

Z L(m+1)( )L(m+1)( )V(l]) |(M,M)

n, n, [t1—1
t],l‘z 1

1 T :
Z L V@ w {Vie? amnm - Vil @
t] =1
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+o():
nb
where, with
N ) y ) (i, 10)
AVID =V )~ VD ) %[(n/n—u)ﬂtz/n—u)]

—0 ((tl/n— W)+ (ta/n— u)z),

1 n 1 1 ..
) Z L(m+ ) (u )Lfl'”t;‘ ) ) {V|(zl;]312\ (t1/n,tr/n) =V, |t1 t2| (u, u)}

t, =1
1 n
== 2 || L el |avid
t,tr=1
& . . v (4, 1)
+ > | | w )H% [ty /n—ul + It /n — ul]
n t1, =1
C < 1 1
== 2 i P w| L wl{ @m0 + @ —w?)
n t, =1
L " ‘(tl/"_"‘)HaV\tl—tzl(”’“)
L [ty /n—ul+tp/n—ul]
7 2
(i’lb) tl,lg—l b du
(1
- nb)’
Finally, by Assumption 9,
ZL('”H)( YE[R ()] - ZL(m+2)(u)3uE R ()]

+- ZL(”‘H) E[Af (t/m)] —E[h} )] - dE[h] @] /n—w}]

=/RL(m+l)(v)dv><E[h;‘ (u)]+b/IR{L<m+1)(v)vdvxa,,IE[h;k W] +o().

A.3. Proofs of Results in Section 4

Proof of Lemma 1. First, forany p > 0, with [| 2 1 (0)llap := (320, aillZn. 11— 0)IP) /P

1/p I/p
[sup IIF (2 @lu); 9)||"] sE[supW(z;‘(mu);e) —f(o,o,...;e)np]
He® 0e®

+11£(0,0,...;0)

1/p
SE[@Sug{g(Z;‘ (9|u))+g(0,0,~-~)}p||2§'< (9|u)||§,1]
prs

https://doi.org/10.1017/50266466626100449 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466626100449

LOCAL POLYNOMIAL ESTIMATION OF TIME-VARYING PARAMETERS 39

+1f0,0,...;0)ll,
where, for any g1, ¢ satisfying 1 /g1 +1/g, =1,

. 1/p 1/(pq1)
E [sup g(ZF @) 120, @I 1] < E[sup g(2f (9|u>)”‘“]
0ec® ’ Ne®

1/(pg2)
E[Sup 12 ,(9|u)|"‘12]
0e®

For the right-hand side to be finite, we need pg| = p>, pgr =p1 and 1/q1 +1/qp = 1; thatis,

=pa/pand gy =pi/pand 1/q;+1/qy =p{1/p1 +1/p2} =1 p={1/p; +1/p2} ™.
Thus, f (Z[* ©Ou); 9) is well-defined in the Lp-sense. With our choices of g1, g7, and p,

1/p
E[Sup If (20,1 6):0) —f (2] B1t/n):6) IIP]

Hec®

1/p
< CELsug{g(Zn,t(@)) +g(Zf (9|u))}p 120, (0) — Zf (9|t/n)||§’1]
s

1/p2 1/p2
EC{E[Sng(Zn,t(Q))Ih] +1E[supg(Z£"(9|u))”2] }
6 He®

1/p1
xZaE[;uann, (O~ Z ,<9|z/n>||"1]
i=1
C

57

7’

3

and, similarly, E[supge@)ﬂf (Zt* (9|u);9) —f (Z,* @) ;9)||p]l/p <Clu—v|".
Under (ii’) and (iii’), condition (ii) of the first part of the lemma is satisfied with
p2=pi/s=1:

[sup lg (2 (0|u))||"2} < c(1 +E[sup 12 <9|u>||"’2]>

He® 0e®

<C 1+Zb E[supHZ* (9|u)||1’1} < 00,
i=0 9
and similarly for E [supgc@ I8 (Zn,7 (6))[IP2]. Thus, the conclusions of the first part hold

withp=(1/p1+1/ (p1/) ™" =p1/ (s +1).
To show the third part, let Z; (0|u) be an independent copy of Z; (0|u). Applying the
same inequalities as in the first part,

~ 1/ ~ 1/
E[If (27 @lw:6) —7 (2 @so)P] " < CE[12F @l - 27 @i ] .

The claimed result now follows from the definition of r-weak dependence (cf. p. 1999 of
Doukhan and Wintenberger, 2008). This in turn implies that the short-memory condition is
satisfied (cf. Doukhan and Wintenberger, 2008). O

Before proving Lemma 3, first consider g-Markov models without covariates on the form

Yt =G(Yni—1.-- - Yni—q 0.0 (t/n)), t=1,....n,
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where G : Y9 x £ x ® > ) is some known mapping, &; € £ C R% is a sequence of i.i.d.
errors, and 6 (-) € ©. Importantly, the initial value Y, (o can be arbitrarily chosen which is
in contrast to most of the existing literature. Under regularity conditions, its corresponding
stationary approximation ¥;* (1) will solve

YFu) =G (Yt*_l ). Yy (W), 616 (u)), welo1]. (A.2)

‘We impose the following assumptions.

Assumption 13. (i) supgc E[IIG (vo,£::0)IP] < oo for some yg € Y9 and p > 0;

(i) there exists p < 1 so that for all y,y € J9, E[llG(y,e,;G)—G(y’,e,;@)lll’]l/‘" <
olly — y'|l; (ii) there exist p > 1, r > 0, and § > 0 so that for all 6,6’ € ©,

-11/p . 5
E[1G(.2:6) =G (e 0)IP] " = € (1+1y1°) 10 = 611" and ) E[1,,017] < o0

1/p
and E[1G0.e:6) = G (res6)IP] 7 = € (14 y11P) o = /| 1"

LEMMA 5. Under Assumption 13(i) and (ii), there exists a stationary and t-weakly
dependent solution, {Y; ()} to (A.2) with sup,cfo 1) E[IY; @)P] < oo with ty (k) <

o (pk>. If furthermore Assumption 13 (iii) and (iv) holds, sup,c[o, 11 E [||Yt* (u)||1~’5] < 00
and 0 (-) € © is continuously differentiable, then Yy 1 is LS (p,r) with sup,, ;| [||Yn,[||’~’] <

oo for any given initial value Y, o with E [||Yn’0||”] < 00.

Proof of Lemma 5. The first part of the result follows from Corollary 3.1 of Doukhan
and Wintenberger (2008).
For the second part, define the stacked state vectors

Yori= Vo Yot Yni—gr1) € VY, Y7 () := (Y] (), Yf_l(u),--~,yf_q+1(u)),
and define the associated Markov(1) update map F : Y4 x £ x ® — Y4 by

F((y1,.-..y¢),8,0) :== (G(yl,...,yq,s,O),yl,...,yq_l).

Then the g-Markov recursion is equivalent to the Markov(1) recursion on the enlarged state
space:

Yot =F(Yp, 11,60 (t/n)), Y/ () = F(Y;_ (), 1,0 (w).

Therefore, it suffices to prove the desired bounds for the Markov(1) process {Y; }; the
corresponding bounds for Yy ; follow immediately since Yy,  is the first coordinate of
Y., : (and similarly for ¥;*(u)). In what follows, we write the argument for the Markov(1)
recursion and apply it to Y.

For u,v € [0, 1], using the Markov(1) recursion and the triangle inequality,

_11/p _11/p
E[1% 0= 0l |7 =E[IG (7 .66 @) =G (v 0.er6 W)IP]

_21/p
<E[IG(V ) (.0 @) -GV .en0 )]

_11/p
+E[IG (Y (0,200 ) =G (¥ 00,20 0)IP]
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~.11/p
< C<1 -HE[HYz*—l (u)llps] /p> lu—v|"

_11/p
+ B[ 1Yy @ =¥ ]

<Cqlu—v|",

-11/p
where C; =C <1 +supyeqo, 11 E [”Yt*,] (u) ||8p] /p> /(1 — p). By setting v = t/n, we have
that

E[1Y (t/n) — ¥F @IP]P < ¢y ltfn—ul”.

In addition,

_1/p
B[ 1= ¥ a/ml?]

= ]E[”F(Yn,t—lvgt’@ (t/m) —F (Y}, (’/”)’5”9“/"))”13]1/[)
< oE [0 =Y <z/n>||f’]l/ﬁ

<) (E[IIYn,z_l —Y* (- 1)/n)||ﬁ]]/ﬁ+IE[||Y;‘_l (t/n) =Y | (- 1)/’1)”5]1/13)
< pE[”yn,,,l Y (- 1)/n)||ﬁ]1/ﬁ+pcl/n’

=11/p
= B[ I¥ni2 = Yy (€= D mIP| 7+ 021"+ pCy "

=11/p pCy/n”
< B[ 10 = Y5 OP] T4 S

Applying the above Markov(1) argument to the stacked process {Yy,/} gives the same
bounds for Yy, — Y (¢/n) and Y; () — Y (v). Since Yy, ; and Y;*(-) are the first coordinates
of Y, and Y;(-), the same bounds hold for the original g-Markov process {Y¥y,(}.
Continuing the above two recursions yields the desired results. (|

Proof of Lemma 3. With & = (g1,n;) and F (y,x,&,t/n) = [G(y,x,¢e1;0 (t/n)),
H (x,17:/n)], the Markov process Zp, 1 = (Y, 1, Xn,1) satisfies Zy, s = F (Zy, 1—1,&1/n). To
show existence of a stationary and t-weakly dependent solution Z; (u) = (Yt* (u), X/ (u))

1
to Zf (u) = F(Z;“_1 (u),é,,u), define ||zll,, = 1m0l = (I¥IP +wllx]IP) /P for some

w > 0 which will be chosen below. For z = (y,x) and 7 = (y/,x"), we have

1 ,
" = (B[I1GO, % £:0() — GO\ ¥. e 0 @) I

[ H G50~ HG i)

(JE [||F(z, Er,u) — F (2, &, u) II’V’V])
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Assumption 11(ii) and (iii) and Minkowski’s inequality imply that

(E[1Fe & P gt ])
= ((pyly =Y I+ LIx =X 1) + prwlfe—27) 7
< (bt =57 + o (w21~ 21)") L2 (w1
<wwllz= e k= max{py px P} L/w! P,

/p

Since py < 1 and ,0; < 1, we can choose w large enough so that L/wiP <1 -

max{py, p;/ p }. Hence, F(-,&,u) is a contraction in L” under || - ||,,. The existence and
uniqueness of the stationary solution Z; (1) and geometric t-weak dependence then follow
from Corollary 3.1 of Doukhan and Wintenberger (2008), implying ty, x (k) < C/c{f,.

For the LS(p,r) claim, combine the above contraction bound with the parameter-
smoothness conditions in Assumption 11 (iv) and (v) and follow the same approximation
argument as in the proof of Lemma 5. g

Proof of Corollary 4. We can here apply our theory with ® = RI*24+dx gince the
least-squares criterion used for estimation is concave in 6 (cf. the comments following
Assumptions 1-3). We first show that Y, ; is locally stationary with p > 2 moments

when E[lle;llz] < oo by veritying the conditions of Lemma 3 for G (y,x,¢,0) := o +
Z?:] ozl’,-y?' + ZL] a,;y; +y'x+e: First, E [G (0,0, 8;;9)2] =E [51‘2] < 00; second,
forall y,y € R? and x,x’ € RY,

12
E[(GOxer0) =G ¥.ei:0))] " = D max{fer il o} |y =/ [+ 1yl [x =

i=1

) ’

third, for all 6,6’ € O,

E[[G 05650 =G (x| = o=/ |+ (o1 e | + o a5 [} 01
+y =y xl
< CA+|xll+ Iyl o 6]

Thus, under (22), (Yp,1,Xp:) is locally stationary with (Y;(u),X; (u)) being -
weakly dependent, E [Y;‘ (u)z] < oo and E [th* (u) ||2] < oo. Next, write £, () =
~ 2 ~ + + - - 1
_ (Yn,t —g/xn,,) , where X; = (1, AT AU GuENUIES Gule') H) . 50
that sp,; = &:Xn, 1 and hp,; (0) = Xp, X, ;. It is easily seen that £n,; (), 5,1}, ;» and hp, 1 (6)
satisfy the second part of Lemma 1 with s = 1 and p; = 2 so that they are all ULS (1, 1, ®).
It now follows from the first part of Corollary 3 that Theorem 2 applies to the local linear
estimator.
Next, we verify the conditions of the second part of Corollary 3. First, note that Lemma 3

implies that if E [s;‘] < o0, then E[YF (1)*] < 00 and so k¥ (6 (u) [u) = X () X (u) is
t-weakly dependent with E[”h;“ 0 (u) |u) ||2] < o0, and hence Assumption 10 is satis-
fied. Finally, to verify Assumption 7, we show that d,hf (0 (u) |u) = 25(;‘ (w) 8,45(;" () is
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well-defined almost surely and has first moments. This will hold if 9, (Y,* W, X} (u))
exists almost surely and has second moments. We show this by applying Theorem 4.8 of
Dahlhaus et al. (2019). This theorem requires G (v, x, &r; 0) to be differentiable w.r.t. (y,x,6)
for all values of (y,x,0) which fails to hold at y = 0. However, since &; is assumed to
have a continuous distribution then Y;* (u) |, t*—l (u) will also have a continuous distribution

and so Pr(Y,* () = 0|F* | (u)) — 0. Thus, G(Yt*_l W) Y ). X (1) .e,;@) is

differentiable w.r.t. (Y ;‘71 w,....Y;5 q (u) ’X;k—l (u), 9) almost surely. By inspection of the
proof of Theorem 4.8, this suffices for the result to hold. O

Proof of Corollary 5. We verify the conditions of Corollary 3. Verification of the
conditions for the stationary version, including identification and existence of relevant
moments, follows from Kristensen and Rahbek (2005). For the analysis of the local linear
estimator, what remains to be shown is uniform local stationarity of £y, 1 (6), su,ss), ;» and

hn,t (0). First, by Lemma 3 with G (y, x,€,0) = (a) + Z?=1 oy + y’x) &2, where Z?:] a; <

1, it follows that (Yn,;,Xn,,) islocally stationary with sup,, ; £ I:Y,% ,:| <ooand E [Yt* (u)z:l <
oo. Next, we verify that £, ((0) and its first two derivatives satisfy the conditions of
Lemma 1.

Recall that £, /(0) = 10g(kn: () + Yui/hns(0) with Xpy = (LY -1,
/ ~
Yoi—g: X, 1) and A, (6) =%y, . It satisfies

‘aen,,«)) __ b _t_ azn,tw)HS ! Yne 1, Tne
Wt | Ane® =@ = 8" [[0Ane @) | T nt©)  A2,0) T S Srdn:(0)
where

e q . dx ,
Yt _ 6(t/n) Xn’ts? < supua)(u)-f'zi:] sup,, a; (i) +Zz:l supy, B; (u) 81‘2. (A3)

At (0) 0Ky, S

Since 5,2 = Yy, t/An,t(0), €y (0) satisfies the second part of Lemma 1 with g(Z,,’ t) =
C(l + Yt/ Ant (O (t/n))) =C (1 + stz), which has second moment by assumption. Thus,

Lemma | implies that £, (0) is ULS (1,1, ®).
Next, we analyze the score function

B Yot Ihn (6 (t/n) N X
smi=(1-7 _(1_,)7.
w1 O t/) ) hni (0 (t/n) An1 (0 (t/n))

Since E [812|]-',,,,,1] =E [812] =1, sp,1 (6 (¢/n)) is an MGD. Moreover,

‘ asn,; ‘X"vl ‘
Wl 2,0 @/m) ~
5( 2
: ; %]
2L < (1-47) +— gc‘l—sf(
Xyt Ant 0 (2/m) Ay (6 (t/n))

and so sy, ; satisfies the conditions of Lemma 1 with g (Z,,;) = C ( 1+ 5,2)
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The Hessian takes the form

39)»n,z(9)39)»n,t(9)'[ 2Yn,t —1]
A2,0) Ayt (6) ’

hn,1 (0) =

and recycling the inequalities established above it follows that the Hessian is also
ULS(1,1, ®). This verifies the conditions for Theorem 2.

For the analysis of the local constant estimator, observe that h:; (0 () |u) is T-weakly
dependent by Lemma 1; moreover, if E [||s,||4+y] < 0o, then E |:||h;.';. L@@ W |2+V/2]

< 00. Thus, Assumption 10 holds. To verify Assumption 9, first note that 3, X;* (u) exists
under the assumptions of the theorem. We then follow the same arguments as in Example
5.5 of Dahlhaus et al. (2019) to show that Z)uh;.']‘. ; (0lu) exists. O

Proof of Corollary 6. We first show that the ( Y, 1. Xn, t) is locally stationary by verifying

the conditions of Lemma 3 with G (y,x,&;0) := Ny (a)—i—zl 1oty x) where ¢; :=

N¢ (), t=1,2,..., areii.d. copies of a Poisson process (see Agosto et al., 2016 for details):
First, E[|G (0,0, 0 (1))|] < E[N; (w (1))] = w (1) < o0; second, for all x,y,x,y’,

E[||G(x.1:6 W) — G (3.x .16 )]

<E Zm(u)lyl Yil+lly @l x =+ H
i=1

q
= i@ [yi =y} + Iy @l |x =¥,
i=1

where ZL] a; (1) < 1. Finally, for any 6,6’,

E[|Gxe50) =G (vxent) |] = o=+ loi—ai]yi+ [y =[xl

<C+xl+1ylh o —6'].

Thus, A, ¢ (6) and Yy, ; are ULS (1,1,0). From Agosto et al. (2016), we also know that
E [A;“ (u)z] < 00, and hence E[Y}* (w)?] < oo too.

Next, we observe that A, ¢ (0), dgAn,¢ (0), and 8929 An,t (0) are on the same form as in the
GARCH model. In particular, it is easily checked that A, ¢ (8), dgAn,¢ (0), and 8929An,t(0)
are ULS (1,1, ®) and with their stationary versions having second moments. This in turn
implies that the log-likelihood and its first two derivatives w.r.t. 6 satisfy the conditions of
Lemma 1. First,

‘M‘ = [log {An,: 0)}] < max {[logdL |, kn (0)}.

where A, ; (6) has second moment. Second,

‘aen,zw) SR VRN 7Y

< = +1,
Ot 0) | Ant(6) oL
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where again the right-hand side has second moment. The score function takes the form
Snt = (Yn,1/An,t (0 (t/n)) — 1) 8 A, (0 (t/n)) which satisfies the MGD condition. It is
easily checked that s, ; is LS (2, 1). Similarly,

Y,
hn 1 (0) =
A

n,t

Yn
)39?»n,z (0) 3 2n,1 (0) — (m - 1) 059 n.1 (0)

is ULS (1,1,0)

Finally, for the local constant estimator, we need to show that 9, H (u) exists. We do
this for the case of ¢ = 1 to keep notation simple; the general case follows by the same
arguments. We show existence by verifying the conditions SC1-SC3 of Truquet (2020)
under which the result will follow (cf. Proposition 2 of the same paper) First observe that

the transition kernel of the Markov chain (Y,* X *) (u) | < X ) (u) takes the form

(yo’ X0; u)y ei)‘(y()sxo; u)

2
q (0, xlyo, xo; u) = 3 px (xlxo;u),

where A (yg,X0;u) = o u) + a () yg + v (u) xo. It satisfies g (y,x|yg,xo;u) > 0 for all
(v, x, Y0, X0, u) under the assumptions of the corollary. Moreover, by the same arguments
as in the proof of Proposition 4 of Truquet (2020),

E[14+ ¥ @® 1 (11 X) @) = 00 ] < o (145%) + @) 11 +b @),

for some b < oo with dy = 2. This combined with the drift criterion imposed on X;* (u)
implies that SCI1 is satisfied with ¢ (y,x) = 1+ |y| + ||x|| and dy = 1. The transition kernel
is differentiable under the assumptions of the corollary and so SC2 is satisfied with

YA (0, %05 1)~ 9 (yo, x03 ) e~ 003030
duq (v x[y0, X0; u) = N Px (x|xo; u)
2 (70, %0; ) duk (30, X; ) e~ +00-10:1)
_ 5
A (30 X0; u)Y e+ 00010
_|_

y!

Dpx (x|x0; u)

dupx (xlxo; u)

so that, applying the restrictions on py (x|xq; 1),

b , X|V0, X0 U A (vo, X u b X|xo;u
[0ug (v, x[0, x0; w)| Syl ud (Y0, X0 )|+|8uk(yo,xo;u)|+| upx (xX|x0; u)|
q (v, ]y, x0; u) A (y0, X0; 1) px (x|xp; u)

<C+y+IxID.

Thus, by the same arguments as in the proof of Proposition 4 of Truquet (2020),
//d)(y,X)Iauq(y,XIyo,xo;u)ldu(y)dx

b 0
//m ) 10ud O X0 X0 1 | 1oy dpe () i
q (v, x|yg,x0; u)

<c / / 62 (130 4 (2o, x0: 1) dpt (3) dx < T2 (y0,30).
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where u (y) denotes the counting measure. Finally, g (y,x|yg,xo; %) < q (y,x|yg,x9) Where,
with ﬁg?) (x]xq) defined in the corollary,

7 A (yo,xo))’e—i(y(),xo; u 0
9030020 = y! ng) (x[x0) 3

here, X (y0.x0) = @+ a@yo + 7'x0, A (y0.X0: 1) = @ +ayg + y'xo with @ = maxye[y—e, ute]
o (1), @ = Minye[y—e, yt+e] @ () and similarly for the other constants. Since [ [#x)
q v, x|yo,xp) du (¥) dx < 00, it follows by dominated convergence that

;}Eﬂ)/ / &% (7,30 1q (7, x1y0, X03 u + ) — ¢ (v, X|y0, %03 )| djt (v) dx = 0.

A similar bound can be obtained for |9,,q (v, x|yo,xg; u)| so that

g%//dﬂ (9, %) |0ug (v, x1y0, X0; u + h) — uq (v, X[y, X0; w) | dj (¥) dx = 0.

This completes the proof. a
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