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The coupled dynamic response of a rigid container filled with a two-component
superfluid undergoing Ekman pumping is calculated self-consistently. The container
responds to the back-reaction torque exerted by the viscous component of the
superfluid and an arbitrary external torque. The resulting motion is described
by a pair of coupled integral equations for which solutions are easily obtained
numerically. If the container is initially accelerated impulsively then set free, it
relaxes quasi-exponentially to a steady state over multiple time scales, which are a
complex combination of the Ekman number, superfluid mutual friction coefficients, the
superfluid density fraction, and the varying hydrodynamic torque at different latitudes.
The spin-down of containers with relatively small moments of inertia (compared with
that of the contained fluid) depends weakly on the above parameters and occurs faster
than the Ekman time. When the fluid components are initially differentially rotating,
the container can ‘overshoot’ its asymptotic value before increasing again. When a
constant external torque is applied, the superfluid components rotate differentially and
non-uniformly in the long term. For an oscillating external torque, the amplitude and
phase of the oscillation are most sensitive to the driving frequency for containers with
relatively small moments of inertia. Applications to superfluid helium experiments
and neutron stars are also discussed.
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1. Introduction

The spin-up of a rotating fluid in response to an impulsive acceleration of its
container has been studied extensively (Benton & Clark 1974; Duck & Foster 2001).
Since Greenspan & Howard (1963) calculated the linear spin-up of an incompressible
Navier—Stokes fluid, the theory of spin-up has been generalized in numerous directions,
including stratified flows (Pedlosky 1967; Walin 1969; Clark et al. 1971; Hewitt et al.
1999), compressible fluids (Abney & Epstein 1996; van Eysden & Melatos 2008;
Bennett, van Eysden & Melatos 2010) and electrically conducting or hydromagnetic
flows (Benton & Loper 1969; Loper 1971; Easson 1979; Abney, Epstein & Olinto
1996; Mendell 1998). The spin-up of multi-component fluids has also been studied to
model superfluids such as helium II (Reisenegger 1993) as well as the separation of
fluid—particle mixtures in batch centrifuges (Amberg & Ungarish 1993). The above
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studies are restricted to situations where the rotation of the container is completely
prescribed before and after its impulsive acceleration. The coupled spin-up of a fluid
and its container has not been studied numerically or analytically in the literature.

In a previous paper (van Eysden & Melatos 2013), we presented the first analytic
solution for the spin-up of a Hall-Vinen—Bekharevich—Khalatnikov (HVBK) superfluid
in arbitrary geometry, in response to a container whose rotation is prescribed. In the
present paper, we generalize this calculation to describe a container that responds to
the torque exerted by the fluid within. An external non-hydrodynamic driving torque
is also included for completeness.

Two primary motivations exist for this study. First, a self-consistent theory of
the coupled spin-up of a two-component superfluid and its container is an essential
ingredient for understanding a long-standing question in astrophysics: the phenomenon
of pulsar glitches (Lyne, Shemar & Smith 2000; Wang et al. 2000; Melatos, Peralta
& Wyithe 2008; Espinoza et al. 2011). Glitches are tiny, impulsive, randomly timed
increases in the spin frequency of a rotation-powered pulsar, during which angular
momentum stored in the superfluid interior of the neutron star is transferred erratically
to the solid crust (Anderson & Itoh 1975; Warszawski & Melatos 2011). Following
a glitch, the crust experiences a quasi-exponential recovery phase, during which
it responds to the torque exerted by the internal fluid (Reisenegger & Goldreich
1992; Peralta et al. 2005), and superfluidity is expected to play a key role (Lyne &
Graham-Smith 1998). The theory of coupled spin-up developed in this article can
be combined with radio-telescope observations of glitch recovery to measure the
transport coefficients of bulk nuclear matter at densities >10'> g cm™3, the only way
at present that such measurements can be made (van Eysden & Melatos 2010).

Second, a theory of coupled superfluid—container spin-up is necessary to interpret
laboratory experiments involving the spin-up of helium II. A comprehensive collection
of such experiments was performed by the Tsakadze group over a decade, to measure
the response of superfluid-filled containers following an impulsive increase in angular
velocity (Tsakadze & Tsakadze 1972, 1973, 1974, 1980). Reisenegger (1993) sought
to explain the data by solving the spin-up problem between slowly accelerating
parallel plates, but the analysis does not treat the coupled motion of the fluid and
container self-consistently, and considers the wrong geometry. In contrast, the theory
presented in this paper can be directly compared with the experimentally observed
container response.

Many other applications exist for the general theory presented here. For example, a
pulsar crust spins down in response to an electromagnetic dipole torque arising from
a magnetic field (which is frozen into its crust) as well as the hydrodynamic torque
arising from Ekman pumping in the stellar interior (Lyne & Graham-Smith 1998).
Alternatively, the dynamic response of superfluid-filled containers, like that measured
by Tsakadze & Tsakadze (1980), can be fitted to the theory, allowing unknown mutual
friction and viscosity coefficients to be extracted. These applications are discussed in
companion papers (van Eysden & Melatos 2012, 2011).

This paper is structured as follows. In § 2 a summary of the model assumptions and
relevant results from the companion paper (van Eysden & Melatos 2013) is presented.
In §3, we solve for the motion of the container using the results derived in van
Eysden & Melatos (2013) and torque balance on the container. The free response of
the container and the interior fluid are investigated in § 4, for containers of varying
geometries and moments of inertia. In §5, the motion of the container in response
to both a constant and oscillatory driving torque is investigated. The conclusions are
presented in § 6.
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FIGURE 1. Schematic diagram of an axisymmetric container with upper (x) and lower (/)
boundaries z* = A (r*), rotating about the vertical axis r* =0. The analysis in this paper
is equally valid whether or not P and Q coincide or are joined by a vertical boundary.

2. Superfluid equations of motion

Consider a simply connected container of the form drawn in figure 1 filled with
a two-component superfluid, comprising an irrotational ‘superfluid’ component (i.e.
a condensate) denoted with subscript s, and a dissipative ‘normal’ component with
subscript n, e.g. helium II. The upper (#) and lower (/) surfaces of the container are
described by the functions z* = h; ,(r*), where (r*, ¢, z*) denote the usual cylindrical
coordinates. The container is symmetric about the z* axis. Its upper (z* > 0) and lower
(z* £0) halves can rotate separately in general; they slide freely along a contact curve
7*=0, r*=R* with R* defined as the equatorial radius of the container where the
sidewall joining the upper and lower surfaces intersects the midplane z* =0 (as in
figure 1, where hu (R*) #0) or where the upper and lower surfaces meet the midplane
(o ,(R*) =0, as in a sphere).

Suppose the container rotates initially about the z* axis with angular velocity 2
such that the Ekman number

E= 2.1)

LZ.Q

is small. In (2.1), v, is the kinematic viscosity of the viscous component of the
superfluid (the shear viscosity divided by the viscous component density fraction
(Vinen & Niemela 2002)), and L is a fiducial length scale for the container. At
t=0, the container is impulsively accelerated, and the interior superfluid spins up via
Ekman pumping over the characteristic time E~'/2£2~!. The transient and steady-state
response of the fluid was calculated in van Eysden & Melatos (2013), by solving the
two-fluid HVBK equations of motion for boundary conditions that evolve arbitrarily
with time. The HVBK equations describe a two-component superfluid, coupled by
the mutual friction force

F =1B&! x [@! x (v —v)]+ 1Bw! x (v, —v)), (2.2)

where v} = are the velocities of the ‘normal’ (i.e. viscous, subscript n) and ‘superfluid’
(i.e. 1nv1501d subscript s) components, ®; = V X v} is the macroscopic vorticity of
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the inviscid component, and B and B’ are the mutual friction coefficients. The total
velocity is defined as

v = p,v; + p,0l, (2.3)

where p, , are the viscous and inviscid component density fractions.

The spin-up flow of a two-component fluid depends strongly on the relative size
of B and E. When the mutual friction is strong (B ~ 1), the azimuthal inviscid
and viscous components lock together, i.e. differential rotation is removed over the
rotational time scale £2~!. Ekman pumping occurs in the inviscid component, because
it is dragged along by the viscous component via the mutual friction. For intermediate
coupling (B ~ E'/?), the azimuthal components come into co-rotation over the time
scale B~'£27!; there is no Ekman pumping in the inviscid component, because the
mutual friction is too weak. For weak coupling (B < E'/?), the viscous component
spins up virtually uninhibited by the inviscid component, which spins up over the
much longer mutual friction time scale B~'£27!.

The impulsive angular acceleration occurs as follows. For ¢ < 0, the viscous and
inviscid components rotate rigidly but differentially, with v} =r*$2 and v} = r* 2}
in the rotating frame. The upper and lower boundaries also rotate differentially, with
v, =r*ef2f,(t)es and vy =r*e§2f(1)e,, respectively, where € <1 is the Rossby number.
In van Eysden & Melatos (2013), f,(¢) and f;(¢) are prescribed; the aim of the present
paper is to determine f,(f) and f;(¢) self-consistently when the container responds to
the hydrodynamic torque.

The walls of the container are assumed to be smooth, so that pinning is neglected.
Consequently, the vortex tension only plays a passive role in the boundary layer and
can be neglected, as discussed in detail in §2.2 of van Eysden & Melatos (2013).
Under these assumptions, the required boundary conditions are no-slip for the viscous
component, while no-penetration suffices for the inviscid component. In general, a
superfluid has a hysteretic response to external rotation because of the superfluidity
(Jones et al. 1995; Jackson & Barenghi 2006). In smooth-walled containers, the
critical velocity for vortex nucleation at the wall is larger than in the bulk, which can
result in the formation of a vortex-free region near the wall. If there is roughness
or vortex pinning on the container wall (e.g. in the crust of a neutron star), the
hysteric effect can be suppressed, because the nucleation critical velocity (or vortex
stretching due to pinning) increases at a smoother wall (Parker & Adams 2006;
Goldbaum & Mueller 2009; Warszawski, Melatos & Berloff 2012). This hysteretic
effect is neglected in this paper, and it is assumed that both the viscous and inviscid
components rotate uniformly for # <0 according to the initial conditions above.

The vortex tension plays an important role in superfluid turbulence, which may
arise from, for example, the Glaberson—Donnelly instability (Glaberson, Johnson &
Ostermeier 1974; Donnelly 2005). This and other instabilities are discussed in detail
in §2.2 of the companion paper (van Eysden & Melatos 2013) and the application
papers (van Eysden & Melatos 2010, 2011, 2012), where it is shown that turbulence
does not play a role in the parameter range considered.

2.1. Viscous torque

The viscous torque exerted on the container by the interior flow was calculated in § 5
of van Eysden & Melatos (2013). The result is expressed in terms of scaled variables,
r'=E"'"?Q7't, r*=Lr, z*=Lz, i*(r*)=Lh(r), vi ,=€RLv,, and T}, = pL’€2°T),

u,l
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where an asterisk is used to distinguish a dimensional variable from its dimensionless
counterpart. The viscous torque on the upper and lower surfaces is

Ti=-2 El/z/Rd W N T+ )2 ity — o (2.4)
=-27n r u — +rJi(f, — , .
u 0 Jo+J; Par ! :
R 2 I
Jﬂ" 8v
Th=—2nE? | d hy +h)—2 —rl.(f.— )| 2.5
! T /0 "<JM+J1){( +/)8T rl.(f. fz)} (2.5)

where vj(r, 7) is the leading-order (in E'?) total azimuthal velocity, which is
columnar (independent of z) according to the Taylor—Proudman theorem. In (2.4) and
(2.5) we define

p,,Hil 2 4 2 4

Ju,l - m“ﬂu’” (1 - Hu,l) + 4ﬂu,1—HM,Z]’ (26)

u,l— u,l

with
1/2
. [ (B —2)* + B ]1/2$ pB(1 + H* ) ! o
“S T Hey | L(0uB = 2)% + (0,B)? H2 [(p.B =22+ (0B~ 7
1/4
dh, 2
H, (r) = {1 + [ ”(’)] } : 2.8)
dr

Al =, + 22, (2.9)

For configurations with /&y ,(R*) (e.g. a cylinder), two nested boundary layers of
thickness E'*L and E'L, known as Stewartson layers, form at the vertical walls
(e.g. PQ in figure 1). The torques generated in these boundary layers scale as O(E'*)
and O(E'?); however, we neglect them here for the sake of simplicity. The detailed
structure of the Stewartson layers is discussed in the literature (Stewartson 1953;
Pedlosky 1967; Greenspan 1968). For configurations with #; ,(R*) = 0 (e.g. spheres
and cones), a singularity occurs in vé, at r* =R* and z* =0, which arises from the
assumption that the derivatives with respect to ¢,, dominate those with respect to &,
in the boundary layers; see Glampedakis & Andersson (2006) for a more detailed
discussion. The singularity does not pose a problem in the present analysis because,
upon performing the integrals in (2.4) and (2.5), the total torque is finite.

3. Container motion
3.1. General solution

In general, the rigid container experiences a viscous torque exerted by the viscous

component of the superfluid plus an external driving torque supplied by, for example,

a driving motor or friction in the apparatus. Torque balance on the upper/lower half

of the container yields

d(e$2fur)
dt

where the superscripts 4 and ext denote the viscous and external torques, respectively.
Inserting (2.4) and (2.5) into (3.1), integrating subject to the initial conditions vé, =
r§2y, fu =fwo and fi =f at T =0 (in the rotating frame), and writing the result in

r, = T T (3.1)

u,l
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dimensionless form, we obtain

(t) — ZnKu/Rd (Jr2>[h - ) J/td/ )}
fur)—_ If o r J+JZ ( + l(v -r 0+V1 o T(fu_ﬁ
dr

+fio+ 7 K /
u0 IfE1/2 o

_ Kt (I B )@ — 20—, [ de
o = =7 /0 ’(Juwl) [(ﬁ W, —r 0>—ru/0 f(fu—f/)}

ren 3.2)

u

+fio+ —— / de’ T, (3.3)
f 0

In (3.2) and (3.3), we define K,,; :I;‘ /I, as the ratio of the moment of inertia of the
total contained fluid (rotating notionally as a rigid body) to the moment of inertia of
the upper/lower half of the container. We also write
I R
— _ 3
If_pLs_Zrc/O drr’(h, + h), 3.4

where dV =2nr(h, 4+ hj)dr is the volume of a fluid column of height (&, + h;). The
quantities &, ,;, J,; and §2, are functions of r only, f,, and Tjj‘[ depend on t only, and
vy depends on r and t.

To solve for the motion of the container, we substitute the result for v; (r, T), given
by (2.83) in van Eysden & Melatos (2013) into (3.2) and (3.3). Assuming £2; and £2,
are constant (i.e. both fluid components are rotating uniformly at t =0), the results
can be written as

fi0) = K, / (I8 (r — ) + &% (v — (D)
0

+ g0t — ) + &5 — I}
+ K82, (1) + &4(0) 12,0 + [85, () + g5(7)1520)

K,
— K.}y (0) / 4T (@) =) +ha+ i / o' 7, (3.5)

filt) = —Kz/ do'{[gh(r — ) + &5 (x — T)Hfu(z)
0
+g @ =)+ éh(r —HIfi(x)}
+ K{lgh(T) + g3(0)182,0 + [85(7) + gﬁ(r)]ﬂo}

+ Kigh(0) / X U)o+ i / GTE. (36)

In (3.5) and (3.6) we define

2 R Jx-] W4T _ AW-T
& =" arr (e =) 3.7)
Iy Jo u +I) (- —wy)

go(0) = /3/ dr'g (7)),
0

=2 [t ilo e Dm0 2 DL g
Iy Jo u+I)(0- —wy)
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where x, y refer to either u or [, an overdot denotes a derivative with respect to 7, and
we have

12

1 L+1 1 L+1L\] Ju+J,
- __ +{ = — , (3.9
“ 2(ﬂ+hu+hl> {|:2 <’3+hu+hl>:| ﬁ(hu+h/>} ( )

12
1 1—H* )\’ s
fur = [ 112 A - (1+H4’1> (/15,1+ _1571_) +4/lﬁ'l+/li’]_ ’ G109
2BE~'/?
B="ar (3.11)

The functions (3.7) and (3.8) can be evaluated for arbitrary geometry, Ekman
number E, mutual friction coupling constants B, B’, and viscous component density
fraction p,. Therefore, (3.5) and (3.6) are a coupled pair of integral equations for the
unknowns f,(7) and fj(t). The system cannot be solved analytically. Numerically, one
proceeds by guessing trial functions (e.g. exponentials) for f, and f; and iterating until
convergence is obtained. This can be done efficiently in any symbolic algebra package,
e.g. Mathematica or Matlab; we do it in §§4 and 5 for some interesting cases. Once
fu(r) and fi(r) are determined, the interior azimuthal flow can be computed from
(2.83) and (2.84) with boundary layer corrections (2.66)—(2.70) in van Eysden &
Melatos (2013). The streamfunction for the poloidal flow is computed from (2.85) and
(2.86) with boundary layer corrections (2.58)—(2.65) in van Eysden & Melatos (2013).

3.2. Angular momentum conservation
Equations (3.2) and (3.3) imply conservation of angular momentum. Evaluating
fu/K, +fi/K;, and restoring dimensional variables, we find

t

Rx
e[Lifuo + Ifiol + 2mp / dr r (R +h))$2; + / dr (T3 + 1)
0 0

R*
= eQIIf,(D) + [fi(D] + 27p / dr P2+ By, (3.12)
0

On the left-hand side, in order from left to right, the terms correspond to the initial
angular momentum of the upper and lower container lids and the fluid, respectively
(where a column of fluid of height &} + h; at radius r* has velocity r*§27) and the
angular impulse imparted to the system by the external torque by time ¢. This equals,
on the right-hand side, the angular momentum of the upper and lower container lids
and the fluid at time ¢. Therefore, angular momentum is conserved.

3.3. One-piece containers

In many practical applications, the upper and lower surfaces are rigidly locked
together. Then (3.5) and (3.6) reduce to a single equation. Writing f,(t) =f(t) =f(7),
we find that a torque balance leads to

Fr) = —K / dt' [§ (7 — ) + 8%z — D))
0

K ‘ / /
+ Kg' (1) 82,0 + K" (1) 20 + fo + TR / de'T*(7"), (3.13)
s 0
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where K = (K;' +K;')™! is the ratio of the moment of inertia of the fluid (rotating
nominally as a rigid body) to the moment of inertia of the entire container, and 7"
is the total external torque on the container. Equations (3.7) and (3.8) reduce to

') = g, (1) +2g,(1) + g(1)

2 (R J, 4+,
=T [ as <+’> (67 — e ), (3.14)
Iy Jo w- —wy
) =8 / gh(rhdr’
0
2 (R P+ b)) (w_e”T —w, e )
dr .

- 1-==
fJo w_ — Wy

(3.15)

In a cylinder, where one has h,(r) = h(r) = 1, equations (2.6)—(2.9), (3.9) and (3.10)
are independent of r, and an analytic solution can be obtained. The result is presented
in the following section (see (5.8)). Other special cases of interest, including that of
a single-component Navier—Stokes fluid, are presented in appendix A.

4. Free response

The solutions to (3.5) and (3.6) enjoy many practical applications, which will be
explored in future papers. In this section and the next, we explore the physics arising
from the interaction between the fluid and the container. First, we consider the free
response, i.e. the case with no external torque.

4.1. Effect of changing K

We begin by investigating the effect of changing the moment of inertia of the
container, parametrized by K, ;; the superfluid parameters B, B’, E and p, have been
explored in van Eysden & Melatos (2013). For simplicity, we consider the spin-down
of a one-piece cylindrical container, where the results from § 3.3 apply. In figure 2,
we present the response of the container to an impulsive acceleration. This can be
modelled in (3.13) in two equivalent ways: taking fy =1 at t =0 with 7%(t) = 0;
or fo =0 and T%(t) = §(tr). For all curves, the superfluid components are initially
co-rotating with each other, i.e. 29 = 2,0 = 0. We choose B =0, p, =0.5 and
E =0.005.

Three values of K are presented: K = 0.1 (top curves), K =1 (centre curves) and
K =10 (bottom curves), corresponding to a large, equal and small moment of inertia
of the container (relative to that of the fluid rotating as a rigid body), respectively.
In the experiments of Tsakadze & Tsakadze (1980) we have K = 0.8 (van Eysden
& Melatos 2011), while in a neutron star it is predicted that K ~ 50 (van Eysden &
Melatos 2010). The solid curves represent strong coupling (B =1), and dashed curves
represent intermediate coupling (B = 0.071). For each value of K, the responses for
the strong and intermediate coupling approach the same steady state, as required by
angular momentum conservation. The spin-down time of the container %, is defined as
the time at which the difference between the angular velocity of the container and its
steady-state angular velocity drops to 27 % (e') of its original value. #, is longer for
larger K, where the container has a greater moment of inertia. Time ¢, is also longer
when the mutual friction is weaker, because the inviscid component takes longer to
respond.
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FIGURE 2. (Colour online) Spin-down of a spherical container following an impulsive
acceleration. The top pair of curves corresponds to K =0.1; centre curves K = 1; bottom
curves K = 10. Solid lines (blue online) represent strong coupling, with B = 1; dashed
lines (red online) represent intermediate coupling, with B =0.071. The other parameters
are )= 82,0=0 and we take B'=0, p,=0.25 and E =0.005.

In figure 3, we plot contours for £, in a cylinder as a function of B and E, for
(@) K=1 and (b) K = 10. The parameters B and E are chosen as they have the
strongest impact; see van Eysden & Melatos (2013). For simplicity we only consider
2,0 = §29 =0, to avoid non-monotonic spin-down (see §4.2). Comparing figure 3(a)
and (b), we see that 7, depends weakly on B and E when K is large (panel (b)),
corresponding to a light container that spins down almost immediately. When the
inertia of the container is comparable to that of the fluid (panel (a)), f, depends more
strongly on B and E. For large B, the fluids are strongly coupled by mutual friction
and #, is approximately the Ekman time. For small B, f#, is much longer because
the inviscid component of the fluid takes longer to spin up. These trends carry over
to other geometries, as the shape of the container primarily affects the shape of the
spin-down curve, rather than #, (see §4.2).

4.2. Geometry

In figure 4, we graph the angular velocity of the container versus time for three
different geometries. The solid, dashed and dot-dashed curves correspond to a cylinder,
sphere and cone, respectively, with K =1, B=1, B'=0, E=0.005, p,=0.25 and
§£20 = £2,0 =0. The solution in cylindrical geometry is exact and given by (5.8)—(5.12)
(see below) with A =0. In all cases we choose R=1 to ensure a fair comparison, i.e.
the radius of the sphere equals the radius and half-height of the cylinder and the base
radius and half-height of the cone.

The three geometries have different spin-down curves. This arises because the
torque exerted on the container by the fluid varies with geometry. In a sphere and
a cone, the torque exerted by a column of fluid between r and r + dr varies with r,
while in a cylinder it does not. Where the container is shorter, the spin-up time for
the fluid is faster, and the torque exerted on the container is larger. The torque on
spheres and cones is a weighted sum of the varying torques at different r, resulting
in a quasi-exponential container spin-down. In a cylinder the torque is uniform,
resulting in exponential spin-down. The spin-down of a container is only exponential
in cylindrical geometry; in all other geometries, it is quasi-exponential, even for a
one-component Navier—Stokes fluid.
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FIGURE 3. Contour plots for the spin-down time of a cylinder following an impulsive
increase in angular velocity as a function of B and E: (a) K =1 with contours 1.75, 2.0,
2.5, 5.0, 10, 25, 100; (b) K =10 with contours 0.325, 0.375, 0.425, 0.455, 0.465. In both
panels p, =0.25, B'=0 and £2,0=£2,=0.
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FIGURE 4. (Colour online) Spin-down of containers f(t) versus t following an impulsive
acceleration for differently shaped vessels. The solid (black online), dashed (red online)
and dot-dashed (blue online) curves correspond to a cylinder, sphere and cone, respectively.
The radius of the sphere equals the radius and half-height of the cylinder and the base
radius and half-height of the cone. For all shapes, the model parameters are K=1, B=1,
B'=0, E=0.005, p,=0.25 and 2y = £2,0=0.

Having studied the container response in different geometries, we now consider
flows in which the fluid components are initially differentially rotating. In figure 5,
we present a spin-down for a spherical container where the viscous and inviscid
components are differentially rotating at T = 0. The initial conditions are £2,y = 0.3
and 29 = 0.7, so that the initial angular velocity of the inviscid component is
25 = (829 — 2,00,)/(1 — p,) = 0.83. The differential rotation may arise in practice
when large numbers of vortices unpin collectively, redistributing angular momentum
in the inviscid component. This phenomenon is observed in type II superconductivity
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FIGURE 5. (Colour online) Spin-down of a spherical container following an impulsive
increase in angular momentum, with initial differential rotation between the inviscid and
viscous fluid components. Model parameters are B=0.01, B'=0, E=5 x 107, p,=0.25,
K=5, £2,=0.3 and £2,=0.7 (£2,0 = 0.83). The solid curve (black online) represents
the angular velocity of the container, and the dashed (red online) and dot-dashed (blue
online) curves represent the angular velocities of the viscous and inviscid fluid components
at r=0.5, respectively. The grey dotted line is the steady-state solution (4.3).

and is believed to be responsible for pulsar glitches (Anderson et al. 1978). When
the fluid components initially rotate differentially, a more diverse range of spin-down
curve shapes are observed. An example is presented in figure 5, where the container
‘overshoots’, i.e. the angular velocity of the container (plotted as a solid black curve)
drops below the asymptotic value before rising again. The fluid components are
coupled in the intermediate regime (BE~'/2 = 1.41). The angular velocities of the
viscous and inviscid components of the fluid at » = 0.5 are plotted as dashed and
dot-dashed curves, respectively, to demonstrate the mechanism of the overshoot. The
container, which is relatively light (K = 5), and the viscous component are drawn
together quickly by viscous forces. They then approach the inviscid component
together over the mutual friction time scale.

In figure 6, we present a general example of the solution in § 3.1, demonstrating
its full utility. The spin-down of a conical container is plotted, where the base of
the cone is not rigidly connected to its upper surface. At T =0, the upper section
and the base are impulsively accelerated to f,0 =1 and fj; = —0.5, respectively. Their
subsequent motions are represented as the upper and lower solid black curves in
figure 6, respectively. The viscous and inviscid fluid components (plotted as dashed
and dot-dashed curves, respectively) are also initially differentially rotating, with
£2,0=0.6 and 29 =0.2 (§£250 = 0.067). The coupling of the fluid components is in
the intermediate regime, with BE~'/> = 1. First, the angular velocity of the viscous
component becomes the average of the upper section and base. Viscous forces then
bring the upper section and the base into co-rotation. Finally, co-rotation with the
inviscid component is established over the mutual friction time scale.

In figure 7 the fluid motion inside the cone is plotted at T = 1. The viscous and
inviscid fluid velocities are plotted in panels (@) and (b), respectively. The shading
represents the magnitude of the angular velocities (in the rotating frame), where
dark represents zero and light represents unity (spin-up). The azimuthal velocity
is computed from (2.74) and (2.75) with boundary layer corrections (2.57)—(2.61)
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FIGURE 6. (Colour online) Spin-down curve of a cone (whose upper surface in not
rigidly connected to its base), following differential spin-up of the cone and base. Model
parameters are B=0.01, B =0, E=1x10"* p,=0.25 K,=1, K, =2, fo=1,
fio=—-0.5, £, =0.6 and 2, = 0.2 (£2,0 = 0.07). The upper and lower solid curves
(black online) represent the angular velocity of the upper and lower container lids,
respectively. The dashed (red online) and dot-dashed (blue online) curves represent the
angular velocities of the viscous and inviscid fluid components at r = 0.5, respectively.
The grey dotted line is the steady-state solution (4.3).

FIGURE 7. (Colour online) Slices of the meridional flow for the (a) viscous and
(b) inviscid components for the spin-down of the cone in figure 6 at v = 1. Poloidal
flow is clockwise on the upper right-hand side, anticlockwise on the lower right-hand side
and mirrored about the rotation axis in both panels. (@) Contours (from right wall down):
—0.15, —0.10, —0.05, 0.05, 0.10. (b) Contour —0.0004. The magnitude of the angular
velocity (in the frame rotating with the container) is shaded, where dark is zero and light
is unity (spun up).

in van Eysden & Melatos (2013). The contours represent the streamfunction for
the poloidal flow, and are computed from (2.76) and (2.77) with boundary layer
corrections (2.50)—(2.54) in van Eysden & Melatos (2013). Ekman pumping in the
inviscid component is weak because the fluids are coupled in the intermediate regime.
Figure 7 demonstrates the generality of the solution presented in van Eysden &
Melatos (2013); the velocity fields for both fluid components can be plotted for any
geometry and any motion of the container.

In all the cases presented in §4, the container angular velocity approaches a steady-
state value as T — oo. The steady-state angular velocity can easily be determined from
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the results derived in van Eysden & Melatos (2013). The time derivatives of (3.2) and
(3.3) imply that
Ju(00) =£i(00) = fos. 4.1)

Equations (2.74) and (2.75) in van Eysden & Melatos (2013) imply that
vl (00) = v, (00) = rfu, 4.2)

and hence the system tends towards rigid-body co-rotation. Upon substituting (4.1) and
(4.2) into (3.12) and assuming 2, is uniform, in terms of scaled variables we obtain

_ ﬁlOKl +ﬁ0Ku + KIKMQO
Ku + Kl + KlKu '

This steady-state solution is plotted as a thin horizontal dotted grey line in figures 5
and 6.

The initial angular acceleration of the upper and lower lids of the container can also
be calculated analytically. Because the initial spin-down rate of the container is related
directly to the superfluid parameters, these results are particularly useful for measuring
B, B, p, and E when they are unknown. Applications include potential laboratory
experiments (van Eysden & Melatos 2012, 2011), and measuring the properties of bulk
nuclear matter in neutron stars (van Eysden & Melatos 2010).

Evaluating the time derivative of (3.5) and (3.6) at T =0 we obtain

foo (4.3)

. K, T (0
Ji0) = Ko — 2280 + £y + e D (4.4)
5
” K Te.xl 0
(0) = —Ki(fio — 2,0)[Z40) + Z10)] + ;fgl/(z) 4.5)

The functions g*(0) depend on J,;, and hence B, B, p,. In the weak coupling regime,
Ju1 = p,H,,;, and (4.4) and (4.5) are independent of B and B'. In the classical limit
J.s = H,; and (4.4) and (4.5) depend on the geometry, moment of inertia of the
container and the initial conditions 7%(0), f,, and $£2,.

5. Response to an external torque

We now investigate the response of the container with some simple external driving
torques. Two cases are considered: a constant and an oscillating torque.

5.1. Constant torque

The spin-down of containers subject to a constant external torque has many
applications, including laboratory experiments that have friction in the apparatus
(Tsakadze & Tsakadze 1980), or neutron stars, where the solid crust experiences
an electromagnetic braking torque (Lyne & Graham-Smith 1998). In this section we
consider containers subject to a constant external torque 7% = Tj.

In figure 8 we plot the spin-down of a one-piece spherical container following
an impulsive acceleration with 7y = —0.023. The mutual friction coupling is in the
intermediate regime, with BE~'/2 =1. A value of K =1 is chosen so that the time
scale for the container response is comparable to the mutual friction and Ekman
time scales. The container and fluid undergo a transient response before settling in a
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FIGURE 8. (Colour online) Angular velocity versus time for a sphere subject to a constant
external torque, following impulsive acceleration. Model parameters are B=0.141, B'=0,
E=0.005, p,=0.25, K=1 and £2,0 = £2p=0. The solid curve (black online) represents
the angular velocity container. The dashed (red online) and dot-dashed (blue online) curves
represent the angular velocities of the viscous and inviscid fluid components at r = 0.5,
respectively. The black dashed curve is the asymptotic result (5.1).

stationary state as T — oo, in which the container and interior fluid components spin
down at a constant rate. In the transient phase, both fluid components spin up briefly
before beginning to spin down. In the stationary state, the container is lagged by the
viscous component of the fluid, which is in turn lagged by the inviscid component.
The lag between the viscous component and container depends on the viscosity, while
the lag between the viscous and inviscid components depends on the mutual friction,
i.e. for strong mutual friction the components are coupled. The fluid components do
not undergo rigid-body rotation, but continue to spin down via Ekman pumping.

In figure 9 we plot the flow inside the sphere at t =1 (a, ) and in the stationary
state, where © = 15 (c, d). The viscous and inviscid fluid velocities are plotted in
panels (a, ¢) and (b, d), respectively. The angular velocities are shaded, where lighter
(darker) means that the angular velocity is higher (lower). In panels (a, b) the angular
velocity is plotted with respect to the initial angular velocity of the fluid, while in
panels (c, d), it is plotted with respect to the angular velocity of the container (see
figure 8). In panels (a, b), both fluid components rotate more slowly than the container.
The poloidal flow is clockwise because the fluid is spinning up. In panels (c, d),
both fluid components rotate more quickly than the container and the poloidal flow
is anticlockwise because the fluid is spinning down.

A useful analytic solution to (3.13) can be obtained in the asymptotic regime, when
the container is decelerating linearly. Assuming the angular velocity of the container
has the form

ﬁt(f) :foo+O(T, (5.1)

as T — oo, the velocity of the fluid components is found using (2.74) and (2.75) in
van Eysden & Melatos (2013). We obtain

a(hu+hl)
U,I,¢(T)=7’ [foo - 7"14_'_][ —I—ar} ,

I _ _ hlt+hl Iu +]] _ 1:| }
v(z)(r)_r{f(>o o [Ju+fz+ﬂ(fu+fz) 5 +at ;. (5.3)

(5.2)
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FIGURE 9. (Colour online) Slices of the meridional flow for the viscous (a, ¢) and inviscid
(b, d) components for intermediate coupling (BE~"/?>=1). (a, b) Snapshots at T =1 where
the poloidal flow is clockwise with streamfunction contours (a) —0.01, —0.025 and
(b) —0.0008. (c, d) Snapshots in the asymptotic regime v =15 where the poloidal flow is
anticlockwise with contours (¢) 0.1, 0.2, 0.3, 0.4, 0.5 and (d) 0.0005. The magnitude
of the angular velocity is shaded, where lighter (darker) means the angular velocity of the
fluid is higher (lower).

Substituting (5.1) into (3.13) gives

1 21K« R hu+h1 Iu+11 1
o= —— 14+ Q20K + /drr3hu+h [ + ——]}, 5.4
% +K{ 0 L Jo ( 2 J.+Jd,  BU.+Jd) B (5-4)

KT,

= 5.5
YTLEP1+K) (5-5)
Equations (5.1), (5.4) and (5.5) are a solution to the governing equations (3.13), (2.74)
and (2.75) in van Eysden & Melatos (2013). For a decelerating torque, 7 and « are
negative. This result is useful for verifying numerical calculations, e.g. it is plotted as
a thin dashed line in figure 8.

5.2. Oscillating cylinder

In this section, we consider a rigid cylindrical vessel (whose top and bottom halves
are locked together) filled with superfluid and spun up to a constant velocity §2.
This steady state is then perturbed by applying an external oscillating torque of the
dimensional form

T =ie QI Aes, (5.6)
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In the absence of a hydrodynamic torque, (5.6) drives the cylinder with angular
velocity in the laboratory frame £2 4+ e2Ae“'; see (3.1). In dimensionless form (5.6)

18
T =iw,E'* ;A" /K. (5.7)

In a cylinder, h,(r) = h(r) = 1 and hence (2.6)-(2.9), (3.9) and (3.10) are
independent of r. We drop the u, [ subscripts as the container is symmetric.
Equation (3.13) has the following solution:

F@) = (fy —foo — C = D) exp(@;,7) + Cexp(@_1) + Dexpliont) +fo,  (5.8)

where

2 h 2 h h
_ erK[,B(fo — QO) + w_ (fO - QnO)]

5 1/2
wi:_1<ﬁ+f+ﬂ<>i{[l<ﬁ+l+ﬂ<ﬂ _M} 659

C
(1.+ K)p(owy —w_)
iw A K(w_ + B) _ (5.10)
(1+K)B(@, — w_)(@- —iw)
_ Jot+KS$2y—A
o= hifh 2, (5.11)
b Alw_ —iwy) (wy — iwy) (5.12)

(@_ — i) (@) —iwy)

Equation (5.8) can be verified by substitution into (3.13). The exponents w. reduce
to w. when K — 0, i.e. for an infinitely heavy container. Equation (5.8) resembles the
general motion of a driven, damped, simple harmonic oscillator. The first two terms
are the complementary solutions — the free response, which dies away on natural time
scales. In (5.11), f is a result of our choice of rotating reference frame, which does
not coincide with the angular velocity of the midpoint of the oscillation. The last
term is the driven response and corresponds to the long-term oscillation. The damping
in the system is a result of the viscous forces and the dissipative component of the
mutual friction force (with coefficient B). At T =0 the amplitude of the oscillation is
given by f;, and the angular velocity of the total fluid flux is 72, in the rotating frame.
In contrast to the harmonic oscillator, the initial angular velocity of the container is
related to the driving torque. Evaluating the derivative of (3.13) at 7 =0, we obtain

F(0) =K (2.0 — f)&"(0) + iw,A. (5.13)

In figure 10, we plot the solution (5.8) for w,=4n, K=10 and p,=0.25. Panel (a)
has B=B' =1, while panel (b) has B=B' =E'?, for E=0.0001, A=0.5 and fy=1 in
both panels. In each case, we see a transient decay over the characteristic time v =1,
corresponding to the Ekman time. In panel (a) this decay is more rapid than in panel
(b), where the mutual friction is weaker. At large 7 the system relaxes to a steady-state
oscillation at frequency w,, centred at f,,. The phase and amplitude of the oscillation
are dependent on the driving torque and the fluid variables. This relationship can be
determined from (5.12). For the amplitude we obtain

@+t @i t+e?) ]

D| =
at (i + @2) (0] + ©?2)

(5.14)
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FIGURE 10. Amplitude of oscillation of a rotating cylinder in response to a driving
torque at w; = 4w with K =10, p, =0.25 and E = 0.0001, with (¢) B=B =1 and
(b) B=B =E'>

while the phase lag 6 is given by

tanf = arg (D)
_ a)d{ws(a), to,—w_—ow)+ v (- +o,;) oo (o-+ o)l

i+ i(m_ +o ) o to) —wo, —T D) +o_TLo_ 0,
(5.15)

In figure 11, we plot the phase lag (a, ¢) and oscillation amplitude (b, d) against
the driving frequency for three separate cases: strong coupling B = B’ = 1 (solid),
intermediate coupling B = B’ = E'/? (dashed) and weak coupling B = B' = E (dot-
dashed). Panels (a, b) have K = 10, while panels (c, d) have K =0.1. The remaining
parameters are taken to be E=0.0001 and p, = 0.25. Panels (a, ¢) indicate that the
phase lag vanishes as w;, — 0 and w, — 00, and typically reaches a maximum in the
neighbourhood of w,; =1, or @} = E'"?$2 in terms of dimensionless variables. For a
fluid with an unknown viscosity, the driving frequency may be ‘tuned’ to this natural
‘resonance’ to extract the Ekman number, and hence the viscosity.

In figure 11(b, d), we plot the amplitude of the cylinder motion as a function of
driving frequency. The amplitude of the response varies from A/(1 + K) when w,; <
1 to A when w; > 1. The transition between these two states coincides with the
maximum in the phase. When there is one peak the amplitude increases in a single
step, and when there are two peaks the amplitude increases in two distinct steps.
Comparing the upper panels with the lower panels, we note that the phase shift and
the change in oscillation amplitude are more pronounced when K is larger (a, b). The
effects shown in figure 11 are most pronounced for K ~ 10 and do not significantly
increase for higher K.

The phase and amplitude response of the container can be used to constrain the
transport coefficients and density fraction of the superfluid. Consistent with the
findings in van Eysden & Melatos (2013), the response of the system depends on
how strongly the superfluid components are coupled. When B=B'=1 (solid curves),
one maximum is observed. Expanding (5.15) in large B = BE~'/2, this occurs at
approximately

(5.16)

wg~J(1 +K)2 {1 + (J/;I)}
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FIGURE 11. (Colour online) (a, ¢) Phase and (b, d) amplitude response of a cylinder
with (a, b) K = 10 and (¢, d) K = 0.1 subject to an oscillatory driving torque. The
curves correspond to strong (B =B’ = 1; solid, black online), intermediate (B =B = E'/?;
dashed, red online) and weak coupling (B =B’ = E; dot-dashed, blue online). We choose
E=0.0001, p,=0.25 and A=0.5.

to order B~!. At this maximum, the phase and amplitude are given by

K P ~DQ+KY
_ A JUJ —-DHK
ID| = WL {1 52 ] : (5.18)

both of which are weakly dependent on B, B’, E and p,. To leading order, changing
the fluid parameters only shifts the maximum left or right; there is no change to the
size or shape of the peak. Therefore, when the superfluid components are strongly
coupled, there is only one measurement with which the fluid parameters can be
constrained, namely w,. This strong coupling case is the most relevant to helium II
above ~1 K, where B and B’ are of order unity and there is a non-zero amount of
normal component.

As B and B’ are decreased, a second maximum is present. Applying Descartes’ rule
of signs to the derivative of (5.15), it can be shown that there will be two maxima
(and one minimum) approximately when

BE™'? < i{[sa +Kp) + (1= p)"1"? = (1= po)}. (5.19)

For intermediately and weakly coupled superfluid components, the driving frequencies
at which the maxima occur do not have a concise analytical form. Finding the location
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of the maxima and minima in the limit § < 1 is also problematic because two of
the three solutions are zero to leading order and possess singularities at order 8 in
their series expansion. The remaining solution, corresponding to the maximum with
the largest w,, is

(1 - 1011)(2 + an)2
~ 1+ p,K)'"? 1-F 5.20
wg~ (1+ p,K) [ T (5.20)
to order 8. The phase and amplitude for this maximum are
K 1 —p)Q2+ p.K)?
and — Pn B — pu) (2 + puK) ’ (5.21)
2(1 + p,K)'/? 2(1 + p,K)?
K —p,) 2+ p.K
D] = _ BeaK(A = pn) (2 + puK) ’ (5.22)
1+ p,K)'72 2(1 + p.K)?

which depends strongly on p,, but is weakly dependent on B, B’ and E, as f is
small. The results (5.16)—(5.22) can be used in conjunction with amplitude and phase
measurements of an oscillating cylinder to constrain B, B’, E and p,, in principle.

6. Conclusions

The self-consistent coupled response of a superfluid and its container to an
impulsive acceleration has been calculated for the first time. The container responds
to the hydrodynamic torque exerted by the superfluid and an arbitrary external torque.
The theory describes containers of arbitrary shape, including those in which the top
and bottom halves can rotate separately. Angular momentum is conserved overall,
unlike in the classical spin-up problem (Greenspan & Howard 1963; Pedlosky 1967;
Abney & Epstein 1996), where the rotation of the container is prescribed.

When there is no external torque, and the container is light compared with the total
amount of fluid, the spin-down time 7, is shorter than the Ekman time and weakly
depends on E and B. But 7, depends strongly on E and B when the container is heavy.
Containers that are shorter (measured along their rotation axis) have shorter 7. When
the viscous and inviscid fluid components are initially differentially rotating, the spin-
down of the container can be non-monotonic, ‘overshooting’ its asymptotic value.

Two external driving torques are considered: a constant torque and an oscillating
torque. Under a constant torque the long-term angular velocity of the container
is linear in time, where the viscous component lags the container and the inviscid
component lags the viscous component. An exact solution is derived for an oscillating
torque, where the oscillation amplitude of the container is largest when driven on
the Ekman time scale and when K ~ 10. The phase and amplitude response of the
cylinder can be used to constrain the transport coefficients and density fraction of the
contained superfluid, in principle.

The results derived have many applications, including pulsar astronomy (van
Eysden & Melatos 2010) and terrestrial He II experiments (van Eysden & Melatos
2012, 2011), which are discussed in companion papers.
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Appendix A. Approximate and exact analytic solutions

The analytic solution (5.8) has many applications. We present some useful forms
here.

A.1. Weak and intermediate mutual friction

In many applications, such as pulsars, the superfluidity coefficients satisfy E'? <
B, B« 1. In this limit, the exact solution in a cylinder (5.8)—(5.12) with no external
torque reduces to

J = p,H, (A
I =H, (A2)
o, = _M’ (A3)
w_ = —B, (A4)
C - Hp,K(820 — $2,0) (A5)

A.2. Approximation for a sphere

When the mutual friction is weak E'/?> < B, B' < 1, (5.8) can be used to approximate
the spin-down of a sphere. Approximating

20h
H=— (A6)
7
and using the definitions (A 1)-(AS5), (5.8) is a good approximation for Kp, ~ BE~

This solution matches the exact solution to <1 % for BE~'/* > 10°.

1/2

A.3. Classical fluid

For a one-component Navier—Stokes fluid, one has B=B"=0, p,=1 and £, = $2.
Therefore I=J=H, w_=p=0 and w, = —H/h. Equation (3.13) reduces to

f@) = -K / dt' i (x — D)
0

—f—KgA(T)QO—f—l—{—/ dt'T* (7)), (A7)
0
with
R
() = Bkl / dr Ph(e /" — 1), (A 8)
I Jo
() = 0. (A9)

For the solution in a cylinder, (5.9)—(5.12) reduce to w_ = 0 = B and w, =
—H(1+K)/h.
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