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This paper considers estimation of a sample selection model subject to condi-
tional heteroskedasticity in both the selection and outcome equalitiesform

of heteroskedasticity allowed for in each equation is multiplicatared each of

the two scale functions is left unspecifiedl three-step estimator for the param-
eters of interest in the outcome equation is propo$ée first two stages involve
nonparametric estimation of the “propensity score” and the conditional interquar-
tile range of the outcome equatiorespectively The third stage reweights the
data so that the conditional expectation of the reweighted dependent variable is
of a partially linear formand the parameters of interest are estimated by an ap-
proach analogous to that adopted in Ahn and PowkEIB3 Journal of Econo-
metrics58, 3—-29. Under standard regularity conditions the proposed estimator is
shown to bevn-consistent and asymptotically normahd the form of its limit-

ing covariance matrix is derived

1. INTRODUCTION AND MOTIVATION

Estimation of economic models is often confronted with the problem of sample
selectivity which is well known to lead to specification bias if not properly
accounted forSample selectivity arises from nonrandomly drawn samplagh

can be due to either self-selection by the economic agents under investigation
or to the selection rules established by the econometritiaiabor economics

the most studied example of sample selectivity is the estimation of the labor
supply curvewhere hours worked are only observed for agents who decide to
participate in the labor forceeExamples include the seminal works of Gronau
(1974 and Heckmar{1976 1979. It is well known that the failure to account

for the presence of sample selection in the data may lead to inconsistent esti-
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mation of the parameters aimed at capturing the behavioral relation between
the variables of interest

Econometricians typically account for the presence of sample selectivity by
estimating a bivariate equation model known as the sample selection model
(or, using the terminology of Amemiyal985 the type 2 Tobit modegl The
first equation typically referred to as the “selection” equatjaelates the bi-
nary selection rule to a set of regressdrbe second equatiomeferred to as
the “outcome” equatiarrelates a continuous dependent variahlkich is only
observed when the selection variable jsdla set of possibly different regressors

Parametric approaches to estimating this model require the specification of
the joint distribution of the bivariate disturbance terfine resulting model is
then estimated by maximum likelihood or parametric “two-step” metholis
approach yields inconsistent estimators if the distribution of the disturbance
vector is parametrically misspecified afud conditional heteroskedasticity is
present This negative result has motivated estimation procedures that are ro-
bust to either distributional misspecification or the presence of conditional het-
eroskedasticityPowell (1989, Choi (1990, and Ahn and Powell1993 propose
two-step estimators that impose no distributional assumptions on the distur-
bance vectgrbut none of these are robust to the presence of conditional het-
eroskedasticity in the outcome equatiditernatively Donald (1995 proposes
a two-step estimator that allows for general forms of conditional heteroskedas-
ticity but requires the disturbance vector to have a bivariate normal distribu-
tion. Chen (1999 recently relaxed the normality assumption but still requires
joint symmetry of the error distributioh

Given the observed characteristics of some types of microeconomicsdata
as differing variability across agents with differing characteristesl also em-
pirical distributions exhibiting asymmetry afar tails thicker than would be
consistent with a Gaussian distributirit appears important to address the
issues of both heteroskedasticity and nonnormé&gymmetry simultaneously
This paper attempts to do so by considering a model that exhibits nonparamet-
ric multiplicative heteroskedasticity in each of the two equatidrss allows
for conditional heteroskedasticity of general forms and does not require a para-
metric specification or a symmetric shape restriction for the distribution of the
disturbance vector

In this paper we show thafn-consistent estimation of the parameters in the
outcome equation is still possible with the presence of nonparametric multipli-
cative heteroskedasticitpur estimation approach involves three stagédse
first stage concentrates on the selection equagstimating the “propensity
scores” introduced in Rosenbaum and Rufdifi83. In the second stag@on-
parametric quantile regression methods are used to estimate the conditional in-
terquartile range of the outcome equation dependent variable for the selected
observationslt will be shown that the conditional interquartile range is a prod-
uct of the outcome equation scale function and an unknown function of the
propensity scoreThis fact implies that when the dependent variable and regres-
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sors are reweighted by dividing by the conditional interquartile ratigeecon-
ditional expectation of the reweighted outcome equation is of the partially linear
form that arises in homoskedastic sample selection mo8eise the nonpara-
metric component of the partially linear model is a function of the propensity
score the first-stage estimated values can be used in combination with the re-
weighted values to estimate the parameters of interest in a fashion analogous to
the approaches used in Ahn and Pow&#93, Donald(1995, and Kyriazidou
(1997.

The rest of the paper is organized as followhe next section describes the
model in detail and further details the estimation proced8extions 3 and 4
detail the regularity conditions imposed and establish the asymptotic properties
of the estimatqgrrespectively Section 5 concludes and suggests topics for fu-
ture researchlhe Appendix collects the proofs of the asymptotic arguments

2. HETEROSKEDASTIC MODEL AND ESTIMATION PROCEDURE

We consider estimation of the following model

d = 1[uw)— oy(w)v;, = 0], (2.1)
Yi = diyi = di- (X Bo + 02(X)€), (2.2)

whereB, € N9 are the unknown parameters of interestw; are observed
vectors of explanatory variablgsvith possibly common elementsu (w;),
o1(W;), o5(x;) are unknown functions of the explanatory variablasd v;, ¢;
are unobserved disturbanceghich are independent of the regressors but not
necessarily independent of each othére observed dependent varialdein
the selection equation is binarwith 1[-] denoting the usual indicator func-
tion, and the dependent variable of the outcome equatians only observed
when thed;, = 1.

Of interest is to estimatgB, from n observations of a random sample of the
quadruple(d;, y;,w/, x{)’, where’ denotes the transpose of a vecldle show
in this paper that/n-consistent estimation ¢, is possible and we propose a
three-step estimator that achieves this rate of converg@iheefollowing three
sections discuss each of the stages in detalil

2.1. First Stage: Kernel Estimation of the Propensity Score

The first stage estimates the probability of selection conditional on the selec-
tion equation regressar&ollowing frequently used terminologyve refer to
these conditional probabilities as “propensity scdr¥ge denote the propen-
sity score as

— p(w) = P = 1w = F W)
pizp(wi)_E[di|Wi]_P(di_1Wi)_FV<O_1(Wi)>’ (2.3)
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whereF, (-) denotes the cumulative distribution functiénd.f.) of the random
variablev; and is assumed to be strictly monotarioting that the propensity
score is merely a conditional expectatioghcan be estimated using nonpara-
metric methods for estimating the conditional meBenoting the estimated
value byp;, we consider the Nadaraya—Watson kernel estimator

W, _Wi
2de< : )
_ j#i hln
j#i hln

whereK(-) is a kernel function antl,, is a “bandwidth” converging to 0 as the
sample size increases to infinitdditional conditions imposed oK(-) and
hy, are discussed in the section detailing regularity conditions

(2.4)

2.2. Second Stage: Nonparametric Estimation
of the Conditional Interquartile Range

In the second stageve turn attention to the outcome equati@pecifically we
estimate two conditional quantile functiariset z; denote the vector of distinct
elements of the vectdaw;, x{)'. For a fixed numben € (0,1), we denote the
conditional quantile function as

qa(zi) = Qa(yi |dl = 1’ Xi)5 (25)

where Q,(-) denotes thex quantile of the distribution ofy; conditional on
d; =1 andy;. This quantile function can be estimated using nonparametric meth-
ods on the subsample of observations for whichk= 1. Although there exist
various nonparametric estimation procedures in the literatueeadopt the lo-
cal polynomial estimator introduced in Chaudh@®91a 1991b, which is also
used as a preliminary estimator in Chaudh@oksum and Samaroy1997),
Chen and Khari200Q 2001), Khan (2001), and Khan and Powell2001). We
first introduce some new notation that will help facilitate a description of the
local polynomial procedure

First we assume that the regressor ve@omwhose distribution function we

denote byF,(-), can be partitioned a&'®, z'®), where thekqsdimensional
(c)

vectorz'® is discretely distributed and tHe-dimensional vector'® is con-
tinuously distributed

We let C,(z) denote the cell of observation and leth,, denote the se-
quence of bandwidths that govern the size of the.detir some observa-
tion z, j # i, we letz; € C,(z) denote tha1zj(ds> = 7% and zj(C> lies in the
k.-dimensional cube centered &’ with side lengthh,,,.4

Next, we let ¢ denote the assumed order of differentiability of the quantile

functions with respect tzi(c), and we letA denote the set of ak.-dimensional
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vectors of nonnegative integebs, where the sum of the components of each
b, which we denote byb,], is less than or equal t6. We order the elements
of the setA such that its first element correspondq bp] = 0, and we lets(A)
denote the number of elementsAn

For anys(A)-dimensional vectoE, we let 5, denote itslth component
and for any twaos(A)-dimensional vectors, b, we leta® denote the product of
each component dd raised to the corresponding componentofinally, we
let|[-] be an indicator functigrtaking the value 1 if its argument is true and 0
otherwise The local polynomial estimator of the conditioneth quantile func-
tion at an observatiom, involvesa-quantile regressiofsee Koenker and Bas-
sett 1978 on observations that lie in the defined cellszf Specifically let
the vector

A
]

=/
—

(s(A))

(E(l), E(z),...

minimize the objective function

n s(A)
2 dl [Zj € C\(z)]p. <yj - 2 E(I)(Zj(C) - Zi(c))b' >, (2.6)
j=1

=1

where we recall thap,(-) = a|-| + (2a — 1)(-)I[- < 0]. The conditional
quantile estimator that will be used in the first stage will be the valye

A computational advantage of using this estimator is that its evaluation can
be carried out by linear programming techniguefiereby a solution can be
reached in a finite number of simplex iteratiossnce the objective function is
globally convexthe solution found is guaranteed to be a global minimizer

The second stage of the estimation procedure involves this local polynomial
estimation procedure of the conditional quantile functitrtwo particular quan-
tiles, 0 < a; < a, < 1.5 From these two estimatqra/e can estimate the con-
ditional interquartile rangedefined as

AQ(2) = Gy,(2) =~ u,(2). (2.7)

We letAq(z) = q,,(2) — G,,(2) denote the second-stage estimator

2.3. Third Stage: Reweighting and Estimation
of a Partially Linear Model

The third-stage estimator is based on the relationship between the propensity
score estimated in the first stage and the conditional interquartile range esti-
mated in the second stagehis relationship arises from the result that the con-
ditional distribution function of the outcome equatjgiven the selection variable

is 1 and the regressqrsan be expressed as a function of the propensity $core
That is
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Ple, =c|d =1z =2) = P(g =cly; = u(W,) /oy (W,),Z, = 2) (2.8)
= g(c, u(w)/o(w)) (2.9)
= H(c, p), (2.10)

whereg is the unknown conditional distribution function gfgiven the event
involving »;, p = P(»; = w(w)/o(w)) = F, (u(w)/o(w)), and the last equal-
ity is based onu(w)/o1(w) = F, *(p).” It immediately follows that any func-
tional of this conditional distribution function can be expressed as a function of
the propensity score

The third-stage estimator is based on three such functioRalst, we note
that

0o,(Z) = X{ Bo + 02(X)Q,,(€1di = 1, 7) (2.11)
=X/ Bo T 2(X) A, (D), (2.12)

where the second equality results from the established result that the condi-
tional quantile ofe; depends omw; only through the propensity scopg, with
A,,(+) denoting the unknown selection correction functi@mmilarly we have

Os,(Z1) = X Bo + 02(X) A, (). (2.13)
Letting AA(p;) = A,,(Bi) — A,,(p;), we now have
Aq(z) = ao(%)AA(p). (2.14)

This result will prove very useful when combined with the more conventional
selection correction equation

Elyild =1z]=XBo+ 02(x)A(p), (2.15)

whereA(p;) = E[€|d; =1, z]. We notice that2.15) has a similar form to the
conditional expectation in Donal@l995. Following a similar approachwe
now combine(2.14) and(2.15). Define the transformed variables

Y
Yi - Aq(zi)’ (216)
% = — (2.17)
Aq(z)
and define
- Alp)
A(p) = AP (2.18)
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Then we have the following relationship
¥ =E[y]d=12]1=%Bo+ A(p). (2.19)

This now looks like the partially linear form of the conditional expectation func-
tion in the homoskedastic sample selection moAskuming the value$;, X
were observed for the selected observatioves could estimatg@, by the same
procedure used in Ahn and Powé11993.2 The idea behind their procedure is
that for a pair of observationindexed byi, j, if p; = p;, then by differencing
the conditional expectationse have

AF; = A% Bo, (2.20)

whereAg; = % — % andAy; =¥, — §;. As pointed out in Powel{1989 and
Ahn and Powell(1993, if p; is continuously distributgdsuch ties wherg; =
p; will occur with probability Q making it impossible to translate the condition
in (2.20) into a feasible estimator g8,. Nonethelessif the function A(-) is
smooth then first differencing can be applied to pairs wheres close top;,
resulting in(2.20) holding approximately

This suggests an estimator based on weighting across pasigning rela-
tively large weight to pairs of observations for which the propensity scores are
close and relatively low weight to pairs of observations for which the propen-
sity scores are far apaif §; andx; were observedone could follow Ahn and
Powell (1993 and assign kernel weights to pairs of observations based on the
distance between their estimated propensity scdreis would lead to an in-
feasible weighted least squares estimator of the form

. B — B , -1 Pi =B
i#) 3n

i#] 3n

A
i

wherek(-) is a kernel function assigning weights to pairs dng is a band-

width converging to 0 as the sample size increasasuring that in the limjt

only pairs with identical propensity score values are assigned positive weight
This estimator is infeasible because the valyeg; are not observedHow-

ever a feasible estimator is immediately suggest®dce the second stage of

the estimation procedure can be used to construct estimatgrsipés follows

s Y
%= M)
%= —
' A4(z)

So we can define the third-stage estimator as

. — D -1 . — D,
ﬁA: <ET|’TJd|d]k<plh pJ>A§IJA§|]> ETIT]dIdJk< plh pl)AiuAﬁll,

i#] 3n i#] 3n

(2.22)
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where the trimming functiong = 7(z) are incorporated in the estimat®hese
functions trim away observations for whiehlies outsideZ, a compact subset
of 9K, to ensure that only precise estimators of the conditional interquartile
range are used

We conclude this section by commenting on some important issues regard-
ing implementing our procedure in practice

Remark 21. Our procedure requires the choice of multiple smoothing pa-
rameters by the econometriciakithough rate conditions on these parameters
are given in the following sectigrthey give no indication on how to select
values for a given samplélowever the semiparametric literature provides many
guidelines for smoothing parameter selection when estimating nonparametric
components of the modeFor exampleh,, may be selected by adopting data
driven approaches that accommodate prespecified rate condiacis as pro-
posed in Chen and Khg2000 and Khan(2001). Also, the parameterk,,, and
hs, may be selected by the cross validation procedures mentioned in Ahn and
Powell (1993 and Chen and Kha(003.

Other parameters that are at the discretion of the econometrician are the quan-
tile pair a4, a» and the trimming functionFor the quantile pajrit was men-
tioned that one natural choice would bg = 0.25, a, = 0.75. However as
detailed in the next sectipthe asymptotic variance of our estimator depends
on the choice of quantile paifhe expression for this asymptotic variance can
provide some insight on pair selection for maximizing asymptotic efficiency
which would involve a trade-off between having the quantiles as spread out as
possible and having them away from the extrenvelsere they are estimated
imprecisely Expanding on this pointefficiency can be further improved by
combining various estimators ¢f, that are based on various quantile pairs
perhaps by extending the generalized method of mom@&it&M ) framework
suggested in Buchinsk§l998. Finally, we feel the choice of trimming func-
tion is not as important as the other smoothing parameteraming functions
are included primarily for technical reasoms help alleviate the common prob-
lem of imprecise nonparametric estimation in low density areagractice they
can simply be indicator functions that throw away observations where the re-
gressors take extreme values

Remark 22. Focusing on equatiof2.20), we consider the situation where
Bo includes an intercept ternm which case the first component wf, denoted
by x'?, equals 1 Therefore we have
1 1

AXiEO) = - .

a(X)AA(P)  oo(X)AA(pP)
We note that under homoskedasticity the preceding difference is 0 whenever
pi = p;, implying that our kernel-weighted regressor matrix will be singular in
the limit. However homoskedasticity is a testable restricti@amd if it cannot
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be rejected Ahn and Powe(l993 can be used to estimate the slope coeffi-
cients In this situation the intercept termwhich is of interest in the treatment
effects literaturecan be estimated separately by exploiting its “identification at
infinity” (Heckman 1990 as is done in Andrews and Schafgaii®998. On

the other handfrom standard results involving the estimability of a subset of
regression parametefsee e.g., Amemiya 1985, our estimator of the slope
coefficients will still be consistent under homoskedastjatyd if heteroskedas-
ticity is indeed presentour procedure will simultaneously estimate the inter-
cept term and slope coefficients at the paramenootn) rate

Remark 23. It is worth noting the similarities and differences our approach
has with the estimation procedure introduced in Carfd882 and Robinson
(1987 for the heteroskedastic linear model and in André®894) for the het-
eroskedastic partially linear modeIn their approachboth the dependent and
independent variables were weighted by a nonparametric estimator of a condi-
tional variance function that was based on residuals of the ordinary least squares
(OLS) estimator Unfortunately this generalized least squangsLs) type pro-
cedure cannot be applied hethis is because one cannot use existing estima-
tors such as those of Ahn and Powéll993 in a preliminary stage to get
“residuals’ because these estimators are generally inconsistent as a result of
the heteroskedasticity in the outcome equation

The following sections discuss the asymptotic properties of this three-stage
procedure

3. REGULARITY CONDITIONS

The conditions we need for developing the limiting distribution of the estima-
tor are similar to but more detailed than those required in Ahn and Powell
(1993.1° Because of the extra step of nonparametrically estimating the condi-
tional interquartile rangeadditional assumptions on both the bandwidth se-
quence used in the local polynomial estimator and the conditional distribution
of the residual associated with the two conditional quantile functions are re-
quired We first state the identification condition on which our estimation pro-
cedure is based

Assumption I(Identification. The distribution of the propensity scopehas
a density with respect to Lebesgue measwi¢gh density function denoted by
fo(+). Defining the following functions ofy:

fi = f,(pi),
m.i = El7ilpil,
Kai = ELT %P ],
Kroi = ELTi X X0,
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we require that the matrix
2xx = ZE[ p|2 fi (/-'Lri Moarxxi = Morxi :U“frxi)]
have full rank

We next impose the following conditions on the third-stage kernel function
used to match propensity score values and on its bandwidth sequence

Assumption K3(Third-Stage Kernel Function The kernel functiork(-) used
in the third stage is assumed to have the following properties

K3.1. k(-) is twice continuously differentiable with bounded second derivative and
has compact support

K3.2. k(-) is symmetric about.0

K3.3. k(-) is a fourth-order kernel

fu'k(u)du =0 forl=1,2,3,

fu“k(u)du #0.

Assumption H3 Third-Stage Bandwidth Sequencé he bandwidth sequence
hs, used in the third stage is of the form

hs, = czn 72,
wherec; is some constant andl € (3,%).

The following assumption characterizes the order of smoothness of density
and conditional expectation functians

Assumption SXOrder of Smoothness of Functions of the Propensity Score

S11. The functionsfy(-), E[7i|p; = -1, andE[7 %|p; = -] have order of differen-
tiability of 4, with fourth-order derivatives that are bound@the functionA(-)
is fifth-order differentiablewith bounded fifth derivative

We next impose conditions associated with estimation of the interquartile
range This involves smoothness assumptions on the conditional quantile func-
tions and on the distributions @f and the residuals associated with the quan-
tile functions

Assumption RD1(Regressor Distribution The regressor vector can be de-

composed ag = (2%, 2%y where thek.-dimensional vectoz® is contin-

uously distributed and thie;;-dimensional vectozi(ds) is discretely distributed
Letting f,@ @ (-|2%) denote the conditional density function Bf’ given
7\% = 7099 we assume it is boundethounded away from 0and Lipschitz

continuous onZ.
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Lettingf,ws (-) denote the mass function mﬁds), we assume a finite number
of mass points or£. Finally, we letf,(-) denotef; e zws (-[-) fzq4q(:).

Assumption S20rder of Smoothness of Conditional Quantile Functjons

S21. For all values ofz'®, the functionsq,,(-),q,,(:) are bounded anl, times
continuously differentiable with boundedi" derivatives with respect toz'®
on Z.

S22. The polynomial used for the second-stage quantile function estimators is of

orderMs.

Assumption CED(Outcome Equation Conditional Error DistributionThe
homoskedastic component of the outcome equation error, ynditional on
selection andz, denoted bye;|d, = 1, z, has a continuous distribution with
density function that is boundegositive and continuousfor all z; € Z.

Assumption H2(Second-Stage Bandwidth Sequence for Interquartile Range
Estimation. The bandwidth sequence used to estimate the conditional inter-
quartile range is of the form

ho, = Con7 73
wherec, is a constant angl, € ((6 + 2)/M,, (1 — 46)/3kc).

The final set of assumptions involve restrictions for the first-stage kernel
estimator of the propensity scorghis involves smoothness conditions on both
the propensity scorgg and the distribution of the regressors in the selection
equation and the rate at which the first-stage bandwidth sequence decreases
to Q.

Assumption RD2(Distribution of Selection Equation Regresspr3he
regressor vector in the selection equation can be decomposed &s
W', w®")" where thew,-dimensional vectow'® is continuously distributed
and thewy-dimensional vectowi(ds) is discretely distributed

Letting fyyw (-|w(®) denote the conditional density function wf®
given w'® = w(@ we assume it is bounded away from 0 amdon W, a
predetermined compact subset of the suppokt;of-ollowing Ahn and Powell
(1993, we redefined; to take the value 0 ifv; & W.

Letting fyy @ () denote the mass function mffds), we assume a finite num-
ber of mass points oW. Finally, we letfyy(-) denotefyy© s (-[-)fy@s(-).

Assumption PSOrder of Smoothness of Functions Involving the Selection
Regressois For eachw@ in the support ofv'”, p; andfy(-) are bounded
and continuously differentiable of ordét, functions ofwi(C), whereM; is an
even integer satisfyinil; > w./(3 — 26).

Assumption K1(First-Stage Kernel Function ConditipnThe kernel func-
tion K(-) used in the first stage is of bounded variatibas bounded support
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integrates to land is of ordemM,, where the order of a kernel function was
defined in Assumption K3

Assumption H1(Rate Condition on First-Stage Bandwidth Sequendée
bandwidth sequenchk,, of the first-stage kernel estimator of the propensity
score is of the form

hi, =cn™?,
wherec;, is some constant ang satisfies
1
yel L 6 °
2M;" w, )’

whereé is regulated by Assumption H3

Remark 31. These regularity conditions are quite standard when compared
to other estimators in the semiparametric literatdreey are very similar to
those required in Ahn and Powell993, and we state the important similari-
ties and differences here

(i) The identification in Assumption | is analogous to Assumptios B Ahn and
Powell (1993. As discussed in that papeawith the assumption of a linear index
in the selection equatiomn exclusion restriction is required for identification of
Bo. Specifically it is required that a component includedvin be excluded from
X;. We impose this exclusion restriction for the results in this paper as the special
case wherer,(-) =1 corresponds to the homoskedastic modéhough it may
be possible to identify the paramet@s without an exclusion restriction by the
“nonlinearity” induced by the presence of the scale functioresare not comfort-
able with requiring heteroskedasticity for identification without exclusion

(ii) Assumptions RD1S2, and CED which impose conditions on the regressors and
error term in the outcome equaticare generally not required for the homoske-
dastic model considered in Ahn and PowelB93. They are imposed here to
ensure uniform rates of convergence for the conditional quantile estimator used
in the second stage of our procedure

4. ASYMPTOTIC PROPERTIES

Here we briefly discuss the asymptotic properties of the proposed three-stage
estimation proceduré he first resultillustrated in the following lemmgestab-
lishes the asymptotic difference between the proposed estimator and the in-
feasible estimator that assumgsand X; are observed for observations with

d; = 1.* The details of the proof are left to the Appendix

LEMMA 4.1. Let B be defined as in equation (2.21), with the trimming
functionsr;,7; included. Then under the regularity conditions detailed in the
previous section,

https://doi.org/10.1017/50266466603196077 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466603196077

1052 SONGNIAN CHEN AND SHAKEEB KHAN

« « 120
B =B+ 3 N 2 i + 0p(N7H?) 4.1)
with
i = =27, di(fU2\2(0|Zi)7l(| [Vi =] — )
- (fu1|z(0|zi)7l(| [yi=au]— ay))
X AG i AP PE(Ki pri = M), (4.2)

where g;,q, denote g (z) and q,,(z), respectively, and.f,;, fy |z denote
the conditional density functions of the residuals associated with the condi-
tional quantile functions.

An immediate implication of this lemma is that the arguments developed in
Powell (1989 and Ahn and Powel{1993 can be used to derive the limiting
distribution of the feasible estimatgk. The limiting distribution is character-
ized in the following theorem

THEOREM 41. The feasible estimator ign-consistent and asymptotically
normal; specifically, we have

VN(B = Bo) = N(0, 358 00300, (4.3)
whereQ,, is the covariance matrix of the k-dimensional veglpeE ¢y + ¢y
with

i = 27 P f (R i — o) - (0 O+ A () (dh — ) (4.4)
with A’(-) denoting the derivative of(-) and g is the “residual”

G =¥ — X Bo— A(p). (4.5)

For the purpose of conducting inference we propose a consistent estimator
of the asymptotic variance matriXo estimate the componeBt, we propose a
standard “plug-in” estimator that replaces unknown values and expectations with
estimated values and sample averagespectively

. 1 P—p\ . .
Exx=—<27iﬂdidjk( Ih ]>MijM<iﬁ>' (4.6)
3n

n(in—1hg, \ 5

Estimation ofQ,, is more involvedbecause it involves the unknown selection
correction function and its derivativeé/e propose the following estimatavhich
is analogous to those found in Pow€1989 and Ahn and Powel(1993):

R 1. . . . .
Q= H _=El(¢1i + i) (g + 1), (4.7)
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Wherelzli = (z'lli + &12i with

=0\ . .
gy = 27,0, 2 70k > ) Ab; A%, (4.8)
h3n hSn
with Ad; = A§; — A%} B and where
lﬁlzi = Zfi(di - ) (4.9)

with
2 P — pj W =W 205
gi h3n%7'|7']d|d k' ( h3n >K< hln >AU|] AX“

{%K( hlnw‘ )]1 (4.10)

wherek’(-) denotes the derivative of the third-stage kernel function

Finally, to estimata/,; we require an estimator of the conditional density of
the quantile residuald.etting 0,; = d(y; — §;) denote the estimated residual
of the higher quantilewe propose a kernel estimator of its conditional density
function

Vni=1

fu,12(01z) = A : (4.11)
> dil[z € Cyl
=1

= En: dllz € Cni]lz<%)

whereKk(-) is a nonnegative kernel function with bounded support that inte-
grates to 1 and is continuously differentiable with bounded derivaiitie se-
guencey, satisfies the constraints

(logn)¥2(nhs) =2 + hik

vy

v,— 0, ny, — oo, — 0.

A similar estimator can be constructed for the density of the Iowe[ quantile
residual With these in hand we can construct the following estimatoy.of
oy = — 27,0 P ( fAuz\z(0|Zi)7l(| [Vi =G ] — @)

- fAul\z(o|Zi)_l(| [yi=0;]— a))agt

1 2 B — B s oA
X k|l — ) — 0, A% ). 4.12
< nh3n IZ:lTJ dJ k< h3n ) Ui 1 ) ( )
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The following theoremwhose proof is left to the Appendiestablishes the
consistency of the estimatar,! (), 3%

THEOREM 42. Under the conditions used to establish Theorem (4.1),
St Dot B S0, 3 (4.13)

5. CONCLUSIONS

This paper introduces a new estimator for a semiparametric sample selection
model that is consistent in the presence of multiplicative heteroskedasticity of
unknown form The estimation procedure involves three stage®s of which
are analogous to the steps taken in the estimators introduced in R6@8&9,
Ahn and Powel(1993, Donald (1995, and Kyriazidou(1997). The new esti-
mator is shown to converge at the parametric rate and has an asymptotic nor-
mal distribution

The work here suggests areas for future resedshwvas suggested would
be useful to formally construct a pretest for conditional heteroskedasticity to
see if the slope coefficients and the intercept term could be estimated simulta-
neously The effect of this pretesting procedure on the limiting distribution theory
developed here is also worth explorigso, one could consider imposing the
multiplicative structure to model heteroskedasticity in other bivariate mpdels
such as the type 3 Tobit modetlhere the selection equation now involves a
censoredinstead of binaryvariable

NOTES

1. Kyriazidou (1997 considers estimation of a sample selection model for longitudinal data
Her approach allows for cross-sectional heteroskedasticity and also for individual specific. effects
The purpose of our paper is to estimate the parameters of interest when only a cross-sectional data
set is available to the econometrician

2. For examplein his empirical analysis of female labor supplroz (1987) finds the dis-
turbance term in the labor force participation equation to have skewness and kurtotis levels that
are inconsistent with the normality assumption

3. The idea of modeling conditional heteroskedasticity through a multiplicative structure is
quite common in the econometrics and statistics literatuwrdoth applied and theoretical wark
See Chen and Khaf200Q 2003 and references therein for a list of examples

4. Here we have required an observation’s discrete component to match up exactly for it to
fall in a given cell However it is often the case that the finite-sample performance of nonparamet-
ric procedures can be improved by smoothing across discrete componengtsesidd and Racine
2000.

5. We note that any two quantiles may be used in this st&yee natural choice would be
a1 = 0.25, a, = 0.75 because the interquartile range is typically used as a quantile-based measure
of dispersion in practice

6. This result is based on the assumption of strict monotonicity of té. ©f the random
variabley;, the disturbance in the selection equation

7. This result was first used in the work of Ahn and Pow@®93, where the authors assumed
that the selection equation disturbance term was additively separable and distributed independently
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of the regressorf\lthough we relax their homoskedasticity assumptioe require additive sepa-
rability and multiplicative heteroskedasticity to express the distribution function as a function of
the propensity score

8. We note that any of the existing estimators for the partially linear madmih as in Rob-
inson (1988 and Andrews1991, 1994), could be used in this stage

9. This type of procedure is also used to estimate a heteroskedastic nonlinear regression model
in Delgado(1992 and Hildago(1992.

10. In this section we assume thap does include an intercept term to be estimatesl dis-
cussed in Remark.2 the intercept cannot be consistently estimated under conditional homoske-
dasticity though the slope coefficients can. fiéaus we are implicitly assuming that either conditional
heteroskedasticity is present or that the parameter of interest is thedastponents of3,.

11. We note that this result is in contrast to the results found in Caft®82 and Robinson
(1987) for the heteroskedastic linear regression model and in Andf&@@84) for the (partially)
heteroskedastic partially linear modelhere asymptotic equivalence is established for their GLS-
type procedures
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APPENDIX

To keep expressions notationally simpie this section we lety,;,dy; denoted,,(z)
andaq,,(z), respectivelyWe denote estimated values By, Q. For the second-stage
nonparametric procedureve let C,; denoteC,(z). Also, for any matrixA with ele-
mentsa;;, we let|A| denote(Z; ; af)Y?.

We begin by stating two uniform convergence resutiee for each of the non-
parametric estimators used in the first two stages of the estimation procddhese
uniform rates can be found in Ahn and Powéll993 and Chaudhuri et al(1997),
respectively

LEMMAA .1. (From Ahn and Powell1993 Lemma A1l). Under Assumptions RD2,
PS, K1, H1, and H3

sup|p(w) — p(w)| = Oy(n~ 3+, (A.1)
wew
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LEMMA A .2. (From Chaudhuri et 311997 Lemma 41). Under Assumptions RD1,
S2, H2, and CED,

sup|Aq§(2) — Aq(2)| = Oy((logn)*2(nhfs;) Y2 + hi2). (A.2)

zEZ

Before proceeding to the arguments used in the pweffirst state rates of conver-
gence for various terms that will arise in the prodhese rates arise directly from the
preceding two lemmas and also from Assumptions H1-\W& adopt the notation that
|- denotes the supremum over the set in question

a6, = Aalloo B = Pl = 0p(N72), (A3)
hga (nhsy)~¥4 = 0,(n~Y2), (A.4)

hzhoee = o(n), (A.5)

hz.hoiz = o(n~%?), (A.6)

han 0. — Gul% = 0p(n"2). (A7)

The proof of Theorem 4 is based on an asymptotically linear representation for
B — Bo. By (2.22), we have

B o= 835, "

where

Sox = n(n z hn 77,6, d k<%>“{u AX; (A.9)

and

Sy = n(n D > hat 77 g k( b pj>Af<u(A§7u — AKX Bo). (A.10)
= 3n

The following lemma establishes the probability limit of9A
LEMMA A .3. Under Assumptions |, K3.1, K3.2, H3, RD1, S2, H2, CED, RD2, PS,
K1, and H1,
S Sy (A.11)
Proof. Define

P — B
S(XZZTiTjdidth%nlk( h j)AX“AX,j

i#j 3n
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We first show that

Sic— Si = 0,(1). (A.12)
Letry =% — % andArp; = ryj — rni. We thus have

ARy AR) = ARy ARf + ARy Arjy -+ Ary ARG + Arg Ary.

We note thatAg; is bounded away from 0 on the support®f Noting thatk — % =

Xi(1/A¢; — 1/Aq;) we have by the bounds di(-) and the support of; and Assump-
tion H2 that

1T§ﬁ“rni I = Op(” 61— Gl + 162 — a2lo0)-

It thus follows by the bound ohk(-) that
S = Sox t Op(had (161 = Gule + 162 = Gollec)) = S+ 05(D),

where the second equality follows I#.7). This establishe$A.12). By the same argu-
ments of Lemma 3 and Theorem .2 in Ahn and Powel(1993 it follows that

S(x - Exx = Op(l)a
which concludes the proof n
We next derive a linear representation fgy. The following lemma establishes the

difference betweer&y and the analogous expression involving the true values of the
conditional interquartile range

LEMMA A 4. Under Assumptions K3.1, K3.2, H3, H2, RD1, S2, and CED,

N 12
S(y: S<y+a_2¢2i7
i=1

where

1 B b — f)j ,
Sky = m % Ti Tj d; dj h3n1k< han >Axij (Ayij - A5<ij Bo)
and

Yo = =27, di(fUZ\Z(O|Zi)71(I (Vi =] —ay) — (fulxz(0|zi)71(| [yi=aul—ay)

XAG AP PA(K oy — Mori)-
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Proof. We replace the firsA\f(ij in (A.10) with AX; and derive a linear representation
for

B — B . .
> 7iTdd h5n1k< h J>Axij [(AY; — AR} Bo) — (AY; — AX| Bo)]. (A.13)

n(n_l) i#] 3n

We note the preceding expression can be expressed as

P~ B 1 1 )
Py Er,qddhsnk< b )Axij<qu qu)(yj X/ Bo) (A.14)

1 L (BB 1 1 ,
_ m ;Ti’Tjdi dj hs, k< o >Axij <A_q, — A—ql)(y, X/ Bo)- (A.15)

We next linearize JAG; — 1/Aq; as

1 1
AT A )2 (A6 —Aq) +

AG  Aq (Ag AGag (A TAA)

1
AG A

It follows that the quadratic terms in this expansion egén~/?) by (A.7). Plugging
the linear term of the expansion int4.14) and(A.15) yields the expression

b =B
n(n—1) — > 7,70 G han k( h J>Axij AgH(AG — A (T — %/ Bo) (A.16)
i#j 3n
b= B
- n(n Y % 770 h3n1k< - ‘ >Axij AgH(AG — AG) (T — % Bo). (ALT)

Writing Ag; asqg, — g1, we have thatA.16) and(A.17) can be expressed as

B — B
m % 7,70 q h§n1k< Mo : )Axij A M0z — o) (%5 — %/ Bo) (A.18)
Bi— B
oy Snndd h3n1k< o ) )Axij A NGy — Gy (5, — X Bo)  (A19)

plus analogous terms involvindy;, ds;, ¢y, anddy;. We focus our attention ofA.18).

By a mean value expansion ok1k((p — p;)/hsn) aroundhg k((p; — p;)/han)
and the bound on the second momentsrafd;d,A%;(§; — X/ Bo) it follows that
ha-k((p — ;)/hsn) can be replaced with;*k((p;, — p;)/hsn) in (A.18) with a result-
ing remainder term that is

Op<h§n2 {22:1' B — ol — Oz ‘) = Op(n71/2)7

where the equality follows fronfA.3). Noting that we can replacé (§; — X/ B,) with
di(A(pi) + G;) in (A.18), where we recall that the, is a mean 0 residual terrave will
first show that
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P =B
E Ti T| ] h3nlk< h ]> Aql (QZI qzi)ui = Op(n—l/2)7 (AZO)
I#:J 3n
and we will then derive a linear representation for
6, stk 22 = X
nn—1) E 7; 7j 0; O Nz hy AR AGT (G — O AP (A.21)

To show(A.20), we use the local Bahadur representations for the local polynomial es-
timator established in Chaudhuri991a and Chaudhuri et ak1997. In our context
this can be expressed as

1 =1
Qi — O = hkc fu, 2(0,z) 2 Az € CilU [ V= iy] — @2) + Ry, (A.22)

where g3 ;, denotes the Taylor polynomial approximation @ for z close toz;,
fu,z(+,-) denotes the joint density function of the quantile residual andR,; is a re-
mainder term converging to O at a rate depending on the bandWdttysing the same
arguments as in Chen and Khe&2z00Q 2001), it can be shown that under Assumptions
RD1, S2 H2, and H3 that

sup ha |Ryill = Op(hat(nhks) ~2/4) = 0,(n~*/2),

zZEZ

where the second equality follows frofA.4). Thus to show(A.20), it will suffice to
show the asymptotic negligibility of the following third-ordekstatistic

1 Pi — B
S B 7 d d hytk
n(n—1)(n— 2) %km e < P, )
X (1Y = Bpein] — a2)fy, 200,z )71h2_nkcAXij del [z € Cy]0;. (A.23)

We next replaceq; ;, With gz By Assumption S2, this replacement results in
a remainder term that i©,(hsh}2), which is o,(n"%?) by (A.6). Let y; =
(Vi» Z{, Q15 Pi» Usi s Oy, 73, T )" Let Falxis xj» xx) denote the expression in the preceding
triple summation after this replacemetitfollows after a change of variables that

E[H]:n(»y)Hz] O(h3nlh )_O(n)

where the second equality follows frofA.5). We can thus apply the projection theo-
rem for U-statistics in Ahn and Powel1993. We note that

E[ﬁ(77)] = E[E(Xn’)] = E[]:n(7/\/17)] = E[:Fn(77/\/k)] = O’

where the last three terms denote expectations conditional ondasbnd and third
argumentsrespectivelyand the last term is O because of the presence .oiVe thus
have by Lemma A in Ahn and Powel(1993 that

1
YTy — izkfn(/\/i,)(ja/\’k) = 0,(n"Y2),

establishing/A.20).
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It thus remains to derive a linear representation(fo21). To do so we again plug in
the linear representation for the conditional quantile estimalts yields another mean
0 third-orderU-statistic after showing that the bias term is asymptotically negligible
We will let F3,( xi, xj» xx) denote the term in the triple summation of thisstatistic As
before we haveE[Fsn(+,-,-)] = E[Fan(xi,»-)] = E[Fan(-, xj,-)] = 0, and will derive a
linear representation for

1 n
EZE[f3n('1'9Xk)]' (A24)
k=1

Once againwe ignore the bias component of the nonparametric estigasoit con-
verges to O at the parametric rate will thus derive a linear representation for

10 _

n > A(1[ Yk = Goic] — a2) Ean(20), (A.25)
k=1

where

Ein(z) = JTi 7 AKjj hoael [z, € Cni]Aqufuz,Z(O’ z) *dF(z|p) dr(zlp,)

X A(p)pip f(p)f(p)dp dp.

To derive an expression fqA.25), we will again use Chebyshev’s inequalityince
each term in the summation has meame will show that

E[En(z)] = _fUZ\Z(O‘Zk)AqlzlfkaX( Pu) PE(Rie Morie = Morsil)- (A.26)

To do sq we make a change of variables in the definitior=af,(z¢). Using the change

of variablesu; = (z¥ — z'¥)/h,, andv; = (p, — p;)/han, by the dominated conver-

gence theorem
En(z) — kaTj(Xj - Xk)AQk_lfuz,z(Q z) tdF(z] p;) dF(z Ip)A(p)P? f(p)%dp.

ExpressionA.26) follows by noting thap; is a function ofz;. Thus we have shown that
(A.21) has the following linear representation

120 -
n > =7 fuy2(012) i (1Y = 0o ] — a) AGr i A(P)PA(Ri pyi — fhaxi) + Op(N~72),
-1

(A.27)

and identical arguments can be used to show that double summations involving
(G2; — Ozj), (Qu — i), and(Gy; — ay;) have analogous linear representatiocBembin-
ing these resultsve get that{A.13) has the following linear representation

1 n
n __21*277 di(fu,z(01z) (I [y = 0y ] — az) = fu 1 2(0[Z) H(I [y = gy ] — @1))

X AGT AP PR i — M) + Op(nfl/z)- (A.28)
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The remaining step involves showing that

1 ﬁi*ﬁj
—— S rrddhiik
TR (

)(Aiij — A% )(AY; — AR} Bo) = 0,(n"Y3). (A.29)

3n

This can be done by using similar arguments as befweve only sketch the details
First we note that we can replade k((p, — p;)/hsn) with h3*k((pi — pj)/han),
and the remainder term is asymptotically negligible as shown previols&ycan also
replace(A§; — AXj Bo) with (Ag; — AX; o), and the remainder terms are of order
(AG — Ag)? and(AG — Ag;)?, which are(uniformly) of orderoy(n~2). Thus we will
show

2 770 d h3nlk< PR )(Afzij — A% ) (AY; — AR Bo) = Op(nil/z)' (A.30)
n(n—1) % han
Note that we can replade\y; — A% Bo) with A(p;) — A(p;) + AG;. We also note that
we need only show negligibility of the term involvirgy — %; because the same argu-
ment can be used fat, — %. We can Writefq- — X as x,-(q,-*l — q,fl) and as before
linearize the difference and plug in the linear representation of the conditional quantile
estimatoy yielding a centered third-orddd-statistic plus a remainder term that is
0p(n~Y2). The term in theU-statistic involvingAG; is negligible by the same argu-
ments as used in showirig\.23). The term in the U-statistic invoIvin@(pj) —A(p)is
also negligible as a result of presence bgnlk(( P — P )/h3n), the smoothness assump-
tion on A(-) (Assumption S11), and the rate condition ohg, (Assumption H3. This
shows(A.30) and hencdA.29).

This proves the lemma and establishes the asymptotic difference between the feasible
and infeasible estimataras stated in Lemma. 4 |

The final step in deriving the limiting distribution of the estimator is to establish a
linear representation fd8,,. This is done in the following lemmavhose proof is omit-
ted because it follows from identical arguments used in the proof of Theorh(in) Df
Ahn and Powell(1993.

LEMMA A 5. Under Assumptions K3, H3, S1, RD2, PS, K1, and H1,

1.0
S(y_ . 2 Py = Op(nil/z)- (A.31)

ni=1

The limiting distribution in Theorem.4 now easily follows

Proof of Theorem 4.2. We note that the consistency b§, follows easily from Lemma
A.3. To show consistency di,, we first define/; as

G =270 (K i — o) DA (D).
We show the following lemma
LEMMA A .6. Under the assumptions,

suplZ; — &l = 0,(1).

7>0
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Proof. First we note that by standard results from kernel estimatim, Bierens
1987 the expression

12 W — W,

hyn

converges uniformlyin w;) in probability to the density o#v, fy(w;), so we focus on
the expression

1 pl - ﬁj W — W, ~ A
— d d k' K AUy AX; .
n2h§n \f/ﬁ 2‘1 b < h3n h1n K !

We decompos@é i AR as

A ARy — AR BoAR;

and decomposg accordingly Concentrating on the first term after this decomposition
we note that by the bounds d(-), K(.), the trimming functionsandx;, x; in the sup-
port of the trimming functionsand also by the moment conditions gny;, we can
replaceAfn,qu, with Ay A%, and the resulting remainder tertaniformly in i) is

(0] (h3n2h |0, — ule), Which by(A 3) and Assumptions H1 and K& o,(1). Simi-
Iarly, exploiting the result tha — Bo = Op(n~Y?) the second terminvolving
AR} BoM(u) can be replaced withhA % By AX;; W|th a resulting remainder term that is
uniformly oy(1). We can thus turn our attention to the expression

1 B — B W, — W, .
m%ﬂﬂ(hdk < h3n )K( hln >AU|]AX“.

We replacepy — p; with p — p;. Again exploiting boundednegthis time involving the
second derivative ok(-)) and moment conditionghis time the remainder term is uni-
formly O,(|lp — pll..hs2hi), which also iso,(1) by Assumptions H1 and H3and
Lemma Al. We are thus left with the expression

1 PR Wy — Wi\
$ E ’T| d| d k h K h AU" AX” .
in |1#j 3n 1n

We treatw; as fixed and multiply the preceding expressionrpyn — 1); we have a
second-ordelJ-statistic We note that the expectation of the squared norm of this
U-statistic isO(hz2h; %), which iso(n) by Assumptions H1 and H3hus by Lemma
A.3(i) in Ahn and Powell(1993, the U-statistic converges in probability to the ex-
pected value of the term in the double summation dividethfyn¥e. Working with this
sequence of expected valyéle usual change of variablesnd the bounded conver-
gence theorerrthe sequence of expected values convergesftg(w;). Furthermoreit
follows by uniform laws of large numbers fdy-statistics(seg e.g., Sherman 1994
that this convergence is uniform is. This establishes the lemma |
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Next we define
g = 27 Py (R pri — i) - (i G)
and
Yrai = 27D G (R i = ) (B X () (0 = ).

An immediate consequence of the lemmaing the uniform convergence pfto p;, is
that «ﬁm converges uniformly in to 5. We note that similarthough simplerargu-
ments used in Lemma.& can be used to establish the uniform convergence,gf
to ;. As a final step we show uniform convergenceysf to ;. We first show uni-
form convergence of,,(z) to fy, 2(z). Amean value expansion &f 0y /»,) around
k(uy /vy) yields a remainder term of ordef, 2|6, — da|.., Which is0,(1) by the con-
ditions onv, and Lemma A2.
Also, similar, though simplerarguments than used in Lemma6Acan be used to

establish uniform convergence of

1 2 =B\, .
— d k 5 AR
<nh3n,217“ ( P >”J )

to fiA(P))pi (X wri — moxi). The uniform convergence afy; to 4 then follows from
the uniform convergence q&, 4,2 to pi, 1, 02, respectively
It immediately follows that

10 . . . . 12
= 2 (i + b)) (g + )’ = n 2(‘/% + o) (hy + i)' + 0p(1).

ni=1

Thus by the law of large numbernse have(,, LN Q. Slutsky’s theorem then implies
Theorem 42, |
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