Proceedings of the Royal Society of Edinburgh: Section A Mathematics, 1-44, 2026
DOI:10.1017/prm.2026.10147

Equivariant and invariant parametrized
topological complexity

Ramandeep Singh Arora

Department of Mathematics, Indian Institute of Science Education and
Research, Pune, Maharashtra, 411008, India
(ramandeepsingh.arora@students.iiserpune.ac.in) (corresponding author)

Navnath Daundkar
Department of Mathematics, Indian Institute of Technology Madras,
Chennai, Tamil Nadu, 600036, India (navnath@iitm.ac.in)

(Received 1 December 2025; accepted 30 March 2026)

For a G-equivariant fibration p: F — B, we introduce and study the invariant
analogue of Cohen, Farber, and Weinberger’s parametrized topological complexity,
called the invariant parametrized topological complexity. This notion generalizes the
invariant topological complexity introduced by Lubawski and Marzantowicz. When G
is a compact Lie group acting freely on E, we show that the invariant parametrized
topological complexity of the G-fibration p: E — B coincides with the parametrized
topological complexity of the induced fibration : E — B between the orbit spaces.
Furthermore, we compute the invariant parametrized topological complexity of
equivariant Fadell-Neuwirth fibrations, which measures the complexity of motion
planning in the presence of obstacles with unknown positions, where the order of
their placement is irrelevant. In addition, we study the equivariant sectional category
and the equivariant parametrized topological complexity, which serve as essential
tools for obtaining several results in this paper.
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1. Introduction

The topological complezity of a space X, denoted by TC(X), is defined as the
smallest positive integer k such that the product space X x X can be covered by
open sets {Uy, ..., Uy}, where each U; admits a continuous section of the free path
space fibration

m: PX - X x X defined by =(y) = (v(0),~(1)), (1)
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where PX denotes the free path space of X equipped with the compact-open topol-
ogy. The concept of topological complexity was introduced by Farber in [21] to
analyse the computational challenges associated with motion planning algorithms
for the configuration space X of a mechanical system. Over the past two decades,
this invariant has attracted significant attention and has been a subject of extensive
research.

1.1 Parameterized motion planning problem

Recently, a novel parametrized approach to the theory of motion planning algo-
rithms was introduced in [11, 12]. This approach provides enhanced universality and
flexibility, allowing motion planning algorithms to operate effectively in diverse sce-
narios by incorporating external conditions. These external conditions are treated
as parameters and form an integral part of the algorithm’s input. A parametrized
motion planning algorithm takes as input a pair of configurations subject to the
same external conditions and produces a continuous motion of the system that
remains consistent with these external conditions.

We now briefly define the concept of parametrized topological complexity. For a
fibration p: E — B, let E xpg F denote the fibre product, which is the space of all
pair of points in F that lie in a common fibre of p. Let EL denote the space of all
paths in E whose images are contained within a single fibre. Define the parametrized
endpoint map

I: Ep - Exp E by I(y) = (7(0),7(1)). (2)

In [11], it is shown that IT is a fibration. The parametrized topological complezity of
a fibration p: F — B, denoted by TC[p: E — B], is the smallest positive integer k
such that there is an open cover {Uy,...,Ux} of E xpg E, where each U; admits a
continuous section of II. For further details and interesting computational results
for parametrized topological complexity, see [11], [12], [24], and [35]. Additionally,
the concept has been extended to fibrewise spaces by Garcia-Calcines in [25]. On
the other hand, Crabb [34] established some computational results in the fibrewise
setting.

One of the key motivations for introducing this concept was to address the
challenge of collision-free motion planning in environments where obstacles have
unknown positions in advance. This can be described by the following scenario, as
illustrated in [11]: A military commander oversees a fleet of ¢ submarines navigating
waters with s mines. The positions of these mines change every 24 hours. Each day,
the commander must determine a motion plan for each submarine, ensuring that
they travel from their current locations to their designated destinations without
colliding with either the mines or other submarines. A parametrized motion plan-
ning algorithm will take as input the positions of the mines on the given day and
the current and the desired positions of the submarines and will produce as output
a collision-free motion of a fleet. Hence, the complexity of the universal motion
planning algorithm in this setting can be described as the parametrized topological
complexity of the Fadell-Neuwirth fibration

p: FRY s 4+1) = F(RYs), (@1, Ze, Y1y Y) > (T1,...,Ts)
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where F(R9,s) is the configuration space of s distinct points lying in R
see Section 5.

However, in a real-life scenario, the specific order in which the mines are placed
should be irrelevant. For the two configurations of mines,

(1,...,25) and  (To(1),. .-, Zo(s))s

for any o in the permutation group X, the military commander should assign the
same motion plan for the submarines. This is because both configurations describe
the mines being placed at the same set of positions, regardless of their labelling.
Thus, we should consider the unordered configuration space F(R%,s)/%, for the
placement of mines. Hence, in this new perspective, the complexity of the universal
motion planning algorithm should be described as the parametrized topological
complexity of the fibration

p: F(RY s +t) — F(RY,s),

which is induced from p by taking the quotient under the natural action of X, on
the configuration spaces.

In this paper, we introduce the notion of invariant parametrized topological com-
plexity for a G-fibration p: E — B, denoted by TC®[p: E — B], which seems
to provide a more suitable framework for analysing the impact of symmetries on
parametrized motion planning algorithms. The invariant parametrized topologi-
cal complexity is a parametrized analogue of the invariant topological complexity,
which was introduced by Lubawski and Marzantowicz [31]. The invariant topolog-
ical complexity for a G-space X, denoted by TCG(X ), behaves well with respect
to quotients. In particular, if a compact Lie group G acts freely on X, then the
equality TC®(X) = TC(X/G) holds (see [31, Theorem 3.10]). Generalizing this to
the parameterized setting, we establish the following theorem.

THEOREM Suppose G is a compact Lie group. Let p: E — B be a G-fibration and
let p: E — B be the induced fibration between the orbit spaces. If the G-action on
FE is free and E x E is hereditary paracompact, then

TCY[p: E — B] = TC[p: E — B].

1.2 Outline of the paper

The aim of this paper is twofold. Firstly, we examine various properties of the
equivariant sectional category and equivariant parametrized topological complex-
ity. Using these properties, we develop and analyse the new concept of invariant
parametrized topological complexity, which we introduce in Section 4.

In Section 2.1, we introduce the concept of equivariant fibrations and present
several examples, including equivariant covering maps.

In Section 2.2, we study the equivariant sectional category of a G-fibration and
establish multiple lower bounds in Theorem 2.7, Proposition 2.9, and Proposition
2.12. We also provide an equivariant homotopy dimension-connectivity upper bound
in Theorem 2.16. Afterwards, we establish product inequalities in Proposition 2.18
and Corollary 2.19.
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In Section 2.3, we recall the notion of the equivariant Lusternik—Schnirelmann
(LS) category of a G-space. In this section, we establish a lower bound in terms
of fixed point sets and provide an equivariant homotopy dimension-connectivity
upper bound, as stated in Proposition 2.24 and Theorem 2.26, respectively.

Subsequently, Section 2.4 devoted to the equivariant and invariant topological
complexity of a G-space, and we provide an equivariant homotopy dimension-
connectivity upper bound for the former in Theorem 2.28.

In Section 3, we explore various properties of the equivariant parametrized topo-
logical complexity of G-fibrations p: £ — B. Our main result, Theorem 3.2,
characterizes the elements of a parametrized motion planning cover as the G-
compressible subsets of the fibre product F xp E into the diagonal A(E).
Furthermore, we establish some lower bounds and the product inequalities in
Proposition 3.4, Theorem 3.6, and Theorem 3.8, respectively.

In Section 4, we introduce the notion of invariant parametrized topological
complexity for G-fibrations. We establish the fibrewise G-homotopy invariance
of this notion, and show that it generalizes both the parametrized and invari-
ant topological complexity; see Theorem 4.3 and Proposition 4.4, respectively.
For a G-fibration p: F — B, in Theorem 4.6, we show that the elements of an
invariant parametrized motion planning cover can be characterized as the (G x G)-
compressible subsets of the fibre product £ xp,q E into the saturated diagonal
WE)=F Xg/q E. In Section 4.1, we investigate various properties and bounds for
TC%[p: E — B]. For example, we establish inequality under pullbacks (Proposition
4.8), dimensional upper bound (Proposition 4.9), lower bound (Proposition 4.12),
cohomological lower bounds (Theorem 4.15 and Theorem 4.16), and product
inequality (Theorem 4.17). Finally, we prove one of our main results, Theorem 4.26,
which shows that the TCG[p: E — B] coincides with the parametrized topo-
logical complexity of the corresponding orbit fibration, when G acts freely on
E. We conclude the section with some examples illustrating the application of
Theorem 4.26.

In Section 5, we compute the invariant parametrized topological complexity of the
equivariant Fadell-Neuwirth fibrations. Specifically, in Theorem 5.6 and Theorem
5.10, we establish:

THEOREM. Suppose s >2,t>1 and d > 3. Then

2t + s, if dis odd,
either 2t +s —1or 2t +s if dis even.

TC* [p: F(RY, s+t) = F(R?,s)] =

THEOREM. Suppose s > 2 and t > 2. Then
TC> [p: F(R?% s +1) — F(R%*s)] =2t + s — 1.

1.3 Notations and conventions

Throughout the text, G denotes a general topological group acting on Hausdorff
spaces, unless stated otherwise. We adopt standard terminology and notation from
equivariant topology, such as G-spaces, G-maps, G-homotopies, and related notions.

https://doi.org/10.1017/prm.2026.10147 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2026.10147

FEquivariant and invariant parametrized topological complexity )

In this paper, all category-type invariants are taken to be un-normalized, that is,
they equal the number of open sets in the cover. Thus, our definitions exceed by
one those in [11, 12], but agree with those used in [13, 21, 31].

2. Preliminaries

In this section, we systematically introduce and study various numerical invariants:
equivariant sectional category, equivariant LS category, equivariant topological
complexity, A-LS G-category, and invariant topological complexity.

2.1. G-fibrations

We begin by recalling the definition of a G-fibration, followed by a few examples.
For a more detailed discussion, we refer the reader to [37] and [27, Section 2].

DEFINITION 2.1. A G-map p: E — B is called a G-fibration if it has the G-
homotopy lifting property with respect to any G-space X. More precisely, if H: X x
I — B is a G-homotopy and h: X — E is a G-map with po h = Hy, then there
exists a G-homotopy H: X x I — E that satisfies p o H=H and Hy =h.

ExaMPLE 2.2. Here we list some examples of G-fibrations.

(1) For any G-spaces B and F, the projection maps 71 : BXF — B and my: B X
F — F are G-fibrations.

(2) If G is a compact Hausdorff topological group, then every principal G-bundle
over a paracompact space is a G-fibration, where G acts trivially on the base.
This can be shown using [37, Theorem 7]. In particular, the Hopf fibration
Sl 83 — §? is an S'-fibration.

(3) For any space X, the free path space fibration 7: PX — X X X is a Zo-
fibration, with Zs-action on PX given by reversal of paths and on X x X
by transposition of factors, see [27, Example 2.6].

(4) For any G-space X, the free path space fibration is a G-fibration. Moreover,
if zp € X is a fixed point under G-action, then the path space fibration is
also a G-fibration. See Section 2.4 and Section 2.3, respectively, for more
details.

The following theorem provides a sufficient condition for a fibration to be a
G-fibration. We note that although the proof is presented for compact Hausdorff
groups, it remains valid for arbitrary topological groups.

THEOREM 2.3. ([37, Lemma 5]) If p: E — B is a G-map that is a fibration with
the unique path-lifting property, then p is a G-fibration.

The following is an immediate corollary of this theorem.

COROLLARY 2.4. If p: E — B is a G-map that is a covering map, then p is a
G-fibration. In particular, if p: X — X is a universal covering, then p is a w1 (X)-

fibration, where w1 (X) acts on X via deck transformations and acts trivially on
X.
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EXAMPLE 2.5. Here we list some non-trivial examples of G-fibrations.
(1) Suppose a € R. Then the universal covering p: R — S*, given by t + €27
is a Z-fibration, where Z acts on R by n -t = t + na, and acts on S' by

2mina

n-z=e z.

(2) The universal covering p: S™ — RP™ is a ¥, 1;-fibration, where the sym-
metric group X,41 acts on S™ by o - (zg,...,Zn) = (Zs(0)s - To(n)), and
acts on RP™ by o - [xo: -1 2] = [Zo(0) 1 - 1 Zo(n)]-

2.2. Equivariant sectional category

Schwarz [41] introduced and studied the notion of sectional category of a fibration,
and later by Berstein and Ganea in [5] for any map. The corresponding equivariant
analogue was introduced by Colman and Grant in [13].

DEFINITION 2.6. ([13, Definition 4.1]) Letp: E — B be a G-map. The equivariant
sectional category of p, denoted by secat(p), is the least positive integer k such that
there is a G-invariant open cover {Un,..., Ui} of B and G-maps s;: U; — E, for
t=1,...,k, such that po s; ~¢ iy,, where iy, : U; — B is the inclusion map.

Firstly, we establish a cohomological lower bound on the equivariant sectional
category of a G-map using Borel cohomology. This is based on Colman and Grant’s
work [13, Theorem 5.15], which provides a similar cohomological lower bound on
equivariant topological complexity. To the best of our knowledge, such a bound has
not been documented in the literature. We believe that this result must already
be known to experts in the field. Nevertheless, we provide a thorough proof of this
result here.

Suppose EG — BG is a universal principal G-bundle. For a G-space X, let X g
be the homotopy orbit space of X defined as

FG x X
(eg,x) ~ (e,g7tx)’

ngzEGxGX: foree FG,g € G,z € X

and the Borel G-equivariant cohomology H{(X;R) of X with coefficients in a
commutative ring R is defined as H(X;R) := H*(X2A; R). We note that for a
G-map p: E — B, there is an induced map pg: Eg — Bg.

THEOREM 2.7. (Cohomological lower bound) Suppose p: E — B is a G-map. If

there are cohomology classes uy,...,uy € I:TE; (B; R) (for any commutative ring R)
with

(&) (ur) == (p) (ur) =0 and wuy — - — ux #0,
then secatg(p) > k.

Proof. Suppose secatg(p) < k. Then there exists a G-invariant open cover
{U1,...,Ux} of B such that each U; admits a G-equivariant homotopy section s; of
p.1f ji: U; < B is the inclusion map, then ((j;)%)* (u;) = ((s:)%)* ((p)* (w;)) = 0.
Hence, the long exact sequence in cohomology of the pair (BL, (U;)%) yields an
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element v; € H*(BL, (U;)%; R) such that ((g;)%)*(vi) = u;, where ¢;: B < (B, U;)
is the inclusion map. Consequently, we obtain

V) — - — v € HY(BA, Uiz (U2 R) = H*(BL, BL; R) = 0.

Therefore, by the naturality of the cup product, we have u; — - - — wuy
(qh)*(v1 — -+ — vg) = 0, where ¢: B < (B, B) is the inclusion map.

o

REMARK 2.8. Observe that if G acts trivially on X, then the lower bound in
Theorem 2.7 coincides with the cohomological lower bound given by Schwarz in
[41, Theorem 4]. Moreover, it generalizes the lower bounds for equivariant topo-
logical complexity and equivariant parametrized topological complexity previously
established by Colman—Grant [13, Theorem 5.15] and Daundkar [14, Theorem 4.25],
respectively.

In practice, however, the difficulty of computing cup products in Borel coho-
mology (or more generally, in any equivariant cohomology) makes the problem
cumbersome. We can then ask whether non-equivariant cohomological bounds can
be utilized in some way. When G is a compact Hausdorff topological group and
p: E — B is a G-fibration, we will show that the sectional category of p and the
sectional category of the induced fibration p: E — B between the orbit spaces are
lower bounds for the equivariant sectional category of p. Note that p fits into the

commutative diagram

E-".,B

s k&

E "> B,
where 73: B — B and 7g: E — E are orbit maps.
PROPOSITION 2.9. Let p: E — B be a G-fibration. Then secat(p) < secatg(p).

Proof. Suppose U is a G-invariant open subset of B with a G-equivariant section
s of p over U. As the orbit map ng: B — B is open, we have U := wg(U) is an
open subset of B. As U is G-invariant, it follows U is saturated with respect to 7.
Hence, mg: U — U is a quotient map. Then, by the universal property of quotient
maps, there exists a unique continuous map 5: U — E such that the following

diagram
TEOS

U FE
A
B 0
5
U

commutes. Then

p(E(0)) = p(5(m5 (b)) = B(rE(s(b) = 75(p(s(b)) = mp(b) = b

implies 5 is a section of p over U. Thus, the result follows since nz: B — B is
surjective. O
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THEOREM 2.10. Suppose G is a compact Hausdorff topological group andp: E — B
is a G-fibration. Then p: E — B is a fibration. Furthermore, if G acts freely on B,
then

secat(p) = secatg(p).

Proof. By [37, Corollary 2], it follows that P is a fibration. Note that the inequality
secat(p) < secatg(p) follows from Proposition 2.9. Now we will show the reverse
inequality. Note that G acts freely on E as well, since G acts freely on B and p is
a G-map. If p: E - E x5 B denotes the natural G-map induced by the universal
property of the pullback, then ¢ preserves the orbit structure because G acts freely
on both B and E. Hence, the diagram (3) is a pullback in the category of G-spaces,
see the proof of [9, Theorem I11.7.3]. Suppose U is an open subset of Band3: U — E
is a section of p. Let U = ng(U). Then, by the universal property of pullbacks,
there exists a unique G-map s: U — E such that 7tz os = Song: U — E and
pos=iy: U — B. Hence, secatg(p) < secat(Dp). O

REMARK 2.11. As mentioned in Example 2.2 (3), the free path space fibration
m: PX — X x X is a Zo-fibration for any space X. The Zs-action on PX is given
by reversal of paths, and on X x X it is given by transposition of factors. Hence, by
Theorem 2.10, we get secat(T) < secaty,(m). Thus, we recover the cohomological
lower bound on the symmetrized topological complexity TCZ(X ) in [27, Theorem
4.6], since the following commutative diagram

~ —_—

X x X

X

implies the nilpotency of the kernel of A and 7 are the same.

Suppose X is a G-space. For a subgroup H of G, define the H-fixed subspace of
X as

Xt ={zeX|h-x=xforal he H}.
PROPOSITION 2.12. Suppose p: E — B is a G-fibration. If H and K are subgroups

of G such that B and BY are K-invariant, and the fized point map p¥ : EH — BH
is a K-map, then

secat i (p) < secatg(p). (4)

In particular, if G is a compact Hausdorff topological group, then

(1) the fived point map p™ : B — BH is a fibration for all closed subgroups H
of G, and
)

secat(p”™) < secatg(p).

(2) p: E — B is a K-fibration for all closed subgroups K of G, and

secat(p) < secaty (p) < secatg(p).
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Proof. If s: U — E is a G-equivariant section of p, then s|, : V — EH is a
K-equivariant section of p¥, where V = U N BH . Hence, the inequality (4) follows.

If G is compact Hausdorff, then it follows from [37, Theorem 4 and Theorem
3] that pff: EF# — BH and p: E — B are a fibration and a K-fibration, respec-
tively. Hence, the following inequalities follow by taking K and H to be the trivial
subgroup, respectively. O

The following proposition states some basic properties of the equivariant sectional
category. Proofs are left to the reader. For analogous results concerning the non-
equivariant sectional category, we refer to [28, Lemma 2.1].

ProposiTION 2.13. Suppose p: E — B is a G-map.

(1) If p': E — B is G-homotopic to p, then secatg(p’) = secatg(p).
(2) If h: E' = E is G-homotopy equivalence, then secatg(p o h) = secatg(p).
(3) If f: B— B’ is a G-homotopy equivalence, then secatg(f o p) = secatg(p).

COROLLARY 2.14. Suppose p: E — B is a G-fibration. If g: B — B is a G-
homotopy equivalence and p’: E' — B’ is the pullback of p along g, then

secatg(p') = secatg(p).

Proof. Suppose the following diagram is a pullback
E ", FE
AT
B — B.

Since g is a G-homotopy equivalence and p is a G-fibration, it follows that h is also
a G-homotopy equivalence. Hence, we get

secatg (p') = secatg(g o p') = secatg(p o h) = secatg(p)
by Proposition 2.13. O

Generalizing Schwarz’s dimension-connectivity upper bound on the sectional cat-
egory, Grant established the corresponding equivariant analogue for the equivariant
sectional category in [27, Theorem 3.5]. We extend this approach to derive an equiv-
ariant homotopy dimension-connectivity upper bound for the equivariant sectional
category. To achieve this, we first introduce the notion of G-homotopy dimension
for G-CW-complexes.

DEFINITION 2.15. Suppose X is a G-CW-complex. The G-homotopy dimension of
X, denoted hdimg(X), is defined to be

hdimg(X) := min{dim(X") | X is a G — CW-complez, X' ~c X }.

THEOREM 2.16. Suppose G is a compact Lie group. Suppose p: E — B is a G-
fibration with fibre F', whose base B is a G-CW -complex of dimension at least 2. If

https://doi.org/10.1017/prm.2026.10147 Published online by Cambridge University Press
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there exists s > 0 such that the fibre of p: E¥ — BH is (s — 1)-connected for all
subgroups H of G, then

1.
s+1 +

secata(p) <

Proof. Suppose f: B’ — B is a G-homotopy between G-CW-complexes B’ and B,

and p’: E/ — B’ is the pullback of p along f. Then, by Corollary 2.14, we have

secatg(p’) = secatg(p). Since the fibre of p’ is also F, we get

dim(B") +1
s+1

by [27, Theorem 3.5]. O

secatg(p') < +1

)

Our next aim is to establish product inequalities for the equivariant sectional
category.

DEFINITION 2.17. A G-space X is called G-completely normal if for any two G-
imvariant subsets A and B of X with ANB = AN B = 0, there ewist disjoint
G-invariant open subsets of X containing A and B, respectively.

PROPOSITION 2.18. Suppose p;: E; — B; is a G-fibration for i = 1,2. If G is
compact Hausdorff, then p1 X pa: E1 X Ey — By X By is a G-fibration, where G
acts on E1 X Ey and By X Bs diagonally. Furthermore, if By X By is completely
normal, then

secatg(p1 X p2) < secatg(p1) + secatg(pa) — 1.
Proof. Identifying G with the diagonal subgroup of G x G, we see that it is a closed
subgroup of G x G. Hence, by [37, Theorem 3], it follows that p; X ps is a G-fibration.

Furthermore, by [13, Lemma 3.12], it follows that By x Bs is (G x G)-completely
normal. Hence, the desired inequality

secatg(p1 X p2) < secataxa(p1 X p2) < secatg(p1) + secatg(pz) — 1
follows from Proposition 2.12 (2) and [1, Proposition 3.7]. O

COROLLARY 2.19. Suppose p;: E; — B is a G-fibration fori =1,2. Let By xgFEy =
{(e1,e2) € E1 X Ey | p1(e1) = pa(e2)} and let p: Ey Xp E5 — B be the G-map
given by p(e1,ea) = p1(e1) = pa(e2), where G acts on Ey xp Eo diagonally. If G
is compact Hausdorff, then p is a G-fibration. Furthermore, if B X B is completely
normal, then

secatg(p) < secatg(p1) + secatg(pa) — 1.
Proof. Note that the following diagram

Ey xp By —— FE;1 X Ey

Pl lm Xp2

B—2 . BxB
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is a pullback in the category of G-spaces, where A: B — B x B is the diagonal
map. In Proposition 2.18, we showed that p; X ps is a G-fibration if GG is compact
Hausdorff. Hence, p is a G-fibration. Thus, the desired inequality

secatg(p) < secatg(pr X p2) < secatg(p1) + secatg(p2) — 1

follows from [13, Proposition 4.3] and Proposition 2.18. O

2.3. Equivariant LS category

The notion of LS category was introduced by Lusternik and Schnirelmann in [32].
In this section, we recall the corresponding equivariant analogue.

DErFINITION 2.20. A G-invariant subset U of a G-space X is said to be G-
categorical if the inclusion map iy: U — X is G-homotopy equivalent to a map
which takes values in a single orbit.

DEFINITION 2.21. ([18]) The equivariant LS category of a G-space X, denoted by
catg(X), is the least positive integer k such that there exists a G-categorical open
cover {Uq,...,Ux} of X.

DEFINITION 2.22. A G-space X is said to be G-connected if X is path-connected
for every closed subgroup H of G.

Let X be a G-space, and zp € X. Define the path space of (X, z) as
P, X ={a:I— X |a0) =z}

Then the map ex: P,, X — X, given by ex(a) = a(1), is a fibration. Moreover,
if the point g is fixed under the G-action, then ey is a G-fibration, where P, X
admits a G-action via (g - a)(t) := g - a(t). We note that the fibre of ex is the
based loop space QX = (ex)~!(xg) of X, and the G-action on P, X restricts to a
G-action on QX. Furthermore, we have a commutative diagram of G-maps

{xO} i PIOX

where h is a G-homotopy equivalence and i: {29} < X is the inclusion map.

LEmMMA 2.23. ([13, Corollary 4.7]) Suppose G is a compact Hausdorff topological
group. If X is a G-space such that X is G-connected and xo € X, then catg(X) =
secatg(ex).

We now present inequalities relating cata(X) to the non-equivariant category of
fixed point sets and to the equivariant category of X viewed as a K-space, for each
closed subgroup K of G.
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PROPOSITION 2.24. Let G be a compact Hausdorff topological group, and let X be
a G-connected space with X© # (0. If H and K are closed subgroups of G such that
X" s K-invariant and HK' = K'H for all closed subgroups K' of K, then

cati (XH) < catg(X).

Proof. Suppose K’ is a closed subgroup of K. Then HK' = K'H implies HK' is
a subgroup of G and (H, K') = HK', where (H, K’} is the subgroup generated by
H and K’. We note that HK’ is closed, as it is the image of the compact space
H x K’ under the group operation G x G — G into the Hausdorff space G. Hence,
X is K-connected, since

(XH)K’ —_ XH ﬂXK, _ X(H,K'} — XHK/7

and X is G-connected. Moreover, if 2o € X, then zg € (X)X, Hence, by Lemma
2.23, it is enough to show that secatx (exn) < secatg(ex).

Suppose U is a G-invariant open subset of X and s: U — P, X is a G-equivariant
section of ex. Set V := UNXH. Then V is a K-invariant open subset of X . As s is
G-equivariant, it restricts to a K-equivariant map s|y, : V= (P, X)7 = P, (X).
Clearly, s|,, is a K-equivariant section of exu : Py (XH) — XH. O

COROLLARY 2.25. Let G be a compact Hausdorff topological group, and let X be a
G-connected space with X # (. Then

(1) cat(XH) < catg(X) for all closed subgroups H of G.
(2) catg(X) < catg(X) for all closed subgroups K of G.

Now, as a consequence of Theorem 2.16, we obtain an equivariant homotopy
dimension-connectivity upper bound for the equivariant LS category.

THEOREM 2.26. Suppose G is a compact Lie group. Suppose X is a G-CW -complex
of dimension at least 2 such that X© # (. If there exists s > 0 such that X" is
s-connected for all subgroups H of G, then

hdimg(X) + 1

1.
s+1 +

catg(X) <

Proof. If zg € X9, then ex: Py, X — X is a G-fibration with fibre QX which also
admits a G-action. Note that (QX)H = Q(XH). Since X* is s-connected, the loop
space Q(XH) is (s — 1)-connected. Hence, by Theorem 2.16, we get

hdimg(X) + 1

1.
s+1 +

secatg(ex) <

As X! is s-connected, it follows that X! is path-connected. Hence, X is G-
connected, and the theorem follows by Lemma 2.23. O
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2.4. Equivariant and invariant topological complexity

We recall the concept of equivariant topological complexity introduced by Colman
and Grant in [13]. Let X be a G-space. Observe that the free path space PX admits
a G-action via (g - a)(t) := g - a(t). Similarly, the product space X* is a G-space
with the diagonal action. The fibration

e X (w00 () e () e (E22) )

is a G-fibration.

DEFINITION 2.27. ([4]) The sequential equivariant topological complexity of a G-
space X is defined as

TCh,q(X) := secatg(ex,x)-

In particular, when k = 2, we will denote ez x by m and TCy (X)) by TCq(X).

In [1, Proposition 3.40], Sarkar and the authors of this paper provided a
dimension-connectivity upper bound on the sequential equivariant topological
complexity. We improve their result by establishing an equivariant homotopy
dimension-connectivity upper bound. We omit the proof, as it is similar to the
original and follows from the homotopy dimension-connectivity upper bound on
the equivariant sectional category in Theorem 2.16.

THEOREM 2.28. Suppose G is a compact Lie group. If X is a G-CW-complex of
dimension at least 1 such that X is s-connected for all subgroups H < G, then

k hdimg(X) + 1
s+1

TCk,G(X) < + 1.
ExaMpPLE 2.29. Consider G = Zs acting on X = S™ with n > 1, by reflection,
given by multiplication by —1 in the last coordinate. Then X¢ = §"~! and X {¢} =

S™ are (n — 2)-connected and (n — 1)-connected, respectively. Then, by Theorem
2.26, it follows that

1
n+1—|—1, for n > 2,

catg(S™) <

which implies catg(S™) < 2 for n > 3. Hence, catg(S™) = 2 for n > 3, since S™ is
clearly not G-contractible. Moreover, by Theorem 2.28, it follows that

k-n+1

T n
Ck’G<S )< n 1

+1, forn>2

which implies TCy ¢(S™) < k+1 for k < n—2. Hence, it follows that TCy, ¢(S") =
k+1 for k <n—2, since

TCk(Sn_l) < TC]@)G(STL> and TCk(Sn) < TCk,G(Sn)

https://doi.org/10.1017/prm.2026.10147 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2026.10147

14 R. S. Arora and N. Daundkar
by [4, Proposition 3.14 (2)], and

k, if £ is odd,
k+1, if kis even,

TCL(S™) =

by [38, Section 4].

We note that this computation can be carried out more directly and efficiently
as follows. Observe that catg(S™) = 2 for all n > 2, see [13, Example 5.9]. Hence,
it follows from [4, Proposition 3.17] that TCy ¢(S™) < k+ 1 for all n > 2 and all
k > 2. Moreover, TCj, ¢(S*) = oo, since TC,(S°) < TCy, ¢ (S'). Hence,

00, ifn=1,

k+1, ifn>2.

TCka(S™) =

It is important to note that the equivariant topological complexity of G-spaces
does not necessarily relate to the topological complexity of their orbit spaces.
However, Lubawski and Marzantowicz [31] introduced a new notion of topolog-
ical complexity for G-spaces, designed to facilitate such a comparison. We now
present their definition and recall the corresponding result.

Suppose X is a G-space. Let mx : X — X/G denote the orbit map. Define

PX xx/c PX :={(7,0) e PX x PX |G -~(1) = G- 4(0)}
Then the following diagram

PX xxg PX —/— PX

ﬂ-ll J{ﬂ'x oeqp

PX —— X/G

Txoer
is a pullback. Define the map

p: PX xx/6 PX = X x X, (v,6)— (7(0),4(1)). (7)
It was shown in [31, Proposition 3.7] that the map p is a (G x G)-fibration.

DEFINITION 2.30. Let X be a G-space. The invariant topological complexity of X,
denoted by TCY(X), is defined as

TCY(X) = secatgxa(p).

The following theorem relates the invariant topological complexity of a free G-
space X to that of the topological complexity of its corresponding orbit space.
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THEOREM 2.31. ([31, Theorem 3.9 and 3.10]) Let G be a compact Lie group and
X be a compact G-ANR. Then

TC(X/G) < TCY(X).
Moreover, if X has only one orbit type, then

TCY(X) = TC(X/Q).

2.5. Clapp—Puppe invariant of LS type

In this section, we recall the equivariant version of Clapp—Puppe invariant [10],
introduced by Lubawski and Marzantowicz in [31].

DEFINITION 2.32. Let A be a G-invariant closed subset of a G-space X. A G-
imwvariant open subset of X is said to be G-compressible into A if the inclusion map
iy: U — X is G-homotopic to a G-map c¢: U — X which takes values in A.

DEFINITION 2.33. Let A be a G-invariant closed subset of a G-space X. The A-
LS G-category of X, denoted acatg(X), is the least positive integer k such that
there exists a G-invariant open cover {Uy,...,Ux} of X such that each U; is G-
compressible into A.

Colman and Grant in [13, Lemma 5.14] showed that for a G-invariant open subset
U of X x X the following are equivalent:

(1) there exists a G-equivariant section of ex: PX — X x X over U,
(2) U is G-compressible into the diagonal A(X) C X x X.

In particular,
TCq(X) = A(X)CatG(X x X).

Later, Lubawski and Marzantowicz in [31, Lemma 3.8] showed a similar result for
invariant topological complexity. More precisely, for a (G x G)-invariant open subset
of U of X x X the following are equivalent:

(1) there exists a (G x G)-equivariant section of p: PX x x;¢ X — X x X over
U,

(2) U is (G x G)-compressible into the saturation of the diagonal T(X) :=
(GxG) - AX)C X x X.

In particular,
TCG(X) = -i(X)Catgxg<X X X)

In Section 3 and Section 4, we give analogous results for equivariant parametrized
topological complexity and invariant parametrized topological complexity, respec-
tively. We use these results to prove Theorem 4.26.
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3. Equivariant parametrized topological complexity

For a G-fibration p: E — B, consider the subspace E5 of the free path space E'
of E defined by

EL .= {yc E"|~(t) € p71(b) for some b € B and for all t € [0, 1]}.
Consider the pullback corresponding to the fibration p: E — B defined by
Exp E={(e1,e2) € Ex E|p(e1) = ple)}.
It is clear that the G-action on E! given by
(g-7)(t):=g-y(t) forallge G,y E',tel;

and the diagonal action of G on E x E restricts to E5 and E x p F, respectively.
Then the map

I: B = Exp B, 1(y) = (v(0),7(1)) (8)
is a G-fibration, see [14, Corollary 4.3].

DEFINITION 3.1. ([14, Definition 4.1]) The equivariant parametrized topological
complexity of a G-fibration p: E — B, denoted by TCq[p: E — B, is defined as

TCgq[p: E — B] := secatg (II) .

Suppose A: E — Ex E is the diagonal map. Then it is clear that the image A(E)
is a G-invariant subset of E X g E. In the next theorem, we prove the parametrized
analogue of [13, Lemma 5.14] in the equivariant setting.

THEOREM 3.2. Let p: E — B be a G-fibration. For a G-invariant (not necessarily
open) subset U of E x g E the following are equivalent:

(1) there exists a G-equivariant section of Il: EL — E x5 E over U.
(2) there exists a G-homotopy between the inclusion map iy: U — E xg E and
a G-map f: U — E xpg E which takes values in A(E).

Proof. (1) == (2). Suppose o: U — EL is a G-equivariant section of II. Let
H: EL x I — EL be given by

H(y,t)(s) = v(s(1 —t)), fory € ELand s,t € I.

Clearly, H is well-defined and G-equivariant, such that Hy = id B and H(vy,1) =
C~(0), Where c. is the constant path in E taking the value e € E. Then

F:=TloHo(oxid;): UxI— EXpFE

is a G-homotopy such that Fy = iy and Fy(u) = (o(u)(0),0(u)(0)) € A(E). Hence,
Fy is the desired map.
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(2) = (1). Suppose H: U x I — E xp E is a G-homotopy between f and
iy. Let 0: U — EL be the G-map given by o(u) = Cry(f(u)) = Cra(f(u)), Where
m;: ExpE — Eis the projection map onto the i-th factor. Since II is a G-fibration,
there exists a G-homotopy H: U x I — EL such that Hy = o0 and o H = H.

Then ITo f[l = H, =iy implies H; is a G-equivariant section of I over U. O

As a consequence of the previous theorem, we can now express the equivariant
parametrized topological complexity as the equivariant A(E)-LS category of the
fibre product.

COROLLARY 3.3. For a G-fibration p: E — B, we have
TCG[p: E— B] = A(E)cat(;(E X B E)

PROPOSITION 3.4. Suppose p: E — B is a G-fibration. If H and K are subgroups
of G such that E and BY are K -invariant, and the fized point map p? : EH — BH
is a K-fibration, then

TCk[p™: E¥ — B"] < TCqlp: E — B.

Proof. Suppose II: EL — E xp E is the G-equivariant parametrized fibration
corresponding to p. Then it is easily checked that

(EDH = (EML, and (E xp E)! = B xgn B,

and the K-equivariant parameterized fibration corresponding to p™ is given by II77.
Hence, it follows that

TCx[p": E¥ — BH] = secatx (1) < secatg (1) = TCq[p: E — B
by Proposition 2.12. O
Applying Proposition 3.4 and Proposition 2.12, we obtain the following corollary.

COROLLARY 3.5. Suppose G is a compact Hausdorff topological group and p: E —
B is a G-fibration. Then

(1) the fived point map p™ : B — BH is a fibration for all closed subgroups H
of G, and
TC[p": E” — BY"] < TCqxlp: E — B).

(2) p: E — B is a K-fibration for all closed subgroups K of G, and
TClp: E — B] < TCglp: E — B] < TC¢[p: E — B].

A cohomological lower bound for the equivariant parametrized topological com-
plexity was established by the second author in [14, Theorem 4.5] using Borel
cohomology. In the following theorem, we provide an alternative cohomological
lower bound based on ordinary cohomology, which should, in principle, be easier
to compute. The proof follows arguments similar to those in [27, Theorem 4.6].
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Let Ep.g = (E xp E)/G and let dgE C Ep ¢ denote the image of the diagonal
subspace A(E) C E xp E under the orbit map p: E xgp E — Ep¢.

THEOREM 3.6. Suppose p: E — B is a G-fibration. If there exists cohomology
classes uy,...,ur € H*(Ep g; R) (for any commutative ring R) such that

(1) wu; restricts to zero in H*(dgE;R) fori=1,...,k;
(2) ug — - —u, #0 in H(Epg; R),

then TCg[p: E — B] > k.

Proof. Suppose TCg[p: E — B] < k. Then there exists a G-invariant open cover
{U1,...,Ux} of E xp E such that each U; admits a G-equivariant section of II. By
Theorem 3.2, for each 7 = 1,. .., k, there exists a G-homotopy H;: U; xI - ExXpFE
from the inclusion map jy,: U; — E Xp E to a G-map f;: Uy — E xp E which
takes values in A(E). Let U; := p(U;). As I is locally compact, H; induces a

homotopy H;: U; x I — Ep g from the inclusion map jﬁi: U; = Ep,c to a map
fi: U; = Ep ¢ which takes values in dgE. Thus, the following diagram

deE

e

Ui —— Epg
Uj

is commutative. Hence, by hypothesis (1), each u; restricts to zero in H*(U;; R).
By the long exact sequence of the pair (Ep,g,dgFE), there exist classes
v; € H*(Epg,U;; R) such that v; maps to u; under the coboundary map
H*(Ep,,U; R) = H*(Ep,g; R). Hence, we get

vi — - — vy € H(Ep,g,Us_U;; R) = H*(Ep,¢, Ep.c; R) = 0.

Thus, by the naturality of cup products, we get u; — --- — up =0 € H*(Ep g; R),
contradicting the hypothesis (2). O

When B is a point, the above theorem yields a cohomological lower bound for
TCq(E), as illustrated in the example below.

EXAMPLE 3.7. Let G = Zs act on S™ via the antipodal action. Then (E x E)/Zs
is the projective product space in the sense of Davis [16]. If n is odd, the mod-2
cohomology ring of (E x E)/Z, is given by

Zay]
{y"*1)

® Az, [z], with |y| =1, |z| = n(cohomological degrees),

where Zs[y]/(y"*!) is the mod-2 cohomology ring of dz,(S™) = RP™. If n is even,
the mod-2 cohomology ring of (E'x g E')/Zs is the same as above with the additional
relation 22 = y"x, see [16, Theorem 2.1]. Hence, the cohomology classes of (E x
E)/Zs that restrict to zero on dz,(S™) are precisely those in Az, [z]. We note that:
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e If n is odd, then z? = 0; see Equation (2.5) in [16, Theorem 2.1].
o If n is even, then 2% = (y"a)xr = y"2? = y"(y"x) = y*"x = 0, since
Yyt =0.

Hence, by Theorem 3.6, the lower bound on TCyg,(S™) is 2 if n is odd and 3 if n is
even. We note that

2
TCz,(S") =14

3, for n, even,

for n odd,

see [26, Corollary 4.4]. Hence, the lower bound we obtain is optimal. We note that
we can obtain the same lower bounds using the inequality TC(S™) < TCgz, (S™).

The product inequality for parametrized topological complexity was proved in
[11, Proposition 6.1]. We now establish the corresponding equivariant analogue.

THEOREM 3.8. Let p1: B4y — By be a Gi-fibration and py: Fo — By be a Gao-
fibration. If (B x Eq) x (Ey x E3) is (G1 X Ga)-completely normal, then

TCG1><G2 [pl Xp2: E1 XEQ — Bl XBQ] < TCGl [pll E1 — Bl]+TCG2 [pg: EQ — BQ}—l,

where G; acts on E; x By diagonally fori =1,2; and G1 x Gy acts on (E; x Ep) X
(FEy x Es) componentwise.

Proof. Let I1; and II5 denote the equivariant parametrized fibrations corresponding
to p1 and ps, respectively. Then the equivariant parametrized fibration correspond-
ing to the (G x G3)-fibration p; X ps is equivalent to the product (G x G3)-fibration
IT; x II, see [11, Proposition 6.1] for this identification. Since a subspace of a
(G1 x G3)-completely normal space is itself (G X G2)-completely normal, it follows
that (Ey xp, E1) x (B2 xp, F3) is (G1 x Ga)-completely normal. Hence,

TCG1 xXGa [pl X po: Ey X By — By X BQ] = secatq, xa, (H1 X HQ)
< secatq, (I11) + secatg, (IIz) — 1
= TCG1 [pl By — Bl]
+ TCGQLPQ: EQ — BQ] — ].7
by [1, Proposition 3.7]. O
COROLLARY 3.9. Suppose p;: E; — B; is a G-fibration fori =1,2. If G is compact
Hausdorff, then p1 Xpy: E1 X Ey — B1X By is a G-fibration, where G acts diagonally

on the spaces E1 X Ey and By X By. Furthermore, if Eh X E1 X Eo X Es is completely
normal, then

TCG[pl X pa: E]_ X E2 — B]_ X BQ] S TCG[pll E1 — Bl]—|—TCG[p21 E2 — Bg] — 1.

Proof. In Proposition 2.18, we showed that p; X po is a G-fibration. Moreover, by
[13, Lemma 3.12], it follows that (E; x Ep) X (Es x E3) is (G x G)-completely
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normal. Hence, the desired inequality

TCG[pl X pa: FEi x Ey — By X BQ] < TCGxg[pl X pa: FE{ x Ey — By X BQ]
S TCG[pli E1 — Bl] +TCG[p22 E2 — BQ] -1

follows from Corollary 3.5 (2) and Theorem 3.8. O

COROLLARY 3.10. Suppose p;: E; — B is a G-fibration fort =1,2. Let By xgpFEy =
{(e1,e2) € E1 X Es | p1(e1) = pa(e2)} and let p: Ey Xp E; — B be the G-map
given by p(e1,e2) = p1(e1) = pa(ea), where G acts on Ey x g Ey diagonally. If G is
compact Hausdorff, then p is a G-fibration. Furthermore, if E1 X E1 X Fo X Es is
completely normal, then

TCG[p: Fi1 xp Ey — B] < TCG[pll FEi — B] +TCG[p2: Ey — B] —1.

Proof. In Corollary 2.19, we established that p is a G-fibration. Then, by identifying
B with its image under the diagonal map A: B — B x B in the base of the
fibration p; x py (see (5)), the desired inequality follows from [14, Proposition 4.6]
and Corollary 3.9. O

4. Invariant parametrized topological complexity

In this section, we introduce the main object of our study, the invariant
parametrized topological complexity.
Suppose p: E — B is a G-fibration. Define the space

Bl x/q Bl = 1(1,0) € B x Bk | G-4(1) = G- 6(0)}.
Then the following diagram

I 1 2 I

7r1l le oep

TE Oel

EBL Y L B/G

is a pullback. For each path a € E]Ig, let b, denote the element in B such that «
takes values in the fibre p~1(b,). Define the map

V: Ef xpc Ep — ExpggE, by ¥(v,8)=(7(0),5(1)). 9)

The map ¥ is well-defined as (1)
that by = g - bs. Hence, p(y(0)) =
E XB/@ E.

As Ef, Xp)g EL and E x ¢ E are (G x G)-invariant subsets of E5, x EL and
E x E respectively, we get a (G x G)-action on ES XE/G EL and E Xp/q F, and
U becomes a (G x G)-equivariant map.

= g-6(0) for some g € G and v,d € EL implies
by = g-bs = g-p(6(1)) implies ((0),4(1)) €
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PROPOSITION 4.1. Ifp: E — B is a G-fibration, then the map V: EL Xg/G EL —
E xp,q E is a (G x G)-fibration.

Proof. Suppose EL — E xp E is the equivariant parametrized fibration corre-
sponding to p. Suppose p: EL x EL — (E xp E) x (E xp E) is the product
(G x G)-fibration. Define

S = {(61762,63,64) S (E X B E) X (E X B E) | (62,63) ek XE/G E}

It is readily checked that (v,6) € Ef xp/q Ef if and only if (v,8) € (p)~*(S).
Since S is (G x G)-invariant, it follows that the restriction

ol I
ﬁ]ngE/GE{B : Bp Xpja Bp — S

is a (G x G)-fibration.
Now consider the pullback diagram

Exglb 25 F

m | lp

E—* . B

As p is a G-fibration, it follows that m; and 7o are G-fibrations. Hence, the projec-
tion map 7y 4 :=m X7y (ExpE) X (ExpE) — EXE, given by (e1, ea,€3,€4) —
(e1,€e4), is a (G x G)-fibration. It is readily checked that (eq,es,e3,e4) € S if and
only if (eq, €2, €3,€4) € (m1,4) ' (E x /g E). Since E x /¢ E is (G x G)-invariant,
it follows that

7T1)4|S : S—)EXB/GE

is a (G x G)-fibration. Hence, ¥ = 7y 4|4 0 i)\lngE/GE‘g is a (G x G)-fibration. O

We now introduce the main object of our study, which is a parametrized analogue
of invariant topological complexity introduced by Lubawski and Marzantowicz in
[31].

DEFINITION 4.2. Suppose p: E — B is a G-fibration. The invariant parametrized
topological complexity, denoted by TC[p: E — B] is defined as

TCY[p: E — B] := secatgxq (¥).

The G-homotopy invariance of the invariant topological complexity was estab-
lished by Lubawski and Marzantowicz in [31, Proposition 2.4 and Lemma 3.8].
We will now establish the corresponding parametrized analogue. In particular, we
establish the equivariant fibrewise homotopy invariance of invariant parametrized
topological complexity. We refer the reader to [14, Section 4.1] for basic information
about fibrewise equivariant homotopy equivalence.
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THEOREM 4.3. Ifp: E — B and p': E' — B are G-fibrations which are fibrewise
G-homotopy equivalent, then

TCY[p: E— B] = TCY[p': E' - B).

Proof. Suppose we have a fibrewise G-homotopy equivalence given by the following
commutative diagram:

f
E E’
x %
B.

Suppose f =fxf fl(’y, 8) = (fo~,fod) and f. (f’)l are defined similarly. Note
that f and f’ are (G x G)-maps. Then we have the following commutative diagram.

o 7
Eé XE/G Eé f—> (E/)IB XE’/G (E,)I % EB XE/G EB

/

EXB/GE E— E/XB/GE/ ;) EXB/GE.

Since the maps f'o f and idg are fibrewise G-homotopy equivalent, it follows that
the maps f’ o f and idEx,, ok are (G x G)-homotopy equivalent. Then, using [14,
Lemma 4.10 (2)], we obtain the inequality

TCG[p: E — B] = secatgxa(¥) < secatgxg(P') = TCG[ "— BJ.
Similarly, we can derive the reverse inequality, which completes the proof. O

The next proposition shows that the invariant parametrized topological com-
plexity of a G-fibration is a generalization of both the parametrized topological
complexity of a fibration [11] and the invariant topological complexity of a G-space
[31].

PROPOSITION 4.4. Suppose p: E — B is a G-fibration.

(1) If G acts trivially on E and B, then TC ép E — B] =TC[p: E — B].
(2) If B = {s}, then TCC[p: E — {x}] =

Proof. (1) If G acts trivially on E, then Ef, x /¢ B = Ef x g Ef;. We note that
the map
Eé—)E]IB XEEé, Oé’—)( | % OZ|[%,1]>7

is a homeomorphism, whose inverse is given by the concatenation of paths. If G acts
trivially on B, then £ xp,q EF = E xp E. Therefore, the corresponding fibration

¥ is given by (8). Hence, we get TC®[p: E — B] = TC[p: E — B].
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(2) If B = {«}, then Ef; = E' and E X p,c E = E x E. Hence, the corresponding
fibration ¥ is given by (7). Therefore, TC®[p: E — {x}] = TCY(E). O

PROPOSITION 4.5. Let p: B x F' — B be the trivial G-fibration with G acting
trivially on F. Then

TCY[p: B x F — B] = TC(F).
Proof. Let E = B x F. Then We note that E]I3 = Bx F! and E Xpg B =
(B xpya B) x (F x F). Since E/G = (B x F)/G = (B/G) x F, it follows that
Ef xpjg Ef = (B xp/g B) x (F! xp F') 26 (B xp5/g B) x F/,

where the last G-homeomorphism is induced by (v,6) € F! xp FI s yx§ € FIL.
Consequently, the corresponding fibration ¥ is given by ¥ = idpx ;.5 X €r, where
er: FT — F x F denotes the free path space fibration of F'. Hence,

TCY%[p: E — B] = secatgxq(¥) = secataxa(id X ep) = secat(ep) = TC(F),
since G acts trivially on F. O

Suppose T1(FE) is the saturation of the diagonal A(E) with respect to the (G x
G)-action on E X FE| i.e.,

TE):=(GxG)-A(E)CExE.
If £ xg/q E is the pullback corresponding to mg: £ — E/G, i.e.,
Exp/q E:={(e1,e2) € Ex E|7mp(e1) = mr(e2)},

then it is readily checked that (E) = E xp,q E C E X, E. Hence, we will use
the notation 1(E) and E x p/¢ E interchangeably.
In the next theorem, we establish the parametrized analogue of [31, Lemma 3.8].

THEOREM 4.6. Suppose p: E — B is a G-fibration. For a (G x G)-invariant (not
necessarily open) subset U of E X g E, the following are equivalent:

(1) there exists a (G x G)-equivariant section of ¥: EL XE/G ) xpia B
over U.

(2) there exists a (G x G)-homotopy between the inclusion map iy : U — EXp/q
E and a (G x G)-map f: U = E X, E which takes values in E X E.

Proof. (1) = (2). Suppose 0 = (01,02): U — Ef xp,c E is a (G x G)-
equivariant section of W. Let H: (Ef Xp/q Ef) x I — Ef Xg/q Ef be given
by

H(v,8,t) = (7,,6;), for (v,0) € Ef xp)q Ef,and t € I,

where v/ (s) = y(s+t(1—s)) and &,(s) = d(s(1—1)). It is clear that v/, 8, € EL, and
7;(1) = ~(1) and §;(0) = 6(0) for all (v,8) € E5 x5/ E and for all t € I. Hence,
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H is well-defined. Clearly, H is (G x G)-equivariant such that H(~,d,0) = (v,9)
and H(v,4,1) = (cy(l), ¢s(0)), where c. is the constant path in E taking the value
e € E. Then

F:=VoHo(oxids):UxI—FExpggFE

is a (G x G)-homotopy such that Fy = ¥ o dpt yp eps ©0 =iy and Fy (u) =

W(Hy (0(0))) = ((01(w)(1), (02(0)(0). As o(u) = (o1(u), 02(w)) € Ely %y B
for all u € U, it follows F(u) = ((o1(u))(1), (02(u))(0)) € E X, E. Hence, F} is
the desired (G x G)-homotopy.

(2) = (1). Suppose H: U x I — E xp;g E is a (G x G)-homotopy
between f and iy. Let 0: U — Ef xg,q EL be the (G x G)-map given by
o(w) = (Cry (f(u))s Cra(f(u))), Where 71 E X /o E — E is the projection map onto
the i-th factor. The map o is well-defined, since f takes values in £ xpg/q E.
By the G-homotopy lifting property of ¥, there exists a (G x G)-homotopy
H:UxI— EL X g/ Ef such that the following diagram

U x {O} —7 Eé XE'/GEé

[

UxI — 1  ExpeE

commutes. Then W o ﬁl = H, = iy implies IA{H is a (G x G)-equivariant section of
W over U. O

COROLLARY 4.7. For a G-fibration p: E — B, we have

TCG[p: E— B] = -[(E)Catgxg(E XB/G E)

4.1. Properties and bounds
PROPOSITION 4.8. Suppose p: E — B is a G-fibration and B’ is a G-invariant
subset of B. If E' = p~Y(B’) and p': E' — B’ is the G-fibration obtained by
restriction of p, then
TCC[p': E' — B'| < TC®[p: E — B.
In particular, if b € B, then the fibre F = p~'(b) is a G-space and
TCY(F) < TCY[p: E — B).

Proof. Note that we have the following commutative diagram

(E,)IB/ XE’/G’ (E,)IB/ > Eé XE/G’ Eé

| Js

£’ XB’/GE/ b EXB/GE,
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where ¥/ and ¥ are the fibrations corresponding to p’ and p, respectively. We will
now show that this diagram is a pullback.

Suppose Z is a topological space with (G x G)-maps k = (k1, k2): Z — E§ XE/G
EL and h = (hy,h2): Z — E' X pryq B’ such that ¥ ok = h. Then we have

k1(2)(0) = hi(z) € E' and ka(2)(1) = ha(z) € E'.
As k(z) = (k1(2),k2(2)) € Ef xpjc B, we have
p(ki(2) (1)) = b, (2, P(k2(2)(1)) = biy(z) and k1(2)(1) = gi(s) - k2(2)(0)
for some by, (2), b, (2) € B, gr(z) € G and for all ¢ € I.
Note that by, (.) = P( 1(2)(t)) = p(k1(2)(0)) = p(hi(z)) implies by, (. € B’
since hy(z) € E' = p~*(B’). Hence, ky(z) € (E')}, since ki(2)(t) € p~(br,(»)) C
p'(B) = E for all t € I. Similarly, by,(;) € B" and ky(z) € (E')j,. Hence,

k1(2)(1) = gi(z) - k2(2)(0) implies Im(k) C (E')§/ X prjc (E') - Hence, the diagram
above is a pullback. Then the required inequality

TCG[ " — B'] = secatgxa(V') < secatgxa (V) = TCG[p: E — B]
follows from [13, Proposition 4.3]. O
PROPOSITION 4.9. Suppose G is a compact Hausdorff topological group, and let

p: E — B be a G-fibration. If e € EY, then the fibre F = p~!(p(e)) is a G-space,
and

catq(F) < TCY(F) < TCC[p: E — B.

Furthermore,
(1) if E xp/q E is (G x G)-connected, then
TCY[p: E — B] < catgxc(E xp/¢ E),

(2) if G is a compact Lie group and E xpq E is a connected (G x G)-CW-
complezx, then

. EXB GE
catgxa(E Xp/g E) < dim (GX/G) + 1.

Consequently, if E xp,q E is (G x G)-connected (G x G)-CW-complez, then
E x E
Glp: < di ZBjG .
TC"[p E—>B]_d1m< OxC +1

Proof. If e € EY, then b = p(e) € BY. Hence, by Proposition 4.8, F := p~1(b)
admits a G-action and TCY(F) < TCG[p E — BJ. Observe that e € F¢.
Therefore, the inequality catg(F) < TCY(F) follows from [7, Proposition 2.7].
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(1) Note that if ¢, is the constant path in E which takes the value e € E, then
(Ce,ce) € (E% xpya E5)( . Moreover, since E X 5/ E is (G x G)-connected, it
follows that

TCY[p: E — B] = secatgxa(¥) < catgxa(E xp/a ),

by [13, Proposition 4.4].
(2) Since E x g/ E is connected and (e,e) € (E xp/q E)(GXG) it follows that

E XB E
t E FE) <di —_— 1
cataxa( XB/G ) < lm< GxG>+ )
by [33, Corollary 1.12]. Now the last inequality follows from (1) and (2). O

COROLLARY 4.10. Suppose G is a compact Hausdorff topological group, and let
p: E — B be a G-fibration such that TCG[p: E — B] = 1. Ife € E®, then the
fibre F = p~1(p(e)) is a G-contractible space.

Proof. By Proposition 4.9, we have catg(F') =1, i.e., F' is G-contractible. O

We now establish sufficient conditions for TC®[p: E — B] to be 1. This serves
as a converse of Corollary 4.10.

THEOREM 4.11. Suppose G is a compact Hausdorff topological group. Suppose
p: E — B is a G-fibration such that E xpg,q E is a G-CW-complex. Let e € EC.
If the fibre F = p~t(p(e)) satisfies either

e F is G-connected, G-contractible, and FE = {e}, or
o F strongly G-deformation retracts to the point e,

then TC®[p: E — B] = 1.
Proof. Note that
W (e,e) = {(o, B) € Bl x Bl | a(0) = A(1) = e,a(1) = g - f(0)for some g € G}.

Since «(0) = (1) = e and «, 8 € EL, it follows that the fibre U~ 1(e,e) is (G x
G)-homeomorphic to

F={yeF"[1(1/2) = e,7(0) =g 7(D},
where (G x G)-action on F is given by

g1-7(t) 0<t<1/2,

((g1,92) - () = g2 (t) 1/2<t<1.

This action is well-defined since v(1/2) = e € EC.
Suppose F is G-connected, G-contractible and F'“ = {e}. Since F is G-connected,
we have (ycatg(F) = catg(F'), see [31, Remark 2.3] and [13, Lemma 3.14]. Hence,
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{eycata(F) = 1 as F'is G-contractible. Thus, there exists a G-homotopy H: F'xI —
F such that H(f,0) = f and H(f,1) =eforall f € F. Let K: F! x I — F! be the
homotopy given by K (6,t)(s) = H(8(s),t) for all s,t € I and 6 € F!. Note that K
is a G-homotopy. If v € F, then

g K(v,t)(1/2) =g- H(v(1/2),t) =g - H(e,t) = H(g-e,t) = H(e,t)

for all g € G, i.e., K(7,t)(1/2) € FY. Since F¢ = {e}, we get K(v,t)(1/2) = e for
allt e 1.

Suppose F' strongly G-deformation retracts to the point e, then there exists a
G-homotopy H: F' x I — F such that H(f,0) = f and H(f,1) = e and H(e,t) = ¢
for all f € F and t € I. Then the homotopy K defined on F! as above satisfies
K(v,t)(1/2) = e due to the condition H(e,t) =e for all t € I.

Moreover,

K(v,t)(0) = H(v(0),t) = H(g - v(1),t) = g - H(v(1),t) = g - K(v,¢)(1)

where v(0) = g - y(1). Hence, if v € F, we have K(v,t) € F.

Hence, in both cases, K restricts to a (G x G)-homotopy on K : F x I — F such
that K (v,0) = v and K(v,1) = ¢, where ¢, is the constant path in F taking the
value e. In particular, F is (G x G)-contractible. Hence, by equivariant obstruction
theory, ¥ admits a (G x G)-section. O

Later, we will also provide sufficient conditions for TC%[p: E — B] = 1 and its
converse when the group action on the base is free, as stated in Corollary 4.28 and
Corollary 4.13, respectively.

PROPOSITION 4.12. Suppose p: E — B is a G-fibration such that G acts freely on
B. If K is a subgroup of G such that p: E — B is also a K-fibration, then

TCX[p: E - B] < TCY[p: E — B].

Proof. Suppose Uy : EL XE/K EL - F Xp/k E is the invariant parametrized
fibration corresponding to K-fibration p. Then the following diagram

Eé XE/K Eé > Eé XE/G Eé

| Js

EXB/KE R — EXB/GE

is commutative. Suppose U is a (G x G)-invariant open subset of E' x g, E with
a (G x G)-equivariant section s: U — EL XE/G EL of W.

Define V := U N (E xp/k E). Then V is (K x K)-invariant open subset of
E xp/x E. Suppose (e1,e2) € V and s(e1,e2) = (7,0) € E5 Xp/q E5. We claim
that s(e1,e2) = (v,0) lies in Ef X p/x EL. Note that p(e;) = k - p(e2) for some
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ke K, as (e1,e2) € E xp/i E. Since s is a section of ¥, we have

by =p(1(0)) = p(er) =k - pez) = k- p(d(1)) = k - bs,

where ~(t ) cp (b 'y) and 0(t) € p~1(bs) for some b.,bs € B and for all t € I. Since
(7,0) € Ef xg/c Ef, we have 'y( ) =g -6(0) for some g € G. Hence,

by =p(v(1)) = p(g-6(0)) = g-p(6(0)) = g - bs.

Thus, we get g - bs = k - bs. It follows that g = k since G acts freely on B. Thus,
v(1) = k- 6(0) implies (v,0) € EL xg/x Ef. Hence, the restriction s|, : V —
Ef xg/k Ef is a (K x K)-equivariant section of W O

COROLLARY 4.13. Suppose G is a compact Hausdorff topological group. If p: E —
B is a G-fibration such that G acts freely on B, then

TCX[p: E— B] < TC®[p: E — B|
for all closed subgroups K of G. In particular,
TC(F) < TC[p: E — B] < TC®[p: E — B,

where F' denotes the fibre of p. Moreover, if TCG[p: E — B] =1, then F is
contractible.

Proof. Note that, by [37, Theorem 3], the map p: £ — B is a K-fibration. Hence,
the desired inequalities follow from Proposition 4.12 and [11, Page 235]. The last

statement follows from TC(F') = 1 if and only if F is contractible, see [21, Theorem
1]. O

4.1.1. Cohomological lower bounds

LEMMA 4.14. Suppose p: E — B is a G-fibration. Then the map c: E xg/q E —
EL xp/c EL, given by c(e1,e2) = (ce,,ce,) where ., is the constant path in E
taking the value e; € E, is a (G x G)-homotopy equivalence.

Proof. Let f: B x /g Ef — EX g E be the map given by f(v,d) = (v(1),6(0)).
Then f is (G x G)-equivariant such that (co f)(7,d) = (cy(1),¢cs00)) and foc is
the identity map of £ xg,q E. Let H: (EL XE/G ELyx T — Ef XEB/G EL be the
homotopy given by

H(v,6,t) = (7, 01),

where 7;(s) = v(s + t(1 — s)) and §;(s) = §(s(1 —¢)). Then, following the proof of
Theorem 4.6, we see that H is well-defined, (G x G)-equivariant, H(v, d,0) = (v, 9),
and H(7,9,1) = (cy(1), ¢s(0))- Hence, co f is (G x G)-homotopic to the identity map
of EL x /¢ EL,. O
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Note that the following diagram

EXE/GE ‘ Ellg XE/GEJIB

EXB/GE

is commutative, where i: £ Xp,g F — E xXp;g E is the inclusion map. In other
words, ¥ is a (G x G)-fibrational substitute for the (G x G)-map i.
For ease of notation in the upcoming theorem, let G2 denote the product G x G.

THEOREM 4.15. Suppose p: E — B is a G-fibration. Suppose there exist cohomol-
ogy classes ui,...,ux € Hfw(E xp/q E;R) (for any commutative ring R) such
that

(iho) (uy) = - = (i%)*(ur) =0 and uyp — - —uy # 0,

then TC®[p: E — B] > k.

Proof. Note that ¥ o ¢ = i implies (cf.)* o (¥P:)* = (il,)*. Since c is a
(G x G)-homotopy equivalence (see Lemma 4.14), it follows that ¢/, is a homo-
topy equivalence. Hence, (cf,)* is an isomorphism. Thus, the result follows from
Theorem 2.7. O

Now we give a non-equivariant cohomological lower bound for the invariant
parametrized topological complexity. Let Ep g2 = (E xp/q E)/(G x G) and
let T2 E C Ep > denote the image of the saturated diagonal subspace T1(E) =
E Xg/c E C E Xp/g F under the orbit map p: F xXp,¢ E — Ep 2. By using
Theorem 4.6 and following the arguments in Theorem 3.6, one can establish the
following theorem. The proof is left to the reader.

THEOREM 4.16. Suppose p: E — B is a G-fibration. If there exists cohomology
classes uy, ..., uy € H*(Ep g2; R) (for any commutative ring R) such that

(1) w; restricts to zero in H*(Tg2E;R) fori=1,...,k;
(2) up — - —up #0 in H*(Ep g2; R),

then TC®[p: E — B] > k.

4.1.2. Product inequalities

THEOREM 4.17 Let p1: F1 — B be a Gi-fibration and py: Fs — Bs be a G-
fibration. If By X Ey X Ey X Ey is (G1 X G1 X Ga X Gg)-completely normal, then

TCGIXG2 [pl XPpa: FixFEy — Bl><B2] < TCGI [pli Ei— Bl]+TCG2 [pg: Ey — BQ}_]..

PT‘OOf. Let \1/12 (El)lBl XEl/Gl (.El)IB1 — E1 XBl/Gl E1 and \IJQZ (EQ)%Z XEQ/GQ
(E2)h, — B2 Xp,G, E2 be the invariant parametrized fibrations corresponding
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to p1 and po, respectively. If E := E; X Es, B := By X By, G := G; x G35, and
P := p1 X po is the product G-fibration, then it easily checked that

Ep xg/a B = ((EV)B, X6, (B1)B,) % ((B2)b, XEayas (B2)B,)

and
E xpc E=(E1xp, /6, B1) x (B2 Xp,/c, E2)
and the invariant parametrized fibration ¥: EL x /G EL — Exp sa B correspond-
ing to p is equivalent to the product fibration ¥; x ¥5. Hence,
TCY G2 x py: By x Ey — By X By

= secat(q, xG,)x(G1xGa) (V)

= secat(q, xGy)x (G2 xGa) (V1 X P2)

< secate, xay (1) + secatg, xg, (Pa) — 1

=TC% [p1: By — Bi] + TC%[py: By — By] — 1,

by [1, Proposition 3.7]. O

The product inequality for invariant topological complexity was proved in [31,
Theorem 3.18]. In the following corollary, we show that the cofibration hypothesis
assumed in [31, Theorem 3.18] can be removed by using Theorem 4.17.

COROLLARY 4.18. Suppose X is a G-space and Y is an H-space. [f X x X XY XY
is (G x G x H x H)-completely normal, then

TCOH (X x V) < TCY(X) 4+ TCH(Y) — 1.

Proof. Note that X — {x;} is a G-fibration and Y — {*2} is an H-fibration.

Hence,
TCOH(X xY)=TCHMX x Y — {#1} x {*2}]
< TCYX — {5} + TCH[Y = {x}] — 1
= TCY(X) +TCH(Y) -1,
by Proposition 4.4 and Theorem 4.17. d

The proof of the following corollary is similar to Corollary 3.9 and can be shown
using Corollary 4.13 and Theorem 4.17.

COROLLARY 4.19. Suppose p;: E; — B; is a G-fibration such that G acts on B;
freely for i = 1,2. If G is compact Hausdorff, then p1 X pa: Fy X Fy — By X By
is a G-fibration, where G acts diagonally on the spaces E1 X Ey and By X Bs.
Furthermore, if E1 X E1 X Ey X Ey is completely normal, then

TCY[py X pa: E1 x By — By x By] < TC®[py: Ey — By]+TC[py: Ey — By] — 1.

The proof of the following corollary is similar to that of Corollary 3.10 and follows
from Proposition 4.8 and Corollary 4.19.

https://doi.org/10.1017/prm.2026.10147 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2026.10147

Equivariant and invariant parametrized topological complexity 31

COROLLARY 4.20. Suppose p;: E; — B is a G-fibration, for i = 1,2, such that G
acts on B freely. Let Ey xp Ey = {(e1,e2) € E1 X Ey | p1(e1) = pa(e2)} and let
p: By xg E2 — B be the G-map given by p(er,ea) = p1(e1) = pa(ez), where G
acts on By X FEs diagonally. If G is compact Hausdorff, then p is a G-fibration.
Furthermore, if E1 X E1 X Ey X Fy is completely normal, then

TCC[p: Ey xp Ey — B] < TC%[p,: By — B] +TCC[py: By — B] — 1.

4.2. Some technical results

In this subsection, we establish two technical results which will help us compute
the invariant parametrized topological complexity of Fadell-Neuwirth fibrations
in Section 5.

DEFINITION 4.21. Suppose p: E — B is a G-map and F is a G-space. We say
that p is a locally trivial G-fibration with fibre F' if for each point b € B there exists
a G-invariant open subset U containing b and a G-equivariant homeomorphism
¢ :p Y (U) = U x F such that the following diagram

UxF

commutes, where G acts on U X F diagonally. The map ¢ is called a G-trivialization
of p.

PROPOSITION 4.22. Suppose p: E'— B is a locally trivial G-fibration with fibre F.
If G acts trivially on F, then the induced map p: E — B between the orbit spaces
is locally trivial with fibre F.

Proof. Suppose ¢: p~1(U) — U x F is a G-trivialization of p over U. As the
quotient map mg: B — B is open, it follows U := mg(U) is an open subset of
B. Further, U is G-invariant implies U is saturated with respect to m5. Hence,
the restriction ngl, : U — U is an open quotient map and so is the product map
(mgly)xidp: Ux F — U x F. Hence, the induced natural map (U x F)/G — U x F
is a homeomorphism. If (p=1(U)) := 7g(p~*(U)), then (p=1(U)) = (p)~}(U) since
U is G-invariant. Similarly, mgl,-1 ) p Y U) — (p)~Y(U) is an open quotient
map, and the induced natural map p~}(U)/G — (p)~1(U) is a homeomorphism.
Hence, the homeomorphism ¢/G: p~}(U)/G — (U x F)/G induced by ¢ gives a

trivialization
¢: (p)"Y(U)=UxF
for p over U. As p is surjective, it follows 7 is locally trivial with fibre F. O

As noted in Theorem 2.10, the induced map p: E — B is a G-fibration when
G is a compact Hausdorff topological group. However, to compute the invariant
parametrized topological complexity of the equivariant Fadell-Neuwirth fibration,
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defined in [14], we require Proposition 4.22, which says P is also locally trivial. We
will introduce equivariant Fadell-Neuwirth fibrations and calculate their invariant
parametrized topological complexity in Section 5. Now, we present one more result,
which will be required in Section 5.

PROPOSITION 4.23. Suppose p: E — B is a fibre bundle with fibre F, where the
spaces E, B, F are CW-complexes. Then

hdim(E) < hdim(B) + dim(F).

Proof. Since p is locally trivial, it follows that dim(F) < dim(B) + dim(F'). In
particular, hdim(E) < dim(B) + dim(F). If h: B’ — B is a homotopy equivalence
and E’ is the pullback of E along h, then E’ is a fibre bundle over B’ with fibre F.
Thus, we have dim(E’) < dim(B’) + dim(F). Note that E’ is homotopy equivalent
to E as h is a homotopy equivalence. Hence, we get hdim(F) < dim(B’) + dim(F)
and the result follows. O

4.3. Invariance theorem

Suppose p: E — B is a G-fibration such that the induced map p: E — B between
the orbit spaces is a fibration. If II: (E)IE — E xz E is the parametrized fibration

induced by p: E — B, then we have a commutative diagram

Eh xpjq By —Y—— Expg E

fl lTrEXTFE

(E)% K E x5

=

?

where f(v,0) =7 x5, where ¥ = g 0 7.

LEMMA 4.24. The restriction 1g X p: E xXg/g E — E ><§E is an open quotient
map.

Proof. As mg: E — E is an open quotient map, it follows 7 x7g: ExE — ExE
is also an open quotient map. The subset F' Xp,q E of ' X E is saturated with
respect to mp X g, since EX g/ Eis (G xG)-invariant. Thus, ngX7g: ExXp,gE —
(mp x mg)(E X /¢ E) is an open quotient map. Note that

(e1,3) € E x5 E < p(e1) =p(ez) € B

< ple1) =ple2) € B
< p(e1) = g-p(ez) for some g € G
< (61,62) cF XB/G E.

Hence, the result follows. O
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PROPOSITION 4.25. Suppose p: E — B is a G-fibration such that p: E — B is a
fibration. Then

TC[p: E — B] < TCY[p: E — B.

Proof. Suppose U is a (G x G)-invariant open subset of E x5, E with a (G x G)-
equivariant section s of ¥ over U. Then U := (7 x 7g)(U) is an open subset of
E x5 E, by Lemma 4.24. As U is (G x G)-invariant, it follows that U is saturated
with respect to mg X mg. Hence, mg X mg: U — U is a quotient map. Then, by
the universal property of quotient maps, there exists a unique continuous map
5: U — EL such that the following diagram

Iy

A
TEXTE //’
P

-,

U
commutes. Then

T(5(e1, e2)) = T(f(s(e1,e2))) = (mexmr)(¥(s(e1, e2))) = (mex7r)(e1, e2) = (€71, €2)

implies 3 is a section of II over U. Thus, the result follows since 7g x 7x: E XB/a
E—E ><§E is surjective. U

Recall that a space X is called hereditary paracompact if every subspace of X is
paracompact. Equivalently, every open subspace of X is paracompact.

THEOREM 4.26. Suppose G is a compact Lie group. Let p: E — B be a G-fibration
and let p: £ — B be the induced fibration between the orbit spaces. If the G-action
on E is free and E X E is hereditary paracompact, then

TCY[p: E — B] = TC[p: E — BJ.

Proof. We note that, in Theorem 2.10, it was established that p is a fibration.
Suppose U is an open subset of E' x5 E with section 5 of IT over U. Then, by Theorem
3.2 for the trivial group action, there exists a homotopy H: U x I — E x5 E such
that H is the inclusion map of ii;: U — E x5 E and H takes values in A(E).

Let U = (mg x ) 1 (U). Then U is (G x G)-invariant and U is hereditary
paracompact. Note that the following diagram

U x {0} Expig E

[ [exme

U x e o H ExzFE

commutes. As the G-action on F is free, it follows the action of G x G on Exp/c F
and U is free. Hence, the homotopy H preserves the orbit structure. Since G is a
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compact Lie group, by the Covering Homotopy Theorem of Palais [9, Theorem
I1.7.3] and Lemma 4.24, it follows that there exists a (G x G)-homotopy H: U X
I — E xpyg E such that Hy = iy: U — E xp/q E and (1p x 7)o H =
Ho ((rg x mg) x id7). As H; takes value in A(E), it follows H; takes values in
E X p,q E. Hence, by Theorem 4.6, we get a (G x G)-equivariant section of ¥ over
U. Thus, TC%[p: E — B] < TC[p: E — B. O

We note that the main theorem in Lubawski and Marzantowicz’s paper, as stated
in Theorem 2.31, can be recovered from Theorem 4.26 by taking the base space B
to be a point. Now, we state some corollaries of this theorem.

COROLLARY 4.27. Suppose G is a compact Lie group. Let p: E — B be a G-
fibration and let p: 2 — B be the induced fibration between the orbit spaces. If the
G-action on B is free and E x E is hereditary paracompact, then

TC(F) < TC[p: E — B] < TC®[p: E — B] = TC[p: E — B,
where F' is the fibre of p.

Proof. Observe that G acts freely on F as well. Hence, the result follows from
Corollary 4.13 and Theorem 4.26. a

COROLLARY 4.28. Suppose G is a compact Lie group and p is a locally trivial G-
fibration with fibre F', such that G acts trivially on F, G acts freely on B and Ex E
is hereditary paracompact. If F is contractible and E XEE 18 homotopy equivalent
to a CW-complez, then TC[p: E — B] = 1.

Proof. By Proposition 4.22, we have p: E — Bis a locally trivial fibration with fibre
F. We note that the fibre of the parametrized fibration II: (E)IE — E x5 E induced

by p: E - B is the loop space QF', which is contractible since F' is contractible.
Hence, TC[p: E — B] = 1 by obstruction theory. Thus, the result follows from the
Invariance Theorem 4.26. O

REMARK 4.29. Suppose p: B x F — B is the trivial G-fibration. If G acts trivially
on F', then in Proposition 4.5, we showed that

TCY[p: B x F — B] = TC(F).

In general, however, if G acts non-trivially on F', then the following inequality need
not hold:

TCC[p: B x F — B] = TCY(F).

For example, let E = S'xS' and B = S'. If G = S* acts on B by left multiplication
and diagonally on F, then

TCS [p: §* x S' — 8! = TC[p/S*: (S* x S*)/S* — S'/S'] by Theorem 4.26
=TC[S" — {*}]
= TC(S)
=2.
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But TCSI(Sl) = TC({*}) =1 by Theorem 2.31.

ExaMPLE 4.30. Suppose G is a compact Lie group. Let 7: P — B be a principal
G-bundle such that P x P is hereditary paracompact and B is paracompact. Let X
be a path-connected G-space, and q: P X X — B be the associated fibre bundle
with fibre X and structure group G. Then, by [23, Theorem 3.4], it follows that

TC(X) < TClg: P xg X — B] < TCq(X),
where p: P x X — P is the trivial G-fibration. Moreover, we have

TCY[p: Px X — P| =TClq: P xg X — B]
by Theorem 4.26.

ExaMPLE 4.31. Now we list some examples of G-spaces X for which TC(X) =
TCg(X). Consequently, for each of these examples and for any principal G-bundles
7: P — B, one has

TCYp: P x X — P] = TC(X),

where p: P x X — P is the trivial G-fibration.

(1) Suppose nq,...,n,, are positive integers. Let G = Z5 act on each S™ via
the antipodal action. If G acts diagonally on the product [];~, 5™, then by
[26, Corollary 4.4] we have

TCq <ﬁ5"> —TC <ﬁsn> —m41+1,

i=1 i=1

where [ denotes the number of even-dimensional spheres among the factors.

(2) Suppose ny,...,n,, are integers with n; > 2 for each i. Let G = Z» act on
S™ by reflection, defined as multiplication by —1 in one of the coordinates.
If G acts diagonally on the ", 5™, then

TCq (ﬁ S”"’) < iTCg(S”i) —(m—1) [28, Theorem 4.2]

i=1 i=1
=3m— (m—1) [13, Example 5.9]
=2m+ 1.

Moreover, it follows from [2, Corollary 3.12] that

TC <H5"> =m+i+1,

i=1

where [ denotes the number of even-dimensional spheres among the factors.
Hence, if X = []%, S™ with all n; even, then TC(X) = TC(X) = 2m+1.
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(3) Let F be a 2n-dimensional quasitoric manifold. The Zg-action on F' is
described in [3, Equation 3.2], and it is shown in [3, Corollary 2.10 and
Proposition 3.11] that TCg, (F) = TC(F) = 2n + 1. We refer the reader to
[3] for further details.

(4) Let F' = Gry(C™) be the complex Grassmannian manifold of complex dimen-
sion d(n — d). Then F' admits a Zs-action induced by complex conjugation.
It follows from [15, Example 6.6] that TCz,(F) = 2d(n — d) + 1 = TC(F).
In particular, for complex projective space CP", we have TCy,(CP™) =
2n 4+ 1 = TC(F). We refer the reader to [15, Section 5] for further details.

ExaMPLE 4.32. Here we list some examples in which the invariant topological
complexity of G-fibration is trivial.

(1) Suppose G is a compact Lie group. Let 7: P — B be a principal G-bundle
such that P x P is hereditary paracompact and B is paracompact. Then

TCY[p: P - B]=TC[p: P — B| =1,

since p is a homeomorphism.

(2) Let E and B be path-connected and locally path-connected spaces such that
E x E is hereditary paracompact. Suppose p: E — B is a regular covering
map and G is its group of covering transformations. If G is a compact Lie
group, then

TCY[p: E— B] = TC[p: E — B] = 1,

since p is a homeomorphism by [36, Theorem 81.6].

5. Computations for equivariant Fadell-Neuwirth fibrations

In this section, we provide estimates for the invariant parametrized topological
complexity of equivariant Fadell-Neuwirth fibrations. The ordered configuration
space of s points on R¢, denoted by F(R?, s), is defined as

FRY s) = {(x1,...,25) € (RD)® | x; # a; for i # j}.
DEFINITION 5.1. ([19]) The maps
p: F(RY s4+1) — F(RY s) defined by p(x1,...,Zs,y1,... Yt) = (x1,...,25)
are called Fadell-Nevwirth fibrations.

The space F(R?, s+1t) admits a free action of the permutation group ¥, defined
as follows. For o € X, let

O (T, T, Y1, 5 Ye) = (To(1)s o To(s)s Yls - -+ Yt)-

Similarly, ¥, acts freely on F(R? s) by permuting the coordinates (z1,...,x;).
Notice that the map p in Definition 5.1 is Ys-equivariant. In fact, in [14], it was
demonstrated that this map is a X -fibration.
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For the rest of the section, we will use the notation p: E — B for the equivariant
Fadell-Neuwirth fibration. The fibre F' of p is the configuration space of ¢ points
on R?\ Oy, where O, denotes a set of s distinct points in R?. More precisely,
F = F(R?\ Oy, 1t).

REMARK 5.2. If ¢ = 0, then p is the identity map. In particular, p is a trivial
Y s-fibration with fibre a point {*}. Hence, by Proposition 4.5, it follows that

TC* [p: F(R?, s) = F(R%,s)] = TC({*}).

Thus, we will assume that ¢ > 1.
If s = 1, then the permutation group ¥ is trivial and F(R%,1) = R% In
particular, the fibration p is trivial. Hence, it follows that
TC™ [p: F(RY1+1t) = F(R?1)]

=TC[p: F(R% 1 +1t) — F(R 1) by Proposition 4.4 (1)

= TC(F(R%\ Oy,1)) by [11, Example 4.2]

= TC(F (Rt + 1)),
since F(R4\ Oy, t) is homotopy equivalent to F'(R?, t+1), see [20, Page 15]. We note
that the topological complexity of configuration spaces was computed by Farber
and Grant in [22]. Thus, we will assume that s > 2.

If d = 1, then the fibre F(R\Os, t) of p is not path-connected. Hence, by Corollary
4.13, it follows that

00 = TC(F(R\ O4,t)) < TC¥ [p: F(R,s+t) — F(R,s)].
Thus, we will assume that d > 2.

The parametrized topological complexity of these fibrations was computed in
[11] and [12]. In particular, they proved the following result:

THEOREM 5.3. ([11, Theorem 9.1] and [12, Theorem 4.1]) Suppose s > 2, t > 1
and d > 2. Then

2t + s, if d is odd,
2t+s—1 ifd is even.

TC[p: F(RY, s +t) — F(R? s)] =

We will now demonstrate that the invariant parametrized topological complex-
ity of the Fadell-Neuwirth fibrations coincides with that of the corresponding orbit
fibrations. Furthermore, it is bounded below by the parametrized topological com-
plexity of the Fadell-Neuwirth fibrations. Interpreting the parametrized topological
complexity of the Fadell-Neuwirth fibration as describing the motion planning
problem of ¢ submarines navigating in the presence of s mines whose positions are
unknown, and that of the orbit Fadell-Neuwirth fibration as describing the corre-
sponding problem when the order of the mines is irrelevant, the resulting increase
in complexity is entirely consistent with intuition. When the order of the mines
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is irrelevant, the motion planners must satisfy an additional constraint: they are
required to remain invariant under any reordering of the mines. In other words, the
planner must yield the same motion plan regardless of how the mines are permuted.
This symmetry condition imposes additional structural restrictions on the class of
admissible planners, thereby increasing the overall complexity of constructing such
a universal algorithm.

THEOREM 5.4. The induced map p: F(R?, s +t) — F(R4,s) is a locally trivial
fibration with fibre F. Moreover,

TClp: F(RY, s +1t) — F(R?,5)] < TC™[p: F(R%, s +t) — F(R?, s)]
= TC[p: F(RY, s +t) — F(RY, 5)]

Proof. We note that the equivariant Fadell-Neuwirth fibrations are locally -
trivial with ¥, acting trivially on the fibre F, see [14, Section 5.1]. Since F(R4, s)
is a manifold, it is paracompact Hausdorff. Hence, by Proposition 4.22, it follows
that the induced map p is a locally trivial fibration with fibre F'.

As the action of X, on F(R?, s+t) and F(RY, s) is free, and since F(R%, s+t) and
F (R4, s) are manifolds, it follows that F(R4, s +t) and F'(R?, s) are also manifolds.
Thus, the result follows from Corollary 4.27. 0

PROPOSITION 5.5. Suppose p: E- — B denotes the equivariant Fadell-Neuwirth
fibration with fibre F'. Then hdim(E x5 E) < (d —1)(s — 1) + 2dt.

Proof. Since p: E — B is a locally trivial fibration with fibre F, it follows that the
natural map E x5 E — B is also a locally trivial fibration with fibre ' x F. The
homotopy dimension of the unordered configuration space B is (d — 1)(s — 1) (see
[8, Theorem 3.13]). Hence, by Proposition 4.23, the desired claim follows. O

We are now ready to present our computations for the invariant parametrized
topological complexity of the Fadell-Neuwirth fibrations for the case d > 3.

THEOREM 5.6. Suppose s > 2,t>1, and d > 3. Then

2 . .

TC®s p: F(Rd, s+t) — F(Rd,s)] _ t+s, if dis odd,
either 2t + s —lor 2t + s if d is even.
(10)

Proof. Tt suffices to show that TC®*[p: F(R%, s+1) — F(R%,s)] < 2t + s, since the
inequality

TClp: F(RY, s +t) = F(R?,s)] < TC[p: F(R?, s +t) — F(R,s))

established in Theorem 5.4, together with Theorem 5.3 yields the desired lower
bound.
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Observe that

TC¥ [p: F(RY, s +1) = F(R%, s)] = TC[p: F(RY, s +1) — F(R,s)] <2t + s

if and only if (2t 4 s)-fold fibrewise join

— I — —
H2t+52 *9t 4 s (EE) —F XFE

of the fibration IT admits a global section, see [41, Theorem 3]. Note that the loop
space QF, which is the fibre of II, is path-connected because QF is (d—3)-connected
and d > 3. Therefore, the fibre %o, JQF of Iy, is simply connected, and hence
k-simple for all k. Thus, the obstructions to a global section of Iy, lie in the
cohomology groups

Hk+1(E XEE’ Wk(*2t+SQF>),

see [40, Theorem 34.2]. Since #9;4+sQF is ((2t + s)(d — 1) — 2)-connected (see [41,
Theorem 5] or [27, Theorem 3.5] for the homotopy connectivity of joins), it follows
that H*(E x5 E;m(*204sQF)) = 0 for k < (2t + s)(d — 1) — 2.

Suppose N is any local coefficient system on B. Let M be the local coefficient
system on E ><§E obtained as the pullback of A/ under the fibration

FxF<— ExgE— B. (11)

Consider the Serre spectral sequence EP9 with local coefficients for the fibra-
tion (11), see [39, Theorem 2.9]. Then EYY = HP(B,HI(F x F,M)), and the
spectral sequence converges to HPV4(E X5 E,M). If p > hdim(B) or ¢ >
hdim(F x F), then H?(B, HI(F x F, M)) = 0. Hence,

HPY(E x5 E,M) =0 if p+ ¢ > hdim(B) + hdim(F x F)
=(d—1)(s—1)+2(d—1)t
=2t +s—1)(d—-1),

see [12, Equation 4.1] for the homotopy dimension of F. Since d > 3, the space
F x F is simply connected. Consequently, the induced map 71 (E x5 E) — m1(B)
is an isomorphism. This can be deduced from the long exact sequence of homotopy
groups corresponding to fibration (11). This implies that every local coefficient on
E x5 E is a pullback of a local coefficient system on B. As a result, we have
HM Y (E x5 E; g (x014sQF)) = 0 for k > (2t+s—1)(d—1)—1 = (2t +s)(d—1) —d.
Thus, the obstruction classes vanish for all k. O

We now turn our attention to the case d = 2. For d = 2, we note that the
spaces E and B are aspherical, see [29, Lemma 3.4]. Since the maps £ — E
and B — B are covering maps, it follows that £ and B are also aspherical, as
E — E and B — B are covering maps. Therefore, we can apply the techniques
developed by Grant in [28] to compute TC[p: E — B], as the map p: E — B is
a fibration of aspherical spaces with path-connected fibre F'. More precisely, this
is equivalent to computing the topological complexity of the group epimorphism

Dy: m(F) — m(B). We begin by recalling some definitions that will be useful in
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the discussion. Recall that a pointed map f: X — Y is said to realize a group
homomorphism p: G — H if X is a K(G,1) space, Y is a K(H,1) space, and f
induces the homomorphism p on fundamental groups.

DEFINITION 5.7. ([17]) Suppose G is a group and K(G,1) is the corresponding
FEilenberg—MacLane space.

e Then G is said to be of type F' if K(G, 1) is homotopy equivalent to a finite
CW-complez.

e Then G is said to be of type FP if there exists a finite length resolution of
Z by finitely generated projective ZG-modules.

We note that a group of type F is of type F'P, see [17, Page 171].

DEFINITION 5.8. ([17, Theorem 3.6]) A group G is said to be a duality group of
cohomological dimension n if G is of type F'P, and there exists a ZG-module D
such that

0 fori#n,
D fori=n.

HY(G,7G) =

If D can be chosen to have an underlying abelian group Z, then G is said to be a
Poincaré duality group of cohomological dimension n.

We now use arguments presented in [30, Theorem 3] to prove the following lemma.
This lemma, in a certain sense, generalizes part of [17, Theorem 4.3] from Poincaré
duality groups to duality groups.

LEMMA 5.9. Suppose 1 - H — G — K — 1 is a short exact sequence of
groups, where H is a Poincaré duality group of cohomological dimension h. Then
HP(K,ZK) = 0 if and only if HP*"(G,ZG) = 0. In particular, if K is of type FP
and G is a duality group of cohomological dimension h + k, then K is a duality
group of cohomological dimension k.

Proof. Consider the Lyndon—Hochschild—Serre spectral sequence corresponding to
the extension 1 - H — G — K — 1 with coefficients in ZG. Then EP? =
HP(K; H1(H;ZG)), and the spectral sequence converges to HP4(G;ZG). As ZG
is a free ZH-module and H is a Poincaré duality group of dimension A, it follows
that

if g # h,
7@z 72G =2 7K if ¢q=h,

HY(H;ZG) = HY(H;ZH) @z .G =

as K-modules. This implies

0 if ¢ # h,

EyY = HP(K; HY(H;ZG)) =
HP(K;ZK) if g=h.
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Since the differential d, maps FEP? to EPTHITTTL it follows that
H?(K; H1(H;ZG)) = EY? = ERY = HP14(G; ZQG). In particular, HP(K;ZK) =0
if and only if HP*"(G,ZG) = 0. O

THEOREM 5.10. Suppose s > 2 and t > 2. Then
TC* [p: F(R% s +1) — F(R% )] =2t 4+ s — 1. (12)

Proof. Suppose B, is the braid group on (s 4 t)-strands. Then, by [29, Lemma
3.4], the fundamental group of F(R?,s +t)/3; is

Bl =m (2 x {1}),

where 7: Bsiy — Y14 is the canonical map. Moreover, by [29, Lemma 3.6], we
have Bszﬁt is a duality group of cohomological dimension s 4+ ¢ — 1.

We note that the fibration p: F(R?,s +t) — F(R?, s) realizes the group epi-
morphism p: Bszj_t —» Bg, which forgets the last t strands. Hence, it follows
that

TC¥ [p: F(R?, s +1t) — F(R? )] = TC[p: F(R2,s +t) — F(RZ,s)]
— TClp: B, — B,
by Theorem 4.26 and [28, Proposition 3.5].

If Z is the centre of Bsyy, then Z is infinite cyclic and the centre of Bi‘it is Z as
well, see [29, Lemma 3.7]. Hence, by [28, Theorem 3.5], it follows that

B g X B .BES
. RZs s+t s Ps+t
TClp: Bz, - Bs] <cd <I(Z) >+17

where cd denotes the cohomological dimension of a group.
Suppose Py, = m1(F). Then we have an extension

1= Ps— B 5 By~ 1

corresponding to the fibration F — E 5 B. Pulling back this extension by

p: Bf_ﬁt — B; we get an extension
1— P,y — BX, xp, By, — By, — 1.
Taking the quotient of BSEjt by Z gives an extension

Bszit X B, Bszﬁt Bszjt
A(Z) Z

1— Pps— — 1. (13)

We note that P; s and Psi; are duality groups with c¢d(Py ) = ¢ and cd(Psyt) =
s+1t—1,see [29, Lemma 3.6].

We will now show that B.;,/Z is a duality group with cd(B2;,/Z) = s+t — 2.
As t > 2, the inclusion Z — BSEjt splits. This can be seen geometrically by the
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projection Bsz_ﬁt — P, obtained by forgetting the first s + ¢t — 2 strands, where P,
is the pure braid group on 2 strands. Hence,

B, ~ Z x (BE;t /Z) .

Note that the space F(R?, s+ t) contains a finite CW-complex C which is a ¥, -
equivariant strong deformation retract, see [8, Theorem 3.13]. Hence, C is also
a Ys-equivariant strong deformation retract of F(RY, s + t). Hence, the homo-
topy equivalence K(Bijt7 1) ~;, F(R% s +t)/3, ~, C/%, implies K(Bszﬁt, 1) is
homotopy equivalent to a finite CW-complex. Therefore, the homotopy equivalence

K(B,,1) ~y K(Z,1) x K(B};,/Z,1)

implies K(Bszjt/Z, 1) is homotopy equivalent to a finite CW-complex, i.e., Bsz_ﬁt/Z
is a group of type F. Then Lemma 5.9 applied to the extension 1 — Z — Bszﬁt —
Bsz_ﬁt /Z — 1 implies that B?jt /Z is a duality group of cohomological dimension
s+t — 2. Hence, by [6, Theorem 3.5], it follows that the middle group in (13) has
cohomological dimension s + 2t — 2. O

REMARK 5.11. Note that when ¢ = 1, the group Biﬁl/Z is not torsion-free,
as shown in [29, Proposition 4.2]. Consequently, every CW-complex of type
K (BSEj1 /Z,1) is infinite-dimensional. Therefore, the argument used in the preceding
theorem fails for the case t = 1.

CONJECTURE 5.12. TC* [F(R2, s +1) — F(R?,5)] <3 +s.

We expect the above conjecture to be true, since the motion planning problem
for two submarines constrained by the unknown positions of s mines (where the
order in which the mines are placed does not matter) should be more complex than
that for a single submarine. Hence,

TC[F(R2,s+ 1) — F(R2,s)] < TC[F(R2,s+2) — F(R2,s)] =3 + s,

Conjecture 5.12 is true if s = 1, see Remark 5.2 and [22, Theorem 1].
We note that we can get TC[F(R2,s+1) — F(R?,s)] < 4 + s, using [11,
Proposition 7.2] and Proposition 5.5. Moreover, TC[F(R2,s+ 1) — F(R?,s)] >

1+ s, by Theorem 5.3.
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