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Abstract. Constant conjunction theory of causation had been the dominant theory in philosophy
for a long time and regained attention recently. This paper gives a logical framework of causation
based on the theory. The basic idea is that causal statements are empirical, and are derived from our
past experience by observing constant conjunction between objects. The logic is defined on linear
time structures. A causal statement is evaluated at time points, such that its value depends on what
has been in the past. We first give a semantics that contains basic conditions that, we think, must hold
for a concept of causation, on which we define the minimal causal logic. Then we discuss its possible
extensions for various concepts of causation. Complete deductive systems are given.

§1. Introduction. The ability of building causal relations is fundamental for us in
understanding the world in everyday life. Not surprisingly, causation has been one of
the core concepts in philosophical study since antiquity. Since formal logic was founded,
logicians have put a number of philosophical concepts under formal investigations, yield-
ing various branches of nonclassical logic. Causation has also been formalized in logic
(Lewis, 1973a; von Kutschera, 1993; Lin, 1996; Xu, 1997; McCain & Turner, 1997;
Thielscher, 1997; Schwind, 1999; Giordano et al., 2000; Pearl, 2000; Zhang & Foo, 2001;
Giordano & Schwind, 2004; Halpern & Pearl, 2005). As far as we know, however, no work
has been done in formalizing the concept of causation based on constant conjunction theory
(a.k.a. regularity theory). In this paper, we formalize constant conjunction and causation
with the help of a linear temporal logic.

Constant conjunction theory (CCT, henceforth) had been the dominant theory in phi-
losophy for a long time. It explains causation with a central pretheoretic intuition that an
effect is something that always accompanies its cause. Unsurprisingly, it still has found
support in scientific discoveries, such as Pavlov’s laws of conditioning and Hebbian neural
networks (Hebb, 2002). However, CCT has virtually vanished from philosophical discus-
sions in decades, until very recently, some philosophers have directed their attention back
to this account of causation. See, for example, Graßhoff & May (2001), Hall (2004), and
Beebee (2006), and also Mackie (1974) for an earlier attempt. See also Baumgartner (2008)
for replies to criticisms against CCT, and Baumgartner (2009) for an application of CCT
in a coincidence analysis in deterministic causal structures. As argued by Baumgartner
(2008), there are several advantages of CCT over other theories of causation:

[U]nlike e.g. counterfactual accounts regularity theories straightforwardly
handle cases of overdetermination. As against interventionist or manipu-
latory accounts, analyses of causation in terms of regularities do not run
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the risk of being anthropocentric. Contrary to probabilistic accounts, reg-
ularity theories are not compromised by paradoxical data as, for instance,
generated in cases of Simpsons Paradox. Finally, while transference the-
ories treat a fundamental type of causal process, transference processes,
as conceptually primitive and thus do not attempt to provide a reductive
analysis of causation, regularity accounts, properly conceived, offer the
promising prospect of explicating the cause-effect relation C or at least
one among possibly several types of cause-effect relations C in entirely
non-causal terms.

Unlike its overwhelming opponent, the so-called counterfactual theory whose logical
frameworks have been well-studied (Lewis, 1973a), logical theories of CCT have been
missed in literature. It is our purpose of this paper to start such researches.

Why is the formalization of CCT interesting? Firstly, unlike other theories of causation,
like counterfactual theory, CCT is an extensional theory. Hence, it is more natural to be
embedded in the standard extensional logical framework (augmented with a time struc-
ture). A logic of causation based on CCT need not assume metaphysical concepts like
possible worlds and similarity between possible worlds, which are usually required in the
logic of causation based on counterfactual theory. These metaphysical concepts are highly
controversial.

Secondly, with a logic for CCT in hand, we can get more explicit properties and conse-
quences of CCT and thus can evaluate the theory better. Moreover, with a less metaphysi-
cally burdened framework, we can formalize many other theories of causation in it. In this
way, we are hopeful to get deeper understanding of these theories and thus the notion of
causation.

There are plenty of controversies about causation in philosophy. The present paper con-
cerns a formal framework for an existing philosophical theory. We will try to be involved
as little as possible in philosophical debate. For this purpose, we shall first settle several
conceptual bases that are assumed in the paper.

We follow the standard view that causation is a relation between two objects, one called
cause and the other effect. We introduce a binary causal operator C to formalize this
relation. A formula C(α, β) means that α causes β.

Another standard view of causation is that objects related as causes and effects are events
(Lewis, 1986). There is also considerable support for facts instead of events as the causal
relata (Mellor, 1995). We will take the event view in our presentation, where propositional
variables represent atomic events, and arbitrary formulas represent complex events. For
this, we assume that there exist certain atomic events, based on which complex events
are built by connectives ¬, ∨, and so on. It would make no difference if we understand
the logic as a causal logic for facts. The formal framework is the same.

Many philosophers, as well as most ordinary persons, would agree that causation is
closely related to the concept of time, in that a cause is no later than its effects. This is
taken to be a distinction between general conditionals and causal conditionals, for a general
conditional statement does not require a temporal order. Some philosophers, including
Kant (Kant, 1933)-A203, argued for simultaneous causation. See Mellor (1995) for more
details and replies to simultaneous causation. There has been a relatively new debate in
philosophy about backward causation, supported by Dummett (Dummett & Flew, 1954)
and rebutted by Flew (Dummett & Flew, 1954) and Black (Black, 1956).

We follow the line of epistemic causation, or psychological causation (Williamson,
2006), which started from Hume, and had been the dominant theory until decades ago.
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Hume stated his constant conjunction explanation of causation with the famous first def-
inition: “We may define a cause to be an object, followed by another, and where all the
objects similar to the first are followed by objects similar to the second.” (Hume, 2000,
sec. VII). According to Hume, causal statements are empirical, and the idea of causation
is derived from human’s experience. Causation is just a simplification for the convenience
of the mind. CCT opposes both simultaneous causation and backward causation. Thus,
we assume a cause always precedes its effects.

Hume’s definition is for causation of particular events. A causal relation between α and
β is derived from the fact that β did follow α, and all occurrences of events of type α
(or in Hume’s words, events similar to α) were followed by occurrences of events of type
β (events similar to β). The present logic is meant to apply to causal generalizations, not to
causation in particular cases. We deal with general causal statements like “events of type
α cause events of type β.”

For causal generalizations, the second part of Hume’s definition suffices. We say that
α constantly conjoins with β, if we have observed that after each occurrence of an α event,
an occurrence of a β event was present. Each such pair of occurrences of events is an
evidence that α constantly conjoins with β (also an evidence that α causes β). We will
simply say that α occurs at t , or α is true at t , with the intended meaning that an event
of type α occurs at t .

Let t < u mean that time point t precedes time point u. Suppose that α occurred at t ,
and β occurred at u with t < u. Clearly, for this pair of occurrences of α and β to be
a legitimate evidence of α causing β, there should be a constraint on the length of time
between t and u. Even though we have observed that after each thunder, a year later it
snows, we would not build a causal relation that thundering causes snowing. The time
period is too long for a thunder to be influential. The principle of closeness, or contiguity,
between cause and effect is an indispensable part of CCT, and is also crucial in a formal
framework for this type of causation.

The question is how long it should be for a pair of occurrences of events to be con-
tiguous, and therefore a legitimate evidence. This measurement has not been a subject in
philosophy. It should not depend on effects. It is a measurement that how long the influence
of a cause lasts. A massive event such as an earthquake should have a longer effect period
than a minor event such as I eating my breakfast. Different causes may have different
lengths of influence. This is almost all we can say about the measurement. There shall be
no systematical way to determine an effect period for each object, partially because it is a
matter of our psychological perspectives of objects.

We will not concern ourselves with the lengths of effect periods in this paper. We will
work with a general linear time structure, in which for each event α, its effect period
is modeled by a binary relation Rα . At time point t , those points in Rα(t) = {u | Rαtu}
are considered contiguous to t with respect to α. Any β that occurs at some point in Rα(t)
is considered contiguous to the occurrence of α at t . An arbitrary binary relation is not
suitable for the concept of effect period. We shall impose the following restrictions on Rα:

(1) A cause can only affect the future, which requires that Rαtu implies t < u.

(2) A cause’s influence lasts for a period, that is, time points under the influence of an
occurrence of α should be uninterrupted, which requires that if Rαtu and t < s < u
then Rαts.

Causation is not guaranteed by constant conjunction. There are plenty of examples
that two objects are constantly conjoined, whereas they are not causally linked. For the
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simplest example, consider a tautology α (or anything having always been true in the past),
which by no mean can be a cause or an effect. However, if some β with a nonempty
effect period happened in the past, α would certainly occur in the effect periods of every
instance of occurrence of β. We cannot take this constant conjunction as a causation.
Something should be done in distinguishing causal relations from those noncausal constant
conjunction relations. This, however, is where a philosophical debate is inevitable. We
will try to avoid the disputation by only setting the minimal conditions that a concept
of causation should satisfy (see the next section). The corresponding logic will be called
the minimal causal logic. We will discuss other plausible conditions in Section 3, which
correspond to extensions of the minimal logic.

Our logic is a direct formalization of the constant conjunction explanation of causation.
All causal relations are directly built from the observations of the past. The real process,
however, may be much more complicated. For example, as the famous idea of theory-laden
observation suggested (Hanson, 1958), theories are indispensable part of observations.
A real process may involve the influence of the background knowledge. This, or other
types of complications, are not discussed in this paper.

Our logic is built on linear time structures. Basically, there are two types of logics of
time, first-order (or high-order) style and modal style. Both are reasonable ways to handle
time and they are closely related to each other. The first-order approach is in general more
expressive and more succinct. The modal approach has caught much attention. It is better
in computational cost, and arguably closer to natural language. The first-order approach is
external: sentences of the logic are evaluated with respect to whole structures. The modal
approach is internal: formulas are evaluated at individual time points. We prefer the modal
approach not only because of its popularity, but also because an internal perspective is more
suitable for our purpose. The truth value of a causal statement C(α, β) depends on what
have happened in the past of the current point. The evaluation has to be at a given current
point. See Hodkinson & Reynolds (2007) for more discussion on the two approaches.

Constant conjunction is a type of learning mechanism. Machine learning has been in-
tensively studied in AI with quite different views and techniques. These are algorithmic
rather than logical. However, they may share some motivation with the current causal
logic. The closest area to the current one is the so-called Reinforcement Learning (Sutton,
2001), where algorithms are designed to learn the effects of actions from observations,
so as to take “right” actions to maximize some notion of rewards. Its focus is on finding a
balance between exploration (observations) and exploitation (current knowledge). In this
paper, we assume that observation is always prior to the current knowledge, which means
that we unconditionally change our causal knowledge according to what we have observed.
A trade-off between knowledge and observation would be an interesting topic in future
research. Techniques in reinforcement learning may help for this purpose.

The remainder of the paper is structured as follows. The next section presents the min-
imal causal logic, including its axiomatization. Section 3 is on various extensions of the
minimal causal logic by imposing conditions on either models or semantics. Also, we
discuss the transitivity of causation and the inus condition in this section. In Section 4 we
compare the current logic with existing causal logics. We conclude the paper by suggesting
some future work.

§2. The minimal causal logic.

2.1. Syntax. The alphabet of causal logic (CL) consists of a countable set P =
{p, q, . . .} of propositional variables, Boolean connectives ¬ and ∨, temporal
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operators G and H , a binary causal operator C , and effect operators 2α, one for each
formula α.

Let α, β, ϕ,ψ range over arbitrary formulas. The set F of formulas is constructed as
follows:

ϕ =:: p | ¬ϕ | ϕ ∨ ψ | Gϕ | Hϕ |2αϕ | C(α, β)

Other Boolean connectives are defined as usual. Let ⊥ =d f p ∧ ¬p, � =d f ¬⊥,
Fϕ =d f ¬G¬ϕ, Pϕ =d f ¬H¬ϕ, and �αϕ =d f ¬2α¬ϕ.

Temporal operators have their usual meanings. Gϕ says that it will always be the case
that ϕ; Hϕ says that it has always been the case that ϕ. Correspondingly, Fϕ (Pϕ) states
that it will be (was) the case at some future (past) point that ϕ. The effect operators 2α

characterize the effect period of α. Formulas of the form2αϕ state that ϕ is true throughout
the effect period of α. Formulas of the form C(α, β) are called causal formulas with
intended meaning that α causes β.

We usually use α and β in causal formulas and ϕ and ψ outside causal formulas. This
is only for a clear representation. All of α, β, ϕ, and ψ represent arbitrary formulas.

We choose a general syntax in which arbitrary formulas can occur in a causal formula.
This may not be appropriate in some cases. Consider the formula C(Fp, q), which says
that an occurrence of p in the future causes q. This causal relation depends on what will
happen in the future, which contradicts the basic idea of CCT that causal relations should
only depend on the past experience. We can restrict the syntax in an obvious way to exclude
such cases. For the sake of simplicity, however, we keep the current one.

2.2. Model.

DEFINITION 2.1. A (causal) model is a tupleM = (T,<, {Rα | α ∈ F}, V ) defined as
follows:

(i) T is a nonempty set of (time) points.

(ii) < is a linear order on T , that is, < is irreflexive (∀x¬(x < x)), transitive
(∀xyz(x < y∧ y < z → x < z)), and trichotomic (∀xy(x < y∨x = y∨ y < x)).

(iii) V : P → 2T is a valuation function that assigns to each p ∈ P a set of points at
which p is true.

(iv) Each Rα is a binary relation on T (probably empty) such that

(a) Rαtu implies that t < u,

(b) Rαtu implies that Rαtv for all v such that t < v < u.

Rα(t) = {u | Rαtu} is called α’s effect period at t . Any u ∈ Rα(t) is called
an effect point with respect to α at t .

The time structure is for a concept of psychological time. It is the time that we perceive.
We may consider the structure as a history of human beings, so that causal relations being
built are from the perspective of human beings, or may consider the structure as a history
of some agent’s personal experience, so that causal relations being built are from the
perspective of the agent.

We will write (t, u) for {s | t < s < u}. Similarly, we write [t, u), (t, u] and [t, u]
for their obvious meanings. Definition 2.1(iv-a) states that effect points are always in the
future; Definition 2.1(iv-b) says that if u is contiguous to t , so are any points in (t, u).
u ∈ Rα(t) means that u is contiguous to t with respect to α. If α is true at t and β is true at
u, this occurrence of β is contiguous to this occurrence of α, and the pair is considered an
evidence that α causes β.
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Fig. 1. The definition of data points.

2.3. Semantics. Constant conjunction is a simple notion with a clear intuition. It,
however, also has subtlety. Intuitively, α constantly conjoins with β, if, in the past, after
any occurrence of α, some β occurred within α’s effect period. This statement is not sound
in a special case, as pictured in Figure 1.

There are three points u, t, v with u < t < v , and t, v ∈ Rα(u). Let t be the current
point. Suppose α holds at u, and β does not hold at any s ∈ (u, t). It seems a coun-
terexample to α constantly conjoining with β at t , because α did occur at u, but β did
not contiguously follow from the point of view at t . However, it is possible that there is
a future point v , also within the effect period Rα(u), at which β holds. Thus, u cannot be
a counterexample. The point is that, we cannot determine at t whether a β contiguously
follows the occurrence of α at u. This suggests the definition of data points.

Given a point t and a formula α, let the set of data points

D(t, α) = {u | u < t, and v < t f or all v ∈ Rα(u)}.
Thus, D(t, α) consists of those points whose effect period has been over from the point of
view of the current point.

On the other hand, even though nondata points cannot be counterexamples, they can be
evidences, as shown in Figure 2. t is still the current point. u is not a data point with respect
to α at t . Suppose that there was a s ∈ (u, t) at which β is true. Then the pair of occurrences
of α (at u) and β (at s) is a legitimate evidence of the constant conjunction, even this α’s
effect period has not been totally observed. What will happen after t is irrelevant in this
case, because we have already observed a β after this α.

DEFINITION 2.2. M, t |�C ϕ denotes that ϕ is true at point t in causal modelM, which
is defined as follows:

M, t |�C p iff t ∈ V (p), where p ∈ P.
M, t |�C ¬ϕ iff M, t �|�C ϕ.
M, t |�C ϕ ∨ ψ iff M, t |�C ϕ orM, t |�C ψ .
M, t |�C Gϕ iff for all u with t < u,M, u |�C ϕ.
M, t |�C Hϕ iff for all u with u < t ,M, u |�C ϕ.
M, t |�C 2αϕ iff for all u with Rαtu,M, u |�C ϕ.
M, t |�C C(α, β) iff the following holds:

Fig. 2. A nondata point evidence.
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(i) For each u ∈ D(t, α) with M, u |�C α, there is a v such that Rαuv and
M, v |�C β.

(ii) There exist u, v such that u < t , v < t , Rαuv ,M, u |�C α, andM, v |�C β.

(iii) There exists a u < t withM, u �|�C α.

(iv) There exists a v < t withM, v �|�C β.

In the semantic clause for C , the first two conditions state the constant conjunction
between α and β. Condition (i) is to the effect that there has been no counterexample
to C(α, β). Condition (ii) says that there has been some evidence of C(α, β). The last
two conditions exclude any invariably true formulas to be either cause or effect. We take
these two as the basic conditions that distinguish causal relations from noncausal constant
conjunction relations. To sum up, α causes β if both of them have not been invariable true
in the past, and no counterexample to it has been observed, and some evidence of it has
been observed.

We sometimes write t |�C ϕ forM, t |�C ϕ. A formula ϕ is true in a modelM (denoted
byM |�C ϕ) ifM, t |�C ϕ for all points t inM. ϕ is valid (denoted by |�C ϕ) ifM |�C ϕ
for all modelsM. ϕ is satisfiable if there is a modelM and a point t such thatM, t |�C ϕ.
Given a class of models M , M |�C ϕ ifM |�C ϕ for all models M ∈ M . Notions like
t |�C �, where � is a set of formulas, are similarly defined.

The causal operator is not a normal binary modality. It is neither “�-type” nor “2-type.”
The semantic clause (i) is a ∀-∃ statement. It is easy to check that neither the K axiom
C(α → β1, β2) → (C(α, β1) → C(β1, β2)), nor the necessity rules α/C(α, β) and
β/C(α, β) hold.

Though the primary relations in the model are only for characterizing temporal operators
and effect operators, the causal operator C is not definable by the rest.

THEOREM 2.3. C is not definable by G, H, and {2α | α ∈ F}.
Proof. Suppose otherwise. Let C(p, q) =d f χ , where χ is a formula with no occurrence

of C .
LetM be a model pictured in Figure 3, which contains a points u with proper past points,

and after u, there is an integer line with their usual order.
Let the model satisfy the following:

(1) u |�C p and 0 |�C C(p, q).

(2) Rp(u) = {i | i ∈ Z, i < 2}.
(3) Rα(i) = ∅ for all integers i and all formulas α.

(4) i |�C ¬q for all integers i .

(5) All integers agree on all propositional variables, that is, for all i, j ∈ Z and all
p ∈ P , i ∈ V (p) iff j ∈ V (p).

Fig. 3. The independency of C .
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The definition is sound because u is not a p-data point at 0 so that it is not a coun-
terexample to C(p, q) at 0. Let the modelM′ have the same definition asM except that
R′

p(u) = {i ′ | i ′ ∈ Z, i ′ < 0}.
We haveM′, 0′ |�C ¬C(p, q) because u is now a p-data point at 0′ and is a counterex-

ample to C(p, q). Then we have M, 0 |�C χ and M′, 0′ �|�C χ . It is sufficient to show
that for any formula ϕ with no occurrence of C ,M, 0 |� ϕ iffM′, 0′ |�C ϕ.

Let Z be the relation between the two models defined as follows:

(i) For any noninteger points t , Z is one-one so that t Zt ′.
(ii) For integer points, Z is total, that is, i Z j ′ for all integers i and j ′.

It is a routine to check that Z is a bisimulation. Thus, 0 and 0′ satisfy exact the same set
of formulas with no occurrence of C . �

LEMMA 2.4. |�C ¬C(α, β) ∧ PC(α, β) → G¬C(α, β).

Proof. Suppose t |�C ¬C(α, β) and t |�C PC(α, β). Then there is a u < t with
u |�C C(α, β), that is, all the four conditions for C(α, β) in Definition 2.2 hold at u.
Because u < t , conditions (ii)–(iv) must also hold at t . Because C(α, β) is false at t ,
condition (i) must fail at t , that is, there is a data point v ∈ D(t, α) such that v is a
counterexample to C(α, β) at t . Clearly, v is also a counterexample to C(α, β) at all s with
t < s. Then s |�C ¬C(α, β). Thus, t |�C G¬C(α, β). �

Lemma 2.4 states that once we lose a causal relation, we will lose it forever. This is
because losing it means that we found a counterexample to the causal relation. According
to the lemma, the distribution of a causal statement C(α, β) along a time line is quite
ordered. There are only five cases, as shown in Figure 4:

(i) is the case that the causal relation does not hold throughout the structure. (ii) is the
case that the causal relation always holds. (iii) is the case that the causal relation holds after
some time point.

Fig. 4. The distributions of causal formulas.
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In case (ii) and case (iii), C(α, β) will always hold once it has been built. This indicates
that no counterexample to the causal relation occurs anywhere. In this sense, C(α, β)
can be considered as an objective causal relation. Though causation is an epistemic con-
cept here, we may define the “objectivity” of causation as this never observing a
counterexample.

(iv) and (v) are cases that the causal relation has been built, but will be found false
by observing some counterexample. By Lemma 2.4, C(α, β) can never be recovered
thereafter.

Case (ii) and (iv) seem unrealistic because the causal relation C(α, β) comes from
nowhere. In real world, we shall start with ¬C(α, β), and build C(α, β) by collecting
enough and proper data. (ii) and (iv) can be eliminated by assuming that there is a starting
time point, at which no causal formula can be true according to the semantics.

The rest three cases classify causal relations into three types: Those objective causal
relations that once was built and will always be held, as in (iii); those false causal relations
that can never be built, as in (i); and those delusive causal relations that once was built,
but will be removed later, as in (v).

2.4. Axiomatization. In the axiomatization, for characterizing nontemporal operators
2α and C , we will use name formulas to distinguish time points. For this purpose, Gabbay’s
general irreflexivity rule (Gabbay et al., 1994) suffices. Let name(ψ) = ψ ∧ G¬ψ . In any
transitive and trichotomic frame, if name(ψ) is true at some point t , then it must be false
at all other points. Thus, name(ψ) acts as a name of t , and is called a name formula.
For reference, the hybrid logic is another way of using nominals, which in its objective
language contains atoms that each is interpreted as a name of a state (Areces & ten Cate,
2006).

The minimal causal logic C consists of the following axioms and rules:

(Prop) Propositional tautologies,
(K) G(ϕ → ψ) → (Gϕ → Gψ), H(ϕ → ψ) → (Hϕ → Hψ),

2α(ϕ → ψ) → (2αϕ → 2αψ),
(Re) ϕ → G Pϕ, ϕ → H Fϕ,
(4) Gϕ → GGϕ,
(.3r ) (Fϕ ∧ Fψ) → F(ϕ ∧ Fψ) ∨ F(ϕ ∧ ψ) ∨ F(ψ ∧ Fϕ),
(.3l ) (Pϕ ∧ Pψ) → P(ϕ ∧ Pψ) ∨ P(ϕ ∧ ψ) ∨ P(ψ ∧ Pϕ),
(EP) 2αϕ ∧ �αname(ψ) → G(Fname(ψ) → ϕ),
(EF) �αϕ → Fϕ,
(C) name(ψ) → [C(α, β) ↔ P¬α ∧ P¬β ∧ H(¬ �α name(ψ) ∧ α → �αβ) ∧

P(α ∧ �α(Fname(ψ) ∧ β))],

(MP)
ϕ, ϕ → ψ

ψ
,

(RN)
ϕ

Gϕ,

ϕ

Hϕ
,

ϕ

2αϕ
,

(IRR)
〈〉1(ϕ1 ∧ . . . ∧ 〈〉m(ϕm ∧ name(p)) . . .) → ϕ

〈〉1(ϕ1 ∧ . . . ∧ (〈〉mϕm) . . .) → ϕ
,

where p does not occur anywhere except in the displayed name(p), and each
〈〉1 . . . 〈〉m is either F or P or �α for some α.

Notions of proof (�C ϕ) and deduction (� �C ϕ) are defined as usual. The system
contains the temporal logic for linear orders. The axiom of effect period (EP) guarantees
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that an effect period is an uninterrupted chain. The name formula in (EP) is to identify an
effect point, say u. The consequent of (EP) says that any point lies between the current
point and u is also an effect point. The axiom of effect future (EF) guarantees that an effect
period is in the future. The axiom of causation (C) is a direct formalization of the semantic
clause for operator C . Again, we need a name formula in the axiom to identify the current
point in which C(α, β) is evaluated.

It is left open to us whether the irreflexivity rule add new theorems to the logic, that
is, whether it is an equivalent system if we remove (IRR) from C . In general, little has
been known on the problem that whether there are natural criteria deciding such rules’
redundancy over given deductive systems (Venema, 1993).

Soundness of the system is checked as usual.

THEOREM 2.5. (Soundness) For any formula ϕ, if �C ϕ then |�C ϕ.

A set of formulas � is (C-)consistent if � �C ϕ∧¬ϕ for no ϕ. A formula ϕ is consistent
if {ϕ} is. � is (C-)maximal consistent if it is consistent and any proper superset of it is
inconsistent. The (C-)canonical model is defined as usual as a tupleMc = (T c,<c, {Rc

α |
α ∈ F}, V c) such that T c is the set of maximal consistent sets, t <c u iff ϕ ∈ u for all
Gϕ ∈ t , Rc

αtu iff ϕ ∈ u for all 2αϕ ∈ t , and t ∈ V c(p) iff p ∈ t . We say that t and u are
connected if either u <c t or t <c u. It is direct from the definition that if name(ψ) ∈ t
then name(ψ) ��∈ u for any u that connects with t . It follows that name(ψ) ∈ t implies that
t is an irreflexive point.

For any T ⊆ T c, let Mc|T be the submodel of Mc induced by T . That is, Mc|T =
(T,<, {Rα | α ∈ F}, V ), where <=<c ∩(T × T ), Rα = Rc

α ∩ (T × T ), and V (p) =
V c(p) ∩ T for all p ∈ P .

DEFINITION 2.6. A subset T ⊆ T c is called saturated if the following holds:

(i) For any t ∈ T , if Fϕ ∈ t , then there is a u ∈ T such that t <c u and ϕ ∈ u.

(ii) For any t ∈ T , if Pϕ ∈ t , then there is a u ∈ T such that u <c t and ϕ ∈ u.

(iii) For any t ∈ T , if �αϕ ∈ t , then there is a u ∈ T such that Rc
αtu and ϕ ∈ u.

DEFINITION 2.7. A maximal consistent set is called witnessing if it contains some name
formula. A subset T ⊆ T c is called witnessing if every member of T is witnessing. In the
case that T is saturated (and/or witnessing), we say that Mc|T is saturated
(and/or witnessing).

LEMMA 2.8. Let T ⊆ T c be saturated and witnessing. Then for any t, u ∈ T with
name(ψ) ∈ t for some formula ψ , u ∈ D(t, α) inMc|T iff u < t and ¬�α name(ψ) ∈ u.

Proof. Suppose u ∈ D(t, α) in Mc|T . By the definition of data points, u < t . Also,
v < t for all v ∈ Rα(u). Because T is witnessing, name(ψ) �∈ v for all such v . Because T
is saturated, ¬ �α name(ψ) ∈ u.

Suppose u < t and ¬�α name(ψ) ∈ u. By axiom (EF), Rc
α ⊆<c. It follows that Rα ⊆<.

Then for all v ∈ Rα(u), u < v . By temporal axioms,Mc is nonbranching, thereforeMc|T
is no-branching. Then by u < v and u < t , we have that v = t , v < t , or t < v . Clearly
v �= t because name(ψ) �∈ v . We also have t �< v . Suppose otherwise that t < v . We show
that Rc

αut , and therefore �αname(ψ) ∈ u, which contradicts the assumption. It suffices to
show that for any 2αϕ ∈ u, ϕ ∈ t . Let 2αϕ ∈ u. Since v is witnessing, name(χ) ∈ v
for some χ . Then �αname(χ) ∈ u. By axiom (EP), G(Fname(χ) → ϕ) ∈ u. Then
Fname(χ) → ϕ ∈ t . By t < v , Fname(χ) ∈ t . Then ϕ ∈ t . We conclude that v < t .
It follows that u ∈ D(t, α). �
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LEMMA 2.9. If T is saturated and witnessing, then for any t ∈ T and any formula ϕ,
Mc|T, t |�C ϕ iff ϕ ∈ t .

Proof. The proof is by induction on ϕ. We only check the case for C operator. As T is
witnessing, let name(ψ) ∈ t .

SupposeMc|T, t |�C C(α, β). Then by definition we have the followings:
(i) For each u ∈ D(t, α) in Mc|T such that Mc|T, u |�C α, there is a v ∈ Rα(u)

such thatMc|T, v |�C β.
(ii) There exist u, v ∈ T such that u < t , v < t , Rαuv , Mc|T, u |�C α, and
Mc|T, v |�C β.

(iii) There exists a u < t withM, u �|�C α.
(iv) There exists a v < t withM, v �|�C β.
By (i), Lemma 2.8, and the inductive hypothesis, for each u in T with u < t , ¬ �α

name(ψ) ∈ u, and α ∈ u, there is a v ∈ Rα(u) with β ∈ v . By the definition of the
canonical model, for each u in T with u < t , ¬ �α name(ψ) ∧ α → �αβ ∈ u. Because
Mc|T is saturated, H(¬ �α name(ψ) ∧ α → �αβ) ∈ t .

By (ii) and the inductive hypothesis, there exist u, v ∈ T such that u < t , v < t , Rαuv ,
α ∈ u, and β ∈ v . Then Fname(ψ) ∈ v . Then α ∧ �α(Fname(ψ) ∧ β) ∈ u. Then
P(α ∧ �α(Fname(ψ) ∧ β)) ∈ t .

By (iii) and (iv), P¬α ∧ P¬β ∈ t . Then by axiom (C), C(α, β) ∈ t . The other direction
is similarly proved. �

LEMMA 2.10. Let T be saturated and witnessing, and t ∈ T . LetMc|Tt be the submodel
ofMc|T generated by t. ThenMc|Tt is a causal model.

Proof. By the temporal axioms, Mc is transitive and nonbranching. Clearly Mc|T is
also transitive and nonbranching, and therefore Mc|Tt is transitive and trichotomic. For
each u ∈Mc|Tt , because name(ψ) ∈ u for some ψ , u is an irreflexive point. ThenMc|Tt

is a linear order.
Let < and Rα denote the respective relations in Mc|Tt . If Rc

α ⊆<c, then Mc|Tt will
inherit this property, that is, Rα ⊆<. To show that Rc

α ⊆<c, let Rc
αuv , and Gϕ ∈ u.

It suffices to show that ϕ ∈ v . By Gϕ ∈ u and axiom (EF), 2αϕ ∈ u. By Rc
αuv , ϕ ∈ v .

Suppose Rαuv and u < s < v . We have to show that Rαus. Because Rα and < is
respective restrictions from Rc

α and <c, Rc
αuv and u <c s <c v . Let 2αψ ∈ u. Since

v is witnessing, name(χ) ∈ v for some χ . Then �αname(χ) ∈ u. By axiom (EP),
G(Fname(χ) → ψ) ∈ u. Then Fname(χ) → ψ ∈ s. We have Fname(χ) ∈ s because
s <c v . Then ψ ∈ s. Then, Rc

αus. Thus, Rαus. �

LEMMA 2.11. Given a consistent formula ϕ, there is a saturated and witnessing set T
of maximal consistent sets, such that ϕ ∈ � for some � ∈ T .

Proof. The proof is by a zigzag construction developed by Gabbay (Gabbay et al., 1994,
p. 210). The full proof is in the Appendix. �

THEOREM 2.12. (Completeness of C) For any formula ϕ, if |�C ϕ then �C ϕ.

Proof. It is sufficient to show that any consistent formula is satisfiable in a causal model.
Let ϕ be a consistent formula. Then by Lemma 2.11, there is a saturated and witnessing
set T with ϕ ∈ � for some � ∈ T . By Lemma 2.10,Mc|T� is a causal model. Because
Mc|T is saturated and witnessing, Mc|T� is saturated and witnessing. By Lemma 2.9,
Mc|T�, � |�C ϕ. �
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§3. Extensions of the minimal causal logic.

3.1. Extensions by conditions on models. In this section, we consider possible exten-
sions of the minimal causal logic for various concepts of causation. Extensions are obtained
by imposing more conditions on either causal models or the semantic definition.

The study of various conditions on time structures is a routine in temporal logic. Some of
them are particularly interesting for the current logic. Because of the epistemic limitation
of human beings, it is reasonable to assume that (psychological) time has a starting point
(∃x∀y(x ≤ y)), which corresponds to the axiom H⊥ ∨ P H⊥. At the starting point, no
causal relation can be built, because no data has been observed. With this condition, cases
(ii) and (iv) in Figure 3 are eliminated.

The effect period of an event is modeled by a binary relation. The length of an effect
period is not expressible in the general linear time. Thus, we cannot say in the model
that, for example, the same event always has the same length of effect period at all points.
In order to enrich our framework with this apparatus, instead of general linear time, we
may work with real number time or natural number time, in which the notion of length is
natural. We may assign a fixed number to each event as the length of its effect period.

Another interesting topic is to extend the logic with a notion of causal degree by counting
the number of instances of evidences of causal relations. We may say that we have con-
fidence in a causal relation with the degree 100 if there have been a hundred instances of
evidences of this causal relation. In this way, we can compare reliability of causal relations
by their degrees. Again, for this purpose, we have to work with a time structure in which
we can count numbers, such as natural number time.

We can already say something about effect periods in general linear time. For two events
α and β, that β’s influence lasts longer than α’s can be modeled by Rα ⊂ Rβ . Intuitively,
equivalent formulas denote the same event, so that the effect period of equivalent formulas
should be the same. Formally, if α and β are equivalent then Rα = Rβ . We may add this
condition to the model. It shall be noted that this condition only makes sense when we
assume a type of logical omniscience. Effect period is an epistemic notion. The effect
period of an event depends on our psychological perspectives of the event. Therefore,
by assuming this condition, we assume that we always know the equivalence of α and β
if they actually are.

The effect period of some complex formula may be relevant to the effect periods of
its components. We think it is reasonable to assume that Rα∨γ = Rα ∪ Rγ . With this
assumption, the formula

C(α, β) ∧ C(γ, β) ∧ P¬(α ∨ γ ) → C(α ∨ γ, β)

will be valid, which represents a plausible property of causation (see Section 4).
On the other hand, it seems implausible that the effect period of α ∧β depends on effect

periods of α and β. A massive event with a long effect period, like an earthquake, may be
viewed as an agglomeration of smallish events each with a tiny effect period, like a motion
of a grain of sand. There seems no way to compute an effect period of the earthquake from
the effect period of the sand moving.

Following this, we should not determine the effect period of ¬α by the effect period
of α. Otherwise, because α ∧ β = ¬(¬α ∨ ¬β), the effect period of α ∧ β can be
reduced.

It is natural to assume that, for each occurrence of α, we know where the influence of this
occurrence ends. It requires that a nonempty effect period is always a right closed interval,
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that is, if Rα(t) �= ∅ then Rα(t) = (t, s] for some s. With this condition, the following
plausible formula becomes valid:

¬C(α, β) ∧ PC(α, β) → P(C(α, β) ∧ G¬C(α, β)).

The formula states that if an existing causal relation is removed, then we know where it is
removed.

3.2. Extensions by conditions on semantics. In the minimal causal logic, besides
the basic conditions for constant conjunction, the extra condition is that invariably true
formulas are neither causes nor effects. More conditions may be added to distinguish
causal relations from noncausal constant conjunction relations. The question is, which
ones? There does not exist a single right answer to the question. We present two possible
candidates.

The first is motivated by the manipulability theory of causation (Woodward, 2003).
According to the theory, a cause α is the one that, when its status is changed, will change
the status of its effects. We may require that occurrences of α did change the status of β.
For, even if α ∧ β was true at some point u, and β followed at some contiguous point v ,
it may not be enough to say that this is an evidence that α causes β. Because β already
held at u, its occurrence at v may be caused by nothing: it is just because β’s status did not
change from u to v . Thus, we may require that a positive evidence to C(α, β) is a point at
which α ∧¬β held, and β contiguously followed. In this case α does make a difference on
the truth value of β. This condition is along the line of a weak manipulability theory called
interventionism (Pearl, 2000), which uses manipulation as a feature of causation without
claiming that it is more fundamental than causation.

Formally, let the logic C ′ be obtained from the minimal causal logic by changing the
item (ii). in Definition 2.2 to the following:

(ii’) There exist u, v such that u < t , v < t , Rαuv ,M, u |�C α∧¬β, andM, v |�C β.

A complete system for C ′ is obtained from system C by replacing the axiom (C) with the
following one:

(C’) name(ψ) → [C(α, β) ↔ P¬α ∧ P¬β ∧ H(¬ �α name(ψ) ∧ α → �αβ) ∧
P(α ∧ ¬β ∧ �α(Fname(ψ) ∧ β))].

In the minimal causal logic, for a causal formula C(α, β) to be true, some (positive)
evidence and no counterexample should present. For another candidate of extensions of
the minimal logic, we may also require some negative evidence for a causal formula to be
true. That is, instances that α did not occur, and β did not contiguously follow. It is in this
case more likely that α causes β.

Formally, we add the following item to the semantic clause of C in Definition 2.2:

(v) There is a u ∈ D(t, ¬α) such that R¬α(u) �= ∅, M, u |�C ¬α, and for all v ∈
R¬α(u),M, v |�C ¬β.

In a word, this notion of causation needs three conditions: some positive evidence, some
negative evidence, and no counterexample. We call this logic C ′′. For this semantics,
a complete system C ′′ is obtained from the system C by replacing the axiom (C) with
the following one:

(C”) name(ψ) → [C(α, β) ↔ P¬α ∧ P¬β ∧ H(¬ �α name(ψ) ∧ α → �αβ) ∧
P(α ∧ �α(Fname(ψ) ∧ β)) ∧ P(¬ �¬α name(ψ) ∧ �¬αT ∧ ¬α ∧2α¬β)].
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Logics C ′ and C ′′ can be combined in an obvious way. Let the logic C ′′′ be obtained from
the minimal causal logic by changing the item (ii) in Definition 2.2 to (ii’), and adding the
following:

(v’) There is a u ∈ D(t, ¬α) such that R¬α(u) �= ∅,M, u |�C ¬α ∧ ¬β, and for all
v ∈ R¬α(u),M, v |�C ¬β.

A complete system C ′′′ with respect to this semantics can be obtained by replacing the
axiom (C) with (C”’):

(C”’) name(ψ) → [C(α, β) ↔ P¬α ∧ P¬β ∧ H(¬ �α name(ψ) ∧ α → �αβ) ∧
P(α ∧¬β ∧�α(Fname(ψ)∧β))∧ P(¬�¬α name(ψ)∧�¬αT ∧¬α ∧¬β ∧
2α¬β)].

In the minimal causal logic, it is possible that (1) for some point t , t |�C C(α, β) ∧
C(¬α, β), and (2) for some point u, u |�C C(α, β) ∧ C(α, ¬β). They are unrealistic
statements about causation. Contradictory events cannot both be causes of the same effect,
and also cannot both be effects of the same cause. It can be verified that (1) is eliminated
in C ′′, whereas (2) holds in all of C ′, C ′′, and C ′′′.

In practice, when we state a causal relation, like “short-circuit causes catching a fire,”
it usually assumes that “catching fire” occurs much less than “not catching fire.” The
latter is a routine that almost occurs at all situations. For such objects we do not look
for a cause. This suggests a possible solution to (2) by distinguishing accidental events
from the routines. We leave it for future research.

3.3. Transitivity. The transitivity of causation coincides with commonsense notions
of causation, and fits with some explanatory practices. On the other hand, there have
been quite a few counterexamples to the transitivity of causation (see Hall, 2000, for
counterexamples and Lewis, 2004, for defensive replies).

Causation in our minimal logic is not transitive: C(α, β) ∧ C(β, γ ) → C(α, γ ) is not
valid. A transitive notion of causation can be obtained in an obvious way, as what David
Lewis did in his counterfactual theory: It is simply by taking the transitive closure of the
causal relations.

A causal chain from α to β at a time point t is a finite sequence α, γ1, . . . , γn, β such
that t |�C C(α, γ1), t |�C C(γ1, γ2), . . . , t |�C C(γn, β). Let C∗ be the transitive causal
operator. Then,

• t |�C C∗(α, β) if and only if there is a causal chain from α to β at t .

THEOREM 3.1. C∗ is not definable in the minimal causal logic.

Proof. Suppose otherwise. Let C∗(p, q) =d f χ , where χ is a formula in the minimal
causal logic. Construct a model M1 with no starting point such that at a point t , the
followings hold:

(1) M1, t �|�C C∗(p, q).

(2) p and q are not invariably true in the past of t .

(3) There are some points u, v in the past of t such thatM1, u |�C p andM1, v |�C q.

(4) u in (3) is a data point in D(t, p).

(5) Rr = ∅ for any r that does not occur in χ .

(6) Rp(s) �= ∅ for all points s.
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Let r be any propositional variable that does not occur in χ . Let V1 be the valuation function
ofM1. A modelM2 is the same asM1, except that we change the definitions of Rr and
the valuation function on r as follows:

(1’) r is false at some point in the past of t .

(2’) For each data point u ∈ D(t, p) with M2, u |�C p, let M2, v |�C r for some
v ∈ Rp(u). This is sound because Rp(u) is not empty.

(3’) Pick up a single point v in the past of t withM2, v |�C q, pick up a s in the past of
v , and let Rr sv andM2, s |�C r . This is sound because the model has no starting
point.

By (2), (4), and (2’),M2, t |�C C(p, r). By (2), (1’), and (3’),M2, t |�C C(r, q). Then
M2, t |�C C∗(α, β). We have that M1, t �|�C χ and M2, t |�C χ . However, because r
does not occur in χ , we also haveM1, t |�C χ if and only ifM2, t |�C χ . �

The point in the proof is that, unlike in the minimal causal logic, the truth value of
C∗(p, q) depends on values of propositional variables other than p and q. Similar
arguments can show that C∗ is not definable in the extended causal logics C ′, C ′′,
and C ′′′.

3.4. Inus condition. Mackie (1965) has developed a sophisticated theory of causation
along the line of CCT. The so-called inus condition is better illustrated by his example
that a short-circuit causes a house’s catching fire. First, the short-circuit is not a sufficient
condition for the fire. It is a number of conditions, including the short-circuit, the pres-
ence of inflammable materials, the absence of a suitably placed sprinkler, and so on, that
constitute a sufficient condition for the house’s catching fire. Second, though the complex
condition is sufficient, it is not necessary because the fire could have started in other ways.
Therefore, the short-circuit is an inus condition in the meaning that it is an insufficient
but nonredundant part of a condition which is itself unnecessary but sufficient for the
fire.

Causes in this paper are not inus conditions. When C(α, β) holds, α is a sufficient
condition for β, in the sense that α itself can bring about β. α may not be a necessary
condition for β, because it is possible that C(γ, β) holds for some other cause γ . Thus, α is
an us condition (unnecessary but sufficient condition) for β. It is possible to define an inus
condition in the current framework. For this purpose, it suffices to define the nonredundant
parts of a cause α.

Let C N F(α) be a conjunctive normal form of α such that C N F(α) contains only
symbols occurring in α, and there is no repeated conjunct. The restriction is to guarantee
that C N F(α) contains no redundant part. Let γi ∈ C N F(α) denote that γi is a conjunct
in C N F(α). Then we say that γ is a nonredundant part of α if there are γ1, . . . , γn ∈
C N F(α) such that γ = γ1 ∧ . . . ∧ γn . An inus type causal operator Ci can be defined as
follows:

• t |�C Ci (γ, β) iff γ is a nonredundant part of some α such that t |�C C(α, β).

We have that

THEOREM 3.2. Ci is not definable in the minimal causal logic.

Proof. The proof is similar to the proof of Theorem 3.1, by showing that the truth value
of Ci (p, q) is not totally determined by the truth values of p and q. �
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§4. Related work. Branching time is a time structure where the past is always linear,
while the future may be branching. von Kutschera (1993) and Xu (1997) have defined a
notion of causation in branching time. Though the frameworks in the two proposals are
different in technical details, they share the basic intuition. Their basic idea is that an
event e is a cause of an event e′ if the occurrence of e guarantees the occurrence of e′.
The focus is on defining “guarantee” by a type of historical necessity: Roughly speaking,
it means that e’s occurrence in any history makes sure an occurrence of e′ in that history.
This understanding of causation is apparently different from ours based on CCT, since
CCT does not concern what will happen in the future, whether it is deterministic or inde-
terministic. Causation is totally determined by the (linear) past. Thus, linear time, instead
of branching time, is sufficient for characterizing CCT. Another important difference is
that events are primitive in our logic, whereas they define events from the underlying time
structure. It shall be noted that though the famous STIT theory (Belnap & Perloff, 1988)
has a branching time structure, using the notion of undivided histories, it concerns the
abilities of agents rather than causation.

Reasoning about actions and changes is one of the oldest topics in logical AI, and is
still an active research area. A notion of causation is normally required in the formalisms
of actions, because their effects are what we concern about actions. For an incomplete list,
there are Dynamic Logic, Situation Calculus, Event Calculus, Fluent Calculus, Features
and Fluents, etc. Though most work in these areas take causation as an implicit notion
behind their formal frameworks, some do focus on properties of causation itself. The logic
in Lin (1996) remains in the framework of classical logic. It introduces a special predicate
“Caused” which can only be applied to atoms. McCain & Turner (1997) defines a notion
that a formula is a consequence of a given causal theory, which is a set of causal laws in
the form of ϕ ⇒ ψ . Thielscher (1997) presents an interesting method of deriving causal
rules automatically from given influence information. The simplest example is, given a
constraint p ∨ q and the influence information (p, q) ∈ I , which means that p might
possibly influence q, we can generate a causal law “¬p causes q.” Schwind (1999) gives
several criteria of causation by which existing formalisms are examined. Giordano et al.
(2000) defines a dynamic logic for actions and causality in which causality is expressed
by a unary operator read as “caused.” Also with a dynamic logic, Zhang & Foo (2001)
proposes to treat direct effects and propagated effects of actions in a unified framework by
using propositions as modalities. Pearl (2000) and Halpern & Pearl (2005) define causal
relations in structural equation models based on the counterfactual theory of causation.
They concern more about model theory properties than a logical theory. The list can be
longer without being exhausted.

The focus of these works in AI is not to defend some notion of causation in philosophy.
It is to invent formalisms, with as least cost as possible, to solve fundamental problems of
AI in actions. The most concerned problem are the frame problem (the persistency of facts
after an action has been applied), the ramification problem (the propagated effects after an
action has been applied), and the qualification problem (all the necessary conditions before
an action can be applied). Not surprisingly, they admit some implausible statements about
causation. For example, Lin (1996), McCain & Turner (1997), and Giordano et al. (2000)
admit monotonicity of causal relations, that is, from ϕ causing ψ infer that ϕ∧χ causes ψ .

David Lewis’s counterfactual theory is the most popular philosophical theory of cau-
sation in decades (Lewis, 1973a). Though Lewis’s analysis of causation is impressive in
its philosophical subtlety, the logical theory of counterfactuals, the so-called conditional
logic (Lewis, 1973b, chapter 6), can hardly be considered as a causal logic. In the logic,
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the formula α > β is to state that β is counterfactually depended on α. If we read α > β
as that α causes β, some axioms of the logic would be counterintuitive, such as α > α,
α ∧ β → (α > β) and (α > β) → (α → β).

As a remedy, Giordano & Schwind (2004) defined a causal logic (called AC) by choos-
ing those axioms of Lewis’s logic that represent wanted properties of causation, and omit-
ting those unwanted axioms, including the three we mentioned. AC has a similarity with
our logic, but also has fundamental differences. AC admits that a tautology is caused by
everything, that is, whenever β is a tautology, � α > β. They want to keep this formula
because it is derivable from a basic inference rule of conditional logic which they want
to keep: If � β → γ then � (α > β) → (α > γ ). The rule in general is not valid
in our logic. Instead, it can be checked that a restrictive version of the rule is valid, that is,
if �C β → γ then �C C(α, β) ∧ P¬γ → C(α, γ ). This valid rule in our logic, we think,
is more suitable as a rule of a causal logic than the general rule in conditional logic.

AC has the axiom (α > β)∧ (γ > β) → (α∨γ > β), which is not valid in the minimal
causal logic. The axiom seems right about causation. We have shown in Section 3.1 that if
we assume Rα∨γ = Rα ∪ Rγ , then a restrictive version of the axiom will be valid in our
logic, that is, C(α, β) ∧ C(γ, β) ∧ P¬(α ∨ γ ) → C(α ∨ γ, β). The difference is that we
state in the premise that α ∨γ is not invariably true in the past. Again, we think it is a more
suitable axiom for the interaction between causal relation and disjunction.

As for the interaction between causal relation and conjunction, we think in general there
should be no connection between the two, because the effect period of a conjunction should
not depends on its conjuncts. AC abandons the valid formula in conditional logic, α >
β → (α∧γ ) > β . Nevertheless, it introduces a weaken formula: ¬(α > ¬γ )∧(α > β) →
((α ∧ γ ) > β). They argue for the formula for its usefulness in describing interactions
among actions and facts. However, it still suffers from those counterexamples to α > β →
(α ∧ γ ) > β: rain causes wet but rain ∧ umbrella does not.

AC admits an axiom (γ > α) ∧ (γ > (α > β)) → (γ > β), which is not valid
in the minimal causal logic. Its invalidity in the minimal causal logic is not a surprise,
because what we formalize in the minimal causal logic are causal relations directly from
our observations. We can extend the logic to deal with such indirect causal knowledge. The
logic with the transitive causal operator C∗ in Section 3.3 is an example of such extensions.
The formula C(γ, α)∧C(γ, C(α, β)) → C(γ, β) states an ability of us to deduce indirect
causal relations from the existing ones. We can use it to extend our logic in a similar way
as we did in Section 3.3.

§5. Conclusion. We give a formal framework for causation based on constant con-
junction theory. Causal relation is expressed as a binary operator C . We investigate prop-
erties of C with the help of a linear temporal logic. Causal statements are evaluated in
a linear time, where their truth values are determined by what has been in the past. We
present the minimal causal logic, which is mainly a direct formalization of the concept of
constant conjunction by Hume. We discuss its extensions by assuming more conditions on
models and semantics. There remain a lot to be investigated, partially because the concept
of causation is itself bewildering. It is open to arguments that which conditions should be
applied, so that the concept of causation being formalized can satisfy, loosely speaking,
some philosophical standard.

The degree of causation is one of the important topics that is not explored in the paper.
Such degree theory will be different from the probabilistic theory of causation. A proba-
bilistic cause α is such that α’s occurrence increases the probability of the effect β. The
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expected degree theory for the current framework would mainly concern the reliability
of causal relations: If we have observed more instances of evidences to a causal relation,
we will have more confidence in it.

Proper extensions of the logics in this paper can serve for an agent and multiagent
theory. For this, we may look upon a linear time model as an agent’ perspective of what
have happened along time. An agent builds or removes a causal relation according to her
experiences as instances of evidences or counterexamples being observed. Things could
be more interesting in the case of multiagent systems. We may let each agent has her own
model, which is a linear time model represents her past experience. Thus different agents
may possess different causal knowledge. Or, we may let agents only have incomplete
observations of what have really happened. One way to do this is to assign a subset of
the set of the past points to each agent as her observations.
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Appendix A: Proof of Lemma 2.11. The proof method is due to Gabbay et al. (1994).
We adapt it for our framework and adopt the notational convention in Blackburn et al.
(2001) to make the proof more readable.

A tree (N , A) is defined as usual such that N is the set of nodes, and A is the set of
arcs. A path in (N , A) is a sequence of nodes (t1, . . . , tm) such that (ti , ti+1) is an arc for
1 ≤ i < m.

DEFINITION A.1. A network is a tupleN = (N , A, d, f ) such that (N , A) is a finite tree;
d labels each arc (u, v) of the tree with a member in {F, P} ∪ {�α | α ∈ F}; f labels each
node of the tree with a finite, nonempty, and consistent set of formulas.

A network N ′ = (N ′, A′, d ′, f ′) is an extension of a network N = (N , A, d, f ) if
N ⊆ N ′, A = A′ ∩ N × N, d(u, v) = d ′(u, v) for any u, v ∈ N, and f (u) ⊆ f ′(u) for
any u ∈ N.

Let λ(u) = ∧
f (u). Let S(u) be the set of successors of u.

A network N is coherent if for any nonleaf node u and any v ∈ S(u), d(u, v)λ(v) ∈
f (u).

DEFINITION A.2. Let N = (N , A, d, f ) be a network, u a node in the network and ϕ a
formula. Let t be the root of the network. Let (u1, . . . , um) where u1 = t and um = u be
the path from t to u. Let Nϕ,u = (N , A, d, fϕ,u) be defined as follows:

(1) For any node v that does not occur in the path (u1, . . . , um) , fϕ,u(v) = f (v).

(2) fϕ,u(u) = f (u) ∪ {ϕ}.
(3) For each 1 ≤ n < m, fϕ,u(un) is inductively defined as that

fϕ,u(un) = f (un) ∪ {d(un, un+1)λϕ,u(un+1)}, where λϕ,u(un+1) = ∧
fϕ,u(un+1).

Nϕ,u is a structure obtained fromN by adding the formula ϕ to the label of u and making
corresponding changes to other nodes, so that ifN is coherent, so isNϕ,u . In general,Nϕ,u

may not be a network. The label of some node inNϕ,u may be inconsistent set of formulas.

LEMMA A.3. Given a coherent network N = (N , A, d, f ), a node u in the network
and a formula ϕ, either Nϕ,u or N¬ϕ,u is a coherent network.
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Proof. Suppose otherwise that bothNϕ,u andN¬ϕ,u are not coherent networks. Let t be
the root of the network. Let (u1, . . . , um) be the path from t to u. The coherency of both
Nϕ,u andN¬ϕ,u is direct by the definition. Then both of them are not networks. There must
exist a i , 1 ≤ i ≤ m, such that fϕ,u(ui ) is inconsistent, and must exist a j , 1 ≤ j ≤ m
such that f¬ϕ,u(u j ) is inconsistent. Note that in normal modal logic, if a formula ψ is
inconsistent, so is �ψ . Because F , P , and �α are standard diamonds, for all k ≤ i and all
l ≤ j , fϕ,u(uk) and f¬ϕ,u(ul) are inconsistent. Then there is a n such that both fϕ,u(un)
and f¬ϕ,u(un) are inconsistent. For simplicity, let �i stand for d(ui , ui+1). Then

�C λ(un) → ¬ �n (λ(un+1) ∧ �n+1(. . . ∧ �m−1(λ(um) ∧ ϕ) . . .). (A1)

�C λ(un) → ¬ �n (λ(un+1) ∧ �n+1(. . . ∧ �m−1(λ(um) ∧ ¬ϕ) . . .). (A2)

By A1 and A2, we will have

�C λ(un) → ¬ �n (λ(un+1) ∧ �n+1(. . . → �m−1λ(um) . . .). (A3)

By the coherency of N , we will have

�C λ(un) → �n(λ(un+1) ∧ �n+1(. . . → �m−1λ(um) . . .). (A4)

It follows that λ(un) is inconsistent and N is not a network. �

DEFINITION A.4. In a networkN , a D1 defect is a pair (u, Fϕ) such that Fϕ ∈ f (u) and
there is no v ∈ S(u) with d(u, v) = F and ϕ ∈ f (v) ; a D2 defect is a pair (u, Pϕ) such
that Pϕ ∈ f (u) and there is no v ∈ S(u) with d(u, v) = P and ϕ ∈ f (v); a D3 defect
is a pair (u, �αϕ) such that �αϕ ∈ f (u) and there is no v ∈ S(u) with d(u, v) = �α and
ϕ ∈ f (v); a D4 defect is a pair (u, ϕ) such that neither ϕ ∈ f (u) nor ¬ϕ ∈ f (u); a D5
defect is a node u such that name(ψ) �∈ u for any formula ψ .

LEMMA A.5. For any defect of a coherent network N , there is a coherent extension of
N that lacks the defect.

Proof. Let N = (N , A, d, f ). We show each type of defects is repairable.
Suppose that (u, Fϕ) is a D1 defect. Let v be an arbitrary node that is not in N . Let

N ′ = (N ′, A′, d ′, f ′) be such that N ′ = N ∪ {v}, A′ = A ∪ {(u, v)}, d ′ = d ∪ {(u, v), F},
and f ′ = f ∪ {v, {ϕ}}. ϕ is consistent because Fϕ is. Then, N ′ is a network. Clearly,
N ′ is an extension ofN in which the D1 defect has been removed.N ′ is coherent, because
N is coherent and Fϕ is already in u. D2 and D3 defects can be removed in a similar way.

Suppose (u, ϕ) is a D4 defect. By Lemma A.3, either Nϕ,u or N¬ϕ,u is a coherent
network. That coherent network is an extension of N that lacks the defect.

Suppose u is a D5 defect. Let t be the root of the network. Let (u1, . . . , um) be the
path from t to u. Let p be a propositional variable that does not occur anywhere in N .
Clearly, Nname(p),u lacks the D5 defect. We prove that Nname(p),u is a coherent network.
Coherence is direct by definition. It suffices to show that fname(p),u(un) is consistent for
every 1 ≤ n ≤ m. Suppose otherwise that fname(p),u(un) is inconsistent for some n. Then
�C ¬λname(p),u(un), that is,

�C ¬(λ(un) ∧ d(un, un+1)(λ(un+1) ∧ . . . ∧ d(um−1, um)(λ(um) ∧ name(p)) . . .).

Then, by the IRR rule,

�C λ(un) → ¬d(un, un+1)(λ(un+1) ∧ . . . ∧ d(um−1, um)(λ(um)) . . .).
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However, because N is coherent, we have

�C λ(un) → d(un, un+1)(λ(un+1) ∧ . . . ∧ d(um−1, um)(λ(um)) . . .).

We obtain that λ(un) is not consistent, and therefore N is not a network. �

DEFINITION A.6. Given a consistent formula ϕ, we define a sequence of countably infinite
networks N0,N1, . . . such that the following holds:

(i) Each network in the sequence is coherent.

(ii) N0 consists of a single node t with f (t) = {ϕ}.
(iii) For any i < j , N j is an extension of Ni .

(iv) For any Ni and any defect in Ni , there is a j > i such that N j lacks this defect.

The definition is sound by Lemma A.5 and the fact that there are only countably infinite
defects occurring in the sequence: The number of defects is upper bounded by the sum
of |{F, P} × F × ω| (for D1 and D2 defects), |F × F × ω| (for D3 defects), |F × ω|
(for D4 defects) and |ω| (for D5 defects). Let N = ⋃

i∈ω Ni . Let f (u) = ⋃
i∈ω fi (u) for

each u ∈ N .

LEMMA A.7. For each u ∈ N, f (u) is a maximal consistent set and is witnessing.

Proof. If a D5 defect u is in some Ni , then there is an extension N j that lacks the
defect, that is, name(ψ) ∈ f j (u) for some ψ . Then name(ψ) ∈ f (u) and u is witnessing.
Similarly, either ψ or ¬ψ is in f (u) for all formulas ψ .

Suppose f (u) is inconsistent. Then there must be a i such that fi (u) is inconsistent.
Then Ni is not a network. �

LEMMA A.8. Let T = { f (u)|u ∈ N }. Then T is saturated and witnessing.

Proof. It is direct by Lemma A.7 that T is witnessing. For saturatedness, let u be any
member in N such that Fψ ∈ f (u) . Then Fψ ∈ fi (u) for some i . By Lemma A.5,
there is a j such that ψ ∈ f j (v) and d j (u, v) = F . Then ψ ∈ f (v). It remains to show
that f (u) <c f (v). Suppose otherwise. Then there is formula χ such that χ ∈ f (v) and
¬Fχ ∈ f (u). Then there is a k such that χ ∈ fk(v) and ¬Fχ ∈ fk(u). By the coherency
of Nk , Fχ ∈ fk(u). It follows that Nk is not a network.

The cases for P and �α are similarly proved. 2
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