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For a G-equivariant fibration p : E → B, we introduce and study the invariant
analogue of Cohen, Farber, and Weinberger’s parametrized topological complexity,
called the invariant parametrized topological complexity. This notion generalizes the
invariant topological complexity introduced by Lubawski and Marzantowicz. When G
is a compact Lie group acting freely on E, we show that the invariant parametrized
topological complexity of the G-fibration p : E → B coincides with the parametrized
topological complexity of the induced fibration p : E → B between the orbit spaces.
Furthermore, we compute the invariant parametrized topological complexity of
equivariant Fadell–Neuwirth fibrations, which measures the complexity of motion
planning in the presence of obstacles with unknown positions, where the order of
their placement is irrelevant. In addition, we study the equivariant sectional category
and the equivariant parametrized topological complexity, which serve as essential
tools for obtaining several results in this paper.
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1. Introduction

The topological complexity of a space X, denoted by TC(X), is defined as the
smallest positive integer k such that the product space X ×X can be covered by
open sets {U1, . . . , Uk}, where each Ui admits a continuous section of the free path
space fibration

π : PX → X ×X defined by π(γ) = (γ(0), γ(1)), (1)

© The Author(s), 2026. Published by Cambridge University Press on behalf of
The Royal Society of Edinburgh.

1

https://doi.org/10.1017/prm.2026.10147 Published online by Cambridge University Press

https://orcid.org/0000-0001-5127-3541
mailto:ramandeepsingh.arora@students.iiserpune.ac.in
https://orcid.org/0000-0002-8516-085X
mailto:navnath@iitm.ac.in
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/prm.2026.10147&domain=pdf
https://doi.org/10.1017/prm.2026.10147


2 R. S. Arora and N. Daundkar

where PX denotes the free path space of X equipped with the compact-open topol-
ogy. The concept of topological complexity was introduced by Farber in [21] to
analyse the computational challenges associated with motion planning algorithms
for the configuration space X of a mechanical system. Over the past two decades,
this invariant has attracted significant attention and has been a subject of extensive
research.

1.1 Parameterized motion planning problem

Recently, a novel parametrized approach to the theory of motion planning algo-
rithms was introduced in [11, 12]. This approach provides enhanced universality and
flexibility, allowing motion planning algorithms to operate effectively in diverse sce-
narios by incorporating external conditions. These external conditions are treated
as parameters and form an integral part of the algorithm’s input. A parametrized
motion planning algorithm takes as input a pair of configurations subject to the
same external conditions and produces a continuous motion of the system that
remains consistent with these external conditions.

We now briefly define the concept of parametrized topological complexity. For a
fibration p : E → B, let E ×B E denote the fibre product, which is the space of all
pair of points in E that lie in a common fibre of p. Let EI

B denote the space of all
paths in E whose images are contained within a single fibre. Define the parametrized
endpoint map

Π: EI
B → E ×B E by Π(γ) = (γ(0), γ(1)). (2)

In [11], it is shown that Π is a fibration. The parametrized topological complexity of
a fibration p : E → B, denoted by TC[p : E → B], is the smallest positive integer k
such that there is an open cover {U1, . . . , Uk} of E ×B E, where each Ui admits a
continuous section of Π. For further details and interesting computational results
for parametrized topological complexity, see [11], [12], [24], and [35]. Additionally,
the concept has been extended to fibrewise spaces by Garćıa-Calcines in [25]. On
the other hand, Crabb [34] established some computational results in the fibrewise
setting.

One of the key motivations for introducing this concept was to address the
challenge of collision-free motion planning in environments where obstacles have
unknown positions in advance. This can be described by the following scenario, as
illustrated in [11]: A military commander oversees a fleet of t submarines navigating
waters with s mines. The positions of these mines change every 24 hours. Each day,
the commander must determine a motion plan for each submarine, ensuring that
they travel from their current locations to their designated destinations without
colliding with either the mines or other submarines. A parametrized motion plan-
ning algorithm will take as input the positions of the mines on the given day and
the current and the desired positions of the submarines and will produce as output
a collision-free motion of a fleet. Hence, the complexity of the universal motion
planning algorithm in this setting can be described as the parametrized topological
complexity of the Fadell–Neuwirth fibration

p : F (Rd, s+ t) → F (Rd, s), (x1, . . . , xs, y1, . . . , yt) 7→ (x1, . . . , xs)
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where F (Rd, s) is the configuration space of s distinct points lying in Rd,
see Section 5.

However, in a real-life scenario, the specific order in which the mines are placed
should be irrelevant. For the two configurations of mines,

(x1, . . . , xs) and (xσ(1), . . . , xσ(s)),

for any σ in the permutation group Σs, the military commander should assign the
same motion plan for the submarines. This is because both configurations describe
the mines being placed at the same set of positions, regardless of their labelling.
Thus, we should consider the unordered configuration space F (Rd, s)/Σs for the
placement of mines. Hence, in this new perspective, the complexity of the universal
motion planning algorithm should be described as the parametrized topological
complexity of the fibration

p : F (Rd, s+ t) → F (Rd, s),

which is induced from p by taking the quotient under the natural action of Σs on
the configuration spaces.

In this paper, we introduce the notion of invariant parametrized topological com-
plexity for a G-fibration p : E → B, denoted by TCG[p : E → B], which seems
to provide a more suitable framework for analysing the impact of symmetries on
parametrized motion planning algorithms. The invariant parametrized topologi-
cal complexity is a parametrized analogue of the invariant topological complexity,
which was introduced by Lubawski and Marzantowicz [31]. The invariant topolog-
ical complexity for a G-space X, denoted by TCG(X), behaves well with respect
to quotients. In particular, if a compact Lie group G acts freely on X, then the
equality TCG(X) = TC(X/G) holds (see [31, Theorem 3.10]). Generalizing this to
the parameterized setting, we establish the following theorem.

Theorem Suppose G is a compact Lie group. Let p : E → B be a G-fibration and
let p : E → B be the induced fibration between the orbit spaces. If the G-action on
E is free and E × E is hereditary paracompact, then

TCG[p : E → B] = TC[p : E → B].

1.2 Outline of the paper

The aim of this paper is twofold. Firstly, we examine various properties of the
equivariant sectional category and equivariant parametrized topological complex-
ity. Using these properties, we develop and analyse the new concept of invariant
parametrized topological complexity, which we introduce in Section 4.

In Section 2.1, we introduce the concept of equivariant fibrations and present
several examples, including equivariant covering maps.

In Section 2.2, we study the equivariant sectional category of a G-fibration and
establish multiple lower bounds in Theorem 2.7, Proposition 2.9, and Proposition
2.12. We also provide an equivariant homotopy dimension-connectivity upper bound
in Theorem 2.16. Afterwards, we establish product inequalities in Proposition 2.18
and Corollary 2.19.
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In Section 2.3, we recall the notion of the equivariant Lusternik–Schnirelmann
(LS) category of a G-space. In this section, we establish a lower bound in terms
of fixed point sets and provide an equivariant homotopy dimension-connectivity
upper bound, as stated in Proposition 2.24 and Theorem 2.26, respectively.

Subsequently, Section 2.4 devoted to the equivariant and invariant topological
complexity of a G-space, and we provide an equivariant homotopy dimension-
connectivity upper bound for the former in Theorem 2.28.

In Section 3, we explore various properties of the equivariant parametrized topo-
logical complexity of G-fibrations p : E → B. Our main result, Theorem 3.2,
characterizes the elements of a parametrized motion planning cover as the G-
compressible subsets of the fibre product E ×B E into the diagonal ∆(E).
Furthermore, we establish some lower bounds and the product inequalities in
Proposition 3.4, Theorem 3.6, and Theorem 3.8, respectively.

In Section 4, we introduce the notion of invariant parametrized topological
complexity for G-fibrations. We establish the fibrewise G-homotopy invariance
of this notion, and show that it generalizes both the parametrized and invari-
ant topological complexity; see Theorem 4.3 and Proposition 4.4, respectively.
For a G-fibration p : E → B, in Theorem 4.6, we show that the elements of an
invariant parametrized motion planning cover can be characterized as the (G×G)-
compressible subsets of the fibre product E ×B/G E into the saturated diagonal
k(E) = E×E/GE. In Section 4.1, we investigate various properties and bounds for

TCG[p : E → B]. For example, we establish inequality under pullbacks (Proposition
4.8), dimensional upper bound (Proposition 4.9), lower bound (Proposition 4.12),
cohomological lower bounds (Theorem 4.15 and Theorem 4.16), and product
inequality (Theorem 4.17). Finally, we prove one of our main results, Theorem 4.26,
which shows that the TCG[p : E → B] coincides with the parametrized topo-
logical complexity of the corresponding orbit fibration, when G acts freely on
E. We conclude the section with some examples illustrating the application of
Theorem 4.26.

In Section 5, we compute the invariant parametrized topological complexity of the
equivariant Fadell–Neuwirth fibrations. Specifically, in Theorem 5.6 and Theorem
5.10, we establish:

Theorem. Suppose s ≥ 2, t ≥ 1 and d ≥ 3. Then

TCΣs [p : F (Rd, s+ t) → F (Rd, s)] =

2t+ s, if d is odd,

either 2t + s − 1 or 2t + s if d is even.

Theorem. Suppose s ≥ 2 and t ≥ 2. Then

TCΣs [p : F (R2, s+ t) → F (R2, s)] = 2t+ s− 1.

1.3 Notations and conventions

Throughout the text, G denotes a general topological group acting on Hausdorff
spaces, unless stated otherwise. We adopt standard terminology and notation from
equivariant topology, such asG-spaces,G-maps,G-homotopies, and related notions.
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In this paper, all category-type invariants are taken to be un-normalized, that is,
they equal the number of open sets in the cover. Thus, our definitions exceed by
one those in [11, 12], but agree with those used in [13, 21, 31].

2. Preliminaries

In this section, we systematically introduce and study various numerical invariants:
equivariant sectional category, equivariant LS category, equivariant topological
complexity, A-LS G-category, and invariant topological complexity.

2.1. G-fibrations

We begin by recalling the definition of a G-fibration, followed by a few examples.
For a more detailed discussion, we refer the reader to [37] and [27, Section 2].

Definition 2.1. A G-map p : E → B is called a G-fibration if it has the G-
homotopy lifting property with respect to any G-space X. More precisely, if H : X×
I → B is a G-homotopy and h : X → E is a G-map with p ◦ h = H0, then there
exists a G-homotopy H̃ : X × I → E that satisfies p ◦ H̃ = H and H̃0 = h.

Example 2.2. Here we list some examples of G-fibrations.

(1) For any G-spaces B and F , the projection maps π1 : B×F → B and π2 : B×
F → F are G-fibrations.

(2) If G is a compact Hausdorff topological group, then every principal G-bundle
over a paracompact space is a G-fibration, where G acts trivially on the base.
This can be shown using [37, Theorem 7]. In particular, the Hopf fibration
S1 ↪→ S3 → S2 is an S1-fibration.

(3) For any space X, the free path space fibration π : PX → X × X is a Z2-
fibration, with Z2-action on PX given by reversal of paths and on X ×X
by transposition of factors, see [27, Example 2.6].

(4) For any G-space X, the free path space fibration is a G-fibration. Moreover,
if x0 ∈ X is a fixed point under G-action, then the path space fibration is
also a G-fibration. See Section 2.4 and Section 2.3, respectively, for more
details.

The following theorem provides a sufficient condition for a fibration to be a
G-fibration. We note that although the proof is presented for compact Hausdorff
groups, it remains valid for arbitrary topological groups.

Theorem 2.3. ([37, Lemma 5]) If p : E → B is a G-map that is a fibration with
the unique path-lifting property, then p is a G-fibration.

The following is an immediate corollary of this theorem.

Corollary 2.4. If p : E → B is a G-map that is a covering map, then p is a
G-fibration. In particular, if p : X̃ → X is a universal covering, then p is a π1(X)-

fibration, where π1(X) acts on X̃ via deck transformations and acts trivially on
X.
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Example 2.5. Here we list some non-trivial examples of G-fibrations.

(1) Suppose α ∈ R. Then the universal covering p : R → S1, given by t 7→ e2πit,
is a Z-fibration, where Z acts on R by n · t = t + nα, and acts on S1 by
n · z = e2πinαz.

(2) The universal covering p : Sn → RPn is a Σn+1-fibration, where the sym-
metric group Σn+1 acts on Sn by σ · (x0, . . . , xn) = (xσ(0), . . . , xσ(n)), and
acts on RPn by σ · [x0 : · · · : xn] = [xσ(0) : · · · : xσ(n)].

2.2. Equivariant sectional category

Schwarz [41] introduced and studied the notion of sectional category of a fibration,
and later by Berstein and Ganea in [5] for any map. The corresponding equivariant
analogue was introduced by Colman and Grant in [13].

Definition 2.6. ([13, Definition 4.1]) Let p : E → B be a G-map. The equivariant
sectional category of p, denoted by secatG(p), is the least positive integer k such that
there is a G-invariant open cover {U1, . . . , Uk} of B and G-maps si : Ui → E, for
i = 1, . . . , k, such that p ◦ si 'G iUi

, where iUi
: Ui ↪→ B is the inclusion map.

Firstly, we establish a cohomological lower bound on the equivariant sectional
category of a G-map using Borel cohomology. This is based on Colman and Grant’s
work [13, Theorem 5.15], which provides a similar cohomological lower bound on
equivariant topological complexity. To the best of our knowledge, such a bound has
not been documented in the literature. We believe that this result must already
be known to experts in the field. Nevertheless, we provide a thorough proof of this
result here.

Suppose EG → BG is a universal principal G-bundle. For a G-space X, let Xh
G

be the homotopy orbit space of X defined as

Xh
G := EG×G X =

EG×X

(eg, x) ∼ (e, g−1x)
, for e ∈ EG, g ∈ G, x ∈ X

and the Borel G-equivariant cohomology H∗
G(X;R) of X with coefficients in a

commutative ring R is defined as H∗
G(X;R) := H∗(Xh

G;R). We note that for a
G-map p : E → B, there is an induced map phG : Eh

G → Bh
G.

Theorem 2.7. (Cohomological lower bound) Suppose p : E → B is a G-map. If

there are cohomology classes u1, . . . , uk ∈ H̃∗
G(B;R) (for any commutative ring R)

with

(phG)
∗(u1) = · · · = (phG)

∗(uk) = 0 and u1 ^ · · · ^ uk 6= 0,

then secatG(p) > k.

Proof. Suppose secatG(p) ≤ k. Then there exists a G-invariant open cover
{U1, . . . , Uk} of B such that each Ui admits a G-equivariant homotopy section si of
p. If ji : Ui ↪→ B is the inclusion map, then ((ji)

h
G)

∗(ui) = ((si)
h
G)

∗ ((phG)∗(ui)
)
= 0.

Hence, the long exact sequence in cohomology of the pair (Bh
G, (Ui)

h
G) yields an
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element vi ∈ H∗(Bh
G, (Ui)

h
G;R) such that ((qi)

h
G)

∗(vi) = ui, where qi : B ↪→ (B,Ui)
is the inclusion map. Consequently, we obtain

v1 ^ · · · ^ vk ∈ H∗(Bh
G,∪i=1(Ui)

h
G;R) = H∗(Bh

G, B
h
G;R) = 0.

Therefore, by the naturality of the cup product, we have u1 ^ · · · ^ uk =
(qhG)

∗(v1 ^ · · · ^ vk) = 0, where q : B ↪→ (B,B) is the inclusion map. �

Remark 2.8. Observe that if G acts trivially on X, then the lower bound in
Theorem 2.7 coincides with the cohomological lower bound given by Schwarz in
[41, Theorem 4]. Moreover, it generalizes the lower bounds for equivariant topo-
logical complexity and equivariant parametrized topological complexity previously
established by Colman–Grant [13, Theorem 5.15] and Daundkar [14, Theorem 4.25],
respectively.

In practice, however, the difficulty of computing cup products in Borel coho-
mology (or more generally, in any equivariant cohomology) makes the problem
cumbersome. We can then ask whether non-equivariant cohomological bounds can
be utilized in some way. When G is a compact Hausdorff topological group and
p : E → B is a G-fibration, we will show that the sectional category of p and the
sectional category of the induced fibration p : E → B between the orbit spaces are
lower bounds for the equivariant sectional category of p. Note that p fits into the
commutative diagram

where πB : B → B and πE : E → E are orbit maps.

Proposition 2.9. Let p : E → B be a G-fibration. Then secat(p) ≤ secatG(p).

Proof. Suppose U is a G-invariant open subset of B with a G-equivariant section
s of p over U . As the orbit map πB : B → B is open, we have U := πB(U) is an
open subset of B. As U is G-invariant, it follows U is saturated with respect to πB .
Hence, πB : U → U is a quotient map. Then, by the universal property of quotient
maps, there exists a unique continuous map s : U → E such that the following
diagram

commutes. Then

p(s(b)) = p(s(πB(b))) = p(πE(s(b))) = πB(p(s(b))) = πB(b) = b

implies s is a section of p over U . Thus, the result follows since πB : B → B is
surjective. �
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Theorem 2.10. Suppose G is a compact Hausdorff topological group and p : E → B
is a G-fibration. Then p : E → B is a fibration. Furthermore, if G acts freely on B,
then

secat(p) = secatG(p).

Proof. By [37, Corollary 2], it follows that p is a fibration. Note that the inequality
secat(p) ≤ secatG(p) follows from Proposition 2.9. Now we will show the reverse
inequality. Note that G acts freely on E as well, since G acts freely on B and p is
a G-map. If φ : E → E ×B B denotes the natural G-map induced by the universal
property of the pullback, then φ preserves the orbit structure because G acts freely
on both B and E. Hence, the diagram (3) is a pullback in the category of G-spaces,
see the proof of [9, Theorem II.7.3]. Suppose U is an open subset of B and s : U → E
is a section of p. Let U = π−1

B (U). Then, by the universal property of pullbacks,
there exists a unique G-map s : U → E such that πE ◦ s = s ◦ πB : U → E and
p ◦ s = iU : U → B. Hence, secatG(p) ≤ secat(p). �

Remark 2.11. As mentioned in Example 2.2 (3), the free path space fibration
π : PX → X ×X is a Z2-fibration for any space X. The Z2-action on PX is given
by reversal of paths, and on X×X it is given by transposition of factors. Hence, by
Theorem 2.10, we get secat(π) ≤ secatZ2

(π). Thus, we recover the cohomological
lower bound on the symmetrized topological complexity TCΣ(X) in [27, Theorem
4.6], since the following commutative diagram

implies the nilpotency of the kernel of ∆ and π are the same.

Suppose X is a G-space. For a subgroup H of G, define the H-fixed subspace of
X as

XH := {x ∈ X | h · x = x for all h ∈ H}.

Proposition 2.12. Suppose p : E → B is a G-fibration. If H and K are subgroups
of G such that EH and BH are K-invariant, and the fixed point map pH : EH → BH

is a K-map, then

secatK(pH) ≤ secatG(p). (4)

In particular, if G is a compact Hausdorff topological group, then

(1) the fixed point map pH : EH → BH is a fibration for all closed subgroups H
of G, and

secat(pH) ≤ secatG(p).

(2) p : E → B is a K-fibration for all closed subgroups K of G, and

secat(p) ≤ secatK(p) ≤ secatG(p).
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Proof. If s : U → E is a G-equivariant section of p, then s|V : V → EH is a
K-equivariant section of pH , where V = U ∩BH . Hence, the inequality (4) follows.

If G is compact Hausdorff, then it follows from [37, Theorem 4 and Theorem
3] that pH : EH → BH and p : E → B are a fibration and a K-fibration, respec-
tively. Hence, the following inequalities follow by taking K and H to be the trivial
subgroup, respectively. �

The following proposition states some basic properties of the equivariant sectional
category. Proofs are left to the reader. For analogous results concerning the non-
equivariant sectional category, we refer to [28, Lemma 2.1].

Proposition 2.13. Suppose p : E → B is a G-map.

(1) If p′ : E → B is G-homotopic to p, then secatG(p
′) = secatG(p).

(2) If h : E′ → E is G-homotopy equivalence, then secatG(p ◦ h) = secatG(p).
(3) If f : B → B′ is a G-homotopy equivalence, then secatG(f ◦ p) = secatG(p).

Corollary 2.14. Suppose p : E → B is a G-fibration. If g : B′ → B is a G-
homotopy equivalence and p′ : E′ → B′ is the pullback of p along g, then

secatG(p
′) = secatG(p).

Proof. Suppose the following diagram is a pullback

Since g is a G-homotopy equivalence and p is a G-fibration, it follows that h is also
a G-homotopy equivalence. Hence, we get

secatG(p
′) = secatG(g ◦ p′) = secatG(p ◦ h) = secatG(p)

by Proposition 2.13. �

Generalizing Schwarz’s dimension-connectivity upper bound on the sectional cat-
egory, Grant established the corresponding equivariant analogue for the equivariant
sectional category in [27, Theorem 3.5]. We extend this approach to derive an equiv-
ariant homotopy dimension-connectivity upper bound for the equivariant sectional
category. To achieve this, we first introduce the notion of G-homotopy dimension
for G-CW-complexes.

Definition 2.15. Suppose X is a G-CW-complex. The G-homotopy dimension of
X, denoted hdimG(X), is defined to be

hdimG(X) := min{dim(X ′) | X ′ is a G− CW-complex, X ′ 'G X}.

Theorem 2.16. Suppose G is a compact Lie group. Suppose p : E → B is a G-
fibration with fibre F , whose base B is a G-CW-complex of dimension at least 2. If
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there exists s ≥ 0 such that the fibre of pH : EH → BH is (s− 1)-connected for all
subgroups H of G, then

secatG(p) <
hdimG(B) + 1

s+ 1
+ 1.

Proof. Suppose f : B′ → B is a G-homotopy between G-CW-complexes B′ and B,
and p′ : E′ → B′ is the pullback of p along f . Then, by Corollary 2.14, we have
secatG(p

′) = secatG(p). Since the fibre of p′ is also F , we get

secatG(p
′) <

dim(B′) + 1

s+ 1
+ 1,

by [27, Theorem 3.5]. �

Our next aim is to establish product inequalities for the equivariant sectional
category.

Definition 2.17. A G-space X is called G-completely normal if for any two G-
invariant subsets A and B of X with A ∩ B = A ∩ B = ∅, there exist disjoint
G-invariant open subsets of X containing A and B, respectively.

Proposition 2.18. Suppose pi : Ei → Bi is a G-fibration for i = 1, 2. If G is
compact Hausdorff, then p1 × p2 : E1 × E2 → B1 × B2 is a G-fibration, where G
acts on E1 × E2 and B1 × B2 diagonally. Furthermore, if B1 × B2 is completely
normal, then

secatG(p1 × p2) ≤ secatG(p1) + secatG(p2)− 1.

Proof. Identifying G with the diagonal subgroup of G×G, we see that it is a closed
subgroup of G×G. Hence, by [37, Theorem 3], it follows that p1×p2 is a G-fibration.
Furthermore, by [13, Lemma 3.12], it follows that B1 × B2 is (G × G)-completely
normal. Hence, the desired inequality

secatG(p1 × p2) ≤ secatG×G(p1 × p2) ≤ secatG(p1) + secatG(p2)− 1

follows from Proposition 2.12 (2) and [1, Proposition 3.7]. �

Corollary 2.19. Suppose pi : Ei → B is a G-fibration for i = 1, 2. Let E1×BE2 =
{(e1, e2) ∈ E1 × E2 | p1(e1) = p2(e2)} and let p : E1 ×B E2 → B be the G-map
given by p(e1, e2) = p1(e1) = p2(e2), where G acts on E1 ×B E2 diagonally. If G
is compact Hausdorff, then p is a G-fibration. Furthermore, if B ×B is completely
normal, then

secatG(p) ≤ secatG(p1) + secatG(p2)− 1.

Proof. Note that the following diagram
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is a pullback in the category of G-spaces, where ∆: B → B × B is the diagonal
map. In Proposition 2.18, we showed that p1 × p2 is a G-fibration if G is compact
Hausdorff. Hence, p is a G-fibration. Thus, the desired inequality

secatG(p) ≤ secatG(p1 × p2) ≤ secatG(p1) + secatG(p2)− 1

follows from [13, Proposition 4.3] and Proposition 2.18. �

2.3. Equivariant LS category

The notion of LS category was introduced by Lusternik and Schnirelmann in [32].
In this section, we recall the corresponding equivariant analogue.

Definition 2.20. A G-invariant subset U of a G-space X is said to be G-
categorical if the inclusion map iU : U ↪→ X is G-homotopy equivalent to a map
which takes values in a single orbit.

Definition 2.21. ([18]) The equivariant LS category of a G-space X, denoted by
catG(X), is the least positive integer k such that there exists a G-categorical open
cover {U1, . . . , Uk} of X.

Definition 2.22. A G-space X is said to be G-connected if XH is path-connected
for every closed subgroup H of G.

Let X be a G-space, and x0 ∈ X. Define the path space of (X,x0) as

Px0
X = {α : I → X | α(0) = x0}.

Then the map eX : Px0
X → X, given by eX(α) = α(1), is a fibration. Moreover,

if the point x0 is fixed under the G-action, then eX is a G-fibration, where Px0
X

admits a G-action via (g · α)(t) := g · α(t). We note that the fibre of eX is the
based loop space ΩX = (eX)−1(x0) of X, and the G-action on Px0

X restricts to a
G-action on ΩX. Furthermore, we have a commutative diagram of G-maps

where h is a G-homotopy equivalence and i : {x0} ↪→ X is the inclusion map.

Lemma 2.23. ([13, Corollary 4.7]) Suppose G is a compact Hausdorff topological
group. If X is a G-space such that X is G-connected and x0 ∈ XG, then catG(X) =
secatG(eX).

We now present inequalities relating catG(X) to the non-equivariant category of
fixed point sets and to the equivariant category of X viewed as a K-space, for each
closed subgroup K of G.
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Proposition 2.24. Let G be a compact Hausdorff topological group, and let X be
a G-connected space with XG 6= ∅. If H and K are closed subgroups of G such that
XH is K-invariant and HK ′ = K ′H for all closed subgroups K ′ of K, then

catK(XH) ≤ catG(X).

Proof. Suppose K ′ is a closed subgroup of K. Then HK ′ = K ′H implies HK ′ is
a subgroup of G and 〈H,K ′〉 = HK ′, where 〈H,K ′〉 is the subgroup generated by
H and K ′. We note that HK ′ is closed, as it is the image of the compact space
H ×K ′ under the group operation G×G → G into the Hausdorff space G. Hence,
XH is K-connected, since

(XH)K
′
= XH ∩XK′

= X〈H,K′〉 = XHK′
,

and X is G-connected. Moreover, if x0 ∈ XG, then x0 ∈ (XH)K . Hence, by Lemma
2.23, it is enough to show that secatK(eXH ) ≤ secatG(eX).

Suppose U is aG-invariant open subset ofX and s : U → Px0
X is aG-equivariant

section of eX . Set V := U∩XH . Then V is a K-invariant open subset of XH . As s is
G-equivariant, it restricts to aK-equivariant map s|V : V → (Px0

X)H = Px0
(XH).

Clearly, s|V is a K-equivariant section of eXH : Px0
(XH) → XH . �

Corollary 2.25. Let G be a compact Hausdorff topological group, and let X be a
G-connected space with XG 6= ∅. Then

(1) cat(XH) ≤ catG(X) for all closed subgroups H of G.
(2) catK(X) ≤ catG(X) for all closed subgroups K of G.

Now, as a consequence of Theorem 2.16, we obtain an equivariant homotopy
dimension-connectivity upper bound for the equivariant LS category.

Theorem 2.26. Suppose G is a compact Lie group. Suppose X is a G-CW-complex
of dimension at least 2 such that XG 6= ∅. If there exists s ≥ 0 such that XH is
s-connected for all subgroups H of G, then

catG(X) <
hdimG(X) + 1

s+ 1
+ 1.

Proof. If x0 ∈ XG, then eX : Px0X → X is a G-fibration with fibre ΩX, which also
admits a G-action. Note that (ΩX)H = Ω(XH). Since XH is s-connected, the loop
space Ω(XH) is (s− 1)-connected. Hence, by Theorem 2.16, we get

secatG(eX) <
hdimG(X) + 1

s+ 1
+ 1.

As XH is s-connected, it follows that XH is path-connected. Hence, X is G-
connected, and the theorem follows by Lemma 2.23. �
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2.4. Equivariant and invariant topological complexity

We recall the concept of equivariant topological complexity introduced by Colman
and Grant in [13]. Let X be a G-space. Observe that the free path space PX admits
a G-action via (g · α)(t) := g · α(t). Similarly, the product space Xk is a G-space
with the diagonal action. The fibration

ek,X : PX → Xk, α 7→
(
α(0), α

(
1

k − 1

)
, . . . , α

(
i

k − 1

)
, . . . , α

(
k − 2

k − 1

)
, α(1)

)
is a G-fibration.

Definition 2.27. ([4]) The sequential equivariant topological complexity of a G-
space X is defined as

TCk,G(X) := secatG(ek,X).

In particular, when k = 2, we will denote e2,X by π and TC2,G(X) by TCG(X).

In [1, Proposition 3.40], Sarkar and the authors of this paper provided a
dimension-connectivity upper bound on the sequential equivariant topological
complexity. We improve their result by establishing an equivariant homotopy
dimension-connectivity upper bound. We omit the proof, as it is similar to the
original and follows from the homotopy dimension-connectivity upper bound on
the equivariant sectional category in Theorem 2.16.

Theorem 2.28. Suppose G is a compact Lie group. If X is a G-CW-complex of
dimension at least 1 such that XH is s-connected for all subgroups H ≤ G, then

TCk,G(X) <
k hdimG(X) + 1

s+ 1
+ 1.

Example 2.29. Consider G = Z2 acting on X = Sn with n ≥ 1, by reflection,
given by multiplication by −1 in the last coordinate. Then XG = Sn−1 and X{e} =
Sn are (n − 2)-connected and (n − 1)-connected, respectively. Then, by Theorem
2.26, it follows that

catG(S
n) <

n+ 1

n− 1
+ 1, for n ≥ 2,

which implies catG(S
n) ≤ 2 for n ≥ 3. Hence, catG(S

n) = 2 for n ≥ 3, since Sn is
clearly not G-contractible. Moreover, by Theorem 2.28, it follows that

TCk,G(S
n) <

k · n+ 1

n− 1
+ 1, for n ≥ 2

which implies TCk,G(S
n) ≤ k+1 for k ≤ n−2. Hence, it follows that TCk,G(S

n) =
k + 1 for k ≤ n− 2, since

TCk(S
n−1) ≤ TCk,G(S

n) and TCk(S
n) ≤ TCk,G(S

n)
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by [4, Proposition 3.14 (2)], and

TCk(S
n) =

k, if k is odd,

k + 1, if k is even,

by [38, Section 4].
We note that this computation can be carried out more directly and efficiently

as follows. Observe that catG(S
n) = 2 for all n ≥ 2, see [13, Example 5.9]. Hence,

it follows from [4, Proposition 3.17] that TCk,G(S
n) ≤ k + 1 for all n ≥ 2 and all

k ≥ 2. Moreover, TCk,G(S
1) = ∞, since TCk(S

0) ≤ TCk,G(S
1). Hence,

TCk,G(S
n) =

∞, if n = 1,

k + 1, if n ≥ 2.

It is important to note that the equivariant topological complexity of G-spaces
does not necessarily relate to the topological complexity of their orbit spaces.
However, Lubawski and Marzantowicz [31] introduced a new notion of topolog-
ical complexity for G-spaces, designed to facilitate such a comparison. We now
present their definition and recall the corresponding result.

Suppose X is a G-space. Let πX : X → X/G denote the orbit map. Define

PX ×X/G PX := {(γ, δ) ∈ PX × PX | G · γ(1) = G · δ(0)}

Then the following diagram

is a pullback. Define the map

p : PX ×X/G PX → X ×X, (γ, δ) 7→ (γ(0), δ(1)). (7)

It was shown in [31, Proposition 3.7] that the map p is a (G×G)-fibration.

Definition 2.30. Let X be a G-space. The invariant topological complexity of X,
denoted by TCG(X), is defined as

TCG(X) := secatG×G(p).

The following theorem relates the invariant topological complexity of a free G-
space X to that of the topological complexity of its corresponding orbit space.
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Theorem 2.31. ([31, Theorem 3.9 and 3.10]) Let G be a compact Lie group and
X be a compact G-ANR. Then

TC(X/G) ≤ TCG(X).

Moreover, if X has only one orbit type, then

TCG(X) = TC(X/G).

2.5. Clapp–Puppe invariant of LS type

In this section, we recall the equivariant version of Clapp–Puppe invariant [10],
introduced by Lubawski and Marzantowicz in [31].

Definition 2.32. Let A be a G-invariant closed subset of a G-space X. A G-
invariant open subset of X is said to be G-compressible into A if the inclusion map
iU : U → X is G-homotopic to a G-map c : U → X which takes values in A.

Definition 2.33. Let A be a G-invariant closed subset of a G-space X. The A-
LS G-category of X, denoted AcatG(X), is the least positive integer k such that
there exists a G-invariant open cover {U1, . . . , Uk} of X such that each Ui is G-
compressible into A.

Colman and Grant in [13, Lemma 5.14] showed that for a G-invariant open subset
U of X ×X the following are equivalent:

(1) there exists a G-equivariant section of eX : PX → X ×X over U ,
(2) U is G-compressible into the diagonal ∆(X) ⊂ X ×X.

In particular,

TCG(X) = ∆(X)catG(X ×X).

Later, Lubawski and Marzantowicz in [31, Lemma 3.8] showed a similar result for
invariant topological complexity. More precisely, for a (G×G)-invariant open subset
of U of X ×X the following are equivalent:

(1) there exists a (G×G)-equivariant section of p : PX ×X/G X → X ×X over
U ,

(2) U is (G × G)-compressible into the saturation of the diagonal k(X) :=
(G×G) ·∆(X) ⊂ X ×X.

In particular,

TCG(X) = k(X)catG×G(X ×X).

In Section 3 and Section 4, we give analogous results for equivariant parametrized
topological complexity and invariant parametrized topological complexity, respec-
tively. We use these results to prove Theorem 4.26.

https://doi.org/10.1017/prm.2026.10147 Published online by Cambridge University Press

https://doi.org/10.1017/prm.2026.10147


16 R. S. Arora and N. Daundkar

3. Equivariant parametrized topological complexity

For a G-fibration p : E → B, consider the subspace EI
B of the free path space EI

of E defined by

EI
B := {γ ∈ EI | γ(t) ∈ p−1(b) for some b ∈ B and for all t ∈ [0, 1]}.

Consider the pullback corresponding to the fibration p : E → B defined by

E ×B E = {(e1, e2) ∈ E × E | p(e1) = p(e2)}.

It is clear that the G-action on EI given by

(g · γ)(t) := g · γ(t) for all g ∈ G, γ ∈ EI , t ∈ I;

and the diagonal action of G on E × E restricts to EI
B and E ×B E, respectively.

Then the map

Π: EI
B → E ×B E, Π(γ) = (γ(0), γ(1)) (8)

is a G-fibration, see [14, Corollary 4.3].

Definition 3.1. ([14, Definition 4.1]) The equivariant parametrized topological
complexity of a G-fibration p : E → B, denoted by TCG[p : E → B], is defined as

TCG[p : E → B] := secatG (Π) .

Suppose ∆: E → E×E is the diagonal map. Then it is clear that the image ∆(E)
is a G-invariant subset of E×B E. In the next theorem, we prove the parametrized
analogue of [13, Lemma 5.14] in the equivariant setting.

Theorem 3.2. Let p : E → B be a G-fibration. For a G-invariant (not necessarily
open) subset U of E ×B E the following are equivalent:

(1) there exists a G-equivariant section of Π: EI
B → E ×B E over U .

(2) there exists a G-homotopy between the inclusion map iU : U ↪→ E×B E and
a G-map f : U → E ×B E which takes values in ∆(E).

Proof. (1) =⇒ (2). Suppose σ : U → EI
B is a G-equivariant section of Π. Let

H : EI
B × I → EI

B be given by

H(γ, t)(s) = γ(s(1− t)), for γ ∈ EI
Band s, t ∈ I.

Clearly, H is well-defined and G-equivariant, such that H0 = idEI
B
and H(γ, 1) =

cγ(0), where ce is the constant path in E taking the value e ∈ E. Then

F := Π ◦H ◦ (σ × idI) : U × I → E ×B E

is a G-homotopy such that F0 = iU and F1(u) = (σ(u)(0), σ(u)(0)) ∈ ∆(E). Hence,
F1 is the desired map.
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(2) =⇒ (1). Suppose H : U × I → E ×B E is a G-homotopy between f and
iU . Let σ : U → EI

B be the G-map given by σ(u) = cπ1(f(u)) = cπ2(f(u)), where
πi : E×BE → E is the projection map onto the i-th factor. Since Π is a G-fibration,
there exists a G-homotopy H̃ : U × I → EI

B such that H̃0 = σ and Π ◦ H̃ = H.

Then Π ◦ H̃1 = H1 = iU implies H̃1 is a G-equivariant section of Π over U . �

As a consequence of the previous theorem, we can now express the equivariant
parametrized topological complexity as the equivariant ∆(E)-LS category of the
fibre product.

Corollary 3.3. For a G-fibration p : E → B, we have

TCG[p : E → B] = ∆(E)catG(E ×B E).

Proposition 3.4. Suppose p : E → B is a G-fibration. If H and K are subgroups
of G such that EH and BH are K-invariant, and the fixed point map pH : EH → BH

is a K-fibration, then

TCK [pH : EH → BH ] ≤ TCG[p : E → B].

Proof. Suppose Π: EI
B → E ×B E is the G-equivariant parametrized fibration

corresponding to p. Then it is easily checked that

(EI
B)

H = (EH)IBH and (E ×B E)H = EH ×BH EH ,

and the K-equivariant parameterized fibration corresponding to pH is given by ΠH .
Hence, it follows that

TCK [pH : EH → BH ] = secatK(ΠH) ≤ secatG(Π) = TCG[p : E → B]

by Proposition 2.12. �

Applying Proposition 3.4 and Proposition 2.12, we obtain the following corollary.

Corollary 3.5. Suppose G is a compact Hausdorff topological group and p : E →
B is a G-fibration. Then

(1) the fixed point map pH : EH → BH is a fibration for all closed subgroups H
of G, and

TC[pH : EH → BH ] ≤ TCG[p : E → B].

(2) p : E → B is a K-fibration for all closed subgroups K of G, and

TC[p : E → B] ≤ TCK [p : E → B] ≤ TCG[p : E → B].

A cohomological lower bound for the equivariant parametrized topological com-
plexity was established by the second author in [14, Theorem 4.5] using Borel
cohomology. In the following theorem, we provide an alternative cohomological
lower bound based on ordinary cohomology, which should, in principle, be easier
to compute. The proof follows arguments similar to those in [27, Theorem 4.6].
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Let EB,G := (E×B E)/G and let dGE ⊆ EB,G denote the image of the diagonal
subspace ∆(E) ⊆ E ×B E under the orbit map ρ : E ×B E → EB,G.

Theorem 3.6. Suppose p : E → B is a G-fibration. If there exists cohomology
classes u1, . . . , uk ∈ H∗(EB,G;R) (for any commutative ring R) such that

(1) ui restricts to zero in H∗(dGE;R) for i = 1, . . . , k;
(2) u1 ^ · · · ^ uk 6= 0 in H∗(EB,G;R),

then TCG[p : E → B] > k.

Proof. Suppose TCG[p : E → B] ≤ k. Then there exists a G-invariant open cover
{U1, . . . , Uk} of E×B E such that each Ui admits a G-equivariant section of Π. By
Theorem 3.2, for each i = 1, . . . , k, there exists a G-homotopy Hi : Ui×I → E×BE
from the inclusion map jUi

: Ui ↪→ E ×B E to a G-map fi : Ui → E ×B E which
takes values in ∆(E). Let Ui := ρ(Ui). As I is locally compact, Hi induces a
homotopy Hi : Ui × I → EB,G from the inclusion map jUi

: Ui ↪→ EB,G to a map

fi : Ui → EB,G which takes values in dGE. Thus, the following diagram

is commutative. Hence, by hypothesis (1), each ui restricts to zero in H∗(Ui;R).
By the long exact sequence of the pair (EB,G, dGE), there exist classes
vi ∈ H∗(EB,G, Ui;R) such that vi maps to ui under the coboundary map
H∗(EB,G, Ui;R) → H∗(EB,G;R). Hence, we get

v1 ^ · · · ^ vk ∈ H∗(EB,G,∪k
i=1Ui;R) = H∗(EB,G, EB,G;R) = 0.

Thus, by the naturality of cup products, we get u1 ^ · · · ^ uk = 0 ∈ H∗(EB,G;R),
contradicting the hypothesis (2). �

When B is a point, the above theorem yields a cohomological lower bound for
TCG(E), as illustrated in the example below.

Example 3.7. Let G = Z2 act on Sn via the antipodal action. Then (E × E)/Z2

is the projective product space in the sense of Davis [16]. If n is odd, the mod-2
cohomology ring of (E × E)/Z2 is given by

Z2[y]

〈yn+1〉
⊗ ΛZ2 [x], with |y| = 1, |x| = n(cohomological degrees),

where Z2[y]/〈yn+1〉 is the mod-2 cohomology ring of dZ2(S
n) = RPn. If n is even,

the mod-2 cohomology ring of (E×BE)/Z2 is the same as above with the additional
relation x2 = ynx, see [16, Theorem 2.1]. Hence, the cohomology classes of (E ×
E)/Z2 that restrict to zero on dZ2(S

n) are precisely those in ΛZ2 [x]. We note that:
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• If n is odd, then x2 = 0; see Equation (2.5) in [16, Theorem 2.1].
• If n is even, then x3 = (ynx)x = ynx2 = yn(ynx) = y2nx = 0, since
yn+1 = 0.

Hence, by Theorem 3.6, the lower bound on TCZ2
(Sn) is 2 if n is odd and 3 if n is

even. We note that

TCZ2
(Sn) =

2, for n odd,

3, for n, even,

see [26, Corollary 4.4]. Hence, the lower bound we obtain is optimal. We note that
we can obtain the same lower bounds using the inequality TC(Sn) ≤ TCZ2

(Sn).

The product inequality for parametrized topological complexity was proved in
[11, Proposition 6.1]. We now establish the corresponding equivariant analogue.

Theorem 3.8. Let p1 : E1 → B1 be a G1-fibration and p2 : E2 → B2 be a G2-
fibration. If (E1 × E1)× (E2 × E2) is (G1 ×G2)-completely normal, then

TCG1×G2
[p1×p2 : E1×E2 → B1×B2] ≤ TCG1

[p1 : E1 → B1]+TCG2
[p2 : E2 → B2]−1,

where Gi acts on Ei ×Ei diagonally for i = 1, 2; and G1 ×G2 acts on (E1 ×E1)×
(E2 × E2) componentwise.

Proof. Let Π1 and Π2 denote the equivariant parametrized fibrations corresponding
to p1 and p2, respectively. Then the equivariant parametrized fibration correspond-
ing to the (G1×G2)-fibration p1×p2 is equivalent to the product (G1×G2)-fibration
Π1 × Π2, see [11, Proposition 6.1] for this identification. Since a subspace of a
(G1×G2)-completely normal space is itself (G1×G2)-completely normal, it follows
that (E1 ×B1

E1)× (E2 ×B2
E2) is (G1 ×G2)-completely normal. Hence,

TCG1×G2
[p1 × p2 : E1 × E2 → B1 ×B2] = secatG1×G2

(Π1 ×Π2)

≤ secatG1
(Π1) + secatG2

(Π2)− 1

= TCG1
[p1 : E1 → B1]

+ TCG2
[p2 : E2 → B2]− 1,

by [1, Proposition 3.7]. �

Corollary 3.9. Suppose pi : Ei → Bi is a G-fibration for i = 1, 2. If G is compact
Hausdorff, then p1×p2 : E1×E2 → B1×B2 is a G-fibration, where G acts diagonally
on the spaces E1×E2 and B1×B2. Furthermore, if E1×E1×E2×E2 is completely
normal, then

TCG[p1 × p2 : E1 ×E2 → B1 ×B2] ≤ TCG[p1 : E1 → B1] +TCG[p2 : E2 → B2]− 1.

Proof. In Proposition 2.18, we showed that p1 × p2 is a G-fibration. Moreover, by
[13, Lemma 3.12], it follows that (E1 × E1) × (E2 × E2) is (G × G)-completely
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normal. Hence, the desired inequality

TCG[p1 × p2 : E1 × E2 → B1 ×B2] ≤ TCG×G[p1 × p2 : E1 × E2 → B1 ×B2]

≤ TCG[p1 : E1 → B1] + TCG[p2 : E2 → B2]− 1

follows from Corollary 3.5 (2) and Theorem 3.8. �

Corollary 3.10. Suppose pi : Ei → B is a G-fibration for i = 1, 2. Let E1×BE2 =
{(e1, e2) ∈ E1 × E2 | p1(e1) = p2(e2)} and let p : E1 ×B E2 → B be the G-map
given by p(e1, e2) = p1(e1) = p2(e2), where G acts on E1 ×B E2 diagonally. If G is
compact Hausdorff, then p is a G-fibration. Furthermore, if E1 × E1 × E2 × E2 is
completely normal, then

TCG[p : E1 ×B E2 → B] ≤ TCG[p1 : E1 → B] + TCG[p2 : E2 → B]− 1.

Proof. In Corollary 2.19, we established that p is a G-fibration. Then, by identifying
B with its image under the diagonal map ∆: B → B × B in the base of the
fibration p1 × p2 (see (5)), the desired inequality follows from [14, Proposition 4.6]
and Corollary 3.9. �

4. Invariant parametrized topological complexity

In this section, we introduce the main object of our study, the invariant
parametrized topological complexity.

Suppose p : E → B is a G-fibration. Define the space

EI
B ×E/G EI

B := {(γ, δ) ∈ EI
B × EI

B | G · γ(1) = G · δ(0)}.

Then the following diagram

is a pullback. For each path α ∈ EI
B , let bα denote the element in B such that α

takes values in the fibre p−1(bα). Define the map

Ψ: EI
B ×E/G EI

B → E ×B/G E, by Ψ(γ, δ) = (γ(0), δ(1)). (9)

The map Ψ is well-defined as γ(1) = g · δ(0) for some g ∈ G and γ, δ ∈ EI
B implies

that bγ = g · bδ. Hence, p(γ(0)) = bγ = g · bδ = g · p(δ(1)) implies (γ(0), δ(1)) ∈
E ×B/G E.

As EI
B ×E/G EI

B and E ×B/G E are (G×G)-invariant subsets of EI
B × EI

B and

E × E respectively, we get a (G×G)-action on EI
B ×E/G EI

B and E ×B/G E, and
Ψ becomes a (G×G)-equivariant map.
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Proposition 4.1. If p : E → B is a G-fibration, then the map Ψ: EI
B ×E/GEI

B →
E ×B/G E is a (G×G)-fibration.

Proof. Suppose EI
B → E ×B E is the equivariant parametrized fibration corre-

sponding to p. Suppose p̂ : EI
B × EI

B → (E ×B E) × (E ×B E) is the product
(G×G)-fibration. Define

S := {(e1, e2, e3, e4) ∈ (E ×B E)× (E ×B E) | (e2, e3) ∈ E ×E/G E}.

It is readily checked that (γ, δ) ∈ EI
B ×E/G EI

B if and only if (γ, δ) ∈ (p̂)−1(S).
Since S is (G×G)-invariant, it follows that the restriction

p̂|EI
B×E/GEI

B
: EI

B ×E/G EI
B → S

is a (G×G)-fibration.
Now consider the pullback diagram

As p is a G-fibration, it follows that π1 and π2 are G-fibrations. Hence, the projec-
tion map π1,4 := π1×π4 : (E×BE)×(E×BE) → E×E, given by (e1, e2, e3, e4) 7→
(e1, e4), is a (G × G)-fibration. It is readily checked that (e1, e2, e3, e4) ∈ S if and
only if (e1, e2, e3, e4) ∈ (π1,4)

−1(E ×B/G E). Since E ×B/G E is (G×G)-invariant,
it follows that

π1,4|S : S → E ×B/G E

is a (G×G)-fibration. Hence, Ψ = π1,4|S ◦ p̂|EI
B×E/GEI

B
is a (G×G)-fibration. �

We now introduce the main object of our study, which is a parametrized analogue
of invariant topological complexity introduced by Lubawski and Marzantowicz in
[31].

Definition 4.2. Suppose p : E → B is a G-fibration. The invariant parametrized
topological complexity, denoted by TCG[p : E → B] is defined as

TCG[p : E → B] := secatG×G (Ψ) .

The G-homotopy invariance of the invariant topological complexity was estab-
lished by Lubawski and Marzantowicz in [31, Proposition 2.4 and Lemma 3.8].
We will now establish the corresponding parametrized analogue. In particular, we
establish the equivariant fibrewise homotopy invariance of invariant parametrized
topological complexity. We refer the reader to [14, Section 4.1] for basic information
about fibrewise equivariant homotopy equivalence.
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Theorem 4.3. If p : E → B and p′ : E′ → B are G-fibrations which are fibrewise
G-homotopy equivalent, then

TCG[p : E → B] = TCG[p′ : E′ → B].

Proof. Suppose we have a fibrewise G-homotopy equivalence given by the following
commutative diagram:

Suppose f̃ = f × f , f̃ I(γ, δ) = (f ◦ γ, f ◦ δ) and f̃ ′, (f̃ ′)I are defined similarly. Note
that f̃ and f̃ ′ are (G×G)-maps. Then we have the following commutative diagram.

Since the maps f ′ ◦ f and idE are fibrewise G-homotopy equivalent, it follows that
the maps f̃ ′ ◦ f̃ and idE×B/GE are (G×G)-homotopy equivalent. Then, using [14,
Lemma 4.10 (2)], we obtain the inequality

TCG[p : E → B] = secatG×G(Ψ) ≤ secatG×G(Ψ
′) = TCG[p′ : E′ → B].

Similarly, we can derive the reverse inequality, which completes the proof. �

The next proposition shows that the invariant parametrized topological com-
plexity of a G-fibration is a generalization of both the parametrized topological
complexity of a fibration [11] and the invariant topological complexity of a G-space
[31].

Proposition 4.4. Suppose p : E → B is a G-fibration.

(1) If G acts trivially on E and B, then TCG[p : E → B] = TC[p : E → B].
(2) If B = {∗}, then TCG[p : E → {∗}] = TCG(E).

Proof. (1) If G acts trivially on E, then EI
B ×E/G EI

B = EI
B ×E EI

B . We note that
the map

EI
B → EI

B ×E EI
B , α 7→

(
α|[0, 12 ] , α|[ 1

2 ,1
]) ,

is a homeomorphism, whose inverse is given by the concatenation of paths. If G acts
trivially on B, then E ×B/G E = E ×B E. Therefore, the corresponding fibration

Ψ is given by (8). Hence, we get TCG[p : E → B] = TC[p : E → B].
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(2) If B = {∗}, then EI
B = EI and E×B/GE = E×E. Hence, the corresponding

fibration Ψ is given by (7). Therefore, TCG[p : E → {∗}] = TCG(E). �

Proposition 4.5. Let p : B × F → B be the trivial G-fibration with G acting
trivially on F . Then

TCG[p : B × F → B] = TC(F ).

Proof. Let E = B × F . Then We note that EI
B = B × F I and E ×B/G E =

(B ×B/G B)× (F × F ). Since E/G = (B × F )/G = (B/G)× F , it follows that

EI
B ×E/G EI

B = (B ×B/G B)× (F I ×F F I) ∼=G (B ×B/G B)× F I ,

where the last G-homeomorphism is induced by (γ, δ) ∈ F I ×F F I 7→ γ ∗ δ ∈ F I .
Consequently, the corresponding fibration Ψ is given by Ψ = idB×B/GB×eF , where

eF : F I → F × F denotes the free path space fibration of F . Hence,

TCG[p : E → B] = secatG×G(Ψ) = secatG×G(id× eF ) = secat(eF ) = TC(F ),

since G acts trivially on F . �

Suppose k(E) is the saturation of the diagonal ∆(E) with respect to the (G ×
G)-action on E × E, i.e.,

k(E) := (G×G) ·∆(E) ⊆ E × E.

If E ×E/G E is the pullback corresponding to πE : E → E/G, i.e.,

E ×E/G E := {(e1, e2) ∈ E × E | πE(e1) = πE(e2)},

then it is readily checked that k(E) = E ×E/G E ⊆ E ×B/G E. Hence, we will use
the notation k(E) and E ×E/G E interchangeably.

In the next theorem, we establish the parametrized analogue of [31, Lemma 3.8].

Theorem 4.6. Suppose p : E → B is a G-fibration. For a (G×G)-invariant (not
necessarily open) subset U of E ×B/G E, the following are equivalent:

(1) there exists a (G×G)-equivariant section of Ψ: EI
B ×E/G EI

B → E ×B/G E
over U .

(2) there exists a (G×G)-homotopy between the inclusion map iU : U ↪→ E×B/G

E and a (G×G)-map f : U → E ×B/G E which takes values in E ×E/G E.

Proof. (1) =⇒ (2). Suppose σ = (σ1, σ2) : U → EI
B ×E/G EI

B is a (G × G)-

equivariant section of Ψ. Let H : (EI
B ×E/G EI

B) × I → EI
B ×E/G EI

B be given
by

H(γ, δ, t) = (γ′
t, δ

′
t), for (γ, δ) ∈ EI

B ×E/G EI
B , and t ∈ I,

where γ′
t(s) = γ(s+t(1−s)) and δ′t(s) = δ(s(1−t)). It is clear that γ′

t, δ
′
t ∈ EI

B , and
γ′
t(1) = γ(1) and δ′t(0) = δ(0) for all (γ, δ) ∈ EI

B ×E/G EI
B and for all t ∈ I. Hence,
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H is well-defined. Clearly, H is (G × G)-equivariant such that H(γ, δ, 0) = (γ, δ)
and H(γ, δ, 1) = (cγ(1), cδ(0)), where ce is the constant path in E taking the value
e ∈ E. Then

F := Ψ ◦H ◦ (σ × idI) : U × I → E ×B/G E

is a (G × G)-homotopy such that F0 = Ψ ◦ idEI
B×E/GEI

B
◦ σ = iU and F1(u) =

Ψ(H1(σ(u))) = ((σ1(u))(1), (σ2(u))(0)). As σ(u) = (σ1(u), σ2(u)) ∈ EI
B ×E/G EI

B

for all u ∈ U , it follows F1(u) = ((σ1(u))(1), (σ2(u))(0)) ∈ E ×E/G E. Hence, F1 is
the desired (G×G)-homotopy.

(2) =⇒ (1). Suppose H : U × I → E ×B/G E is a (G × G)-homotopy

between f and iU . Let σ : U → EI
B ×E/G EI

B be the (G × G)-map given by
σ(u) = (cπ1(f(u)), cπ2(f(u))), where πi : E ×B/G E → E is the projection map onto
the i-th factor. The map σ is well-defined, since f takes values in E ×E/G E.
By the G-homotopy lifting property of Ψ, there exists a (G × G)-homotopy

H̃ : U × I → EI
B ×E/G EI

B such that the following diagram

commutes. Then Ψ ◦ H̃1 = H1 = iU implies H̃1 is a (G×G)-equivariant section of
Ψ over U . �

Corollary 4.7. For a G-fibration p : E → B, we have

TCG[p : E → B] = k(E)catG×G(E ×B/G E).

4.1. Properties and bounds

Proposition 4.8. Suppose p : E → B is a G-fibration and B′ is a G-invariant
subset of B. If E′ = p−1(B′) and p′ : E′ → B′ is the G-fibration obtained by
restriction of p, then

TCG[p′ : E′ → B′] ≤ TCG[p : E → B].

In particular, if b ∈ BG, then the fibre F = p−1(b) is a G-space and

TCG(F ) ≤ TCG[p : E → B].

Proof. Note that we have the following commutative diagram
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where Ψ′ and Ψ are the fibrations corresponding to p′ and p, respectively. We will
now show that this diagram is a pullback.

Suppose Z is a topological space with (G×G)-maps k = (k1, k2) : Z → EI
B×E/G

EI
B and h = (h1, h2) : Z → E′ ×B′/G E′ such that Ψ ◦ k = h. Then we have

k1(z)(0) = h1(z) ∈ E′ and k2(z)(1) = h2(z) ∈ E′.

As k(z) = (k1(z), k2(z)) ∈ EI
B ×E/G EI

B , we have

p(k1(z)(t)) = bk1(z), p(k2(z)(t)) = bk2(z) and k1(z)(1) = gk(z) · k2(z)(0)

for some bk1(z), bk2(z) ∈ B, gk(z) ∈ G and for all t ∈ I.
Note that bk1(z) = p(k1(z)(t)) = p(k1(z)(0)) = p(h1(z)) implies bk1(z) ∈ B′

since h1(z) ∈ E′ = p−1(B′). Hence, k1(z) ∈ (E′)IB′ since k1(z)(t) ∈ p−1(bk1(z)) ⊂
p−1(B′) = E′ for all t ∈ I. Similarly, bk2(z) ∈ B′ and k2(z) ∈ (E′)IB′ . Hence,

k1(z)(1) = gk(z) ·k2(z)(0) implies Im(k) ⊆ (E′)IB′ ×E′/G (E′)IB′ . Hence, the diagram
above is a pullback. Then the required inequality

TCG[p′ : E′ → B′] = secatG×G(Ψ
′) ≤ secatG×G(Ψ) = TCG[p : E → B]

follows from [13, Proposition 4.3]. �

Proposition 4.9. Suppose G is a compact Hausdorff topological group, and let
p : E → B be a G-fibration. If e ∈ EG, then the fibre F = p−1(p(e)) is a G-space,
and

catG(F ) ≤ TCG(F ) ≤ TCG[p : E → B].

Furthermore,

(1) if E ×B/G E is (G×G)-connected, then

TCG[p : E → B] ≤ catG×G(E ×B/G E),

(2) if G is a compact Lie group and E ×B/G E is a connected (G × G)-CW-
complex, then

catG×G(E ×B/G E) ≤ dim

(
E ×B/G E

G×G

)
+ 1.

Consequently, if E ×B/G E is (G×G)-connected (G×G)-CW-complex, then

TCG[p : E → B] ≤ dim

(
E ×B/G E

G×G

)
+ 1.

Proof. If e ∈ EG, then b = p(e) ∈ BG. Hence, by Proposition 4.8, F := p−1(b)
admits a G-action and TCG(F ) ≤ TCG[p : E → B]. Observe that e ∈ FG.
Therefore, the inequality catG(F ) ≤ TCG(F ) follows from [7, Proposition 2.7].
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(1) Note that if ce is the constant path in E which takes the value e ∈ E, then
(ce, ce) ∈ (EI

B ×E/G EI
B)

(G×G). Moreover, since E×B/G E is (G×G)-connected, it
follows that

TCG[p : E → B] = secatG×G(Ψ) ≤ catG×G(E ×B/G E),

by [13, Proposition 4.4].
(2) Since E ×B/G E is connected and (e, e) ∈ (E ×B/G E)(G×G), it follows that

catG×G(E ×B/G E) ≤ dim

(
E ×B E

G×G

)
+ 1,

by [33, Corollary 1.12]. Now the last inequality follows from (1) and (2). �

Corollary 4.10. Suppose G is a compact Hausdorff topological group, and let
p : E → B be a G-fibration such that TCG[p : E → B] = 1. If e ∈ EG, then the
fibre F = p−1(p(e)) is a G-contractible space.

Proof. By Proposition 4.9, we have catG(F ) = 1, i.e., F is G-contractible. �

We now establish sufficient conditions for TCG[p : E → B] to be 1. This serves
as a converse of Corollary 4.10.

Theorem 4.11. Suppose G is a compact Hausdorff topological group. Suppose
p : E → B is a G-fibration such that E ×B/G E is a G-CW-complex. Let e ∈ EG.
If the fibre F = p−1(p(e)) satisfies either

• F is G-connected, G-contractible, and FG = {e}, or
• F strongly G-deformation retracts to the point e,

then TCG[p : E → B] = 1.

Proof. Note that

Ψ−1(e, e) = {(α, β) ∈ EI
B × EI

B | α(0) = β(1) = e, α(1) = g · β(0)for some g ∈ G}.

Since α(0) = β(1) = e and α, β ∈ EI
B , it follows that the fibre Ψ−1(e, e) is (G ×

G)-homeomorphic to

F = {γ ∈ F I | γ(1/2) = e, γ(0) = g · γ(1)},

where (G×G)-action on F is given by

((g1, g2) · γ)(t) =

g1 · γ(t) 0 ≤ t ≤ 1/2,

g2 · γ(t) 1/2 ≤ t ≤ 1.

This action is well-defined since γ(1/2) = e ∈ EG.
Suppose F isG-connected,G-contractible and FG = {e}. Since F isG-connected,

we have {e}catG(F ) = catG(F ), see [31, Remark 2.3] and [13, Lemma 3.14]. Hence,
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{e}catG(F ) = 1 as F isG-contractible. Thus, there exists aG-homotopyH : F×I →
F such that H(f, 0) = f and H(f, 1) = e for all f ∈ F . Let K : F I ×I → F I be the
homotopy given by K(δ, t)(s) = H(δ(s), t) for all s, t ∈ I and δ ∈ F I . Note that K
is a G-homotopy. If γ ∈ F , then

g ·K(γ, t)(1/2) = g ·H(γ(1/2), t) = g ·H(e, t) = H(g · e, t) = H(e, t)

for all g ∈ G, i.e., K(γ, t)(1/2) ∈ FG. Since FG = {e}, we get K(γ, t)(1/2) = e for
all t ∈ I.

Suppose F strongly G-deformation retracts to the point e, then there exists a
G-homotopy H : F × I → F such that H(f, 0) = f and H(f, 1) = e and H(e, t) = e
for all f ∈ F and t ∈ I. Then the homotopy K defined on F I as above satisfies
K(γ, t)(1/2) = e due to the condition H(e, t) = e for all t ∈ I.

Moreover,

K(γ, t)(0) = H(γ(0), t) = H(g · γ(1), t) = g ·H(γ(1), t) = g ·K(γ, t)(1)

where γ(0) = g · γ(1). Hence, if γ ∈ F , we have K(γ, t) ∈ F .
Hence, in both cases, K restricts to a (G×G)-homotopy on K : F × I → F such

that K(γ, 0) = γ and K(γ, 1) = ce, where ce is the constant path in E taking the
value e. In particular, F is (G×G)-contractible. Hence, by equivariant obstruction
theory, Ψ admits a (G×G)-section. �

Later, we will also provide sufficient conditions for TCG[p : E → B] = 1 and its
converse when the group action on the base is free, as stated in Corollary 4.28 and
Corollary 4.13, respectively.

Proposition 4.12. Suppose p : E → B is a G-fibration such that G acts freely on
B. If K is a subgroup of G such that p : E → B is also a K-fibration, then

TCK [p : E → B] ≤ TCG[p : E → B].

Proof. Suppose ΨK : EI
B ×E/K EI

B → E ×B/K E is the invariant parametrized
fibration corresponding to K-fibration p. Then the following diagram

is commutative. Suppose U is a (G ×G)-invariant open subset of E ×B/G E with

a (G×G)-equivariant section s : U → EI
B ×E/G EI

B of Ψ.

Define V := U ∩
(
E ×B/K E

)
. Then V is (K × K)-invariant open subset of

E ×B/K E. Suppose (e1, e2) ∈ V and s(e1, e2) = (γ, δ) ∈ EI
B ×E/G EI

B . We claim

that s(e1, e2) = (γ, δ) lies in EI
B ×E/K EI

B . Note that p(e1) = k · p(e2) for some
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k ∈ K, as (e1, e2) ∈ E ×B/K E. Since s is a section of Ψ, we have

bγ = p(γ(0)) = p(e1) = k · p(e2) = k · p(δ(1)) = k · bδ,

where γ(t) ∈ p−1(bγ) and δ(t) ∈ p−1(bδ) for some bγ , bδ ∈ B and for all t ∈ I. Since
(γ, δ) ∈ EI

B ×E/G EI
B , we have γ(1) = g · δ(0) for some g ∈ G. Hence,

bγ = p(γ(1)) = p(g · δ(0)) = g · p(δ(0)) = g · bδ.

Thus, we get g · bδ = k · bδ. It follows that g = k since G acts freely on B. Thus,
γ(1) = k · δ(0) implies (γ, δ) ∈ EI

B ×E/K EI
B . Hence, the restriction s|V : V →

EI
B ×E/K EI

B is a (K ×K)-equivariant section of ΨK . �

Corollary 4.13. Suppose G is a compact Hausdorff topological group. If p : E →
B is a G-fibration such that G acts freely on B, then

TCK [p : E → B] ≤ TCG[p : E → B]

for all closed subgroups K of G. In particular,

TC(F ) ≤ TC[p : E → B] ≤ TCG[p : E → B],

where F denotes the fibre of p. Moreover, if TCG[p : E → B] = 1, then F is
contractible.

Proof. Note that, by [37, Theorem 3], the map p : E → B is a K-fibration. Hence,
the desired inequalities follow from Proposition 4.12 and [11, Page 235]. The last
statement follows from TC(F ) = 1 if and only if F is contractible, see [21, Theorem
1]. �

4.1.1. Cohomological lower bounds

Lemma 4.14. Suppose p : E → B is a G-fibration. Then the map c : E ×E/G E →
EI

B ×E/G EI
B, given by c(e1, e2) = (ce1 , ce2) where cei is the constant path in E

taking the value ei ∈ E, is a (G×G)-homotopy equivalence.

Proof. Let f : EI
B×E/GEI

B → E×E/GE be the map given by f(γ, δ) = (γ(1), δ(0)).
Then f is (G × G)-equivariant such that (c ◦ f)(γ, δ) = (cγ(1), cδ(0)) and f ◦ c is

the identity map of E ×E/G E. Let H : (EI
B ×E/G EI

B)× I → EI
B ×E/G EI

B be the
homotopy given by

H(γ, δ, t) = (γ′
t, δ

′
t),

where γ′
t(s) = γ(s+ t(1− s)) and δ′t(s) = δ(s(1− t)). Then, following the proof of

Theorem 4.6, we see that H is well-defined, (G×G)-equivariant, H(γ, δ, 0) = (γ, δ),
and H(γ, δ, 1) = (cγ(1), cδ(0)). Hence, c◦f is (G×G)-homotopic to the identity map

of EI
B ×E/G EI

B . �
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Note that the following diagram

is commutative, where i : E ×E/G E ↪→ E ×B/G E is the inclusion map. In other
words, Ψ is a (G×G)-fibrational substitute for the (G×G)-map i.

For ease of notation in the upcoming theorem, let G2 denote the product G×G.

Theorem 4.15. Suppose p : E → B is a G-fibration. Suppose there exist cohomol-
ogy classes u1, . . . , uk ∈ H̃∗

G2(E ×B/G E;R) (for any commutative ring R) such
that

(ihG2)∗(u1) = · · · = (ihG2)∗(uk) = 0 and u1 ^ · · · ^ uk 6= 0,

then TCG[p : E → B] > k.

Proof. Note that Ψ ◦ c = i implies (chG2)∗ ◦ (Ψh
G2)∗ = (ihG2)∗. Since c is a

(G × G)-homotopy equivalence (see Lemma 4.14), it follows that chG2 is a homo-
topy equivalence. Hence, (chG2)∗ is an isomorphism. Thus, the result follows from
Theorem 2.7. �

Now we give a non-equivariant cohomological lower bound for the invariant
parametrized topological complexity. Let EB,G2 := (E ×B/G E)/(G × G) and
let kG2E ⊆ EB,G2 denote the image of the saturated diagonal subspace k(E) =
E ×E/G E ⊆ E ×B/G E under the orbit map ρ : E ×B/G E → EB,G2 . By using
Theorem 4.6 and following the arguments in Theorem 3.6, one can establish the
following theorem. The proof is left to the reader.

Theorem 4.16. Suppose p : E → B is a G-fibration. If there exists cohomology
classes u1, . . . , uk ∈ H∗(EB,G2 ;R) (for any commutative ring R) such that

(1) ui restricts to zero in H∗(kG2E;R) for i = 1, . . . , k;
(2) u1 ^ · · · ^ uk 6= 0 in H∗(EB,G2 ;R),

then TCG[p : E → B] > k.

4.1.2. Product inequalities

Theorem 4.17 Let p1 : E1 → B1 be a G1-fibration and p2 : E2 → B2 be a G2-
fibration. If E1 × E1 × E2 × E2 is (G1 ×G1 ×G2 ×G2)-completely normal, then

TCG1×G2 [p1×p2 : E1×E2 → B1×B2] ≤ TCG1 [p1 : E1 → B1]+TCG2 [p2 : E2 → B2]−1.

Proof. Let Ψ1 : (E1)
I
B1

×E1/G1
(E1)

I
B1

→ E1 ×B1/G1
E1 and Ψ2 : (E2)

I
B2

×E2/G2

(E2)
I
B2

→ E2 ×B2/G2
E2 be the invariant parametrized fibrations corresponding
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to p1 and p2, respectively. If E := E1 × E2, B := B1 × B2, G := G1 × G2, and
p := p1 × p2 is the product G-fibration, then it easily checked that

EI
B ×E/G EI

B =
(
(E1)

I
B1

×E1/G1
(E1)

I
B1

)
×
(
(E2)

I
B2

×E2/G2
(E2)

I
B2

)
,

and

E ×B/G E =
(
E1 ×B1/G1

E1

)
×
(
E2 ×B2/G2

E2

)
,

and the invariant parametrized fibration Ψ: EI
B×E/GEI

B → E×B/GE correspond-
ing to p is equivalent to the product fibration Ψ1 ×Ψ2. Hence,

TCG1×G2 [p1 × p2 : E1 × E2 → B1 ×B2]

= secat(G1×G2)×(G1×G2)(Ψ)

= secat(G1×G1)×(G2×G2)(Ψ1 ×Ψ2)

≤ secatG1×G1
(Ψ1) + secatG2×G2

(Ψ2)− 1

= TCG1 [p1 : E1 → B1] + TCG2 [p2 : E2 → B2]− 1,

by [1, Proposition 3.7]. �

The product inequality for invariant topological complexity was proved in [31,
Theorem 3.18]. In the following corollary, we show that the cofibration hypothesis
assumed in [31, Theorem 3.18] can be removed by using Theorem 4.17.

Corollary 4.18. Suppose X is a G-space and Y is an H-space. If X×X×Y ×Y
is (G×G×H ×H)-completely normal, then

TCG×H(X × Y ) ≤ TCG(X) + TCH(Y )− 1.

Proof. Note that X → {∗1} is a G-fibration and Y → {∗2} is an H-fibration.
Hence,

TCG×H(X × Y ) = TCG×H [X × Y → {∗1} × {∗2}]
≤ TCG[X → {∗1}] + TCH [Y → {∗2}]− 1

= TCG(X) + TCH(Y )− 1,

by Proposition 4.4 and Theorem 4.17. �

The proof of the following corollary is similar to Corollary 3.9 and can be shown
using Corollary 4.13 and Theorem 4.17.

Corollary 4.19. Suppose pi : Ei → Bi is a G-fibration such that G acts on Bi

freely for i = 1, 2. If G is compact Hausdorff, then p1 × p2 : E1 × E2 → B1 × B2

is a G-fibration, where G acts diagonally on the spaces E1 × E2 and B1 × B2.
Furthermore, if E1 × E1 × E2 × E2 is completely normal, then

TCG[p1 × p2 : E1 ×E2 → B1 ×B2] ≤ TCG[p1 : E1 → B1] +TCG[p2 : E2 → B2]− 1.

The proof of the following corollary is similar to that of Corollary 3.10 and follows
from Proposition 4.8 and Corollary 4.19.
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Corollary 4.20. Suppose pi : Ei → B is a G-fibration, for i = 1, 2, such that G
acts on B freely. Let E1 ×B E2 = {(e1, e2) ∈ E1 × E2 | p1(e1) = p2(e2)} and let
p : E1 ×B E2 → B be the G-map given by p(e1, e2) = p1(e1) = p2(e2), where G
acts on E1 ×B E2 diagonally. If G is compact Hausdorff, then p is a G-fibration.
Furthermore, if E1 × E1 × E2 × E2 is completely normal, then

TCG[p : E1 ×B E2 → B] ≤ TCG[p1 : E1 → B] + TCG[p2 : E2 → B]− 1.

4.2. Some technical results

In this subsection, we establish two technical results which will help us compute
the invariant parametrized topological complexity of Fadell–Neuwirth fibrations
in Section 5.

Definition 4.21. Suppose p : E → B is a G-map and F is a G-space. We say
that p is a locally trivial G-fibration with fibre F if for each point b ∈ B there exists
a G-invariant open subset U containing b and a G-equivariant homeomorphism
φ : p−1(U) → U × F such that the following diagram

commutes, where G acts on U×F diagonally. The map φ is called a G-trivialization
of p.

Proposition 4.22. Suppose p : E → B is a locally trivial G-fibration with fibre F .
If G acts trivially on F , then the induced map p : E → B between the orbit spaces
is locally trivial with fibre F .

Proof. Suppose φ : p−1(U) → U × F is a G-trivialization of p over U . As the
quotient map πB : B → B is open, it follows U := πB(U) is an open subset of
B. Further, U is G-invariant implies U is saturated with respect to πB . Hence,
the restriction πB |U : U → U is an open quotient map and so is the product map
(πE |U )×idF : U×F → U×F . Hence, the induced natural map (U×F )/G → U×F

is a homeomorphism. If (p−1(U)) := πE(p
−1(U)), then (p−1(U)) = (p)−1(U) since

U is G-invariant. Similarly, πE |p−1(U) : p
−1(U) → (p)−1(U) is an open quotient

map, and the induced natural map p−1(U)/G → (p)−1(U) is a homeomorphism.
Hence, the homeomorphism φ/G : p−1(U)/G → (U × F )/G induced by φ gives a
trivialization

φ : (p)−1(U) → U × F

for p over U . As p is surjective, it follows p is locally trivial with fibre F . �

As noted in Theorem 2.10, the induced map p : E → B is a G-fibration when
G is a compact Hausdorff topological group. However, to compute the invariant
parametrized topological complexity of the equivariant Fadell–Neuwirth fibration,
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defined in [14], we require Proposition 4.22, which says p is also locally trivial. We
will introduce equivariant Fadell–Neuwirth fibrations and calculate their invariant
parametrized topological complexity in Section 5. Now, we present one more result,
which will be required in Section 5.

Proposition 4.23. Suppose p : E → B is a fibre bundle with fibre F , where the
spaces E,B, F are CW-complexes. Then

hdim(E) ≤ hdim(B) + dim(F ).

Proof. Since p is locally trivial, it follows that dim(E) ≤ dim(B) + dim(F ). In
particular, hdim(E) ≤ dim(B) + dim(F ). If h : B′ → B is a homotopy equivalence
and E′ is the pullback of E along h, then E′ is a fibre bundle over B′ with fibre F .
Thus, we have dim(E′) ≤ dim(B′) + dim(F ). Note that E′ is homotopy equivalent
to E as h is a homotopy equivalence. Hence, we get hdim(E) ≤ dim(B′) + dim(F )
and the result follows. �

4.3. Invariance theorem

Suppose p : E → B is a G-fibration such that the induced map p : E → B between
the orbit spaces is a fibration. If Π: (E)I

B
→ E ×B E is the parametrized fibration

induced by p : E → B, then we have a commutative diagram

where f(γ, δ) = γ ∗ δ, where γ = πE ◦ γ.

Lemma 4.24. The restriction πE × πE : E ×B/G E → E ×B E is an open quotient
map.

Proof. As πE : E → E is an open quotient map, it follows πE×πE : E×E → E×E
is also an open quotient map. The subset E ×B/G E of E × E is saturated with
respect to πE×πE , since E×B/GE is (G×G)-invariant. Thus, πE×πE : E×B/GE →
(πE × πE)(E ×B/G E) is an open quotient map. Note that

(e1, e2) ∈ E ×B E ⇐⇒ p(e1) = p(e2) ∈ B

⇐⇒ p(e1) = p(e2) ∈ B

⇐⇒ p(e1) = g · p(e2) for some g ∈ G

⇐⇒ (e1, e2) ∈ E ×B/G E.

Hence, the result follows. �
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Proposition 4.25. Suppose p : E → B is a G-fibration such that p : E → B is a
fibration. Then

TC[p : E → B] ≤ TCG[p : E → B].

Proof. Suppose U is a (G×G)-invariant open subset of E×B/GE with a (G×G)-

equivariant section s of Ψ over U . Then U := (πE × πE)(U) is an open subset of
E ×B E, by Lemma 4.24. As U is (G×G)-invariant, it follows that U is saturated
with respect to πE × πE . Hence, πE × πE : U → U is a quotient map. Then, by
the universal property of quotient maps, there exists a unique continuous map
s : U → EI

B such that the following diagram

commutes. Then

Π(s(e1, e2)) = Π(f(s(e1, e2))) = (πE×πE)(Ψ(s(e1, e2))) = (πE×πE)(e1, e2) = (e1, e2)

implies s is a section of Π over U . Thus, the result follows since πE × πE : E ×B/G

E → E ×B E is surjective. �

Recall that a space X is called hereditary paracompact if every subspace of X is
paracompact. Equivalently, every open subspace of X is paracompact.

Theorem 4.26. Suppose G is a compact Lie group. Let p : E → B be a G-fibration
and let p : E → B be the induced fibration between the orbit spaces. If the G-action
on E is free and E × E is hereditary paracompact, then

TCG[p : E → B] = TC[p : E → B].

Proof. We note that, in Theorem 2.10, it was established that p is a fibration.
Suppose U is an open subset of E×BE with section s of Π over U . Then, by Theorem
3.2 for the trivial group action, there exists a homotopy H : U × I → E ×B E such
that H0 is the inclusion map of iU : U ↪→ E ×B E and H1 takes values in ∆(E).

Let U = (πE × πE)
−1(U). Then U is (G × G)-invariant and U is hereditary

paracompact. Note that the following diagram

commutes. As the G-action on E is free, it follows the action of G×G on E×B/GE

and U is free. Hence, the homotopy H preserves the orbit structure. Since G is a
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compact Lie group, by the Covering Homotopy Theorem of Palais [9, Theorem
II.7.3] and Lemma 4.24, it follows that there exists a (G × G)-homotopy H : U ×
I → E ×B/G E such that H0 = iU : U ↪→ E ×B/G E and (πE × πE) ◦ H =

H ◦ ((πE × πE) × idI). As H1 takes value in ∆(E), it follows H1 takes values in
E ×E/G E. Hence, by Theorem 4.6, we get a (G×G)-equivariant section of Ψ over

U . Thus, TCG[p : E → B] ≤ TC[p : E → B]. �

We note that the main theorem in Lubawski and Marzantowicz’s paper, as stated
in Theorem 2.31, can be recovered from Theorem 4.26 by taking the base space B
to be a point. Now, we state some corollaries of this theorem.

Corollary 4.27. Suppose G is a compact Lie group. Let p : E → B be a G-
fibration and let p : E → B be the induced fibration between the orbit spaces. If the
G-action on B is free and E × E is hereditary paracompact, then

TC(F ) ≤ TC[p : E → B] ≤ TCG[p : E → B] = TC[p : E → B],

where F is the fibre of p.

Proof. Observe that G acts freely on E as well. Hence, the result follows from
Corollary 4.13 and Theorem 4.26. �

Corollary 4.28. Suppose G is a compact Lie group and p is a locally trivial G-
fibration with fibre F , such that G acts trivially on F , G acts freely on B and E×E
is hereditary paracompact. If F is contractible and E ×B E is homotopy equivalent

to a CW-complex, then TCG[p : E → B] = 1.

Proof. By Proposition 4.22, we have p : E → B is a locally trivial fibration with fibre
F . We note that the fibre of the parametrized fibration Π: (E)I

B
→ E×BE induced

by p : E → B is the loop space ΩF , which is contractible since F is contractible.
Hence, TC[p : E → B] = 1 by obstruction theory. Thus, the result follows from the
Invariance Theorem 4.26. �

Remark 4.29. Suppose p : B×F → B is the trivial G-fibration. If G acts trivially
on F , then in Proposition 4.5, we showed that

TCG[p : B × F → B] = TC(F ).

In general, however, if G acts non-trivially on F , then the following inequality need
not hold:

TCG[p : B × F → B] = TCG(F ).

For example, let E = S1×S1 and B = S1. If G = S1 acts on B by left multiplication
and diagonally on E, then

TCS1

[p : S1 × S1 → S1] = TC[p/S1 : (S1 × S1)/S1 → S1/S1] by Theorem 4.26

= TC[S1 → {∗}]
= TC(S1)

= 2.
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But TCS1

(S1) = TC({∗}) = 1 by Theorem 2.31.

Example 4.30. Suppose G is a compact Lie group. Let τ : P → B be a principal
G-bundle such that P ×P is hereditary paracompact and B is paracompact. Let X
be a path-connected G-space, and q : P ×G X → B be the associated fibre bundle
with fibre X and structure group G. Then, by [23, Theorem 3.4], it follows that

TC(X) ≤ TC[q : P ×G X → B] ≤ TCG(X),

where p : P ×X → P is the trivial G-fibration. Moreover, we have

TCG[p : P ×X → P ] = TC[q : P ×G X → B]

by Theorem 4.26.

Example 4.31. Now we list some examples of G-spaces X for which TC(X) =
TCG(X). Consequently, for each of these examples and for any principal G-bundles
τ : P → B, one has

TCG[p : P ×X → P ] = TC(X),

where p : P ×X → P is the trivial G-fibration.

(1) Suppose n1, . . . , nm are positive integers. Let G = Z2 act on each Sni via
the antipodal action. If G acts diagonally on the product

∏m
i=1 S

ni , then by
[26, Corollary 4.4] we have

TCG

(
m∏
i=1

Sni

)
= TC

(
m∏
i=1

Sni

)
= m+ l + 1,

where l denotes the number of even-dimensional spheres among the factors.
(2) Suppose n1, . . . , nm are integers with ni ≥ 2 for each i. Let G = Z2 act on

Sni by reflection, defined as multiplication by −1 in one of the coordinates.
If G acts diagonally on the

∏m
i=1 S

ni , then

TCG

(
m∏
i=1

Sni

)
≤

m∑
i=1

TCG(S
ni)− (m− 1) [28, Theorem 4.2]

= 3m− (m− 1) [13, Example 5.9]

= 2m+ 1.

Moreover, it follows from [2, Corollary 3.12] that

TC

(
m∏
i=1

Sni

)
= m+ l + 1,

where l denotes the number of even-dimensional spheres among the factors.
Hence, if X =

∏m
i=1 S

ni with all ni even, then TCG(X) = TC(X) = 2m+1.
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(3) Let F be a 2n-dimensional quasitoric manifold. The Z2-action on F is
described in [3, Equation 3.2], and it is shown in [3, Corollary 2.10 and
Proposition 3.11] that TCZ2

(F ) = TC(F ) = 2n+ 1. We refer the reader to
[3] for further details.

(4) Let F = Grd(Cn) be the complex Grassmannian manifold of complex dimen-
sion d(n− d). Then F admits a Z2-action induced by complex conjugation.
It follows from [15, Example 6.6] that TCZ2

(F ) = 2d(n − d) + 1 = TC(F ).
In particular, for complex projective space CPn, we have TCZ2

(CPn) =
2n+ 1 = TC(F ). We refer the reader to [15, Section 5] for further details.

Example 4.32. Here we list some examples in which the invariant topological
complexity of G-fibration is trivial.

(1) Suppose G is a compact Lie group. Let τ : P → B be a principal G-bundle
such that P × P is hereditary paracompact and B is paracompact. Then

TCG[p : P → B] = TC[p : P → B] = 1,

since p is a homeomorphism.
(2) Let E and B be path-connected and locally path-connected spaces such that

E × E is hereditary paracompact. Suppose p : E → B is a regular covering
map and G is its group of covering transformations. If G is a compact Lie
group, then

TCG[p : E → B] = TC[p : E → B] = 1,

since p is a homeomorphism by [36, Theorem 81.6].

5. Computations for equivariant Fadell–Neuwirth fibrations

In this section, we provide estimates for the invariant parametrized topological
complexity of equivariant Fadell–Neuwirth fibrations. The ordered configuration
space of s points on Rd, denoted by F (Rd, s), is defined as

F (Rd, s) := {(x1, . . . , xs) ∈ (Rd)s | xi 6= xj for i 6= j}.

Definition 5.1. ([19]) The maps

p : F (Rd, s+ t) → F (Rd, s) defined by p(x1, . . . , xs, y1, . . . , yt) = (x1, . . . , xs)

are called Fadell–Neuwirth fibrations.

The space F (Rd, s+ t) admits a free action of the permutation group Σs, defined
as follows. For σ ∈ Σs, let

σ · (x1, . . . , xs, y1, . . . , yt) = (xσ(1), . . . , xσ(s), y1, . . . , yt).

Similarly, Σs acts freely on F (Rd, s) by permuting the coordinates (x1, . . . , xs).
Notice that the map p in Definition 5.1 is Σs-equivariant. In fact, in [14], it was
demonstrated that this map is a Σs-fibration.
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For the rest of the section, we will use the notation p : E → B for the equivariant
Fadell–Neuwirth fibration. The fibre F of p is the configuration space of t points
on Rd \ Os, where Os denotes a set of s distinct points in Rd. More precisely,
F = F (Rd \ Os, t).

Remark 5.2. If t = 0, then p is the identity map. In particular, p is a trivial
Σs-fibration with fibre a point {∗}. Hence, by Proposition 4.5, it follows that

TCΣs [p : F (Rd, s) → F (Rd, s)] = TC({∗}).

Thus, we will assume that t ≥ 1.
If s = 1, then the permutation group Σ1 is trivial and F (Rd, 1) = Rd. In

particular, the fibration p is trivial. Hence, it follows that

TCΣ1 [p : F (Rd, 1 + t) → F (Rd, 1)]

= TC[p : F (Rd, 1 + t) → F (Rd, 1)] by Proposition 4.4 (1)

= TC(F (Rd \ O1, t)) by [11, Example 4.2]

= TC(F (Rd, t+ 1)),

since F (Rd\O1, t) is homotopy equivalent to F (Rd, t+1), see [20, Page 15]. We note
that the topological complexity of configuration spaces was computed by Farber
and Grant in [22]. Thus, we will assume that s ≥ 2.

If d = 1, then the fibre F (R\Os, t) of p is not path-connected. Hence, by Corollary
4.13, it follows that

∞ = TC(F (R \ Os, t)) ≤ TCΣs [p : F (R, s+ t) → F (R, s)].

Thus, we will assume that d ≥ 2.

The parametrized topological complexity of these fibrations was computed in
[11] and [12]. In particular, they proved the following result:

Theorem 5.3. ([11, Theorem 9.1] and [12, Theorem 4.1]) Suppose s ≥ 2, t ≥ 1
and d ≥ 2. Then

TC[p : F (Rd, s+ t) → F (Rd, s)] =

2t+ s, if d is odd,

2t+ s− 1 if d is even.

We will now demonstrate that the invariant parametrized topological complex-
ity of the Fadell–Neuwirth fibrations coincides with that of the corresponding orbit
fibrations. Furthermore, it is bounded below by the parametrized topological com-
plexity of the Fadell–Neuwirth fibrations. Interpreting the parametrized topological
complexity of the Fadell–Neuwirth fibration as describing the motion planning
problem of t submarines navigating in the presence of s mines whose positions are
unknown, and that of the orbit Fadell–Neuwirth fibration as describing the corre-
sponding problem when the order of the mines is irrelevant, the resulting increase
in complexity is entirely consistent with intuition. When the order of the mines
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is irrelevant, the motion planners must satisfy an additional constraint: they are
required to remain invariant under any reordering of the mines. In other words, the
planner must yield the same motion plan regardless of how the mines are permuted.
This symmetry condition imposes additional structural restrictions on the class of
admissible planners, thereby increasing the overall complexity of constructing such
a universal algorithm.

Theorem 5.4. The induced map p : F (Rd, s+ t) → F (Rd, s) is a locally trivial
fibration with fibre F . Moreover,

TC[p : F (Rd, s+ t) → F (Rd, s)] ≤ TCΣs [p : F (Rd, s+ t) → F (Rd, s)]

= TC[p : F (Rd, s+ t) → F (Rd, s)]

Proof. We note that the equivariant Fadell–Neuwirth fibrations are locally Σs-
trivial with Σs acting trivially on the fibre F , see [14, Section 5.1]. Since F (Rd, s)
is a manifold, it is paracompact Hausdorff. Hence, by Proposition 4.22, it follows
that the induced map p is a locally trivial fibration with fibre F .

As the action of Σs on F (Rd, s+t) and F (Rd, s) is free, and since F (Rd, s+t) and

F (Rd, s) are manifolds, it follows that F (Rd, s+ t) and F (Rd, s) are also manifolds.
Thus, the result follows from Corollary 4.27. �

Proposition 5.5. Suppose p : E → B denotes the equivariant Fadell–Neuwirth
fibration with fibre F . Then hdim(E ×B E) ≤ (d− 1)(s− 1) + 2dt.

Proof. Since p : E → B is a locally trivial fibration with fibre F , it follows that the
natural map E ×B E → B is also a locally trivial fibration with fibre F × F . The
homotopy dimension of the unordered configuration space B is (d− 1)(s− 1) (see
[8, Theorem 3.13]). Hence, by Proposition 4.23, the desired claim follows. �

We are now ready to present our computations for the invariant parametrized
topological complexity of the Fadell–Neuwirth fibrations for the case d ≥ 3.

Theorem 5.6. Suppose s ≥ 2, t ≥ 1, and d ≥ 3. Then

TCΣs [p : F (Rd, s+t) → F (Rd, s)] =

2t+ s, if d is odd,

either 2t + s − 1 or 2t + s if d is even.

(10)

Proof. It suffices to show that TCΣs [p : F (Rd, s+ t) → F (Rd, s)] ≤ 2t+ s, since the
inequality

TC[p : F (Rd, s+ t) → F (Rd, s)] ≤ TC[p : F (Rd, s+ t) → F (Rd, s)]

established in Theorem 5.4, together with Theorem 5.3 yields the desired lower
bound.
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Observe that

TCΣs [p : F (Rd, s+ t) → F (Rd, s)] = TC[p : F (Rd, s+ t) → F (Rd, s)] ≤ 2t+ s

if and only if (2t+ s)-fold fibrewise join

Π2t+s : ∗2t+s (E
I

B) → E ×B E

of the fibration Π admits a global section, see [41, Theorem 3]. Note that the loop
space ΩF , which is the fibre of Π, is path-connected because ΩF is (d−3)-connected
and d ≥ 3. Therefore, the fibre ∗2t+sΩF of Π2t+s is simply connected, and hence
k-simple for all k. Thus, the obstructions to a global section of Π2t+s lie in the
cohomology groups

Hk+1(E ×B E;πk(∗2t+sΩF )),

see [40, Theorem 34.2]. Since ∗2t+sΩF is ((2t + s)(d − 1) − 2)-connected (see [41,
Theorem 5] or [27, Theorem 3.5] for the homotopy connectivity of joins), it follows
that Hk+1(E ×B E;πk(∗2t+sΩF )) = 0 for k ≤ (2t+ s)(d− 1)− 2.

Suppose N is any local coefficient system on B. Let M be the local coefficient
system on E ×B E obtained as the pullback of N under the fibration

F × F ↪→ E ×B E → B. (11)

Consider the Serre spectral sequence Ep,q
r with local coefficients for the fibra-

tion (11), see [39, Theorem 2.9]. Then Ep,q
2 = Hp(B,Hq(F × F,M)), and the

spectral sequence converges to Hp+q(E ×B E,M). If p > hdim(B) or q >
hdim(F × F ), then Hp(B,Hq(F × F,M)) = 0. Hence,

Hp+q(E ×B E,M) = 0 if p+ q > hdim(B) + hdim(F × F )

= (d− 1)(s− 1) + 2(d− 1)t

= (2t+ s− 1)(d− 1),

see [12, Equation 4.1] for the homotopy dimension of F . Since d ≥ 3, the space
F × F is simply connected. Consequently, the induced map π1(E ×B E) → π1(B)
is an isomorphism. This can be deduced from the long exact sequence of homotopy
groups corresponding to fibration (11). This implies that every local coefficient on
E ×B E is a pullback of a local coefficient system on B. As a result, we have
Hk+1(E×BE;πk(∗2t+sΩF )) = 0 for k > (2t+s−1)(d−1)−1 = (2t+s)(d−1)−d.
Thus, the obstruction classes vanish for all k. �

We now turn our attention to the case d = 2. For d = 2, we note that the
spaces E and B are aspherical, see [29, Lemma 3.4]. Since the maps E → E
and B → B are covering maps, it follows that E and B are also aspherical, as
E → E and B → B are covering maps. Therefore, we can apply the techniques
developed by Grant in [28] to compute TC[p : E → B], as the map p : E → B is
a fibration of aspherical spaces with path-connected fibre F . More precisely, this
is equivalent to computing the topological complexity of the group epimorphism
p∗ : π1(E) → π1(B). We begin by recalling some definitions that will be useful in
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the discussion. Recall that a pointed map f : X → Y is said to realize a group
homomorphism ρ : G → H if X is a K(G, 1) space, Y is a K(H, 1) space, and f
induces the homomorphism ρ on fundamental groups.

Definition 5.7. ([17]) Suppose G is a group and K(G, 1) is the corresponding
Eilenberg–MacLane space.

• Then G is said to be of type F if K(G, 1) is homotopy equivalent to a finite
CW-complex.

• Then G is said to be of type FP if there exists a finite length resolution of
Z by finitely generated projective ZG-modules.

We note that a group of type F is of type FP , see [17, Page 171].

Definition 5.8. ([17, Theorem 3.6]) A group G is said to be a duality group of
cohomological dimension n if G is of type FP , and there exists a ZG-module D
such that

Hi(G,ZG) ∼=

0 for i 6= n,

D for i = n.

If D can be chosen to have an underlying abelian group Z, then G is said to be a
Poincaré duality group of cohomological dimension n.

We now use arguments presented in [30, Theorem 3] to prove the following lemma.
This lemma, in a certain sense, generalizes part of [17, Theorem 4.3] from Poincaré
duality groups to duality groups.

Lemma 5.9. Suppose 1 → H → G → K → 1 is a short exact sequence of
groups, where H is a Poincaré duality group of cohomological dimension h. Then
Hp(K,ZK) = 0 if and only if Hp+h(G,ZG) = 0. In particular, if K is of type FP
and G is a duality group of cohomological dimension h + k, then K is a duality
group of cohomological dimension k.

Proof. Consider the Lyndon–Hochschild–Serre spectral sequence corresponding to
the extension 1 → H → G → K → 1 with coefficients in ZG. Then Ep,q

2 =
Hp(K;Hq(H;ZG)), and the spectral sequence converges to Hp+q(G;ZG). As ZG
is a free ZH-module and H is a Poincaré duality group of dimension h, it follows
that

Hq(H;ZG) ∼= Hq(H;ZH)⊗ZH ZG ∼=

0 if q 6= h,

Z⊗ZH ZG ∼= ZK if q = h,

as K-modules. This implies

Ep,q
2 = Hp(K;Hq(H;ZG)) ∼=

0 if q 6= h,

Hp(K;ZK) if q = h.
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Since the differential dr maps Ep,q
r to Ep+r,q−r+1

r , it follows that
Hp(K;Hq(H;ZG)) = Ep,q

2 = Ep,q
∞ = Hp+q(G;ZG). In particular, Hp(K;ZK) = 0

if and only if Hp+h(G,ZG) = 0. �

Theorem 5.10. Suppose s ≥ 2 and t ≥ 2. Then

TCΣs [p : F (R2, s+ t) → F (R2, s)] = 2t+ s− 1. (12)

Proof. Suppose Bs+t is the braid group on (s + t)-strands. Then, by [29, Lemma
3.4], the fundamental group of F (R2, s+ t)/Σs is

BΣs
s+t := π−1(Σs × {1}t),

where π : Bs+t → Σs+t is the canonical map. Moreover, by [29, Lemma 3.6], we
have BΣs

s+t is a duality group of cohomological dimension s+ t− 1.

We note that the fibration p : F (R2, s+ t) → F (R2, s) realizes the group epi-
morphism ρ : BΣs

s+t � Bs, which forgets the last t strands. Hence, it follows
that

TCΣs [p : F (R2, s+ t) → F (R2, s)] = TC[p : F (R2, s+ t) → F (R2, s)]

= TC[ρ : BΣs
s+t � Bs],

by Theorem 4.26 and [28, Proposition 3.5].
If Z is the centre of Bs+t, then Z is infinite cyclic and the centre of BΣs

s+t is Z as
well, see [29, Lemma 3.7]. Hence, by [28, Theorem 3.5], it follows that

TC[ρ : BΣs
s+t � Bs] ≤ cd

(
BΣs

s+t ×Bs
BΣs

s+t

∆(Z)

)
+ 1,

where cd denotes the cohomological dimension of a group.
Suppose P t,s = π1(F ). Then we have an extension

1 → P t,s → BΣs
s+t

ρ−→ Bs → 1

corresponding to the fibration F ↪→ E
p−→ B. Pulling back this extension by

ρ : BΣs
s+t → Bs we get an extension

1 → P t,s → BΣs
s+t ×Bs B

Σs
s+t → BΣs

s+t → 1.

Taking the quotient of BΣs
s+t by Z gives an extension

1 → P t,s →
BΣs

s+t ×Bs B
Σs
s+t

∆(Z)
→

BΣs
s+t

Z
→ 1. (13)

We note that P t,s and Ps+t are duality groups with cd(P t,s) = t and cd(Ps+t) =
s+ t− 1, see [29, Lemma 3.6].

We will now show that BΣs
s+t/Z is a duality group with cd(BΣs

s+t/Z) = s+ t− 2.

As t ≥ 2, the inclusion Z ↪→ BΣs
s+t splits. This can be seen geometrically by the
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projection BΣs
s+t → P2 obtained by forgetting the first s + t − 2 strands, where P2

is the pure braid group on 2 strands. Hence,

BΣs
s+t ' Z ×

(
BΣs

s+t/Z
)
.

Note that the space F (Rd, s+ t) contains a finite CW-complex C which is a Σs+t-
equivariant strong deformation retract, see [8, Theorem 3.13]. Hence, C is also
a Σs-equivariant strong deformation retract of F (Rd, s + t). Hence, the homo-
topy equivalence K(BΣs

s+t, 1) 'h F (R2, s + t)/Σs 'h C/Σs implies K(BΣs
s+t, 1) is

homotopy equivalent to a finite CW-complex. Therefore, the homotopy equivalence

K(BΣs
s+t, 1) 'h K(Z, 1)×K(BΣs

s+t/Z, 1)

implies K(BΣs
s+t/Z, 1) is homotopy equivalent to a finite CW-complex, i.e., BΣs

s+t/Z

is a group of type F . Then Lemma 5.9 applied to the extension 1 → Z ↪→ BΣs
s+t →

BΣs
s+t/Z → 1 implies that BΣs

s+t/Z is a duality group of cohomological dimension
s+ t− 2. Hence, by [6, Theorem 3.5], it follows that the middle group in (13) has
cohomological dimension s+ 2t− 2. �

Remark 5.11. Note that when t = 1, the group BΣs
s+1/Z is not torsion-free,

as shown in [29, Proposition 4.2]. Consequently, every CW-complex of type
K(BΣs

s+1/Z, 1) is infinite-dimensional. Therefore, the argument used in the preceding
theorem fails for the case t = 1.

Conjecture 5.12. TCΣs [F (R2, s+ 1) → F (R2, s)] ≤ 3 + s.

We expect the above conjecture to be true, since the motion planning problem
for two submarines constrained by the unknown positions of s mines (where the
order in which the mines are placed does not matter) should be more complex than
that for a single submarine. Hence,

TC[F (R2, s+ 1) → F (R2, s)] ≤ TC[F (R2, s+ 2) → F (R2, s)] = 3 + s,

Conjecture 5.12 is true if s = 1, see Remark 5.2 and [22, Theorem 1].

We note that we can get TC[F (R2, s+ 1) → F (R2, s)] ≤ 4 + s, using [11,

Proposition 7.2] and Proposition 5.5. Moreover, TC[F (R2, s+ 1) → F (R2, s)] ≥
1 + s, by Theorem 5.3.
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26. J. González, M. Grant, E. Torres-Giese and M. Xicoténcatl. Topological complexity
of motion planning in projective product spaces. Algebr. Geom. Topol . (2) 13 (2013),
1027–1047.

27. M. Grant. Symmetrized topological complexity. Journal of Topology and Analysis. (2) 11
(2019), 387–403.

28. M. Grant. Parametrised topological complexity of group epimorphisms. Topol. Methods
Nonlinear Anal . (1) 60 (2022), 287–303.

29. M. Grant and D. Recio-Mitter. Topological complexity of subgroups of artin’s braid groups.
Topol. Complex. Related Topics. 702 (2018), 165–176.

30. F. E. A. Johnson and C. T. C. Wall. On groups satisfying Poincaré duality. Ann. of Math.
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