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Abstract Let R be an ergodic discrete equivalence relation on a Lebesgue space and
« its cocycle with values in a locally compact grogp We say that an automorphism

of R is compatible withe if it preserves the cohomology class ef We introduce

a quasi-order relation on the set of all cocyclesfotby means of comparison of the
corresponding groups of all automorphisms being compatible with them. We find simple
necessary and sufficient conditions under which two cocycles of a hyperfinite measure-
preserving equivalence relation with values in compact (possibly different) groups are
connected by this relation. Next, given an ergodic subrelafiasf R, we investigate

the problem of extending-cocycles up toR-cocycles and improve the recent results

of Gabriel-Lemaczyk—Schmidt. As an application we study the problem of lifting of
automorphisms ofR up to automorphisms of the skew prod®Rtx, G, provide new

short proofs of some known results and answer several questions Aidvi) ALMN 1.

0. Introduction

Let R be an ergodic discrete equivalence relation on a standard probability space
(X, %, n) and let N[R] be the group of nonsingular automorphisms7f Given a

(1-) cocyclea of R with values in a locally compact second countable (LCSC) group
G, we say that an elemefite N[R] is compatible witha if « o 6 is cohomologous to

o [GDB]. For two cocyclesx, 8 with values in (possibly, different) LCSC groups we
write @ < B8 or a < B if the group ofa-compatible automorphisms contains the group of
B-compatible ones or if these groups coincide, respectively.ZL¢R) stand for the set

of all R-cocycles. ThenZX(R)/ =, < / =) is an upper semilattice, wheye< denotes

the factorization by modulo the equivalence relatian A problem arises in describing

the order relationk / =< in a more explicit fashion. A particular case of this problem was
considered inD1], where the structure of cocycles of a hyperfinite equivalence relation
with values in Abelian groups and compatible with the whMER] was described. In
Theorem 3.4 of the present paper we find simple necessary and sufficient conditions

1 This work was supported in part by International Science Foundation Grant No U2B000.
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when two cocycleg, 8 satisfya < 8 in terms of the Mackey action associatedts S

provided that this action is transitive aftlis measure preserving (i.e. Krieger's tyih¢

and hyperfinite.

As was shown in GDB], the study ofa-compatible automorphisms is intimately
related to the problem of extendingto some new relation containing as a normal
subrelation in the sense oF$Z]. So, given an arbitrary pair of ergodic hyperfinite
equivalence relation§ C R, it seems natural to ask the following questioGd_5]:

(1) is the set of thos&-cocycles which have extensions?cocycles of first category
in the set ofS-cocycles?

(2) is the set of thos&-cocycles whose restrictions t® are cocycles generating the
ergodic skew products (i.e. with dense Mackey range) residual in the sBt of
cocycles?

The affirmative answers were obtained @&LS] for the case whers is normal in
R with R/S being a cyclic group. We generalize these to arbitrary quasi-normal pair
S C R in Theorem 4.2. The notion of quasi-normal subrelation is introduced.inNe
remark that all normal subrelations and subrelations of finite index are quasi-normal.

In the sequel of the paper we deal with the lifting problems and apply the above results
to them. LetT be an ergodic nonsingular transformation(af, 8, 1), C(T) the group
of nonsingular transformations commuting wifhanda a cocycle ofl’ with dense range
in G which means that the Anzai skew product transformatiprof (X x G, u x 1)
is ergodic, where\. is the Haar measure ofi. Notice thatT, preserves theo(-finite)
measureu x A provided thatT preservesu. We investigate the possibility of lifting
C(T)-elements toC(T,). We also ask: when i, squashable, i.eC(T,) contains
non-(u x A)-preserving transformations? (Similar problems can also be formulated for
a countable transformation group insteadfalone.) These problems were studied
by several authors (sed\@, ALV, ALMN, LLT, Ne, GLS ] and references therein)
with the classical tools of ergodic theory being applied, such as Rokhlin’s lemma. Our
approach is quite different—we consider their orbital analogues, i.e. replacel C(T)
by an ergodic equivalence relatidd and the normalizeW[R] of the full group [R]
respectively. As it turns out, in the framework of orbit theory many of these problems
can be better understood. Moreover, the use of the remarkable theorem of existence and
uniqueness of cocycles of hyperfinite relatio@S[l-GS3 leads to simple and explicit
proofs of the known results and enables us to solve several open problems stated in
[ALMN, ALV ]. Denote byL(R, «) the group of those elements df[R] which can
be lifted to N[R(«)], whereR(«) is the skew product equivalence relation Bnx G.

We obtain useful criteria for an element of[R] to be in L(R, «) (Corollary 5.5).

In particular, if R is hyperfinite and of typél and G is compact, thed € L(R, «)

if and only if @ < « 0 6. Next, the structure of those automorphisms froffiR («)]

which are the lifts of some elements b{R, «) is described explicitly (Theorem 5.3).

We introduce the relevant Polish topology 8GR, «) and a canonical homomorphism

7y ¢ L(R,a) — OutG = AutG/InnG, whose kernel is the group ef-compatible

automorphisms. IfR is hyperfinite,z, is onto (Proposition 5.7).

We also show that i# is an outer automorphism @&, then it is a generic property in
the set of allG-valued cocycles oR endowed with the (Polish) topology of convergence
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in measure, thad cannot be lifted taV[R(«)] (Theorem 5.9).

Now return to the classical point of view to observe thatRif is the T-orbital
equivalence relation, then every lift of an automorphisme C(T) c N[R7] to
N[Rr(a)] lies in C(T,), and C(T,) endowed with the weak topology is closed in
N[R7r] endowed with the normal topology (to be defined§ih). This enables us to
deduce as simple corollaries some previously known results; Mee Theorems 1—

3], [GLS, Theorem 5.1, Proposition 5.4JALMN , Proposition 1.1], ALV, Continuous
Embedding Lemma], etc. Moreover, these results are generalized broadly, since normally
we do not assume thak is compact or Abelian (as it used to be in the cited papers),
nor that7 is finite measure preserving. Furthermofe,can be replaced everywhere

by a countable transformation group. Recall thatTifis an ergodic transformation

with discrete spectrum, then every elemént C(T,) is a lift of some¢ € C(T)

[Ne, Me, ALMN]. In Example 6.2 we extend this fact to ergodic Abelian dynamical
systems whosd.*-eigenfunctions generate the entirealgebra®s (modulo 0). Other
generalizations (including dynamical systems with quasi-discrete spectrum) are obtained
in Propositions 6.1 and 6.3.

We prove that ifG is amenable and admits an automorphism which multiplies the
Haar measure, then there is a cocyglef T with dense range irG such thatTy is
squashable (Proposition 6.5). In the case whgre R and T has pure point spectrum
this gives an answer to the question froALMN ] (Corollary 6.6).

Next we note that the lifting problems are also studied in the noninvertible case
[LLT, ALV ]. Let EC(T) be the semigroup of nonsingular endomorphismgof 1)
and EndG the semigroup of continuous group endomorphismé& ofThen the canonical
homomorphismr, can be extended naturally to the semigroup of those elements of
EC(T) which can be lifted taEC(T,). This extended map takes values in ERdnn G
(in EndG if G is Abelian) and is a semigroup homomorphism. The following statement
is one of the main results oALV ].

THEOREMO0.1.Let G be an Abelian group,7 an ergodic probability preserving

transformation, andsy, ..., S; € C(T) (d < oo) are such tha(T, S, ..., S;) generate
a freeZ4+1-action. Ifwy, ..., w, € EndG commute(i.e. w;w; = w;w;), then there is
a cocyclea with dense range irG such thatSy, ..., S; can be lifted toEC(T,) and

T (S) =w;, 1<i <d.

We give a short proof of a generalization of Theorem 0.1Gt@amenable under the
additional assumption thatq, ..., w, € AutG in Corollary 6.9 (our argument can be
adapted easily to another particular case of Theoremd.Z:1). Moreover, since the
argument of Aaronsoet al is based on the generalized Rokhlin lemma which holds
only for amenable actions, they ask whether there is an ergodic probability preserving
transformation?” and its cocyclex with dense range in the two-dimensional torus with
7, (C(T) N L(R7,a)) = SL(2,7Z)? We answer in the affirmative, demonstrating in
Example 6.10.

We remark that the noninvertible case of lifting problems can also be considered in
the framework of orbit theory. To this end we first need to find an orbit analogue of
EC(T) in such a way that most of the results ¥ and§6 can be generalized easily to
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the noninvertible case. This will be done in our subsequent paper. Besides, an ‘orbital’
proof of Theorem 0.1 in more general situatioi—s arbitrarily amenable—will also be
contained there.

The outline of this paper is as follows.§1 contains background on measured
equivalence relations and their cocycles.§thwe extend to the non-Abelian case some
facts from [GDB] related to automorphisms compatible with cocyclé8 is devoted
to the comparison of cocycles by means of comparing the groups of automorphisms
compatible with them. The main result here is Theorem 3.4, where pairs of cocycles
o, B with « < B are classified in terms of the corresponding sets of essential values. In
¢4 we introduce the idea of quasi-normal subrelations of an ergodic equivalence relation.
Our purpose here is to generalize the results fréing] about genericity of extensions of
cocycles to quasi-normal pairs. The orbital versions of the lifting problems are discussed
in §5 and their applications to the classical problems (where only the centralizers of
dynamical systems are involved) §6.

1. Notation and introductory results

Let (X, B, u) be a standard probability space. Denote by &Xuts, u) the group of
its automorphisms, i.e. Borel, one-to-one, ongenonsingular transformations; we do
not distinguish between two of them which agree op-aonull subset. Given a Borel
discreteu-nonsingular equivalence relatidd Cc X x X, we endow it with the induced
Borel structure and the-finite measureur, dur(x, y) = du(x), (x, y) € R. We also
write

[R] = {y e Aut(X, u) | (yx,x) € R for pu-a.a.x € X}
N[R] = {0 €Aut(X,n) | (Ox,0y) € R for ugr-a.a. (x,y) € R}

for thefull group of R and thenormalizerof [R] respectively. For a countable subgroup
I of Aut(X, ) we denote byR| the I'-orbital equivalence relation (and it is known
that eachR is of the formRr [FM]). R is calledhyperfiniteif it can be generated by a
single automorphism. We assume from now on fRais ergodic, i.e. everyR-saturated
Borel subset ig«-null or p-conull.

Given6d € N[R], we set upi(0)(x, y) = (0x, 0y) for all (x,y) € R. Theni(9) is a
nonsingular transformation ¢RR, ur) and the magV[R] 2 6 — i(0) € Aut(R, ur) is a
one-to-one homomorphism. Moreoveé¢(N[R]) is closed in AutR, ur) with respect to
the weak topology[D2, §3.1]. The induced (Polish) topology dW[R] is callednormal
As was shown in [P2] this topology is compatible with the distanekintroduced in
[HO] as follows. LetR = Rr for a countable group’ = {y}72; C Aut(X, u). Denote
by d, the uniform distance orf}] given by

d(y, ) =pn(x e X |y x £8xD +u(fx € X | yx # 8x})

and set up

N1 du (06t 0210, )

d (61, 02) = dy(01, 02) + E 14 d G0 O
k=1 W (O1v01 5 02710, )

for 61,6, € N[R], whered, is the metric which determines the weak topology on
Aut(X, ).
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Let G be a LCSC group, 4 the identity ofG, and ¢ the right Haar measure o@.
A Borel mapa : R — G is a (1-xocycleof R if

alx, ya(y,z) =alx,z) foraa. (x,y),(y,z) € R.

We do not distinguish between two cocycles if they agreg-a.e. Two cocycles,
a, B : R — G, arecohomologouga ~ B), if

a(x,y) = ¢(x)B(x, »P(y) for ug-aa.(x,y),

where¢ : X — G is a Borel function (we call it aransfer function froma to 8). A
cocycle is acoboundaryif it is cohnomologous to the trivial cocycle. The set of cocycles
of R with values inG will be denoted byZ'(R, G).

Let R = Rr. There is a cocycle € Z1(R, R) such that

duoy

du
forall y e I atpu-a.e.x € X. It is called theRadon—Nikodyntocycle of R. If p =1
thenpu is [R]-invariant. R is said to be of typél; (/1) if there exists a finite (infinite,
o-finite) [R]-invariant measure oX equivalent tou.

Let R andS be two equivalence relations on measure spake$s, 1) and(Y, &, v)
respectively, and let some cocyclese Z1(R, G) and 8 € Z%(S, G) be given. The
pairs (R, «) and (S, B) (or, simply,« and 8) areweakly equivalentf there is a Borel
isomorphismg : X — Y such thatu ~vo6,0 x 6(R) =S, anda =~ 8 o 0, where the
cocyclef o0 € ZX(R, G) is defined byg o 0 (x, z) = B(Ox, 02).

For everya € ZY(R, G) and a countable group C Aut(X, 9B, 1) with R = Rr we
define thex-skew produchction of " on the spacéX x G, B3, u x Ag), where3 is the
product Borel field, by

p(x,yx) =log (x)

Vo(x,8) = (yx,ga(x,yx)), xe€X,geG,yel.

We observe that ify preservesu theny, preservesu x Ag. LetTy = {y, | y € T'}.
Notice that thd",-orbital equivalence relation oki x G does not depend on the particular
choice of" with R = R. It will be denoted byR(«). We also define a Borel action
V, of G on the same space as

Va(h)(x,8) = (x,hg), xe€X, g, heG.

Since V, commutes withl'y, it induces an actiori¥,, of G on the measure space of
Iy-ergodic componentsW, is called theMackey actionof G associated tav. It is
ergodic, sinceR is. If two cocyclesa, 8 are weakly equivalent, then the associated
Mackey actionsW, and W defined on measure spac@s A) and (Z, «) respectively
areconjugate i.e. there is a nonsingular mgp: Y — Z such that W, (g)é ~* = Ws(g)
for eachg € G.

A cocyclex € ZY(R, G) is transient if R(«) is of type I, i.e. the R(«)-partition
of X x G is measurable. Otherwise is calledrecurrent « hasdense rangan G if
W, is the trivial action on a one-point set, i.e. theskew product action is ergodic.
More generallyg is regular if W, is (essentially) transitive. Then there exists a closed
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subgroups(e) C G such thatW, is conjugate to thes-action on the homogeneous
spaceG/s(«) via translations. Notice that(w) is determined up to conjugacy i@.

It is well known that the properties of cocycles to be transient, recurrent, or regular
are invariant under the weak equivalence. Moreoves, #nd g are weakly equivalent
regular cocycles, them(«) ands(B) are conjugate.

UNIQUENESS THEOREM FOR COCYCLES[GS1, GS3 Theorem 3.1]Let R and S be two
ergodic hyperfinite equivalence relations on standard probability sp&&e$s, ) and

(Y, ¢, v) respectively, and let € ZY(R, G), B € Z1(S, G) be recurrent cocycles. R

andS are both of type i or I, and the Mackey action®,, and W of G are conjugate,
theno and 8 are weakly equivalent.

It follows that if R is hyperfinite and of typeél anda, 8 € Z1(R, G) are regular
cocycles then they are weakly equivalent if and only(#f) ands(B) are conjugate. (We
remark that each regular cocycle is recurrent.)

An elementg € G is anessential valuef « if for every A € 98 of positive measure
and every open neighborhoa? of g there existyy € [R] with

,u(y_lA N{x e A|ax,yx) e 0}) >0.
The setr(«) of essential values af is a closed subgroup af.

LEmmMA 1.1. [S1, S2 The following are equivalent:

() «isregular;

(i) thereexisp € Z'(R, G) and a closed subgroud C G suchthats ~ «, B(R) C H
(i.e. B takes values irff), andr(8) = H.

If (i) is satisfied then the conjugacy classs¢f) in G containsH.

It is easy to deduce the following corollary from this lemma.

COROLLARY 1.2. Let «, B be two cocycles oR with values in LCSC group& and F
respectively. If the cocycle x B € ZX(R, G x F) is regular, then so are both and
B. Moreover, ifa x B(R) C r(a x B), thenr(a) (respectively-(8)) is the closure of the
image of the first (respectively second) coordinate projection@fx ) C G x F.

We also need several auxiliary facts.

LEMMA 1.3. ([GS3 Lemma 1.6])Let R be hyperfinite. Then i& has dense range i,

there is a cocyclg ~ « such that the subrelatios def {(x,y) e R| B(x,y) =1g} is
ergodic.

LEMMA 1.4, Let R be hyperfinite.

(i) ([Z21, GS1, 19) If G is amenable then there exists a cocyelef R with dense range
inG.

(i) ([Z2]) If there exists a cocycle 62 with dense range iit; thenG is amenable.

For more detailed expositions of these concepts we refdB@2[ HO, S1, S2, Z3.
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2. Automorphisms compatible with cocycles

The concept of an automorphism compatible with a cocycle was introducesiGp]|
Here we briefly outline some definitions and facts related to it. See &@8B] and
[GS3 §2].

Let o € ZY(R, G). An automorphisn® € N[R] is compatiblewith « if o 0 0 ~ «a.
The set of transfer functions fromo 6 to « will be denoted by (0) and the group of-
compatible automorphisms by (R, o). We see thatR] C D(R, «), Sincexoy (x, y) =
a(x, yx)ta(x, y)a(y, yy) at a.e.(x, y) € R for each transformatiopy e [R]. Next,
if « ~ 8, thenD(R, ) = D(R, 8). Notice also thatD(R, « 0 ) = 6 1D(R, a)0 for
each transformatiofl € N[R].

Let M (X, G) stand for the set ofi-measurable functions frok to G. We endow it
with the (Polish) topology of convergence in measure. Then

C(R.a) E'{(0.4) |0 € D(R.). ¢ € 2(6))
is a closed subset a¥[R] x M (X, G) (recall thatN[R] is furnished with the normal
topology). For a hyperfinite equivalence relation this assertion was prov&DB], but
in the general case only a minor and evident modification of that argument is required.
FurthermoreC (R, «) is a Polish group if we define the multiplication by setting

(01, 91) - (02, P2) = (0102, ¢3), (6, ¢) € C(R, ),
wheregs(x) = ¢2(x)p1(62x), x € X [GDB, GSJ. It is obvious that

(1) - a(d) 5> C(R, @) B DR, a) — (1)

is an exact sequence of groups, whereis the first coordinate projection and the
embeddingi is given bya(ld) 3 ¢ — i(¢) = (Id,¢) € C(R,a). Sincea(ld) is
closed inC(R, «), we have thatD(R, «) endowed with thep-quotient topology—we
call it the ¢-topology—is a Polish group.
Given (6, ¢) € C(R, o), we define an automorphis#l, of (X x G,P, u x Ag) by
setting
Op(x,8) = (Ox, g9 (x)), xeX, geG.

Notice thatt, € N[R(a)] N C(V,), where
C(Vy) ={t e Aut(X x G, u x Ag) | ¢Vy(h) = V,(h)¢ for all h € G}

is the centralizer ofV,. Hencef, induces an automorphism, (6, ¢) of the space of
[R(x)]-ergodic components andl, (0, ¢) € C(W,). Moreover,

Yy i C(R,a) 3 (0, ¢) = Wu(0,¢) € C(Wy)

is a continuous homomorphism, provided th@tw,) is furnished with the weak
topology.

Given a closed subgroufl of G, we write Zg(H) = {g € G | gh = hg for all h
H} andNg(H) = {g € G | gH = Hg} for the centralizer and the normalizer &f in
G respectively.
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LEMMA 2.1. Let R be hyperfinite,x a regular cocycle withe(R) C r(a), and 6 an

a-compatible automorphism. Then:

(i) for every pairg, ¥ € «a(0) there isa € Zg(r(e)) with ¢(x)¥(x)~1 = a for a.e.
x € X;

(i) for everyg € a(0) there areb € Ng(r(«)) and a functioro : X — r(«) such that
¢(x) = bo(x) fora.e.x € X.

Proof. It follows from Lemma 1.3 that there is a Borel functiegh: X — r(«) and
an ergodic subrelatio c R such that the cocyclg(x,y) = 9 (x) ta(x, y)O(y)
is trivial on S. It is straightforward that the functiong(x) = 9(x) o (x)d(x) and
U(x) = 9 (x) "1y (x)9 (x) belongs toB(6). We sety (x) = ¢(x)¥(x)~L, x € X. Since

X)) B, Mx(y) = Blx,y) forae.(x,y) eR, 1)

x is [S]-invariant and hence equals a.e. some& G. It is easy to deduce from the
definition of essential values of cocycles th&tR) is dense inr(«). Therefore (2.1)
impliesa € Zg(r(a)). Then we havep(x)y(x)™! = 9(x)x(x)9(x)"t = a for a.e.
x € X, as claimed in (i).

Now we observe thaiB(dx,0y) = ¢(x)"1d(y) for a.e. (x,y) € S. Hence
$(x)r(oe) = $(y)r(oz) for a.e.(x,y) € S. SinceS is ergodic and the homogeneous
spaceG/r(a) is countably separatecﬁ(x) = bo(x) for someb € G and a Borel
functiono : X 3 x — o(x) € r(a). Now we have

oc(xX)Bob(x,y)o(y) t=bB(x,y)b ! forae.(x,y) eR.

Notice that the left-hand side is a cocycle Bf with dense range in(«) and—like
B—takes a dense subset of values-{w). It follows thatbr(a) b~ = r(«) as desired
for (ii). O

Thus if ¢ is a regular cocycle of a hyperfinite equivalence relation, witR) C r(«)
thena (ld) consists of a.e. constant functions with valueZg(r («)).

Example 2.2Let R be a hyperfinite equivalence relation ¢, 1) and« its cocycle
with dense range in the multiplicative grolR¥. Such a cocycle exists becauReé is

an Abelian group. Also leG = GL(2,R) and H be the diagonal subgroup a¥.

Consider the product equivalence relati@nx R on (X x X, u x u) and its cocycle
B € ZY(R x R, G) given by

a(xy, x2) 0

B(x1, y1, X2, y2) = ( 0 a3, y2) ) , o (x1,x2), (1, y2) € R.

Itis clear thatg is regular and (8) = H. Denote by the Sakai flip, i.e0(x, y) = (y, x)
for all (x,y) € X x X. Thend € N[R x R] and

a(y1, y2) 0

B o0(x1, y1, x2,¥2) = ( 0 #(x1, x2) ) . (x1,x2), (1, y2) €R.

Henced € D(R x R, B) and the functionp(x, y) = (J o), (x.y) € X x X, is in B(0).
Notice that sinceg8(R x R) C H, B can be regarded as a cocycle frd(R x R, H).
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But in this casef is not compatible withg, since otherwise there exists a function
¥ : X x X — H which belongs to8(0). By Lemma 2.1()),¢v ' € Zg(H) = H; a
contradiction.

This effect is impossible for cocycles with values in Abelian groupBB].

Let H be a closed subgroup @. There are two natural continuous group actions
on the homogeneous spate= G/H endowed with the quotient topology. The first
one is the left shiftwise action af and the second one is the right shiftwise action of
Ng(H) (it is well defined). Notice that#d is equal to the stability group of this right
action at each point of. HenceY is a free right(Ng(H)/H)-space. Denote by a
guasi-invariant (for both actions) measure GpH .

LEMMA 2.3. The centralizer of theG-action in Aut(Y,A) is Ng(H)/H (or, more
precisely, the image d¥g(H)/H in Aut(Y, A)).

Proof. Let s : Y — G be a Borel cross-section of the natural projectt®n~ G/H and

let hy(g, v) = s(y) " 1gts(gy), g € G, y € Y, be the corresponding/-valued cocycle

for the G-action, i.e.h (g, y)hs(k, gy) = hs(kg,y) for all k,g € G, y € Y (do not
confuseh; with cocycles of equivalence relations which we have considered so far).
Given an automorphisré from the centralizer of th& -action, we can write

s@y) =sMf), yevy, (2.2)
for some Borel functionf : Y — G. Applying [R1, Theorem 3.5] we can assume
without loss of generality thatgy = g6y for all g € G andy € Y. It follows that

gs(WMhs (g, ) f(gy) = s(gy)f(gy) =s(0gy) =s(gby)
= gsOy)hy(g,0y) = gs(y) f(V)h;(g.6y) (2.3)

for all ¢ € G, y € Y. Divide out gs(y) from each side and substitute = H and
g = s(y’) to deduce that there are two Borel functidngl, : Y — H and somez € G

with
fO) =hGabp), y ev. (2.4)
It follows from (2.3) and (2.4) that
L(»)hs(g, 09)la(gy) ™t = a 1(y) hy(g, Y)a(gy)a (2.5)

forall g € G, y € Y. Take an arbitraryy € Y and denote bys the stability group of
vo, i.€. 8 = {g € G | gyo = yo}. Notice thatS coincides with the stability group @fyo.
Since

{hs(g. y0) | g € S} = {hs(g,0y0) | g € S} =H,

it follows from (2.5) thata € Ng(H). Hence (2.2) and (2.4) ensure tlgat = ya for all
y, as desired. O

We remark that the particular case of the above stateméntis—compact—was
considered in Ge] with a different approach.

It follows from Lemma 2.3 that itv € Z1(R, G) is regular witha(R) C r(«) then
C(W,) is isomorphic toNg(r(«))/r(a). Furthermore, the weak topology an(W,)
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coincides with the locally compact quotient topology 8@ (r(«))/r(«). Next, under
condition (ii) of Lemma 2.1 we hav@, (0, ¢) = br(a).

LEMMA 2.4. Let R be an ergodic hyperfinite type 1l equivalence relation(of 8, ),

v an [R]-invariant u-equivalent measure oX, anda € Z'(R, G) a regular cocycle
with «(R) C r(a). Then for eachu € Ng(r(a)) there is av-preserving automorphism
0 € D(R, «) and a functionp € «(0) with ¥, (0, ¢) = ar(a).

Proof. Let r(x)®Z be the semidirect product of locally compact groups with the
multiplication law given by

(h1, n1)(ha, np) = (haa"*hpa™", ny +nz), hy, hp € r(a), n1, np € Z.
Denote byv the natural continuous homomorphismraf)©SZ into G:
r(@)®Z > (h,n) — v(h,n) = ha" € G.

Sincer(«) is amenable by Lemma 1.4(ii) and a semidirect product of amenable groups
is amenable itself, there exists a cocy@eof R with dense range in(x)QZ (see
Lemma 1.4(i)). Moreover, in view of Lemma 1.3 one can pass to a cohomologous
cocycle if necessary to assure that the subrelation

S={x.y) eR[Bx.y) =160} CR

is ergodic. Itis routine to deduce from the definition-¢B) that there is an automorphism
0 € [R] with B(x,0x) = (f(x),1) for a.a. x € X, wheref : X — r(x) is a Borel
function. We let

P=A{(x,y) € R|B(x,y) €r(a) x {0}

ThenP is an ergodic typdl equivalence relation, because Bf> S. Moreover, ifR
is of typell; or Il then so isP. Sincer(«) x {0} is an open subgroup of(8), we
obtain thatr(8 [ P) = r(«) x {0} and hence3 | P is regular by Lemma 1.1.

Since (6x.0y) = Bx.0x) ' Bx. »B(K.0y) = (.-DO.D = (.0) €
r(a) x {0} for all (x,y) € P, we have(¥x,0y) € P, i.e.0 € N[P]. Moreover,
since® € [R] Cc D(R,B), it follows thatd € D(P,B | P) and the function
v X2x > (fx),D € r(@®Z lies in (8 [ P)(©). From this we deduce that
Wg(0,¥) = 1 € Z (notice thatN, gz (r(a))/r(a) is isomorphic toZ in a natural
way). Sincev is a continuous group homomorphism witlir (@) x {0}) = r(«x) and
v((1g, 1)) = a, we obtain that the compositioh= v o 8 | P is a regular cocycle of
P with values inG, r(8) = r(a), ands(P) C r(8). Next, 6 is compatible withs, the
function : X 3 x &5 v(¥ (x)) = f(x)a € G lies in 8(0), and Ws(6, ¢) = ar(a). By
the unigueness theorem for cocycles the péRs«) and (P, §) are weakly equivalent
and we are done. O

Denote byN, the subgroup ofG generated (algebraically) by(«) and Zg (r («)).
We see thatV, is a hormal subgroup aVs (r («)).
Let (R, @) be as in Lemma 2.4. Suppose thét is closed inNg(r(«)). Then the
map
Qy I D(R, &) 30 > Py (0) = Vo (0, p)Ny € Ng(r(a))/Ne
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is a well defined continuous epimorphism. We shall call it tadundamental
homomorphismThe closure of R] in D(R, «) is called the group of-approximately
inner automorphisms. We denote it by QR]).

LEMMA 2.5. CL([R]) = ©,1().

Proof. The inclusionc is obvious. Now let € D(R, «) with ®,(9) = 1. Then there
are¢ € a(9) anda € Zg(r(a)) with ¥,(0, ¢) = ar(a). Recall thaty, takes values
in Ng(r(a))/r(a). We set upy(x) = a *¢(x) for x € X. It is easy to verify that
¥ € a(@) and W, (0, ¥) = r(a). It follows from Lemma 2.1(ii) and the remark before
Lemma 2.4 thaty(x) € r(«) for a.e.x. By virtue of [GDB, Theorem 3.4] andGS3
Lemma 2.7]6 is a-approximately inner. O

So the following short sequence of topological groups is exact:

{1} - Cly([R]) > D(R,a) - Ng(r(a))/N, — {1}. (2.6)

3. Comparison of cocycles
Let R be an ergodic equivalence relation @K, 98, u). We need two relations on the
setZ1(R) of all cocycles ofR with values in LCSC groups.

Definition 3.1.Let « and 8 be two cocycles ofR with values in (possibly different)
LCSC groupsG and H respectively. We write

a=<pB if D(OR,a) D D(R, B);
axpB if DOR,a) = D(R,B).

Notice that ife’ ~ ¢ 06 and B’ ~ B o 6 for an automorphisn® € N[R], thena < 8
impliesa’ < B’ as well ase < B impliesa’ < B’. We see that both relations; and
=, can be lifted toZ*(R)/~. It is obvious that< is an equivalence relation on both
spacesZ!(R) and Z1(R)/~ while </x= is an order relation oiZ'(R)/=<. Notice that
the <-class of the trivial cocycle is the least element fgt<. In [GDB] an example of
o was demonstrated witP(R, «) = [R]. Hence thex-class ofwx is the largest element
for </=. Notice that for every paiw, 8 of cocycles ofR there exists a supremum of
their <-classes inZ*(R)/= : sup[«], [8]) = [« x B].

PROPOSITION3.2. If @ < 8 then the inclusion maP (R, 8) — D(R, «) is continuous.

Proof. It is straightforward thate x 8) < 8. Moreover, the(e x 8)-topology is clearly
stronger than thes-topology. It follows from the Banach open mapping theorem for
Polish groups that these topologies are equivalent. Sincertkes)-topology is stronger
than thea-topology induced orD(R, B), so is theg-topology, as desired. O

COROLLARY 3.3.Let e € ZY(R,G) and 8 € ZY(R, H) be regular cocycles of an
ergodic hyperfinite equivalence relatidR, «(R) C r(a), B(R) C r(B), Ny and Ng
closed inG and H respectively, and < 8. Then there is a continuous homomorphism
lgo - Nu(r(B))/Ng — Ng(r(a))/N,. Moreover, ifa < g thenlg, is an isomorphism.
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Proof. It follows from Proposition 3.2 that G{[R]) C Cl,([R]). Hence the canonical
inclusion mapD(R, 8) — D(R,«) can be lifted up to a continuous homomorphism
D(R, B)/Clg([R]) - D(R, «)/Cly([R]). We denote it bylg, and use (2.5). The first
assertion follows. To prove the second assertion we observe thatkifs, the above
inclusion map is a topological isomorphism. O

Now we formulate the main result of this section.

THEOREM 3.4. Let R be a hyperfinite ergodic equivalence relation of typedl,,H are

LCSC groups, and € ZY(R,G), B € ZX(R, H). Suppose that the cocycle x B is

regular, « x B(R) C r(a x B), r(a) admits a metrico, which is compatible with the

topology and invariant under the group of inner automorphismg®j, and Ny is closed.

Thena < g if and only if:

(i) r(@xp)={lM),h)]|her(B)} for some continuous homomorphigmr(g) —
r(a) with [(r(B8)) being dense im(«);

(i) the homomorphismy, g s is onto (see Corollaryg.3 for its definition).

Proof. We restrict ourselves to the case wiferis of typell; (thell ,-case can be studied
similarly) and proceed in several steps.

(A). First, the ‘only if' part will be proved. Assume that< 8. Let po :r(a x 8) > H
be the second coordinate projection. Note that in factr(a x 8) — r(B).

(Al). We shall show thatp, is one-to-one. Suppose that there is an element
(a,1y) € r(a x B) with a # 15. SinceR is hyperfinite,r (¢ x 8) is an amenable
group by Lemma 1.4(ii). As was done ihs][ Lemma 10] one can deduce from the
Reiter criteria of amenability for locally compact groufsr| 3.7.3] that there exists a
sequence of probability measurgg}°2, onr(x x g) such that:
(2°) the support oft, is finite andz,(A) € Q for every subseft C r(a x B);
() || f*ti%---x1,)1 —» 0asn — oo forali e Nand f € L'(r(a x B), A,)
with || f]l. = 0, wherex stands for the convolution and for a Haar measure on
r(a x B).

By §, we denote the Dirac measure concentrated & r(«x x g8). It follows from
(2°) that there are finite set, = {0, 1, ..., m, —1} and functionsf,, : Y, 3 i — f,(i) =
(£, L), £,2(i)) € r(axp) such that, can be written in the forn, = >7c " m; ;. )
(unlike [Is] we do admit f,, to be noninjective). Without loss in generality we can also
assume that:

(3°) there is a sequenoe, < ny < --- with m,,, = my,,+1 = 2, f,(0) = f,+1(0) =
Su+1(D) = (1, 1) and £, (1) = (a, 1g) (see the proof ofls, Lemma 10]).

We identify Y, with the cyclic group of ordern, in the usual way (with addition
modm,) and sett = []°2,Y,. Let Ay be the probability Haar measure &h Denote
by I the countable subgroup af generated by, where

. =,...,0,1,0,...), neN.
&\,_/
The action ofl” on (Y, Ay) via translations is free, ergodic, aihg-preserving. We define
a cocycled x B € ZY(Rr, G x H) by setting

Ix B,y +v) =AD" L) On + D fuaGun) - - f2O0).
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It follows from (1°), (2°) and [Is, Corollary 4] that& x B is regular and-(@ x ) =
r(a x B). By the uniqueness theorem for cocycles the péis, a x B) and (R, & x B)
are weakly equivalent and henée < E Denote by6, the automorphism otY, Ay)
associated to the transpositiémy, n; + 1), i.e.

Yn+1s i J=ng
Oy =1 Yn, M j=m+1

Vi, otherwise.
Sincedyy = y for eachy with y,, = yu,+1 andéyy = y + v, + vu,+1 Otherwise, we have
0, € [Rr]. Use (3) to calculate thaﬁ(y, Ory) =1y forall k e Nandy € Y. One can
also verify that the infinite produdt[,-, 6x converges inV[Rr] to some automorphism
6. (We remark that in view of3°), n; + 1 # n;,1 and hence, commutes withp,, 1.)
Pass to the limit in the equality

J

~ j ~
ﬂ(ﬂé’ky, <H9k>(Y+V)> =BG, y+v), verl, yey,
k=1 k=1

to obtaind € D(Rr, ) and[],_,6x — 6 in the B-topology asj — oc. It follows
from Proposition 3.2 that the infinite product also converges irwth@pology and hence
Or — 1in D(Rr,a). Next, it is easy to verify that

1;, for eachy € Y with y,, = yu, 11

aly, bry) = {5(% Y+ va), Otherwise.

Since for eactk € N the functionY > y — a(y, 6,y) € G is equal to % on a subset of
measure 12, we deduce from the definition of tlaétopology that the sequene«., 6;.)
must converge in measure to the constant functigpragdk — oco. But then

Po (L, A (y, Oky))
= e, APV Fu P Ou) o P Om + D Frca P ) - - - 1Y 1))
= 0a6s Fu, P On) i P O + 1)) = Min(pe (g, @), pa(le.a™t))

for all y € Y with y,, # y,,+1, i.€. on a subset of measure 1/2, a contradiction. Hence
a = 15 and p, is one-to-one.

(A2). Next we shall show thap, is onto. To this end we use a similar approach.
Suppose that there is a sequeriag, b,) € r(a x B) with b, — 1y asn — oo but
o«(ay, 1) > € for some positivec. As above, we choose a sequence of probability
measuregr, )2, onr(x x B) satisfying (), (2°), and
(3°) there is a sequenoe, < np < --- with m,, = m, 41 = 2, f,,(0) = f,+1(0) =
fnk+l(1) = (1, 1x) and fnk (1) = (@n, bn). - .

Let 6, 6 be as in Al). We can assume tha}, — 1y fast enough so thai(., ]_[,{=l 6.)
converges in(8) asj — oo for all y € Y. It remains to apply the argument dk1) to
obtain a contradiction.

Now suppose thab € r(8) — po(r(a x B)). In view of Corollary 1.2 there exists
a sequencéa,, b,) € r(e x B) with b, — b asn — oo and p,(a,, a,4+1) > € for
some positivesg. Sinceb,1b;1 — 1y, it follows thata,,ia,;! — 16 asn — oo, a
contradiction.
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(A3). We deduce fromAl) and @A2) thatr(ax x B8) = {(I(h),h) | h € r(B)} for some
homomorphisni : r(8) — r(a). Sincer(a x B) is closed inG x H, [ is continuous. The
density ofi(r(8)) in r(«) follows from Corollary 1.2. Thus (i) is proved. We deduce
from (i) that

Noxu(r(e x B)) = {(a,b) € Ng(r(@)) x Ny(r(B)) | I(bhb™") = al(h)a™"
forall h € r(B)},
Zaxn(r@x B)) = Zg(r(@) x Zur(B)),
prrB) = rlaxp)-(Zer(@) x 1p), 3.1

wherep : Ngxu(r(a x B)) — Ny (r(B)) is the second coordinate projection. One can
easily deduce from this that the subgravp, s is closed inG x H wheneverNg is closed
in H. Hence the homomorphisia,g s is well defined, and Corollary 3.3 implies (ii).

(B). Now we prove the ‘if’ part. Take an arbitray, ¢) € C(R, ). By Lemma 2.1
¢(x) = byr(x) at a.a.x for someb € Ny (r(B8)) and a Borel function) : X — r(B).
Sincea x B C r(x x B), we deduce from (i) that(x, y) = I(B(x, y)) for all (x, y) € R.
Hence

aof(x,y) =1(W) UGB, DI (y) foraa.(x,y) e R. (3.2)

It follows from (3.1) thatN,«s = p~1(Ng). Thereforep induces a one-to-one continuous
homomorphismpy : Ngxu(r(a x B))/Naxg — Nu(r(B))/Ng. Moreover, it is
straightforward thatpy is l,«s s exactly. Hence applying (i) we deduce thay is
onto. Then there is1 € Ng(r(a)) with (a,b) € Ngxu(r(a x B)) and we deduce
from (3.1) and (3.2) that

aof(x,y) =1(Yx) a ta(x, yal(y(y)) foraa. (x,y) eR,

i.e.0 € D(R,«). Thusa < B, as desired. O

COROLLARY 3.5. LetR, G, H, « and 8 be as in Theorer8.4. Thena < g impliesr(«)
andr(B) are isomorphic as topological groups. In particular,fif(R, «) = N[R], then
« is a coboundary (cfiD1]).

CoROLLARY 3.6. Let’R be an ergodic hyperfinite equivalence relation of type II, and let
a, B be cocycles oR with dense ranges in compact grou@isand H respectively. Then

a < pifand only ifs(a x B) = {(I(h), h) | h € H} for some continuous epimorphism
[ H— G. Furthermore« =< g if and only if/ is an isomorphism.

Recall thats (« x B) is the stability group of the (essentially transitive) Mackey action
of G x H associated tax x B; this group is determined up to conjugacy thx H
(seegl).

4. Quasinormal subrelations and extensions of cocycles
We begin this section with a brief exposition of the basic notionsnefsurable index
theory which is intimately related to Jones index theory in operator algebras.
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Let R be an ergodic equivalence relation @x, 9B, 1) andS an ergodic subrelation
of R. Then there existV € N U {oco} and Borel functionsp; : X — X so that
{S[g;(x)] | 0 < j < N} is a partition of R[x], where R[x] (respectivelyS[x]) stands
for the R-(respectivelyS-) class ofx [FSZ]. N is called theindex of S in R and{¢;};
the choice functionsfor the pairS ¢ R. We may assume without loss in generality

that ¢o(x) = x for all x € X. Denote byX(J) the full permutation group on the set

szef{o,l,...,N—l}forN <ooorJd=Ef{O, 1,2,...} for N = co. We define théndex

cocycles € ZY(R, ©(J)) by settingo (x, y)(i) = j if S[¢;(¥)] = S[¢;(x)]. Notice that
although the choice functions are nonunique, the cohomological clasgsohdependent
of their particular choice and is an invariant 8fC R.

Let S; C R1 be a pair of ergodic equivalence relations on a standard measure space
(X1, 81, n1). Recall thatS; c R is said to besomorphicto S ¢ R if there is a Borel
isomorphismyr : X1 — X with o ~ w1, ¥ x Y (R1) = R andy x ¥(S1) = S.
From now on we assume th@& (and henceS) is of typell. Then in view of FSZ,
Theorem 1.6 and the comment at the endJfS c R is isomorphic taS; ¢ R, if and
only if their indices are the same and the index cocycles are weakly equivalent.

Let o be the index cocycle o6 ¢ R. ThenS is said to benormal in R if the
restrictiono | S of o to S is a coboundary. If, in additiorR is hyperfinite, then by
[FSZ, §2] there is a countable amenable gro@pc N[S] with Q N [S] = 1, and such
that R is generated bys and Q. Notice that this group is determined uniquely (up to
an isomorphism) byS c R, and we shall writeQ = R/S. We remark also that for
each countable amenable grogpthere is an ergodic hormal subrelatiShc R with
R/S = 0.

Definition 4.1.A subrelationS C R is quasi-normal if there is an ergodic subrelation
P c S, a countable grou®? C N[P] and a subgroufd c Q such that the following
properties are satisfied? N [P] = 1o, H contains no nontrivial normal subgroups of
0, andR (respectivelyS) is generated by’ and Q (respectively byP and H).

For a quasi-normal subrelation we can identifywith the H-coset spac&/H and
‘zero’ of J with H € Q/H. SinceH contains no nontrivial normal subgroups @f the
natural action ofQ on J via translations induces an embedding@fn (J). Now we
set upo(gx,y) = ¢q for all (x,y) € P, g € Q. Theno is an index cocycle o§ Cc R
andS = {(x,y) € R | o(x, y)(0) = 0}. Notice thato as a cocycle with values in the
discrete groug is regular and- (o) = Q, r(o | §) = H. Hence ifR is hyperfinite then
both groupsQ, H are amenable. Each normal subrelation is quasi-normal Kitieing
trivial. It follows from [FSZ] that every subrelation of finite index is also quasi-normal.
Moreover, letS; be a quasi-normal subrelation of a (tyjb¢ equivalence relatio®; on a
standard probability spac&;, ®8;, u;), i = 1, 2. Then, clearlyS; x S; is a quasi-normal
subrelation ofR31 x R». A similar statement is also true for any countable Cartesian sums
(do not confuse with the Cartesian product) of typepairs of relation—subrelation.

Let G be a LCSC group and a probability measure o equivalent tour. We
endow the setZ!(R, G) with the topology of convergence in (it is independent of
the particular choice of inside its equivalence class). Thu&'(R,G) becomes a
Polish spaceAM]. If two measured equivalence relatioRy, R, are isomorphic, then
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ZY(R1, G) and Z1(R,, G) are canonically homeomorphic.

Given a pairS§ c R of ergodic equivalence relations, we say that a cocycle
a € ZYS, G) can be extendedo R if there is8 € Z*(R,G) with 8 | S = «.
The problem of extension for cocycles was studied 8DB, GLS] in the case of
normal S with R/S being a cyclic group. We observe thatSfis normal inR and a
cocyclea € Z1(S, G) can be extended t&, then each automorphispe Q = R/S is
compatible withe and the functionX > x — B(x, gx) € G lies ina(g), whereg stands
for the extended cocycle. However, the converse is not valid evep fbeing a finite
cyclic group—we refer toGDB, pp. 78—79]. The following statement is a generalization
of [GLS, Theorem 1.2] to arbitrary quasi-normal subrelations.

THEOREM 4.2. Let R be an ergodic hyperfinite equivalence relation of type Il andSet

be an ergodic quasi-normal subrelation B Then for each amenable G:

(i) the subset of cocycles iB'(S, G) which cannot be extended ® is residual in
zZXS, G);

(i) the subset of cocycles ittt (R, G) whose restriction t& define cocycles with dense
ranges inG is a denseGs in ZX(R, G).

Proof. (i) We first show that the seZ, = {§ € Z* (R, G) | r(§ | S) = G} is nonempty.
Since S is quasi-normal, we us®, H, o with the same meaning as above. By
Lemma 1.4(i) there exist cocyclgse ZY(R, Q) anda € Z1(R, G) such thatg x « has
dense range iQ x G. Moreover, it follows from the uniqueness theorem for cocycles
thato and B are weakly equivalent as cocycles with valuegdrand hence with values

in ©(J), sinceQ C (J). Hence the equivalence relati@hx J on X x J defined by

R xpgJ ={((x, ), (y, D)) | (x,y) € R and B(x, y)(j) = i}

is ergodic because soBx, J (which is defined in a similar wayHSZ, Proposition 1.5].
By [FSZ, Theorem 1.6]8 is the index cocycle of the ergodic subrelatiSrt’ {(x,y) €
R | B(x,y)(0) = 0}. Let us prove thatr | S has dense range . Since
W ={x € £(J) | n(0) = 0} is an open subgroup ai(J) and{ly} x G C r(8 x @), for
each open subse&? c G and Borel subseft C X of positive measure there akeC A
andy € [R] with u(B) > 0, BUyB C A, and (B8(x, yx),a(x,yx)) € W x O for
all x € B. Hence we may assume thate [5]. Thus using the definition of essential
values of cocycles once more we deduce #tat | §) = G, as desired. Since andp
are weakly equivalent, the pai&c R andS c R are isomorphic and hencg, # 9.
Next, sinceR is hyperfinite, we apply Rokhlin’s lemma to see that the cohomological
class of every cocycle iZ(R, G) is dense. Hencg, is dense and it remains to show
that Z, is Gs in ZY(R, G). We need an auxiliary lemma.

LEMMA 4.3. Let R be an equivalence relation o@X, 1) and lety € [R]. Then the
map ZY(R,G) 3 8 — ys € Aut(X x G, i X Ag) is continuous if the automorphism
group is endowed with the weak topology (§&efor the definition of the skew product
transformationy;).

We omit the proof of this standard statement, since it is routine (see, for instance,
[CHP, Theorem 1]).
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Now let us continue the proof of Theorem 4.2. Take an ergodic transformation
[S] € [R] generatingS. Since the set of ergodic transformations in @0t G, i X Ag)
is a densd5; [CK] and

= {8 € ZX(R, G) | 15 is an ergodic automorphism ¢X x G, i x Ag)},
we deduce from Lemma 4.3 that is aG; in ZY(R, G). Thus, (i) is proved completely.

(i) Suppose first thaR (and henceS) is of typell;. Let P, Q, H, o be as above.
Suppose thap is the P- (and henceR-) invariant probability measure ofX, 98) and
B € ZX(R, G) is a cocycle with dense range @. Let N = Card H\Q) and set up
(Y, k) = (X,B, n)V. Thus each element df is a sequence ak-points indexed by
elements of the homogeneous spafgQ. We define an equivalence relatiéh on Y
by setting(yx) ~3 () if there is a finite subsef c H\Q such thaty, ~p y; for all
k € F andy, = y, otherwise. TherP is ergodic and hyperfinite, andis [P]-invariant.
There is a natural action @ on Y:

@Yk =Yg, yYEY, ke H\Q,q € Q.

We see thay € N[73]—[73] forall g # 1y. Denote byfi (respectiveI)SN) the equivalence
relation generated bYN’ and Q (respectively byﬁ and H). ThenS is a guasi-normal
subrelation ofR and the associated index cocydlec ZY(R, Q) is weakly equivalent
to 0. Hence the pair§ C R andS c R are isomorphic. Now we determine a cocycle
o€ Zl(P, G) by settinga(y, z) = B(yo, 20), Where 0, as above, stands fHre H\Q.
Thena can be extended 8, sincea o & = a and we can set(y, hy) = 1 for all

y €Y, h € H. We also observe that the cocyadex (¢ oq) € Zl(73, G x G) has dense
range inG x G if ¢ € Q — H—use the definition of essential values of a cocycle and
the fact thatx anda o ¢ are ‘independent’. It follows thaj ¢ D(P, &), since otherwise
s(a x (@ oq)) would be conjugate to the diagonal subgroupGok G. Hencex cannot
be extended t&R. It is easy to see that the restriction map

7Y8,G) 38> 8 | P e ZX(P, G)
is continuous. A minor modification of the proof of (i) shows that the set
(8eZY8,G) | r(BTP)x @ [P)og) =G xGforall g e Q— H}

is a dense&G, in Z1 (S G). Hence the set of- cocycles WhICh cannot be extendedRo
is residual le(S G). SinceS C R is isomorphic toS c R, we are done.

Now we remark that thH ,.-case can be easily reduced to thecase, if one considers
the reduction ofS C R to a subsetA C X of positive finite measure, wherev
is a o-finite, [R]-invariant, u-equivalent measure. Actually, R, = RN (A x A),
Sa = SN (A x A), thenS, is a quasi-normal subrelation g2, and the canonical
restriction mapZ(R,G) > 8§ — 8 | R4 € ZY(Ra,G) is continuous and onto.
To complete the proof, it remains to notice that) = r(§ | Ra) for each cocycle
8 € ZY(R, G) and use the above argument. O

Remark 4.41n fact, we have proved a stronger statement than that from Theorem 4.2.
Actually, let us say thatx can be extended t& in the generalized sengéthere is a

https://doi.org/10.1017/50143385798097600 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798097600

142 A. |. Danilenko

locally compact grouj’ containingG as a closed subgroup and a cocygle ZX(R, G)

with 8 | S = «. Notice that if an automorphism € N[S] is compatible withe, then

«a can be extended t® in the generalized sense (witth being of finite index inG’)
[GDB, GS3. It is easy to see that Theorem 4.2(i) holds if the word ‘extended’ is
replaced by ‘extended in the generalized sense’ with the same argument.

5. Lifting problems
Let R be an ergodic equivalence relation @i, B, ), G a LCSC group, and
a € ZX(R, G) a cocycle with dense range.

Definition 5.1.We say that an automorphistne N[R] can be lifted toN[R(«)] if there
is 6 € N[R(«)] of the form

6(x,g) = (0x,g), foraa.(x,g) e X xG. (5.1)

We denote by (R, «) the group of automorphisms froni[R] which can be lifted to
N[R(«)] and byZ(R(a)) the group of automorphisms froM[R («)] of the form (5.1).
Notice that N

L(R(a)) = {¢ € N[R(@)] | t (B = B},

where®®’ = {B x G | B € B}. It follows thatZ(R(a)) is closed inN[R(«)], since the
normal topology on the normalizer of a full group is stronger than the weak one (see
§1). Clearly, the natural epimorphism : L(R(«)) > 6 + 6 € L(R,a) C N[R] is
continuous. Let us find its kernel.

LEMMA 5.2, Kerp = {0 € N[R(a)] | 6(x, g) = (x, hg) ata.a. (x, g) € X x G for some
h € G}.

Proof. We can write an automorphisn® € Kerp in the form 6(x,g) =
(x, f(x,g)g) for some Borel functionf : X x G — G. Then for ug-
aa. (x,y) € R we have R()[(y, f(x, g)galx,y))] = R@)[(x, f(x,geg] =

R@)[(y, f(y, ga(x, y)ga(x, y))] and hencef(y, ga(x, y)) = f(x,g). SinceR(x)
is ergodic, f (x, g) = h at a.a.(x, g) for someh € G. O

It follows that Kerp is algebraically isomorphic t@G. We obtain a short exact
sequence of groups
G - L(R(a)) > L(R, o).

Notice that the first map is continuous and its image is closéfdm(a)) with respect to
the normal topology induced frolN[R(«)]. HenceL (R, «) endowed with the quotient
topology, say thd.-topology, is a Polish group. Moreovers,passes through the quotient
map and determines a continuous embeddi(§, «) — N[R]. It follows, in particular,
thatL (R, ) is a Borel subset aV[R]. Next, we describe the structure of automorphisms
from L(R(a)).

Denote byB; the Borelo-algebra onG and by AutG the group of continuous group
automorphisms of;. Notice that AutG is embedded naturally into AW, B¢, Ag) as
a closed subgroup with respect to the weak topology. The induced (Polish) topology
coincides with that of uniform convergence on compact subsets. of
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THEOREM 5.3. Every lift & of an element e N[R] to N[R(a)] is of the form
0(x, ) = 00 = (0x,1(g)a(x)), ataa.(x,g) e X x G, (5.2)
for some Borel map : X — G and some automorphisine Aut G satisfying
aof(x,y) = a(x) M (a(x, y)a(y), a.a.(x,y)eR. (5.3
Conversely, every triplet, [, a satisfying(5.3) defines a lift ob to N[R(«)] by (5.2).

Proof. We write 8 in the form 6(x,g) = (0x, f(x,g)) for some Borel function
f: X x G — G. Notice thatd € N[R(«)] if and only if

fO.ga(x,y) = fx,9)aob(x,y), forur xig-a.e.((x,y),g). (5.4

Use Fubini’'s theorem and th@&-quasi-invariance ofs to deduce from this that
F O, hga(x,y) = f(x,hg)a o O(x,y), for ug x ig x rg-a.e.((x,y), g, h). (5.5

We set upF(x, g, h) oot f(x,hg) f(x,g)~L It follows from (5.4) and (5.5) thafF is
R(a)-invariant for a.e. fixedh € G. Since’R(w) is ergodic, there is a Borel function
[: G — G with

F(x,g,h)=1(h), foraa.(x,g,h)e X xGxG. (5.6)

By Fubini's theorem there existg € G such thatF(x, go, h) = I(h) for u x rAg-a.a.
(x, h). Thus we can write

fx,g) = l(ggal)l(go)a(x), atae.(x,g) e X xG (5.7)

for some Borel functiom : X — G. It follows from (5.6) that (hggo 1)l (ggy )~ = I(h)
and hencéd(hg) = I(h)I(g) for Ag x Ag-a.a.(h, g).

LEMMA 5.4. Letv : G — G be a Borel function withi(hg) = v(h)v(g) for Ag x Ag-a.a.
(h, g). Then there is a continuous homomorphism G — G such thatv’ = v almost
everywhere.

This lemma can be readily deduced froR1] and [Z2, Appendix B]. We leave the
details to the reader.

Continue the proof of Theorem 5.3. We can vieas a continuous homomorphism by
virtue of Lemma 5.4. Then (5.7) implies (5.2). Sinte Aut(X x G, B x Bg, i X Ag),
it follows from (5.2) that!/ is one-to-one. Thel(G) is a Borelig-conull subgroup of
G. As was shown inlfla, R2], this implies!(G) = G. Finally, (5.3) follows from (5.4).
The second part of Theorem 5.3 is established by a straightforward verification]

CoOROLLARY 5.5. Leta have dense range i@. The following statements are equivalent:

(i) 6 € N[R] can be lifted toN[R()];

(i) aob ~loaforsomel € AutG;

(i) o x (a0 0) is regular and the conjugacy class ofx x (« 0 0)) in G x G contains
the subgroufd(/(g), g) | ¢ € G} for somel € AutG (I is the same as ifii)).
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Moreover,(i)—(iii) imply

(iv) ¢ <aob.

If, in addition, R is hyperfinite, type Il ands is compact, therfi)—(iii) are equivalent
to (iv).

Proof. (i) <= (ii) was established in Theorem 5.3.
(i) < (iii) follows from Lemma 1.1 and the definition of(« x (« o 6)).
(i) = (iv) by a straightforward verification.
(iv) = (iii) by Corollary 3.6. O

We introduce an auxiliary topological spagge = N[R] x AutG x M(X, G),
where M (X, G) is the set of measurable functions frok to G endowed with the
topology of convergence in measure. We also define two mapsy x G — G and
% ZYR,G) x G - ZX(R, G) by setting

.1, f)e @1, ) 00", 1',(Lo f1)-(fob))
B*O,1, Ny = FHf@BoOx (M,

forall 0,1, ), 0',I', f)e G, BeZX(R,G), and(x, y) € R.

LEMMA 5.6. (G, o) is a Polish group and defines a continuous action gfon ZX(R, G).

We omit the proof of this standard statement, since it is routine. Notice that
O, H =11 o ((feohH ™).

Given a cocyclax € Z1(R, G) with dense range iiG, we denote byS(x) C G the
stability group ofa with respect tox. It is easy to deduce from Theorem 5.3 that

S@) 3 (6,1, f) = 6.5 € L(R())

is an (algebraic) group isomorphism. It is routine to verify that it is continuous. Hence by
the Banach open mapping theorem for Polish gratifes and L(R(«)) are isomorphic
as topological groups. Then we can reformulate Lemma 5.2 as follows:

Kerp = {(L, Ady, f) | h € G}, (5.8)

where Ad(g) = hgh™t, g € G, and f,(x) = h, x € X. Denote by InrG C AutG
the normal subgroup of inner automorphismsGfi.e. InnG = {Ad,, | h € H} and set
OutG = AutG/InnG. Since

p2: L(R()) 36,5 — [-INnG € OutG

is an (algebraic) group homomorphism, it follows from (5.8) that there exists an
(algebraic) group homomorphism, : L(R,®) — OutG with p, = m, o p. Notice

that 7;1(1) = D(R, «) and thea-topology on D(R, «) (see§2) is stronger than the
inducedL-topology. In fact, consider a continuous one-to-one group homomorphism

N[R] x M(X,G)> (6, )~ (6,1, f) €G.

It maps the closed subgrodi(R, @) C N[R]x M (X, G) (see§2 for its definition) onto a
closed normal subgroup Sf(«). Hence we may think thaf (R, «) is a closed subgroup

https://doi.org/10.1017/50143385798097600 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798097600

Comparison of cocycles 145

of L(R(a)) (we do not distinguish betweeh(R(«)) and S(a)). Recall thatL (R(«))
also containsG as a kernel of the canonical projecti&[R(oz)) — L(R,a). Sincex
has dense range ii, we deduce from Lemma 2.1(i) that the gram@d) is isomorphic
to Z5(G) which means tha€ (R, o) NG = Z5(G). It follows that there is a continuous
embedding ofC(R, @)/ Zs(G) into Z(R(oz))/G, where the two groups are furnished
with the quotient topologies. It remains to notice that the first one is (topologically)
isomorphic toD(R, «) and the second one tb(R, «). In general,D(R, «) may be
nonclosed inL(R, «). However, if G is compact or Abelian then InG is closed in
Aut G and hence Ouy is a Polish group anet, is continuous. Therefor® (R, «) is
closed inL(R, «) and thex-topology onD (R, «) coincides with the inducefl-topology
by the open mapping theorem for Polish groups.

PROPOSITIONS.7. If R is hyperfinite and of type Il, them, is onto.

Proof. It is easy to see that for an arbitralye Aut G the cocyclel o « has dense range
in G becausex has this property. By Lemma 1.4(i} is amenable. It follows from the
unigueness theorem for cocycles that there existss N[R] with « 0 & ~ [ o «. This
means that € L(R, «) andn,(0) =1 -InnG. O

THEOREM 5.8. Let G be amenableR a hyperfinite type Il equivalence relatiot, its
normal ergodic subrelation witQ = R/S, andv : Q 3 ¢ — v, € AutG a group
homomorphism. Then there is a cocyele Z'(S, G) with dense range it such that
0 C L(S, @) andm,(g) = v, INNG for everyq € Q.

Proof. Denote by G®,Q the semidirect product ofG and Q. Recall that the
multiplication low in GO, Q is given by

& q)h,r)=(gvy(h),qr), (g q),(h,r)e G x Q.

Notice thatG is contained inG®),Q as a closed normal subgroup. SinGeand Q
are amenable, so 68),0. Let 8 € ZY(R, GO, Q) be a cocycle with dense range in
G®,0. We set up

S={x,y) e R|Bx,y) € G}

and choose automorphisms e [R] with B(y,x, x) € G x {g}. Clearly,S is an ergodic
subrelation ofR, y, € N[S], v,¥- € vo[S]forall ¢, r € Q, andy, € [S] if and only if
g =1p. Thatis,Q > q — y, is anouter near actiorof Q. By [BG1] there is¢ € N[S]
such thatcy, ¢ 1 € ¢[S] for all ¢ € Q. Now the cocyclex = (B | S) o ¢ € ZX(S, G)
is as desired. O

THEOREM 5.9. Let R be an ergodic hyperfinite equivalence relation of type Il @dn
amenable LCSC group. Then for each automorplismN[R] — [R] there is a residual
set of cocycles € Z1(R, G) with dense range i such that) ¢ L(R, «).

Proof. Denote by7 the equivalence relation generated Ryand . ThenR is a
nontrivial normal subrelation of. It follows from the proof of Theorem 4.2(i) that
the set of cocycles € Z1(R, G) such thatr(«¢ x (¢ 08)) = G x G is a denseG; in
ZY(R, G). By Corollary 5.5 ¢ L(R, «). O
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Notice that the above theorem is a sharpening of Theorem 4.2(i) for normal pairs
S Cc R with R/S being a cyclic group, since by Proposition SR, «) is a proper
subset ofL(R, ) if OutG is nontrivial.

PROPOSITION5.10. Let R be as aboveG compact or Abelian and € ZY(R, G) have
dense range itG. ThenL(R, @) # N[R].

Proof. Without loss in generality we may assume thatis of typell;. Suppose that
L(R,a) = N[R]. Then theL-topology onL (R, «) coincides with the normal topology
by the open mapping theorem for Polish groups. It follows tilt i dense inN[R]
with respect to thd.-topology. SinceG is compact or Abeliang, : N[R] — OutG is
continuous. Clearlyz,([R]) = InnG € OutG and we deduce that,(N[R]) = InnG.
Sincerr;1(INnG) = D(R, @), it follows that N[R] = D(R, «). By Corollary 3.5« is a
coboundary. Since has dense range i, we obtain thaG is trivial, a contradiction(]

6. Centralizers of ergodic skew product transformation groups

Let I" be a countable ergodic subgroup of AXit®B, 1). Clearly, C(I") is contained in
N[Rr] as a closed subgroup. Moreover, the normal topologyMfRr-] induces the
weak topology orC(I'). Let @ be a cocycle ofR taking values and having dense range
in a LCSC groupG. It follows readily from (5.2) and (5.3) that every lftof an element

0 € C(I') to N[Rr(a)] lies in C(Ty) ﬂZ(R(a)). Thus we arrive at the (restricted) well-
known problem of liftingC (I")-elements taC (T'y,) (see [GLS, Me, Aa, ALMN, ALV ]
and references therein). The first application of the above results to this problem is a
new version of Corollary 5.5 with

(i) 6 € C(I') can be lifted toC(T',)

instead of (i). The next application is the following.

ProOPOSITIONG.1. Let (X, ®B) be a standard Borel groupy a o-finite measure oiiX, 98)
andI" a countable subgroup df whose action oiX via left translations igt.-nonsingular
and ergodic. If a cocyclee € ZY(Rr, G) has dense range i then for each element
6 e C(T'y) there is an automorphism € C(I"), a functionf : X — G, and a group
automorphisni € Aut G satisfying(5.2) and (5.3). In other words,C(I'y) C Z(R(a)).

Proof. We write § in the form g(x,g) = (xf(x,g),. for some Borel function
f:XxG— G. Sinced commutes with every elememt € I', we deduce thalf
is I'y-invariant and hence a constant a.e., Bayt follows that the rightz-shift on X is
wu-nonsingular and, evidently, lies ii(T"). It remains to apply Theorem 5.3. O

It should be noticed that in the particular case wh&ris compact,X a compact
Abelian monothetic groupyu the Haar measure oX, and I' is generated by a
single shift—i.e.(X, B, u, I') is a dynamical system with pure point spectrum—then
Proposition 6.1 is exactlyMe, Theorem 3]. However, our argument is quite different.

Example 6.2Let a countable Abelian group act ergodically on a standard measure
space(X, €, v) in such a way that the.>-eigenfunctions of this action generate the
whole o-algebra¢ (modulov-null subsets). Recall that a Borel mgp: X — C is an
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L*°-eigenfunctionof the I'-action if | f(x)| = 1 and f(yx) = x(y) f(x) at a.a.x for
some charactey of I'. Then thel-action is conjugate to some translation-type action on
a compact group endowed with a Bofglnonsingular measure (which is nonequivalent,
in general, to the Haar measure)—this assertion is an evident modificatioANof [
Theorem 1.2]. By Proposition 6.1, for every cocyeles Z'(Rr, G) with dense range

in G we haveC(T',) C L(R(a)).

We can combine the arguments of Proposition 6.1 with Lemma 2.3 to obtain the
following generalization of this proposition—for simplicity’s sake we restrict ourselves
to the case of Polish groups instead of standard Borel groups.

PROPOSITIONG.3. Let L be a Polish groupH a closed subgroup of with the double
coset spacéd\L/H being countably separated, anda countable normal subgroup of
L with ' N H being dense i{. Suppose that the natural shiftwise actionfobn the
homogeneous space gef L/H is ergodic with respect to some Borel measuren X,
anda € ZY(Rr, G) is a cocycle with dense range @ Then for each elemente C((Ty)
the statement of Propositiadh1 holds.

Proof. We write @ in the form

0(x, g) = (A(x, g),.) (6.2)

for some Borel functiom : X x X — X and denote by : X — G a Borel cross-section
of the natural projectior. — L/H [Di]. Then

s(A(x, 8)) =s() f(x,8) (6.2)

for some Borel functionf : X x G — L. Denote byi, : L x X — H the Borel cocycle
corresponding ta (see the proof of Lemma 2.3). Then, as was done in Lemma 2.3, we
deduce that for each e T’

fx, 9h(y, A(x, g)) = h(y,x) f(yx, ga(x,yx)), fora.a. (x,g) € X xG.

Since H\L/H is countably separated ard, is ergodic, it follows that there are two
Borel mapsiy,/; : X x G — H, an element: € L, and au x Ag-conull T'y-invariant
subsetB C X x G with

f(x’ g) =ll(xa g)aZZ(xv g)’ (63)
L(x, Oh(y, A(x, g)la(yx, ga(x, yx)) ™
= a_lll(-x9 g)_lh(% x)ll(yxv ga(x, ]/)C))d. (64)

Take an elementxo, go) € B. Notice that the groug’y, = {y € I' : yxo = xo} iS
dense in thel-stability group ofxg. We deduce from this fact thék,(y, xo) | y € Ty}
and {h,(y, A(xo, g0)) | y € I'y,} are dense subgroups &f. Then it follows from (6.4)
that H = a 'Ha, i.e.a € Ny (H). Now use (6.1)—(6.3) to obtaid(x,g) = x - a
for a.a.(x, g), wheread = aH € Ny (H)/H. It follows that the righta-shift on X is
u-nonsingular and, clearly, commutes with the (ldftaction. O
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THEOREM 6.4. Let I be an Abelian countable ergodic type Il transformation group on
(X, B, n) and G an amenable LCSC group. Suppose that theeésC(I') — I'. Then
there is a residual subset of cocycles Z'(Rr, G) with dense ranges i such that
cannot be lifted taC(I'g). In particular, for suchg, L(Rr, 8) N C(I") is a proper subset
of C(I").

Proof. It suffices to observe that(I") N [I'] = I" and apply Theorem 5.8. O

We remark that a particular case of Theorem 6.4 whére Z, G is compact, and
C(I") contains a nontrivial connected Polish group ois rigid instead) was established
in [GLS, Theorem 5.1 (or Proposition 5.4 respectively)].

Let X be an ergodic countable tydé, transformation group ortY, €, v) with v
being Z-invariant (and hence infinite). It is easy to see that for eaehN[R 5] there is
a certainc € R* with o = cp. Itis called themodulusof # and denoted by madl If
% is amenable or, more generalli s is hyperfinite, then each positive real is a modulus
of somef € N[Rsx] (see, for example HO]). Itis known also that this fact is no longer
valid for nonhyperfiniteRy [GG]. A similar problem can also be considered (%)
instead of N[Rx]. We set

A(%) = {c € R} | c = mod6 of somed € C(X)}.

Clearly, the multiplicative subgroup (%) of R is an invariant for the conjugacy class
of X. As in [Aa, ALMN, ALV ] we call £ squashablef A(X) is nontrivial. In this
paper we restrict ourselves to the case wheis a skew product extension of a tyfie
transformation group. Given a unimodular LCSC gra@pwe put

Ag ={c eRY | Ag ol = cAg for somel € AutG}.

PROPOSITIONG.5. Let " be a type |{ transformation group oriX, 98, u) generating the
hyperfinite orbital equivalence relatioR and letG be an amenable unimodular LCSC
group. Thenforeach e Ag,c # 1, and every € C(I") witho” ¢ [I'] for all n € Z—{0}
(i.e. 0 is Rr-outer aperiodid CoK]) there is a cocycler € Z'(Rr, G) with dense range
in G such that € L(Rr, @) and for every lift of 6 to C(T,) one has = modd. Hence
I, is squashable and € A(T',).

Proof. Let Ag ol = cig for some automorphism € AutG and letg € ZX(Rr, G)
be a cocycle with dense range ¢ By Proposition 5.7 there i8; € L(Rr, 8) with
mg(61) = I-InnG. Sincec # 1, [ is aperiodic and hencg is outer aperiodic. Then by
[CoK] there are automorphismse N[Rr] andy e [I'] with ¢ 716,y¢ = 6. We define
a = fo¢. Itis clear thate has dense range i, 0 € L(Rr, «), andn, (0) = mg(61).
Finally, it follows from Theorem 5.3 and the fact that inner automorphisn pfeserve
A that for every liftd of & we havec = modd, as desired. O

If T is generated by a single transformation with pure point spectrum, then a family
of ‘product-type’ cocyclesx € Z'(Rr, R) such thatl', is ergodic and nonsquashable
was demonstrated iPALMN ]. However, the problem of existence of squashable
was marked there as open. We solve it positively (see @&V ]) in the following.
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COROLLARY 6.6. Let T be an ergodic transformation with pure point spectrum. Then
for eachc¢ > 0O there exists a cocycle € Z'(Rr,R) such that the skew product
transformation7, is ergodic and squashable arde A(T,).

Proof. It suffices to notice thatAr = RY and there is anRr-outer aperiodic
automorphismy € C(T). The latter follows from the structure of monothetic Abelian
LCSC groups HR]. O

Remark 6.7Notice that Proposition 6.5 (and hence Corollary 6.6) can be refined in the
following way: if a countable subgroup C A can be embedded ii(I"), then there is

a € ZY(Rr, G) with dense range i such thatA(I',) D A. The proof of this statement

is an obvious modification of that of Proposition 6.5 but with referenc®®1] instead

of [CoK].

Remark 6.8.Let I' be an ergodic typdl; transformation group onX, B, u), a €
ZY(Rr, G) a cocycle with dense range G andC(I',) C L(Rr(«)). Examples of such
pairs (I', «) are given in Propositions 6.1 and 6.3. Then in view of Theorem 5.3

A(Rr(a))={c € R} | Ag ol=cA¢ for somel € 7,(f) € OutG and certairy € C(I')}.

In particular,A(Rr(«x)) C Ag. Thus if Ag is trivial, T, is nonsquashable. For example,
if G is countable and amenable a@, B, u, I') is a dynamical system with pure point
spectrum, therr’, is nonsquashable for every cocyelevith dense range i6; (cf. with

[Aa, Theorem 3.4], wher& is assumed to have no large finite normal subgroups, i.e.
G =7'x Q).

The following statement is a direct consequence of Theorem 5.8 (cf. with
Theorem 0.1).

COROLLARY 6.9. Let G be an amenable LCSC group, an ergodic measure preserving
transformation on X, 98, 1), Q a countable amenable subgroup®fT) with Q N[T] =
Idandv : Q 5 g — v, € AutG a group homomorphism. Then there is a cocycle
o € ZY(Ry, G) with dense range it such thatQ ¢ L(Ry, @) and,(q) = vg INNG

for everyg € Q.

Our argument permits one to answer a question frabV[, remark after Theorem 2J:
are there ergodic typd, transformationsT and cocyclesx with dense range in the
two-dimensional torus witlt§ L (2, Z) C 7, (C(T) N L(R, @))?

Example 6.10Let H, G be two compact metrizable Abelian groud8,e AutH C
Aut(H, Ly) an ergodic group automorphism, apd: H — G a continuous group
epimorphism. We define a cocyaee ZY(Ry, G) by settinga(h, Th) = p(h) for all

p € H. If | € AutG, then we look fol;, € Aut H so thatlo p = po6,. Let us apply this
to H = G%, T the Bernoulli shift onH, and p the projection onto the zero coordinate
and set up(6,h), = I(h,) for all h = (h,) € H, n € Z. It follows from the theory of
random walks on compact groups (see, for examg#, Theorem 3]) thatr has dense
range inG. Furthermorep;, € L(Rr,a) N C(T) andn,(6;) = L.
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Thus for each compact second countable Abelian gr6ughere is a probability
preserving transformationX, B, u, T) and a cocyclex of T with dense range iIrG
such thatr, (C(T) N L(R7, @)) is the biggest possible, i.e. equals A&ut Recall that
Aut(R?/7Z?) = SL(2, Z).
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