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We investigate the pullback measure attractors for non-autonomous stochastic
p-Laplacian equations driven by nonlinear noise on thin domains. The concept of
complete orbits for such systems is presented to establish the structures of pullback
measure attractors. We first present some essential uniform estimates, as well as the
existence and uniqueness of pullback measure attractors. A novel technical proof
method is shown to overcome the difficulty of the estimates of the solutions in W1:P
on thin domains. Then, we prove the upper semicontinuity of these measure
attractors as the (n + 1)-dimensional thin domains collapse onto the lower
n-dimensional space.
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1. Introduction

The dynamical behaviour of partial differential equations (PDEs) has always
aroused high attention because of its wide application in physics, engineering sci-
ences, biological systems modelling, and so on. As is well known, many applications
involve PDEs over regions in which the size in one direction is much larger than the
size in the other direction. In such cases, it is natural to try to determine PDEs on
a lower-dimensional domain which could reflect all of the dynamics of the related
systems. The systematic research on the asymptotic behaviour of PDEs on thin
domains was first initiated in [9-11], they presented the case of domain of the form
as follows

Oc={z=@" zpnt1) 2" = (21,...,2,) € Qand 0 < z,41 < eg (z*)},

where @ is a smooth bounded domain in R™, g is a smooth positive function defined
on Q, the classical reaction-diffusion problem is considered:
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65
St =0, z€90..

{ du® — Ausdt + MEdt = f(uf)dt, =€ 0.,
When € — 0, they compare the dynamics of the above model with the dynamics of
the equation defined on Q:

du — %div(gVu)dt + Audt = f(u)dt, =z € Q,
% =0, x€0Q.

Especially they derived the convergence of the family of global attractors of the
two systems as € — 0. Since then, these results inspired many works of studying
dynamics on the thin domain, see [1-8, 20, 23] for deterministic differential equa-
tions and the references therein. Recently, these results have been extended to the
stochastic case in [12, 13, 15, 21, 22, 26].

It is very interesting to extend the concept of measure attractors to thin domains
for study. Measure attractors come from the mathematical theory and chaos theory
of dynamical systems, which involves the relationship between the basin of attrac-
tion and measures. By combining the concepts of measure and attractor to study the
measure attractor, it can describe the dynamical behaviour of complex systems, and
predict their long-term evolution trends more precisely, especially stability analysis
of control systems in engineering, the dynamic evolution process of economic sys-
tems in economics, etc. The concept of measure attractor for stochastic PDEs was
first presented in [25]. Very recently, Li and Wang [14] present the existence and
uniqueness of pullback measure attractors for the inhomogeneous Markov process
associated with the stochastic reaction-diffusion equations, including the concept
of complete orbits. More details about the concept of measure attractors can be
found in [17, 18, 24]. It is also worth noting the recent development of the related
work on invariant measures of locally monotone and generally coercive SPDEs [28,
29].

In this paper, we focus on the limiting behaviour of measure attractors of the
stochastic evolution equation governed by the p-Laplacian operator defined on O.:

s (t) — div(|Vas [P=2Vas)dt + Aas (t)dt = (f (t,z,05(1)) + G (¢, z)) dt
+ 2 (n(@) + pp(EONAWR(D), 2 € Ocy t> 7,

84°
00" —0, €90,

(1.1)

with initial condition

W (r,x) = us(x), x€ O, (1.2)
wheLe p>2, A>0, f is a nonlinear function defined on O x R, G and o, are defined
on O, the nonlinear function p; : R — R is a Lipschitz function of u. For every

ke N, {W}g2, is a sequence of independent real-valued standard Wiener processes
on (Q, F,{F.}ier, P), and v, is the unit outward normal vector for 9O..
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Notice that the domain O, collapses to the lower dimensional space Q as € — 0,
then the limit equation of (1.1) is given by

du®(t) — édiv(g|VuO\p_2Vu0)dt + xuldt = (f (¢, (y*,0),u°) + G (t,y*,0)) dt
+ 3 (0", 0) + pu(aW)aWi(D), +>
(1.3)

with initial condition
WO (1, ) = ud(y*), (1.4)

where y* = (y1,...,yn) € Q.

To the best of our knowledge, this paper is the first work on studying the lim-
iting behaviour for stochastic p-Laplacian problems with nonlinear noise on thin
domains. The target of our work is to present the existence and uniqueness of pull-
back measure attractors for (1.1) and its limit system (1.3). The structure of the
pullback measure attractor is characterized by the complete solutions of dynamical
systems generated by (1.1). It is worth emphasizing that we used a novel technique
proof method to derive the estimates of solutions of (1.1) in W?(O) with higher
regularity in the sense of thin domains. Then the pullback measure attractors can
be shown based on some uniform estimates, the existence of pullback absorbing
sets, and the pullback asymptotic compactness. Furthermore, we will discuss the
limiting behaviour of the pullback measure attractors of (1.1) with € — 0.

This paper is organized as follows. In §2, some basic concepts and results of
pullback measure attractors for non-autonomous dynamical systems are provided.
In §3, we give some notions and make a transformation from the varying thin
domain to a fixed domain. In §4, we derive some essential uniform estimates of
the solutions for (1.1) and (1.3). Finally, we present the existence, uniqueness, and
upper semi-continuity of pullback measure attractors of the stochastic equations.

2. Preliminaries

In this section, we introduce the useful results with the basic concepts of pullback
measure attractors.

Let X be a separable Banach space with norm || - ||x and P(X) be the set of
probability measures on (X, B(X)), where B(X) is the Borel o-algebra of X. Given
p >0, let P,(X) be the subset of P(X) define by

Py(X) = {p € P(X /||x|| (dz) < oo},

Given r >0, define

Bin (1) = (€ Pyl s [ il udw) <.

DEFINITION 2.1. Let D a collection of some families of nonempty subsets of Pp(X),
the set K = {K(r) : 7 € R} € D is called a D-pullback absorbing set for a
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continuous non-autonomous dynamical system S if for any 7 € R, D € D, there
exists T =T(r,D) > 0,

St,r—t)D(t—t) C K(1), t > T.

DEFINITION 2.2. The non-autonomous dynamical system S is D-pullback asymp-
totically compact in Pp(X) if for any 7 € R, {S(tn, T —tn)pin 1o, has a convergent
subsequence in Pp(X) as t,, = 400 and p, € D(7 —t,,) with D € D.

DEFINITION 2.3. A family A = {A(7) : 7 € R} € D is called a D-pullback measure
attractor for S if the following conditions hold,

(i) A(7) is compact in Pp(X), VT € R;

(i) A is invariant : S(t,7)A(T) = A(T +t), VT € R, Vt € RT;

(iii) A attracts all members of D: for every D = {D(7) : 7 € R} € D,

tll)rgo dx(S(t,7 —t)D(t —t), A(T)) = 0,

where dx is the Hausdorff semidistance in X.

DEFINITION 2.4. A mapping ¥ : R x R — P,(X) is called a complete orbit of S if
for any s ¢ R,t € R, 7 € R,

S(t,s+1)(s,7) =(t+ s,7).

If, in addition, there exists D = {D(7) : 7 € R} € D such that ¥(t,7) € D(T + t),
vVt € R, V1 € R, then v is called a D-complete orbit of S.

PROPOSITION 2.5. Let D be a neighbourhood-closed collection of families of subsets
of Pp(X) and S be a continuous non-autonomous dynamical system on Pp(X). If
S has a closed D-pullback absorbing set K € D and S is D-pullback asymptotically
compact in Pp(X), then S has a unique D-pullback measure attractor A in Pp(X):

A(T) =w(K,7) ={¢(0,7) : ¢ is a D-complete orbit of S}, 7 € R,

where w(K,7) = {v € Pp(X) : there exist t,, = o0, pin, € K(7 — t,,) such that v =
Hm S(tn, T — tn)pin}-

n—oo

3. Abstract formulation of stochastic equations

In this section, we present some assumptions on the nonlinear terms and reformu-
late (1.1) in the fixed domain O.

Let g € C?(Q,(0,4+00)) and 0 < & < 1, then there exist two positive constants
g1 and g9 such that

91 <g(2%) < ga, Vo' e Q. (3.1)

Denote O = Q x (0,1) and O =0x [0, g2] which contains O, for 0 < & < 1. We
assume nonlinear drift term f satisfies some conditions such that for any € O
and t, s € R, there exist some positive constants a1, as and ag,
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f(tz,s)s < —anls|! + ¢ (t, x), (3.2)
|f (£, )| < azls|"™" + st @), (33)
of ((t?,sx,s) <o, (3.4)
‘af(gjs) < s (1), (3.5)

where g > p, ¥1,12,¢3 € Loo((a). We assume that for x = (z*,z,41) € O,

Z ||Uk||2oo((7)) < o0, (36)
k=1
W%@ﬂ<¢@% (3.7)

where o} € L>°(O) with Z ||ak||2x < oo. For each k € N, there exist positive

numbers Ly and 7 such that for all s, 51,52 € R,

lpk(s1) — pr(s2)] < L|s1 — s, (3.8)

lpk(8)| < Br + vklsl, (3.9)

where B = pr(0),7x = L.

> (BF 47k + Li + pr(0)) < oo, (3.10)
k=1
oo 2 1
Z’Yk < Z)\' (3.11)
k=1

The following results will be used later:
ullZs o) < <! = ||u||L2(O) + HUH o) (3.12)
where 2 < p < q.

[ (15, )1 5, 10105 Mgy + 1205, )P

IG5, )7 e 3))ds < 0. (3.13)

(0)
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? eg(z*)
x= (2", zy41) € Oc. Let y = (v*, ynt1) = Te(a*, 2,41). Then we have

We denote a transformation Ty : O, — O by T.(z*,xp11) = (m* Intl ) for

* *

Tt =y, Tny1 = €9 (V") Yni1-

The Jacobian matrix of T, is given by

1 0 e 0 0
1 0 0
A= a(yla s ayn-i-l) _
8(:131,...,xn+1) :
0 0 e 1 0
__Ynt1 _Yn+1 1
g In g I gl
The determinant of A is |A| = ) et A* be the transport of A, we get
AAN*
1 0 . 0 yn+1 I
0 L0 g,
0 0 e 1 —y"—;lggn ,
_yr;rlgyl Un+1gy2 e 1/n+1 Gy, E (y¢;]+1 gyi> 4 (89(2*))

i=1
n [16], the gradient operator and the gradient operator in z € O, and y € O are
described by
Veu(z) = A*Vyu(y) = Rou(y)

div, (|Vu ()" Vu(x)) = édivy (1Rew )" Pau ()

where V, and div, are the gradient operator and the divergence oper-
ator in x € O, respectively, V, and div, are the gradient opera-
tor and the divergence operator in y € O, respectively, R.u(y) =

9y1 un 1 ‘e ol
(uy1 = T Ynd iUy, s Uy, = T Y1 Uy, Euynﬂ)' The operator P, is given
by
Uy, — Gy Yn+1Uy,, 1
Peu(y) =
guyn Iyn yn+1uyn+1

- Z yn""lgyluyz 1 + Z (Eyn—‘,-lggh) ) uyn+1
i=

In this paper, for x = (*, 2p4+1) € O, y = (Y*, Yn+1) € O, and ¢, s € R, we define

fa(tvy*aynJrlaS) = f(y*agg(y*>yn+178)a fO(tay*7S> = f(y*?0a5)7

https://doi.org/10.1017/prm.2025.10049 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10049

Pullback measure attractors for stochastic p-Laplacian parabolic equations 7

Gs(tvy*,yn+las) = G(y*,eg(y*)ynH,S), GO(t7y*7s) = f(y*voa S),
Oke(Y", Ynt1) = ok(Y" €9(Y" )Ynt1), oro(y") = or(y™,0).

Then the system (1.1) is equivalent to:

due — (Ldivy (|Reu )"~ Pau(y)) = )t = (- (t,,0°) + Ge (1)) di
+ glm,s(y) (s ()AWR (1), t >0,

Puf-v=0, ye€oO,
(3.14)

with initial condition

ui(ry) = uz(y) = az(T1 (), y €O, (3.15)

where v is the unit outward normal vector to 90.
We define the inner product (-, )72 (o) on L?(0)
g

(U,U)Lz(o) = / guvdy, for all u,v € L*(O)
g o

and denote by Lﬁ(@) the space equipped with this inner product. It is obvious that
LZ(0) is a Hilbert space with norm equivalent to the natural norm of L?(O) by
the continuity of ¢ and (3.1).

We introduce equivalent norms in L"(Q), r > 2, and in W17 (O) denoted by

lullsgio = ( [ o1l a)

1

1 v

lallnzior = ([ (190l + 5 gl + 1"} )
respectively.

Let ”“HH;‘(O) = (fog (‘Vy*uv + ELT ‘“y+1|r) dy)
constants g, 171 and 1y, for any 0 < & < &g and u € W7 (0),

and

3=

. Then there exist positive

m [l o) < HREUHTLQ((’)) < me2 [lullr o) (3.16)

and
m [l o) < IRl o) + 1l o) < m2 Ul o) - (3.17)

Let A, be unbounded operator on L2(O) with

D(A.) = {ueWLp((’)),PEu~y:0on 8(’)}
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denoted by
1 _
Au= —édivy (|Rgu|p 2 Pau) .

Then we have

(|7z6u\1’*2 REU,REU)LQ(O) = (Aet,v) 30y, Vu € D(A),Yve H(O).

(3.18)
The system (3.14) and (3.15) is equivalent to
du® + Acufdt + Musdt = f. (t,y,u®) dt + G (t,y)dt
+ X (O e(y) + pr(us(t)dWi(t), y € O, t > T, (3.19)
k=1

u® (1) = ut.

To reformulate system (1.3) and (1.4), we introduce an inner product (-,-) 2 (g, on
g9
L?(Q) given by

(W, 0) 20y = / guvdy*, for all u,v € L*(Q),
g Q

and denote by L;(Q) the space equipped with this inner product.
Let Ag be unbounded operator on L2(Q) with

D (Ap) = {u e whr (Q), g—u

=0 on 8Q}
Vo
given by
Aou = —édivy*(g\VuP’*QVu).
Then we have
(|Vul|P~2Vu, Vo)r2(g) = (Aou,v)Lg(Q) , YueD(Ay),Yve H (Q).
The system (1.3) and (1.4) can be written as

du® 4+ Aguldt + \uldt = f, (t,y*,u )dt+G0 (t,y*)dt

Yy
+k§(ako< Y+ pr(u®(£))dWi(t), y* € O, t > 7,
u® (1) = ul.

(3.20)

Given 7 € R, we use L% (€2, L*(O)) to denote the space of all F,-measurable,
L?(0)-valued random Vamables  with E(||90HL2((’))) < 00. By theorem 2.4 in [29],

one can verify that if (3.2) and (3.11) hold, then for every us € L% (€, L*(0)),
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system (3.19) has a unique solution u®(¢,7,u$) in the sense of Definition 2.3 in
[29]. In particular, u®(¢,7,u), t > 7, is a continuous L?*(O)-valued F,-adapted
stochastic process, then for every T >0,

u® €L¥(Q, O([r, 7 + T, L*(0)) (| L4, L7, 7 + T3 L1(0)))
(L, LP (7,7 + T; W'P(0))).
Slmllarly, for every ul € L% (Q,L*(Q)), system (3.20) has a unique solution
u®(t, 7,u2) which is a continuous L?(Q)-valued F,-adapted stochastic process, for
every T >0,
u® €L?(Q,C([r, 7 + T1,L*(Q))) (| LUQ, L7, 7 + T; LY(Q)))
(L2 (Q, L (r,7 + T; WP (Q))).

4. Uniform estimates

In this section, in order to present the existence and convergence of pullback mea-
sure attractors, we first give some essential uniform estimates of solutions of (3.19)
and (3.20). Here, we define £(§) as the distribution law of a random variable &.

LEMMA 4.1. Assume that (3.2)-(3.11) and (3.13) hold. Then for every T € R and
Dy = {D1(t) : t € R} € Dy, there exists T = T(1,D1) > 0, independent of €, such
that for allt > T and 0 < € < &9, the solution u® of (3.19) satisfies

E(Jlu(r,m = .49l 0) )
; ‘ ) (4.1)
<Mt [ I o) + 16 )d)

— 00

and

! —y(r—s) € —t,ul)|h
/T_te E(HREU (s,7 t7ur)||Lg(o))dS
+ /T_t e_”(T_s)E(HuE(S, T — t,Ui)H%g(O))ds (4.2)

M+ [ TN sl ey + IG5,

— 00

where us € L% (Q,L*(0)) with L(uS) € Di(t —t), My is a positive constant
independent of T, € and D;.

Proof. By (3.19) and Ito’s formula, for ¢t > 7
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t t
0Ol g0 +2 [ IRy opds +2 [ 10 (5) 300

t t
= ||Ui|\ig(o) +2/ (fe (&9, 0% (5)) s u™(5)) L2 (0) d5+2/ (Gesu™(5)) 120y ds

0ot
+ 3 loke + pr(us(s)) \|L2(<9)d3+22/ Ohe + pe(u(s)), u”(s))r2(0)dWi(s),

k=1YT

and we further have

d

= 2]E( (f (t,y,us (1)) 7u6(t))Lg(<9)) + 2E( (Gﬁ’ue(t»%(@))
+ 3B llone + o))

k=1
For the nonlinear term, by (3.2), we obtain
(£ (1) () 20

=/ 9f (& y",eg(y ) ynsr, us (1)) us (t)dy
o
<ar [ gl Oy + [ 9o (60" 20 ) dy
o o
<o [ gl Oy + IO i1(t. ) o,
where |O| is the Lebesgue measure of O. By Young’s inequality,
(Ge,u(1)) 2 (0)
< |Gellrz o) llu® (D)l r2(0)
>\ € 2 92 2
< 2w O350y + ZIONGE P w0
y (3.7) and (3.11) we obtain

o0

> ke + (e (O)I72(0)

k=1

<23 llokelZao) + 23 I1BC) + e @13 o)
k=1 k=1

< 292|0 Z HUk:Hro(@) +4g2|0| Zﬁi + 4||U€(t)||%g(0) Z%%
k=1

k=1 k=1

Then it follows from (4.4) and (4.7) that
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%E(Hue(t)“i?,(o))+2E(”R6“€(t)||ig(0)) (A - 4Z’Yk (HU HL2 0))

+ 2001 (|[u* ()15 o))

292 >
< 202[00 () 3) + SIONGE I 5y + 202101 llowl 2. 5
k=1

+4g2101 > B7. (4.8)

Multiplying (4.8) by €?* and then integrating on (7 — ¢, 7), we get

2 T T—8
E( (7,7~ 1,4 220y ) +2 / e TIR([Rew 7~ 1) ) )
+ 20101 /T_t e_V(T_S)]EQIUE(Sa T—t, Ui)Hng(o))dS
< e‘”tE(IIUinL;(O)) +20/0] [ I (o)l s

2
+=Zlo) " eI)as,

T—t
1 o0
+ 2 (20001 Y loul . g+ 1021013 52)
v k=1 k=1
< B (o) + 20100 [ e )] e s

L2 (=)
2|<9|/ 65,2

(292|O| > vl oy + 0210 Zﬂz), (19)
k=1

N2 s

where v =X —4 Y ~2. Since L(uS) € Di(1 — t) we have
k=1

e E(|[u5]32(0) ) < 926 E (IS |22(0)

< g2 "Y|Dy (7 - t)||%2(o) —0, ast — 0,

then there exists T = T(r,D1) > 0, for all t > T,

1

e E(|[us I3 0)) < 292|0|Z||ak||2x 410,103 ).

k=1

«Q
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This proof is completed. d

By lemma 4.1, we have the following result.

LEMMA 4.2. Assume that (3.2)-(3.11) and (3.13) hold. Then for every 7 € R and
Dy ={Di(t) : t € R} € Dy, there exists T = T(7,D1) > 1, independent of e, such
that for allt > T and 0 < € < €q, the solution W& of (3.19) satisfies

/TTlE(|REu€(5,T w2 0 ) ds

a1+ [ I (o) ey + G E )d) (410
| B (s, =ty o) do
a1+ [ I (n(s o) +HIGE I o)) (@)

where u € L% (Q,L*(0)) with L(uS) € Di(t —t), My is a positive constant
independent of T, e and D;.

LEMMA 4.3. Assume that (3.2)-(3.11) and (3.13) hold. Then for every 7 € R,
T> 0, us € L3 (Q,L*(0)) and 0 < e < 9, for all t € [r,7 + T, the solution u° of
(3.19) satzsﬁes

t
/TE(HRgua(s,Tft,ui)||§§(o)>d5

T+T

M+ By o) + [ (als ) + 166 g)ds), (412

T

/E(Hu T 1) [y 0 ) ds
<

T+T
M+ By o) + [ (Wa(s )l ) + 166 ) )ds), (413

where M3 is a positive constant independent of 7, T and e.

Similar to lemma 4.3, we have the following uniform estimates of solutions of
(3.20).

LEMMA 4.4. Assume that (3.2)-(3.11) and (3.13) hold. Then for every 7 € R,
T>0,u) € L% (Q,L*(Q)), for allt € [r,7+T), the solution u° of (3.20) satisfies
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t
/T E([9y-u(s,7 = £, ud)l[2 o) + 1u(s, 7 = t,ud) o ) ds

T+T
M +E([00) + [ (sl + IG5, )ds), (414)

0y||49
J B (1007~ 0y o))
<

T+T
M+ E(l0) + [ (sl + 1605, ) (415)

where My is a positive constants independent of 7, T and e.

In order to derive the uniform estimates of solutions in H?(O), we need the
following conclusion.

LEMMA 4.5. Assume that (3.2)-(3.11) and (3.13) hold. Then for every 7 € R and
Dy ={D;(t) : t € R} € Dy, there exists T =T(7,D;1) > 1, independent of €, such
that for allt > T and 0 < € < €g, the solution u* of (3.19) satisfies

E(|uf(r, 7 = £, u)l|%50)
g M5(1 +/ 67’Y(7—75)(”¢1(87 )”15100(6) + ||¢1(57 )”LOO(@) + HG( )”Loo(o)) )
(4.16)
and
" £ £ 2q72
[ B ) ) ) ds
<Mt [ Il g 1915 ) + G I )
(4.17)

where Ms is a positive constant independent of 7, D; and «.

Proof. By Ito’s formula, for t >1 and ¢ € (7 — 1, 7),
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ottt ror = )Py 2 [ (s, = ) 0y
+Q/ (Asua(svT_tvuf’)a|uE(svT_tau'Equiz Ua(S,T—t,Ui))L?I(O)dS

=/Og|<u€<o>>2|%dy+q/ (fe (8,0 (5,7 — £,uS)) s Ju (5,7 — £, uS)[12
x uf(s, 7 — t,ui))Lz(O)dS

+q/ (GE( Dy lut(s,7—t u5)|q*2u€(s,7ft,ui))m(o) ds

-1
q Z/ |Uk£ +Pk (577-_t7uf—))|2a|U‘s(577-_tauf—)|q72)L§(O)dS

+qZ/ e+ pe(u(s,7 — ,08), [u(s, 7 — t,uS) 97 2us (s, 7 — £, u5)) 12 (0)
X de(S)
(4.18)

Note that

.
/ (Acus (s, 7 — t,ul), |us (s, 7 — t,us)| T 2 uf (s, 7 — t,uz))rz(0)ds
g

=(q— 1)/ (|Reus (5,7 — t,us) [P 2 Reus (s, 7 — t,ul), |[uf (s, 7 — t,us) |72
X Reus (s, T — t,ui))LQ(O)ds

> 0.
(4.19)

By (3.2) and Young’s inequality,

/ (Fo (b (3,7 — £ (5,7 — 6|72 0 (s, — £, u2) )13 0

3 T
< —qougn [ o= )P dst 20 [ — )y o

L24—2(0)
3\ a=2
(4((1}2)) 2

" gl0] [ 1r(s. )12 o ds

(4.20)

Similarly, the last two terms are bounded by
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@ /C,T ;(Iom + o (5)) ) [ ()72 L2 0y ds

T A -2
< q(q_l)/ ( A ||u (s)]]? (8(!1*1)(1(11*2)) §
S22 ), \8(g-1) ry©) * q
< (lone+ pu(a (g0t s
k=1
Aq =2 0o aq
alqg—1) /T A 25Dz * 2 \?
<
[ (s ey o + : > lowelzo
29(gr—M—)"T [ 2 $
+ S (S 54l Gy ) )
k=1
alg—=1) [T/ A 2‘1(78@7?)(1@72))%2 - » !
E
e G (Zm,gum)

+22Q*1(W)% ngﬁ’?lz:ﬁk> + (s (s (ka) Dds

q

q

2q*1‘1(q—1)(m)qT 2
< oM [ Iy 0ds =0 (gg|0|z||ak||2m@)
=1

q—2

22q—2q q-— 1 Aq 3
(7 —o)+ ( )(;(ql)(qz)) <g2|(’)|23k> T—0)

22q_2q(q—1)(8,f7q,2)%2 4 .7
¥ Tl (kg_jv) [ 1ty oy

(4.21)

and

¢ / (G5, ), 0 (s, 7 — £,0S) [T~ 20 (5,7 — £, uE)) £2 (0 ds

(4.22)
qalgl 2q—2 qu
/Hu R |0|/ 16 (s

Combining (4.18) and (4.22), we get
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8|l (o =ty o)) +aonan | E( (s, = 1) 352 o) )
(|1l 0) + €3 (| Bl = 1,09l )

l0] [ 1N s+ 0] [ 16 61 2 s

+(92|O|§:||0k”2m(6))%(7_ (gglO\Zﬁk) T_J).
k=1

(4.23)

Now integrating the above with respect to o over (7 —1,7),

T

Bl (= iy o)) +aonsn | Bl (57 = 1) 352 o) )
<40 [ B =ty o))ds + Ca(l0] [ ints. I gds
T—1
o0
+ (01013 lloul )7 =) gMZm )i(r—0))
< (1+cl)/T_le—w-s)E(Hue(s,T )||Lq(o))
[ — % —y(r—5)
sau(mlo] [ el gds +al0] [ e TG
T—1

+ (@101 llonlB o) r = 0) + gg|0|zﬁk 1),
k=1

N2 s

(4.24)

which together with lemma 4.2 completes the proof. 0

LEMMA 4.6. Assume that (3.2)-(3.11) and (3.13) hold. Then for every T € R and
Dy = {D1(t) : t € R} € Dy, there exists T = T(r,D1) > 1, independent of €, such
that for allt > T and 0 < € < &g, the solution u® of (3.19) satisfies

E(flu(r,7 = £,u5) 3z )
<M1+ [ Il g + gy, (429)

— 00

a5, )2 ) + 1G5 2 )5,
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where Mg is a positive constant independent of T, Dy and e.

Proof. From (3.19) and Ito’s formula, for ¢t >1 and o € (7 — 1, 7),

/ gl(Reu (7,7 — t,02))? B dy + p / [ Aet (5,7 — 1, 45| 0y s
O o 9
+)\p/ HREuE(S,T—t,ui)H’z},(O ds

< /O gI(Ret (@) P ey +p [ (fe o5, = 05)) A (57 = 10Dy

X ds
Z/ (e + pu(u (5,7 — 1, uE))), [Rew (5,7 — tuS) P
Rs € c , T — ¢, f- d
X Re(0e + pr(u (5,7 — t,u ))))LZ(O) s
0 [ (Gelsr) A 57 = ) 30 s

—l—pZ/ Oke + pr(u (5,7'—t,ui)),Aaus(s,T—t,ui))Lﬁ(o)de(s).

(4.26)
For the second term on the right-hand side of (4.26), by (3.3), we have
/ (. (300" (5,7 = £,02)), At (5,7 — £,05)) )
<} [ N7 = Lo ds 4910 [ a2 gds  (420)
B [l (5. — )l o (1.25)

The third term on the right-hand side of (4.26) is bounded by
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_]_ € - :
Z / (0o + pr(u (), [Ret (5) P Relore + pu(u (3))) |, ds
. g
Ap 22
" - p(r =D (s=15=2) ”
g/a (1—6||Reu (S)||L§;(0)+ q
< (SoUIR-oe + pru ()32 0))F ) ds
k=1
_ Ap
o 2 p(p — Vg=tip=ey) 7 ’
g/a (EHREUE(S)H%(O)JF » (ZHUkeHLz(O))
27 p(p - Vgomlomy) T f & e
N (p—1)(p—2) (ZLi)Q ||’Rgu5(3)||ip(o)d8
D k=1 7 '
2000~ V(s=iien) T (& o s
X (32 LRIR(9) o)) ) ds
p k=1
T p 2= Do iloa) ™ (. )
< [ (iR 0, + z (;nak,gug(o))
2= 1p(p — 1)(8_{\717_2)%2 - 5
n (p=1=2) [[Reus (s ||L7’(O)(ZLi 5)
P k=1
1 t+1
<q [ IR @l 0 ds
20~ 1p(p — 1)(8_{\717_2)p : z
N -1 (-2 (92|O|Z||C’k”2°° ) (r—0)
p k=1
27 1p(p - Vgomlomy) T /& 0
N LR (1) /||R8u5(s)||ig(o)ds. (4.29)
k=1 7

For the fourth term on the right-hand side of (4.26),

2 [ (Gulsy) At (5,7 = 1.08) 130,

<p/ HAEu‘E(s,T—t,uf_)H%g(o)ds—l—pggKﬂ/ |G(s7-)‘|2m(6)d8. (4.30)

By (4.23) and (4.26)-(4.29),
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E(|[Rew (7,7 = £,u9)| 2y )
< (IRt (0) 130 +cg(/ B(|u(s,7 = t,05) 1352 ) ) ds

+/T (Rellu (5.7 — t.u5) /|G Y2 ) (451

= [ st o ds+(2||ak||2m )ir-a).

Integrating (4.31) with respect to o over (1 — 1,7),

E<||R5u€(7',7'*t,Ui)Hig(o))

< +Cz)(/Tfl]E(Rf”“E(S’T‘t’“5)||§§<o>)

+C [ (I =05+ [ G o)
—|—/T_1 12 (s, )l LOO(O)dS+ (ZHJ’“HL""(O)) )

<[ B(Rw (s = tully)
+C’2</_1E<Hus(s,7—t,ui)||iq2q2z @))ds—&—/_le_V(T_s”G( )||Loo(o) )

T —(r—s) * (12 %
+/.,._1€ v H’(/)Z(& ) LOO(O)dS+ (Z_: ||Uk||L°°(6)) )
(4.32)

where (9 is a positive constant. It remains to give the bound of E(|\u5||’£p(o)).
Note that (3.12), lemmas 4.1 and 4.5, we see that

E(\Iua(tmig(o))

Mt [T (sl g 19156 + 165 )9
(4.33)

which along with (3.17), (4.32), lemmas 4.2 and 4.5 completes the proof. O

5. Existence of pullback measure attractors

In this section, we present the existence and uniqueness of D;-pullback measure
attractors of (3.19) and Dy-pullback measure attractors of (3.20).
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As usual, if ¢ : L?(O) — R is a bounded Borel function, then for s < t and
u§ € L2(0), we set

(95,10) (ug) = E(#(u(t,5,u5)))-
As usual, for T' € B(L?*(0)), 0 < s <t and u§ € L?(0), we set
p°(s,up;t,T) = (p5 1 1r)(ug) = P{w € Q:u(t, s,up) € T'},

where 11 denotes the characteristic function of T'.

Under (3.2) and (3.11), the Feller property of ps; are verified for 0 < s < t:
if ¢ : L*(0) — R is bounded and continuous, the function pS,¢ : L*(0) — R is
also bounded and continuous. According to the result in ([19], p.250), the solution
u®(t, 5, uf) of the problem (3.19) is a L?(O)-valued Markov process: if ¢ : L?(0) —
R is a bounded Borel function, then for any 0 < s <t, P — a.s.,

(5.40) (ug) = P, (F.+0) (ug)-

Given t > s and p € P2(L?(0)), define

PO = [ PAsn(e)

L2(0)

thus, the operator pt (¢, s) : Po(L*(0)) — Po(L*(0)) is the dual operator of p°(t, s).
Similarly, we can define the operator p§(t,s) : P2(L?(Q)) — Po(L%(Q)) associated
with (3.20).

Fort e RY, 7 € R and 0 < ¢ < g, denote S%(t,7) : Po(L?*(0)) — Po(L*(O)) by

SE(t, T\ = pi(T +t, T, p € Po(L2(0)), t>T.

Similarly, For t € RT, 7 € R and 0 < ¢ < g, denote S°(t,7) : Po(L*(Q)) —
P2(L*(Q)) by

SOt )= p2T +t, T\, p€ Pa(L*(Q)), t>T.
By lemma 4.1, the D;-pullback absorbing set for S° can be obtained below.

LEMMA 5.1. Assume that (3.2)-(3.11) and (3.13) hold. For 7 € R, 0 < & < &,

define by
1
K(r) = Bp,2op (L2 (7)), (5.1)
where
Ml ! - T—S
L. = E(l +/ e ([ (s, )| e () + G s, ')||2m(5))ds). (5.2)

Then K = {K(7): 7 € R} € Dy is a closed Dy-pullback absorbing set of S°.
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Proof. According to lemma 4.1 and (5.1), we have
SE(t, 7 —t)D1(r —t) C K(7). (5.3)
By (5.1)-(5.2) and (3.13),

TN (T) By (r2(0y) = €7 Le(T)

My [T ..
= —(e“f —|—/ e ([len (s, ~>||L<x>((5) + [|G(s, ')”ioo(@))ds) —+0as 17— —o0,
9 oo

then K = {K(7) : 7 € R} € Dy, which together with (5.3) completes the proof. O

We now establish the existence and uniqueness of D;-pullback measure attractors
of (3.19) in Py(L?(0)).

THEOREM 5.2. Assume that (3.2)-(3.11) and (3.13) hold. Then the dynamical sys-
tem S¢ has a unique Di-pullback measure attractor A = {A (1) : 7 € R} € Dy in
Po(L?(0)), that is for each T € R,

A (1) = w(K, 1) = {¢(0,7) : ¢ is a D1 — complete orbit of S}

= {u®(7) : v is a Dy — complete solution of S},
where K = {K(7) : 7 € R} is the D;-pullback absorbing set defined in lemma 5.1.

Proof. By [14] and Proposition 3.6 in [27], the system (3.19) generated a continuous
non-autonomous dynamical system. From lemma 4.6, the tightness of the distribu-
tions of {us(r,7 — t,us) : L(uZ) € Di(1 —t)}4>7 on L*(O) can be verified by the
compactness of the embedding H'?(0) — L?(0), which along with lemma 5.1,
Proposition 3.6 in [27] and Proposition 2.10 in [14] completes the proof. O

A similar result also holds for the solutions to the problem (3.20).

THEOREM 5.3. Assume that (3.2)-(3.11) and (3.13) hold. Then the dynamical sys-
tem S° has a unique Do-pullback measure attractor Ag = {Ao(7) : 7 € R} € Dy in
Po(L?(Q)), that is for each T € R,

Ao(T) = w(Ko,7) = {¥(0,7) : ¥ is a Dy — complete orbit of S°}
= {u’(7) : u® is a Dy — complete solution of S°},

where Ko = {Ko(7) : 7 € R} is the Do-pullback absorbing set of S°.

6. Limits of pullback measure attractors

In this section, we discuss the limiting behaviour of pullback measure attractors
of the problem (3.19) as ¢ — 0. We first give some abstract Lemmas, and then
we apply the abstract results to discuss the limiting behaviours of the stochastic
system (3.19).
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Define the average function M : L?(0) — L*(Q) by:

1
Mep(y™) =/ @ (Y Yns1)dyni1 for ¢ € L*(0), y" € Q.
0
Let Z: L?(Q) — L?(O) be the operator, for every ¢ € L?(Q), define

Ze(y) =), y= (" ynt1) € 0.
The following Lemma on the average function can be found in [9)].
LEMMA 6.1. Ifu € HY(O), then Mu € H*(Q) and
|lu = Mul[r2(0) < cellullm2(0),
where ¢ is a constant, independent of e.

We assume that there exist k1, k2 € L7, (R) and g5, € N such that for all s,¢ € R,

loc
||f€(t7'75)7f0(t7'78)||L2((9) SEI/\Zl(t), (61)
IG(t,) = Go(t, |2 (0) < eralt), (6.2)
ok,e(-) = or,0()l|z2(0) < €0k, (6.3)

[ee]
where > p? < oo.
k=1

LEMMA 6.2. Assume that (3.2)-(3.11), (3.13) and (6.1)-(6.3) hold. Given T € R,
R> 0, for allt >0,

lim  sup dp,(r2(0)) (Ss(t, s, (SO(t, 7) (uf o M) oIfl) =0,
EHONEGBE(R)

where BE(R) = {1 € PoL2(O)) : [z |16lE2((dE) < R).

Proof. Denote u®(t) = u®(t, 7,us) and u’(t) = u’(¢, 7, MuZ). From (3.19)-(3.20),
for all ¢t > 0,

d(uf(t) —u®(t)) + (Acus(t) — Agu®(t))dt + N(u(t) — u(t))dt
= (fo(ty,us (1) = folt,y", u()dt + (Ge(t,y) — Go(t,y™))dt

+ D (e (y) = owo(y”) + pr(us (1)) = pr(®(1)))dWi(8).
k=1
By Ito’s formula, for t > 7,

t
[lu () = u’@®)|I2 0 + QA/ 10 (t) = u’ ())]]Z2 (0)ds
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t

=~ w8l )~ 2 [ (Ao (5) = Aau(5),w%(s) ~ u°(5))zz s

42 [ (o (5) = fols,a(5)), () — (5] 3oy

+ 2/ (Gals,) = Gols, ), u(s) — u0(s)) 13 0 s

+ Z/ llok.e(-) = or0() + pr(us(5)) = pi(u’(5))lZ2 0y ds

k=1YT
23 [ (1el) = onpl).0(5) = w9z 0)AWi(s)
k=1YT

+2 Z/ (pr(uf(5)) = pi(u(s)), 1% (s) — u®(8)) 2 (0) AW (5)- (6.4)
For the second term on the right-hand side of (6.4),
— 2/ (Acus(s) — Agu®(s),u®(s) — uo(s))Lg(@)ds
= —2/ (Asuf(s), uE(s) — uo(s))Lg(o)dS + 2/ (Aouo(s), ua(s) - uO(S))Lg(O)dS
_ / (IRt ()72 Reti (5), Rt (5) — Rew®(s)) 130yl
+2) ; (luy, ()P =2y, (), (u®(5) = u®())y,) L2(0)ds

k=1

= 72/ (IRt (s)[P2Reu(s), Reuf(s) — Rsuo(s))L?](o)ds

t
+ 2/ (IR’ ()P 2Rl (s), Louf(s) — Rsuo(s))Li(o)ds

L2 y
2(0)

n t

Gy, _

+2) /O ( e Rty (5)P 2, (5), i (5., 9) i, (5)))
k=1

¢
=9 / (|R€u5(s)|p_2R5ue(s) — |R€u0(s)|p_27€5u0(s),REuE(s) — Rguo(s))Lg(o)ds

+2 /(i
kzzl o 3

By (3.4) and (6.1),

0 —-2,0 € 0
Rl (5)P 20 (5), g (5, (9) = 0,, ) L, s (69)

2 [ (fulo () ~ fols, s u(6)), 07 (9) — (5D 300

= / (.f(&y*vgg(y*)yn-‘rla us(s)) - f(S, y*,O,UO(S)), us(s) - uO(S))Lg(O)dS
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= /(f(say*@g(y*)ynﬂ,uE(S)) — (5,57, 29(y Yyn+1, u°(s)), u(s) —u(5)) L2 0)

X ds

+ 2/ (f(s,y*,sg(y*)yn+1,uo(s)) - f($7y*a O,UO(S)),UE(S) - UO(S))LE(O)dS

t
<204 [ [10°(s) = 0" (0) 3 0

t
+ 2/ 1£ (5,5, e9(y s, 0" () = (5,97, 0,u° ()| 2(0) l|u” (5) = u(5)l L2 (0 s
t

t
< 204'3/ [lu®(s) — UO(S)H%g(O)dS + 2592/ r1(s)[|u(s) — UO(S)HLg(O)dS

T

t t
<205 [ ()~ ()3 00ds + 202 [ Es) 4 [0(s) = w0y c0) .

(6.6)
By (6.2),
t
2/ (Ga(s,-) — Gols, ), u(s) — u(s)) 130 ds
t
<2 [ IG(s,7) = Gols, )IZ2 (o) llu” (s) = u’ ()lI72 0 ds
t
<oaz [ W30+ [[0°(s) ~ () Ey o ds (6.7)
It follows from (3.8) and (6.3), we have
Z ||0k (1) = owk0() + pr(u(s)) — Pk(“o(s))ﬂig(@ds
k=1YT
[e'e] t o0 t
< 22 |ok,e —Uk,OHQLg(O) +2Z |lpw(u(s)) —Pk(uo(s))H%g(O)
k=1YT ' k=177 '
oo oo t
=S o+ 2 ) I [ () - (o) opds: (6.5)
k=1 k=1 T

Finally, by (3.17), we obtain
QZ/ gyt

t
-2
= 22/ (gyi |Vu |p vgivynﬂ (uszrl(s) — US"“(S)))H(O)CZS
i=177

)P~ 2,0 (5)’%4_1 (“Zn+1(5) — ugnJrl(s))) ds
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CQZ/ |V 0|p 2 0 ( Znﬂ(s)7u2"+1(3)))1:2(o)d5
<o [ IVl I, = s
< ese [ IRl 0~

Scf,s/T (1 ) 0 + IV6 )5 gy ) s

Taking the expectation of (6.4) and by (6.5)-(6.9), then for all ¢ > T,

ds

E(|uf(0) = (02 (0))
t
< flus = Mzl tyco + o | Bl (9) =)o)

e [ B(I ) no + 19060y ds & [ (3(6) + K (o))ds + <%t = 7).

25

(6.9)

(6.10)

By lemmas 4.4 and 4.6 and (6.10), for every T>0, 7 <t <7+ T, ¢ € (0,g9) and

us € L% (9, LA()) with E(|[uZ||m2(0)) < R,

Bl (6) - w130

t
S Hui - Muf’”%?]((’)) + C7(/ E(HUE(S) — UO(S)H%@(O)) +e +52T). (611)

By Gronwall’s inequality and lemma 6.1, for every T >0 and ¢ € [r,7 + T,

E(|[u(t) =" OlIZ2(0)) < E(llus = Muil[Z2(0)) +csle +2T))e 7
g g
(cosE(I[uz 12 (0)) + csle + *T))e"”

<
< (coeR + cg(e + €°T))e T (6.12)

By simple computations, we have

lim sup ]E(||u5(t,7', us) —u(t, T,Mui)HQLz(O)) =0 (6.13)

POE(Jus ]l n2(0)) SR

Notice that

sup sup ‘E(cp(ue(tﬂ', ui))) - E(gp(uo(t,T,Mui))ﬂ

E([us |2 (0)) SR 9EL(L2(O) ]lgllL <1

< sup sup (’(p (t,m,us)) — gp(uo(t,r,./\/lui))D

E([lusllaz(0)) SR €Ly (L2(0)),ll¢llL <1
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-

< ( sup E<||ue(t,7,ui) —’U/O(t,T7M’LL.EF)H%2(O)))2,
E(llusllmz(o)) <R

then we have

im  sup sup B (ot mus)) = Bt 7, Mu3)) )|
SP0E(|us |l g2 (0)) <R 9ELL(L2(O))||¢l L <1
=0.

O

Finally, we present the main result of this section.

LEMMA 6.3. Assume that (3.2)-(3.11), (3.13) and (6.1)-(6.3) hold. Then the D;-
pullback measure attractors A. are upper semi-continuous as € — 0, that is , for
every T € R,

31_13(1) sz(L2((’))) <A5<T)?~AO(T) OI_l) =0.

Proof. By lemma 4.6, one can verify that for all ¢ € (0,e), there exists Cy =
Cy (T) > 0,

[ iz oputde) < Cafr) (6.14)
HZ(0)

Let K = {K(7) : 7 € R} be the D;-pullback absorbing set of S° defined in
lemma 5.1. Denote Ko = {Ko(7) : 7 € R} with Ko(7) = {uo M~ : p e K(r)}.
Then Ky € Dy. Let § > 0, then there exists T = T(5,7) > 1,

dp,(2(2)) (SO(Tv 7= T)EKo(r = T), AO(T)) <50 (6.15)

DO =

In addition, by lemma 6.2 and (6.14),

lim  sup dpg(Lz(o))(SE(T,T—T)’I], (SO(T,T—T)(T/OM_l))OI_l) =0.
20 neA (r-T)

Then there exists €1 € (0,g¢), for all 0 < & < &1,

_ _ 1
supdp, a0 (ST, 7 = T, (SUT, 7 = T) (o M) 0 T71) < 6.
UEAE(T—T)
(6.16)

Let n € A.(t —T), since A.(t —T) C K(7 —T), note that no M~! € Ko(r — T),
by (6.15),

_ 1
sup dPQ(Lz(O))<SO(T,T—T)(770M 1),A0(T)) < 5(5,
n€A:(1—T)

https://doi.org/10.1017/prm.2025.10049 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10049

Pullback measure attractors for stochastic p-Laplacian parabolic equations 27

and we further have

1
sup dfPQ(LQ(O)) ((SO(T,T — T)(n o M_l)) OI_l,AQ(T) OI_l) < 55,
ne€A(t=T)

then we get

sup  dp,(12(0)) (SE(T, T —=T)n, Ao(7) 01_1) <9, (6.17)
n€A(7—T)

By the invariance of A., for any p. € A.(7), there exists n € A.(7 — T) such that
e = S(T, 7 —T)n. (6.18)

By (6.17) and (6.18), for € € (0,&1),

sup dPQ(LQ(O)) (,LLs,Ao(T) OIil> <9,
e €AL(T)

thus, we have that

d’Pg(LQ(O)) (AE(’T), Ao(T) OI*l) < 5
The proof is completed. O
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