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Abstract

In this paper we study areflected AR(1) process, i.e. a process (Z, ), obeying the recursion
Zn+1 = max{aZ, + Xn, 0}, with (X,), a sequence of independent and identically
distributed (i.i.d.) random variables. We find explicit results for the distribution of Z,, (in
terms of transforms) in case X, can be written as Y,, — B,,, with (B,,),, being a sequence
of independent random variables which are all Exp(A) distributed, and (Y;), i.i.d.; when
la] < 1 we can also perform the corresponding stationary analysis. Extensions are
possible to the case that (By), are of phase-type. Under a heavy-traffic scaling, it
is shown that the process converges to a reflected Ornstein—Uhlenbeck process; the
corresponding steady-state distribution converges to the distribution of a normal random
variable conditioned on being positive.
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1. Introduction

The analysis of stochastic recursions forms an important area of study within applied
probability. In particular, due to the fact that their underlying recursions are of an extremely
simple form, together with their wide applicability in fields such as economics, engineering,
and biology [6], [11], models of the autoregressive type have been studied extensively in the
literature, with a special focus on the simple subclass of first-order autoregressive models or,
more simply, AR(1) models. In such models, the update rule

Zl‘l+1=aZn+an n=0s19"'1

is considered, for a sequence of independent and identically distributed (i.i.d.) generally dis-
tributed random variables (X, ),—o0,1,... and a scalar a € R, with Zp = z being given.

In many practical situations, however, the quantities Z,, can attain nonnegative values only,
thus providing motivation for studying the alternative recursion

Zy+1 =max{aZ, + X,, 0}, n=0,1,.... (1.1)
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On a class of reflected AR(1) processes 819

Wereferto (1.1) as areflected AR(1) process and the main objective of this paper is to identify the
distribution of Z,, in (1.1) and (assuming |a| < 1) of its stationary counterpart Z,. To the best
of the authors’ knowledge, this paper is the first in which these quantities have been successfully
studied. We also note that the specific case of a = 1 corresponds to the well-studied sequence
of customer waiting times in a GI/G/1 queue [1], [8], while the case of a = —1 was investigated
extensively by Vlasiou [14] in the context of carousel models. For related literature on iterated
random functions, see, e.g. [5], [9], [10], and [16].

In this paper we specialize the setup above to the case in which X; may be written as
Y, — B,, with (B,,), being a sequence of independent random variables which are all Exp(})
distributed, and (Y},), i.i.d. (and, in addition, nonnegative and independent of (B,),) with
distribution function Fy (-) and Laplace—Stieltjes transform (LST) ¢y (-). Our contributions are
the following. First, in Section 2 we determine the distribution of Z, foreachn =0, 1, ... in
terms of a ‘double transform’ (corresponding to the LST of Z,, at a geometrically distributed time
epoch). Second, in Section 3.1 we show that under a particular scaling of the model parameters,
the reflected AR(1) process converges to a reflected Ornstein—Uhlenbeck process; which has
been studied in considerable detail [12], [15]. Third, in Section 3.2 we prove that under the
same scaling, Z, converges to a random variable having a truncated normal distribution (i.e. a
normal distribution conditioned on being nonnegative). This requires a separate argument from
the process level convergence as the scaling limit and the steady-state limit do not necessarily
commute. Finally, in Section 4 we complete the paper by highlighting a connection between
the distribution at each time epoch of the reflected AR(1) process (Z,,),, and the first passage
time distribution of a corresponding unreflected AR(1) process.

2. Transform of transient and stationary distribution

The main goal of this section concerns the identification of the distribution of Z, and its
stationary counterpart Z, in terms of transforms. We do this primarily relying on Wiener—
Hopf theory, providing us with a relation between the transform evaluated in s and in as, which
can then be iterated to yield an expression for the transform under consideration in terms of
infinite sums and products. Various ramifications are included as well, covering, e.g. the case
that the (B,),=0,1,... are from more general classes of distributions.

2.1. Transient distribution

The starting point of our analysis is an expression involving the transforms

o0 o0
Z(ros) =) r"Ble™ | Zo=zl,  Udlrs) =) r"Efe”meA 0 7, — 4,
n=0 n=0
Observe that, with x~ := min{0, x} and x* := max{0, x}, we have 1 +¢e* = e*' +e* , and,
hence, for n € N, with W,, := —min{aZ, + X,, 0},

e_szn+l — e_s(azn“‘xn) + 1 _ GSWn_
Taking expectations and realizing that Z, and X,, are independent leads us to
Ele™%#! | Zo =] = E[e ¥ |E[e ™" | Zg = 2]+ 1 — Ele’"" | Zp =z,

which trivially leads to the identity

Z,(r,s) — roy(s) Z.(r,as) =e "% + 1# —rU,(r, s), Res = 0. 2.1
—r

A—s
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Multiplying both sides of (2.1) by A — s, we obtain

(h = $)(Zo(r, §) — e™*%) — rAgy (s)Z.(r, as) = (h — s)<L — UG, s)), Res = 0.

1—r
2.2)
The primary objective now is to determine both Z, (r, s) and U, (r, s). We do this by formulating
and solving a Wiener-Hopf boundary value problem; see Cohen [7].
To this end we first make the following observations.

e The left-hand side of (2.2) is analytic in Re s > 0, and continuous in Re s > 0.
e The right-hand side of (2.2) is analytic in Re s < 0, and continuous in Re s < 0.

e Z,(r,s)isforRes > 0 bounded by Z?;io r" = (1 —r)~!, and, hence, the left-hand side
of (2.2) behaves at most as a linear function in s for large s, Res > 0.

e U,(r,s) is for Res < 0 bounded by > o2 r" = (1 — )71, and, hence, the right-hand
side of (2.2) behaves at most as a linear function in s for large s, Re s < 0.

Liouville’s theorem [13] now implies that both sides of (2.2), in their respective half-planes,
are equal to the same linear function in s, i.e.

(A= 3$)(Z;(r,s) —e ™) —rhpy(8)Z;(r,as) = Co  (r) + sCy (1), Res >0, (2.3)

and
(h — S)(err — UG, s)) = Co.(r) +5C1.(r),  Res <0, (2.4)

with Cp ;(r) and C; ;(r) two functions of r which still have to be determined.

Taking s = O in either (2.3) or (2.4) immediately yields that Cp ;(r) = 0. Determining
Cy ;(r) is considerably more complicated. Before we determine C| . (r), we first further explore
its relation to the distribution of the Z,. Firstly, one sees from the definition of Z,(r, s) that

o0
Z.(r.5) — e > > r"P(Z, = 0| Zo =2). 5 — 00.

n=1

Combined with (2.3), this implies that

C(r)=— Zr"IF’(Z,, =01 Zy=2). (2.5)

n=1

Secondly, one sees from the definition of U, (r, s) that

o0
U,(r,s) —> Zr"]P’(min{aZ,, 4+ X,,0} =01 Zy = 2), s — —00.
n=0

Note that P(min{aZ, + X,,,0} =0| Zy=2) =1 —-P(Z,41 = 0| Zy = z). Hence, upon
combining this with (2.4), in agreement with (2.5), we obtain

o0 o0
.
Cle) = —7——+7) "0 =P(Zy1 =0 Zo=2) ==} r"P(Zy =0 Zy =2).
n=0 n=1

(2.6)
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Finally, by substituting s = X in (2.3), we obtain
Ciz(r) =—roy(M\)Z;(r,a)). 2.7

In the sequel we use (2.7), in combination with another relation, to determine C; ;(r); at this
moment we only confirm that (2.7) is in agreement with (2.5), by showing that the coefficients
of r" in both expressions agree for each n. To do this, observe that, forn = 1,2, ...,

P(Z,=0|2o=2=P@aZ,-1+Xn-1<0]| Zo=2)
=PaZy-1+Yp—1 <By-1 | Zo=2)
= gy (E[e™ 71 | Zg = 2],
where the last equality is a consequence of the fact that B,_; is exponential and, hence,
memoryless.
Remark 2.1. By differentiating (2.3) with respect to s and subsequently taking s = 0, one

may derive yet another expression for C ;(r), i.e.

o0
Cro(r) = 1rTr()LEY ~ D+ (rra—1) Y r"ElZ, | Zo = zl.
n=0

The above indicates that knowledge of C; ;(r) immediately gives specific information about
the distribution of the Z,,. We shall next determine C; ;(r), and, hence, Z,(r, s) and U, (7, s).
To this end, we decompose (2.3) as

Z,(r,s) = K(r,s)Z,(r,as) + L,(r,s), Res > 0,

introducing the two functions

A sCy,2(r) —s
K(r,s):=r oy (s), L.(r,s) = —=——+4¢e*% (2.8)
A—s A—s
Iteration of this equation yields
Z.(r.s) = L(r, s) + K (r. )[L:(r, as) + K (r, as) Z(r, a*s)]
=L, (r,s)+ K@, s)L,(r,as) + K(r,s)K(r,as)Z,(r, a2s)
00 n—1
= Lrd"s)[[ K(r.als), 2.9)
n=0 j=0

following the convention that an empty product is defined to be 1. Note that, for fixed r with
|r| < 1, the d’ Alembert test (or ratio test) shows that the infinite series converges, as the ratio
of two successive terms tend to r.

Inserting the definitions given in (2.8), from (2.9), we thus obtain

X as Cy L (r) b .
Z,(r,s) = Z(ﬁ +e™ ¢ SZ)r” l_[ s @y (a’s). (2.10)
n=0 j=0
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Since we now focus on determining Ci ;(r), we write (2.10) as

—a*sz . .n )\‘PY(a S) as o )L(py(a S)
Z.(r,s) = Ze o 1‘!) - 1Z(r)z ]_!) . @1
]_ ]_

Substituting in s = aX leads to

e¢]

e wy(a C oy (aitin)
Zz(r,a/\):Z ¢ Aan_[ +C12()Z L H 1 —aqitl -

n=0 n=| 0

Combining this relation with (2.7) facilitates the identification of C; ;(r). Introducing

j+1)\’
gla,n): _l—[ﬁl’Y(a )

al+tl’
we find that
( )n+1 ad )H»l)L 1
G Z(r)(l +¢Y<A)Z 8@ n)) =—pr() Y e R e(a, n),
n=0
and, hence,
)n+1

—1
Ci:(r) = —w(x)Ze @zt (a, n)[ +¢y<x)2 8@ n)] .12

Substitution in (2.11) finally gives the following result.
Theorem 2.1. With Cy ;(r) given by (2.12),

00 n—1

A .
Z.(r,s) = Z(e 4 Cr) s sr") [T =5 er@s. (2.13)
j=0

n=0

Remark 2.2. In the special case a = 0, from (2.12), we obtain

Ci:(r)=—

r
oy (A).
—r
This is seen to be in agreement with (2.6) since, fora =0andn =1,2, ...,
P(Z,=0|Zy=2)=PY,—1 < By—1) =py(Q).
Remark 2.3. In the classical M/G/1 case, a = 1;i.e. (2.3) reduces to
(A — 5 — gy ()1 Z:(r, $) — O — )e ™ = sC1 L (r).

We now obtain Cy ;(r) by observing that A — s — rAgy(s) has a unique zero s = s(r) in the
right half-plane, which should also be a zero of (A — s)e™% — sCy ;(r).
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Remark 2.4. It follows from (2.11), by taking the coefficient of r”, that, forn =0, 1, ...,

Ele™*%" | Zy = z]

n—1 i n—1 m—1 i
o Aoy (als) a™s Loy (a’s)
_ .—a'lsz _ — —
—° 1_[ A—als Z]P’(Z,,_m 0120 Z))L—ams 1_[ A—als
j=0 m=0 j=0

Remark 2.5. In (2.13), it appears that Z, (r, s) has singularities in s = A/aj, j=0,1,...,but
it can be seen that these are removable singularities. Let us show this for s = A. First of all, we
had already observed in (2.3) that substitution of s = X gives (2.7), and the correctness of (2.7)
was also verified in a direct probabilistic manner. Secondly, we can write (2.10) as follows, to
isolate the singularity for s = A:

-1 .
_(sCiz(r) sz 2. [(a"sC;(r) —amsz \ n A " Apy (a’s)
Zz(r,s)_< A—s +e +Z A—as te " A—s(pY(s) l_[ r—als

n=1

n—1
(sCl :(r) + Ay (s) Z(a SC;(Z) o Vz)r” 1—[ /\<py_(ij)>

j=1

1
o5z
+ A—

) 1

e+ T [sC1 () + rApy () Z:(r, as)).

The term between square brackets in the last line indeed becomes 0 for s = X (see (2.7)),
confirming that s = A is not a pole of Z_(r, s). Hence, the same holds for the expression for
Z.(r, s) in (2.13). One may subsequently use (2.3) to show that Z_(r, s) has no singularity in
s = A/a, and, hence, also notin s = A/aZ, etc.

We now briefly consider an extension in which X, = Y, — B,, with By, By, ... still
ii.d. but not necessarily exponentially distributed; we now allow the B; to be a sum of &k
independent, exponentially distributed random variables, with rates A1, ..., A (this is the so-
called hypoexponential distribution). As is readily verified, (2.2) now changes into

k k k
[[xi—9)Z:s)—r [ [ rior () Z:(r.as) = H(Ai —s)(é —rU(r, s)), Res = 0.

i=1 i=1
Liouville’s theorem now yields (see (2.3))

k

k k
[[i —=9)Z:s) —r [ [rigr () Z:(roas) = ) s'Ci(r),  Res > 0. (2.14)

i=1

Substitution of s = 0 readily gives Co(r) = ]_[f: 1 2. Equation (2.9) still holds, but with
an obvious adaptation of the functions K (r,s) and L.(r,s) as they were defined in (2.8).
The remaining k unknown functions Ci (), . . . , Cx(r) are obtained by performing the following
three steps.

e Substitute s = aA; fori =1, ..., k into the new version of (2.9), thus linearly expressing
Z,(r,ar;) into Ci(r), ..., Cr(r)fori =1,..., k.

e Substitute s = A; fori = 1, ..., k into (2.14), thus linearly expressing Z,(r, aA;) into
Ci(r), ..., Cy(r) in another way.
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e Eliminate all Z,(r, aA;) from the former k equations using the latter k equations, and
then solve the resulting set of k linear equations in Cy(r), ..., Ci(r).

If some of the A; coincide, the usual adaptation should be made: one should also differentiate
(2.14) with respect to s and substitute s = X; (more precisely, if the multiplicity of A; is d, one
has to differentiate (2.14) d — 1 times, substitute s = A; in each of them, and solve the resulting
equations).

If the distribution of By, Ba, ... is hyperexponential (i.e. with probability p; sampled from
an exponential distribution with rate A;, where the p; sum to 1), then one can set up a procedure
very similar to the one we developed for the hypoexponential distribution.

2.2. Stationary distribution

Our next goal is to identify the Laplace transform of the steady-state counterpart Zo,. There
are at least two ways of obtaining this.

e Consider the relation Z = max{aZs + X, 0)}, leading to

E[e—SZoo] _ (py(s) ]E[e—asZoo] —-1- E[e—smin(aZoo+X,O)].

A—s

Again use Wiener—Hopf factorization and Liouville’s theorem, to arrive at an equation in
which E[e %] is expressed into E[e~%%]. As before, that equation is subsequently
solved by iteration.

e Apply Abel’s theorem to Theorem 2.1, to obtain Ele=%%~] = lim,1(1 — rZ.(r,s).
Abel’s theorem states that

o]

lim (1 — n— if 9, — .
r_>1( r)r;)gnr 8o & = 8o

The first sum in the right-hand side of (2.13) can indeed be seen as a quantity of the form
> gur™, and those g, converge to
ﬁ hpy (a’s)
1 A—als

Jj=0
The second sum in the right-hand side of (2.13) has the structure Y > (b, r" >0 (car”,
where b, — by # 0 and ¢, — 0 while Zzozocn converges. It is clear from (2.6) that
limy,—1(1 — r)Cy;(r) = —P(Z5 = 0) (which is then our b;), and, thus, the second
sum in the right-hand side of (2.13) becomes

00 m m—1 i
a™s Aoy (als)
—P(Zso =0 —
(Zoa )Zk—amsn A—als
m=0 j=
With ¢x () denoting the LSTof X =Y — B, i.e.
wx(s) == @y (s) ,
A—sS

we thus find the following result.
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Theorem 2.2. The stationary LST is given by
¢z(s) = Ee ™

Apy(als) Ly (als)
_1_[ A—als O)Z A —as H) A—als

H px(als),

_ prx( gy — ¢Y(?»)<Pz(a)») Z

<PY(G’"S)
where
oy (L) amth ; -
¢z(ar) = wa(af“m<1+ Zw(amm)l_[wx(a’““
j=0 m=0 j=0

Remark 2.6. We can extend the above analysis to the case in which successive X, still arei.i.d.,
but Y, and B, are dependent in a specific way, i.e. (¥;, B;) has a bivariate matrix-exponential
distribution, as introduced in [4]. Badila er al. [2] presented an exact analysis of the waiting
time process in an ordinary single server queue (i.e. @ = 1) in which the nth service time and
subsequent interarrival time have such a bivariate matrix-exponential distribution. One can
combine their Wiener—Hopf factorization approach with the iteration approach followed above.

3. Heavy-traffic scaling limit

In this section we impose a heavy-traffic scaling on the reflected AR(1) process and prove
that the resulting heavy-traffic approximation is a reflected Ornstein—Uhlenbeck (OU) process.
In addition, we show that the corresponding stationary distribution is truncated normal.

3.1. Transient convergence

Foreach N € {1,2,...}, let zZWN) = (z, (N)),, be a reflected AR(1) process as introduced in
Section 1. We impose a heavy -traffic scaling in which the increments (X ) 2 of ZM) are such
that y v

N N
EX,(I):W, VarX,(Z)zﬁ,
where y € Rand v > 0. We alsosetay :=1— /N fora € R.

Now let D([0, 0o0), R) denote the space of cadlag functions on [0, co) taking values in R.

For each x € D([0, 00), R) withx(0) > Oand b € R, letz € D([0, 00), R) satisfy the integral

equation
t
z(t):x(t)—b/ z(s)ds + €(¢), t >0,

0

where £ = {£(t), t > 0} € D([0, 00), R) is a nondecreasing function such that £(0) = 0 and
o
| 1m0 des) =0,
0

where 1 is the indicator function. It then follows by [12, Proposition 2] that there exists a
unique such z, denoted by ®(x) and, moreover, the map ®: D([0, co), R) — D([0, c0), R)

is Lipschitz continuous with respect to the Skorokhod J;-topology [3].
Our main result of this section is the following weak convergence.

https://doi.org/10.1017/jpr.2016.42 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2016.42

826 O. BOXMA ETAL.

Proposition 3.1. If Z(()N ) X Z(()OO) as N — 00, then

ZE%?J X @(Z(()oo) +/vB) as N — oo,

where B is a standard Brownian motion, independent of Z(()OO).

Remark 3.1. The process ¢ (Z(()oo) + 4/vB) is commonly referred to in the literature as a
reflected OU process. Characteristics of its transient and stationary distribution are well known.
In Section 3.2 below we address the issue of approximating the steady-state behavior of reflected
AR(1) processes by that of reflected OU processes.

Proof of Proposition 3.1. By (1.1), in combination with the definition W, = —min(aZ, +
Xn,0) forn =0, 1,...1in Section 2, we may write

Zpp1 =aZp+Xn+W,, n=0,1,....

As aconsequence, Z,+1 —Z, = (a—1)Z,+ X, + W, forn =0, 1, ... and so summing over
both sides of this equality, we obtain

n—1

Zy=Zo+Su-1+ @D Ze+ Lot n=0.1,...,

k=0
where S, := ) i _oXrand L, := > ;_o Wi forn =0, 1, ..., adopting the convention that an
empty sum is equal to 0 (i.e. S_1 = L_; = 0).
Now parameterizing the above by N = 1, 2, ..., and reindexing by | Nt ]|, ¢t > 0, it follows
after elementary algebra that
t
(N) (N) (N) (N) (N) (N)
Zinyy =2Zo  +Sni—1 T €N _O‘/(; Z Ny ds + L s 1=0,

where
INt|—1

! 1
N) ._ (N) (N)
€\ Nt) ._a</ ZLNSJdS_ﬁ Z Z ), t>0.
0
k=0
Now note that N
LY =L} - 1,1>0)

is nondecreasing, with LE)N) = 0. Moreover, since 1 ( 1 =0foranyn € N, it

w0
follows that

(Z,31>0)
1 dL =0.
/0 {Z{yy, =00 "7 INsI=1

Hence, since clearly Z E%i = 0 for t > 0, it follows by (1.1) and [12, Proposition 2] that we
may write

200, = 0( + (0, + o).
where the map ©: D([0, o0), R) — D([0, 00), R) is Lipschitz continuous with respect to the
Skorokhod Ji-topology. Hence, by the continuous mapping theorem [3], in order to complete
the proof it suffices to show that

28" + SN el = 28 + VB as N — oo,

where B is a standard Brownian motion, independent of Z(()OO).
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By the assumed independence of Z(()N) and the sequence {X ,(,N), n > 0}, by the functional
central limit theorem [3], it follows that

W

Z(N)—i-SE%)J (OO)—i-«/_B as N — oo.

It therefore remains to show that gt%) | 2 0as N — oco.

To this end, first note that, for r > 0,

[Nt]—1
N N N N
/OZENQ ds — Z 2" = (ot = Lt DZ), + (Int) = n0Z{N) ).

where we set Z(_AI) = 0. Thus, for fixed T > 0, we obtain

2a
N N
sup |eEN3J| < ~ sup Z( ).
0<r<T 0<k<|Nt]
However, note that, by (1.1), we have the bound
zW <anz™ + XMV, n=0,1,...,

from which we obtain

n
(N) (N) +1 (N)
Z,}h = ) anI X, Gl +ayt Zg

However, as a }VN” — e % as N — o0, it follows that, for sufficiently large N,

20 INT]

200
—  sup Z( ) < emin(y.0)T (Z IX(N)I + Z(N)) — 0 asN — oo,
0<k<|NT]

since EX\") = y /+/N. We conclude that

sup |8LNtJ| 20 asN — 00,
0<t<T

which implies that sf%) | X 0asN — oo, which completes the proof. (]

3.2. Stationary convergence

In this section we consider the steady-state workload Z, under the heavgl -traffic scaling;
to stress the dependence on N, we write Zg, M As before, the increments X,, ’ are such that
EX(N) = y/\/_for some y € R, and varX( V) =v/N > 0; here X(N) = Y(N) — B,,, with,
as before, B, being i.i.d. exponentially distributed with mean A~!. To ensure the existence of
a stationary distribution, we assume that o > 0.

The main claim of this section is the following.

Proposition 3.2. As N — oo, Zéév ) /N N converges in distribution to a normal random vari-
able with mean y /a and variance v/(2a), conditioned on being positive.
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Proof. We establish this result by considering, under the scaling introduced above, the
behavior of the Laplace transform ¢z (s/ \/N ) as N — o0, as identified in Theorem 2.2. Here,
we write ¢z (s/v/N) := Ti(s) — T1(s)T>(s), with

_ N T say
Tits) =1, () == [ [oxw | 2= )

k=0 N
To(s) = TV (s) 1= £V 2 IO,
2(s) = (s) :=&(N) < or (e () Ane(s)
where
Ane(s) ﬁ (i (5)) (5) = SN (5) = ——
§) = s)), s) 1= , s) = :
N.t ¢N (N & NN N {N oo ()

k=t+1
in addition, with ¢z (Aay) following by normalization,

oy Moz (MN)

&(N) := .

The proof of the asymptotic normality consists of three steps
Step 1. We first study the asymptotic behavior of T( )(s) i.e.

Flo (G (- 5)) - Fleen( - 3)'5)

as N grows large. To this end, we first write X V), X V) 4 v/~/N, where IEX M = =0, so
that the expression in the previous display reads

Meee(-5 (- 5) ) o2 75 (-5) )

It is immediate that

In addition,

ad Sz o 2k S3 o 3k
=Slog(1+—(1-=) v ——(1-2= ).
,;‘)g( +2N< N) ! 6Nm( N) v )

with v as defined above, and w some constant. Observe that, as N — oo,

© 2 2k 2 e 3 3k

Yo (1-2) v Y (1-2) woo
2N N 4o 6N/ N N

k=0
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We conclude that, as N — o0,

ad s ] a \¥ sy s _.r 31
Moo (G (1-5) )= oo(-2+5) =) ey

corresponding to the Laplace transform of a normal density with mean y /o and variance v/ (2).

Step 2. Our aim is to prove convergence to the Laplace transform of a normal random
variable with mean y /o and variance v/(2), conditioned on being positive. The numerator
of this expression can be written as

v(s) = A exp(—sx mexp By X,

whereas the denominator is equal to ¥ (0). It is a matter of direct computation to verify that

_ 1 (= (y —sv/2)/a)?
v = F(S)/o NI e""( o/ )dx

With self-evident notation, we can conclude that this limiting Laplace transform can be inter-

preted as
Y(s) = F(s)P(:N(—’” —sv/2 i) . 0).
o 20

In the first step, we have already establlshed that T( )(s) converges to I'(s) as N — oo.
Recalling the definitions of T( (s) and T (s) it is now directly seen that it remains to
show that

TV (s) = S(N)ZW'ZZ;(Z()S)) An.e(s)

oo ) [ 2 lso)- )] o

Step 3. We prove (3.2) by first showing that, for a function &(N), as n — oo,

E(N )—(ZJ(ZT% N,e(S)) —> fN /) (_y ;Sv>, (3.3)

with fy, »2)(+) denoting the density of a normal random variable with mean x and variance o’

To this end, we observe that

d  nwne(s)
— R A
as pr (e V()
Miv,eS) e ,
P e — n __INERRT A
oy (mn,e(s)) () 9012/(771\/,@(&))(py(nN’e(S))nN’f(s) N.e(s)
nne(s)
) R 3.4
or (e Nt (3.4)
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Let us consider the three terms in the right-hand side separately. Observe that, relying on
computations similar to the ones used when proving TI(N)(S) — I'(s),

sy o et SZU o 2+ sy S2U
AN’E(S)NCngl—N —E 1_ﬁ —)A(S):ZCXP X—E

Furthermore,
> e p41(d/ )y (ny i (5))

A =
N.e(s) ( n (v £ (5)

Based on the above, it is now readily verified that the first term in (3.4) is proportional to 1/+/N,
while the others behave like 1/N. As a consequence,

)An,l(s)-

o]

d N, (s) R o\ VN
i (X o) Z;ﬁ(l -5) 86~ 2.

= ey (N ,e(s))

Observe that we have established (3.3), as A(s) is proportional_to the desired density. Due to
Scheffé’s lemma [17], it now follows that for some function £(/N) and some constant «, as
N — oo,

(N) oy 1 v Y —sv/2 _ o m
T, (s) _E(N) <P<N(O, 2a> < 0 > K) =: B(N, s, k). (3.5

The stated result can now be derived as follows.

e First realize that »
7™ (5) — Be=s2&' VN

= 17N ). (3.6)
™) 2

Due to T’((N )(0) = 1 for all N, the left-hand side of (3.6) is equal to 0 when s = 0, and,
hence, TzN)(O) = 0. Therefore, to have TZ(N)(S)/E(N, s,k) — 1l as N — oo, which
we know from (3.5), it should necessarily hold that

- IP(N(O, 1) < —Z), (.7)
2a o

e Let us first concentrate on 5 (N) — oo. If this holds then, for all s, TZ(N)(s) — 0 as
N — oo. Equivalently, it would require that

or £(N) — oo (or both).

Ee_sz(ogl>/\/ﬁ

lim ———— = 1. (3.8)
N—o00 TI(N)(S)

Since, according to (3.1), TI(N)(S) — I'(s) as N — oo, then (3.8) would imply that
Eef‘yzéolw/\/ﬁ
lim ——— =1. 3.9
N—o0 '(s)

Now fix an M > 1, and s such that I'(s) > M (recall that ['(s) — o0 as s — 00).
This means that the right-hand side of (3.9) is bounded above by 1/M, yielding a
contradiction.
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(iii)) We conclude that (3.7) holds. Again using TI(N ) (s) > I'(s) as N — oo, we thus find

| W=y '(zv)r(s)_Ee_SZég)/ﬁ
imsupE(N) — o= = Jim ¢ )

—r(w(o.2) <[22

< liminf E(N).
N—o00

Picking s = sy again such that I'(s) > M, we find that

(1 — %) 1211;;10;)5(1\/) < IP’(JV(O, %) c [—g —%MU/ZD < lim inf £(V).

As M can be chosen arbitrarily large, and noting that s, increases to oo as M — 00,

this implies that
lim E(N) = IP’(N(O, 1) > —Z>.
N—o0 200 o
Conclude that (3.2) follows. O

4. Connection with first passage times of AR(1) processes

In this section we show that the transient distribution of the reflected AR(1) process can be
translated into distributional properties of first passage times across a geometric barrier of an
associated nonreflected AR(1) process. More precisely, we show that the probability that Z,,
exceeds some constant (given that Zy = 0) coincides with the probability that an associated
nonreflected AR(1) process exceeds a geometric barrier.

The stated connection may be obtained as follows. First note that recursively applying (1.1),
we arrive at (an empty sum being 0)

n n
Z,11 = max a”HZo—I—Za”*ij, max Za”inj , n=0,1,...
— I1<k<n+1 4 %
j= j=

However, observe that the above implies the equality in distribution

—1<k<n—-1

n k
Z,,Hgmax{a"HZo—i—Zanj, max Zanj}, n=0,1,...
Jj=0 - Jj=0

Now reindexing time, the above also yields
n k
D ~1 j —1 '
Z, =maxia"Zo+a a’X;, max a a’Xit, n=1,2,...
" { 0 Zl / O0<k<n—1 Z !
Jj= Jj=

From now on suppose that Zy = 0, in which case the above reduces to, forn = 1,2, ...,

k 1 k—j
Z, = max a_ Za’X max a* IZ - X;.
0<k<n 0<k<n a
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However, for any v > 0, we clearly know that the following two events are equivalent:

st () o] = forfes e () (3) o <o)

max a

and as a consequence

[~
N
Q| =
N———"
=~
d
>
.
[\
TN
Q| =
N——
o~
L
<
[
IA

P(Z, > v | Zo=0) = P(inf{k > 1: n)

j=1

Note that the process

£

j=1

corresponds to the unreflected AR(1) process V,,+1 = (1/a)V,, + X,, with Vy = 0. We have
thus found an interpretation of the distribution of Z,, in terms of the first passage time of an
unreflected AR(1) process across a geometric barrier. For a = 1 we recover a well-known
distributional identity: the waiting time of the nth customer in a GI/G/1 queue (given it starts
empty at time 0) has the same law as the running maximum (after n increments) of the unreflected
process.
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