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We consider the existence, nonexistence and multiplicity of normalized solutions to
the p-Laplacian equation on a bounded domain

—Apu+ MulP72u = g(u), inQ, (0.1)
Jo lulP =p,u=0 on 09,

where 2 is a bounded domain, p > 2. Firstly, under suitable assumptions on p, if g is
at most mass-critical at infinity, we prove the existence of infinitely many solutions.
Secondly, for p large, if g is mass-supercritical, we perform a blow-up analysis to
show the nonexistence of finite Morse index solutions. At last, for p suitably small,
combining with the monotonicity argument, we obtain a multiplicity result. In
particular, when p = 2, we obtain the existence of infinitely many normalized
solutions.
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1. Introduction
This paper concerns the following p-Laplacian problem:

—Apu+ NulP~2u = g(u), in Q,

, 1.1
Jo lulP = p,u=0, on 09, (L.1)

where Q C RY is a bounded domain with 0 € Q, N >3,2<p < N and g is a
general nonlinear term. Under some suitable assumptions on g, we investigate how
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2 F. Gao and Y. Guo
the conditions on p affect the existence and multiplicity of (A, u) € R x Wy (Q)
such that (1.1) holds.

When p = 2 and 2 = RY, the problem (1.1) is reduced to the following problem:

{ —Au+ M= g(u), in RV, (1.2)

fRN |u|2 =p-

Since the pioneering work of Jeanjean [13], there has been extensive attention paid
to the existence of normalized solutions for (1.2), and a lot of contributions have
been made. While it is impossible to list all these outstanding works, we refer,
for example, the interested reader to [3, 15, 16, 27, 28, 30] for the problem with
combined nonlinearities, and [1, 8, 19] for the problems with potentials.

In order to solve (1.2), a natural idea is to minimize the functional

I(u) = %/RN Vi~ |G,

on the submanifold
S(p) = {u e H'RY), [[ull5 = p},

where G(u) is the primitive function of g. This is indeed the case when g is mass-
subcritical (see [27, 28]). However, if g is mass-supercritical, I(u) is unbounded
from below on S(p), and one may look for minimax critical point instead. During
this process, one of the major difficulties is to find a bounded (P.S.) sequence. In
case ) is the entire space RY, Pohozaev identity is a powerful tool in getting over
this difficulty. However, when 2 is a general bounded domain, Pohozaev identity is
not so effective due to the appearance of boundary integral terms. For this reason,
there are not so many results on bounded domain compared to the case of entire
space RV,

To the best of the author’s knowledge, the first contribution in this direction is
credited to Noris, Tavares and Vezini [20]. Utilizing bifurcation discussions, they
established two positive solutions when 2 is a ball and ¢ is the pure power nonlin-
earity |u|?%u with 2 + % < ¢ < 2*. Further studies on general bounded domain
were carried out in [22], where the authors established the first multiple result and
claimed the existence of mountain pass solutions as well. Nevertheless, as pointed
by themselves in [23], the proof of Proposition 4.4 contained there misses the bound-
edness of the (P.S.) sequence. Fortunately, in [23], the authors successfully fixed
this problem by exploiting the monotonicity argument and blow-up analysis. We
note in all these papers, a change of variable is performed to move the parameter
from the constraint to the equation, which seems to break down for equations with
general nonlinearities. To this end, there has been some interesting works on spe-
cial domains where the boundary integral terms in Pohozaev identity could be well
estimated, among which, the works of Bartsch, Qi, Zou, Song [2, 24, 25] are worth
mentioning.

As far as the authors are concerned, there are not so many results known for
p-Laplacian problems. In case of @ = RY, existence of normalized solutions are
obtained in [11, 17, 31]. However, little is known for the existence of normalized
solutions for (1.1) on general bounded domain. The main purpose of the present
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paper is to study the normalized solutions for (1.1) on general bounded domains,
including the existence, non-existence and multiplicities. For this, we introduce the
following assumptions on g :

1. (G1) g € CY(R), ¢'(s) > 0 for s > 0 and g(—s) = —g(s).
2. (Gs) there exists some (a, ) € R? satisfying p < o, 8 < p* such that

dim T - 2)> 0md tim T =5 9) 50
Set
Sp={ue WyP(Q) : ullb = p}
and let
Bw = [ v - [ G,
P Ja Q

where G(u) denotes the primitive function of g. When g is at most L? critical
at infinity, under suitable assumptions on p, E(u) is coercive on S,. In this case,
classical variational methods can be applied to deduce the existence and multiplicity
result, yielding the following existence and multiplicity result. For the case of the
semilinear systems, one may refer to Reference [21].

THEOREM 1.1. Suppose g satisfies assumptions (G1)-(G2) and one of the following
conditions holds

(1) p<6<p+% and p > 0.
(2) B=p+ % and p satisfies (3.3).

Then (1.1) admits a solution which is a global minimizer on S, for E(u). Moreover,
(1.1) admits infinitely many solutions in these cases.

As it can be seen from Theorem 1.1, when g is LP-subcritical at infinity, (1.1)
admits solutions for every p > 0, each being a global minimizer of the energy
functional. However, for the LP-critical case, it is only proved that there exist
solutions for p suitablely small. Hence, for an arbitrary p > 0, it is natural to ask
whether there exist solutions when g is at least LP—critical at infinity.

In the following, we consider this problem. In particular, we restrict our attention
to the existence of solutions with finite Morse index, and give a negative answer to
the above question. More precisely, we have the following:

THEOREM 1.2. For any fized k > 0,
U :={p >0, (1.1) admits solution having Morse index m(u) < k}

. . 2
then sup Uy, = 400 if and only if p < B <p+ %.

REMARK 1.3. We remark that under the assumption p > 2, E is of C?, thus Morse
index is well-defined.
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Following the ideas in [23], we will perform a blow-up analysis to deduce the
conclusion. However, note that, in order to deal with general nonlinearities, the
change of variable in [23] is not applicable for generating a blow-up parameter.
Instead, as in [6, 16], we take the Lagrange multiplier A as a natural parameter, and
use A to perform a blow-up analysis. In this process, some additional difficulties need
to be overcome due to the nonlinearity and degeneracy of the p-Laplace operator.
This part of analysis is of independent interest. Therefore, We present the proof in
the Appendix.

Recall that, under suitable assumptions on p, we have obtained the existence of
global minimizer for F when g is at most LP-critical at infinity. A natural question
is what happens when g becomes LP-supercritical. As shown in Section 2, when g
is mass-supercritical at infinity, the energy functional F is unbounded from below
on S,. Consequently, it seems not feasible to look for global minimizer in this case.
When considering local minimizers, it is important to find an r > 0 such that

inf £ inf £
inf E(u) < inf E(u),

B, = {u € Sp,/ [VulP < r},
Q

and this is indeed the case for p suitably small.

where

THEOREM 1.4. Suppose g satisfies the assumptions (G1)—(Gz2) and one of the
following conditions holds:

(1) B>p+ %, a < B and p satisfies (4.4),
(2) B>p+ %, a > B and p satisfies (4.5),

then (1.1) admits a solution u, which is a local minimizer for E(u).

Once the local minimizer is obtained, noting that ing E(u) = —o0, it is natural
ueEsS,

to look for a second solution which is of mountain-pass type. We define

m = inf sup E(y(t)) > max{E(u,),E(v)},
7€l 4e0,1)

where
I':={y € C([0,1],5)) : 7(0) = up,7(1) = v},

and v satisfies E(v) < 0, whose existence is guaranteed by Lemma 4.2 below.
We aim to show that m can be attained. To do this, the main difficulty lies in
finding a bounded P.S. sequence. In order to overcome this difficulty, we adopt
the so-called Struwe monotonicity arguments as in [4, 14]. Roughly speaking, this
argument is to introduce a family of functional Fy depending on a parameter 6, for
almost every 0, Ey admits a solution ug. Then by the blow-up analysis performed
in Theorem 1.2, ug converges to a solution of the original problem. This strategy
has been successfully applied on graphs by Chang, Jeanjean and Soave [6], and to
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semilinear elliptic equation with g(u) = |u|?7%u, 24+ 4+ < ¢ < 2* in [23]. For general
p > 2, we have the following multiplicity result.

THEOREM 1.5. Let g, p satisfy the conditions in Theorem 1.4, then equation (1.1)
has a second solution i, # u, and @, is of mountain pass type.

As a byproduct, we have the following result for p = 2.

THEOREM 1.6. Let p = 2 and assume that (G1) — (G2), then for any n, there exists
pn > 0 such that for 0 < p < pn, (1.1) has n solutions at the level ¢y, k=1,...,n
and ¢, — +00 as n — 0o.

Our paper is organized as follows. We recall some definitions and lemmas
in Section 2. In 3, we prove Theorem 1.1 and 1.2. Section 4 is devoted to the
mass-supercritical case, where Theorem 1.4, 1.5 and 1.6 are proved. We put the
blow-up arguments used in the proof of Section 3 in the Appendix A. This part is
of independent interest, and we believe it can be used to deal with other problems
related to p-Laplacian equations.

2. Preliminary

In this section, let us recall some definitions and results that will be used throughout
this paper, we refer interested readers to [4, 14, 16] and references therein.

DEFINITION 2.1. Let ¢ : Wol’p(ﬂ) — R be a C?—functional, we say that ¢’ and
©" are a—Holder continuous on bounded set if for any R > 0, one can find M =
M (R) > 0 such that, for any uy, us € Br(0):

@' (u1) — @' (u2) ||« < Mlur —ua||®, |¢” (ur) — @" (u2)[lex < Mlus — ug||®,

where || - ||, and | - |« are the operator norm of L(WyP(Q),R) and of
LW P(Q), L(WyP(Q),R)) respectively.

DEFINITION 2.2. For any u € S, and § > 0, we use 1,,S, to denote the tangent
space at point u. We define the approximate Morse index and Morse index by

the(u) = max {k : IV C T,,S,, dim(V) =k : D*p(u)(v,v) < —&||v||P for all
veV,u#0},
and
m(u) = max{k:3V C C}(Q), dim(V) =k:D*p(u)(v,v) <0 for allv € V,v # 0},
where
D2¢(u)(v,v) := ¢ (u)(v,v) — M(p - 1)/Q JulP~2[v]*.

lulls

We will use the following more general results on functional and Morse index
due to [14].
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THEOREM 2.3. Let W be a Banach space equipped with the norm || - || and let
J C RT be an interval. We consider a family Ey of C'—functionals on W of the
form

Ey(u) = A(u) — 0B(u),0 € J,

where B(u) > 0, Yu € W and such that either A(u) — oo or B(u) — oo as
|lu|]| = co. Let us assume that there are two points wo, wy in S, such that, setting

I'= {’Y € C([07 1]759)77(0) = w177(1> = w2}7
there holds, V0 € J,

my = ;rg tren[gﬁ] Eo(y(t)) > max{FEy(w1), Eg(ws)}.

Then for almost every 0 € J, there is a sequence {u,} € S, such that

(1) {un} is bounded in W.
2) Ep(u,) = mg and E}ls (u,) — 0 in WL,
019,

THEOREM 2.4. Let W be a infinite-dimensional Hilbert space and I C (0,00) be
an interval, consider a family of C? functionals Eg on W of the form

Ep(u) = A(u) —0B(u),0 € T

where B(u) > 0 for all u € W and such that either A(U) — oo or B(u) — o0 as
|u|| = +o0.

Suppose that Eg is even for every 6 € I, and moreover Ej and Ej are a—Hélder
continuous on bounded sets in the sense of Definition 2.1 for some a € (0,1].
Finally, suppose that there exists a k € N, k > 2, given odd functions ; : S¥=2 — Sy
where i = 1,2, such that the set

Fk = {7 S C([Ov ]-] X Sk_QvSp) : ly(tv )ZS odd 7’7(07 ) = ’7077(]—7 ) = ’yl}v (21)
is mon-empty and that

cor = inf max FEy(y(t,z)) > max {Ep(y1(x)), Eg(vy2(2))}, V0 € 1. (2.2)
~€T ), [0,1] x Sk—2 r€Sh—2

Then, for almost every 0 € I, there exists sequence {u,} C S, and &, — 0% such
that as n — oo

(1) {un} is bounded in W.
(2) {?g(un) — co and Eyls, (un,) — 0 in w1t
(3) Mg, (un) <k.

Moreover, under the assumptions of (G1) — (Gz), by direct calculation, we can
prove the following lemma as in [16].

LEMMA 2.5. Let N > 2 and assume that (G1) — (G2) hold, then
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|fﬁ( )29 = k2.

i) lim 28— d i
() M ofess = and | lim

(ii) There exists some C > 0 such that
lg(s)] < C(ls[*" +1s]7),
and for any M > 0 there exists some Cyr1 > Cir2 > 0 such that
Carz|s|* 25 < g(s) < Carals|* 25, Vs € [0, M].

(iii) There exists C > 0 such that
Gls) < C(1s|” + |5|), s € R, where G(s) = / o()dt,
0
and for any M > 0, there exists some Cyr1 > Car2 > 0 such that

Carals|® < G(s) < Cara|s|®, Vs € [0, M].

(iv) If a > B, we have, for some D >0, G(s) < D|s|?, s € R.

LEMMA 2.6. Let 8 >p+ %, then there exists Uy € S, such that as k — oo,

Proof. Let ¢ € C°(B1) with ¢ > 0 and fB1 P = 1. For zy € 2, denote

Uy = prk 7 ¢(k(z — ),

then for k large, we have supp Uy C B% (zg) C .
Moreover for a.e. x € supp Uy, klim G(Ug(z))/Up(z)? = 15, thus
— 00

B N27N( -1) B
/QG(U)_Qﬁ vf = B2 p5 /chl

On the other hand, direct computation shows that

/ U4 = pand / VUL = ph? / VoP,
Q Q B

then as k — oo, there holds

B = [ Vo= [ 6w /|v¢|p Lotk G0 [ 1ol o —ox,

we conclude the proof.
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3. Subcritical case for p > 2 and nonexistence result

In this section, we give the proof of Theorem 1.1 and 1.2. Note that under the
assumptions of Theorem 1.1, E is coercive on S,, and classical variation methods
may be applied, so we are able to prove Theorem 1.1 as follows.

Proof of Theorem 1.1. By Lemma 2.5 and Gagliardo-Nirenberg inequality, we have

1
B = [ (vup = ¢ [ a4 Jul?
P Ja Q

(3.1)

1 _

>—|[Vullp — (CnaCllully ™[Vl j*)* = (Cr.sCllully” " [|Vu]3?)?,
p

where v, = N(% -1,
Thusifp<a,B<p+ %, we have ay,, 78 < p and E(u) is coercive.
In the meanwhile, by (iv) in Lemma 2.5, this is also the case when « > p+% > f.

fa<pf=p+ %, then Byg = p. Let p satisfy

AN
(CN,QCP P ) <

then the coercivity of E holds.
2
On the other hand, if 8 = p+ & < a, by (iv) in Lemma 2.5 again, we obtain

)

=

1 1 1—
B> /Q Vul — D /Q [l = S IVull = (CxaDlully IVal). (32

Denote
m(p) := inf E(u),

P

then E is coercive and weakly lower semi-continuous on S, if

1-18 A =g A 1
max <CN’5CpP> 7(CN75DpP) <5, (3.3)

thus m(p) can be achieved.
2
For multiplicity, we notice if p < a, 8 < p+ &7, it follows from (3.1) that

A=) a-~

B
1 @ o 8) ;
Bw) 2 219ul — (COxap ™ F) IVulie® — (COxpr 7 ) 17l

Denote

1 (A=7a) \ @ a-29\?
o(t) = —tP — (OON,aP b ) e — (CCynpp 7 t”mﬂ’
p
then ¢ € C(R™) satisfies p — 0~ ast — 07 and ¢ — +o00 as ¢ — 400, from which,
we deduce £ is bounded from below on S,. Moreover, it is easy to check that E
satisfies (P.S.) condition for general level c.
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Therefore if we define
A:={ACW;P(Q): Ais closed, A= —A} and T}, := {A € A: AC S,,v(A) >k},

where y(A) denotes the Krasnoselskii genus. Then by Theorem 5.7 in [26], E admits
infinitely many solutions wuy at level ¢, := inf sup E(u).
Aelk yeA
2
Similarly, we can prove (1.1) admits infinitely many solutions when § < p+ % <
o or under assumption (ii) in Theorem 1.1. O

Now we turn to the proof of Theorem 1.2, for this purpose, let us first study the
asymptotic behavior of (un, A,) C W, P(Q) x R satisfying:

(3.4)

—Apuy + Ap|un [P 2u, = g(uy,), in Q,
Un, =0, on 0,

with m(u,,) finite.
To proceed, we first consider the case when A, is upper bounded.

LEMMA 3.1. Assume (un, Ap) s a pair of solution to (3.4) and X\, — —oo, then

lim ||un |l = 0.
n—oo

Proof. Let (un, A,) be a pair of solution to (3.4) with A, — —oco, suppose on the
contrary that

limsup ||tnllec = ¢ >0, |un(2n)| = ||tnloo-
n—oo

Denote vy, the eigenfunction corresponding to jux, where py, is the k" eigenvalue of
Dirichlet boundary problem for the Laplace equation. Let

then 9, = 0 outside Q¢ := Q2 + z,,. Taking € small enough, such that

1
[Vu,| < 3 and |u,| > g in Q,
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we have
D?E(uy,) (0, ) :/ |Vun|p_2|Vf)k|2+(p—2)/ |V, [P~ (Vuy,, Vig)?
Q. Qe

Flp— 1) / g P22 — / o (un) 2

€ €

<=1 [ [Vunlez + 2 Vo
Q

+62)\n(p—1)/ |un(ex+xn)\p_2v,%—/g'(un(ex—kxn))vz
Q Q

p—1 p PP, 2
Sgpf /Q|Vvk| +2p726 An(p—1) ka
- [ unler 2

Q

-1
= (Z;p—Z) (Nk + Cp_262>\n) / v — / 9’ (un(ex +25))03,
Q Q

taking ), negatively enough, we obtain D?E(u, ) (0%, 1) < 0, for k= 1,2,-- -, this
is a contradiction with the fact that m(u,) is finite. O

LEMMA 3.2. Let M > 0, then for |\,| < M, there exists Cay > 0 such that
||un||oo <Cu-

Proof. Suppose on the contrary, there exists (A, u,) such that
—Aptiy + Ap|un [P 2u, = gluy,),in Q,

and M, := |up(z,)| = H“nﬁ”oo — 0.
_B-p

Let v, (%) = 5 un(Mpn * @+ ,), then we have ||v,[| = 1 and

)\n Un, piz'Un ann
i, 4 Ml o)

B-p
VP Py ,in Q= M, ? (Q—z,).

By standard regularity result for p-Laplacian equation, we obtain, up to a
subsequence,

vy — v,in C}OC(H)
and v satisfies

{ —APU = H2|U|ﬁ72va in H, (3 5)

v =0, on OH,

where H = RY or RY. Moreover, as in [9], we can prove m(v) < supm(v,) < k.
n
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Now we claim that v € W, *(H), then as Lemma 2.1 in [10], we have

: P
<1 — ) / |Onv|? = / {anvvlp—zvv A MﬁN
p BrNOH HNOBR p

/ pio|v]”
+ ;
HroBy B

since v € Wy P(H), letting R — oo, we obtain dyv = 0 on H. Thus combining
with the following Pohozaev identity [12]

N N s_(,_1 .
o) [

+

p

we deduce H = RY, a contradiction with the results in [7].
In order to prove the claim, for ¢ € CL(H), taking ¢ = voP as a test function in
(3.5), we obtain

/ |Vo[PeP +p/ IVo[P~2Vu - VP~ lo = H2/ v]PP,
H H H
by Holder’s inequality, we have, for any € > 0, there exists C¢ > 0 such that
[ wervoveerto<e [ [woper . [ 9elop.
H H H

thus
(1-0) / VoPe? < iy / [o]f P + C. / Vol (3.6)
H H H

To go further, we recall that if v is a finite Morse index solution, then v is stable
outside a compact set K C H, i.e. V¢ € CL(H \ K),

Ly(, ) = / [VolP~2|Vo[* + (p - 2) / IVolP~4(Vv, V)® — pa (B — 1)
H H
x/ [v|?=2¢2 > 0.
H
For ¢ € C}(H \ K), taking ¢ = vp?, then
[ wertwu, e < [ (vl 2V < [ @+ 9velrer + VPP
H H H
From this, we deduce by (3.6) that
(5= 1z [ ol
H
<=1 [ A +OIVoPe? + CITePlol (3.7)
H

< (p— 1)1+ )z /H o[fgP + . /H Vol lo?.
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Since B > p, taking € small enough, we obtain

[ weer<c [ vl
H H
Then it yields from (3.6) that for Vo € CL(H \ K)

[rwerers [ W <c [ [worir. (3.5)
H H H
Suppose K C Bpg,, we take
0, in H N Bpry+1,
¢($) = 1, inHﬂ(BR\BRO+2),
0, in HNBSy.

and ¢ = ¥ as a test function in (3.8), where k = %, then we have

/|vv|pwkp+/ |v|ﬁwkp
H H
<c [ worvplop

H

Se/ PP lo)f + ce/ Vo,
H H
pB

/ |[VolPyp*? + / o]yt < © / IVy[P* < €+ CRN =75, (3.9)
H H H

thus

letting R — oo and noticing ||v]|s = 1, we obtain v € W, ?(H). O

Now we focus on the asymptotic behaviour as A, — +oo. The proof is of
independent interest, thus we put it in Appendix A.
In the following, denote v a solution of

—Apv + [vP7%0 = polv|?~2v,in H, (3.10)
where H = RY or Rﬁ then we have

PROPOSITION 3.3. Let u, be a sequence of solutions of (3.4) corresponding to
Ap — +00 and m(u,) < k, then up to a subsequence, there exist Pl ... Pk,
k <k, so that for alli,j=1,...,k, i # j, there holds:

. i .
(1) |un(PL)| = max  |uy| for some R, — +00 and A} |P!. — P!| = 400
QnB  _ 1 (P})

(P}
RpAp P

as n — +00. . . X

(2) For x € Qi = M (Q — PY), defining vin(z) = A" "up(An P + P2),
then v;y — v; in C (H), where v; is a bounded solution of (3.10) with
m(v;) < k.
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Moreover, for any q > p,

N _ g k
A7 H/ \un|q%2/ |v;]7. (3.11)
Q o JH

By (3.11), we are able to derive the asymptotic behavior of {||uy]|,} as A, = +o0.

COROLLARY 3.4. Let (un, An) be a sequence of solutions to (3.4) with A, — 400,
we have that

(1) if p<B<p+B, then [u,|E — cc.
k
. 2
(2) if B=p+ &, then |lun|b — ;fH |vi|P.

(3) if p+ 5 < B <p*, then |[un|[5 — 0.

Proof of Theorem 1.2. On one side, for any fixed k > 0, if (1.1) admits solution w,,
with m(u,) < k and |luy|, — oo, then (uy, A,) is a sequence of solution for (3.4),
by Lemma 3.1, 3.2 and Corollary 3.4, we obtain p < 8 < p+ %.

On the other side, if p < 8 < p+ %z’ by Theorem 1.1, E(u) admits a global
minimizer on S, for any p > 0.

Since Wol’p = u @ T,S,, then m(u) < 1. This completes the proof of the
Theorem. O

4. Supercritical case for p > 2

As discussed in Lemma 2.6, when g satisfies LP-supercritical growth condition at
infinity, the global minimizer of F does not exist, thus in this section, we may look
for local minimizer instead.

For this purpose, let A;(Q2) be the first Dirichlet eigenvalue of —A, in 2 and for

r > A1 (), denote
B, := {u € Sp,/ [VulP < rp} )
Q

0B, := {u € Sp,/ |VulP = rp} .
Q

Since B, is weakly closed in S, and g is Sobolev subcritical, it is easy to see inf E(u)

r

and

can be achieved for any r > A1(2), define
¢, = inf E(u)and ¢, = inf E(u).
B, 9B

In order to find a solution of (1.1), it is sufficient to find r such that ¢, < é,.
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Proof of Theorem 1.4. We prove that for p sufficiently small, there exists r > A\;

satisfying
cr < Gy (4.1)
Firstly, noting that
[ <e [
Q Q
then for s > p, letting 0, = 5::;7 we obtain

0. 1-0. B2 (1-9,)
I ( / |u|p) ( / |u|P) < Onup® ( / wp) ,
Q Q Q Q

thus we can estimate E(u) on 9B, as follows

E(u)

) 2 (1-64) B (1-05)
> 1 [ 19 - ooy ap ( / |Vup)  CCy ( / |Vu|p)

P Jao Q Q

T px(_ p*(q_
> ;p _ CCN,QPOU‘ (rp)’> (1-6a) _ CCN7ﬁp05 (rp) (1-05)

(4.2)

On the other hand, by definition

cr = min ¢ < ¢y,

sE[A1,7]
therefore it remains to prove that éx, < ¢, for p sufficiently small.
To see it, denote @7 the eigenfunction corresponding to A1, that is
—App1 = Mgt ! and [[gq|f = 1,
then a direct calculation shows
1 1
lp7erlly = p and [[Voru||] = pAs.

Hence, we deduce

~ 1 ,0>\1

e S E(prer) < —.

p
Next, it is sufficient to find > A; such that
pAL T px(1_ px(1_
< = OCN ™ (rp) 7 ) — CONpp% (rp) 7 (170,
p p
In case of a < 3, it is equivalent to,
PX(05—04) (BE—1)(1—0, X _1)(1-6 r—X\
CCN.ar's (95 )p( 7~ D(1-0a) | CCNﬁP( > —D(1—-0s) f(r) = B (4.3)
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For the right hand, we have

maxfm:f( . M):(a_l)a_lw”?

r>A1 a — 1 a?

where a = Z=(1 — 0).
For the left hand side of (4.3), noticing r > A;, we have

CCN)QTL;(%*@a)p(L;*1)(1*%) + C’C’Nﬁp(%fl)(keﬁ)

B (0s—0a)

<CON oA ps D00 4 CCy gpls ~DI0),

thus (4.1) holds if
CONay P70 p B —D000) | ooy 5p5—D0=08) < (“_aii)a_lg(“). (4.4)
In case of o > f, it can be deduced similarly, and we obtain (4.1) holds if
CCOn.ap'5 ~D0=0) 1 0Oy gy 0270 p(5-10-62) (“_aila)a_lx;(“*”, (4.5)

where a = Z5(1 — 0,). O

In the following, we will find a second solution which is of mountain pass type.
For this purpose, we introduce a family of functionals

Botw) =+ [ v =6 [ G,

where 6 € [£,1]. Denote u, the solution of (1.1) obtained in Theorem 1.4, then

E(u,) = ian E(u) < inf E(u),

0

for some r9 > 0. In the following, we first study asymptotic properties of Eg(u) as

0—1".
LEMMA 4.1. For any fized v > 0, let 0B, = {ue€S,:|Vulb=pr} and
assumptions (G1) — (G2) hold, then
lim Fy(u,) = E(u,), (4.6)
0—1—
and
lim inf £ = inf E(u). 4.
o 33 o) = Byl PO 4o

Proof. We first prove (4.7). Note that Fy(u) > E(u) for all § € [3,1]. Hence, we
have

1
' > i -]
éréﬁEe(U) > é%{ E(u),v0 € [2,1]

In the following, it is sufficient to prove limsup inf Ey < inf E.
91— OB OB,
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n—oo

Taking a minimizing sequence {u,} C 9B, such that lim E(u,) = ziarllaf E. Since

{uy} is bounded in W, *(£), one gets

. <P o
c’lﬁ%fr Ep <liminf Eg(un) = lim E(uy,) + 0p(1)

n—oo

= Inf B+ 0p(1),
where 0g(1) — 0 as § — 17. Sending § — 1~, we have

limsup inf Fy < inf F,
01— OB, oB,

and this completes the proof to (4.7).
The proof of (4.6) is similar and much easier, thus we omit it here. 0

LEMMA 4.2. Under the assumptions of Theorem 1.4, there exist € > 0 and v €
S, \ Br, such that for § € [1 —¢, 1],

mg = inf sup Ey(y(t)) > max {Eo(u,), Eo(v)} ,
Y€l te(0,1]

where
F = {'Y E C([O’ l]a Sp) : 7(0) = upaf}/(l) = U}a
is independent of 6.

Proof. By the proof of Theorem 1.4, we have that there exists ro > 0 satisfying

E(u,) = Iignf E(u) < inf E(u),
T0

T0

thus by Lemma 4.1, there exists € > 0 such that for 6 € [1 — ¢, 1]

E@(’U,p) < 8lgf Eg(u) (48)

70
Moreover, for any u € S,, define

N
P

ut =trutr) € S, t > 1, (4.9)

we have as t — +o0

1
Eo(u) = [ 1Val? =6 [ Glut)
P Ja Q
1 M2
<z tip _ 2 t|B
_p/9|w| 2,3/9'“'
AT Tl A
=— VulP — =t» u
) Q| | 25 Q||
1

— — 0o uniformly w.r.t 6 € [5, 1],
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thus there exists Ty > 0 such that Eg(u') < Eg(u,) for t > T,. Taking

1
T := max {1,TO, |(|pvrz)”ﬂ } ,
P

and v = u?, by direct calculation, we have
[Vol[) = tP||Vullh > pro for t > T.
Then for any v € I, there exists t* € (0,1) such that v(t*) € 0B,,. Hence

inf sup FEy(y(t)) > inf FEy(u),
inf s Bo0(0) 2 faf Folo)

by (4.8), we complete the proof. O
PROPOSITION 4.3. Under the assumptions of Theorem 1.4, there exists a critical

point ug of Eg constrained on S, at the level ¢y for almost every § € [1—¢, 1], where
€ is given by Lemma 4.2. Moreover, ug solves

(4.10)
ug = 0, on 09,

{ —Apug + Aoug = 0g(ug), in Q,
for some Ag.

Proof. We apply Theorem 2.3 with

W= Wi (@), Aw) =~ [ [vup.B = [ 6l

Together with Lemma 4.2, we have for almost every 6 € [1 — ¢, 1], there exists a
bounded (P.S.) sequence {u, } C S, satisfying

Eo(un) = co, (Eols,) (un) = 0,as n — 0.

Up to a subsequence, we may assume that

U, — ug weakly in W,* (),
u, — ug strongly in LI(Q) for p < g < p*,
U, — ug almost everwhere in 2.

It can be verified that ug € S, is a critical point of Ey constrained on §,,.

Let Ay be the Lagrange multiplier corresponding to ug, then (ug, Ag) satisfies
(4.10).

The proof is completed. O
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Denote
r'= {7 € C([Ov 1]7 Sp)77(0) = uva(l) = U}v
and

— inf E .
m(p) 3&3&8"5 (v(t))

Next we prove m(p) can be obtained.

Proof of Theorem 1.5. For 8 € [1 — ¢,1], let (up, N\g) be solutions obtained in
Proposition 4.3, then (4.10) is satisfied. Denote (un, A,) the sequence of solutions
corresponding to 6,,, where 8, — 1~ as n — oo, then (u,, \,) satisfies (3.4), that
is
_ P=2, — i
{ Apty + Ap|tn [P 2uy = 0p,9(uy), in Q, (4.11)

U, = 0, on 0,

with [|u, ||l = p, moreover, we see that the sequence {uy, } has Morse index uniformly
bounded since it is made of mountain pass solutions.

Note that 6,,g(u) satisfies assumptions (G1) — (G2) with i, pe substituded by
Onpt1, O, o respectively, applying Lemma 3.1 and Corollary 3.4, we have {\,} is
uniformly bounded, furthermore by Lemma 3.2, there exists C' > 0 independent of
n such that ||u,||e < C.

On the other hand, multiplying w,, on both sides of (4.11), we have

/Q|Vun|p:9n/gg(un Uy — A, /|un|p (4.12)

Since ||un|leo < C, it can be seen from (4.12) that the sequence {uy,} is bounded in
WyP(Q).
Finally, as in Proposition 4.3, we conclude that the existence of %, such that

U, — ,pin Wy P (),
and @, solves (1.1) for some A € R. O

Now, as in Section 3, we intend to study multiplicity of solutions in the
mass-supercritical case. However, in the absence of an abstract result similar to
Theorem 2.4, we only focus our attentions to the case when p = 2 and leave the
general case of p > 2 to be open.

For this purpose, it remains to show the existence of ~;, i = 1,2 such that (2.2)
holds.

LEMMA 4.4. Assume the hypotheses (G1) — (G2), then for any k > 2 and p > 0,
there exists v1 : S*=2 — S, such that for any u € v1(S*~2), there holds

1
||VUH§ < pAk—l and Eg(’u,) < ipAk_h

where A;, i = 1,...,k denotes the fist k eigenvalues of the Dirichlet Laplacian in
Q.
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Proof. Fori=1,...,k—1, let ; be eigenfunctions corresponding to A;, moreover
for (ay,...,ar_1) € S*~2 define

k—1
v S22 Sp{ait — > aipi
i=1

then for any u € v;(S¥~2)

1 1
Ey(u) = 5/Q|vu|2 —Q/QG(U) < Sohi —C/Q|u|°‘.

On the other hand, since for 2 < a < 2%,
_a=2
l[ullg = lullz™ =",
we obtain
1 a _a—2
Ep(u) < §pAk_1 —Cp2|Q|” 7.
O

LEMMA 4.5. Assume that (G1) — (G2), then for any k > 2, there exists pp, > 0
such that for any 0 < p < pg, there is tg > pAg_1 satisfying Fgo(u) > %pAk_l for
we S, and ||Vul|3 = to.

Proof. For any ¢ € (2,2*), by the Gagliardo-Nirenberg inequality, we have

N(g=2) _ N(a=2)
[0llg < Cngll Vol = ol )

SO

a _N(a—2) NB-2) p_N(@B-2)
_ 2 _NE=2)

1 N@=2) B
Ee(U)Z§HVUII§—CCN,aIIVUI|2 oprT T —CCOng|Vull, * p?

Denote

1 N(a=2) o _N(a=2) N(-2) B_N(B-2)
q/)(t) = it — CCN’atﬁpf—f — C’CNyﬁtfpf_fv

then 9 achieves its maximum at tq where tg solves

Loy Moz et g o, NI 22) ME=o g
2 ey BT
(4.13)
and
N(a—2 o_ N(a—2) N(a=2) N(B—2
ot = (MOEE 1) coypr- gy (RE2D )

N(B—2) N(if2)

X CCN,5p§7 Tt
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By (4.13), we have

N(a—2) Ne=2 | . N- NG9 s )
max{CCN,a(Oil)tO I 1p57¥’CCN7B%tO 1 1ng}
1
>7a
— 4
Hence
4
1 N(a=2) o | N(@=2)-4
to > mi 1 Neen
0 = Imin { {CCN,QN(a _ 2>P ] ,

|

|: 1 N(B?)_B:| N(ﬁ‘fz)—zl
CONsN (B —2)" ’

therefore, we obtain

4
w(to) > min N(a — 2) ;((:472) (CCN,QP%_N(OIQ)> Hem )
4[N(a —2)]¥e-2-7

.\ (4.14)
N({B—-2)—4 8_NB-2)\ " NF-H=1
( N(B—2) (CCNﬁPQ 4 ) .
4[N —2)) 70
Finally, note that for a, 8 < 2*,
o Na-2 8 N{E-2
max{ 5 7 ' 5 1 >0
we may take p satisfying
N —2)—14 a a— _%
pAk—l < min {( (a )N(af2) > (CC’N,al)EiN(4 2)> Hemt ,
2[N(a — 2)]¥e=2—2
B (4.15)
( N(ﬂ—?)—ll ) <0N7Bp§_N(i2)>_N(ﬁ2)4}
N(B-2) 3 :
2 [N( - 2)] X057
then we can check that Ep(u) > £pAg_1 for |Vul|3 =ty and to > pAj_1. O

LEMMA 4.6. Assume that (G1) — (Gs2), then for any k > 2, tg > 0 and p > 0, there
exists v2 1 S¥72 — S, such that for any u € v2(S*¥~2), there holds

V|2 > to and Eg(u) < 0.
Proof. Since 0 € £, there exists 6 > 0 such that Bs(0) C €. Moreover,

let {z1,...,2x_1} be any sequence of points in Q satisfying Bs(x;) C Q and
Bg(l‘i) N Bg(l‘j) = @ if 4 75 j
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For any p > 0, taking p € C°(Bs(0)) with ||¢[|3 = p, then if t > 1, ¢'(z) =
% p(tx) satisfies ||@||2 = p and supp @ C Bs (0). Denote
@i = gz — x;), 1=1,...,k—1,

then 5 : S¥72 — S, can be chosen as

k—1
Y2((a,. .. ak-1)) = Z a;ipi.-
=1

Now we can calculate for any u € y5(S¥~2),

£ (Zw) D / REUED> [ e

Ba x;)

<5 > / Vel = Gl [ el o

(0)

as t — +o0.
Thus there exists Ty > 0 such that for all ¢ > Ty, we have Ep(u) < 0 if u €
72(S¥=2). As a result, for any to > 0, we can choose

T:=max<{1l,—— Ty ;,
Vel

then 7y, satisfies all the desired properties if ¢t > T O

In the following, we denote

cgr = inf max F t,x)),
Ok = Jehy [0,1)x 552 0(1(t:7))

where

Fk: = {7 S C([()? 1] X Sk_27sp) : ’Y(tv )1S odd a7(07 ) = 717’7(17 ) = ’72} (416)
and 1, 72 are defined in Lemma 4.4, 4.6 respectively.

PROPOSITION 4.7. Under the assumptions of (G1) — (G2), for any k > 2 and
0 < p < p, there exists a critical point ug ) of Eg constrained on S, at the level
co. for almost every 6 € (%, 1}. Moreover, ug 1, solves

{ —Aug p + Aouo . = 0g(ug i), inQ, (4.17)

ug,r =0, on 09,

for some Xg € R and m(ug ) < k + 1. Furthermore, Eg(ug ) — +00 as k — oo.
In particular there are infinitely many distinct values of cg .
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Proof. Setting

A(u):/Q|Vu|2and B(u)z/QG(u),

we have A(u) — 400 as |lu|| — +o00. Note that B”, whence Ej is min{ax — 2,5 —
2, 1}-Hoélder continuous on bounded sets of H} ().

By Lemma 2.8 in [5] and Remark 4.5 in [22], we can see the set defined by (4.16)
is non void. Moreover, by Lemmas 4.4-4.6, we have

inf  max Ep(y(t,xz)) > inf Ea(U)>116%3}52{159(71(56))7Ea(“rz(fﬂ))},

~€ET) [0,1] x Sk—2 T IVull3=to
1
Vo e |=,1].
>

Thus for almost every 6 € [£,1], there exists a bounded (P.S.) sequence {u,} C S,
and &, — 0 such that Mg, (u,) < k. As in the proof of Proposition 4.3, we obtain
the existence of ug  such that (4.17) holds, moreover,

1
cor = Eg(ugr) > §pA;€_1 — 400 as k — +o00.

Since Wol’Q(Q) = ugr ® Tyy, Sp, we deduce m(ugr) < mo(ugr) + 1, now it

remains to prove g (ug k) < k, the proof can be deduced as Remark 2.6 in [5], for
reader’s convenience, we include the details here.

Suppose by contradiction, there exists Wy C Ty, , S, with dim Wy = k + 1 such
that

D?E(ug x)(w,w) <0, for all w € Wy \ {0}.

Since Wy is of finite dimension, its unit sphere is compact and there exists & > 0
such that

DZEg(ugyk)(w,w) < —¢&|lwl?, for all w € Wy \ {0}.

Note that Ef is a—Holder continuous on bounded sets for some a € (0, 1], it follows
that there exists 0 > 0 such that for any v € S, satisfying ||v — ug || < J, and

D?Ey(v)(w,w) < —gHsz for all w € Wy \ {0}.

In particular, for n large enough

lun, —up k] <6 and &, < g

So the previous inequality implies
D?Ey(un)(w,w) < —&,|Jwl|?, for all w € Wy \ {0}.
A contradiction with (3) in Proposition 2.4. O

Proof of Theorem 1.6. The proof is exactly the same as Theorem 1.5, thus we omit
it here. ]
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Appendix A. Aymptotic behavior

In this section, we focus on the asymptotic behaviour of solutions for (3.4). First,
we have the following estimate on ||uy||co-

LEMMA A.l. Let (up,An) be a sequence of solution with A\, — +oo, then

: : Hun ”(éoip
hnrr_1)1£f 5o > 0

- a-
Proof. We first prove lim inf W\% > 0.
n—oo n
Denote
My = [un(@n)| = [[tn]oo
and
1 _1 1
vn(7) = ﬁun()\n Pr 4 xy), for x € Qp = A (Q —zy),
then v, satisfies |v,(0)| =1 and
Ay, + |vp|P 20, = 79(1,\:]_"1””)7 in Q,,
4 | ‘ ME=IN, (A].)
v, =0, on J€,.

E3

For M >> 1, denote ¢ = e‘ﬁ‘? taking v, as a test function in (A.1), then

VoalPo? 4+ p / V0?2V, Vo + / foalP? = /
Q

g(MnUn)Un p
ME'N,

9

n n n
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it yields from Holder’s inequality that

(a=a [ 1veres [

n n

J

we may choose M sufficiently large such that

IMnvn)vn

Unpng’e/ v, |P IV p—l—/
[on [P Qn\ PIVel =

Note that
1
O AL

n

C. _1
7 < 3, thus

1 g(iwnvn)vn
1—€ Vo, pgap+f/ vp|PP < / — L P,
( )/Q | | 2 [on Mﬁ_l)\n

n n n

- a-
Suppose on the contrary lim inf Mo "M P 0, then we deduce, up to a
n—oo n
subsequence,
M, v,)v MP=P 4 Mo—P
‘g( p"_ln) i r " 5 0,as n — 00.
My~ Ay An

By Lebesgue dominated convergence theorem, we have as n — oo
/ VoalP? + / [on[Pi? 5 0,
Qn Qp

a contradiction with |v,(0)] = 1.
Now if a < 3, the conclusion trivially holds. If a > 3, |g(u)| < Cl|u|?~!, and we
also obtain the desired result. O

LEMMA A.2. Let (un,A,) be a sequence of solution with A\, — 4oo, then

limsup Lzl <
p An - < +OO
n—oo
_B—-p
Proof. Let us set M,, = |up(zn)| = [|unlloo and vy (z) = sun(Mn 7 z + zy),
then v, satisfies
Anlvn|P~20 Myv
_Ap n+ n| n|ﬂf - - g( ;7?)7 Qn
My P My,

b’7
Suppose on the contrary that lim sup % = 400, then up to a subsequence,

n—oo
Vp — v in Cf (H)

and v satisfies
—Apv = piolo|’ v, in H,

a contradiction follows as in Lemma 3.2. O
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Following the same pattern as in [9] and [22], we are now in the position to give
the local description of the asymptotic behaviour of u,, with bounded Morse index.
Let u,, be solution sequence of (3.4) with m(u,) < +00. Defining

[tn (Pn)] = ||tin|loo and vy, (z) = A TP un(An P 4 Py,

then v,, satisfies

_B=1 _1
—Apvn + [V [P0, = A TP g(Ad T ), in Qp (A.2)
v, =0, on 09),,.

B— 1

R
where by Lemma A.2, \,, """ g(\:, " v,,) € L>(Q,,), thus as before, we have
vy — v in CL(H)

with H = RY or RY, m(v) < +o0 and by Lemma A.1, v # 0 solves

—Apv + [P 20 = pofo|f 20, in H
v =0, on OH.

For later use, we collect some properties of v as follows .

PROPOSITION A.3. Let v be a nontrivial solution to (A.3) with m(v) < +o0, then

(1) ve Wy (H) N Cl,.(H).
(2) m(v) > 1, moreover, if m(v) = 1, then H = RV,
(3) Forallp € WyP(H), ¢ >0,V = |v| satisfies

/ |VV[P2VV Ve +/ VPl < Mz/ VA1,
H H H
and there exist C' and v > 0 such that
Vi(z) < Ce =l (A.4)

Proof. The proof of (1) is the same as Lemma 3.2, thus we omit it here. In the
following, we give a brief proof of statements (2) and (3).

(2) Tt is easy to see m(v) > 1 once we show #N (v) < m(v), where M (v) denotes
the set of nodal domains of v and #N (v) its cardinality.

Step 1. Let w be a nodal domain of v, and v|,, its restriction to v, by Lemma 3.1
in [10], we see there exists a sequence {v, } C C}(w) such that

(i) v = v|, in LY(w) for p < ¢ < p* and everywhere in w.
(ii) Vv, = V|, in LP(w) and almost everywhere in w.
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Extending v, by zero outside w and taking them as test functions in (A.3), one

gets
/|Vv|p’2VvVUn+/ \v|p*2vvn:u2/ [v|*~2vu,,
w w w

let n — oo, we have
J1wer st =pa [ 1ol
w w

Step 2. Taking {v,} in the linearized functional

o(6,6) = /H VoV + (p— 2) / Vo4V, Vo) + (o — 1) / [o[P=2|g[2
_ -1 B—=2 42
j2(8 = 1) /H 0]P~2¢2,

and letting n — oo, we obtain

Loftnsva] = (p— 1) / (Vo + [of?) — 2 (8 — 1) / jo]f.

Combine this together with the results obtsined in Step 1 yield

Lo[vn, vn] — pa(p — ﬁ)/ w]? <0,

w

that is, for every nodal domain w, there is a v, such that L,[v,,v,] < 0. Thus
#N(v) < m(v).

Step 3. Now we claim that if v € W, ” (RY) is a solution to
—Apv + V[P0 = pgfv|P20in RY, (A.5)

and m(v) = 1, then v = 0.
In fact, since #N (v) < m(v), we may assume v > 0 if m(v) = 1.
On the other hand, by (1), we have the following Pohozaev identity

1 p
(1 - ) / |Onv|Pdo :/ [3NU|VU|p2VU V= IvU|Z/N} do
P) JBrrory RYNOBR p

B D
+/ <#2|U — v|) vndo,
RYNOBR B p

the right hand is bounded by a function M(R) such that M(Ry) — 0 for some
sequence R — oo, thus dyv = 0 everywhere on GR , which is a contradiction
with the Hopf’s Lemma [29].

Thus if v is a solution of (A.5) with m(v) =1, then v = 0.

(3) The proof is similar to Lemma 2.2 and Lemma 2.4 in [18]. For later use, we
briefly recall the proof of (A.4) there .

https://doi.org/10.1017/prm.2025.10098 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10098

28 F. Gao and Y. Guo

Step 1. By Moser’s iteration, it is standard to prove that
||V||Loo(Bl(I)) < CHVHLﬁ(BQ(m))»fOT all x € H,

where C is a constant independent of z, hence V(z) — 0 as |z| — .
Step 2. Choosing Ry large enough such that

1
p2 VPP (z) < 3 for || > Ry.

Then for R > Ry, we have

1
/ IVVIP2VV Ve + f/ VP~lp <0, for all p € WP (H \ Bg), ¢ > 0.
H\Br H\Bgr

2
(A.6)
For any R > 0, define ngr as nr(z) = 0 for |z| < R, n(z) =1 for || > R+ 1 and
|Vnr| <2 for z € H. Taking ¢ = n%V, we have

/ (IVVP + VP < ©
H\Bgr

/ nrVnrV|VV|P72VV
H\Br

<C (|VV P+ VP).
Hﬂ(BR+1\BR)

For Ry > 0, let R, = Ry + n. Defining a sequence
0 = / WV + V),
H\BR0+7L

then a, 11 < C(an — any1), which implies a,, < CO™ for § = £~ < 1. Hence

C+1
/ (IVVIP +VP) < CeH,
H\Bg
and
/ V8 < e R,
H\Bpg
Step 3. By Step 1 again, we obtain the decay estimate. O

As a corollary of (2), we obtain that there exists ¢,, € C1(Q) satisfying

suppd, C B _1(P,)NQ,R >0,
RA, P

n

so that for n large

D?E(uy,)(¢n, dn) < 0. (A7)
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To see this, we have by m(v) > 1 that there is p € C}(H) with suppy in Br(0)NH
and

/ Vo2Vl + (p—2) / Vol (o, Vi) + (p — 1) / P — o8 — 1)
H

x/ [v|? 2% < 0,
H

1
thus ¢, = (A (x — P,)) is what we are looking for.
Having a description of the local behaviour around a blow up sequence P,, we
are able to analyze the global behaviour of {u,} and show Proposition 3.3.

Proof of Proposition 3.3. The proof is divided into three steps.
Stepl. By the previous discussion, we obtain |u,(Py)| = ||t ||oo-
Denote P! = P, and consider the quantity

1
hi(R) :=limsup A\, °~? max  [un(z)].

. 1
nmree lz—PL|>RA, P

1 1
If Rlim hi(R) = 0, then v} (z) :== An " " up (A "2+ PL) — 0 uniformly as |z| — occ.
—r 00

Similar as in the proof of (3) in Proposition A.3 , we can prove
/ |vl (2)|? < Ce " Efor some v > 0,
QL\Br(0)

1
where QL := \; (2 — P1). As a consequence, we have

N__g
b PP /Iunlq / up|?
BR(O)ﬂﬂl

N__a
d T [ - ]
QOB _1(Ph)

Rx, P

N q

=\ °r ||

1
/{w—P}L>R/\n"}ﬂQ

:/ vl (z)]7 < Ce™ R,
2L\ Br(0)

Letting n — oo, we obtain, up to a subsequence

N__9gq N__9gq
T [l = [l =t W = [l
Q BrNH e Q Br(0)N02L

= lim
n—
< Ce R
taking R — oo, we see (3.11) holds.
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Step 2. Otherwise, if
lim hy(R) =46 >0,
R—o0
then for arbitrarily large R, up to a subsequence, we may assume there is P2 €
Q\ B _i(P}) satisfying
RA, P

n

1 __1
[un ()] and [v, (A% (P = Po))| = An 7" Jua(P7)] > 26.

P =
T
R, P

On the other hand, noticing that

vl = vin CL.(H) and |v(z)| < § for |2| > R >> 1,
1
if {\%|P! — P2|} is bounded, then up to a subsequence, there is R’ > R such that

1
APy =P} — R,

1
we obtain the existence of 2/, |2/| = R’ and |[vl(\; (P2 — PL))| — |v(2')] < 6, a
1
contradiction. Thus A\ | P! — P2| — co.
Now we claim that |u, (P?)| = max |un ()| for some R,, — +o0.
QnB - _ 1 (P?)
Rpip P

pl_p2
Py "I, then €, — 0.

To see this, let €, = |u, (P2)]~¥~P) and R? — L
Moreover, €, < (26)P"#X-1. Thus

1 1
R > 5(20)7 VAP — Pl = oo,

and Vz € B L (P?)

Rl

1 _1
o= Pal = [P} = Pal = o = P = S|Py = P > RAn 7,

that is
QNB (P cQ\B _.(PH
RA, P

R£12) 53 n

and therefore
2\
(P = max @)
Rl

Denote R,, := RPeZ \Z, then R, = AN |PL — P2| — oo and

2\
(PR = wax | fun ()]
RpAp P
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Step 3. Tterating the above steps, we obtain k local maxima P!, ..., P¥ such that
(1) holds true and

he(R) :=limsup [ A\, 77 max  |u,(z)| | satisfies Rlim hp(R) :=0, (A.8)

n— oo - — 0

where
A (x) := min {|z — Pili=1,..., k.}.
We now prove k < k. In fact, Noticing by (A.7) that for every P!, there exists
¢! satisfying

suppdl, CB  _1(P)NQ
Ridn ?

and
D?E(uy,) (¢, %) < 0, for n large,
since m(u,) < k, we obtain k < k.

1

1 1
Finally, taking U, () := A, "7 Jun (An ” )|, then

/ |VUn|p‘2VUanp+/ Uty < C/ U to 4+ UB~ Ly, for all
Qn Qn

n

0 € Wyt (), ¢ > 0,
1
where €,, := \; Q.

Moreover by (A.8), U, (z) — 0 if min{|z — A} Pi|} — oo.
Similar as in Step 1, we conclude

/ 1 Ur?, S Ce—’YRa
Q, \UBRr(AY P})

and (3.11) holds. O
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