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Volume integral means over spherical shell

Boban Karapetrovic¢

Abstract. We investigate integral means over spherical shell of holomorphic functions in the unit
ball B, of C" with respect to the weighted volume measures and their relation with the weighted
Hadamard product. The main result of this paper has many consequences which improve some well-
known estimates related to the Hadamard product in Hardy spaces and weighted Bergman spaces.

1 Introduction

The notion of the coefficient-wise product of two power series was first considered in
the classical paper [3] by Hadamard. Since then a numerous problems related to the
Hadamard product of holomorphic functions in the open unit disc in the complex
plane have been considered. Of particular importance is the study of the behavior
of the Hadamard product on various standard spaces of holomorphic functions on
the unit disc. The effect of the Hadamard product on the classical Hardy spaces on
the unit disc is described in [7]. In the case of the several complex variables, the
weighted Hadamard product of holomorphic functions in the unit ball has been
studied in [1] in the context of the weighted Bergman spaces. Some estimates for the
Hadamard product on the classical Hardy and Bergman spaces on the unit disc in the
complex plane are obtained in [10], where a list of references with various interesting
applications of the Hadamard product is given. Some results related to the weighted
Hadamard product and various weighted area integral means have been obtained very
recently in [4, 5].

In this paper, we explore the weighted volume integral means over spherical shell
of holomorphic functions in the unit ball, which can be seen as a generalization
of the weighted volume integral means introduced in [12]. Our primary goal is
to examine the mentioned volume integral means together with the appropriate
weighted Hadamard product, which is a generalization of the weighted Hadamard
products presented in [1] and [5]. The main result of this paper includes a number
of special cases that improve many well-known existing results. Before describing the
main result and its special cases we need to set up some standard notation, which will
be used throughout the paper.
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Volume integral means over spherical shell 181
1.1 Basic notation

Throughout the text, we fix a positive integer #, noting that in some situations we will
consider the obtained results in a special case when # =1. Let C" be the Euclidean

space of the complex dimension n. For z = (z1,...,2,) € C",w = (wy,...,w,) € C",
ceCanda = (ay,...,a,) € NI wewriteZ = (Z1,...,2n) |2l = \/|aa] + -+ +|zul’ 2
W= (21Wi5...,2,Wn), 2= (¢Z1,...,c2,) and 2% = 2" zo", || = o1 + - + ay, al =

ogl-ay!. Let B, = {z € C" : |2 < 1} be the open unit ballin C" andletalso S,, = 9B, =
{z € C" : || = 1} be the unit sphere in C". With this notation, D = B, is the open unit
disc in C and T =S, is the unit circle in C. For 0 < r <1, we write B, , = rB, and
Sp.r = S,. On the other hand, for 0 < r < R < 1, we also write A, , g =B, g "\ B, , =
{z € C": r <|z| < R}. The set A, , g is called spherical shell in the open unit ball B
It is a generalization of the annulus to higher dimensions. We mention that spherical
shells will play an important role in the results that follow. In the case of one complex
dimension n = 1, we simply write D, =B, ,, T, = S;,, and A, g = A}, g is an annulus
in the open unit disc .

We let dV denote the volume measure on the open unit ball B, and the
surface measure on the unit sphere S, will be denoted by dS. Of course, measures
dV and dS are rotation invariant. It is well-known that V(B,) = n"/n! and
S(S,) =2n"/(n-1)..If zeB,, then z = p{ for some 0 < p <1, { € S” and dV(z) =

\SIEISB“)) 2np*" 1 dp dS({), which implies integration in polar coordinates

v LA@ave - [ i L D@ e,

for a given function f:B, — C. On the other hand, by Hol (B, ), we denote the
space of all holomorphic functions on the open unit ball B,, that is Hol (B,) =
{f:B, - C: f is holomorphic function}.If f € Hol (B, ), then there exists a unique
power series representing a holomorphic function f, ie., f(z) = ¥, asz% z € By,
where the summation is over all multi-indexes a = (a3, ..., a,) € N§. Also, for each
0 < s <1, the notation f; will refer to the dilatation of the function f, that is f;(z) =
f(sz), z € B,,. For further information related to the theory of holomorphic functions
in the unit ball we refer to the classical monographs [2, 6, 8, 9, 14].

1.2 Weighted volume measures

We define the weighted volume measures on the unit ball B, in the following
way dV,(z) = (1- |z|2)y dV(z) for z € B,, where y > —1. Then integration in polar
coordinates shows

V()= [ (=) avie) = et [T (1) e 2np

or equivalently

vV, (B,) = nV (B,) folsz"*1 (1-p2) dp = nV (B,) B (n,y+1),
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ie,
nll(y+1)

(L1) V, (B,) = Tn+y+1)

V(B,),
where I" and B are the classical Gamma and Beta functions, respectively, that is, where
[(x) = [~ p*'e?dp and B(x, y) = [, p*~'(1- p)?~"dp for x, y > 0 and where it

is valid well-known formula B(x, y) = ['(x)I'(y)/T(x + y). Also, if a, 8 € Ny are
multi-indexes of non-negative integers, based on [14], we can write

(12) S(S f(“( ds({) = {

1.3 Weighted Bergman spaces

0, a+f

. all'(n) -
S as©= g @ =8

S(Sn)

For 0 < p < oo and y > —1 the weighted Bergman space on the unit ball is defined as
follows

A (B, - {f Bl (B g = (3 S I 4) < oo}-

If f € A (B,) and z € B, we have the following sharp pointwise estimate

(13) @< (-1p) 7 112z, >

which was first obtained in [11]. We note that if y = 0 then A (B,,) = A} (B,,) are
standard unweighted Bergman spaces. Also, if 0 <7 <1,0 < p < oo and f € Hol (B,)
we consider the following surface area integral means

) 1
M) = (55 L0 as) = (55 L6 rc>|Pds<c>)

It is well-known that r — M, (r, f) is an increasing function and logM,(r, f) is a
convex function oflog r. See [12, Lemma 1]. The Hardy space on the unit ball is defined
as follows

H? (B,) = {f € Hol(B,) : HfHHP(]Bn) = sub M, (r, f) < oo}.

0<r<1

It is a well-known fact that in the sense of the boundary values of the function f €
H? (B,), we may write | | grs,) = Mp(L, f). See [9, 14]. Therefore, if f € H? (B,),
0<p<ooand0<s<1, we can write | f[ yyp,) = My(s, f). On the other hand, if
f € Hol (B, ), then based on [12, 13] we can also write

(1.4) ylifj}+ 1flar @,y = 1flip s,y > O <p<oo.

Therefore, the Hardy space H? (B,) is the limit case of the weighted Bergman
spaces A} (B,) when y - —1". By using integration in polar coordinates, we easily

obtain HfHAI,(]B )= =/, M5 (p, f) 2np*"~" dp. Hence, if f € H? (B,) then HfHAP(B )<
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S U o210 dp = | £y - thatis [ £ Lanca,) < | Flinca,)- Actually, we have
the following interesting result, which will be useful later.

Lemmall LetO< p<ooandfeH?(B,). Then

<N fllare,y < 1S a0 cs,).

fa
e 2n

HP(B,)

Proof =~ We have already shown | f|4r(g,) < |f|ar(®,). On the other hand, we
denote I,[f](r) = Mg(r,f). Then I,[f] o exp is a convex function. By using Jensen
inequality and integration by parts, we conclude

HfHA”(B ) fl (I,[f] o exp) (logp) 2np*" " dp
> (tloew) ([ 12n,)2n7110g pdp)

[ - 1dp)

o) () M)

= (L,[f] oeXp)( 2”logp

p
HP(B,)

This finishes the proof. ]

1.4 Volume integral means

Let f be a holomorphic function in the unit ball B,,, 0 < p <00,y > -1,0<r <R <1
and 0 < s < 1. We consider the following volume integral means over spherical shell

1

(1.5) Mp,y[f](r,R,s):(Vy(AlnrR) [A“RdeVy)p

Note that

Ny [1(0.1,5) = (Vy & LB dvy)" 1y

Also, in the special case when r = 0 and s = 1, we obtain the volume integral means

2o 08D = (s [ rav,)

which are considered in [12], where, among other things, it is shown that R —
M, ,[f](0,R,1) is an increasing function. In fact, it is much more true, since
M, [f](r, R, s) is an increasing function in each of the arguments r, R and s. Namely,
we have the following result.
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Lemma 1.2 Let f eHol(B,),0<p<oo,y>-1,0<r<R<1 and 0<s<1 Then
the following functions

re My, [f1(rR,s), R M, [f](r,R,s) and s M, ,[f](r,R,s),

are increasing.

Proof Integration in polar coordinates gives
R
1P gy :Van 7f O dS(0) 2107 (1 - p2) d
S vy =vE) [ o [ RGO as@ e (1-p7) dp

R
=V(Bn)[ M5 (p, f) 2np™" " (1= p?) dp,

and

R
V, (Anrr) =V (B,) fr 2np™ " (1- Pz)y dp,

which implies

R

, f M) (p, f) p*" ' (1-p*)  dp

(16) My, [f1(r,R,5) = F—— :
[0 dp

By using formula (1.6) and the fact that s — Mﬁ (p, fs) = MII; (sp, f) is an increasing
function, we directly obtain that s = M, ,,[ f](r, R, s) is an increasing function too.
On the other hand, by using again relation (1.6) and the fact that p — Mg (p, fs) isan
increasing function, we get

d

& Mg,y[f](r’ R, S)

>0

R (1—R2)yer(Mf; (R f) =M (p. £)) p*" 7 (1-p7) dp o

([RPZ’H (l—lvz)ydp)2 _

Hence, R = M, ,[f](r,R,s) is an increasing function. Similarly, we obtain that

d

M1 Res)

>0

P (1-r) [ )M 0 0) P (1 67)

= 5 > 0.
R 2n-1 2\7Y
(f P (1-p7) dp)

Thus, r = M, [ f](r, R, s) is an increasing function. This completes the proof.
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In the case n = 1, the integral means given by the formula (1.5) become

Myy[f1(r:R,5) = (my(i‘w fA,R |f5|pdmy)p ,

where dm,, (z) = (1 - |Z|2)y dm(z), z € B; = Dand dm is area measure on the unit disc
D in the complex plane C. Specially, we get

1

1) 2311009 = (g5 ol am)
and
(1.8) M,y [f1(0,R,1) = (my(l]D)R) /DR AP dmy)P ,

noting that means given by (1.7) and (1.8) play a major role in the paper [5] and in
the case when y = 0 we obtain the integral means considered in the paper [4]. See
also [10].

1.5 Weighted Hadamard product
Let f and g be functions in Hol (B,,) with the following power series representations
f(2) =) aqz" and g(z) = > baz*, z€B,.
[+ o
Then their classical Hadamard product is defined by

(f *8)(2) = Y aabaz", z€By.

On the other hand, their weighted Hadamard product, with parameters y > -1 and
0 < r < R<1,is defined in the following way

(f * g)y,r,R(Z)

B Z o! s
w T(n+lal) v, (Anwﬁ)

for z € B,. Note that B;(x, y) is the standard incomplete Beta function, that is
B.(x,y) = [, p*'(1-p)* " dp, where 0 < t <1, x > 0 and y > 0. In the special case,
when 7 = 0 and R = 1, we obtain

(f * 8)y01(2)
_ Z o! s
w D(n+laf) V), (B,)
(L1) 5 al  nl(n+y+1)V(B,) C(n+|a))T(y+1) 2 b
M(n+la)) aC(y+1)V(B,) T(n+laf+yp+1) %77

a

n

(Br(n+|al,y+1) =B, (n+|al,y +1)) agbsz%,

n

B(n+|al,y +1) agbaz”
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or equivalently

all'(n+y+1)

Jbaz®
T(n+|a|+yr1) 7*%F

(19) (f*&por(@) =%
Note that our weighted Hadamard product (f * g),.r r in this special case when r = 0
and R = 1, thatis (f * g)y,0,1, plays an important role in the paper [1]. We also mention
that integral representation of the weighted Hadamard product (f * g),,, r will be
obtained in Section 2 (actually, see formula (2.2) in the proof of Lemma 2.6), which
will guarantee that the function (f * g)y,,r is holomorphic in the open unit ball B,,,
under the initial condition that f, g € Hol (B,). Finally, in the case of one complex
dimension # =1, the weighted Hadamard product (f * g),,,z with r =0, that is
(f * &)y.0,r> was studied in [5].
On the other hand, letting y - —1* in (1.9), we also can write

all(n) al(n—-1)!

0 (fr@)na(2) = 2 i oy be” = 2 Gy e

We observe that, from the above formula (1.10), in the case n = 1, we have

[ oo

(f* 8 0a() = 2 o dabaz® = 3 5 aubez —zaab 2= (f  9)(2),

(x0||' a=0 &

for z € By =D, that is (f * g)-1,01 = f * g which means that in the case n =1 our
weighted Hadamard product (f * g)_1,01 becomes the standard Hadamard product

g
1.6 The main result

Based on the above notations, we are ready to express our main result.

Theorem 1.3 Let f € A} (B,) and g e Al (B,), with 0<p<1, p<q<oo, y> -],
and0<r<R<1L,0<s<1,0<a<b<l Then

qy[(f*g)yrR](a b,s)
IIfHAp(B) S (VR VRAB) MG [8](a, b, )ME L [g] (a, b, /5VR)

( R)(n+y+1)(% )

This result allows us several interesting special cases. We list some of them below.

Theorem 1.4 Let f € A (B,) and ge A% (B,), with 0< p<1, p<g<oo, y>-1
and0<r<R<1,0<s<1 Then

”((f*g)y»f’R)sHA‘l(Bn)
M 5N VA VR VA el 2yl

A} (Bn)

(1 _ SR)(n+y+1)(%—l)
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Proof Put a=0 and b =1 in Theorem 1.3. We note also that ((f * g)y»r)R)s is
dilatation of the weighted Hadamard product ( f * g)y,r)R, thatis ((f % g)w,R)S (z) =
(f * 8)y.r.r(sz) for each z ¢ B,,. -

By using Theorem 1.4 in the case when r = 0 and R =1, we obtain the following
interesting result.

Corollary 1.5 Let f € A} (B,) and g€ A1 (B,), with 0< p<1, p<g<oo, y>-1
and 0 < s <1. Then

[CCF *£)y00), s,
( S)(n+y+1)(1—f)HfH

(IB ) ”gHA”(IE%

Ab (B, A" 1(Bn) *

Remark 1.6  Since
Hf\/§||A§(B") = Mp,y[f] (0’ L \/;) < Mp,y[f] (0) L 1) = ”f“A§(IB,,)>
and

&5l 41 s, = May[81 (01/5) < My [81 (01,1) = [ gl g s,

as a direct consequence of Corollary 1.5, we obtain the following inequality

) (5 Do), yge, < A= g,

which was originally proved in [1, Proposition 3.10]. Therefore, our result presented
in Corollary 1.5 can be viewed as an improvement of [1, Proposition 3.10]. Note also
that inequality (1.11) in the case of one complex dimension n =1, i.e.,

y(Ba)?

I(CF * @r00), Loy < A= 92CDf Loy lglageoy:

was also obtained in [5, Remark 3.5], where the functions f and g are replaced by their
appropriate fractional derivatives of Hardy-Littlewood. For more information see the
recent paper [5]. o

Lettingy — —1" in Corollary 1.5 and by using the fact (1.4), we also get the following
result.

Corollary1.7 Let f e H? (B,) and g H1(B,), with0 < p<1, p<g<oco,and0<
s <1 Then

MUwthWm
<(1-5)"03)

HP(IB% ) Hq(ma )2

https://doi.org/10.4153/5S0008439521000199 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439521000199

188 B. Karapetrovi¢

or equivalently
Mg (s, (f * g)-1,01)
< (-9t

p P
HP (By)

182l racs, -

P 1-p
|f\ﬁ||HP(B,,) ”gHH‘I(]Bn)
In the case of one complex dimension # = 1, our Corollary 1.7 gives the next result.

Corollary 1.8 Let fe H? (D) and ge H1(D), with 0<p<1, p<g<oco and
0<s<1 Then

M, (s, f * 8) < (1= )% ik sl o 180ty 1202 oy -

Remark 1.9 Since

”fﬁ“Hp(D) =M, (V5 f) < | flir (o)

and

Hgﬁ”m(ﬂ)) =M, (V5. 8) < [1glm),

as a direct consequence of Corollary 1.8, we derive the following inequality

(112) My (s, f * 8) < (1=5)"7 | flur(my €l 1o (o)
which was originally proved in [7]. Hence our Corollary 1.8 can be viewed as an
improvement of the main result of [7]. o

Corollary 1.10  Let f € HP (B,) and g€ H1(B,), with 0<p<1, p< q< oo and
0<s<en. Then

” ((f * 8)-101)s ”Hq(]Bn)

n(1-1 1- P
<=0 (1l lglinn) ™ (1 asony I8l asgsny)

or equivalently
Mg (s, (f * &)-1,01)

_1 - 4
< (=90 (1l Iglinn) ™ (1 arony I8l arceny).

Proof Since0<s< e’%, by using Lemma 1.1, we find

1l ey = Mo (V5. 1) <M, (efﬁ’f) = Ve

sy < Wl

and

”gﬁ”m(]}gn) =M, (V5.g) <M, (e—ﬁ)g) =

whence follows the desired conclusion by direct application of Corollary 1.7. ]

8.4 Ha(By) < ”gHAq(Bn) >

In the case of one complex dimension n = 1, Corollary 1.10 produces the next result.
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Corollary 1.11 Let fe HP (D) and ge H1(D), with 0<p<1, p<q<oo and

0<s<el Then

_1 1- P
My (5, f % 8) < (1=9)0 (If Loy 1 lms) " (1 Lar oy € asmy) -

Remark 1.12 Note that | f|| 4»(p) < | f| ir (»y and || gl| 4a(p) < [ €]l zr9(my- Thus, Corol-

lary 111 represents an interesting refinement of the inequality (1.12), which is the main

result of the paper [7], but only in the case when 0 < s < e, o

By using Theorem 1.4 in the special case when r = 0 and s = 1, we obtain the next
result.

Corollary1.13  Let f € A} (B,) and g € A? (B,,), where0< p<1,p<q<oo,y>-1
and let also 0 < R < 1. Then

16+ €yl
< (=R L 5] (00 VR ) gl il

A”’(IB )’

Remark 1.14  In the case of one complex dimension # = 1, our Corollary 1.13 pro-
duces the following inequality

” (f * g)%o)R ”A‘;(D)

(1.13) o
< (=R 211 (0. VR 1) lgllhy 8zl o
Note that

MG, (0, VR1) < M, [F1(0.11) = |17
and
||gf||A'f(]D>) = Mg,y[g] (0’ L \/E) < Mg,y[g] (0,1,1) = HgHAq(D)

Therefore,

W19 [ Dol gy < A= RO EDIf Ly gl

As we noted earlier, in the case of one complex dimension # =1, the weighted
Hadamard product (f * g),,0, was studied in [5]. Actually, the inequality (1.14) is the
main result of the paper [5], where the holomorphic functions f and g are replaced
by their appropriate fractional derivatives of Hardy-Littlewood. See [5]. Thus, the
inequality (1.13) can be viewed as an improvement of [5, Theorem 2.1]. S
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2 Preliminaries

If f € Hol (B, ) and 0 < p < oo, then

fHHﬂM:WWJFgéﬁéﬁﬁQuwaﬁ%wqm,

is an increasing function, where 0 < r < 1. In fact, the following stronger property
holds.

Lemma 2.1 Let f € Hol (B,), 0 < p < oo and

Lol (o) = [ 1 (i raG)lP 88 (Gavn ).
where0 <1 <1,...,0<r, <L Then, foreach je{1,...,n},

r]-»—>Lp[f](rl,...,rj,...,rn),

is an increasing function.

Proof Letje{l,...,n}andry €[0,1), where k # j, be fixed. Since dS is a rotation
invariant measure, for each 0 € [0, 27r), we have

Lolf1(riestjreeintn)
zfsn|f(r1C1,...,rj(j,...,rn(n)’PdS(Cl,...,Cj,...,(n)

= [ i) 05 G G ).
Therefore,
Lp[f](fb-.-,rj,...,rn)
:ifoznfsn F (G ral) 48 (G G0 00) 46,
and by using Fubini theorem, we obtain
Lp[f](71,~--,rj,...,rn)
= fg i/02”|f(r1<”1’---’rjeiefj’---,rnCn)l"deds(Cl,...,(j,...,(n).

Foreach { = ((3,...,{,) €S,, we consider the following function

F((Z) :f(ﬁ(lw--;Z(j)u-;rn(n); zeD.
Then F; € Hol(ID), which implies that

1 2n .
e o /0 |F; (rje‘9)|P do,
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is an increasing function, where 0 < r; < 1. Hence

1 2n Y
7’]!—>Lp[f:| (T’],...,T’j,...,rn)ZfSn%/O |F((rje )| deS(C),
is an increasing function too. This completes the proof. [ ]

Based on the previous lemma, we have the following useful statement.

Lemma 2.2 Let f eHol(B,),0< p<ocoandw eB,. Then

LU0 as@ < [ 1 (wlON as(0).

6
5.

Proof  First of all, we can write w = (wy,...,w,) = (rlei . r,,eie") € B, where

M...,tn 20and 6,...,0, €[0,27). Note that r; < \/rf +---+ 72 = |w| <1, for all
j=1,...,n,whichimplies thatry,...,r, € [0,1). By using the fact that dS is a rotation
invariant measure and Lemma 2.1, we get

LU0 as© = [ 1f (neGe ™ G)| 88 (G )
:fsn|f(r1(1,...,rncn)|f’d5((1,...,(n):L,,[f](rl,...,r,,)
LU (oo ) = 17 (1o WG 48 (G o)
= [ w0 as(o).

This finishes the proof. [ ]

Continuing in a similar way, we obtain the following result, where the main
ingredient is the previous lemma.

Lemma 2.3 Let feHol(B,),0<p<oo,p>-1,0<a<b<landweB,. Then
1 p P
V) Ju U O 2 V(@) <M 1 b .

Proof By using integration in polar coordinates and Lemma 2.2, we conclude

1
V, (Bas) fAb If (w-2)|P dV,(z)

- 1 V(B") ’ 2n-1 2
"V, (Apap) S(Sh) fa /s,, If (w-pQ)|P dS(¢) 2np>" " (1-p )Vdp
_ 1 V(B,) [t | e
TV, (Bnas) S(Sy) f fs If (ow- )P dS() 2np2" " (1= p2) dp

L1 V(B
- Vy (An,a,b) S(Sn)

fah /s. |f (pIwlQ)IP dS({) 2np*" ! (1—P2)ydp
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1
= S [ @
Ty o Vi G a2 <3G, 11 b,

which actually needed to be proven. ]

We continue with another auxiliary result, which will be useful below and which
may be of independent interest.

Ii;mma 24 Let feA)(B,), 0<p<q<oo, y>-land 0<r<R<1 0<s<1
en

(n+y+1)(1-1 1-£ £
Moy [f1(rR,s) < (1-s*R?)™ G P)Hqu,y,;Bn)M;,y[f](r,R,s).

Proof Ifze A, , rthen|sz| = s|lz| < sR and by using sharp pointwise estimate (1.3),
we obtain

n+y+1 n+y+l

_my _mr
@I= 176 < (1-12) 7 1oy < (=R 7 [fLagceny -
Since g — p > 0, we conclude

-4

- (n+y+1)(1-4 -
2.1) F7 < (1-280) " ")”f”fv;fman)’

for each z € A, , r. Therefore, we may write

My [f1(r:R,5) = (V,,(Al,”R) fA,.,,,R |fs|q_P £l dVV)q

1

(21 2o (D) (1-8) g 1 /‘ » )"
< 1-s"R r —_ dv
(( ) Hf”Ag(]Bn) Vy (An,r,R) Arn ‘f5| y

1
qa

n -1 _
= ((1_$2R2)( +y+1)(1-1) Hf‘ipl(:,]B% )Mg,y[f](r,R,s))
(n+y+1)( 212 1—% g
= (1-s’R?) r)(5-5) HfHA:;(B") M, [f1(r, R, s).
This finishes the proof. ]

Remark 2.5 By Lemma 2.4, in the special case when f € A} (B,), 0<p<1=g,
y>-land 0 <r < R<1,0<s <1, we obtain

(n+y+1)(1-1 -
Moy [F1(r Ros) < (1- 2R2) "7 ”)HfH;l;‘an)Mg,y[f](r,R,s),
which will be useful below. o

We continue with the following result, which will play an important role in the
proof of the main result of this paper.

https://doi.org/10.4153/5S0008439521000199 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439521000199

Volume integral means over spherical shell 193
Lemma2.6 Letf,geHol(B,),0<p<Ly>-1,0<r<R<L0<s<landlet

K(z,w)=f (w)g(z-w), where z,weB,.

Then
|((f * &)yrr), (2)]
< (=) TR RGO RG] (VA VRV,
forallzeB,.
Proof Let

f(2) =) aqz" and g(z) = > buz", z€B,.

Then, for z € B,,, we have

1

Vi (5 vE) nea
1

v (A ) Aa \/;Wa b \/EZ'WBI—WzdeW
VT omo) Jovn 2 L Z 0 (V52 (1) V)

s [ SaeS Db A (1) av ),
Vy (An,\ﬂ,\/ﬁ) nrHVR « ﬁ

f(Vsw) g (Vsz-w)dv,(w)

and by using integration in polar coordinates, we obtain
f(Vsw) g (Vsz-w)dv,(w)

1

Vy (o) Jovn
VR J5, Sap aabp/s Tl HRET (P as (1) -
) V(Bn)/ Sa B B znPZ I(I_PZ)Y dp

Vr S(Sn)
Vy (A viva)
VR s -
) V(Bn)f\/;R S aabﬁ\/gla\+|ﬁlp\a|+|ﬂ|zﬁ Js . 2np?" 1(1_P2)y dp

vy (4, 5vr)

Also, by using (1.2), we find

1
—_———— w sz-w)d w
V)’ (An,\/;)\/ﬁ) An,\ﬂ,\/if(\/; )g(\/_z ) VV( )

V(B, VR 2]l . all'(n) _
v, (An’ﬁ\/};) @

] VR
__ VB, » atxbtxM Pl (1 p2) 2p dp (s2)°
V(b ) 2P T
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_ V(B,) Z a.b, a'll(n+1) RPn+|a\_1 (1 _P)y dp (sz)*
V() & T Tal)
y n,/7,V/R

(] a
- ol 2y b (s2) (Br(n+|a],y +1) = B,(n+|af,y +1))
& T(n+|a)V, (Anwﬁ)
= (f*g)y,r,R(Sz)>

that is

(2.2) ((f * g)y,r,R)S (2) =

! F(V/57) g (Voz- w) AV, (w).

A iR

Vy (A, v5.vr)

Therefore, from the formula (2.2), we derive

((F * Q)yra), ()] € —— I (V/5) g (v/5z- w)| 4V, (w)

Vy (An,\ﬂ,\/ﬁ) An,\ﬂ,\/ﬁ
|K(z, \/Ew)’dVy(w)

1
v, (An,\/?,\/ﬁ) el
= My [K(2)] (V7 VR, V5)
< (=) TR R, M, K] (VA VRV

where we used Lemma 2.4, that is Remark 2.5. This completes the proof. ]

3 The proof of Theorem 1.3

In this final section, we are ready to provide the proof of the main theorem of this
paper.

Proof of Theorem 1.3  Let
K(z,w)=f(w)g(z-w),

for z, w € B,,. By using Lemma 2.6, we find

'[An,a,b

((f * Dyrr), AV, (2) |
Vy (An,a,b)

( Sy o JKGEOID 2 [K(2,)] (VAR AV, (2) )q

M,y [(f * &)y.rz] (a,b,5) = (

AD (@)
V;’ (An,a,b)

<

(1= sR) 7D (5-1)
On the other hand, note that
S TGS ML [K(20)] (Vo VR AB) 4V, (2)

<I7PJP,
Vy (An,a,b)

(3.1)
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where

"V, (Anab) o KGN, @),

and
/= Vy(Alb) fA My, [K(z,)] (ﬁ, VR, ﬁ) v, (z).

Namely, in the case when 0 < p <1, the previous inequality (3.1) is a simple conse-
quence of the Holder inequality with the conjugate exponents 1/(1- p) and 1/p. In
the case when p =1, the above inequality (3.1) is trivial. Actually, in that case we have
the equality between the left and right hand side in the (3.1). Therefore, we get

(32) Moy [(f * €)yirr] (a:bys) < (1- sR)("”“)(l‘%) IFTPJE.

Then, by using the integral Minkowski inequality, Lemmas 2.3 and 1.2, we obtain

v 1 Jo, [K(zw)[P dV, (w) | * !
7. (vymn,a,h) I ( o ) dvy<z>)

1-p

r

v B, )f v (A b)f IK(z, w)[? dV, (z)) av (W))

= [ 1rmrag, [](a,b,|w|>dvy<w>)"

1-p

vy (B

P

(V 55 S (e [ eemray, <z>) av (W));
(5706
(o

5y o U 6] () v, )

i (1153) f f <W>|"dVy<w>) "M Lg] (a,b,1)
HfIIAP(B) Plgl(ab,1),
that is

J

(33) Pl Mg (abu)
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Similarly, by using again integral Minkowski inequality and Lemma 2.3, we derive

. 1 Jur 5 K (2 /w)|" dV, (w) ’
PN ) Jou, v, () Vy(2)
1
i (i L ke o) we

- fAn,ﬁ,\/E |f(\/§W)|P (V)’(Aln,u,b) fAn,a,b 4 (z ’ \/EW)|q dVy(Z))E dVV(W)
Vy (Anw,ﬁ)
1

S W‘An,ﬁ,f |f(\/_w)| M4, [8] (a, b, /slw]) AV, (w).

Based on Lemma 1.2, for w € An) NG have

M 15) (0.0 VAl <36 ) .8,V

which implies

1 P
<—F—n7— Vsw a,b,\/sv/R)dv y(w)
VV (Am\/;)\/ﬁ) An’ﬁ’ﬁ | ( )| ( )
1

) V)'(T\/?,\/ﬁ) A iR
AR50 V).

=

J

s @) dV, (w) M5, [g] (a,b, V/5VR)

that is
)4
(3.4) J1 <M L1 (VA VR S) MG (8] (a,b,V/5VR).
Finally, from (3.2)-(3.4), we obtain the required conclusion. [ |

Acknowledgment The author is supported in part by Serbian Ministry of Educa-
tion, Science and Technological Development, Project #174032.

References

[1] J. Burbeaand S. Y. Li, Weighted Hadamard products of holomorphic functions in the ball. Pac. J.
Math. 168(1995), 235-270.

[2] H. Grauert and K. Fritzsche, Several complex variables. Springer, New York, 1976.

[3] J. Hadamard, Théoréme sur les séries entiéres. Acta Math. 22(1899), 55-63.

[4] B.Karapetrovi¢ and J. Mashreghi, Hadamard convolution and area integral means in Bergman
spaces. Results Math. 75(2020), 1-11.

[5] B.Karapetrovi¢ and J. Mashreghi, Hadamard products in weighted Bergman spaces. J. Math. Anal.
Appl. 494(2021), 1-17.

[6] S.G. Krantz, Function theory of several complex variables. Wiley, New York, 1982.

https://doi.org/10.4153/5S0008439521000199 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439521000199

Volume integral means over spherical shell 197

[7] M. Pavlovi¢, An inequality for the integral means of a Hadamard product. Proc. Amer. Math. Soc.
103(1988), 404-406.

[8] R.M. Range, Holomorphic functions and integral representations in several complex variables.
Springer, New York, 1986.

[9] W.Rudin, Function theory in the unit ball of C". Springer, New York, 1980.

[10] A. V. Tovstolis, Estimates for the Hadamard product on Hardy and Bergman spaces. Analysis
34(2014), 243-256.

[11] D. Vukoti¢, A sharp estimate for AP functions in C". Proc. Amer. Math. Soc. 117(1993), 753-756.

[12] J. Xiao and K. Zhu, Volume integral means of holomorphic functions. Proc. Amer. Math. Soc.
139(2011), 1455-1465.

[13] K. Zhu, Translating inequalities between Hardy and Bergman spaces. Amer. Math. Monthly
111(2004), no. 6, 520-525.

[14] K. Zhu, Spaces of Holomorphic Functions in the Unit Ball. Graduate Texts in Mathematics, 226,
Springer, New York, 2005.

Faculty of Mathematics, University of Belgrade, Studentski trg 16, 11000 Belgrade, Serbia
e-mail: bkarapetrovic@matf.bg.ac.rs

https://doi.org/10.4153/5S0008439521000199 Published online by Cambridge University Press


mailto:bkarapetrovic@matf.bg.ac.rs
https://doi.org/10.4153/S0008439521000199

	1 Introduction
	1.1 Basic notation
	1.2 Weighted volume measures
	1.3 Weighted Bergman spaces
	1.4 Volume integral means
	1.5 Weighted Hadamard product
	1.6 The main result

	2 Preliminaries
	3 The proof of Theorem theorem11.3

