Appendix A: Mathematical Tools

A.1 Solving Second-Order Linear Homogeneous Differential

Equations: Special Functions
 —————————

The differential equations that generate the special functions of physics are of the
general form
d?y dy
— - =0. A.l
To2 TPy (A1)

If y; and y; are two independent solutions of (A.1), then any other solution can be
written in the form

y3 =ayi + by, (A.2)

where a, b are arbitrary constant coefficients, which are chosen so that ys satisfies the
required boundary conditions; ys is called the general solution of Eq. (A.1) (it contains
already two constants of integration).

Among the most important orthogonal polynomials for this course are the Hermite
polynomials, the Legendre and associated Legendre polynomials, the Laguerre and
associated Laguerre polynomials, and the cylindrical and spherical Bessel functions,
which we will briefly review in what follows.

A.1.1 Hermite polynomials

The Hermite! equation is
H, —2xH, +2nH, = 0. (A.3)

The normalization is chosen so that the coefficient of x” in H,, is 2"; it follows that

(n—1Dn —2)n— 3)(2x)"_4 n

n—2 n .
(2x) + 2! LIS

, nn—1)
Hy(x) = 2x)" — T

(A.4)

the last term is proportional to x or is a constant; H,, is even or odd if  is even or odd,
respectively. Hermite polynomials have the following generating function,

oo
H,
Flx, 1) = 11 = Z %z". (A.5)
n=0 :

1" Charles Hermite (1822-1901) was a famous French mathematician; the term Hermitian applies to

properties of several mathematical entities.
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589 A1 Solving Second-Order Linear Homogeneous Differential Equations: Special Functions

and the Rodrigues formula,

> d" —x2

Hy(x) = (=1)"e* T (A.6)

By deriving the generating function it is easy to show that
H,(x) =2nH,_1(x). (A.7)
From this expression and the differential Hermite equation follows the recurrence

relation
Hy11(x) = 2xHy(x) — 2nHy,—1(x). (A.8)
Using the generating function, it is possible to check that the orthogonality relation is
/ - ¢ Hy(x)Hp(x)dx =0 (n % m), (A.9)
—00

which shows that w = e~*" is the weight function; for this reason the Hermite func-
. 2 . . . . .

tions e ¥ /2 H,(x) are sometimes introduced which are orthonormal with weight 1; the

normalization factor is

o0
/ e HX(x)dx = 2"nl/. (A.10)
—0o0
The first Hermite polynomials are
Hy=1 Hy =2x
Hy =4x> -2 H; = 8x3 — 12x (A.11)

Hy = 16x* —48x2 + 12 Hs = 32x> — 160x3 + 120x.

A.1.2 Legendre polynomials and spherical harmonics

We turn to the solutions of Eq. (11.47), obtained for the angular part of the Schrodinger
equation of a central problem,

1 d de m?
—— — [ sinf A— 0 =0. A.12
sin6 do (Sm o ) + < sin2 e) (A12)
With the change of variable x = cos 8, this equation transforms into
d*e d®e m?
1 —x%)— —2x— + % — 0 =0. A.13
( x)dxz xdx+< l—xz) (A.13)
A particular case is the Legendre? equation, when m = 0,
d*e de
1 —x)=— —2x— + 10 =0. A.14
A—xf)—7 -2+ (A.14)

The regular solutions in the interval (—1, +1) are obtained by a Taylor series expansion
around x =0, ® = Z/fio agx*, which leads to the recurrence relation
k(k+1)— A

Tkt Dk +2 " (A1)

akg+2

2 Adrien-Marie Legendre (1752-1833) was an outstanding French mathematician.
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Fora; =0, ag # 0, the solution is even and for ag = 0, a; # 0, it is odd; in both cases
(ar4+2/ar) — 1 when k — oo, so that both diverge for x = £1 (6 = 0 or 7). The only
way to obtain regular solutions is by choosing A such that one of the series becomes
a polynomial. From the recurrence relation it follows that a regular solution exists if
and only if

A=Il0+1), 1=012,... (A.16)

The first Legendre polynomials, obtained directly from the preceding results, are the
following,

Py=1 Py =x
P =13x2-1) Py = 1(5x = 3x) (A.17)
Py = §(35x* —30x2 +3) Ps = §(63x> — 70x3 + 15x).

The normalization has been chosen such that

P(£1) = (1) (A.18)
Using the Rodrigues formula
!
_ a2
P]()C)— le'dxl(x 1), (A19)
we obtain after integrating by parts,
! 2
Pi(x)Py(x)dx = ——8p A.20
/_] 1(x) Py (x)dx TR (A.20)

as well as the recurrence relation
n+ DPyp1(x) =2n+ DHxPy(x) — nPy_1(x). (A.21)

The generating function leads to a formula of great practical value, namely

F(x,t) = P, A.22
0= Z o (A2

The regular solutions of Eq. (A.13) with m # 0 are the associated Legendre polyno-
mials. Since the equation depends on m?, changing the sign of m should not affect the
solution; therefore if ®}" is the solution for m > 0, the solution for m < 0 is taken as

0, ") = (=1y"C1, 0" (x), (A.23)
where Cy,, is an arbitrarily chosen constant.

For m > 0 the associated Legendre polynomial ® = P/" is given by

,d" P

P (x) = (1 — x>y , A24
M (x) = (1 —x9) T (A.24)
or alternatively,
x2ym/2 d'+m 2 /
m m
P"(x) = 2,l,<1 @ =)
(=)™ +m)! remp dT
= gy T g Y (A2
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It is clear that only for m < [ are the solutions regular and physically acceptable. The
first associated Legendre polynomials are the following,

Plx)=v1—-x2 Plx)=3xv/1—x2 PXx)=3(1—x% (A.26)
or in terms of the angle 6, with x = cos 0,
Pl =sing, P} =3sinfcosl, P;=3sin’6. (A.27)
Note that the polynomials are orthogonal with respect to /, but not to m,

! 2 !
/ PP PP (dx = —— LE™
_1 2+ 1(1—m)!

Sur. (A.28)

Equation (11.45) defines the spherical harmonics as the functions normalized to
unity obtained by multiplying an associated Legendre function and the function /"% .
Taking into account the normalization of P/”, Eq. (A.28), we obtain the spherical har-
monics as the following functions, for [ a positive integer and m a positive or negative
integer, |m| < 1,3

2A+1(—m)!
47 (I +m)!

Y0, ¢) = (—1)" P"(cos §)e™?. (A.29)

The first spherical harmonics are

Yy = YY) = /2 coso Y = /& sinfeti¢

Y) = 1/%(3 cos>6 — 1) Y2jEl =F 5 sin 6 cos fe*i® (A.30)

+2 [ 15 24, 42ig
Y7 = 35 Sin Oe .

A.1.3 Laguerre polynomials

The associated Laguerre* polynomials are the regular solutions of the differential
equation

pu" +120+ 1) —plu' +(B—1—Du =0, (A.31)

which is obtained for the radial part of the hydrogen-like wave function once the
asymptotic solutions at the origin and infinity have been extracted. With the change of
variable p = 2x this equation transforms into

xu" +2(0+1—x)u' +2(B—1—Du=0. (A.32)

According to the results given in the introduction, the point x = 0 is singular, so
the general solution of (A.31) is singular at the origin, but there is a particular regular

3 Form < 0 we use (A.23) with Cy,, = 1.
4 Edmond Nicolas Laguerre (1834-1886) was a noted French mathematician.
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solution, which is constructed from a Taylor series of the form u = Y 72 axx¥. This
gives the recurrence relation

k+l+1-8
Ak,
U+ Dk +20+2)%
from which ay41/ar — 2/k when k — oo. This is precisely the behavior of the coef-

ficients of the power series of ¢*; therefore, the series diverges exponentially, unless it
is cut off by reducing 8 to a positive integer,

(A.33)

k41 =

B=n=k+I1+1, (A.34)

so that a,,—_; and hence all g, for k > n — [ are zero. The method gives us the associ-
ated Laguerre polynomials and the preceding relation is the most important result in
connection with these polynomials.

In order to generalize a little, we write (A.31) in the form

xu"+(p+1—xu'+(q—pu=0, (A.35)

which reduces to (A.31) with the identificationx = p, p =2l + 1,9 =n+1, B = n.
With p = 0 we get the Laguerre equation,

xu” 4+ = x)u' +qu=0. (A.36)

By deriving it p times we obtain (A.35), therefore if Lg _ p(x) are the solutions of (A.35)
and L, (x) those of (A.36), we have

dr
Lg—p() = (=D ==Ly (x); (A.37)

in particular, L2 = L, (the sign (—1)” is conventional and has been chosen so that the
coefficient of x” is (—1)"). From (A.37) we get the Rodrigues formula

d}’l

1 _
xPLy(x) = e (e7*x"tP), (A.38)
where L (x) is a polynomial only if p = 0, 1,2, .. .. Expanding in series we get
LI = Z( D (A39)
" s ’

where ( " > = m is a binomial coefficient. The Rodrigues formula leads also to
r
the orthogonality relation,

Tn+p+1)

- Snm (A.40)

o0
/ e *xPLP(x)LE (x)dx =
0

(Re p > 0). The most common recurrence relations are

LT =k p+ DLY = DL, = (4 pLY_ = (i =0LE,  (AdD)
d p p+1
—Li) = ~LI" (o). (A.42)

The generating function is
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o

T = (1= Y LE o, (A.43)
n=0

which shows that the exponential on the left can be expanded in terms of associated

Laguerre polynomials of arbitrary index p, including p = 0. The simplest Laguerre

polynomials are

Ly =1 Li=1—x Ly=1-2x+ x% (A.44)

A.1.4 Cylindrical Bessel functions

The (cylindrical) Bessel® functions are the solutions of the differential Bessel equation,
1 2
Y+ )—Cy/ + (1 + )y =0 (A.45)

where v is an arbitrary (real or complex) parameter. One of the solutions of this equa-
tion is called a Bessel function of the first kind and is conventionally denoted as J,, (x); if
v is not an integer, a second independent solution is J_,(x). In this case it is customary
to introduce the Bessel function of the second kind or Neumann® function (also called
Weber function), which is usually denoted in physics by N, (x) (and in mathematics by
Y,(x)) and defined as

Ny(x) = — ! (cosmvdy(x) — J_y(x)), |argx| < . (A.46)
sinmv

In terms of these functions, the Hankel functions or Bessel functions of the third kind
are defined as
HID(x) = J,(x) £ i Ny (x), (A.47)

where the index 1(2) corresponds to the sign +(—). When v = n is an integer, J, and
J_, cease to be independent,

J_,(x)=(=D"J,(x), n integer. (A.48)
Applying the methods discussed in the introduction, it is possible to show that
2k
J, = _ . A.49
v(x) ( ) Z( k!F(u~|—k+1)( ) (A.49)
The generating function of J,(x) for integer n is
[e¢)
2D = 3 Lo, (A.50)
n=—o00
and the most common recurrence relations are (Z, = Z,(x) stands for any Bessel
function)
x(Zy-1+Zys1) =2v2Z,, (A.51)
xZ, =xZy_1 —vZy =vZy —xZyy1. (A.52)

The half-indexed Bessel functions reduce to a finite sum of circular functions,
5 Friedrich Wilhelm Bessel (1784-1846) was German astronomer, mathematician, and physicist.

6 Carl Neumann (1832-1925) was a German mathematician and theoretical physicist; he is one of the
initiators of the theory of integral equations.
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2x d \" sinx
Jnt12(x) = =) —x" (—) , (A.53)
T xdx X
[2x d \" cosx
J no1pp(x) = —x" <—> . (A.54)
T xdx X

For |x| > |v| the asymptotic behavior is given by

Jiu(x)z,/£00s<x¢%v—%)|:1+(’)<)%)]
[2 7 ay[Tw+3/2) 1 1
- ESIn<x¢EU_Z)[F(v—1/z)'Z*'O(;)]- (A.55)

When the variable x is imaginary, it is often convenient to introduce the Bessel
functions with imaginary argument /, and K,, according to the formulas

I,(x) = e~ 2V J,(ix), (A.56)

K,(x)= %nie%"iHlfl)(ix). (A.57)

For large values of x, I diverges exponentially, whereas K tends to zero,

X

I(x) —> ——, (A.58)
xX—>00 an
Ko(x) — | e (A.59)

x—oo \ 2x

I, and K, are called modified Bessel functions.

A.1.5 Spherical Bessel functions

In Section 12.1 we obtained the following differential equation for the radial wave
function of a free particle in a central potential,

2 (0 +1
y”+;y/+(1— s )>y=0- (A.60)

x2

By making the change of variable y = Z/,/x, the resulting equation for the new
function Z(x) is

I+ 37
- 2

1
7'+ -7 + (1
X X

) Z=0. (A.61)

Comparing with (A.45), we see that Z is a cylindrical Bessel function with half-integer
index v = [ + 1/2; for this reason, the solutions of (A.60), which can be written in the

conventional form
T
Jix) =/ 2—Jz+1/2(X) (A.62)
X
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(and analogous expressions for the other cylindrical Bessel functions), are called
spherical Bessel functions.”

Spherical Bessel functions include those specifically called spherical Bessel functions
of the first kind j;(x), of the second kind or Neumann functions n;(x), and of the third
kind or Hankel functions h;l)(x), h;z)(x). They are related by

R0 = i) £ img(x); (A.63)

the pairs (j,,n,) 0 (h,(cl), h,(f)) are linearly independent solutions of (A.60) for any [ =

n =0,1,2,.... Being proportional to the half-indexed Bessel functions, the spherical
Bessel functions can be expressed as the sum of a finite number of terms, each of which
contains a circular function. The first spherical Bessel functions are

1 1

Jo = ysinx ny = —y Cosx

i = % sinx — L cosx ny = —-Lcosx — Lsinx

JI= 2 x 1=73 X (A.64)
- _ (3 1Y) o 3 _ 3 1 3 o

2 = (F—;)SIHX—FCOSX nz——(F—)—c)cosx—x—zsmx,

which shows that j, are the regular solutions of (A.60), while n,, are singular at the
origin. Their asymptotic behavior at the origin is

, Q21 — D

, n(x) = — s (x <D, (A.65)

, 1
I = G

and at x — o0,
1 T 1
16 =~ = cos [x “Ta+ 1)], ni(x) ~ — sin [x “Ta+ 1)] > ). (A66)
X 2 X 2
In closed form, we have

o lldlsinx _ lldlcosx
Ji(x) = (—x) (;E> (T)’ nj(x) = —(—x) <;E> ( E ) (A.67)

The generating function for the Bessel functions is

1 21
ZcosVa? —2xr = 3 i), (A.68)
X P I!

and for the Neumann functions it is

1 Eay G
—sin\/x2+2xt=2( )
* =0 !

7 nj—1(x). (A.69)

The following recurrence relations hold for any of the functions j;(x), n;(x), hfl’z)(x),

QL+ 1D fi = x(fi-1 + fi+1)s (A.70)
QU+ Dff =1fi-1 =+ D figr. (A.71)

7 The term “Bessel function” is used here to refer generically to any of the solutions of the corresponding
differential equations.
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A.2 Mathematical Identities
|

Ax(BxC)=A-C)B-(A-B)C
(AxB)yxC=(A-C)B-(B-C)A

A- BxC)=(AxB)-C=(CxA)-B
(AxB)-(CxD)y=(A-C)(B-D)—(A-D)(B-D)
(AxB)x(CxD)y=[A-(BxD)]C—-[A-(BxC)]D
=[A-(CxD)]B—-[B-(CxD)]A

Vx((Vu)=0, V-(Vu)=Vu

V- (VxA) =0, Vx(VxA)=V(V-A)—-V?A

V (uv) = uVv +vVu

V.-uA)=NVu)-A+uV-A

V x (uA)=Vu) x A+uV x A

V.- (AxB)=B-(VxA)—A-(VxB)
V(A-B)=(A-V)B4+(B-V)A+A X (VxB)+ B x(VxA)
VXx(AxB)y=(B-VVA—(A-VYB+A(-B)—B(V-A)

F=14(F-f)+nx (Fxf)=F +F,

Jy (V- F) dv= ¢ F-da (Gaussdivergence theorem)

Jy (Vx F) dv=—¢¢ F x da (avariant of Gauss theorem)

Jy (Vu) dv = feuda (a variant of Gauss theorem)

Js(Vx F).-da = ¢, F-dr (Stokestheorem)

Jsda x Vi = . ¥dr (a variant of Stokes theorem)

Jv 6V — ¥ V2¢) dv = § (VY — V@) -da  (Green theorem)
Jv (6V*¥ + Vo - Vi) dv = ¢da - Vi (first Green identity)

Noncommuting operators

Consider two noncommuting operators P, Q that belong to a Hilbert space of linear
vector operators. To third order in their commutators, a Taylor expansion gives

Ine" ) = (P + Q) + (P, Q1+ (P, [P, Q1 +1Q. [0, PIl) ~ 210,17, [P, QI

(A.72)
This is the (logarithm of the) Baker—Campbell-Hausdorff formula, including up to
third-order commutators.

A.3 Curvilinear Coordinates
|

A.3.1 Spherical coordinates

x =rsinfcosp, y=rsinfsin¢, z=rcosb,

0<r<oo, 0<6<m, 0<g¢<2m.
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ar X 0x; X
ax;  r ar  r’
20 1 00 1 00 1
— = —cosfcosp, — = —cosfsing, — = ——sinb.
aix r dy r 9z r
17 1 . k1) 1 @
—_— = —— sme, — = ; cosp, — =0
ax rsin6 dy  rsin# 0z

a, —1sin6 cos [0 —i—j]'\sinG sing + kcos6,
ag =1cosf cos 0 +j]'\cos 0 sing — ksin6,
a, = —/i\singo +f]'\cos Q.
i= a, sinf cos ¢ + ag cos 6 cos ¢ — a, sin g,
5 =4, sin0 sing + ag cos 0 sin ¢ + a, cos ¢,
k= a, cosf — ag sinf.

8 xdg =4, & xA,=—8 A& x4, =4,

0a, . dag R da, _

=ag, — =-—a, — =0,
0 0 T T T

04, . a . 0a
—r=a¢sin9, —ezawcose, Y =
dg dg

—~ = —a,sinf — ag cos b
dr = a,dr + agrdf + a,rsinf dy
da = r’sin 6 d6 do
dv=r’sin 0drdbde.

ad v . 8u+A 18u+A 1 OJu
radu =Vu=a, — +ag—-— +a,————,
g ar Y 90 Yrsing ap

19 1 0 1 0A
divA=V.-A= 24 [

— — — sinf A
r2 Brr " rsin® 90 o+

rsinf d¢
1 a A
TotA =V x A =4, ——— | —=sinfA, — o +
rsin@ \ 00 ap
ag 1 0A, d a, (0 A,
—(— — —rA — | —rAy — ,
+r (sin9 agp 8rr ‘p>+ r arr o a0
, 132 18 . ou 1 3%
Vou = —

- _ 0— 4+ ———

rarr "t Zain0 00 " 90 T et o 02

) 2 29 9% cos® 9 1 32 1 92

ViAl=|-mt-ct st st 5ot 5575
r ror or r2sinf 00  r% 96 r2sin® 6 0

n 2 0 2cos b A+ 2 0 A =
7230 rZsing) r2sindap) ¢

_v24 2 A 2 0Ap  2cosf 2 04,
TR T 20 T 2sing ! T 7 Zsing og
1 2 0A 2cosf 0A
V2A g= ViAg — —— Ag+ =0 S22 7 B0
o ? r2sin26 O 0 r2sin?0 ¢
1 2  0A 2 6 0A
V2A |,= V2A, A r 258 L0

— et —
r2sin20  * ' r2sinf 3¢ r2sin?6 ¢
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.0 i o

V_ara—mrxL
2 2

213 L

A.3.2 Cylindrical coordinates

X = pcosg,

y=psing, z=z,
0<p<oo, 0<¢<2m, —00<z<O0.
a, =/i\cosgo+fj\sin(p, é(p:—’i\sin(p—i—fj\cosw, k=k,

i=a,cos0 —a,sing, j=a,sing+a,cosge.

a, xay, =k, a,xk=a, kxa,=a,

0a 0a, .
_’0 — aw’ _(p — ap.
% dp

dr = 4, dp + 4, pde + Xk dz.
dv=pdpdpdz.

p g 0z’
B 10F, oF
F=12(pr)+ 200 O
a0 o 9 0z

1 9 a9
VXF:; % 30 3z 5

F, pF, F,
v2, — L2 ( du +182u+82u
Uu=—-— - —_— 4+ —,
X '08,0 p2 g2 972
1 2 dF,
V2F|,=V?F, — —F, - —5—2,
P p- dp
1 2 9F,
V2F|¢=V2F¢__2Fw 2 -
p= ¢

A.3.3 Parabolic coordinates

x=£&ncosg, y=E&nsing, z=%(52—n2>,

0<é<oo, 0=<n<o0,

0<¢<2m.
9§  ncosg 9§ nsing & &
ax  E24n? Ay  E24n? 0z E24p*

ag =1ncos ¢ +jn sing + k&,
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a, :TE cos +3§ sing — lA{n,
a, = —’i\én sen ¢ +fi\$n cos .
dv =& (52 + n2) dg dnde.

1 (13 du 19 8u) 1 8%u

Vi o—— (-t t——n— |+ 55 —-
Tz \Eoe ag  qonan) T e ag2

A.4 Dirac’s Delta

§(x)=0, x #0, /OO S (x)é(x)dx = f(0),
(=)
S(ax —b)y=—56\x——),
la| a
F)E(x) = f(0) (x), x8(x)=0,
f)8 (x) = f(0)8 (x) — f'(0)8 (x),
x8" (x) = —ms™ D (x),
8M(x)=0 n>m+1,

d .. .
S (x)= d_H (x), H (x) the Heaviside function
X

1
slr@]=>" TPl fw) =0, fGa) #0,

n

8<x2—a2) =ﬁ[8(x—a)+8(x+a)],

§((x —a)(x — b)) =

[6(x —a)+ 8(x — b)]

la — bl
N Sy . n
— /n" — _
nl_1)r{)1+ e = J78(x), n1_1)n01+ e 78(x),
1 +oo
S(w) = 2—/ e'ldt,
T J-c0
1 © i 1 i 1 1
s = — Wt = — lim = —P— + -§(w),
+(@) Zn/o ¢ 2w e—1>0+ w+ie 21 o 2 (@)
1 © . ] 1 i1 1
5 (w) = —/ et = — . 1im =Pl s,
27 Jo 27 e—0t @ — i€ 27 w2

where the operator P represents the principal value.

V2 x| =28 (x), V? — A4S (r—rg).
|r —rol
§(r—rg) = 7 S(r—rp)6 (@ —060)8 (e —wo), x0,Y0,20 7 O0;
r*sinf
= 85 —r)80), x0.50=0, 20 #0;
27r2siné (r=r0)8(9).  xo.y0 20 #
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1
= 47[,.25 (r) ,  X0,Y0,20 = 0,

5 —r0) = St (8- ) 5 (- 88) 8 (- ).

Transverse delta function:

1 _ 3 1 ik-(r—rg)
Sij(r —ro) = (27[)3 /d kéije 5

kik;
5 = <5,~,- - %) :

A.5 The Gamma Function
|

1.2.3...
I'(z) = lim . & 740,-1-2,...,Rez>0 (Euler),

ooz + )@ +2) - tn)
o0

F(Z)E/ e 't*"ldt, Rez>0 (Euler),
0

s

1 i :
— =gze¥* 1_[ (1 + E) e~H"  (Weierstrass);
n=1 n

y is the Euler—Mascheroni constant y = 0.577216...
For —(n+1) <Re(z) < —n,z # 0,—1,-2,..., the I" function is defined by the

recurrence relation

Fi+1) Fz+n+1)
z z(z+1)---(z+n)
The pointsz = 0, —1,—2,. .. are simple poles of I" (7).
F@rd—-z= ,
senmz
B
r(1+ip))? = 1.
T (1+iB)l senhf’ B rea

FC(x + 1) =xI(x).
C(n)=@xn-1), F(n+%) :%ﬁ r(%) = J7,
where
(2n+1)!
21p!

b}

Cn+ DN =1-3-5--Qu+1)=
QN =2-4.6---2n = 2"n!.

For |z] — oo,

1 1
[ () ~ V217522 (1 +—+

122 288z2_"'>’ ezl =m =0, O=o<l

For x real, x — oo,

T (x) ~ 27x* 127>,
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A.6 Solving Eigenvalue Problems by Means of Algebraic

Consistency Conditions
|

Throughout the book we have encountered situations where the conditions imposed
on the function to be a physical solution of Schrodinger’s equation lead to quantiza-
tion. The conditions usually arise from the requirement that the wave function has the
correct properties to correspond to a statistical amplitude of probability, and from the
boundary conditions appropriate to the problem. In the case of bound systems, this
procedure usually leads to quantization. Here we explore an alternative possibility that
does not require knowing the solution of the Schrédinger equation for the problem,
but instead requires considering certain algebraic relations between elements of two
of the most important dynamical variables (operators) that should hold in any quan-
tum mechanical system. More specifically, given the two reference variables, certain
matrix elements of them are considered, which should be related by a set of specific
(and simple) relations.

The operators are usually either bilinear forms of appropriate raising and lowering
operators, or else auxiliary operators constructed by resorting to the factorization of
the Hamiltonian. The quantization rules follow from the solution of the (generally
elementary) condition obtained. A couple of examples will illustrate the clarity and
simplicity of the procedure.

A.6.1 State-dependent and state-independent ladder operators

We consider the eigenvector basis {|k)} of a certain Hermitian operator P of inter-
est with discrete spectrum and use this basis to construct a pair of operators n', 7 as
follows,

nt =Y cili + 1)l = Cinl, (A.73)
n=>Y_Cliyi+1=Y Cin. (A.74)
i i

where the constants C; are to be determined, and
77,T=|i+1)(i|, ni =) +11. (A.75)
From this equation we note that
ni1n) = I+ 18in, miln) = In = 181, (A.76)

The raising and lowering operators nf n; may depend explicitly or not on the state i
on which they operate. We see that the basis {|k)} corresponds to the eigenvectors of
the operators nn' and 577, and of the linear combinations of these operators,

S=m' +n'n=m0", A=m'—nTn =m0, (A.77)

which are respectively the anticommutator and the commutator of n and n'. Therefore,
S and A satisfy the eigenvalue equations
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Slk) = s k), Alk) = ay k), (A.78)
whence
Sk + ax = Syl — Qg (A.79)
and
Sk41 — Sk = k41 + ak. (A.80)

These basic consistency conditions between the eigenvalues of S and A corresponding
to adjacent states will play an important role in what follows. In particular, it is clear
from Egs. (A.78) that

Sk > la]. (A.81)

From Egs. (A.73), (A.74), (A.77), and (A.78) we get
sk = |Crl” + |Cr—1 |, (A.82)
ar = |Cel* = |Cro1]? (A.83)

We will consider that the spectrum of interest is bounded from below. As is custom-
ary, we denote the ground state with |kyin) = |0) unless otherwise specified, so that

C_1 = 0and 59 = ag. Successive application of Eq. (A.80) leads then to the recurrence
relation
k—1 _
sk =ar+2) (=1~ Vg, (A.84)
i=0

establishing the relationship between the eigenvalues of A and those of S.
For some applications it is convenient to introduce a couple of auxiliary operators
«a, B, indirectly defined through the relations

nt = \%(a —iB), and (A.85)
n=J5@+ip). (A.86)
From Eqgs. (A.77) it follows that
A =i[B,al, (A.87)
S =a’+ B2 (A.88)

In this form, when the ladder operators are known, the consistency conditions allow
us to determine the spectrum of A in terms of the spectrum of S or vice versa. This
is particularly useful when either one of these operators is identified with a dynamical
variable of interest, as is the case in the following example.

A.6.1.1 The radial problem

There is a family of problems for which a factorization method allows one to cons-
truct appropriate state-independent operators A and S, which can be used to
solve the eigenvalue problem with the help of the consistency relations. These are

https://doi.org/10.1017/9781009679633.021 Published online by Cambridge University Press


https://doi.org/10.1017/9781009679633.021

603 A.6 Solving Eigenvalue Problems by Means of Algebraic Consistency Conditions

N-dimensional radial problems, that is, central-force problems in N dimensions
(N =1,2,3) reduced to the radial variable only. The procedure is briefly presented for
the 3D case (N = 3).

To study the spectrum associated with the radial factor, we introduce two operators
that depend on a continuous dimensionless variable ¢ as follows (where A is a real

parameter)
—A 1 a
Byt = qn + ( q" + qn—2 d_‘]2> ’ (A-89)
with the properties
d B B (A.90)
-, =n 5 .
qdq nt nF¥
B,y =2¢" — B, _. (A91)

This procedure is justified by the fact that for certain values of the exponent n, B,_
happens to take the form of an important quantum-mechanical radial Hamiltonian,
as will be seen below. A careful examination of the above equations suggests the

choice of
a = By, (A.92)
iB = d d T—2 d+( DI (A.93)
Ip = qdq qdq = qdq n s .

so that, after some simple transformations, one gets

S=a?+p*=B2_ +n*—1-4A), (A.94)

A=i[B,a] =2nB,_. (A.95)

These equations show that the eigenvalues of the operators A and S are related by
the eigenvalues of the operator B,_, which are the ones of interest. Denoting these
eigenvalues by by, we obtain, from the consistency condition (A.80),

b}, i — bt = 2n(bgr + by). (A.96)

Upon elimination of the common factor by + by (assuming it is different from zero,
which is true in the cases of interest), this equation simplifies into bg4| — by = 2n, with
solution

by = bo + 2nk. (A.97)

For n > 0, which is the only case we shall study here, there is no upper bound.
Equation (A.84) gives 2nby = bg +n% — 1 —4A, whence

bo=n+1+4A > 0. (A.98)
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We see that the proposed choice of the operators «, 8 has led to the general solution
expressed in Eq. (A.97). The essence of the method was to obtain a nonlinear relation-
ship between s; and ay, with a; o< by, and to use the consistency condition to determine
bi. In the following we apply the procedure to Schrodinger’s hydrogen-like atom, and
in exercise E19.3 to Dirac’s hydrogen-like atom.

The hydrogen-like atom

The radial Schrodinger equation for the hydrogen-like atom is

2mdr: ' 2mr? r u=Eu, (A-99)

[ rr d* RAA+1) Ze2i|
where u = rR, R(r) being the radial part of the wave function. Multiplying by r, in
terms of the variable ¢ = Bgr with Bg = /2m |E|/h, the radial Hamiltonian reduces,

after some simple rearrangements, to the operator B, forn =1,

d> 10 +1) Ze* |2m
—q— =Bi_u=—|—u. A.100
( qdq2+ +q>u 1—u - |E|u ( )
To determine by = (Ze?/h)/2Zm/|Eo| we proceed, using (A.98) now with n = 1 and
A = [(I + 1), thus obtaining by = 2(I + 1) (the minus sign in Eq. (A.98) is ruled out
since by > 0 for any /). Using Eq. (A.97), we get b = 2(I + k+1), which combined with
by = (Ze?/h)/2Zm[[Ex] gives, for the energy eigenvalues,’

Z2e*m _ Z2e*m
22k +1+1)2  2h2n2°

Ey = (A.101)
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8 The principal quantum number n = k +1+ % is an integer in the 1D and 3D cases, and a half-integer
in the 2D case. Although central-force problems can be reduced to 1D (radial) problems regardless of their
physical dimension N, the energy spectrum explicitly depends on the number of dimensions.
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Physical Constants
I —
Electron charge e —1.6021 x 1071 C
Electron mass me 9.10938 x 1073 kg
0.510998 MeV/c?
1836.152 m,
Proton mass m 1.67262 x 10~ kg
r 938.272 MeV/c?
1.007276 uv.a.m.
. o 2.99792458 x 108 m/s
Velocity of light in vacuum c 137.036 w.a.
h 1.0546 x 10734 J - s
{ 6.5821 x 10719 eV - s
Planck constant fic 3.1613 x 10720 J . m
{ 1.9732 x 10~ MeV-cm
hoyisible ~2eV
Avogadro number Na 6.02214 x 10?3 part/mol
Free space permeability 140 47 x 1077 H/m
Free space permittivity g0 = 1/uoc? 8.85418 x 10712 F/m
Classical electron radius ro = e /Amegme?  2.8179 x 10~ m
Fine structure constant o = e*/he 1/137.036
Compton electron wavelength  Ac = h/m.c 24263 x 1072 m
Bohr radius ap = rc/ja 0.5291 A
Rydberg constant Ry 109737.315 1/ cm
Bohr magneton up = |le| h/2mg 9.2740 x 10724 J/tesla
kg 1.3806 x 1072 J/ K
Boltzmann constant { 8.6173 x 1075 eV/K

kB Troom temp ~0.025 eV
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