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Here we consider the following fractional Hamiltonian system

(=A)°u = Hy(u,v) in Q,
(=A)*v = Hy(u,v)  in Q,
u=v=0 in RV \ Q,

where s € (0,1), N > 2s, H € C*(R?,R), and Q C RY is a smooth bounded domain.
To apply the variational method for this problem, the key question is to find a
suitable functional setting. Instead of usual fractional Sobolev spaces, we use the
solution space of (—A)%u = f € L"(Q) for r > 1, for which we show the (compact)
embedding properties. When H has subcritical and superlinear growth, we construct
two frameworks, respectively with the interpolation space method and the dual
method, to show the existence of nontrivial solution. As byproduct, we revisit the
fractional Lane-Emden system, i.e. H(u,v) = leqw‘zﬂrl + ﬁh}\‘ﬁrl, and consider
the existence, uniqueness of (radial) positive solutions under subcritical assumption.
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1. Introduction and main results

In present paper, we are interested in the following fractional system of Hamiltonian

type:
(=A)’u= H,(u,v) in Q,
(=A)°v = Hy(u,v) in Q, (1.1)
u=v=0 in RV \ Q,

where s € (0,1), N > 2s, H € C}(R% R), and Q C R¥ is a bounded domain. We
will not focus on the regularity condition of the domain €2, and say simply that
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2 W. Zhang

is smooth, even most results work with C1'! boundary. The study of system (1.1)
is mainly motivated by the following classical Hamiltonian system:

—Au = Hy(u,v) in Q,
—Av=H,(u,v) in Q, (1.2)
u=v=0 in 0Q2.

Formally the energy functional of (1.2) is

L(u,v) = / VuVudr — / H(u,v)dz. (1.3)
Q Q
A crucial question is to decide on which space we will consider the functional L.
1 1
Let us look at the famous Lane-Emden system where H(u,v) = ‘Zﬁ: ‘Zlfl ,

p,q >0, ie.
—Au=[v|T'v inQ,
—Av = |ulftu  in Q, (1.4)
u=v=0 in ON2.

It is well known that the existence of positive solutions to (1.4) on a ball is decided
by the position of (p, ¢) with respect to the critical hyperbola

1 n 1 N-2
p+1 g¢g+1 N

p,q>0, (1.5)

A naive choice of the functional space for £ is H}(Q)2. However, the Sobolev embed-
ding greatly restricts the growth of H, and we could only work with max(p,q) <
%, hence many other choices of H were eliminated. Another difficulty is to deal
with the strong indefiniteness of the quadratic part in £, which is neither bounded
from below nor from above on any subspace of H}(Q)? with finite codimension.

To include more choices of H as for (1.4), people thought about functional spaces

t
without symmetry in u and v, such as Wy (Q) x Wolﬁ(Q) with ¢ > 1. But a new
difficulty occurs since this choice is not a Hilbert space when t # 2, which prevents
us from applying the linking theory due to Benci and Rabinowitz [3].
As far as we are aware, Hulshof and van der Vorst [24] first used the interpolation
space framework to deal with the system with H(u,v) = F'(u) + G(v), that is

—Au=g(v) inQ,
—Av=f(u) inQ, (1.6)
u=v=0 in 99,

¢ ¢

where F(t) = / f(r)dr, G(t) = / g(7)dr. They replaced the first integral in (1.3)
0 0

by

//Itufpftvdx with ¢ € (0,2),
Q
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where A' : H'(Q) — L2(Q) is a family of interpolation operators and H'() is a
family of interpolation spaces between L?(Q) and H?(2) N H (). More precisely,
for any

1 1 N -2

b >0, + > b
P p+1 q+1~ N

(1.7)
there exist some t € (0,2) such that the embedding
HY(Q) x H* () c LPT(Q) x LI(Q)

is compact, which yields the existence of nontrivial solution to (1.6) under following
conditions

o (Subcritical) f(u) = O(Ju|P), g(v) = O(Jv|?) as |ul, |v| = oo with p,q > 1
satisfying (1.7);

e (Superlinear) f(u) = o(|ul), g(v) = o(|v|) as |ul, [v] = 0;

e (AR condition) f,g € C(R), f(0) = g(0) = 0, and there exist v>2, R>0
such that

0 <yF(u) <uf(u), 0<7G()<vg(v), Vlul,[v]=R.

This generalized clearly the study of Lane-Emden system (1.4).
Later, de Figueiredo and Felmer also applied in [19] the interpolation space
method to handle (1.2), with more general coupled H where p, g satisfy (1.7),

0 < H(u,v) < C(Juf™ + o] ™),
and H is superlinear at 0, that is
C(JulP*™ + [v]7™) < H(u,v) with pg > 1,|u| + |v| < r for some r > 0.

In addition, Ambrosetti-Rabinowitz ((AR) for short) type condition (as (H2)
below) was assumed. They proved that (1.2) admits a nontrivial solution if

(N —4)max{p,q} < N +4.

Remark that to work with more general coupled H, we need to restrict the upper
bound of p, q.

Clément and van der Vorst in [15] proposed another approach to study (1.2), their
idea is to take advantage of the dual method developed by Clarke, Ekeland, and
Temam [16, 21]. Here the nonlinearity H is assumed strictly convex, subcritical
(see (1.7)) and superlinear at 0. This dual method will transform (1.2) into a
problem where the energy functional possesses a mountain pass structure. In fact,
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consider the Legendre—Fenchel transform of H (see [21], [37, chapter I, section 6]):

H*(z) = sup {(w,z) — H(z)} for any z € R?,

weR?

one can obtain solutions to (1.2) by critical points of
T (u,v) = / H*(u,v)dx — / vAudz, Y (u,v) € L'5(Q) x L3 (),
Q Q

where A is the inverse of

1 1,142
—AWAEHE Q) N W,

(Q) = L' (Q). (1.8)
If moreover H satisfies (AR) type condition (similar to (H5) and (H7) below), the
existence of nontrivial solution to (1.2) was shown in [15]. This dual method was
also used to handle system with critical growth, see Hulshof et al. [25].

Some other approaches exist. de Figueiredo, do O and Ruf [18] used Orlicz
space to obtain nontrivial solutions of (1.6), they replaced W, *(2) x VVO1 Q) by

Sobolev-Orlicz space W La(Q2) x W L 7(€2), where A is an N-function and Ais its
Young-conjugate. Owing to the fact that this setting is not a Hilbert space, they
used a finite-dimensional approximation method. Their models also contain non-
linearites with nearly critical growth. The Lyapunov—-Schmidt reduction approach
was also applied to problem (1.6), see for instance [32, 33]. For more literature on
this topic, we refer to [6] and references therein.

Coming back to the special case (1.4). In [14], the existence of positive solution
to (1.4) was firstly considered based on a topological method. When p,¢ > 0 and
pg < 1, the uniqueness of positive solution was investigated in [17]. In [5], (1.4) was
reduced to the following single equation

) —1 .
{A(|Au|p Au) = [ul'u  inQ, (1.9)
u=Au=0 in 0.

If p,q > 0, pg#1 and subcritical as in (1.7), then (1.4) admits a positive classical
ground state solution (it has minimal energy among all solutions), see [5]. If Q
is a ball, we can use the Schwartz rearrangement to show that the ground state
solution is radially symmetric. Furthermore, (1.4) has no positive solutions, if € is
star-shaped and p,q > 0 do not satisfy (1.7), see [29].

To the best of our knowledge, for the fractional Laplacian case, although some
special cases such as fractional Lane-Emden systems were studied (see [26] and
references therein), there exists no study of (1.1) for general coupled subcritical
nonlinearities so far. As mentioned above, a key step to handle (1.1) with the
variational approach is to establish a suitable functional framework. Furthermore,
in the Laplacian case, regardless of interpolation method, dual method, or reduced
into a single equation, one needs the isomorphism given by (1.8). In the fractional

Laplacian case, we need to find suitable functional space which plays the role of

1
W2 Q) nw, " ().
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1.1. Weak solution and fractional spaces

Let Q be a smooth bounded domain and s € (0,1), we denote

_ 2
X5(Q) = {u € L*(RM):u =0 ae. in RV \Q and AQNdedy<m},

endowed with the norm

/2
_ Ju(z) — uly)|? !
ullxs ) == (/Rw 7‘3; s dxdy :

The embedding X§(€2) < L"(2) is continuous for r € [1, %] and compact for
r € [1, 2%, see [20, Theorems 6.5, 7.1]. (—A)* is an operator from X§(€2) into

its dual space, namely

((—A)u,v) = /RzN (u() |z(g);|(z(f2)s v(y))dxdy, Yu,v € X;(Q).

Formally the energy functional associated to (1.1) is

[ ) )@ o)
IC(u,v)—/RQN Ty dady /QH( ,v)de. (1.10)

As mentioned before, the crucial question is to find a suitable functional space to
work with K, and X§()? would not be the right one if we hope to handle more
general function H.

Next we recall the regularity result for the linear equation

(~AYu =f inQ, u=0 inRY\Q. (1.11)

We denote
§(z) = dist(z,0), x € Q,

and

Cg(Q) = {u €C(Q): %admits a continuous extension belonging to C* (ﬁ)}

Ros-Oton and Serra in [35, Proposition 1.1, Theorem 1.2] proved that

LEMMA 1.1. Let Q be a bounded C*' domain and f € L>(Q). There exists a
unique u € X§(Q2) solving (1.11). Moreover u € C*(2) N C§ (), and

g Cliflloo

u
o
lulle: @) + | 55 oo @

for some 0 < o < min{s,1 — s}. The constants «a, C' depend only on Q and s.
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Here we shall consider a weaker solution (see definition below) and choose the
test function space as

To(Q) == {u € X§(Q) : (—A)u € C=(Q)}.

Hence 75(Q) € C*(Q2) N C¢(Q). Let
LY 6%d) = {u e Ll (Q): / u|§°dz < oo}
Q

be endowed with the norm ||ul|z1(q;5¢dx) = [u6®|1. In this paper, ||, denotes always
the norm of L"(2).

DEFINITION 1.2. Let s € (0,1), N > 2s and f € L*(;5%dz). We say that u is a
L'-weak solution to (1.11) if u € L*(Q), and

/u(—A)Sgodx:/fgodx, Vo e T5(2). (1.12)
Q Q

Note that similar notions were given in [27, 34]. We will prove in proposition 2.3
that for any f € L'(Q;d%dx), there exists a unique L'-weak solution to (1.11). We
also give the comparison principle and maximum principle for fractional Laplacian
in L'-weak sense, see lemmas 2.1 and 2.2. Accordingly, we define

DEFINITION 1.3. For s € (0,1) and N > 2s, (u,v) is said a L*-weak solution to
system (1.1) if u,v € LY(Q), Hy(u,v), H,(u,v) € LY (Q;5°dz) and for any (p,) €
Ts(Q2) x T (),

/Qu(fA)scpdx:/QHv(u,v)cpdx, /Qv(fA)swdx:/QHu(u,v)d)dx.

If in addition u,v € L*>(Q), we call (u,v) a classical solution.

Another important functional space for us is the set of u such that (—A)*u €
L™(9), namely for r > 1,

W25T(Q) := {u € L*(Q) : 3 f € L"(Q) such that (1.12) holds true}  (1.13)
endowed with the norm
[ullwesr @) = [(=A)ul,.

We shall use W27 (Q) to play the role of W27 (Q)NW;""(Q) in the Laplacian case.
In particular, we denote

/H2s (Q) — W25,2 (Q)

Some (compact) embedding properties of W2$"(Q) will be shown in proposition
2.6.
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1.2. Fractional Hamiltonian system

Motivated by [19, 24], we apply firstly the interpolation space method to study the
system (1.1). For 0 < o < 2s, consider the interpolation space

B¢ = {u = Za]ga] S LQ(Q) : ZAJ%G? < 00}7 (114)
§>1 j>1

where J; is the j-th eigenvalue of (—A)® with corresponding eigenfunction ¢;, and
{¢;} forms an orthonormal basis of L?*(). For a € (0,2s), let A~ : E~ — L?(Q2)
be given by

A% = Z)\;%ajgaj € L*(Q), Yu= Zajgoj € £~ (1.15)
j>1 j>1

E® is clearly a Hilbert space with the scalar product

(4, 0) e = / AruAvdz = ST (w05 12 (0, 05) 12

@ i>1
To handle the Hamiltonian system (1.1), we define
E, :=E* x B>, «a€(0,2s).

Instead of considering K over X§(2)2, we consider the energy functional

E(u,v) = /Q A“u A %dr — ; H(u,v)dz, ¥ (u,v) € E,. (1.16)

The choice of E,, originates from three observations.

e H25(Q) = E?%, seeing proposition 3.1;

e % can be embedded compactly into some L"(2), seeing proposition 2.6
and remark 3.2;

e Every critical point of £ is a L'-weak solution to (1.1), seeing proposition
3.4.

Applying a linking theorem in [22], we show the following existence result, which
extends the study for the Laplacian case in [19].

THEOREM 1.4. Let N > 2s and p,q > 0 satisfy

1 1 N —2s
1> n > , 1.17
ptl o grl N (1.17)
and
(N — 4s)max{p,q} < N + 4s. (1.18)

Assume that H € C1(R? R) satisfies

(H1) H>0 inR2;
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(H 2) There exists R > 0 such that
1

p+1
(H 3) There exist r >0, C > 0 such that

1
Hu(u,v)u—l—q—Hv(u,v)U > H(u,v) >0, V|ul+|v] > R; (1.19)

+1

[H (u,0)] < C(JulPT 4 o] 1), Jul + o] <7 (1.20)
(H 4) There exists C > 0 such that for any (u,v) € R?,

p(g+1)

|Hu(u7’0)‘ < C<|u|p+|?}| RSt +1)’ \Hv(u,v)| < C(|U|q+|u‘%+1)
(1.21)

Then, there exists a nontrivial classical solution to (1.1).

Note that theorem 1.4 requires the assumption (1.18). For getting the existence
of solutions to (1.1) in a more broad range of p, g, we will also apply the dual
method. Three major difficulties subsist.

e The first problem is still to construct a suitable functional framework. We
choose (see §4) the energy functional as follows

J(f,9) =H"(f9) - /QgAfd:v, V(f,g) € X := L'*5(Q) x L' (Q)

where A is the inverse of (—A)® : W25’1+%(Q) — L1+%(Q) and H* denotes
the Legendre—Fenchel transform of

H(u,v) = /QH(u,v)d:E, Y (u,v) € X* = LPTHQ) x LT1(Q).

e Secondly, we need to verify the differentiability of 7, and the correspondence
between critical points of 7 and solutions to (1.1). It should be mentioned
that these arguments were not proven explicitly in [15] for the Laplacian
case.

e Finally, we need to check the compact embedding properties of W2ty Q)
in order to check the Palais—Smale condition.

e Finally, we need to check the compact embedding properties of wrslts Q)
in order to check the Palais—Smale condition.

To deal with these difficulties, we use properties of Legendre—Fenchel transform

(see lemma 2.9) to ensure the well-definedness of J. For the differentiability of 7,
we will prove in lemma 4.5 that

H(f.g) = /2 H*(f.g)dz, ¥ (f.9) € X,

where H* is the Legendre-Fenchel transform of H : R? — R. We use the fact
(VH)™! = VH* (see lemma 4.3) which guarantees that H* is well defined and of
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class C'! over X. Moreover, under the superlinear growth assumption of H, J has
a mountain pass geometry, and H(f, g) := VH*(f,g) provides a weak solution to
(1.1) given any critical point (f,g) € X for J, see proposition 4.7. The compact

embeddings of W2silts (Q) are given in proposition 2.6.

THEOREM 1.5. Let N > 2s, p,q > 0 satisfy (1.17). Assume that H € C*(R% R)
satisfies

(H 5) There exist positive numbers C1,Cy such that

Culul? < Hy(u, v)u < Gy (Juf? + ul*[o]?)
il < Hy(u, 0o < Oy (jo] ™+ [ul o))

with
a B
—t+—=1, a,8>1; 1.22
p+1 q+1 s ( )

(H 6) VH is strictly monotone, i.e.

(VH (uy,v1)—VH (ug,v2), (u1,v1) — (uz,v2)) >0, for any disjoint

(u1,v1), (ug,v2) € R?;

(H 7) There are 6 € (0,1) and positive numbers C3, Cy such that
OH,(u, v)u+ (1= 0)H,(u,v)v — H(u,v) > cg(luP“+1 + Iv\q“) —Cy.

Then there exists a nontrivial classical solution to (1.1).

REMARK 1.6. (H5) implies indeed (H1) and (H4). (H7) is useful to prove that
every Palais—Smale sequence of J is bounded, see lemma 4.8. Without loss of
generality, we can assume H(0,0) = 0. Otherwise, we replace H(u,v) by H(u,v) —
H(0,0).

REMARK 1.7. The nonlinearities H in theorems 1.4 and 1.5 both have subcritical
and superlinear growth. But some differences exist between the two families of
assumptions. For example, let H have the form

He(u,v) = [uP™ 4 o]+ eful (o], (1.23)

where p, ¢ satisfy (1.17), and a, § satisfy (1.22). When (1.18) holds true, H, satisfies
(H1)-(H4) for all € > 0. On the other hand, we need not (1.18) in theorem 1.5, but
the strictly convexity assumption (H6) fails for H. when ¢ is sufficiently large. In
other words, theorem 1.4 holds for more broad coupling nonlinearities but requires
narrow choices of p, ¢; theorem 1.5 can work for all subcritical and superlinear p, ¢,
meanwhile the strict convexity is more restrictive for the coupling term.
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1.3. Fractional Lane—Emden system

As a special example, we revisit the fractional Lane-Emden system
(=A)u=|v|7 v in Q,
(—=A)sv = [ufPtu  in 9, (1.24)
u=v=0 in RV \ Q,

where s € (0,1), p,q € (0,00), N > 2s. As for the classical Laplacian case, we
consider subcritical exponents p, ¢, that is

L, 1 N-2
p+1 g+1 N

p,q >0, (1.25)

Leite and Montenegro [26] showed the existence of positive viscosity solutions to

(1.24) under the subcritical condition (1.25). They reduced (1.24) to a single equa-

tion and considered energy functional on W(;LHE QN W2s ity (Q). Choi and Kim

[12, 13] studied the related problems with respect to spectral fractional Laplacian.
Different from [26], we work with the functional space WZS’H%(Q). Comparing

with [26], our setting avoid many regularity problems since every WQS’H%(Q)
solution is naturally a L'-weak solution. More precisely, we consider

(—A)* (|(_A)Su|%—1(_A)Su) = [ulP1u in Q, (1.26)
u=(—APu=0 inR¥\Q.

DEFINITION 1.8. We call u an energy solution of (1.26), if u € WQS’H'%(Q) and
/ [(—A)%ul i (—A) u(—A) pdo = / Jul?updz, Vo € WTE(Q). (1.27)
Q Q

Note that the above terms are well defined since (—A)*u € L1+%(Q) for any
u € WQS’H%(Q). Putting v = |(—A)su|%71(—A)su, we can prove that (u,v) is
a classical solution to (1.24) if and only if u is an energy solution to (1.26), see
proposition 5.1.

Moreover, solutions to (1.26) coincide with critical points of the following C*
functional in W25 +4 (Q),

1
Tw) = 5 =AY uly ] - = llg
Consider the Nehari manifold associated to Z,
Nz == {u e W5 (Q\{0} : (T'(u),u) = 0}, (1.28)
and the ground state level is defined as
cz = inf Z(u). (1.29)

UENI
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We establish the existence of positive solutions to (1.24) by showing that ¢z can be
attained.

THEOREM 1.9. Assume that s € (0,1), N > 2s, p,q satisfy (1.25) and pq # 1.
Then

(i) (1.24) admits a positive classical ground state solution;
(i) If pqg < 1, the positive classical solution of (1.24) is unique;
(iii) If  is a ball, then (1.24) has a positive radially symmetric classical
solution.

When 2 is a ball and pg <1, the uniqueness of positive classical solution to
(1.24) ensures that the solution is radially symmetric. For pg > 1, we can not claim
directly as in [5] that the ground state solution is radially symmetric, but we can
work simply with W% (Bg), the subset of radial functions in W2*"(Bg). In fact,
for f € C(BRg), f >0, if u, w are respectively solutions of

(=A)’u=f in Bg, (=A)*w = f# in Bg,
u=0 in RN\ Bg, w=0 in RV \ Bg,

where f# denotes the radial decreasing rearrangement of f, we do not have always
u# < w, see [23], while it is true for s =1.

REMARK 1.10. For any classical solution (u, v) of (1.24), we have

Combining with (Z'(u),u) = 0, there holds K(u,v) = Z(u). Hence K(u,v) reaches
the minimal energy among all classical solutions if « is a ground state of (1.26).

The paper is organized as follows. In §2, we introduce some preliminary results.
In §3, we construct an interpolation space setting and prove theorem 1.4. In §4, we
construct the framework of dual method to show theorem 1.5. In §5, we revisit the
fractional Lane-Emden system (1.24).

2. Notations and preliminary

Throughout this paper, we use the following notations.

e We denote by VH the gradient of H in R? and we write H,(u,v) :=
VH (u(x),v(z)) for the functional variable case where z = (u, v). The same
convention is used for the Legendre—Fenchel transform H*.

e C,C',C1,C5, ... denote always generic positive constants.

e For r € [1,00], we denote by |ul, the usual L™(Q2) or L"(RY) norm.

e For any p,q > 0, we set X := LH’%(Q) X L1+%(Q) with norm ||(f,9)|lx =
|f|1+% + |g|1+%, hence its dual space is X* = LPT1(Q) x Lit1(Q).
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e The Hamiltonian functional is denoted by

H(u,v) = /QH(u,v)dx, (u,v) € X*.

2.1. Basic properties for L!'-weak solutions

Here we show some elementary facts for L'-weak solutions. Many of them were
established for solutions in X§(£2), however it’s worthy to check carefully for L!-
weak solutions.

Let us begin with the comparison principle. We say that (—A)%u < (—=A)%v in
the L'-weak sense, if u,v € L'(Q) and

/(u —0)(=A)pdr <0, Ve T(Q)with (—A)°¢ > 0. (2.1)

By the definition of 74(2), as (—A)®y fulfilled C°(€2), we get immediately
LEMMA 2.1. If (—=A)*u < (—A)%v in the L'-weak sense, then u < v a.e. in Q.
The next one is a Hopf lemma result for L'-weak supersolutions.

LEMMA 2.2. Assume that f € L'(Q;6°dx) is nonnegative and f # 0. Then there
exists C> 0 depending only on f, Q, N and s such that for any u € L*(Q) satisfying
(=A)°u > f, we have u > Co*® a.e. in Q.

Proof. Fix fi, := min{k, f} with k large enough such that fj # 0. Let ux, C X§(£2)
solve (ensured by lemma 1.1)
(=A)up = fr, nQ, up=0 in RV\ Q. (2.2)

As fr € L*™(Q), by maximum principle (see [36, Proposition 2.2.8], [8, Theorem
A.1l]) and Hopf’s lemma (see [11, Proposition 2.7], [35, Lemma 3.2] and [31,
Theorem 1.5]) for bounded source, there holds ug > C¢° for some C >0. Using
the previous lemma, we get u > uy, and finish the proof. O

Inspired by [10], we show the following existence and uniqueness result for L!-
weak solution.

PROPOSITION 2.3. Given any f € LY(Q;6%dx), there exists a unique L‘-weak
solution u to (1.11). Moreover, there exists C = C(N,s,Q) > 0 such that

lulr < CIfllLr (65 da)- (2.3)

Proof. Assume first f > 0, otherwise we decompose f = f. — f_. Let £ € X§(Q2)
be the solution of
(-A¥¢=1inQ, ¢£€=0inRY\Q. (2.4)

For any k € N, set f, := min{k, f}, and u;, > 0 the solution of (2.2). Asuy € X§(),
we can use it as test function to (2.4). Applying the estimates in lemma 1.1 for &,

ey = ((~A)€,ug) = (~A)*u, €) = /Q fubdz < C / feb*di < Ol @)
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Similarly, considering uy —u;, we have |uy —w[r1 < C|| fx — fillL1 (6 de)» SO {ur} is
a Cauchy sequence, hence a convergent sequence in L!(Q). We get easily a L!-weak
solution to (1.11) by taking u, the limit of u; in L*(£2). The uniqueness is ensured
by the comparison principle. O

REMARK 2.4. If Q = Bris a ball and f € L'(Bg, §°dx) is radial, then there exists
a unique radially symmetric solution to (1.11).

Next, we state the regularity results for the unique L'-weak solution when f
admits further integrability. Here we summarize the results in [27] and [4, Lemma
2.5].

PROPOSITION 2.5. Assume that s € (0,1), N > 2s, Q is a smooth bounded domain.
For any f € L™(Q) with r > 1, the unique L'-weak solution u to (1.11) satisfies

(i) If1<r< 2%, u e LY(Q) and |u|l, < C(Q,7,)|f|r, where

7NT ifr>1, 1<~v4<
= if r
v N — 2rs ’ =7

if r =1;
N—251r ’

(i) If r > N2frv25, we have u € X§(Q) and ||u||Xg(Q) < CQ,r )| flrs
(iii) If r > 2%, there holds u € L*>(Q) and |u|oo < C(Q, 7, 9)|f]r;
(iv) Ifr = X there is a constant (S, f,s) > 0 such that

257
/ el dy < .
Q

In particular, w € L7(Q) for all 1 < v < 0.

2.2. Embedding and density

Here we expose some basic properties of W?*" (), including (compact) embed-
ding results and density property, which will be important for constructing the
variational framework.

PROPOSITION 2.6. Assume that s € (0,1), N > 2s, r > 1, Q is a smooth bounded
domain. Then W?*7(Q) is a Banach space and T;(S2) is dense in W27 (Q). On the
other hand, we have continuous embedding W**" () C L7(Q) for

1<’y<L7 ifr=1;

- N —2s

1<7<L if1<r<ﬁ' (2.5)
-7 N —2sr’ 25’ :
1<y < o0, if 2s7 = N;

v = 00, if 2sr7 > N.

Moreover, the above embeddings are compact provided

Nr
1<vy<

< N —2ar if N >2sr; or 1<~vy<oo, if N<2sr. (2.6)

https://doi.org/10.1017/prm.2025.10038 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10038

14 W. Zhang

Proof. The density of 75(Q) in W27 (Q) is obvious by definition and lemma 1.1.

The completeness of W27 (1) is a simple fact. Let {u;} C W?*"(£2) be a Cauchy
sequence, by definition, {(—A)*u;} is a Cauchy sequence in L"(£2), hence converges
to some v € L"(Q). Using proposition 2.3, there is a unique L'-weak solution
u satisfying (1.11) with f=v. Clearly u € W?*7(Q), and u; converges to u in
WgS’T(Q).

On the other hand, in virtue of proposition 2.5, the embedding of W27 (Q) C
L7(Q) is continuous if (2.5) holds true, we shall only prove that the embedding is
compact provided (2.6).

Without loss of generality, we only consider the case N > 2sr, 1 <r, 1 <y <
iji;'sr. Ifr> %, then W25 (Q) C X§(Q) is continuous by proposition 2.5. By
Holder inequality, fix any 1 < v < N]jgsr,

Nr —~(N — 2sr)
Nr — (N —2sr)

July < Juli™ul’ 5, with 6 = (2.7)

Since W25 () is continuously embedded in L%(Q) and compactly embedded
in L1(Q), W?$7(Q) is compactly embedded in L7(£2).

Supposenow 1 < r < N2-&]-V25’ we first claim that the embedding W27 (Q) C LY(Q)
is compact. Indeed, let {u;} be a bounded sequence in W?*7(Q), then {u;} is
bounded in L%(Q) and the sequence f; = (—A)®u; is bounded in L"(2). Let
A>0 be chosen later, we denote g; = f;X|f,(x)|<a and hj = fjX|y;(x)|>4- By Holder
and Chebychev inequalities,

L
il @isean < Clish <Clplo ([ an) T <ot

|f5(@)[>A

Let {v;} and {w,} be respectively L'-weak solutions of

(—A)*vj=g; inQ, (=A)*w; = h; inQ, 08)
v; =0 inRY\Q, w; =0 in RN\ Q. .

Clearly u; = v; + w;. Given any £> 0, we fix A large enough such that
1_
|wj|1 < C||hj||L1(Q;§sdz) < C'A71 <e.

Moreover, {v;} is bounded in X§(£2) hence relatively compact in L' (£2). Therefore
{u;} is precompact, or equivalently relatively compact in L'(Q), which means
W25T(Q) is compactly embedded in L'(£2). Applying again the interpolation
inequality (2.7), {u;} is compact in LY(Q) for 1 < v < ~5—. So we are

done. O

2.3. A linking theorem

The Linking theorem 2.8 below was given by Felmer [22, Theorem 3.1], it is use-
ful for the proof of theorem 1.4. For the sake of completeness, we recall also the
definition of Palais—Smale condition.
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DEFINITION 2.7. For a Banach space X, T € CY(X,R) is said satisfying the
Palais—Smale condition at level ¢ € R (for short (PS).) if any sequence {u;} C X
satisfying

Z(uj) = ¢ and I'(uj) = 0in X*
admits a convergent subsequence in X. We say that T satisfies the Palais—Smale
condition ((PS) for short) if (PS). is satisfied for all ¢ € R.

THEOREM 2.8. Let (H,{(-,-)) be a Hilbert space such that H = Hy & Hs. Suppose
that T € C'(H) satisfies (PS) condition and I(z) = 3(Lz,z) — J(2), where

(i) L : H — H is a bounded, self-adjoint linear operator and L(Hy) C Hy;
J'+H — H* is compact;

(ii) There exist two linear, bounded, invertible operators By, By : H — H such
that ET = PQBl_leTLBQ : Hy — Hy is invertible for any 7 > 0. Here
Py : H — Hj is the projection along H, and ™ = > L.

neN n!
(i) Let eq € Hy with |le1|| = 1. Let p>0, Ry > Ry > p and define

Y
1B " Baea|”
S ={Bi121: 21 € Hy, ||z1] = p},
Q = {Bg(tel + 22) : 0 S t S Rl,ZQ € HQ, ||22|| S RQ}
Suppose that Z(z) > o >0 on S and Z(z) <0 on 0Q).

Then T has a critical point zo € H such that I(zy) > o.

2.4. Legendre—Fenchel transform
Let V be a Banach space and V* be its dual space. For a function G : V —
RU {40}, G # +00, the function G* : V* — R U {400} given by

G*(u") = sup{(u*,v) —G(v) ;v €V}, Vu"eV*, (2.9)

is named the Legendre-Fenchel transform of G. The following are some basic
properties of G*.

LEMMA 2.9. Let G* be the Legendre—Fenchel transform of G.

(a) The Legendre—Fenchel transform reverses the order, that is, G>G implies
G* < G*.

(b) If G € CY(V,R) is convex and G* € C*(V*,R), then forv € V, u* € V*,
there holds

G*(u*) + Gv) = (u*,v) <= v=(G")(u") <= u" =G'(v).
(c)If V. = RN, G is lower semi-continuous, strictly conver, and
im0 % = +o00, then G* € CY(RYN,R).
(d) If V.= RN, G(z) = SL[afP™ with p>0, then G*(z) = Lyla|'*v. If

1
V = LPHY(Q) with p>0, G(v) = ofb5, then G*(u”) = |

il
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(e) Let a >0 and Go(u) := aG(u), then Gi(u*) = aG*(%).

Proof. For (a)—(d), see respectively [37, Chapter I, Section 6.2], [37, Chapter I,
Lemma 6.3], [28, Proposition 2.4] and [21, Proposition 4.2, Remark 4.1]. For (e),
one can check directly by means of (2.9). O

3. Proof of theorem 1.4

In this section, we will use the interpolation space method to handle theorem 1.4.
Throughout this section, we assume that H satisfies (H1)—(H4).

Let us begin with the understanding of interpolation spaces E% (o > 0) and
interpolation operators A% given in (1.14) and (1.15). First, E® = L?(Q2) and A° =
id2(q). Clearly for a > 0, A® is an isomorphism and its inverse A~ : L?(Q) — B~
can be denoted by

A % = Z)\F@j(ﬂj Vu= Zajapj € Lz(Q)
Jj=1 Jj=1
More generally, for convenience, we define formally, when it makes sense,
8
AB<Zaj<pj) :Z)\;Sajgoj, V5 eR. (3.1)
Jj=21 j21

PROPOSITION 3.1. For any s € (0,1), there hold E* = H?*(Q), and A**u =
(—=A)su for all u € E*5.

Proof. For any u € H?$(Q), let
u=Y ajp; € L*(Q), (-A)u=>bjp; € L*(Q).
§>1 Jj=1

Observe that
b; :/(—A)Sugpjd:p:/(—A)Sgojudx:/)\jgpjudx:aj)\j.
Q Q Q

So (=A)*u = 35, ajNjpy and 0.0, a3\ < oo as u € H*(Q). Tt follows that
H?(Q) C E? and (—A)*u = A%y for all u € H**(Q).
Conversely, let u € E**, then u = 2 oj>1 a5 with 30 Ma? < oco. Let ¢ €

j=>175%g
H23(9)7 Y= 221 bjp;, we consider
fle) = / u(=A)pde = abjA;. (3.2)
@ i>1

Therefore )
3

1
2
@< | Y| D20 = sl
Jj=1 Jj21

Using Riesz’s representation theorem and the density of H2%(Q) in L2(Q2) (all
eigenfunctions belong to H2?*(f2)), we deduce that there exists v € L2(f2) such
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that
f((p):/ﬂvcpdx. (3.3)

Combining (3.2) and (3.3), we get (—A)*u = v, so (=A)*u € L?(Q) and u €
H2(Q). O

REMARK 3.2. By the definition of E%, if 0 < a < 2s, E® is the real interpolation
space [L%(Q), E* (€2)]a/2s- Therefore, applying proposition 2.6 and proposition 3.1,
E* c LP*1(Q) is a continuous embedding when ﬁ > 1 2 and this embedding
is compact provided that the strict inequality is valid, see [30] and [1, Sections 7.22,

7.23].

By (1.17), (1.18), and remark 3.2, fix a € (0, 2s) such that

1 1 1 N — 4s
Nz — - N - 4
<2 maX{p,q}+1><a< (min{p,q}+1 2N ) (34

so that
E,:= F“x E*®“C X*

and € : E, — R given in (1.16) is well defined. In this section, we always consider
E, with a € (0,2s) satisfying (3.4). E,, is a Hilbert space with scalar product

((u1,v1), (u2,v2))E, = (u1,u2)Ee + (V1,V2) 2o o
and E, = Ef ® E;, where
Ef = {(u, A0 A%) :ue E*}, E; = {(u,—A "0 A%):u e E*}.

In the spirit of (3.1), we will write A=257% 0 A% as A=25F2% for briefness, similarly
we write A2572% for A% 0 A2~ If z = (u,v) € E,, denote

2s—2« —25+2a
z+=(u+,v+):<“+A2 v’v+A2+ u)EEI,

’LL*AQS*QOC’U ,UiA72s+2au
z—(uw)—( SR 5 )eEa,

then z = 2T 4 z~. Notice that although the quadratic part of £ turns out to be
strongly indefinite, it is positive definite in ET and negative definite in E_. Consider
the bilinear form B : E, x E, — R defined by

B((u,v), (p,v)) = /QA"‘qusfo‘i// + AT %A% p dx. (3.5)

It is easy to see that B is continuous and symmetric, which induces a self-adjoint
bounded linear operator L : E, — E, satisfying

B((w,0), (9,9)) = (L(w,0), (0, 9))g » ¥ (w,0), (9,9) € Ea. (3.6)
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REMARK 3.3. By definition, we see easily that

L(u,v) = (A%$72%, A22725y) ¥ (u,v) € Eq,
and L|E§ = ldEz, L|E; = —idE;.

PROPOSITION 3.4. Let p, q satisfy (1.17), (1.18), and (u,v) € E, be a critical
point of £. Then (u,v) is a L'-weak solution to (1.1).

Proof. Since (u,v) € E, is a critical point of £, (£'(u,v), (¢, %)) = 0 for all (¢, ) €
E., i.e.

/Ao‘uAgs_a@[de—i—/AQs_avAagadm—/Hv(u,v)wd:ﬂ—/Hu(um)apdx:O.
Q Q Q Q

Taking ¢ =0, we get

/A“uAQS_awdarz/Hv(u,v)z/)dx. (3.7)
Q Q

It follows from proposition 3.1 that T4(Q) C E?* C E*~°. Let ¢ € T4(Q) with
¥ =251 bjp;, and decompose u =} .-, a;p;. By proposition 3.1,

[eY 2s—« s
/QA uA wdxzzajbjAj:/

j>1 @

uAQSz/)dx:/u(fA)sdzdx. (3.8)

Q

Combining (3.7) with (3.8), we obtain

/Qu(fA)Swdx:/QHv(u,v)q/;da:.

Similarly, for any ¢ € T4(Q2), there holds

/Qv(—A)Sgodx:/QHu(u,v)(pdx.

So (u,v) is a L'-weak solution to (1.1). O

To find a nontrivial critical point of £ by theorem 2.8, our next step is to check
the (PS) condition for £. We start from the following compactness property.

LEMMA 3.5. Let p, q satisfy (1.17), (1.18), H satisfy (H4) and « satisfy (3.4),
then H, : E, — X is compact.

Proof. By (H4) and remark 3.2, H, is well defined from E,, to X*. Let {(u;,v;)} be
bounded in E,, we aim to prove that {(H,(u;,v;), Hy(u;,v;))} has a convergent
subsequence in X.

Since E, is a Hilbert space, up to a subsequence, there exists (u,v) € E,
such that (uj,vj;) = (u,v) weakly in E,. By virtue of the compact embeddings
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E® C LPTY(Q), E?72 C L9TY(Q) (see remark 3.2 and (3.4)), there holds, up to a
subsequence,

uj — win LPTH(Q), v; — v in L9T(Q) and

uj(z) = u(z), vij(z) = v(z) ae. in Q.

Using [9, Theorem 4.9], there exists (®1,P2) € X* such that |u;| < @1, |vj] < Po
a.e. for all j. Applying (H4) again, we obtain

p(a+1)
[Hou(ug,07)] < C(1@1[7 + [ T70 +1) € L5 (9),
a(p+1) 141
|Hy(uj, v5)] < O(|@2|? + @1 @F0 +1) € L4 (Q).
Let
w; = Hy(uj,v;), w=Hy(u,v), y;=Hy(u;,v;), y=Hy,u,v).

Using the Lebesgue dominated convergence theorem, we get (w;,y;) — (w,y) in
X. The proof is done. O

REMARK 3.6. Clearly, under the assumptions of lemma 3.5, #H' : E, — E* is
compact, which can be seen as follows

E, > X = E..
H. id

The first mapping above is compact by lemma 3.5, and the last one is continuous
by the embedding E, C X*.

LEMMA 3.7. Let p, q satisfy (1.17), (1.18), H satisfy (H2) and (H4). Then the
functional € satisfies (PS). condition for any ¢ € R.

Proof. Let {(u;,v;)} C E, be any (PS). sequence of £ with ¢ € R. By definition,
when j goes to infinity,

E(uj,v5) = /QA"‘ujAQS_“vj da — /QH(uj, vj)de = c+o(1), (3.9)
and for all (p,¢) € E,,
(€' (uj,v5), (9, ¥)) = / ACui AP do +/ AP A da — / Hy(uj,v5)p dx
Q Q Q

—/QHv(ujvvj)wdx
= o(1)[[ (¢, ¥)lE.-

We first claim that {(u;,v;)} is bounded in E,. Take first

(3.10)

(w/))=( g+1 p+1 )

uj, v
ptq+2 Vptqg+2”’
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From (3.10), (3.9), and (H2), as j goes to infinity,

¢+ o(1)(uz,v;) g, + (1)

o NS g+1  p+1
= &(uj,v5) <5 (uj,05), <p+q+2uj’p—|—q+21}j>>

_(p+(g+1)
 ptqt2

1 1
(/Hu(uj,vj)uJ de + —— H (uj,vj)vjdmf/ H(uj,’uj)dx)
p+1Jo Q

qg+1
-1
P4 / H(uj,vj)dx
Q

p+q+2

pqg—1

—— | H(uj,vj)dx — C.
_p+q+2%;(3 i)

From (H2) (see [22, Lemma 1.1]), there exist Cy,Cy > 0 such that
H(u,v) > Cy([ulP™ + [v|TT) — Oy, ¥ (u,v) € E,.

Thus,
| [BE1 + 051741 < C + o(1)]|(uj,v) ||k - (3.11)

On the other hand, it follows from (3.10) with ¢ =0 that

/A2s_avjAag0d:c = / Hy(uj,v;)edz + o(1)|l¢|| o, (3.12)
Q Q
and if ¢ =0,
| Ao = [ Hwovde + ool (33
Q Q
Applying (H4), Hélder inequality and E“ C LPT1(Q), there holds
1)/(p+1
[ w00l do < € (sl + B S P 41) gl (14
Since A%~% is an isomorphism from E25~¢ to L%(Q) and due to (3.12), (3.14), we
have
vl g2e—a = |A% %0y =  sup / A% A% pda
lellpa=11/0
1 1
< C (Juslh + oy 45 P 11). (3.15)

Similarly, we obtain
+1)/(q+1
lujlle < € (gl + lus i/ 1)) (3.16)

Combining (3.11) with (3.15) and (3.16), it is clear that {(u;,v;)} is bounded in
E,. Therefore, up to a subsequence, there is (u,v) € E, such that (u;,v;) — (u,v)
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weakly in E,. Let
w; = Hy(uj,v;), w=Hy(u,v), y;=H,(u;,v;), y=Hy,u,v).

By lemma 3.5, up to a subsequence, (w;,y;) = (w,y) in X. In view of (3.12) and
(3.13), let j tend to oo, there holds

/AQs_avAo‘wdx:/wgadm, /AavAgs_a@bdx:/ywdx. (3.17)
Q Q Q Q

Thanks to (3.12), (3.17), Holder inequality and E“ C LPT1(€), we arrive at

lv;j —v||g2e-a = sup / A% (v — v) A%pda
Q

lellga=1

= sw ([ ;= oo+ o)l

loll pa =1
< C (lwj = wliey +0(1))
which implies v; — v in E?s~2_ In the same way, we obtain u; — u in B¢, O

In the sequel, we shall verify that £ possesses the linking structure stated in
theorem 2.8.

LEMMA 3.8. Let p, q satisfy (1.17), (1.18), H satisfy (H1)—(H4). Then there exist
two linear, bounded and invertible operators Bi, By : Eo — Eq such that for all
T>0, B, = PngleTLBg : E; — E_, is invertible, where Py is the projection of
E, onto E_ . Moreover, let

—2s5+a

e = (AI%S%M * %01) €E],
then there exist constants Ry > p > 0, Ry > p/||By ' Bae1 ||, and o >0 such that
(G1) &£(z) >0 >00nS}; (G2) E(z) <0 0n0Q
where S = {B1z" : 2T € Bf, |21 = p} and
Q:={Bs(ter+27):0<t< Ry, 2z~ €E_, |27 [|g. < Ra2}.
Proof. Since ﬁ + qul < 1, we can select u, v > 1 satisfying

1 L 1 v
< , < .
p+1 p+v q+1 p+v

(3.18)

Let R; > 1,0 < p < 1 and define

Bi(u,v) = (0" u, p* " 0), Ba(u,v) = (RY 'u, RV ™M), V (u,v) € Eq,
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~

Since L|g- = —idg-, B: is invertible in E;. According to the definitions of B
and By, we set

Sy ={(p" o) s (o) e, = p, 2T = (uh0h) € B,

and

—s+a

Q= {t(Ri‘*@l,Ri—lAl © G+ (R T, R ) 10 <t < Ry,

[ 07l < Ro. 2 = (u™07) € B 1

where @1 = Al_%gal.
Verification of (G1). For any (p"~'u®,p*~'vT) € SFf, by (H3) and E, C
LPFY(Q) x LIT(Q), when p is small, by (3.18), there exist Cy,Cy > 0 such that

E(ptut, p o) > pp+u72||Z+H]2Ea _ Clp(ufl)(ﬁl)

N |

/|u+|P+1dx—Clp(”*1)(q“)/ loF |9 da
Q Q

vV

1 Y - 1
5pu+ 2||Z+H2Ea_02p(u 1)(p+1)|‘2+||1ét

_ Czp(ufl)(qul) ||Z+ HqEJ;1

\%

%pwv — Cypt Pt — oy prlatl)

which yields that there exist o, p > 0 satisfying £(p*~tut, p*~tvt) > 0 > 0.
Verification of (G2). We proceed by the following three steps.
Step 1. For any (R¥ 'u=, RY"'v™) € Q N {t = 0}, it follows from (H1) that

ERMV M, RV 0T < R‘f+”_2/ A%y~ A% da < —R‘f+l’_2/ |A%u™ [2dz < 0.
Q Q

—sta
Step 2. For any Zg, = (RVG1+ R 'u™, R¥A, © &1 +RV"Ww™) e Qnit = Ry},
we write u~ = r¢; + w where w € E® is orthogonal to ¢; in L?(2).
Let 7 > 0. By direct computations,

A = /ﬂ(t(ﬁl U )prde < 11+ u i lor ws < 1B+ i, (3.19)
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—s+a
Set Z, = t(RM '@, RYIN <

951) + (Rllt_lu_a

23

RY™'~) with ¢ > 0. Using (H2)

(see [22, Lemma 1.1]) and (3.19), we have

H(zt) > Clep‘Fl)(M—l)/ |t§51 + u*'P‘Fld‘r + CleqJ"l)(V_l)
Q

—s+
s

/ 1A, * @1+ o |7 dr — Cy
Q

(3.20)

> 03R§P+1)(N*1)(T + )\;it)p-i-l — Oy
> C4R§p+1)(u*1)tp+1 —Cy.

If r<0,let v- = —A~25FT o Aoy~ = — A~ 25+2y—,

/U7¢1d$:/(—A72S+2a —
Q Q

Thus,

—s+a

Ay °

Hence, similar to (3.20), one has

H(Z) > 05R§Q+1)(V—1)tq+1 —Cs.

—s+a

<A;%tfr>:/<mls
Q

u” )prdx

/ —ATET2(rpy + w)prda
Q
=sta 2542
r —/ 1 AT 2% dy
Q

W
A T

—sta . _
P1+v7 )prdr < [tA g1 +v |q+1|901‘%-

(3.21)

Therefore, either (3.20) or (3.21) holds, which yields

E(Zr,) < R -

or

g(le) < RiH_U -

ut+v—2
R

127 1%, — CaRFTV* 4+ O,

pn+v—2
R

2|5, — CsRTY 4 G

In both cases, we can choose Ry = 2Ry large so that £(Zg,) < 0.

Step 3. For any [[(v™,v7)|E,

gt = t(Rﬁb_lsoh

= Rs, there holds

=sta 1 _ vl — _
Ry @)+ (B, BT T) € QN {2 e, = Ra)

Since either (3.20) or (3.21) holds, we get either

E(Z) < RMTV242
or

g(zt) < R/IH_U_QtQ _

Choosing Ry = 2R; large, we get £(2;) <0 for 0 <t < Rj.

u+v—2

R% _ C4R§P+1)(/‘71)tp+l 4 02’

ptrv—2
Rl
2

R2 — C5R{TVU Dt 4 g,
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LEMMA 3.9. Under the assumption (H4) with subcritical (p,q), any weak solution
(u,v) € X* of (1.1) is a classical solution.

Proof. Since (u,v) € X* and (H4), one has H,(u,v) € X, so

(u,v) € W5 (Q) x W15 (Q). (3.22)

(a+1)
Consider first p,q > %, proposition 2.6 yields then that uw € LNq 2s(a+D) ()

and v € L¥o=5G¥D (€2). The assumption (H4) deduces that (u,v) € W21 (Q) x
W2t (Q) where

. min{ N(p+1) N(g+1)* }
' [Ng—2s(p+1)]q" [Nqg—2s(qg+ 1D](p+ 1)q

and
. { N(g+1) N(p+1)? }
t1 = min ,
[Nq—2s(q+1)]p" [Np—2s(p+ D](g + Lp
Since (p, q) is subcritical, we have
1 1
T >To Z:1+5, t1>t01:1+;). (323)

In the same way, whenever r,,,t, < let

257

. — min Nt,, Nr,(¢g+1)
nh (N — 2stp)q’ (N —2sr,)(p+ 1)g

and

; —min{ Nr, Nt (p+1) }
nh (N —2sr,)p’ (N —2st,)(qg+ 1)p

then (u,v) € W2rn+1(Q) x W2tn+1(Q), and ry, < rpp1,t, < the1 due to (3.23).
We claim that

N
there exists n such that (u,v) € W?5™ () x W2 (Q) with min{r,,t,} > 25
s

(3.24)

This claim can be proved by contradiction. Assume for example r, — r < %,
th, >t < %7 other cases can be ruled out similarly. We can check that

_ Npg—1 t_Npq—l
C 2spg+q 2spg+p’

which contradicts r > rg since (p, ¢) is subcritical.

Therefore, after finite number of iterations, (3.24) holds true. Then u,v € C*(€),
thanks again to proposition 2.6 and lemma 1.1.

Other situations with p or ¢ < can be handled easily using proposition 2.6
and lemma 1.1, so we omit the detaﬂs O
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Proof of theorem 1.4 completed. By lemmas 3.7-3.8, remarks 3.3, 3.6, applying
theorem 2.8 and proposition 3.4, there exists a L!'-weak solution (u,v) € X*. By
lemma 3.9, (u, v) is a classical solution, so the proof is completed. O

4. Dual method and proof of theorem 1.5

This section is devoted to the proof of theorem 1.5. We state first some basic
properties for H, H*, H, and H*. As

1
H(u,v) = / Hy(tu, tv)u + Hy(tu, tv)vdt, (4.1)
0

there holds readily

LEMMA 4.1. For H satisfying (H5), there are positive constants Ay, As such that
Ay (JuPt™ + |7 < H(u,v) < Ao (JulPT™ + 0|9,V (u,v) € R2

Let H* be the Legendre—Fenchel transform of convex functional H, and H* be
the Legendre—Fenchel transform of H : X* — R, i.e.

H*(u,v) = sup {tu+sv— H(t,s)}, V (u,v)¢cR?
(t,s)ER?

and

wiro = s {[Gurgi-uwol, vioex w2
(u,v)eX* Q

Using lemma 4.1 and lemma 2.9 (d)(e), recalling that the Legendre—Fenchel

transform reverses the order by lemma 2.9 (a), we have

LEMMA 4.2. Assume that H is convex satisfying (H5), then there are positive
constants As, Ay such that

As (|u|1+% + |v|1+%) < H*(u,v) < Ay (|u|1+% + Wﬁ) .V (u,v) € R?

and

1+1 141 % 1+% 1+%
As(If1 12 +1gl 1) <7 (L) < A8 +19l1E). V(g e X

Consider VH and VH* as mappings of R2. If VH is invertible, we denote by
(VH)™! its inverse.

LEMMA 4.3. Assume that H satisfies (H5)—(HG6), then H* € C*(R?,R). Moreover
VH :R? — R? is a homeomorphism, and (VH)™' = VH*.

H(z) _

K]

Proof. By lemma 4.1, there holds lim|,|_
H* € C'(R?).

oo. Applying lemma 2.9 (c),
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As VH : R? — R? is strictly monotone, VH is injective. We claim that VH is
surjective. This fact should be known, we give a proof here for the sake of complete-
ness. Indeed, for any Ry > 0, by (Hb5), there exists Ry > 0 such that if |z| > Rs,
then |VH(z)| > R;. Obviously, for any w € Bg,, deg(VH, Bg,,w) is well defined
and

deg(VH, Br,,w) = deg(VH, Bg,,0), (4.3)

where ‘deg’ denotes topological degree, see [38, Appendix]. We define a homotopy
F : Bg, x [0,1] — R?,

F(z,t)=VH <1 i t) —VH (;Z) . (4.4)

For any z € dBg, and t € [0,1], we have %5 # 7%, hence F(z,t) # 0 as VH is
injective. Therefore,

deg(F(a 1)a BR270) = deg(F(a 0)7 BR27 0) = deg(VHu BR27O)'

According to Borsuk theorem [38, Theorem D.17], deg(F'(+, 1), Bg,, 0) is odd, which
implies
deg(vH7 BRz ) 0) 7é 0.
So by (4.3) we get
deg(VH, Br,,w) #0, Yw € Bg,,

which deduces that there exists some z € Bpg, such that VH(z) = w. Due to the
arbitrariness of Ry, we complete the proof of this claim.

By Brouwer’s invariance of domain theorem, it’s known that any continuous
bijection of Euclidean space is indeed a homeomorphism; we can get this fact also
by noting that V H is proper, i.e. the preimage of any bounded set is bounded seeing

(Hb), so VH is a closed mapping, hence a homeomorphism. Finally, it follows from
lemma 2.9 (b) that (VH)™! = VH*. O

Now we consider the functional version of the previous lemma. Recall that
H,(u,v) = VH(u,v) and H}(u,v) = VH*(u,v).

LEMMA 4.4. H, is a homeomorphism from X* onto X, and H;' = H}.

Proof. We claim that H, is continuous. Consider (u,, v,) — (u,v) in X*, as before,
up to a subsequence, there exists (®1,®P3) € X* such that |u,| < @4, |v,| < Po
a.e. for all n; u,, — w and v, — v a.e. in Q. Using (H5) once more, we obtain

[ Hu(t, o)) < C(1@1]7 + 21]771@2)7) € L5 (@)

and
[Hy 1ty vn)] < C(10]7 4 |@1]7] @771 ) € L15(@).

By Lebesgue’s theorem, we deduce that H,(up,v,) = H,(u,v) in X, which means
H, is continuous.
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Given any (f,9) € X, (u,v) = (VH)"(f,9) = VH*(f,g) € X* thanks to (H5),
since |u(x)|P < C|f(x)] and |v(z)|? < C|g(x)|. The bijectivity of H, is an easy
consequence by definition. The continuity of H;! = H} can be proved as for H,,
we omit the details. O

Finally, we state properties of the Legendre—Fenchel transform H* for the
Hamiltonian functional H.

LEMMA 4.5. H* € CY(X,R). More precisely,

Wito) = [ 1 (o () (fo)FD) = [ Hil.0)T+ Hi(f.0)io.
(4.5)

Proof. For any (f,g) € X, by lemma 2.9 (b) and lemma 4.3, there exist functions
u, v such that
H*(f,9) = fu+gv— H(u,v),

and (u,v) = HX(f,9) = VH*(f, g). By lemma 4.4, we have (u,v) € X*. In view of
(4.2), it follows that

H*(f.g) = sup / fi+ g5 — H(@9)dx
(@vex-Jo

§/ sup {f(z)t+g(x)s — H(t,s)}dx
Q

(t,s)eR?

= [ (g

:/fu+gv—H(u,v)d$
Q

<H"(f,9)

which implies the expression of H*. By H* € C'(R?,R) and lemma 4.4, we get the
expression of (H*)" and H* € C1(X*,R). O

Next, we explain how to find weak solutions to (1.1). Clearly, (—A)® is an
isomorphism of W?*"(Q) onto L"(Q). Therefore we can denote its inverse by
A:L7(Q) = W2T(Q). Define J : X — R by

T(frg) = H*(f.g) — /Q gAfdz,

Using proposition 2.6, J is well defined.
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LEMMA 4.6. A is self-adjoint in the following sense:

/g.Afda: = / fAgdz, ¥ (f,g) € X. (4.6)
Q Q

Proof. In fact, this is a direct consequence of the self-adjointness of (—A)® over

X§(Q) and density argument. Let {f,}, {g,} C C°(Q) satistying (fn,gn) = (f,9)
in X. Set (upn,vn) = (Afn, Agn) € X5(2)%. Then

/gnAfnd:r::/un(—A)svndx:/vn(—A)sundx:/angndas.
Q Q Q Q

Taking n — oo, we get (4.6). O
We are now in position to present the dual method setting.

PROPOSITION 4.7. If (f,g) € X is a critical point of J, then H:(f,qg) is a L*-weak
solution to (1.1).

Proof. Since (f,g) € X is a critical point of 7,

0 :<j/(fvg)7(flvgl)> =
(HY (F.9). (fro00)) — /Q g Afrdi — /Q G Afde, ¥ (fg) € X.  (47)

Let (u,v) = Hi(f,g), then by lemma 4.5, we have

(Y (f.9), (Fr 1)) = /Q whdz + /Q vgrd. (48)

As H = H ', we obtain (f,g) = (Hy(u,v), Hy(u,v)). If we choose g; = 0, then

z

using (4.7), (4.8), and lemma 4.6, it holds that

/ 'U,fldl' = (('H*)/(f,g), (f1,0)> = / gAfldx = / fl.Agd(E, Vfl S L1+%(Q)
Q Q Q

Hence u = Ag, i.e. (—A)*u =g = H,(u,v) in the weak sense. Similarly, (—A)%v =
Hy,(u,v). O

4.1. Proof of theorem 1.5 completed

Now we establish a mountain pass structure to get existence of nontrivial critical
points of J. Set

So ={" 0" 9 (F9) € X, ((f,9)lx = 0}
where k,[ > 1 satisfy

D k q l
> , > .
p+1 k+l g+1 k4l
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Assume 0 < p < 1. For any (pF=1f, p'=1g) € Sy, by lemma 4.2 and proposition 2.6,

T ) =1 (T g) p’““”/ gAfdx
Q

- 1+4 _ 1+4
> 0y plk 1)(1+1/p)‘f|1+g 40y pt 1)(1+1/q)|g|1+§ — CpphH

> C3pmax{k:(l+l/p),l(1+1/q)} _ CQPk—H.

According to (4.9), there exist py > 0,8 > 0 such that J(pf~"f, phtg) > B if
(pE=Lf,phtg) € S,,. On the other hand, we fix some (fy,g0) € X with

/ foAgodx > 0.
Q

By lemma 4.2,
ke ol k(14+1/p) ¢ 113 114+1/a), 1 Ta ket
T (p" fo,p'g0) < Cap [foly 1+ Cap g0l 43 —p A foAgodz.

Consequently, due to (4.9), there exists p; > po such that J(p¥ fo, pig0) < 0. Let

I':={y e C([0,1],X) : 7(0) = 0, v(1) = (p} fo, pig0)}-

It is clear that v([0,1]) NS, # @ for any v € I, from which we obtain a mountain
pass structure of J around 0, and define the mountain pass level by

:= inf t)) > 0.
c i%rf&?fﬁjh( ) =B >

LEMMA 4.8. J satisfies the Palais—Smale condition.

Proof. Let {(fn,gn)} C X be a Palais—Smale consequence of J at level ¢, that is,
T (frn,gn) = c and T (fn,g9n) — 0 in X*, asn — oo. (4.10)

From (4.10) and (4.6), it follows that

H (frs gn) = (H) (frs gn)s (1= 0) i, 09n)) = ¢+ o(1)[[(fn, gn)lx +o(1) (4.11)

where 6 is given in (HT). Let (un,v,) = H(fn,gn). According to lemma 2.9 (b)
and lemma 4.5,

H*(fnagn) = / frtn + gnVndx — H(umvn)a (4'12)
Q
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which together with (4.11) and (H7) implies that
c+ O(l)H(fna gn)HX + 0(1)

- /Q Futtn + Guvnd — H(tn, vn) — (L) (Fr gu)s (1 6) f 0g)
= HAHu(un,vn)undx +(1-9) /Q H,(tn, vp)vnde — H(up, vy)

zcl/ \un\p+1dx+C1/ o] dz — G50,
Q Q

Combining the above inequality, (4.12), lemma 4.1, lemma 4.2, and Young’s
inequality, {(fn,gn)} is bounded in X.

Furthermore, by proposition 2.6, A : X — X* is compact, hence {(Af,, Agn)}
is compact in X*. By (4.10),

j/(fnagn) = H:(fmgn) - (AgnwAfn) = 0(1) in X*. (4'13)

Since H is a homeomorphism from X onto X*, {(f,gn)} is compact in X. The
proof is done. O

As J satisfies the (PS) condition, applying mountain pass theorem [2] and propo-

sition 4.7, we get a nontrivial solution (u,v) € X* of (1.1). Since (H5) implies (H4),
by lemma 3.9, (u, v) is a classical solution.

5. Positive solutions for fractional Lane-Emden system

As a very special case of (1.1), we consider the system (1.24) under the subcritical
assumption (1.25). Using lemma 3.9, we know that any energy solution of (1.26)
belongs to C*(£2).

PROPOSITION 5.1. Let p, q satisfy (1.25). Then u is an energy solution to (1.26) if
and only if (u,v) is a classical solution to (1.24), where v = |(—A)Su|%71(—A)Su.

Proof. First, assume that u is an energy solution to (1.26). It follows from (1.27)
that

/Qv(—A)Sgoda::/Q\uW_lwpdm Vo e T(Q). (5.1)

Next, since v = \(—A)suﬁ*l(—A)su and u € WZS’H%(Q), we have

/u(—A)sgodx:/ |7 tupdr V@ € TL(Q). (5.2)
Q Q

By (5.1) and (5.2), (u, v) is a weak solution to (1.24). Since u is an energy solution
to (1.26), using lemma 3.9, u, v € C*(Q).
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Conversely, if (u,v) is a classical solution to (1.24), (5.1), and (5.2) will hold,
which implies

/|(fA)Suﬁ_l(fA)Su(fA)sgadx:/ P tupds Vo € WHITI(Q). (5.3)
Q Q

Thus, u is an energy solution to (1.26). O
We denote
s 143 1
R(u) = (T'(u),u) = [(—A) uly - Pt Vue Wt (). (5.4)

For any u € Nz (see (1.28)), there holds

1 s 1+1 1 s 1+1
(R/(u),u = (14 VAl = ot Dl = (= p) 180wl 1

which implies

(R'(u),u) <0, if pg>1,
(R'(u),u) >0, if pg<1.

(5.5)

Using the implicit function theorem, if pg#1, N7 is a C'-submanifold of
WQS’H%(Q) with codimension 1.

LEMMA 5.2. If pq # 1, then N7 is non-empty. Moreover, when pq > 1, N7 is far
away from zero and I constrained on Nz has a positive lower bound; when pq < 1,

Nz is bounded in W4 ().
Proof. For any u € WQS’H'%(Q)\{O}, when pg>1 (resp. pg<1), let ¢, be the
maximum (resp. minimum) point of Z(tu) for ¢ > 0. Then t,u € Nz, so Nz is non

empty. For any u € Nz, using (5.4) and (Z'(u),u) = 0, we have

1+2

q 1
(=)l 1= ulpii < C I(—A)SUI’fié : (5.6)
Therefore if pg > 1, there exists some Cy > 0 such that
|(—A)Su|1+; > Co, Vu ENI. (57)

Next, if u € Nz, by (5.4),

q 1 1+1
Z(u) = — — —— | [(-A)*? 1.
= (5 - 57 ) A

From (5.7) and pq > 1, it follows that Z has a positive lower bound on AN’7. When
pg < 1, we know from (5.6) that N7z is bounded in W2sl+s (Q). O
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In the sequel, we consider the functional Z constrained on N7. A constrained
critical point u of Z|ar,, means that there exists a Lagrange multiplier A € R such
that

T'(u) = AR/ (u) in W?*'+3(Q)*, (5.8)

where WQS’H%(Q)* is the dual space of WQS’H%(Q). In particular, u is a critical
point of Z whenever A\ =0.

LEMMA 5.3. Assume that pg # 1. Then any constrained critical point of I|nr, is a
critical point of .

Proof. Suppose that u is a constrained critical point, there is A € R such that (5.8)
holds. Thus,

0 = (Z'(w), u) = MR/ (1), u) = A (; —p) ()l E (5.9)

which deduces A =0. Consequently, u is a critical point of 7 a
LEMMA 5.4. For pq # 1, I|n, satisfies the (PS) condition.

Proof. Let {u,} be a (PS) sequence at level ¢ € R for Z|us,, that is {u,} C N7,
A € R such that

T(un) =c+o0(1) and T'(up) — AR (un) = o(1) in W Ha(Q)*.  (5.10)

Therefore

1 q 1 s 1+1
c+ 0(1) = I(Un) — mR(Un) = <q_'_1 — W_) |(—A) un\Hé .
By pg#1, one can conclude the boundedness of {u,} in W25’1+%(Q), which yields
also that {(R'(uy), un)} is bounded. Up to a subsequence, assume that

(R (un), un) — m € R. (5.11)

Let m#0, (5.10) yields o(1) = (Z'(un) — ApR (un),un) = Apm + o(1), which
yields A,, — 0. Up to a new subsequence, there exists u € WQS’H%(Q) such that
(=A)*u, — (=A)%u in L%(Q), and u, — u in LPT1(Q), so u € Nz. By direct
computations,

+1

1
q 1+E
1
+q

+1 +1 1
o(1) = lun |23} — [ulpt] = [(—A)*unl, i

—|(=4)%y|

which together with the weak convergence of (—A)%u,, in LH%(Q) yields that
Up — u in WQS’H'%(Q).
Let now m =0. It is clear from (5.11) and u,, € N7 that

1 s 1+
o(1) = (R (un)un) = (=) (=8 ual, 11
which deduces that |(—A)*uy,|, 1 — 0. So we are done. O
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Proof of theorem 1.9 completed. (i) We apply a deformation lemma on C'* manifold
(see [7]) to Z|ar,- By lemma 5.2, it is easy to see that ¢z < 0 if p¢<1 and ¢z > 0
if pg < 1. By lemma 5.4, c7 is attained by some u € N7. Hence, u is a constrained
critical point of Z|ar,. Using lemma 5.3, u is also a critical point of Z, hence an
energy solution of (1.26). Let w be the weak solution of

(=A)*w=|(=A)*u/in Q, uw=0 in RV \Q.

By lemma 2.1, w > fu, so w > |u|. Consequently, Z(tw) < Z(tu) for all ¢ > 0. Thus
there exists a unique t,, > 0 such that t,w € N7 and Z(t,w) < Z(u) = c¢z. Then
tww is a minimizer for ¢z. By means of lemma 2.2, one has t,w > 0. The proof can
be concluded by proposition 5.1.

(ii) Assume that ui,ug € W2slts (Q) are two distinct positive energy solutions
of (1.26). We know that uy,us € C*(Q2). Denote

Bo:=sup{l ER:us > luj ae. in Q} and f; :=sup{l € R: u; > luy a.e. in Q}.

From lemma 2.2 and lemma 1.1, there exist Cy,Cy > 0 such that C16° < uq,us <
C50°. Therefore 0 < By, f1 < oo. In order to prove u; = usg, it suffices to prove
that By > 1 and 8; > 1. Notice that

(=) (I(=2) w7 (~A)w ) =} > Bub
= B7(=2)" (|(=A) ugl 7 (~A) uz )
= (=A)° (I(=A)* (B )|~ (—A)* (87u2))

By comparison principle, we get u; > Y%s. So 81 > 57, hence 81 > 1. A similar
argument gives Sy > 1. By proposition 5.1, the classical solution of (1.24) is unique.

25,141
(iii) Replacing WZS’H_%(BR) by Wr:d T (Br), we can check that all the above
steps work, so we have a positive classical radially symmetric solution. O
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