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Abstract. Let R be an ergodic discrete equivalence relation on a Lebesgue space and
α its cocycle with values in a locally compact groupG. We say that an automorphism
of R is compatible withα if it preserves the cohomology class ofα. We introduce
a quasi-order relation on the set of all cocycles ofR by means of comparison of the
corresponding groups of all automorphisms being compatible with them. We find simple
necessary and sufficient conditions under which two cocycles of a hyperfinite measure-
preserving equivalence relation with values in compact (possibly different) groups are
connected by this relation. Next, given an ergodic subrelationS of R, we investigate
the problem of extendingS-cocycles up toR-cocycles and improve the recent results
of Gabriel–Lemánczyk–Schmidt. As an application we study the problem of lifting of
automorphisms ofR up to automorphisms of the skew productR ×α G, provide new
short proofs of some known results and answer several questions from [ALV, ALMN ].

0. Introduction
Let R be an ergodic discrete equivalence relation on a standard probability space
(X,B, µ) and letN [R] be the group of nonsingular automorphisms ofR. Given a
(1-) cocycleα of R with values in a locally compact second countable (LCSC) group
G, we say that an elementθ ∈ N [R] is compatible withα if α ◦ θ is cohomologous to
α [GDB]. For two cocyclesα, β with values in (possibly, different) LCSC groups we
write α ≺ β or α � β if the group ofα-compatible automorphisms contains the group of
β-compatible ones or if these groups coincide, respectively. LetZ1(R) stand for the set
of all R-cocycles. Then(Z1(R)/ �,≺ / �) is an upper semilattice, where/ � denotes
the factorization by modulo the equivalence relation�. A problem arises in describing
the order relation≺ / � in a more explicit fashion. A particular case of this problem was
considered in [D1], where the structure of cocycles of a hyperfinite equivalence relation
with values in Abelian groups and compatible with the wholeN [R] was described. In
Theorem 3.4 of the present paper we find simple necessary and sufficient conditions
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when two cocyclesα, β satisfyα ≺ β in terms of the Mackey action associated toα×β
provided that this action is transitive andR is measure preserving (i.e. Krieger’s typeII )
and hyperfinite.

As was shown in [GDB], the study ofα-compatible automorphisms is intimately
related to the problem of extendingα to some new relation containingR as a normal
subrelation in the sense of [FSZ]. So, given an arbitrary pair of ergodic hyperfinite
equivalence relationsS ⊂ R, it seems natural to ask the following questions [GLS]:
(1) is the set of thoseS-cocycles which have extensions toR-cocycles of first category

in the set ofS-cocycles?
(2) is the set of thoseR-cocycles whose restrictions toS are cocycles generating the

ergodic skew products (i.e. with dense Mackey range) residual in the set ofR-
cocycles?

The affirmative answers were obtained in [GLS] for the case whenS is normal in
R with R/S being a cyclic group. We generalize these to arbitrary quasi-normal pair
S ⊂ R in Theorem 4.2. The notion of quasi-normal subrelation is introduced in§4. We
remark that all normal subrelations and subrelations of finite index are quasi-normal.

In the sequel of the paper we deal with the lifting problems and apply the above results
to them. LetT be an ergodic nonsingular transformation of(X,B, µ), C(T ) the group
of nonsingular transformations commuting withT andα a cocycle ofT with dense range
in G which means that the Anzai skew product transformationTα of (X × G,µ × λ)

is ergodic, whereλ is the Haar measure onG. Notice thatTα preserves the (σ -finite)
measureµ × λ provided thatT preservesµ. We investigate the possibility of lifting
C(T )-elements toC(Tα). We also ask: when isTα squashable, i.e.C(Tα) contains
non-(µ × λ)-preserving transformations? (Similar problems can also be formulated for
a countable transformation group instead ofT alone.) These problems were studied
by several authors (see [Aa, ALV, ALMN, LLT, Ne, GLS ] and references therein)
with the classical tools of ergodic theory being applied, such as Rokhlin’s lemma. Our
approach is quite different—we consider their orbital analogues, i.e. replaceT andC(T )
by an ergodic equivalence relationR and the normalizerN [R] of the full group [R]
respectively. As it turns out, in the framework of orbit theory many of these problems
can be better understood. Moreover, the use of the remarkable theorem of existence and
uniqueness of cocycles of hyperfinite relations [GS1–GS3] leads to simple and explicit
proofs of the known results and enables us to solve several open problems stated in
[ALMN, ALV ]. Denote byL(R, α) the group of those elements ofN [R] which can
be lifted toN [R(α)], whereR(α) is the skew product equivalence relation onX ×G.
We obtain useful criteria for an element ofN [R] to be in L(R, α) (Corollary 5.5).
In particular, if R is hyperfinite and of typeII andG is compact, thenθ ∈ L(R, α)
if and only if α ≺ α ◦ θ . Next, the structure of those automorphisms fromN [R(α)]
which are the lifts of some elements ofL(R, α) is described explicitly (Theorem 5.3).
We introduce the relevant Polish topology onL(R, α) and a canonical homomorphism
πα : L(R, α) → OutG = AutG/ InnG, whose kernel is the group ofα-compatible
automorphisms. IfR is hyperfinite,πα is onto (Proposition 5.7).

We also show that ifθ is an outer automorphism ofR, then it is a generic property in
the set of allG-valued cocycles ofR endowed with the (Polish) topology of convergence
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in measure, thatθ cannot be lifted toN [R(α)] (Theorem 5.9).
Now return to the classical point of view to observe that ifRT is the T -orbital

equivalence relation, then every lift of an automorphismθ ∈ C(T ) ⊂ N [RT ] to
N [RT (α)] lies in C(Tα), and C(Tα) endowed with the weak topology is closed in
N [RT ] endowed with the normal topology (to be defined in§1). This enables us to
deduce as simple corollaries some previously known results; see [Me, Theorems 1–
3], [GLS, Theorem 5.1, Proposition 5.4], [ALMN , Proposition 1.1], [ALV , Continuous
Embedding Lemma], etc. Moreover, these results are generalized broadly, since normally
we do not assume thatG is compact or Abelian (as it used to be in the cited papers),
nor thatT is finite measure preserving. Furthermore,T can be replaced everywhere
by a countable transformation group. Recall that ifT is an ergodic transformation
with discrete spectrum, then every elementθ ∈ C(Tα) is a lift of some ζ ∈ C(T )

[Ne, Me, ALMN ]. In Example 6.2 we extend this fact to ergodic Abelian dynamical
systems whoseL∞-eigenfunctions generate the entireσ -algebraB (modulo 0). Other
generalizations (including dynamical systems with quasi-discrete spectrum) are obtained
in Propositions 6.1 and 6.3.

We prove that ifG is amenable and admits an automorphism which multiplies the
Haar measure, then there is a cocycleβ of T with dense range inG such thatTβ is
squashable (Proposition 6.5). In the case whereG = R andT has pure point spectrum
this gives an answer to the question from [ALMN ] (Corollary 6.6).

Next we note that the lifting problems are also studied in the noninvertible case
[LLT, ALV ]. Let EC(T ) be the semigroup of nonsingular endomorphisms of(X,µ)

and EndG the semigroup of continuous group endomorphisms ofG. Then the canonical
homomorphismπα can be extended naturally to the semigroup of those elements of
EC(T ) which can be lifted toEC(Tα). This extended map takes values in EndG/InnG
(in EndG if G is Abelian) and is a semigroup homomorphism. The following statement
is one of the main results of [ALV ].

THEOREM 0.1. Let G be an Abelian group,T an ergodic probability preserving
transformation, andS1, . . . , Sd ∈ C(T ) (d ≤ ∞) are such that(T , S1, . . . , Sd) generate
a freeZd+1-action. Ifw1, . . . , wd ∈ EndG commute(i.e. wiwj = wjwi), then there is
a cocycleα with dense range inG such thatS1, . . . , Sd can be lifted toEC(Tα) and
πα(Si) = wi , 1 ≤ i ≤ d.

We give a short proof of a generalization of Theorem 0.1 toG amenable under the
additional assumption thatw1, . . . , wd ∈ AutG in Corollary 6.9 (our argument can be
adapted easily to another particular case of Theorem 0.1:d = 1). Moreover, since the
argument of Aaronsonet al is based on the generalized Rokhlin lemma which holds
only for amenable actions, they ask whether there is an ergodic probability preserving
transformationT and its cocycleα with dense range in the two-dimensional torus with
πα(C(T ) ∩ L(RT , α)) = SL(2,Z)? We answer in the affirmative, demonstrating in
Example 6.10.

We remark that the noninvertible case of lifting problems can also be considered in
the framework of orbit theory. To this end we first need to find an orbit analogue of
EC(T ) in such a way that most of the results of§5 and§6 can be generalized easily to
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the noninvertible case. This will be done in our subsequent paper. Besides, an ‘orbital’
proof of Theorem 0.1 in more general situation—G is arbitrarily amenable—will also be
contained there.

The outline of this paper is as follows.§1 contains background on measured
equivalence relations and their cocycles. In§2 we extend to the non-Abelian case some
facts from [GDB] related to automorphisms compatible with cocycles.§3 is devoted
to the comparison of cocycles by means of comparing the groups of automorphisms
compatible with them. The main result here is Theorem 3.4, where pairs of cocycles
α, β with α ≺ β are classified in terms of the corresponding sets of essential values. In
§4 we introduce the idea of quasi-normal subrelations of an ergodic equivalence relation.
Our purpose here is to generalize the results from [GLS] about genericity of extensions of
cocycles to quasi-normal pairs. The orbital versions of the lifting problems are discussed
in §5 and their applications to the classical problems (where only the centralizers of
dynamical systems are involved) in§6.

1. Notation and introductory results
Let (X,B, µ) be a standard probability space. Denote by Aut(X,B, µ) the group of
its automorphisms, i.e. Borel, one-to-one, onto,µ-nonsingular transformations; we do
not distinguish between two of them which agree on aµ-conull subset. Given a Borel
discreteµ-nonsingular equivalence relationR ⊂ X × X, we endow it with the induced
Borel structure and theσ -finite measureµR, dµR(x, y) = dµ(x), (x, y) ∈ R. We also
write

[R] = {γ ∈ Aut(X,µ) | (γ x, x) ∈ R for µ-a.a. x ∈ X}
N [R] = {θ ∈ Aut(X,µ) | (θx, θy) ∈ R for µR-a.a. (x, y) ∈ R}

for the full group of R and thenormalizerof [R] respectively. For a countable subgroup
0 of Aut(X,µ) we denote byR0 the 0-orbital equivalence relation (and it is known
that eachR is of the formR0 [FM ]). R is calledhyperfiniteif it can be generated by a
single automorphism. We assume from now on thatR is ergodic, i.e. everyR-saturated
Borel subset isµ-null or µ-conull.

Given θ ∈ N [R], we set upi(θ)(x, y) = (θx, θy) for all (x, y) ∈ R. Theni(θ) is a
nonsingular transformation of(R, µR) and the mapN [R] 3 θ 7→ i(θ) ∈ Aut(R, µR) is a
one-to-one homomorphism. Moreover,i(N [R]) is closed in Aut(R, µR) with respect to
the weak topology [D2, §3.1]. The induced (Polish) topology onN [R] is callednormal.
As was shown in [D2] this topology is compatible with the distanced introduced in
[HO] as follows. LetR = R0 for a countable group0 = {γk}∞k=1 ⊂ Aut(X,µ). Denote
by du the uniform distance on [R] given by

du(γ, δ) = µ({x ∈ X | γ−1x 6= δ−1x})+ µ({x ∈ X | γ x 6= δx})
and set up

d(θ1, θ2) = dw(θ1, θ2)+
∞∑
k=1

1

2k
du(θ1γkθ

−1
1 , θ2γkθ

−1
2 )

1 + du(θ1γkθ
−1
1 , θ2γkθ

−1
2 )

for θ1, θ2 ∈ N [R], where dw is the metric which determines the weak topology on
Aut(X,µ).
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Let G be a LCSC group, 1G the identity ofG, andλG the right Haar measure onG.
A Borel mapα : R → G is a (1-)cocycleof R if

α(x, y)α(y, z) = α(x, z) for a.a. (x, y), (y, z) ∈ R.
We do not distinguish between two cocycles if they agreeµR-a.e. Two cocycles,
α, β : R → G, arecohomologous(α ≈ β), if

α(x, y) = φ(x)−1β(x, y)φ(y) for µR-a.a. (x, y),

whereφ : X → G is a Borel function (we call it atransfer function fromα to β). A
cocycle is acoboundaryif it is cohomologous to the trivial cocycle. The set of cocycles
of R with values inG will be denoted byZ1(R,G).

Let R = R0. There is a cocycleρ ∈ Z1(R,R) such that

ρ(x, γ x) = log
dµ ◦ γ
dµ

(x)

for all γ ∈ 0 at µ-a.e.x ∈ X. It is called theRadon–Nikodymcocycle ofR. If ρ ≡ 1
thenµ is [R]-invariant. R is said to be of typeII 1 (II∞) if there exists a finite (infinite,
σ -finite) [R]-invariant measure onX equivalent toµ.

Let R andS be two equivalence relations on measure spaces(X,B, µ) and(Y,G, ν)
respectively, and let some cocyclesα ∈ Z1(R,G) and β ∈ Z1(S,G) be given. The
pairs (R, α) and (S, β) (or, simply,α andβ) are weakly equivalentif there is a Borel
isomorphismθ : X → Y such thatµ ∼ ν ◦ θ , θ × θ(R) = S, andα ≈ β ◦ θ , where the
cocycleβ ◦ θ ∈ Z1(R,G) is defined byβ ◦ θ(x, z) = β(θx, θz).

For everyα ∈ Z1(R,G) and a countable group0 ⊂ Aut(X,B, µ) with R = R0 we
define theα-skew productaction of0 on the space(X×G,P, µ× λG), whereP is the
product Borel field, by

γα(x, g) = (γ x, gα(x, γ x)), x ∈ X, g ∈ G, γ ∈ 0.
We observe that ifγ preservesµ then γα preservesµ × λG. Let 0α = {γα | γ ∈ 0}.
Notice that the0α-orbital equivalence relation onX×G does not depend on the particular
choice of0 with R0 = R. It will be denoted byR(α). We also define a Borel action
Vα of G on the same space as

Vα(h)(x, g) = (x, hg), x ∈ X, g, h ∈ G.
SinceVα commutes with0α, it induces an actionWα of G on the measure space of
0α-ergodic components.Wα is called theMackey actionof G associated toα. It is
ergodic, sinceR is. If two cocyclesα, β are weakly equivalent, then the associated
Mackey actionsWα andWβ defined on measure spaces(Y, λ) and (Z, κ) respectively
areconjugate, i.e. there is a nonsingular mapξ : Y → Z such thatξWα(g)ξ

−1 = Wβ(g)

for eachg ∈ G.
A cocycle α ∈ Z1(R,G) is transient if R(α) is of type I , i.e. theR(α)-partition

of X × G is measurable. Otherwiseα is called recurrent. α hasdense rangein G if
Wα is the trivial action on a one-point set, i.e. theα-skew product action is ergodic.
More generally,α is regular if Wα is (essentially) transitive. Then there exists a closed
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subgroups(α) ⊂ G such thatWα is conjugate to theG-action on the homogeneous
spaceG/s(α) via translations. Notice thats(α) is determined up to conjugacy inG.
It is well known that the properties of cocycles to be transient, recurrent, or regular
are invariant under the weak equivalence. Moreover, ifα andβ are weakly equivalent
regular cocycles, thens(α) ands(β) are conjugate.

UNIQUENESS THEOREM FOR COCYCLES. [GS1, GS3, Theorem 3.1]Let R andS be two
ergodic hyperfinite equivalence relations on standard probability spaces(X,B, µ) and
(Y,C, ν) respectively, and letα ∈ Z1(R,G), β ∈ Z1(S,G) be recurrent cocycles. IfR
andS are both of type II1 or II∞ and the Mackey actionsWα andWβ ofG are conjugate,
thenα andβ are weakly equivalent.

It follows that if R is hyperfinite and of typeII and α, β ∈ Z1(R,G) are regular
cocycles then they are weakly equivalent if and only ifs(α) ands(β) are conjugate. (We
remark that each regular cocycle is recurrent.)

An elementg ∈ G is anessential valueof α if for everyA ∈ B of positive measure
and every open neighborhoodO of g there existsγ ∈ [R] with

µ(γ−1A ∩ {x ∈ A | α(x, γ x) ∈ O}) > 0.

The setr(α) of essential values ofα is a closed subgroup ofG.

LEMMA 1.1. [S1, S2] The following are equivalent:
(i) α is regular;
(ii) there existβ ∈ Z1(R,G) and a closed subgroupH ⊂ G such thatβ ≈ α, β(R) ⊂ H

(i.e. β takes values inH ), andr(β) = H .
If (ii) is satisfied then the conjugacy class ofs(α) in G containsH .

It is easy to deduce the following corollary from this lemma.

COROLLARY 1.2. Let α, β be two cocycles ofR with values in LCSC groupsG and F
respectively. If the cocycleα × β ∈ Z1(R,G × F) is regular, then so are bothα and
β. Moreover, ifα × β(R) ⊂ r(α × β), thenr(α) (respectivelyr(β)) is the closure of the
image of the first (respectively second) coordinate projection ofr(α × β) ⊂ G× F .

We also need several auxiliary facts.

LEMMA 1.3. ([GS3, Lemma 1.6])LetR be hyperfinite. Then ifα has dense range inG,

there is a cocycleβ ≈ α such that the subrelationS def= {(x, y) ∈ R | β(x, y) = 1G} is
ergodic.

LEMMA 1.4. LetR be hyperfinite.
(i) ([Z1, GS1, Is]) If G is amenable then there exists a cocycleα of R with dense range

in G.
(ii) ([ Z2]) If there exists a cocycle ofR with dense range inG thenG is amenable.

For more detailed expositions of these concepts we refer to [BG2, HO, S1, S2, Z3].
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2. Automorphisms compatible with cocycles
The concept of an automorphism compatible with a cocycle was introduced in [BGD].
Here we briefly outline some definitions and facts related to it. See also [GDB] and
[GS3, §2].

Let α ∈ Z1(R,G). An automorphismθ ∈ N [R] is compatiblewith α if α ◦ θ ≈ α.
The set of transfer functions fromα ◦θ to α will be denoted byα(θ) and the group ofα-
compatible automorphisms byD(R, α). We see that [R] ⊂ D(R, α), sinceα◦γ (x, y) =
α(x, γ x)−1α(x, y)α(y, γy) at a.e.(x, y) ∈ R for each transformationγ ∈ [R]. Next,
if α ≈ β, thenD(R, α) = D(R, β). Notice also thatD(R, α ◦ θ) = θ−1D(R, α)θ for
each transformationθ ∈ N [R].

Let M(X,G) stand for the set ofµ-measurable functions fromX to G. We endow it
with the (Polish) topology of convergence in measure. Then

C(R, α) def= {(θ, φ) | θ ∈ D(R, α), φ ∈ α(θ)}
is a closed subset ofN [R] ×M(X,G) (recall thatN [R] is furnished with the normal
topology). For a hyperfinite equivalence relation this assertion was proved in [GDB], but
in the general case only a minor and evident modification of that argument is required.
Furthermore,C(R, α) is a Polish group if we define the multiplication by setting

(θ1, φ1) · (θ2, φ2) = (θ1θ2, φ3), (θi, φi) ∈ C(R, α),
whereφ3(x) = φ2(x)φ1(θ2x), x ∈ X [GDB, GS3]. It is obvious that

{1} → α(Id)
i→ C(R, α) p→ D(R, α) → {1}

is an exact sequence of groups, wherep is the first coordinate projection and the
embeddingi is given by α(Id) 3 φ 7→ i(φ) = (Id, φ) ∈ C(R, α). Sinceα(Id) is
closed inC(R, α), we have thatD(R, α) endowed with thep-quotient topology—we
call it theα-topology—is a Polish group.

Given (θ, φ) ∈ C(R, α), we define an automorphismθφ of (X × G,P, µ × λG) by
setting

θφ(x, g) = (θx, gφ(x)), x ∈ X, g ∈ G.
Notice thatθφ ∈ N [R(α)] ∩ C(Vα), where

C(Vα) = {ζ ∈ Aut(X ×G,µ× λG) | ζVα(h) = Vα(h)ζ for all h ∈ G}
is the centralizer ofVα. Henceθφ induces an automorphism9α(θ, φ) of the space of
[R(α)]-ergodic components and9α(θ, φ) ∈ C(Wα). Moreover,

9α : C(R, α) 3 (θ, φ) 7→ 9α(θ, φ) ∈ C(Wα)

is a continuous homomorphism, provided thatC(Wα) is furnished with the weak
topology.

Given a closed subgroupH of G, we writeZG(H) = {g ∈ G | gh = hg for all h ∈
H } andNG(H) = {g ∈ G | gH = Hg} for the centralizer and the normalizer ofH in
G respectively.
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LEMMA 2.1. Let R be hyperfinite,α a regular cocycle withα(R) ⊂ r(α), and θ an
α-compatible automorphism. Then:
(i) for every pairφ,ψ ∈ α(θ) there isa ∈ ZG(r(α)) with φ(x)ψ(x)−1 = a for a.e.

x ∈ X;
(ii) for everyφ ∈ α(θ) there areb ∈ NG(r(α)) and a functionσ : X → r(α) such that

φ(x) = bσ(x) for a.e.x ∈ X.

Proof. It follows from Lemma 1.3 that there is a Borel functionϑ : X → r(α) and
an ergodic subrelationS ⊂ R such that the cocycleβ(x, y) = ϑ(x)−1α(x, y)ϑ(y)

is trivial on S. It is straightforward that the functions̃φ(x) = ϑ(x)−1φ(x)ϑ(x) and
ψ̃(x) = ϑ(x)−1ψ(x)ϑ(x) belongs toβ(θ). We setχ(x) = φ̃(x)ψ̃(x)−1, x ∈ X. Since

χ(x)−1β(x, y)χ(y) = β(x, y) for a.e.(x, y) ∈ R, (2.1)

χ is [S]-invariant and hence equals a.e. somea ∈ G. It is easy to deduce from the
definition of essential values of cocycles thatβ(R) is dense inr(α). Therefore (2.1)
implies a ∈ ZG(r(α)). Then we haveφ(x)ψ(x)−1 = ϑ(x)χ(x)ϑ(x)−1 = a for a.e.
x ∈ X, as claimed in (i).

Now we observe thatβ(θx, θy) = φ̃(x)−1φ̃(y) for a.e. (x, y) ∈ S. Hence
φ̃(x)r(α) = φ̃(y)r(α) for a.e. (x, y) ∈ S. SinceS is ergodic and the homogeneous
spaceG/r(α) is countably separated,̃φ(x) = bσ(x) for someb ∈ G and a Borel
function σ : X 3 x 7→ σ(x) ∈ r(α). Now we have

σ(x)β ◦ θ(x, y)σ (y)−1 = bβ(x, y)b−1 for a.e.(x, y) ∈ R.
Notice that the left-hand side is a cocycle ofR with dense range inr(α) and—like
β—takes a dense subset of values inr(α). It follows thatb r(α) b−1 = r(α) as desired
for (ii). �

Thus if α is a regular cocycle of a hyperfinite equivalence relation, withα(R) ⊂ r(α)

thenα(Id) consists of a.e. constant functions with values inZG(r(α)).

Example 2.2.Let R be a hyperfinite equivalence relation on(X,µ) and α its cocycle
with dense range in the multiplicative groupR∗. Such a cocycle exists becauseR∗ is
an Abelian group. Also letG = GL(2,R) and H be the diagonal subgroup ofG.
Consider the product equivalence relationR × R on (X × X,µ × µ) and its cocycle
β ∈ Z1(R × R,G) given by

β(x1, y1, x2, y2) =
(
α(x1, x2) 0

0 α(y1, y2)

)
, (x1, x2), (y1, y2) ∈ R.

It is clear thatβ is regular andr(β) = H . Denote byθ the Sakai flip, i.e.θ(x, y) = (y, x)

for all (x, y) ∈ X ×X. Thenθ ∈ N [R × R] and

β ◦ θ(x1, y1, x2, y2) =
(
α(y1, y2) 0

0 α(x1, x2)

)
, (x1, x2), (y1, y2) ∈ R.

Henceθ ∈ D(R × R, β) and the functionφ(x, y) = (0 1
1 0

)
, (x, y) ∈ X × X, is in β(θ).

Notice that sinceβ(R×R) ⊂ H , β can be regarded as a cocycle fromZ1(R×R, H).
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But in this caseθ is not compatible withβ, since otherwise there exists a function
ψ : X × X → H which belongs toβ(θ). By Lemma 2.1(i),φψ−1 ∈ ZG(H) = H ; a
contradiction.

This effect is impossible for cocycles with values in Abelian groups [GDB].

Let H be a closed subgroup ofG. There are two natural continuous group actions
on the homogeneous spaceY = G/H endowed with the quotient topology. The first
one is the left shiftwise action ofG and the second one is the right shiftwise action of
NG(H) (it is well defined). Notice thatH is equal to the stability group of this right
action at each point ofY . HenceY is a free right(NG(H)/H)-space. Denote byλ a
quasi-invariant (for both actions) measure onG/H .

LEMMA 2.3. The centralizer of theG-action in Aut(Y, λ) is NG(H)/H (or, more
precisely, the image ofNG(H)/H in Aut(Y, λ)).

Proof. Let s : Y → G be a Borel cross-section of the natural projectionG → G/H and
let hs(g, y) = s(y)−1g−1s(gy), g ∈ G, y ∈ Y , be the correspondingH -valued cocycle
for the G-action, i.e.hs(g, y)hs(k, gy) = hs(kg, y) for all k, g ∈ G, y ∈ Y (do not
confusehs with cocycles of equivalence relations which we have considered so far).
Given an automorphismθ from the centralizer of theG-action, we can write

s(θy) = s(y)f (y), y ∈ Y, (2.2)

for some Borel functionf : Y → G. Applying [R1, Theorem 3.5] we can assume
without loss of generality thatθgy = gθy for all g ∈ G andy ∈ Y . It follows that

gs(y)hs(g, y)f (gy) = s(gy)f (gy) = s(θgy) = s(gθy)

= gs(θy)hs(g, θy) = gs(y)f (y)hs(g, θy) (2.3)

for all g ∈ G, y ∈ Y . Divide out gs(y) from each side and substitutey = H and
g = s(y ′) to deduce that there are two Borel functionsl1, l2 : Y → H and somea ∈ G
with

f (y ′) = l1(y
′)al2(y ′), y ′ ∈ Y. (2.4)

It follows from (2.3) and (2.4) that

l2(y)hs(g, θy)l2(gy)
−1 = a−1l1(y)

−1hs(g, y)l1(gy)a (2.5)

for all g ∈ G, y ∈ Y . Take an arbitraryy0 ∈ Y and denote byS the stability group of
y0, i.e. S = {g ∈ G | gy0 = y0}. Notice thatS coincides with the stability group ofθy0.
Since

{hs(g, y0) | g ∈ S} = {hs(g, θy0) | g ∈ S} = H,

it follows from (2.5) thata ∈ NG(H). Hence (2.2) and (2.4) ensure thatθy = ya for all
y, as desired. �

We remark that the particular case of the above statement—G is compact—was
considered in [Ge] with a different approach.

It follows from Lemma 2.3 that ifα ∈ Z1(R,G) is regular withα(R) ⊂ r(α) then
C(Wα) is isomorphic toNG(r(α))/r(α). Furthermore, the weak topology onC(Wα)
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coincides with the locally compact quotient topology onNG(r(α))/r(α). Next, under
condition (ii) of Lemma 2.1 we have9α(θ, φ) = br(α).

LEMMA 2.4. Let R be an ergodic hyperfinite type II equivalence relation on(X,B, µ),
ν an [R]-invariant µ-equivalent measure onX, and α ∈ Z1(R,G) a regular cocycle
with α(R) ⊂ r(α). Then for eacha ∈ NG(r(α)) there is aν-preserving automorphism
θ ∈ D(R, α) and a functionφ ∈ α(θ) with 9α(θ, φ) = ar(α).

Proof. Let r(α)sZ be the semidirect product of locally compact groups with the
multiplication law given by

(h1, n1)(h2, n2) = (h1a
n1h2a

−n1, n1 + n2), h1, h2 ∈ r(α), n1, n2 ∈ Z.

Denote byv the natural continuous homomorphism ofr(α)sZ into G:

r(α)sZ 3 (h, n) 7→ v(h, n) = han ∈ G.
Sincer(α) is amenable by Lemma 1.4(ii) and a semidirect product of amenable groups
is amenable itself, there exists a cocycleβ of R with dense range inr(α)sZ (see
Lemma 1.4(i)). Moreover, in view of Lemma 1.3 one can pass to a cohomologous
cocycle if necessary to assure that the subrelation

S = {(x, y) ∈ R | β(x, y) = (1G,0)} ⊂ R
is ergodic. It is routine to deduce from the definition ofr(β) that there is an automorphism
θ ∈ [R] with β(x, θx) = (f (x),1) for a.a. x ∈ X, wheref : X → r(α) is a Borel
function. We let

P = {(x, y) ∈ R | β(x, y) ∈ r(α)× {0}}.
ThenP is an ergodic typeII equivalence relation, because ofP ⊃ S. Moreover, ifR
is of type II 1 or II∞ then so isP. Sincer(α) × {0} is an open subgroup ofr(β), we
obtain thatr(β � P) = r(α)× {0} and henceβ � P is regular by Lemma 1.1.

Since β(θx, θy) = β(x, θx)−1β(x, y)β(y, θy) = (.,−1)(.,0)(.,1) = (.,0) ∈
r(α) × {0} for all (x, y) ∈ P, we have(θx, θy) ∈ P, i.e. θ ∈ N [P]. Moreover,
since θ ∈ [R] ⊂ D(R, β), it follows that θ ∈ D(P, β � P) and the function
ψ : X 3 x 7→ (f (x),1) ∈ r(α)sZ lies in (β � P)(θ). From this we deduce that
9β(θ, ψ) = 1 ∈ Z (notice thatNr(α)sZ(r(α))/r(α) is isomorphic toZ in a natural
way). Sincev is a continuous group homomorphism withv(r(α) × {0}) = r(α) and
v((1G,1)) = a, we obtain that the compositionδ = v ◦ β � P is a regular cocycle of
P with values inG, r(δ) = r(α), andδ(P) ⊂ r(δ). Next, θ is compatible withδ, the

function φ : X 3 x
def7→ v(ψ(x)) = f (x)a ∈ G lies in δ(θ), and9δ(θ, φ) = ar(α). By

the uniqueness theorem for cocycles the pairs(R, α) and (P, δ) are weakly equivalent
and we are done. �

Denote byNα the subgroup ofG generated (algebraically) byr(α) andZG(r(α)).
We see thatNα is a normal subgroup ofNG(r(α)).

Let (R, α) be as in Lemma 2.4. Suppose thatNα is closed inNG(r(α)). Then the
map

8α : D(R, α) 3 θ 7→ 8α(θ) = 9α(θ, φ)Nα ∈ NG(r(α))/Nα
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is a well defined continuous epimorphism. We shall call it theα-fundamental
homomorphism. The closure of [R] in D(R, α) is called the group ofα-approximately
inner automorphisms. We denote it by Clα([R]).

LEMMA 2.5. Clα([R]) = 8−1
α (1).

Proof. The inclusion⊂ is obvious. Now letθ ∈ D(R, α) with 8α(θ) = 1. Then there
areφ ∈ α(θ) and a ∈ ZG(r(α)) with 9α(θ, φ) = ar(α). Recall that9α takes values
in NG(r(α))/r(α). We set upψ(x) = a−1φ(x) for x ∈ X. It is easy to verify that
ψ ∈ α(θ) and9α(θ, ψ) = r(α). It follows from Lemma 2.1(ii) and the remark before
Lemma 2.4 thatψ(x) ∈ r(α) for a.e.x. By virtue of [GDB, Theorem 3.4] and [GS3,
Lemma 2.7]θ is α-approximately inner. �

So the following short sequence of topological groups is exact:

{1} → Clα([R]) → D(R, α) → NG(r(α))/Nα → {1}. (2.6)

3. Comparison of cocycles
Let R be an ergodic equivalence relation on(X,B, µ). We need two relations on the
setZ1(R) of all cocycles ofR with values in LCSC groups.

Definition 3.1.Let α and β be two cocycles ofR with values in (possibly different)
LCSC groupsG andH respectively. We write

α ≺ β if D(R, α) ⊃ D(R, β);
α � β if D(R, α) = D(R, β).

Notice that ifα′ ≈ α ◦ θ andβ ′ ≈ β ◦ θ for an automorphismθ ∈ N [R], thenα ≺ β

implies α′ ≺ β ′ as well asα � β implies α′ � β ′. We see that both relations,≺ and
�, can be lifted toZ1(R)/≈. It is obvious that� is an equivalence relation on both
spacesZ1(R) andZ1(R)/≈ while ≺/� is an order relation onZ1(R)/�. Notice that
the�-class of the trivial cocycle is the least element for≺/�. In [GDB] an example of
α was demonstrated withD(R, α) = [R]. Hence the�-class ofα is the largest element
for ≺/�. Notice that for every pairα, β of cocycles ofR there exists a supremum of
their �-classes inZ1(R)/� : sup([α], [β]) = [α × β].

PROPOSITION3.2. If α ≺ β then the inclusion mapD(R, β) → D(R, α) is continuous.

Proof. It is straightforward that(α × β) � β. Moreover, the(α × β)-topology is clearly
stronger than theβ-topology. It follows from the Banach open mapping theorem for
Polish groups that these topologies are equivalent. Since the(α×β)-topology is stronger
than theα-topology induced onD(R, β), so is theβ-topology, as desired. �

COROLLARY 3.3. Let α ∈ Z1(R,G) and β ∈ Z1(R, H) be regular cocycles of an
ergodic hyperfinite equivalence relationR, α(R) ⊂ r(α), β(R) ⊂ r(β), Nα and Nβ
closed inG andH respectively, andα ≺ β. Then there is a continuous homomorphism
lβ,α : NH(r(β))/Nβ → NG(r(α))/Nα. Moreover, ifα � β thenlβ,α is an isomorphism.
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Proof. It follows from Proposition 3.2 that Clβ([R]) ⊂ Clα([R]). Hence the canonical
inclusion mapD(R, β) → D(R, α) can be lifted up to a continuous homomorphism
D(R, β)/Clβ([R]) → D(R, α)/Clα([R]). We denote it bylβ,α and use (2.5). The first
assertion follows. To prove the second assertion we observe that ifα � β, the above
inclusion map is a topological isomorphism. �

Now we formulate the main result of this section.

THEOREM 3.4. Let R be a hyperfinite ergodic equivalence relation of type II ,G,H are
LCSC groups, andα ∈ Z1(R,G), β ∈ Z1(R, H). Suppose that the cocycleα × β is
regular, α × β(R) ⊂ r(α × β), r(α) admits a metricρα which is compatible with the
topology and invariant under the group of inner automorphisms ofr(α), andNβ is closed.
Thenα ≺ β if and only if:
(i) r(α × β) = {(l(h), h) | h ∈ r(β)} for some continuous homomorphisml : r(β) →

r(α) with l(r(β)) being dense inr(α);
(ii) the homomorphismlα×β,β is onto (see Corollary3.3 for its definition).

Proof.We restrict ourselves to the case whenR is of typeII 1 (the II∞-case can be studied
similarly) and proceed in several steps.

(A). First, the ‘only if’ part will be proved. Assume thatα ≺ β. Let p2 : r(α×β) → H

be the second coordinate projection. Note that in factp2 : r(α × β) → r(β).

(A1). We shall show thatp2 is one-to-one. Suppose that there is an element
(a,1H ) ∈ r(α × β) with a 6= 1G. SinceR is hyperfinite,r(α × β) is an amenable
group by Lemma 1.4(ii). As was done in [Is, Lemma 10] one can deduce from the
Reiter criteria of amenability for locally compact groups [Gr , 3.7.3] that there exists a
sequence of probability measures{τn}∞n=1 on r(α × β) such that:
(1◦) the support ofτn is finite andτn(A) ∈ Q for every subsetA ⊂ r(α × β);
(2◦) ‖f ∗ τi ∗ · · · ∗ τn‖1 → 0 as n → ∞ for all i ∈ N and f ∈ L1(r(α × β), λr)

with ‖f ‖1 = 0, where∗ stands for the convolution andλr for a Haar measure on
r(α × β).

By δw we denote the Dirac measure concentrated atw ∈ r(α × β). It follows from
(1◦) that there are finite setsYn = {0,1, . . . , mn−1} and functionsfn : Yn 3 i 7→ fn(i) =
(f (1)
n (i), f (2)

n (i)) ∈ r(α×β) such thatτn can be written in the formτn = ∑mn−1
i=0 m−1

n δfn(i)

(unlike [Is] we do admitfn to be noninjective). Without loss in generality we can also
assume that:
(3◦) there is a sequencen1 < n2 < · · · with mnk = mnk+1 = 2, fnk (0) = fnk+1(0) =

fnk+1(1) = (1G,1H ) andfnk (1) = (a,1H ) (see the proof of [Is, Lemma 10]).
We identify Yn with the cyclic group of ordermn in the usual way (with addition

modmn) and setY = ∏∞
n=1 Yn. Let λY be the probability Haar measure onY . Denote

by 0 the countable subgroup ofY generated byγn, where

γn = (0, . . . ,0,1︸ ︷︷ ︸
n

,0, . . .), n ∈ N.

The action of0 on (Y, λY ) via translations is free, ergodic, andλY -preserving. We define
a cocyclẽα × β̃ ∈ Z1(R0,G×H) by setting

α̃ × β̃(y, y + γn) = f1(y1)
−1 · · · fn(yn)−1fn(yn + 1)fn−1(yn−1) · · · f1(y1).
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It follows from (1◦), (2◦) and [Is, Corollary 4] thatα̃ × β̃ is regular andr(̃α × β̃) =
r(α×β). By the uniqueness theorem for cocycles the pairs(R0, α̃× β̃) and(R, α×β)
are weakly equivalent and hencẽα ≺ β̃. Denote byθk the automorphism of(Y, λY )
associated to the transposition(nk, nk + 1), i.e.

(θky)j =


ynk+1, if j = nk

ynk , if j = nk + 1
yj , otherwise.

Sinceθky = y for eachy with ynk = ynk+1 andθky = y+γnk +γnk+1 otherwise, we have
θk ∈ [R0]. Use (3◦) to calculate that̃β(y, θky) = 1H for all k ∈ N andy ∈ Y . One can
also verify that the infinite product

∏∞
k=1 θk converges inN [R0] to some automorphism

θ . (We remark that in view of(3◦), nk + 1 6= nk+1 and henceθk commutes withθk+1.)
Pass to the limit in the equality

β̃

( j∏
k=1

θky,

( j∏
k=1

θk

)
(y + γ )

)
= β̃(y, y + γ ), γ ∈ 0, y ∈ Y,

to obtainθ ∈ D(R0, β̃) and
∏j

k=1 θk → θ in the β̃-topology asj → ∞. It follows
from Proposition 3.2 that the infinite product also converges in theα̃-topology and hence
θk → 1 in D(R0, α̃). Next, it is easy to verify that

α̃(y, θky) =
{

1G, for eachy ∈ Y with ynk = ynk+1

α̃(y, y + γnk ), otherwise.

Since for eachk ∈ N the functionY 3 y → α̃(y, θky) ∈ G is equal to 1G on a subset of
measure 1/2, we deduce from the definition of thẽα-topology that the sequenceα(., θk.)
must converge in measure to the constant function 1G ask → ∞. But then

ρα(1G, α̃(y, θky))

= ρα(1G, f1
(1)(y1)

−1 · · · fnk (1)(ynk )−1fnk
(1)(ynk + 1)fnk−1

(1)(ynk−1) · · · f1
(1)(y1))

= ρα(1G, fnk
(1)(ynk )

−1fnk
(1)(ynk + 1)) ≥ min(ρα(1G, a), ρα(1G, a

−1))

for all y ∈ Y with ynk 6= ynk+1, i.e. on a subset of measure 1/2, a contradiction. Hence
a = 1G andp2 is one-to-one.

(A2). Next we shall show thatp2 is onto. To this end we use a similar approach.
Suppose that there is a sequence(an, bn) ∈ r(α × β) with bn → 1H as n → ∞ but
ρα(an,1G) > ε for some positiveε. As above, we choose a sequence of probability
measures{τn}∞n=1 on r(α × β) satisfying (1◦), (2◦), and
(3◦)′ there is a sequencen1 < n2 < · · · with mnk = mnk+1 = 2, fnk (0) = fnk+1(0) =

fnk+1(1) = (1G,1H ) andfnk (1) = (an, bn).
Let θk, θ be as in (A1). We can assume thatbn → 1H fast enough so that̃β(.,

∏j

k=1 θk.)

converges inr(β) asj → ∞ for all y ∈ Y . It remains to apply the argument of (A1) to
obtain a contradiction.

Now suppose thatb ∈ r(β) − p2(r(α × β)). In view of Corollary 1.2 there exists
a sequence(an, bn) ∈ r(α × β) with bn → b as n → ∞ and ρα(an, an+1) > ε0 for
some positiveε0. Sincebn+1b

−1
n → 1H , it follows that an+1a

−1
n → 1G as n → ∞, a

contradiction.
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(A3). We deduce from (A1) and (A2) that r(α × β) = {(l(h), h) | h ∈ r(β)} for some
homomorphisml : r(β) → r(α). Sincer(α×β) is closed inG×H , l is continuous. The
density of l(r(β)) in r(α) follows from Corollary 1.2. Thus (i) is proved. We deduce
from (i) that

NG×H (r(α × β)) = {(a, b) ∈ NG(r(α))×NH(r(β)) | l(bhb−1) = al(h)a−1

for all h ∈ r(β)},
ZG×H (r(α × β)) = ZG(r(α))× ZH(r(β)),

p−1(r(β)) = r(α × β) · (ZG(r(α))× 1H ), (3.1)

wherep : NG×H (r(α × β)) → NH(r(β)) is the second coordinate projection. One can
easily deduce from this that the subgroupNα×β is closed inG×H wheneverNβ is closed
in H . Hence the homomorphismlα×β,β is well defined, and Corollary 3.3 implies (ii).

(B). Now we prove the ‘if’ part. Take an arbitrary(θ, φ) ∈ C(R, β). By Lemma 2.1
φ(x) = bψ(x) at a.a.x for someb ∈ NH(r(β)) and a Borel functionψ : X → r(β).
Sinceα×β ⊂ r(α×β), we deduce from (i) thatα(x, y) = l(β(x, y)) for all (x, y) ∈ R.
Hence

α ◦ θ(x, y) = l(ψ(x))−1l(b−1β(x, y)b)l(ψ(y)) for a.a. (x, y) ∈ R. (3.2)

It follows from (3.1) thatNα×β = p−1(Nβ). Thereforep induces a one-to-one continuous
homomorphismp̃N : NG×H (r(α × β))/Nα×β → NH(r(β))/Nβ . Moreover, it is
straightforward that̃pN is lα×β,β exactly. Hence applying (ii) we deduce that̃pN is
onto. Then there isa ∈ NG(r(α)) with (a, b) ∈ NG×H (r(α × β)) and we deduce
from (3.1) and (3.2) that

α ◦ θ(x, y) = l(ψ(x))−1a−1α(x, y)al(ψ(y)) for a.a. (x, y) ∈ R,
i.e. θ ∈ D(R, α). Thusα ≺ β, as desired. �

COROLLARY 3.5. LetR, G, H , α andβ be as in Theorem3.4. Thenα � β impliesr(α)
and r(β) are isomorphic as topological groups. In particular, ifD(R, α) = N [R], then
α is a coboundary (cf.[D1]).

COROLLARY 3.6. LetR be an ergodic hyperfinite equivalence relation of type II , and let
α, β be cocycles ofR with dense ranges in compact groupsG andH respectively. Then
α ≺ β if and only if s(α × β) = {(l(h), h) | h ∈ H } for some continuous epimorphism
l : H → G. Furthermore,α � β if and only if l is an isomorphism.

Recall thats(α×β) is the stability group of the (essentially transitive) Mackey action
of G × H associated toα × β; this group is determined up to conjugacy inG × H

(see§1).

4. Quasinormal subrelations and extensions of cocycles
We begin this section with a brief exposition of the basic notions ofmeasurable index
theory which is intimately related to Jones index theory in operator algebras.
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Let R be an ergodic equivalence relation on(X,B, µ) andS an ergodic subrelation
of R. Then there existN ∈ N ∪ {∞} and Borel functionsφj : X → X so that
{S[φj (x)] | 0 ≤ j < N} is a partition ofR[x], whereR[x] (respectivelyS[x]) stands
for theR-(respectivelyS-) class ofx [FSZ]. N is called theindex of S in R and{φj }j
the choice functionsfor the pairS ⊂ R. We may assume without loss in generality
that φ0(x) = x for all x ∈ X. Denote by6(J ) the full permutation group on the set

J
def= {0,1, . . . , N − 1} for N < ∞ or J

def= {0,1,2, . . .} for N = ∞. We define theindex
cocycleσ ∈ Z1(R, 6(J )) by settingσ(x, y)(i) = j if S[φi(y)] = S[φj (x)]. Notice that
although the choice functions are nonunique, the cohomological class ofσ is independent
of their particular choice and is an invariant ofS ⊂ R.

Let S1 ⊂ R1 be a pair of ergodic equivalence relations on a standard measure space
(X1,B1, µ1). Recall thatS1 ⊂ R1 is said to beisomorphicto S ⊂ R if there is a Borel
isomorphismψ : X1 → X with µ ◦ ψ ∼ µ1, ψ × ψ(R1) = R andψ × ψ(S1) = S.
From now on we assume thatR (and henceS) is of type II . Then in view of [FSZ,
Theorem 1.6 and the comment at the end of§1] S ⊂ R is isomorphic toS1 ⊂ R1 if and
only if their indices are the same and the index cocycles are weakly equivalent.

Let σ be the index cocycle ofS ⊂ R. ThenS is said to benormal in R if the
restrictionσ � S of σ to S is a coboundary. If, in addition,R is hyperfinite, then by
[FSZ, §2] there is a countable amenable groupQ ⊂ N [S] with Q ∩ [S] = 1Q and such
that R is generated byS andQ. Notice that this group is determined uniquely (up to
an isomorphism) byS ⊂ R, and we shall writeQ = R/S. We remark also that for
each countable amenable groupQ there is an ergodic normal subrelationS ⊂ R with
R/S = Q.

Definition 4.1.A subrelationS ⊂ R is quasi-normal if there is an ergodic subrelation
P ⊂ S, a countable groupQ ⊂ N [P] and a subgroupH ⊂ Q such that the following
properties are satisfied:Q ∩ [P] = 1Q, H contains no nontrivial normal subgroups of
Q, andR (respectivelyS) is generated byP andQ (respectively byP andH ).

For a quasi-normal subrelation we can identifyJ with theH -coset spaceQ/H and
‘zero’ of J with H ∈ Q/H . SinceH contains no nontrivial normal subgroups ofQ, the
natural action ofQ on J via translations induces an embedding ofQ in 6(J ). Now we
set upσ(qx, y) = q for all (x, y) ∈ P, q ∈ Q. Thenσ is an index cocycle ofS ⊂ R
andS = {(x, y) ∈ R | σ(x, y)(0) = 0}. Notice thatσ as a cocycle with values in the
discrete groupQ is regular andr(σ ) = Q, r(σ � S) = H . Hence ifR is hyperfinite then
both groupsQ, H are amenable. Each normal subrelation is quasi-normal withH being
trivial. It follows from [FSZ] that every subrelation of finite index is also quasi-normal.
Moreover, letSi be a quasi-normal subrelation of a (typeII ) equivalence relationRi on a
standard probability space(Xi,Bi , µi), i = 1,2. Then, clearly,S1×S2 is a quasi-normal
subrelation ofR1×R2. A similar statement is also true for any countable Cartesian sums
(do not confuse with the Cartesian product) of typeII 1 pairs of relation–subrelation.

Let G be a LCSC group andν a probability measure onR equivalent toµR. We
endow the setZ1(R,G) with the topology of convergence inν (it is independent of
the particular choice ofν inside its equivalence class). ThusZ1(R,G) becomes a
Polish space [FM ]. If two measured equivalence relationsR1, R2 are isomorphic, then
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Z1(R1,G) andZ1(R2,G) are canonically homeomorphic.
Given a pairS ⊂ R of ergodic equivalence relations, we say that a cocycle

α ∈ Z1(S,G) can be extendedto R if there is β ∈ Z1(R,G) with β � S = α.
The problem of extension for cocycles was studied in [GDB, GLS] in the case of
normalS with R/S being a cyclic group. We observe that ifS is normal inR and a
cocycleα ∈ Z1(S,G) can be extended toR, then each automorphismq ∈ Q = R/S is
compatible withα and the functionX 3 x 7→ β(x, qx) ∈ G lies in α(q), whereβ stands
for the extended cocycle. However, the converse is not valid even forQ being a finite
cyclic group—we refer to [GDB, pp. 78–79]. The following statement is a generalization
of [GLS, Theorem 1.2] to arbitrary quasi-normal subrelations.

THEOREM 4.2. Let R be an ergodic hyperfinite equivalence relation of type II and letS
be an ergodic quasi-normal subrelation ofR. Then for each amenable G:
(i) the subset of cocycles inZ1(S,G) which cannot be extended toR is residual in

Z1(S,G);
(ii) the subset of cocycles inZ1(R,G) whose restriction toS define cocycles with dense

ranges inG is a denseGδ in Z1(R,G).
Proof. (ii) We first show that the setZ∗ = {δ ∈ Z1(R,G) | r(δ � S) = G} is nonempty.
Since S is quasi-normal, we useQ, H , σ with the same meaning as above. By
Lemma 1.4(i) there exist cocyclesβ ∈ Z1(R,Q) andα ∈ Z1(R,G) such thatβ×α has
dense range inQ×G. Moreover, it follows from the uniqueness theorem for cocycles
thatσ andβ are weakly equivalent as cocycles with values inQ and hence with values
in 6(J ), sinceQ ⊂ 6(J ). Hence the equivalence relationR×β J onX× J defined by

R ×β J = {((x, i), (y, j)) | (x, y) ∈ R andβ(x, y)(j) = i}
is ergodic because so isR×σ J (which is defined in a similar way) [FSZ, Proposition 1.5].

By [FSZ, Theorem 1.6]β is the index cocycle of the ergodic subrelatioñS def= {(x, y) ∈
R | β(x, y)(0) = 0}. Let us prove thatα � S̃ has dense range inG. Since
W = {π ∈ 6(J ) | π(0) = 0} is an open subgroup of6(J ) and{1Q}×G ⊂ r(β×α), for
each open subsetO ⊂ G and Borel subsetA ⊂ X of positive measure there areB ⊂ A

and γ ∈ [R] with µ(B) > 0, B ∪ γB ⊂ A, and (β(x, γ x), α(x, γ x)) ∈ W × O for
all x ∈ B. Hence we may assume thatγ ∈ [S̃]. Thus using the definition of essential
values of cocycles once more we deduce thatr(α � S̃) = G, as desired. Sinceσ andβ
are weakly equivalent, the pairsS ⊂ R and S̃ ⊂ R are isomorphic and henceZ∗ 6= ∅.

Next, sinceR is hyperfinite, we apply Rokhlin’s lemma to see that the cohomological
class of every cocycle inZ1(R,G) is dense. HenceZ∗ is dense and it remains to show
thatZ∗ is Gδ in Z1(R,G). We need an auxiliary lemma.

LEMMA 4.3. Let R be an equivalence relation on(X,µ) and let γ ∈ [R]. Then the
mapZ1(R,G) 3 δ 7→ γδ ∈ Aut(X × G,µ × λG) is continuous if the automorphism
group is endowed with the weak topology (see§1 for the definition of the skew product
transformationγδ).

We omit the proof of this standard statement, since it is routine (see, for instance,
[CHP, Theorem 1]).

https://doi.org/10.1017/S0143385798097600 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385798097600


Comparison of cocycles 141

Now let us continue the proof of Theorem 4.2. Take an ergodic transformationτ ∈
[S] ⊂ [R] generatingS. Since the set of ergodic transformations in Aut(X×G,µ×λG)
is a denseGδ [CK ] and

Z∗ = {δ ∈ Z1(R,G) | τδ is an ergodic automorphism of(X ×G,µ× λG)},
we deduce from Lemma 4.3 thatZ∗ is aGδ in Z1(R,G). Thus, (ii) is proved completely.

(i) Suppose first thatR (and henceS) is of type II 1. Let P, Q, H , σ be as above.
Suppose thatµ is theP- (and henceR-) invariant probability measure on(X,B) and
β ∈ Z1(R,G) is a cocycle with dense range inG. Let N = Card(H\Q) and set up
(Y,C, κ) = (X,B, µ)N . Thus each element ofY is a sequence ofX-points indexed by
elements of the homogeneous spaceH\Q. We define an equivalence relatioñP on Y
by setting(yk) ∼P̃ (yk

′) if there is a finite subsetF ⊂ H\Q such thatyk ∼P y ′
k for all

k ∈ F andyk = y ′
k otherwise. TheñP is ergodic and hyperfinite, andκ is [P]-invariant.

There is a natural action ofQ on Y :

(qy)k = ykq, y ∈ Y, k ∈ H\Q, q ∈ Q.
We see thatq ∈ N [P̃]−[P̃] for all q 6= 1Q. Denote byR̃ (respectivelỹS) the equivalence
relation generated bỹP andQ (respectively byP̃ andH ). Then S̃ is a quasi-normal
subrelation ofR̃ and the associated index cocyclẽσ ∈ Z1(R̃,Q) is weakly equivalent
to σ . Hence the pairsS ⊂ R and S̃ ⊂ R̃ are isomorphic. Now we determine a cocycle
α ∈ Z1(P̃,G) by settingα(y, z) = β(y0, z0), where 0, as above, stands forH ∈ H\Q.
Thenα can be extended tõS, sinceα ◦ h = α and we can setα(y, hy) = 1G for all
y ∈ Y , h ∈ H . We also observe that the cocycleα× (α ◦ q) ∈ Z1(P̃,G×G) has dense
range inG ×G if q ∈ Q − H—use the definition of essential values of a cocycle and
the fact thatα andα ◦ q are ‘independent’. It follows thatq /∈ D(P̃, α), since otherwise
s(α × (α ◦ q)) would be conjugate to the diagonal subgroup ofG×G. Henceα cannot
be extended tõR. It is easy to see that the restriction map

Z1(S̃,G) 3 δ 7→ δ � P̃ ∈ Z1(P̃,G)
is continuous. A minor modification of the proof of (i) shows that the set

{δ ∈ Z1(S̃,G) | r((δ � P̃)× (δ � P̃) ◦ q) = G×G for all q ∈ Q−H }
is a denseGδ in Z1(S̃,G). Hence the set of̃S-cocycles which cannot be extended tõR
is residual inZ1(S̃,G). SinceS ⊂ R is isomorphic toS̃ ⊂ R̃, we are done.

Now we remark that theII∞-case can be easily reduced to theII 1-case, if one considers
the reduction ofS ⊂ R to a subsetA ⊂ X of positive finite measureν, where ν
is a σ -finite, [R]-invariant, µ-equivalent measure. Actually, ifRA = R ∩ (A × A),
SA = S ∩ (A × A), then SA is a quasi-normal subrelation ofRA and the canonical
restriction mapZ1(R,G) 3 δ 7→ δ � RA ∈ Z1(RA,G) is continuous and onto.
To complete the proof, it remains to notice thatr(δ) = r(δ � RA) for each cocycle
δ ∈ Z1(R,G) and use the above argument. �

Remark 4.4.In fact, we have proved a stronger statement than that from Theorem 4.2.
Actually, let us say thatα can be extended toR in the generalized senseif there is a
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locally compact groupG′ containingG as a closed subgroup and a cocycleβ ∈ Z1(R,G′)
with β � S = α. Notice that if an automorphismθ ∈ N [S] is compatible withα, then
α can be extended toR in the generalized sense (withG being of finite index inG′)
[GDB, GS3]. It is easy to see that Theorem 4.2(i) holds if the word ‘extended’ is
replaced by ‘extended in the generalized sense’ with the same argument.

5. Lifting problems
Let R be an ergodic equivalence relation on(X,B, µ), G a LCSC group, and
α ∈ Z1(R,G) a cocycle with dense range.

Definition 5.1.We say that an automorphismθ ∈ N [R] can be lifted toN [R(α)] if there
is θ̃ ∈ N [R(α)] of the form

θ̃ (x, g) = (θx, g), for a.a. (x, g) ∈ X ×G. (5.1)

We denote byL(R, α) the group of automorphisms fromN [R] which can be lifted to
N [R(α)] and byL̃(R(α)) the group of automorphisms fromN [R(α)] of the form (5.1).
Notice that

L̃(R(α)) = {ζ ∈ N [R(α)] | ζ−1(B′) = B′},
whereB′ = {B ×G | B ∈ B}. It follows that L̃(R(α)) is closed inN [R(α)], since the
normal topology on the normalizer of a full group is stronger than the weak one (see
§1). Clearly, the natural epimorphismp : L̃(R(α)) 3 θ̃ 7→ θ ∈ L(R, α) ⊂ N [R] is
continuous. Let us find its kernel.

LEMMA 5.2. Kerp = {θ ∈ N [R(α)] | θ(x, g) = (x, hg) at a.a. (x, g) ∈ X×G for some
h ∈ G}.

Proof. We can write an automorphismθ ∈ Kerp in the form θ(x, g) =
(x, f (x, g)g) for some Borel functionf : X × G → G. Then for µR-
a.a. (x, y) ∈ R we have R(α)[(y, f (x, g)gα(x, y))] = R(α)[(x, f (x, g)g)] =
R(α)[(y, f (y, gα(x, y))gα(x, y))] and hencef (y, gα(x, y)) = f (x, g). SinceR(α)
is ergodic,f (x, g) = h at a.a.(x, g) for someh ∈ G. �

It follows that Kerp is algebraically isomorphic toG. We obtain a short exact
sequence of groups

G → L̃(R(α)) → L(R, α).
Notice that the first map is continuous and its image is closed inL̃(R(α)) with respect to
the normal topology induced fromN [R(α)]. HenceL(R, α) endowed with the quotient
topology, say theL-topology, is a Polish group. Moreover,p passes through the quotient
map and determines a continuous embeddingL(R, α) → N [R]. It follows, in particular,
thatL(R, α) is a Borel subset ofN [R]. Next, we describe the structure of automorphisms
from L̃(R(α)).

Denote byBG the Borelσ -algebra onG and by AutG the group of continuous group
automorphisms ofG. Notice that AutG is embedded naturally into Aut(G,BG, λG) as
a closed subgroup with respect to the weak topology. The induced (Polish) topology
coincides with that of uniform convergence on compact subsets ofG.
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THEOREM 5.3. Every lift θ̃ of an elementθ ∈ N [R] to N [R(α)] is of the form

θ̃ (x, g) = θ̃l,a
def= (θx, l(g)a(x)), at a.a. (x, g) ∈ X ×G, (5.2)

for some Borel mapa : X → G and some automorphisml ∈ AutG satisfying

α ◦ θ(x, y) = a(x)−1l(α(x, y))a(y), a.a. (x, y) ∈ R. (5.3)

Conversely, every tripletθ, l, a satisfying(5.3) defines a lift ofθ to N [R(α)] by (5.2).

Proof. We write θ̃ in the form θ̃ (x, g) = (θx, f (x, g)) for some Borel function
f : X ×G → G. Notice that̃θ ∈ N [R(α)] if and only if

f (y, gα(x, y)) = f (x, g) α ◦ θ(x, y), for µR × λG-a.e.((x, y), g). (5.4)

Use Fubini’s theorem and theG-quasi-invariance ofλG to deduce from this that

f (y, hgα(x, y)) = f (x, hg)α ◦ θ(x, y), for µR × λG × λG-a.e.((x, y), g, h). (5.5)

We set upF(x, g, h)
def= f (x, hg)f (x, g)−1. It follows from (5.4) and (5.5) thatF is

R(α)-invariant for a.e. fixedh ∈ G. SinceR(α) is ergodic, there is a Borel function
l : G → G with

F(x, g, h) = l(h), for a.a. (x, g, h) ∈ X ×G×G. (5.6)

By Fubini’s theorem there existsg0 ∈ G such thatF(x, g0, h) = l(h) for µ × λG-a.a.
(x, h). Thus we can write

f (x, g) = l(gg−1
0 )l(g0)a(x), at a.e.(x, g) ∈ X ×G (5.7)

for some Borel functiona : X → G. It follows from (5.6) thatl(hgg−1
0 )l(gg−1

0 )−1 = l(h)

and hencel(hg) = l(h)l(g) for λG × λG-a.a.(h, g).

LEMMA 5.4. Let v : G → G be a Borel function withv(hg) = v(h)v(g) for λG×λG-a.a.
(h, g). Then there is a continuous homomorphismv′ : G → G such thatv′ = v almost
everywhere.

This lemma can be readily deduced from [R1] and [Z2, Appendix B]. We leave the
details to the reader.

Continue the proof of Theorem 5.3. We can viewl as a continuous homomorphism by
virtue of Lemma 5.4. Then (5.7) implies (5.2). Sinceθ̃ ∈ Aut(X×G,B×BG,µ×λG),
it follows from (5.2) thatl is one-to-one. Thenl(G) is a BorelλG-conull subgroup of
G. As was shown in [Ma, R2], this impliesl(G) = G. Finally, (5.3) follows from (5.4).
The second part of Theorem 5.3 is established by a straightforward verification.�

COROLLARY 5.5. Let α have dense range inG. The following statements are equivalent:
(i) θ ∈ N [R] can be lifted toN [R(α)];
(ii) α ◦ θ ≈ l ◦ α for somel ∈ AutG;
(iii) α × (α ◦ θ) is regular and the conjugacy class ofs(α × (α ◦ θ)) in G×G contains

the subgroup{(l(g), g) | g ∈ G} for somel ∈ AutG (l is the same as in(ii) ).
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Moreover,(i)–(iii) imply
(iv) α ≺ α ◦ θ .
If, in addition, R is hyperfinite, type II andG is compact, then(i)–(iii) are equivalent
to (iv).

Proof. (i) ⇐⇒ (ii) was established in Theorem 5.3.
(ii) ⇐⇒ (iii) follows from Lemma 1.1 and the definition ofs(α × (α ◦ θ)).
(ii) H⇒ (iv) by a straightforward verification.
(iv) H⇒ (iii) by Corollary 3.6. �

We introduce an auxiliary topological spaceG = N [R] × AutG × M(X,G),
whereM(X,G) is the set of measurable functions fromX to G endowed with the
topology of convergence in measure. We also define two maps,• : G × G → G and
∗ : Z1(R,G)× G → Z1(R,G) by setting

(θ, l, f ) • (θ ′, l′, f ′) = (θθ ′, ll′, (l ◦ f ′) · (f ◦ θ ′))

(β ∗ (θ, l, f ))(x, y) = l−1(f (x)β ◦ θ(x, y)f (y)−1),

for all (θ, l, f ), (θ ′, l′, f ′) ∈ G, β ∈ Z1(R,G), and(x, y) ∈ R.

LEMMA 5.6. (G, •) is a Polish group and∗ defines a continuous action ofG onZ1(R,G).

We omit the proof of this standard statement, since it is routine. Notice that
(θ, l, f )−1 = (θ−1, l−1, l−1 ◦ ((f ◦ θ−1)−1)).

Given a cocycleα ∈ Z1(R,G) with dense range inG, we denote byS(α) ⊂ G the
stability group ofα with respect to∗. It is easy to deduce from Theorem 5.3 that

S(α) 3 (θ, l, f ) 7→ θ̃l,f ∈ L̃(R(α))
is an (algebraic) group isomorphism. It is routine to verify that it is continuous. Hence by
the Banach open mapping theorem for Polish groupsS(α) andL̃(R(α)) are isomorphic
as topological groups. Then we can reformulate Lemma 5.2 as follows:

Kerp = {(1,Adh, fh) | h ∈ G}, (5.8)

where Adh(g) = hgh−1, g ∈ G, andfh(x) = h, x ∈ X. Denote by InnG ⊂ AutG
the normal subgroup of inner automorphisms ofG, i.e. InnG = {Adh | h ∈ H } and set
OutG = AutG/ InnG. Since

p2 : L̃(R(α)) 3 θ̃l,f 7→ l · InnG ∈ OutG

is an (algebraic) group homomorphism, it follows from (5.8) that there exists an
(algebraic) group homomorphismπα : L(R, α) → OutG with p2 = πα ◦ p. Notice
that π−1

α (1) = D(R, α) and theα-topology onD(R, α) (see§2) is stronger than the
inducedL-topology. In fact, consider a continuous one-to-one group homomorphism

N [R] ×M(X,G) 3 (θ, f ) 7→ (θ,1, f ) ∈ G.
It maps the closed subgroupC(R, α) ⊂ N [R]×M(X,G) (see§2 for its definition) onto a
closed normal subgroup ofS(α). Hence we may think thatC(R, α) is a closed subgroup
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of L̃(R(α)) (we do not distinguish betweeñL(R(α)) andS(α)). Recall thatL̃(R(α))
also containsG as a kernel of the canonical projectioñL(R(α)) → L(R, α). Sinceα
has dense range inG, we deduce from Lemma 2.1(i) that the groupα(Id) is isomorphic
to ZG(G) which means thatC(R, α)∩G = ZG(G). It follows that there is a continuous
embedding ofC(R, α)/ZG(G) into L̃(R(α))/G, where the two groups are furnished
with the quotient topologies. It remains to notice that the first one is (topologically)
isomorphic toD(R, α) and the second one toL(R, α). In general,D(R, α) may be
nonclosed inL(R, α). However, ifG is compact or Abelian then InnG is closed in
AutG and hence OutG is a Polish group andπα is continuous. ThereforeD(R, α) is
closed inL(R, α) and theα-topology onD(R, α) coincides with the inducedL-topology
by the open mapping theorem for Polish groups.

PROPOSITION5.7. If R is hyperfinite and of type II, thenπα is onto.

Proof. It is easy to see that for an arbitraryl ∈ AutG the cocyclel ◦ α has dense range
in G becauseα has this property. By Lemma 1.4(ii)G is amenable. It follows from the
uniqueness theorem for cocycles that there existsθ ∈ N [R] with α ◦ θ ≈ l ◦ α. This
means thatθ ∈ L(R, α) andπα(θ) = l · InnG. �

THEOREM 5.8. Let G be amenable,R a hyperfinite type II equivalence relation,S its
normal ergodic subrelation withQ = R/S, and v : Q 3 q 7→ vq ∈ AutG a group
homomorphism. Then there is a cocycleα ∈ Z1(S,G) with dense range inG such that
Q ⊂ L(S, α) andπα(q) = vq InnG for everyq ∈ Q.

Proof. Denote byGsvQ the semidirect product ofG and Q. Recall that the
multiplication low inGsvQ is given by

(g, q)(h, r) = (gvq(h), qr), (g, q), (h, r) ∈ G×Q.

Notice thatG is contained inGsvQ as a closed normal subgroup. SinceG andQ
are amenable, so isGsvQ. Let β ∈ Z1(R,GsvQ) be a cocycle with dense range in
GsvQ. We set up

S = {(x, y) ∈ R | β(x, y) ∈ G}
and choose automorphismsγq ∈ [R] with β(γqx, x) ∈ G×{q}. Clearly,S is an ergodic
subrelation ofR, γq ∈ N [S], γqγr ∈ γqr [S] for all q, r ∈ Q, andγq ∈ [S] if and only if
q = 1Q. That is,Q 3 q 7→ γq is anouter near actionof Q. By [BG1] there isζ ∈ N [S]
such thatζγqζ−1 ∈ q[S] for all q ∈ Q. Now the cocycleα = (β � S) ◦ ζ ∈ Z1(S,G)
is as desired. �

THEOREM 5.9. Let R be an ergodic hyperfinite equivalence relation of type II andG an
amenable LCSC group. Then for each automorphismθ ∈ N [R] − [R] there is a residual
set of cocyclesα ∈ Z1(R,G) with dense range inG such thatθ /∈ L(R, α).
Proof. Denote byT the equivalence relation generated byR and θ . Then R is a
nontrivial normal subrelation ofT . It follows from the proof of Theorem 4.2(i) that
the set of cocyclesα ∈ Z1(R,G) such thatr(α × (α ◦ θ)) = G × G is a denseGδ in
Z1(R,G). By Corollary 5.5θ /∈ L(R, α). �
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Notice that the above theorem is a sharpening of Theorem 4.2(i) for normal pairs
S ⊂ R with R/S being a cyclic group, since by Proposition 5.7D(R, α) is a proper
subset ofL(R, α) if OutG is nontrivial.

PROPOSITION5.10. Let R be as above,G compact or Abelian andα ∈ Z1(R,G) have
dense range inG. ThenL(R, α) 6= N [R].

Proof. Without loss in generality we may assume thatR is of type II 1. Suppose that
L(R, α) = N [R]. Then theL-topology onL(R, α) coincides with the normal topology
by the open mapping theorem for Polish groups. It follows that [R] is dense inN [R]
with respect to theL-topology. SinceG is compact or Abelian,πα : N [R] → OutG is
continuous. Clearly,πα([R]) = InnG ∈ OutG and we deduce thatπα(N [R]) = InnG.
Sinceπ−1

α (InnG) = D(R, α), it follows thatN [R] = D(R, α). By Corollary 3.5α is a
coboundary. Sinceα has dense range inG, we obtain thatG is trivial, a contradiction.�

6. Centralizers of ergodic skew product transformation groups
Let 0 be a countable ergodic subgroup of Aut(X,B, µ). Clearly,C(0) is contained in
N [R0] as a closed subgroup. Moreover, the normal topology onN [R0] induces the
weak topology onC(0). Let α be a cocycle ofR taking values and having dense range
in a LCSC groupG. It follows readily from (5.2) and (5.3) that every lift̃θ of an element
θ ∈ C(0) to N [R0(α)] lies in C(0α)∩ L̃(R(α)). Thus we arrive at the (restricted) well-
known problem of liftingC(0)-elements toC(0α) (see [GLS, Me, Aa, ALMN, ALV ]
and references therein). The first application of the above results to this problem is a
new version of Corollary 5.5 with
(i)′ θ ∈ C(0) can be lifted toC(0α)
instead of (i). The next application is the following.

PROPOSITION6.1. Let (X,B) be a standard Borel group,µ a σ -finite measure on(X,B)
and0 a countable subgroup ofX whose action onX via left translations isµ-nonsingular
and ergodic. If a cocycleα ∈ Z1(R0,G) has dense range inG then for each element
θ̃ ∈ C(0α) there is an automorphismθ ∈ C(0), a functionf : X → G, and a group
automorphisml ∈ AutG satisfying(5.2) and (5.3). In other words,C(0α) ⊂ L̃(R(α)).

Proof. We write θ̃ in the form θ̃ (x, g) = (xf (x, g), .) for some Borel function
f : X × G → G. Since θ̃ commutes with every elementγ ∈ 0, we deduce thatf
is 0α-invariant and hence a constant a.e., sayh. It follows that the righth-shift onX is
µ-nonsingular and, evidently, lies inC(0). It remains to apply Theorem 5.3. �

It should be noticed that in the particular case whenG is compact,X a compact
Abelian monothetic group,µ the Haar measure onX, and 0 is generated by a
single shift—i.e.(X,B, µ, 0) is a dynamical system with pure point spectrum—then
Proposition 6.1 is exactly [Me, Theorem 3]. However, our argument is quite different.

Example 6.2.Let a countable Abelian group0 act ergodically on a standard measure
space(X,C, ν) in such a way that theL∞-eigenfunctions of this action generate the
whole σ -algebraC (moduloν-null subsets). Recall that a Borel mapf : X → C is an
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L∞-eigenfunctionof the 0-action if |f (x)| = 1 andf (γ x) = χ(γ )f (x) at a.a.x for
some characterχ of 0. Then the0-action is conjugate to some translation-type action on
a compact group endowed with a Borel0-nonsingular measure (which is nonequivalent,
in general, to the Haar measure)—this assertion is an evident modification of [AN,
Theorem 1.2]. By Proposition 6.1, for every cocycleα ∈ Z1(R0,G) with dense range
in G we haveC(0α) ⊂ L̃(R(α)).

We can combine the arguments of Proposition 6.1 with Lemma 2.3 to obtain the
following generalization of this proposition—for simplicity’s sake we restrict ourselves
to the case of Polish groups instead of standard Borel groups.

PROPOSITION6.3. Let L be a Polish group,H a closed subgroup ofL with the double
coset spaceH\L/H being countably separated, and0 a countable normal subgroup of
L with 0 ∩ H being dense inH . Suppose that the natural shiftwise action of0 on the

homogeneous spaceX
def= L/H is ergodic with respect to some Borel measureµ onX,

andα ∈ Z1(R0,G) is a cocycle with dense range inG. Then for each element̃θ ∈ C(0α)
the statement of Proposition6.1 holds.

Proof. We write θ̃ in the form

θ̃ (x, g) = (A(x, g), .) (6.1)

for some Borel functionA : X×X → X and denote bys : X → G a Borel cross-section
of the natural projectionL → L/H [Di]. Then

s(A(x, g)) = s(x)f (x, g) (6.2)

for some Borel functionf : X×G → L. Denote byhs : L×X → H the Borel cocycle
corresponding tos (see the proof of Lemma 2.3). Then, as was done in Lemma 2.3, we
deduce that for eachγ ∈ 0

f (x, g)h(γ,A(x, g)) = h(γ, x)f (γ x, gα(x, γ x)), for a.a. (x, g) ∈ X ×G.

SinceH\L/H is countably separated and0α is ergodic, it follows that there are two
Borel mapsl1, l2 : X × G → H , an elementa ∈ L, and aµ × λG-conull 0α-invariant
subsetB ⊂ X ×G with

f (x, g) = l1(x, g)al2(x, g), (6.3)

l2(x, g)h(γ,A(x, g))l2(γ x, gα(x, γ x))
−1

= a−1l1(x, g)
−1h(γ, x)l1(γ x, gα(x, γ x))a. (6.4)

Take an element(x0, g0) ∈ B. Notice that the group0x0 = {γ ∈ 0 : γ x0 = x0} is
dense in theL-stability group ofx0. We deduce from this fact that{hs(γ, x0) | γ ∈ 0x0}
and {hs(γ,A(x0, g0)) | γ ∈ 0x0} are dense subgroups ofH . Then it follows from (6.4)
that H = a−1Ha, i.e. a ∈ NL(H). Now use (6.1)–(6.3) to obtainA(x, g) = x · ã
for a.a. (x, g), where ã = aH ∈ NL(H)/H . It follows that the right̃a-shift on X is
µ-nonsingular and, clearly, commutes with the (left)0-action. �
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THEOREM 6.4. Let 0 be an Abelian countable ergodic type II transformation group on
(X,B, µ) andG an amenable LCSC group. Suppose that there isθ ∈ C(0) − 0. Then
there is a residual subset of cocyclesβ ∈ Z1(R0,G) with dense ranges inG such thatθ
cannot be lifted toC(0β). In particular, for suchβ, L(R0, β)∩C(0) is a proper subset
of C(0).

Proof. It suffices to observe thatC(0) ∩ [0] = 0 and apply Theorem 5.8. �

We remark that a particular case of Theorem 6.4 where0 = Z, G is compact, and
C(0) contains a nontrivial connected Polish group (or0 is rigid instead) was established
in [GLS, Theorem 5.1 (or Proposition 5.4 respectively)].

Let 6 be an ergodic countable typeII∞ transformation group on(Y,C, ν) with ν

being6-invariant (and hence infinite). It is easy to see that for eachθ ∈ N [R6 ] there is
a certainc ∈ R∗

+ with µ◦θ = cµ. It is called themodulusof θ and denoted by modθ . If
6 is amenable or, more generally,R6 is hyperfinite, then each positive real is a modulus
of someθ ∈ N [R6 ] (see, for example, [HO]). It is known also that this fact is no longer
valid for nonhyperfiniteR6 [GG]. A similar problem can also be considered forC(6)
instead ofN [R6 ]. We set

1(6) = {c ∈ R∗
+ | c = modθ of someθ ∈ C(6)}.

Clearly, the multiplicative subgroup1(6) of R∗
+ is an invariant for the conjugacy class

of 6. As in [Aa, ALMN, ALV ] we call 6 squashableif 1(6) is nontrivial. In this
paper we restrict ourselves to the case when6 is a skew product extension of a typeII 1

transformation group. Given a unimodular LCSC groupG, we put

1G = {c ∈ R∗
+ | λG ◦ l = cλG for somel ∈ AutG}.

PROPOSITION6.5. Let0 be a type II1 transformation group on(X,B, µ) generating the
hyperfinite orbital equivalence relationR0 and letG be an amenable unimodular LCSC
group. Then for eachc ∈ 1G, c 6= 1, and everyθ ∈ C(0)with θn /∈ [0] for all n ∈ Z−{0}
(i.e. θ is R0-outer aperiodic[CoK]) there is a cocycleα ∈ Z1(R0,G) with dense range
in G such thatθ ∈ L(R0, α) and for every lift̃θ of θ toC(0α) one hasc = modθ̃ . Hence
0α is squashable andc ∈ 1(0α).

Proof. Let λG ◦ l = cλG for some automorphisml ∈ AutG and letβ ∈ Z1(R0,G)

be a cocycle with dense range inG. By Proposition 5.7 there isθ1 ∈ L(R0, β) with
πβ(θ1) = l·InnG. Sincec 6= 1, l is aperiodic and henceθ1 is outer aperiodic. Then by
[CoK] there are automorphismsζ ∈ N [R0] and γ ∈ [0] with ζ−1θ1γ ζ = θ . We define
α = β ◦ ζ . It is clear thatα has dense range inG, θ ∈ L(R0, α), andπα(θ) = πβ(θ1).
Finally, it follows from Theorem 5.3 and the fact that inner automorphisms ofG preserve
λG that for every lift θ̃ of θ we havec = modθ̃ , as desired. �

If 0 is generated by a single transformation with pure point spectrum, then a family
of ‘product-type’ cocyclesα ∈ Z1(R0,R) such that0α is ergodic and nonsquashable
was demonstrated in [ALMN ]. However, the problem of existence of squashable0α

was marked there as open. We solve it positively (see also [ALV ]) in the following.
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COROLLARY 6.6. Let T be an ergodic transformation with pure point spectrum. Then
for each c > 0 there exists a cocycleα ∈ Z1(RT ,R) such that the skew product
transformationTα is ergodic and squashable andc ∈ 1(Tα).

Proof. It suffices to notice that1R = R∗
+ and there is anRT -outer aperiodic

automorphismθ ∈ C(T ). The latter follows from the structure of monothetic Abelian
LCSC groups [HR]. �

Remark 6.7.Notice that Proposition 6.5 (and hence Corollary 6.6) can be refined in the
following way: if a countable subgroup3 ⊂ 1G can be embedded inC(0), then there is
α ∈ Z1(R0,G) with dense range inG such that1(0α) ⊃ 3. The proof of this statement
is an obvious modification of that of Proposition 6.5 but with reference to [BG1] instead
of [CoK].

Remark 6.8.Let 0 be an ergodic typeII 1 transformation group on(X,B, µ), α ∈
Z1(R0,G) a cocycle with dense range inG andC(0α) ⊂ L̃(R0(α)). Examples of such
pairs(0, α) are given in Propositions 6.1 and 6.3. Then in view of Theorem 5.3

1(R0(α))={c ∈ R∗
+ | λG ◦ l=cλG for somel ∈ πα(θ) ∈ OutG and certainθ ∈ C(0)}.

In particular,1(R0(α)) ⊂ 1G. Thus if1G is trivial, 0α is nonsquashable. For example,
if G is countable and amenable and(X,B, µ, 0) is a dynamical system with pure point
spectrum, then0α is nonsquashable for every cocycleα with dense range inG (cf. with
[Aa, Theorem 3.4], whereG is assumed to have no large finite normal subgroups, i.e.
G = Zk × Ql).

The following statement is a direct consequence of Theorem 5.8 (cf. with
Theorem 0.1).

COROLLARY 6.9. LetG be an amenable LCSC group,T an ergodic measure preserving
transformation on(X,B, µ),Q a countable amenable subgroup ofC(T ) withQ∩ [T ] =
Id and v : Q 3 q 7→ vq ∈ AutG a group homomorphism. Then there is a cocycle
α ∈ Z1(RT ,G) with dense range inG such thatQ ⊂ L(RT , α) andπα(q) = vq InnG
for everyq ∈ Q.

Our argument permits one to answer a question from [ALV , remark after Theorem 2]:
are there ergodic typeII 1 transformationsT and cocyclesα with dense range in the
two-dimensional torus withSL(2,Z) ⊂ πα(C(T ) ∩ L(R, α))?
Example 6.10.Let H , G be two compact metrizable Abelian groups,T ∈ AutH ⊂
Aut(H, λH ) an ergodic group automorphism, andp : H → G a continuous group
epimorphism. We define a cocycleα ∈ Z1(RT ,G) by settingα(h, T h) = p(h) for all
p ∈ H . If l ∈ AutG, then we look forθl ∈ AutH so thatl ◦p = p◦θl . Let us apply this
to H = GZ, T the Bernoulli shift onH , andp the projection onto the zero coordinate
and set up(θlh)n = l(hn) for all h = (hn) ∈ H , n ∈ Z. It follows from the theory of
random walks on compact groups (see, for example, [Z1, Theorem 3]) thatα has dense
range inG. Furthermore,θl ∈ L(RT , α) ∩ C(T ) andπα(θl) = l.
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Thus for each compact second countable Abelian groupG there is a probability
preserving transformation(X,B, µ, T ) and a cocycleα of T with dense range inG
such thatπα(C(T ) ∩ L(RT , α)) is the biggest possible, i.e. equals AutG. Recall that
Aut(R2/Z2) = SL(2,Z).
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