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In the framework of effectively enumerable topological spaces, we introduce

the notion of a partial computable function. We show that the class of partial computable
functions is closed under composition, and the real-valued partial computable functions
defined on a computable Polish space have a principal computable numbering. With respect
to the principal computable numbering of the real-valued partial computable functions, we
investigate complexity of important problems such as totality and root verification. It turns
out that for some problems the corresponding complexity does not depend on the choice of a
computable Polish space, whereas for other ones the corresponding choice plays a crucial role.

1. Introduction

In numerical computations, many important problems such as real number equality, set
equality and etc., are undecidable (non-computable). Therefore, studying degrees of non-
computability became recently an active research area in computable analysis (see among
others Brattka and Gherardi (2009), Cenzer and Remmel (1998), Brodhead and Cenzer
(2008) and Selivanov and Schroeder (2014)).

We use numbering theory and index sets as promising techniques merging classical
recursion theory and computable analysis in topological spaces. There are several reasons
for doing this. One of them is that the theory of index sets provides methods for encoding
problems in an effective way by natural numbers, i.e., generate the corresponding index
sets, which can be used for the analysis of their complexity in the settings of arithmetical
and analytical hierarchies. Another reason is that the theory of index sets has been already
successfully employed in many areas in mathematics and computer science. In recursion
theory, index sets have been applied to obtain both new results and new elegant proofs
of classical theorems such as the Post’s theorem and the density theorem (Ershov 1977;
Rogers 1967; Shoenfield 1971). See also observations in Selivanov (1988). Many recent
advancements in computable model theory are also closely related to index sets (Calvert
et al. 2007, 2006; Downey et al. 2003; Downey and Montalban 2008). In computer
science, the Rice—Shapiro theorem provides a simple description of effectively enumerable
properties of program languages, and the complexity of some decision problems in
programming has been studied in Spreen (1995) using index sets. While some important
results have been obtained in Cenzer and Remmel (1998, 1999), Brodhead and Cenzer
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(2008), Spreen (1984, 1995, 1998) and Weihrauch and Deil (1980), many methods and
techniques of numbering theory have not been fully employed in computable analysis.
In this paper, we work with an effectivisation of Polish spaces (see Moschovakis (2009),
Kechris (1995), Selivanov (2015) among others), which is compatible with the notion of
computable (recursive) metric spaces (Moschovakis 1964).

We assume that a computable Polish space is a complete computable metric space
without isolated points. It is worth noting that the class of computable Polish spaces is
one of the main object for investigation in the Effective Descriptive Set Theory (Selivanov
2015).

The main contributions of this paper are as follows. We introduce the notion of partial
computability over effectively enumerable spaces. After constructing principal computable
numberings for real-valued partial computable functions defined on a computable Polish
space, we calculate the complexity of index sets for important problems such as totality,
somewhere definability, root verification and function equality. It is remarkable that for
some problems m-degrees of the corresponding index sets do not depend on the choice of
a Polish space, whereas for other ones the corresponding choice plays a crucial role.

2. Preliminaries

We refer the reader to Rogers (1967) and Soare (1987) for basic definitions and funda-
mental concepts of recursion theory. We recall that, in particular, ¢, denotes the partial
computable (recursive) function with an index e in the Kleene numbering, ¢} denotes the
computation of ¢, for s steps such that the function ¢} is uniformly primitive recursive.
In this paper, we also use notations W, = dom(g.), W; = dom(¢;) and n, = im(¢.).
A sequence {V;}ie, of computably enumerable (c.e.) sets is computable (or uniformly com-
putably enumerable), if {(n,i)|n € V;} is computably enumerable. It is worth noting that
this is equivalent to existence of a computable function f : @ —  such that V; = Wy.

In the major part of our paper, we work with the following notion of a computable
Polish space. A computable Polish space is a complete separable metric space X without
isolated points and with metric d such that there is a countable dense set B = {by, by,...}
called a basis of X that makes the following two relations {(n,m, i) | d(by,bw) < qi, q; € Q}
{(n,m,i) | d(by,by) > qi, q; € Q} computably enumerable (c.f. Moschovakis (1964)). The
standard notations B(x, y) and B(x, y) are used for open and closed balls with the centre
x and the radius y. We consider this concept in the framework of effectively enumerable
spaces (see Section 3.2). We work with the real numbers (R,7g,fr), where fr is a
computable numbering of the open intervals with rational endpoints, ¢J and R. We use
the Baire space N' = (0®, 1) defined as follows.

o’ = {1}, where L is the empty word,

W< = U wn’

new
o’ ={f|f:0-> o}

(informally, the set of all paths in the tree »=%).
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The standard topology T on w® is generated by the base that contains all clopen sets of
the type

A, = (f € N'| fIs] = w, s = length(w)},

where w € ®<® and the interpretation of f[s] is as follows:

fl0] = L,
fls] = {f0),....f(s = 1)).

We take a standard agreement (Rogers 1967) that a downward closed nonempty subset
T < w<* is a tree, and [T] denotes the set {f € N'| (Vs € w)f[s] € T}.

3. Basic background
3.1. Logic for the reals

In this paper, we work with the ordered structure of the real numbers in the finite pre-
dicate language without equality, (R, op) = (R, M}, M}, Py, Py, <), where M, M}, are
interpreted as the open epigraph and the open hypograph of multiplication, respectively,
and Py, Pj, are interpreted as the open epigraph and the open hypograph of addition,
respectively, e.g., Pi(x,y,z) = x+y < z and Pf(x,y,z) = x +y > z. For details, we
refer to Korovina and Kudinov (2009). In this section, we consider all formulas in the
language op.

The atomic formulas are the atomic formulas in the predicate language op. For simplicity,
we use standard notations, e.g, x+y <z, X+y >z, x 'y <z,X'y>Z.

The set of 3-formulas is the closure of the set of atomic formulas under A,V and
existential quantifiers. It is worth noting that in 3-formulas, we can use the expressions
x >0 and y < 1 (and similar) as notations for the formulas 3y (x > y-y), @x > 0)(xy <
x), respectively.

In the paper, we use the following standard model-theoretical agreement see, e.g.,
Hodges (1993): the notation M = ¢(a) means the validity of the formula ¢(x) after the
assignment of the variables X to elements a of M.

Definition 3.1. A set B < R" is 3-definable if there exists a I-formula ¢ such that
X € B R E o(X).

Remark 3.1. We recall that all predicates Q; € gp occur only positively in 3-formulas.
Hence, all 3-definable subsets of R” are open sets and equality on the reals is not
representable by a 3-formula.

Proposition 3.1. Let # be a Godel numbering of 3-formulas and Sent denote the set of all
J-sentences. Then, the following statements hold.

1. The set {n | n(n) € Sent} is computable.

2. The set {n | n(n) € Sent, and R = n(n)} is computably enumerable.

Proof. The first claim follows from properties of a Godel numbering. The second claim
follows from the density of Q in R and Remark 3.1. It is also can be deduced from
quantifier elimination in the strictly ordered field of the reals (Delzell 1982). U]
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A sequence of 3-formulas {¢;}ie, is called computable if there exists a computable function
g : o — o such that ¢; = n(g(i)). For the computable sequence of formulas {¢@;}ic., the
notation M = \/,., ¢i(@) means that there exists i € w such that M = ¢;(a) (Ash and
Knight 2000).

Proposition 3.2 (Korovina and Kudinov 2009). Let X,a and b range over the real numbers.
There is an algorithm which by a computable sequence of 3-formulas {i;}c,, produces a
computable sequence of I-formulas {¢;}c, such that

R = (Vy € [a,b]) \/ wi(y,X) = R = \/ ¢i(a, b, %).

icw icw

Proposition 3.3 (Korovina and Kudinov 2009). There is an algorithm which by a com-
putable sequence of I-formulas {i;}ic,, computable real functions f, computable real
numbers 7 produces a computable sequence of 3-formulas {¢;}ic, such that

R =\ wilf().7.%) < R = \/ 0i(7.%).

icw icw

It is worth noting that in this paper along with the logic recalled above, we widely use the
set theoretic language and semantics that are common in effective descriptive set theory
(Moschovakis 2009).

3.2. Effectively enumerable topological spaces

Now, we recall the notion of effectively enumerable topological space. Let (X,7,«) be a
topological space, where X is a non-empty set, B, = 2¥ is a base of the topology t and
o :w — B; is a numbering.

Definition 3.2 (Korovina and Kudinov 2008). A topological space (X,7,a) is effectively
enumerable if the following conditions hold.
1. There exists a computable function g : ® X @ X w — o such that

(i) N o) = | (g (i jom)).

new

2. The set {ila(i) # &} is computably enumerable.

For a computable Polish space (X, B,d) in a natural way, we define the numbering of the
base of the standard topology as follows.

x(0) = &,
a(i) = B(by), 1) for i > 0,where

u o — o is a suitable computable function, {r;}ic, is a computable sequence of all
positive rational numbers such that {(u(i),r;) | i >0} = (@ \ {0}) x Q™. It is easy to sce
that (X,7,a) is an effectively enumerable topological space. Therefore, we consider the
computable Polish spaces as a proper subclass of the effectively enumerable topological
spaces. For details, we refer to Korovina and Kudinov (2008). Below, we use the irreflexive
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and transitive relation defined as follows: i < j = d(bu), buj)) + i < r; (for details see,
e.g., Spreen (1998)). It is easy to see that this relation is computably enumerable on the
indices of basic balls, and if i < j, then cl(«(i)) < a(j).

We recall the notion of an effectively open set.

Definition 3.3 (Korovina and Kudinov 2008). Let (X,7,o) be an effectively enumerable
topological space. A set 4 = X is effectively open if there exists a computably enumerable

set V' such that
A= U a(n).

neV

Let Ox denote the set of all open subsets of X, and Of denote the set of all effectively
open subsets of X. It is worth noting that O% is closed under intersection and union since
the class of effectively enumerable sets is a lattice. The following propositions are natural
corollaries of the definition.

Proposition 3.4 (Korovina and Kudinov 2008). A set A = R" is effectively open if and
only if there exists a computable sequence of 3formulas {¢;}ic, such thatae 4 - R =
\/iEw (pl(a)

Remark 3.2. It is straightforward that for effectively enumerable topological spaces
(X,7,2) and (R,7R,fPr), an effectively open set U = X X R can be represented as
U= U(i’j)el a(i) x Pr(j), where I < w? is computably enumerable. It is well known, see,
e.g, Rogers (1967), Moschovakis (2009), the formulas (Ir € Q)U(x,r) and V/,.q U(x,7)
define the same open set which is the projection of U over X. Moreover, this set is
effectively open since this is exactly the set {x | [J;c; x € a(i)}, where J = {i | (3j € w)(Fr €
Q) ((i,j) € I Ar € Pr(j))} is computably enumerable. More generally, by a similar use of
first order formulas, one can deal with Borel sets and we will use this technique throughout
the paper.

Proposition 3.5 (Korovina and Kudinov 2015b). For every effectively enumerable topolo-
gical space X, there exists a principal computable numbering o of O%.

4. Partial computable functions over effectively enumerable topological spaces

In this section, we introduce the notion of a partial computable function f : X — Y,
where X = (X, 1x,0) is an effectively enumerable topological space and ) = (Y, 1y, f3) is
an effectively enumerable Ty—space. For a motivation of our definition, let us first consider

V=R = (R, R, fr).
Proposition 4.1. For a partial function f : X — R, the following conditions are equivalent.
1. There exist two effectively open sets U, V' < X x R such that
a. for all x € X, U(x) is closed downward, and V(x) is closed upward;
b. if x € dom(f), then f(x) =y < {y} =R\ (U(x) U V(x));
c.if x ¢ dom(f), then the set R \ (U(x) U V(x)) is not a singleton.
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2. There exist a computable sequence of effectively open sets {4, },e, and a computable
function H : w* — o such that

a. dom(f) = (e, An and
b. {71 (Br(m)) = Uje,, 2(H(m, 1)) N dom(f).

Proof.
1 — 2. The first property follows from the observation that

x € dom(f) < (¥y € Q) (¥z € Q) ((U(x,y) AV(x,2)) >y < z) A

(Vne N)(Jy € Q)(3z € Q) (U(x WAV(LZ) Az —y| < %)

Therefore, dom(f) € 19 in the effective Borel hierarchy on X, i.e. it is the intersection of
a computably enumerable sequence of effectively open sets (Moschovakis 2009).
The second property holds since, for x € dom(f),

x € {7 (Br(m) < (3y € Q 0 pr(m) (3 € QN frim) (1) € UA(x2) € V)
o x e JaH(m. i),

icw
for a suitable computable function H : w?> — w.

2 — 1. For the function f, let us define the corresponding U and V. Without loss of
generality, we assume that A, < A4,. Put

(x,r) € U<—>(Eln€a))(xeA A(Am € w)(Ja € Q)b € Q) (ﬁR (a, )N

a>r+%/\ero¢(H (m, l))))V

icw

(3m € w)3s € w) (BR(m) NPr(s) =T Ax € U o(H(m,i))A

x e U o H(s, i))).

(x,r) eV e(@Ane w)(x €A, \N(Im € w)(Ja € Q)(3Ib € Q)(BR(m) = (a,b)\
b<r— n-1T1 Axe Uoc(H(m,i))))V

icw

(3m € w)3s € w) (ﬁR(m) NPr(s) = Ax € U o(H(m,i))A

xe|JauHs, i))).

icw
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Let us verify the required properties of U and V. The first property is straightforward
from the definitions. For the second property, it is worth noting that if x € dom(f) then
(x,z) e U >z < f(x) and (x,z) € V <> z > f(x). So, f(x) =y « {y} = R\ (U(x) U V(x)).

To verify the third property, we assume x ¢ dom(f). Then there exists n € w that
(Vk = n)x € Ax. We are going to show that R\ (U(x) U V(x)) is not a singleton.

Suppose the opposite that R \ (U(x) U V(x)) = {r} for some r € R. So, #' € U(x) and

1" € V(x), where r’ = r — -5 and " = r + 5. If the second disjunct in the definitions

n+1
of U and V holds, then U(x) = V(x) = R; this contradicts to the assumption. If the first

disjuncts hold, then there exists n € w and n” € w such that ' € Ay, ¥’ € Ay,

(Fm € w)(Fa € Q)(3b € Q) (fr(m) = (a, b)A

/ 1 .
a>r +n/+1 AXE ch(H(m,t)))

icw

and

(Is € w)3Fc € Q)(3d € Q) (Br(s) = (¢, DN
d<r'— ﬁ AX € Uoz(H(s,i))) .

ew
Since (Vk = n)x ¢ Ax, we have n’ < n, n” < n and, as corollary, d < r < a. So the
intervals (a,b) and (c,d) are disjoint; therefore, the second disjunct holds. This means
that U(x) = V(x) = R, this contradicts to the assumption. So, R \ (U(x) U V(x)) is not a
singleton. U]

The following definition is motivated by the proposition above.

Definition 4.1. Let X = (X,7x,2) be an effectively enumerable topological space, and
Y = (Y,ty,B) be an effectively enumerable Ty-space. A partial function f : X — Y
is called partial computable if the following properties hold. There exists a computable
sequence of effectively open sets {4,}.c, and a computable function H : > — o such
that

1. dom(f) = (,e, An and
2. {71 (Bm) = Uie,, «(H(m, 1)) N dom(f).

In the following, if a partial computable function f is everywhere defined, we say f is a
total computable function.

Remark 4.1. In computable Polish spaces, it is clear that B =, 4, for a computable
sequence of effectively open sets {4,}.c, if and only if B is a I19-set in the effective
Borel hierarchy on X (see, e.g., Moschovakis (2009)). Further, we show that such sets are
precisely the domains of partial computable functions.

The following theorem shows that, for effectively enumerable Tp-spaces, the set of partial
computable functions is closed under composition.
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Theorem 4.1. Let X = (X,1x,2), YV = (Y,7y,f) and Z = (Y,12,0) be effectively
enumerable Ty-spaces. If partial functions f : X — Y and g : Y — Z are partial
computable, then h = g o f is a partial computable function.

Proof. In the following, we check (1) and (2) properties of partial computability.
1.

dom(h) = dom(f) N f~"(dom(g))

=dWMﬁﬂf4<(]mJ

mew

=mMﬁm<ﬂfﬂm0

mew

= dOIl’l(f) N (ﬂ 0711) >

mew

where {O,,}meo is @ computable sequence of effectively open subsets of X and {B,}mecw
is a computable sequence of effectively open subsets of Y. So h satisfies the property
(1).

2 It is easy to see that

h~'(e(m)) = (g~ (e(n))) = f~'(dom(g) N B,) = dom(h) N f~'(B,),
where B, is an effectively open subset of Y. Therefore, h satisfies the property (2).
L]

For an effectively enumerable space X, we denote the set of partial computable function
f : X > R as PCFy and nowhere defined function as L. It is natural to tell that a
sequence {f,}new Of functions from PCFy is computable if the corresponding function
F : v x X — R is partial computable, where F(n,x) = f,(x). From Definition 4.1 and
Proposition 4.1, it follows that this is equivalent to the existence of computable sequences
{Uy}new and {U,}ne, of effectively open subsets of X x R that, for every n € w, U, and
V, define f, i.e. satisfy the first condition of Proposition 4.1.

A function y : @ — PCFy is called a numbering of PCFy if {y(n) | n € o} = PCFy.
A numbering y : @ — PCFx is called computable if {y(n)},e, is @ computable sequence.
The numbering y is called principal computable if it is computable and every computable
numbering ¢ is computably reducible to 7, i.e., there exists a computable function f :
@ — o such that £(i) = y(f(i)). In particular, for any computable sequence of partial
computable functions {f,}.c., there exists a computable function g : @ —  such that
fn = 7y(g(n)). It is worth noting that these definitions agree with the notions of computable
and principal computable numberings of 4 = P(w) (Ershov 1999).

The following proposition is a straightforward corollary of Proposition 4.1, Defini-
tion 4.1 and the results from Korovina and Kudinov (2015b).

Proposition 4.2. For every effectively enumerable space X, there exists a principal com-
putable numbering y of the set of partial computable functions f : X — R.
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In the following for the partial computable function y(n), (U,, V,) denotes the pair of
effectively open sets which define y(n), i.e. satisfy the first condition of Proposition 4.1,
and H, denotes the function that satisfies the second condition of Proposition 4.1, i.e.
7 {(Br(M)) = Ui, ®(Hy(m,i)) N dom(y(n)). For convenience, in some places, we use the
notation y, for y(n).

5. Complexity of index sets for partial computable functions

In this section, we work with the subclass of effectively enumerable topological space,
which is the set of computable Polish spaces, the real numbers R and the Baire space V.
Now, we focus on calculating the complexity of index sets for classes of partial computable
functions f : X — R. We consider (PCFy,y), where y is a principal computable numbering
of the real-valued partial computable functions over X, where X is a computable Polish
space.

Definition 5.1 (Rogers 1967; Shoenfield 1971). For the class K, the set Ix(K) = {n|y(n) €
K} is called an index set for the class K = PCFy.

In order to calculate complexity of index sets, we use arithmetical and analytical
hierarchies, which classifies certain sets of the natural numbers based on the complexity
of formulas defining them (Rogers 1967; Soare 1987).

Below, we recall the notion of multiple m-reducibility that is one of the central concepts
in the classical theory of computability.

Definition 5.2. Let 4, B, C, D < w.
The set A is m-reducible to D, denoted by A4 <, D, if there exists a computable function
f : @ — o such that

x€ A« f(x)eD.

The pair (A4, B) is multiple m-reducible to (C, D), denoted by (4, B) <,, (C, D), if there
exists a computable function f : w — @ such that

x€Ao f(x)€Cand x € B f(x) €D.
The function f is called a reduction function.

Definition 5.3. Let I" be a class of arithmetical (analytical) complexity. A set 4 < w is
called T'-hard if B <, A for any B € I'. A set A4 is called I'-complete if A € T" and 4 is
I'-hard.

The following theorem summarises results on complexity of well-known problems in the
classical computability theory (see, e.g., Rogers (1967) and Soare (1987)), which we will
use further on.
Proposition 5.1.

e Inf = {e| W, is infinite} is I13-complete.
e Fin = {e| W, is finite} is 9-complete.
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e Cofin = {e | W, is cofinite} is £-complete.

e R={e| W, is computable} is £J-complete.

e There exists a computable sequence of computable trees {T,}me, such that the set
I = {m| T, has an infinite path} is £!-complete.

In this paper, we investigate complexity of the following problems for a computable
Polish space X':

Problem 1:  {f : X — R| f is a partial computable function and f # L}.
Problem 2: {f : X > R| f is a partial computable function and Ix f(x) = 0}.
Problem 3:  {f : X — R| f is a total computable function}.

Problem 4: {f : X > R| f is a total computable function and 3x f(x) = 0}.

Theorem 5.1. For any computable Polish space X = (X,tx, ), the index set Ix({f €
PCFx|f #+ L}) is Zl-complete.

Our proof is based on the following theorem and lemmas.

Theorem 5.2 (Nested Sphere principle; Kolmogorov 1999). A necessary and sufficient
condition that the metric space X be complete is that every sequence of closed nested
spheres in X with radii tending to zero have nonvoid intersection; moreover, the
intersection is a one point set.

Lemma 5.1. There exists an effective procedure which given any computable sequence
{Ay}nee of effectively open subsets of A produces a computable sequence {E,}ne, Of
effectively open subsets of X such that (., 4, = & < e, En = .

Proof. First, we construct a homeomorphism F : N' — X such that F~! : X - N is a
partial computable function. It is worth noting that for any ball B(x,r) one can choose
two nonempty balls B(xy,7;) and B(x»,7,), which are inside of B(x,r) and do not intersect
each other. Continuing the process, one can effectively generate infinitely many disjoint
nonempty balls which are inside of B(x,r); therefore, one can produce a computable
infinite sequence of such balls {B(x,, ) }new. Without loss of generality, we could assume
that for all n € w, r, < 1. Now, we construct F by steps.

Step 1. Put B(x),r}) = B(x,,r,) and make correspondence between each (n) € »=<“ and
the ball B(x!,r}).

Step s+1. Assume that on the step s, we already constructed balls B(x3,, r5), where w € o<
and length(w) = s, and made correspondence between each w and the ball B(x},r},). Next
we proceed as follows. Inside of every ball B(x},rS,), we construct an effectlve sequence

of disjoint nonempty balls B(xngl “’1 ) such that for all n € , r‘“< )< 113, Then, we

Wu WU H
make correspondence between each w U (n) and the ball B(x S+1 Pt

wu n)* " wli(n)/
Finally, we define

{F(U}_ﬂB vs]’ vs]
5>0

By the Nested Sphere principle (see Theorem 5.2), F is correctly defined on N since
r — 0. Moreover, {F(v)} = (o B(X)[g,75g) since, by construction, B(x)ig,75) 2
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E(xi?;]lu< ¥ L[sl n>) Using this strict inclusion, we show that im(F) is T19-set in the effective
Borel hierarchy on X.

Indeed, assume for all s € w, there exists a word w of the length s, x € B(x,,r},). By

assumption,

x € B(x Xy

w:lengtg(Jw)s+1

and, by construction, B(x],r}) N B(x},r)) = & for any different words u and v of the
length s. Therefore, if x € B(xS,r3), then there exists n and a word w = v U (n) of the
length s + 1 such that x € B(x51,75M). So we construct a chain of words w; C w; C .
such that v[s] = w, for some v € N and x = F(v). Therefore, x € im(F) if and only
if for all s € w there exists words w of the length s such that x € B(x},r},). This is
a T9-condition. Therefore, im(F) is a I19-set in the effective Borel hierarchy on X. By
construction, F(2,) = B(x},,r5,)(im(F), where s = length(w). Since X is a computable
Polish space, F~! is a partial computable function.

To finish the proof of the lemma using partial computability of F~!, let us define E, as
an effectively open set such that E,N im(F) = F(4,). It is easy to see that if yep, 4n = &,
then (), F(4,) = . Suppose im(F) = (., Cs, Where C, is an effectively open set.
Without loss of generality, we can assume that C,y = C,,.

Finally, put E, = E, N C,. Then, if (., An &, then N, (F(4,)NC,) = &. So

Mnew En = G- If e, En = &, then N, F(4,) = &. So, e, An = . Therefore,
{Eu}new is required. ]

Lemma 5.2. Let {E,},c, be a computable sequence of effectively open subsets of an
effectively enumerable topological space X = (X, t,a). There is an algorithm producing a

partial computable function f : X — R such that dom(f) = (., En-

Proof. Put

U=U<ﬂE:~) x(—oo,—,,ip,

new \isn

v=_ (ﬂE) — ).

i<n

It is clear that U and V define a partial computable function such that if x € (., En
then f(x) = 0, otherwise f(x) 1. D

Below, we use the result from Proposition 5.1, which states that there exists a computable
sequence of computable trees {T),}me» such that the set I = {m|T,, has an infinite path}
is 1-complete.

Lemma 5.3. There exists an effective procedure that generates a computable sequence
{A"™} 1 new Of effectively open subsets of N such that () ., A" # & o me I

new

https://doi.org/10.1017/50960129516000438 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129516000438

M. Korovina and O. Kudinov 440

Proof. Let T,, = N such that m € I. Define

A bmnew ={f €N (fO0),....f(n)) € T

It is easy to see that f € (., A" iff f is an infinite path in T, iff m € I. [

new

Proof. (Theorem 5.1) First, let us note that the standard Kleene—Addison algorithm
(Rogers 1967) shows that Ix({f|f # L} € =i. Our goal is to show that I <,, Ix({f|f # L}).
For that, we construct a computable sequence F = {f,}meo Of partial computable
functions such that m € I « f, # L. Using Lemmas 5.3 and 5.1, we construct a
computable sequence {A"}, ., Of effectively open subsets of N and a computable
sequence {E;'}, ey Of effectively open subsets of X such that (., Ay # & o> mel
and N, A = & < e Eif = . Using Lemma 5.2, we can effectively construct
a partial computable function f, such that dom(f,) = (e, E;. So, there exists a
computable function y : @ — w such that f,, = y(y(m)). The function y is a reduction,
since m € I < y(y(m)) # L. L]

Corollary 5.1. Let X = (X, tx,o) be any computable Polish space. The index set Ix(L) =
{n|y(n)= L} is IT}-complete.

Proof. This follows immediately. ]

Corollary 5.2. Let X = (X, 1y, 2) be any computable Polish space. For a partial comput-
able functions f : X — R, the problem of equality is IT}-complete.

Proof. This follows immediately. ]

Theorem 5.3. Let X = (X,7x,0) be any computable Polish space. The index set Z =
Ix({f € PCFx | Ix f(x) = 0}) is Z{-complete.

Our proof is based on the following lemma. Let Ny = A be the set of all functions that
represent fast Cauchy sequences, ie. h € Ny iff (VI € )(Ym > 1) d(bym), bua)) < %

Lemma 5.4. For any effectively open set A = X, there exists an effectively open set C = N/
such that for all h € N,

limbh(n)ZXEA(—)hEC.

n—0o0

Proof. To approach our proof, we make several observations. The first one is that if
lim; . b; = x, r; = 0 and at;) = B(bi, ri) 2 E(bi+1,ri+1) = &(tpr]) for any i € o, then
from x € B(a,r) = a(c) it follows that there exists N € w such that for all i > N,
t; < ¢, where the relation < is defined in Section 3.2. The second one is that since X
is a computable Polish space, there exists a computable function F : > — o such that
B(bin), 2%1) = a(F(h(n),n)), for n > 0.
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Let A = (J,cq (i), where T is a computably enumerable set. Now we show that for
x € X and h € Ny, such that lim,_,.. by = x, the following equivalence holds:

x €A« \/(AN € 0)F(h(N),N) < i.
ieT

Assume lim,,_,, by,) = x and h € Np. Then, there exists Ny € w such that for all n > Ny,
x € a(F(h(n),n)).

If x € A, then x € o(j) for some j € T. By the choice of h, we have t; = F(h(i),i). Since
B(bun+1), 37) S B(bnw), r), we can use the first observation above to find Ny € w such
that for all i > Ny, t; < j. Taking N = Nj, we get F(h(N),N) < j.

If F(h(N),N) < i for some N € w and i € T, then, for all n = N, F(h(n),n) < i
by transitivity of the relation < and the choice of h. Put n = max(Ny, N). Then, x €
o(F(h(n),n)) and F(h(n),n) < i. Therefore, x € a(i) by the property of the relation <. So,
x € A.

Put

Ci={heN| (@3N € w)i > F(h(N),N)},
c=Jc.
ieT
Every C; is an effectively open set since this is the projection of the effectively open set

{(h,i,N) | i > F(h(N),N)} = Uginepl(hi,N) | h(N) = k}, where B = {(k,i,N) | i >
F(k,N)}. Therefore, C is required by the characterisation of 4 given above. |

It is worth noting that the construction in the lemma above is uniform that means that
the index of C is computed by an index of A.

Proof. (Theorem 5.3) The X}-hardness follows from Theorems 5.1 and 4.1. Indeed, let
H(x) = x-0 = 0. Then, for F, = H o y,, {Fu}uew is a computable sequence of partial
computable functions (see the proof of Theorem 4.1). It is easy to see that the following
equivalences hold:

Ix Fu(x) = 0 & Ixy(n)(x) > n & Ix(L).

So, w \ Ix(L) <, {n| Ix F,(x) = 0}. By Theorem 5.1, we get X{-hardness.
Now, we show that Z € . Since n € Z could we written as follows:

(3g € N) (klgn; by € dom(y(m) A7 Jim byqo) = 0) =

(Ig € No) (@1(g. 1) A @a(g, 1)),

it is sufficient to show that ¢ and ¢, are Hgfconditions on N X o.

By definition, dom(y(n)) = (), A7 for some computable sequence of effectively open
sets {A!'}ic,. Using Lemma 5.4, for i € o, we construct the corresponding C' = A such
that limy_,o, be)y € A} < g € C!' for any g € Ny. From uniformity of Lemma 5.4, it
follows that the sequence {C/'}, icy 18 computable. Therefore, (g, n) = (Vi € w)g € C!"
is a T19—condition on N x w. It is easy to see that the condition ¢, is equivalent to
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(Vm € @) limM_s0 bo) € 777 ((— 5, +55))- In other words, (Vm € @) limy_o, byy € Apm =
o(H,(x(m))), where H, is a function corresponding to H from Definition 4.1 for y(n) and
Pr(x(m)) = (—%,4—%). Since Ay, are uniformly effectively open, we can use Lemma 5.4
to construct the corresponding sets Cp,, = N such that limy_,. by € Aum <> g € Cyy for
any g € Np. From uniformity of Lemma 5.4, it follows that the sequence {Cpm}nmee iS
computable. Therefore, p2(g,n) = (Vm € w)g € Cpy is a IY—condition on V' X o. ]

Theorem 5.4 (Korovina and Kudinov 2015b). For partial computable real functions f :
R — R, totality is [19-complete.

Theorem 5.5. For partial computable functions f : N' — R, totality is IT}-complete.

Proof. 1t is clear that {n | Ixy(n)(x) 1} € Z}. So {n | Vxy(n)(x) |} € I}

Now, we show that totality is IT!-hard. From Lemma 5.2, it follows that every effectively
open set O, = N is the domain of an appropriate partial computable function f : ' — R.
Moreover, its index can be constructed effectively i.e. O, = dom(y(h(n))) for a suitable
computable function h : @ — . Therefore, it is sufficient to show that the set {n | O, = N}
is IT}-hard. In order to do that with every computable tree T, = »<“, we uniformly
associate by computable g the effectively open set

Ogy =N\ [Tl = {f e N |Imf[m] & T,}.

After that, it is straightforward that Oy, = A if and only if T, has no infinite path.
Therefore, {n | O, = N} is I1}-hard. O

Proposition 5.2. Let X = N, K; = {n | p(n) is total} and K, = {m | =3Ixyp(m)(x) |= 0}.
The pair (K1, K>) is m-complete in the class of the pairs of IT}-sets.

The proof is based on the following lemmas.

Lemma 5.5. For any Il}-set A4, there exists a computable sequence {g,}uc, Of partial
computable functions g; : N/ — R such that for all n € w

1. g, is total;

2.ng A (AxeN)gi(x)=0;

3. (Vx e N)(gn(x) =0 — x € Apyy).

Proof. Let us choose a computable sequence {T,},e, Of computable trees T, € =

such that

1.Af eN)Vsew)f[s]e T, ngA;
2. (Vh € To)h(0) = 2n.

Then by every tree T,, we construct a function g, : ' — R by the rules:

1. For f € N, if 3k f[k] & T,, then we define g,(f) = 27~
2. For f € N, if Vk f[k] € T,, then we define g,(f) = 0.

By construction, {g,} is a required computable sequence of partial computable
functions. Ll
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Let U(x) < V(x) denote that, for all z; € R and z; € R, if z; € U(x) and z; € V(x) then
z1 < 2.

Lemma 5.6. For any H}-set B, there exists a computable sequence {f,}nc» Of partial
computable functions f; : N'— R such that for all n € w

1.n € B« f, is total;
(VXEN)fn T—>X€Q[2n+1)
3. N x {0} < U,, where (U,, V,) defines f, such that, U,(x) < Vy(x).

Proof. In the proof of Theorem 5.5, we already established that {n | O, = N} is I1}-
complete, where O, is nth effective open set of . So n € B <> O,y = N for a suitable
computable function h : @ — . Let Oy = A,. It is worth noting that 4, € Hg, and
that there is an algorithm producing a partial computable function f : AV — R such that
dom(f) = A, (see, e.g., Lemma 5.2). Therefore, we can effectively construct computable
sequence of {f,}nee of partial computable functions f; : N'— R such that for all n € w

1. dom(f,) = A4,;

2. fu(x) | = fulx) =

3. Va(x,y) = {(x,y) |(x€A Ay>1)V(y> 3

4. Up(x,p) = {(x)) [ (x €4, Ay <DV (y < 3)}
Moreover, we can satisfy the condition for all n € @ A, UA3,41y = N, e.g., redefining

= {f e N | f(0) = 2n+ 1 ANdelay(f) € Ay} U(N \ Azpy1y), where for all m € w

delay(f)(m) = f(m 4+ 1). Then, A, U211y = N.

After all, we get for alln €

1. f, is total <> A, =N < n € B;

2. f,,(x) T—» X € Ql<2n+1>;

3.N x {0} = U,.

Hence, {f1}nee is a required sequence. ]
Proof. (Proposition 5.2)

Let (4, B) be a pair of I1}-sets. Using g, from Lemma 5.5 and f,, from Lemma 5.6, we
put h, = f,, - g,. By definition,

1. h, is total « f, is total & n € B;
2.3x e Mh(x) =0 g,(x) =0 n ¢ A.

Since h, is uniformly constructed, there is a computable function 4 : @ — @ such that
hy, = y(A(n)). The function 4 m-reduces the pair (B, A) to the pair (K;, K;). By Theorems 5.5
and 5.3, the last pair is m-complete in the class of the pairs of IT!-sets. |

Theorem 5.6. Let X = N. The index set
K ={f : N > R| f is a total computable function and 3x f(x) = 0}
is m-complete in the class of the differences of IT}-sets.

Proof. The claim is straightforward form the previous proposition since K = K;

\ K. U
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Proposition 5.3. Let X =R, K| = {n| y(n) is not total} and K, = {n | R x {0} & U,UV,}.
The pair (K1, K3) is m-complete in the class of the pairs of X9-sets.

The proof is based on the following lemmas.

Lemma 5.7. Let A be 9-complete. There exists a computable sequence {g, }ne., of partial
computable functions g; : R — R such that for all n € o

1. g, is total and g, > 0;
2.n€ A (Ix e R)gu(x) =
3.80(x) =0 > x € U,ez (2m,2m + 1).

Proof. Tt is sufficient to prove for A = Fin = {n | W, is finite}. Let K,, = w be m-
complete c.e. set and {a,},e, be a computable sequence of computable non-negative real
numbers such that n € K,, < a, > 0. For example, {a,},e can be defined as

a,=1— Z 2%

m>0:ng¢K"

Indeed, {ay}new is a computable sequence since for every n € o

1
q<a,<q<0vik <neK§+1\K§,Aq<1_ 3 )

1
0<i<k

1
q>a, < Jk <n¢K"§Aq>1— Z 21,),

O<i<k

where g € Q. Using {a,}uew, We construct {g,},en as follows. Let C, = {n | |W,| = k}.
Since Cx <, K,, uniformly on k, there exists a computable sequence {f, : ® — ®}new
such that C; = f,jl(KW). So, n € Cy if and only if fy(n) € K,, and if and only if ay,(,) > 0.
Therefore, we can define b,k = ay,(». Then, g, is the merging of partial functions H,y,
k = 0, the function G and the function F such that

L. dom( ) [Zk 2k + 1] and an(x) - bnk + |X - (2k + ;)| ( bn,k) -2,
2. dom( G) Uiso[2k + 1,2k 4 2] and G(x) = 1 on the domain;
3. dom(F) = (—o0,0] and F(x) = 1 on the domain.

By construction, g, is total, W, is infinite if and only if for all k € w, b,x > 0 and if and
only if g, does not have roots. Moreover, if g,(x) = 0, then x € (2m,2m + 1) for some
m € w. Hence, {g,}nee 18 required. O

Lemma 5.8. Let B be Zg-complete. There exists a computable sequence {h,} e Of partial
computable functions h; : R — R, i.e. h, = y(s(n)) for a suitable computable function
s : w — w, such that for all n € w.

L.R x {0} < Uy, where (Ugn), Vi(n)) defines h, such that Ugpy(x) < Vip)(x);
2.if h,(x) T then x € J,,cz(2m — 1,2m);
3.n € B < h, is not total.
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Proof. 1t is sufficient to prove for B = Fin = {n | W, is finite}. Let us construct
effectively open sets U" and V" as follows.

U" =R x (—o0, 1),

= m,m+1 x (1,4+00) U (—20,0] x (1,+o0) U | m—i—g,m—i-l x (1, +00)U
m=0 3 m=0 3

1 1
URk2k + 1] x (L+o)u | [2k—1+3,2k—3} x (1, +00).
k=0 k=0:|W,|=k

Put Ugn = U" and Vi, = V". By construction, the pair (U, V) defines h, such
that

1. h, is total if and only if W, is infinite;

2. if W, is finite then R\ dom(hy) = U, < [2k — 1 + 5,2k — 51
3. if h,(x) | then h,(x) =1;

4. if h,(x) T then x € (2k — 1,2k) for some k € w.

Hence, {hy}new is required. O

Proof. (Proposition 5.3) From Proposition 4.1 and Theorem 5.4, it follows that K; € X9.
Since n € Ky <> (3a € Q)(3b € Q)(a < b A —([a,b] x {0} = U,JVn)), K2 € X9 by
Proposition 3.2. Let (4, B) be a pair of X3-sets. Further, we use g, from Lemma 5.7 and
h, from Lemma 5.8. Let g, = y(G(n)) and h, = y(H(n)) for suitable computable functions
G:w— wand H : ® —> w. Now, we construct (U", V") which will define the partial
computable function f, = g, - h, as follows.

U'(x,y) =y <0V (da>0)dc > 0)(U(;(n)(x, a) NUn@my(x,c) Na-c> y),
V*(x,y) = (3b > 0)(3d > 0)(Vim(x,b) A Vim(x,d) Ab-d < y).

It is worth noting that U" < V" and V"N (R x {0}) = &. By construction, there is a
computable function F : w — o such that Upy = U" and Vg = V7", in particular,
fn = 7(F(n)). Therefore,

Ix fu(x) T ne B« F(n) € K;.
By construction,
U"2 (R x{0}) < Usm 2 (R x {0}) & =3xgu(x) =0 n ¢ A.

Therefore, n € A « F(n) € K,. Hence, F m-reduces (B,A) to (K{,K3). So, (K{,K>) is
m-complete in the class of the pairs of £9-sets. L]

Theorem 5.7. Let X = R. The index set
K ={f :R — R| f is a total computable function and 3x f(x) = 0}
is m-complete in the class of differences of X9-sets.

Proof. The claim is straightforward form the previous proposition since K = K;

\ Kj. U
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6. Conclusion and related work

Recently, several approaches to measure complexity of undecidable problems in comput-
able analysis have been intensively developed. Our work is closely related to the approach
that originated from the research on computing index sets of closed subsets of classical
Polish spaces and computably continuous functions (Cenzer and Remmel 1998, 1999).

Our main results extend this approach as follows. In the framework of effectively
enumerable topological spaces, we have introduced the notion of a partial computable
function and constructed principal computable numberings of the partial computable
functions f : X — R. With respect to these principal computable numberings, we have
shown complexity of problems over partial computable functions from a computable
Polish space to R. It will be challenging to extend this approach to the class of partial
computable functions f : X — Y for computable Polish spaces X and Y.

This research was partially supported by DFG/RFBR grant CAVER BE 1267/14-1
and 14-01-91334, RFBR grants 13-01-00015, 14-01-00376.

References

Ash, CJ. and Knight, J.F. (2000). Computable Structures and the Hyperarithmetical Hierarchy, Studies
in Logic and the Foundations of Mathematics, vol. 144, Elsevier.

Brattka, V. and Gherardi, G. (2009). Borel complexity of topological operations on computable
metric spaces. Journal of Logic and Computation 19 (1) 45-76.

Brodhead, P. and Cenzer, D.A. (2008). Effectively closed sets and enumerations. Archive for
Mathematical Logic 46 (7-8) 565-582.

Calvert, W., Fokina, E., Goncharov, S.S., Knight, J.F., Kudinov, O.V., Morozov, A.S. and Puzarenko,
V. (2007). Index sets for classes of high rank structures. Journal of Symbolic Computation 72 (4)
1418-1432.

Calvert, W., Harizanov, V.S., Knight, J.F. and Miller, S. (2006). Index sets of computable structures.
Journal of Algebra and Logic 45 (5) 306-325.

Cenzer, D.A. and Remmel, J.B. (1998). Index sets for I19 classes. Annals of Pure and Applied Logic
93 (1-3) 3-61.

Cenzer, D.A. and Remmel, J.B. (1999). Index sets in computable analysis. Theoretical Computer
Science 219 (1-2) 111-150.

Delzell, C.N. (1982). A finiteness theorem for open semi-algebraic sets, with application to Hilbert’s
17th problem. In: Ordered Fields and Real Algebraic Geometry, Contemporary Mathematics, vol.
8, AMS, 79-97.

Downey, R.G., Hirschfeldt, D.R. and Khoussainov, B. (2003). Uniformity in computable structure
theory. Journal of Algebra and Logic 42 (5) 318-332.

Downey, R.G. and Montalban, A. (2008). The isomorphism problem for torsion-free Abelian groups
is analytic complete. Journal of Algebra 320 (6) 2291-2300.

Ershov, Yu. L. (1973). Theorie der Numerierungen . Zeitschrift fur Mathematische Logik Grundlagen
der Mathematik 19 (19-25) 289-388.

Ershov, Yu. L. (1977). Model C of partial continuous functionals. In: Logic Colloquium 76, North-
Holland, 455-467.

Ershov, Yu. L. (1999). Theory of numberings. In: Griffor, E.R. (ed.) Handbook of Computability
Theory, Elsevier Science B.V., 473-503.

https://doi.org/10.1017/50960129516000438 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129516000438

Complexity for partial computable functions over computable Polish spaces 447

Frolov, A., Harizanov, V., Kalimullin, I., Kudinov, O. and Miller, R. (2012). Spectra of high, and
nonlow, degrees. Electronic Notes in Theoretical Computer Science 22 (4) 755-777.

Grubba, T. and Weihrauch, K. (2007). On computable metrization. Electronic Notes in Theoretical
Computer Science 167 345-364.

Hodges, W. (1993). Model theory. In: Encyclopedia of Mathematics, Cambridge University Press.

Kechris, A.S. (1995). Classical Descriptive Set Theory, Springer-Verlag.

Kolmogorov, A.N. and Fomin, S.V. (1999). Elements of the Theory of Functions and Functional
Analysis, Dover Publications.

Korovina, M.V. (2003). Computational aspects of Z-definability over the real numbers without the
equality test. In: Baaz, M. and Makowsky, J.A. (eds.) CSL’03, Lecture Notes in Computer Science,
vol. 2803, Springer, 330-344.

Korovina, M.V. and Kudinov, O.V. (2005). Towards computability of higher type continuous data.
In: Proceedings CiE’'05, Lecture Notes in Computer Science, vol. 3526, Springer-Verlag, 235-241.

Korovina, M.V. and Kudinov, O.V. (2008). Towards computability over effectively enumerable
topological spaces. Electronic Notes in Theoretical Computer Science 221 115-125.

Korovina, M.V. and Kudinov O.V. (2009). The uniformity principle for sigma-definability. Journal
of Logic and Computation 19 (1) 159-174.

Korovina, M.V. and Kudinov, O.V. (2015a). Positive predicate structures for continuous data. Journal
of Mathematical Structures in Computer Science 25 (8) 1669-1684.

Korovina, M.V. and Kudinov, O.V. (2015b). Index sets as a measure of continuous constraints
complexity. Lecture Notes in Computer Science vol. 8974, Springer, 201-215.

Montalban, A. and Nies, A. (2013). Borel structures: A brief survey. Lecture Notes in Logic 41,
124-134.

Moschovakis, Y.N. (1964). Recursive metric spaces. Fundamenta Mathematicae 55 215-238.

Moschovakis, Y.N. (2009). Descriptive Set Theory. North-Holland.

Rogers, H. (1967). Theory of Recursive Functions and Effective Computability, McGraw-Hill.

Soare, R.I. (1987). Recursively Enumerable Sets and Degrees: A Study of Computable Functions and
Computably Generated Sets, Springer Science and Business Media.

Shoenfield, J.R. (1971). Degrees of Unsolvability, North-Holland Publisher.

Selivanov, V. (1988). Index sets of factor-objects of the Post numbering. Algebra and Logic 27 (3)
215-224.

Selivanov, V. (2015). Towards the effective descriptive set theory. Lecture Notes in Computer Science
9136 324-333.

Selivanov, V. and Schroder, M. (2014). Hyperprojective hierarchy of gcbg-space. Journal of
Computability 4 (1) 1-17.

Spreen, D. (1984). On r.e. inseparability of cpo index sets. In: Logic and Machines: Decision Problems
and Complexity, Lecture Notes in Computer Science, vol. 171, Springer, 103-117.

Spreen, D. (1995). On some decision problems in programming. Information and Computation 122 (1)
120-139.

Spreen, D. (1998). On effective topological spaces. Journal of Symbolic Logic 63 (1) 185-221.

Weihrauch, K. (1993). Computability on computable metric spaces. Theoretical Computer Science
113 (1) 191-210.

Weihrauch, K. (2000). Computable Analysis, Springer-Verlag.

Weihrauch, K. and Deil, Th. (1980). Berechenbarkeit auf cpo-s. Schriften zur Angew. Math. u.
Informatik vol. 63. RWTH Aachen.

https://doi.org/10.1017/50960129516000438 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129516000438

