
Proceedings of the Royal Society of Edinburgh: Section A Mathematics, 1–28, 2025

DOI:10.1017/prm.2025.10049

Pullback measure attractors for stochastic
p-Laplacian parabolic equations on thin domains

Zhe Pu
Department of Mathematics and Great Bay Institute for Advanced
Study, Great Bay University, Dongguan 523000, P.R. China and
School of Mathematical Sciences, University of Science and Technology
of China, Hefei 230026, P.R. China (zhepuws@gbu.edu.cn)

(Received 14 November 2024; revised 26 April 2025; accepted 6 May 2025)

We investigate the pullback measure attractors for non-autonomous stochastic
p-Laplacian equations driven by nonlinear noise on thin domains. The concept of
complete orbits for such systems is presented to establish the structures of pullback
measure attractors. We first present some essential uniform estimates, as well as the
existence and uniqueness of pullback measure attractors. A novel technical proof
method is shown to overcome the difficulty of the estimates of the solutions in W 1,p

on thin domains. Then, we prove the upper semicontinuity of these measure
attractors as the (n+ 1)-dimensional thin domains collapse onto the lower
n-dimensional space.
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1. Introduction

The dynamical behaviour of partial differential equations (PDEs) has always
aroused high attention because of its wide application in physics, engineering sci-
ences, biological systems modelling, and so on. As is well known, many applications
involve PDEs over regions in which the size in one direction is much larger than the
size in the other direction. In such cases, it is natural to try to determine PDEs on
a lower-dimensional domain which could reflect all of the dynamics of the related
systems. The systematic research on the asymptotic behaviour of PDEs on thin
domains was first initiated in [9–11], they presented the case of domain of the form
as follows

Oε = {x = (x∗, xn+1) |x∗ = (x1, . . . , xn) ∈ Q and 0 < xn+1 < εg (x∗)} ,

where Q is a smooth bounded domain in Rn, g is a smooth positive function defined
on Q, the classical reaction-diffusion problem is considered:
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2 Z. Pu{
duε −∆uεdt+ λuεdt = f(uε)dt, x ∈ Oε,
∂uε

∂νε
= 0, x ∈ ∂Oε.

When ε→ 0, they compare the dynamics of the above model with the dynamics of
the equation defined on Q:

{
du− 1

gdiv(g∇u)dt+ λudt = f(u)dt, x ∈ Q,
∂u
∂ν = 0, x ∈ ∂Q.

Especially they derived the convergence of the family of global attractors of the
two systems as ε → 0. Since then, these results inspired many works of studying
dynamics on the thin domain, see [1–8, 20, 23] for deterministic differential equa-
tions and the references therein. Recently, these results have been extended to the
stochastic case in [12, 13, 15, 21, 22, 26].

It is very interesting to extend the concept of measure attractors to thin domains
for study. Measure attractors come from the mathematical theory and chaos theory
of dynamical systems, which involves the relationship between the basin of attrac-
tion and measures. By combining the concepts of measure and attractor to study the
measure attractor, it can describe the dynamical behaviour of complex systems, and
predict their long-term evolution trends more precisely, especially stability analysis
of control systems in engineering, the dynamic evolution process of economic sys-
tems in economics, etc. The concept of measure attractor for stochastic PDEs was
first presented in [25]. Very recently, Li and Wang [14] present the existence and
uniqueness of pullback measure attractors for the inhomogeneous Markov process
associated with the stochastic reaction-diffusion equations, including the concept
of complete orbits. More details about the concept of measure attractors can be
found in [17, 18, 24]. It is also worth noting the recent development of the related
work on invariant measures of locally monotone and generally coercive SPDEs [28,
29].

In this paper, we focus on the limiting behaviour of measure attractors of the
stochastic evolution equation governed by the p-Laplacian operator defined on Oε:


dûε(t)− div(|∇ûε|p−2∇ûε)dt+ λûε(t)dt = (f (t, x, ûε(t)) +G (t, x)) dt

+
∞∑
k=1

(σk(x) + ρk(û
ε(t)))dWk(t), x ∈ Oε, t > τ,

∂ûε

∂νε
= 0, x ∈ ∂Oε,

(1.1)
with initial condition

ûε(τ, x) = ûετ (x), x ∈ Oε, (1.2)

where p> 2, λ> 0, f is a nonlinear function defined on Õ×R, G and σk are defined
on Õ, the nonlinear function ρk : R → R is a Lipschitz function of u. For every
k ∈ N, {W}∞k=1 is a sequence of independent real-valued standard Wiener processes
on (Ω,F , {Ft}t∈R, P ), and νɛ is the unit outward normal vector for ∂Oε.
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Notice that the domain Oε collapses to the lower dimensional space Q as ε→ 0,
then the limit equation of (1.1) is given by

du0(t)− 1
gdiv(g|∇u

0|p−2∇u0)dt+ λu0dt =
(
f
(
t, (y∗, 0), u0

)
+G (t, y∗, 0)

)
dt

+
∞∑
k=1

(σk(y
∗, 0) + ρk(u

0(t)))dWk(t), t > τ,

(1.3)

with initial condition

u0(τ, y∗) = u0τ (y
∗), (1.4)

where y∗ = (y1, . . . , yn) ∈ Q.
To the best of our knowledge, this paper is the first work on studying the lim-

iting behaviour for stochastic p-Laplacian problems with nonlinear noise on thin
domains. The target of our work is to present the existence and uniqueness of pull-
back measure attractors for (1.1) and its limit system (1.3). The structure of the
pullback measure attractor is characterized by the complete solutions of dynamical
systems generated by (1.1). It is worth emphasizing that we used a novel technique
proof method to derive the estimates of solutions of (1.1) in W 1,p(O) with higher
regularity in the sense of thin domains. Then the pullback measure attractors can
be shown based on some uniform estimates, the existence of pullback absorbing
sets, and the pullback asymptotic compactness. Furthermore, we will discuss the
limiting behaviour of the pullback measure attractors of (1.1) with ε→ 0.

This paper is organized as follows. In §2, some basic concepts and results of
pullback measure attractors for non-autonomous dynamical systems are provided.
In §3, we give some notions and make a transformation from the varying thin
domain to a fixed domain. In §4, we derive some essential uniform estimates of
the solutions for (1.1) and (1.3). Finally, we present the existence, uniqueness, and
upper semi-continuity of pullback measure attractors of the stochastic equations.

2. Preliminaries

In this section, we introduce the useful results with the basic concepts of pullback
measure attractors.

Let X be a separable Banach space with norm || · ||X and P(X) be the set of
probability measures on (X,B(X)), where B(X) is the Borel σ-algebra of X. Given
p> 0, let Pp(X) be the subset of P(X) define by

Pp(X) = {µ ∈ P(X) :

∫
X

||x||pXµ(dx) <∞}.

Given r > 0, define

BPp(X)(r) = {µ ∈ Pp(X) :

(∫
X

||x||pXµ(dx)
) 1

p

< r}.

Definition 2.1. Let D a collection of some families of nonempty subsets of Pp(X),
the set K = {K(τ) : τ ∈ R} ∈ D is called a D-pullback absorbing set for a
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4 Z. Pu

continuous non-autonomous dynamical system S if for any τ ∈ R, D ∈ D, there
exists T = T (τ,D) > 0,

S(t, τ − t)D(τ − t) ⊆ K(τ), t > T.

Definition 2.2. The non-autonomous dynamical system S is D-pullback asymp-
totically compact in Pp(X) if for any τ ∈ R, {S(tn, τ − tn)µn}∞n=1 has a convergent
subsequence in Pp(X) as tn → +∞ and µn ∈ D(τ − tn) with D ∈ D.

Definition 2.3. A family A = {A(τ) : τ ∈ R} ∈ D is called a D-pullback measure
attractor for S if the following conditions hold,

(i) A(τ) is compact in Pp(X), ∀τ ∈ R;
(ii) A is invariant : S(t, τ)A(τ) = A(τ + t), ∀τ ∈ R, ∀t ∈ R+;
(iii) A attracts all members of D: for every D = {D(τ) : τ ∈ R} ∈ D,

lim
t→∞

dX(S(t, τ − t)D(τ − t),A(τ)) = 0,

where dX is the Hausdorff semidistance in X.

Definition 2.4. A mapping ψ : R× R → Pp(X) is called a complete orbit of S if
for any s ∈ R, t ∈ R+, τ ∈ R,

S(t, s+ τ)ψ(s, τ) = ψ(t+ s, τ).

If, in addition, there exists D = {D(τ) : τ ∈ R} ∈ D such that ψ(t, τ) ∈ D(τ + t),
∀t ∈ R, ∀τ ∈ R, then ψ is called a D-complete orbit of S.

Proposition 2.5. Let D be a neighbourhood-closed collection of families of subsets
of Pp(X) and S be a continuous non-autonomous dynamical system on Pp(X). If
S has a closed D-pullback absorbing set K ∈ D and S is D-pullback asymptotically
compact in Pp(X), then S has a unique D-pullback measure attractor A in Pp(X):

A(τ) = ω(K, τ) = {ψ(0, τ) : ψ is a D-complete orbit of S}, τ ∈ R,

where ω(K, τ) = {ν ∈ Pp(X) : there exist tn → ∞, µn ∈ K(τ − tn) such that ν =
lim
n→∞

S(tn, τ − tn)µn}.

3. Abstract formulation of stochastic equations

In this section, we present some assumptions on the nonlinear terms and reformu-
late (1.1) in the fixed domain O.

Let g ∈ C2(Q̄, (0,+∞)) and 0 < ε 6 1, then there exist two positive constants
g1 and g2 such that

g1 6 g (x∗) 6 g2, ∀x∗ ∈ Q̄. (3.1)

Denote O = Q × (0, 1) and Õ = Q × [0, g2] which contains Oε for 0 < ε 6 1. We

assume nonlinear drift term f satisfies some conditions such that for any x ∈ Õ
and t, s ∈ R, there exist some positive constants α1, α2 and α3,
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f (t, x, s) s 6 −α1 |s|q + ψ1(t, x), (3.2)

|f (t, x, s)| 6 α2 |s|q−1
+ ψ2(t, x), (3.3)

∂f (t, x, s)

∂s
6 α3, (3.4)

∣∣∣∣∂f (t, x, s)∂x

∣∣∣∣ 6 ψ3 (t, x) , (3.5)

where q > p, ψ1, ψ2, ψ3 ∈ L∞(Õ). We assume that for x = (x∗, xn+1) ∈ Õ,

∞∑
k=1

||σk||2L∞(Õ)
<∞, (3.6)

∣∣∣∇σk(x)∣∣∣ < σ∗
k(x), (3.7)

where σ∗
k ∈ L∞(Õ) with

∞∑
k=1

||σ∗
k||2L∞(Õ)

< ∞. For each k ∈ N, there exist positive

numbers Lk and γk such that for all s, s1, s2 ∈ R,

|ρk(s1)− ρk(s2)| 6 Lk|s1 − s2|, (3.8)

|ρk(s)| 6 βk + γk|s|, (3.9)

where βk = ρk(0),γk = Lk.

∞∑
k=1

(β2
k + γ2k + L2

k + ρ2k(0)) <∞, (3.10)

∞∑
k=1

γ2k <
1

4
λ. (3.11)

The following results will be used later:

||u||pLp(O) 6
q − p

q − 2
||u||2L2(O) +

p− 2

q − 2
||u||qLq(O), (3.12)

where 2 < p < q.∫ τ

−∞
eγt(‖ψ1(s, ·)‖

q
2

L∞(Õ)
+ ‖ψ1(s, ·)‖L∞(Õ) + ‖ψ2(s, ·)‖2L∞(Õ)

+ ‖G(s, ·)‖2
L∞(Õ)

)ds <∞. (3.13)
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6 Z. Pu

We denote a transformation Tε : Oε → O by Tε(x
∗, xn+1) =

(
x∗, xn+1

εg(x∗)

)
for

x = (x∗, xn+1) ∈ Oε. Let y = (y∗, yn+1) = Tε(x
∗, xn+1). Then we have

x∗ = y∗, xn+1 = εg (y∗) yn+1.

The Jacobian matrix of Tɛ is given by

Λ =
∂(y1, . . . , yn+1)

∂(x1, . . . , xn+1)
=


1 0 · · · 0 0

0 1 · · · 0 0
...

0 0 · · · 1 0

−yn+1

g gy1
−yn+1

g gy2
· · · −yn+1

g gyn

1
εg(y∗)

 .

The determinant of Λ is |Λ| = 1
εg(y∗) . Let Λ

∗ be the transport of Λ, we get

ΛΛ∗

=



1 0 · · · 0 −yn+1

g gy1

0 1 · · · 0 −yn+1

g gy2

...

0 0 · · · 1 −yn+1

g gyn

−yn+1

g gy1
−yn+1

g gy2
· · · −yn+1

g gyn

n∑
i=1

(
yn+1

g gyi

)2

+
(

1
εg(y∗)

)2


.

In [16], the gradient operator and the gradient operator in x ∈ Oε and y ∈ O are
described by

∇xu(x) = Λ∗∇yu(y)
.
= Rεu(y)

divx

(
|∇u (x)|p−2 ∇u (x)

)
=

1

g
divy

(
|Rεu (y)|p−2

Pεu (y)
)
,

where ∇x and divx are the gradient operator and the divergence oper-
ator in x ∈ Oε, respectively, ∇y and divy are the gradient opera-
tor and the divergence operator in y ∈ O, respectively, Rεu(y) =(
uy1 −

gy1
g yn+1uyn+1 , . . . , uyn − gyn

g yn+1uyn+1 ,
1
εguyn+1

)
. The operator Pɛ is given

by

Pεu(y) =


guy1 − gy1yn+1uyn+1

...

guyn − gynyn+1uyn+1

−
n∑

i=1

yn+1gyiuyi +
1

ε2g

(
1 +

n∑
i=1

(εyn+1gyi)
2

)
uyn+1

 .

In this paper, for x = (x∗, xn+1) ∈ Oε, y = (y∗, yn+1) ∈ O, and t, s ∈ R, we define

fε(t, y
∗, yn+1, s) = f(y∗, εg(y∗)yn+1, s), f0(t, y

∗, s) = f(y∗, 0, s),

https://doi.org/10.1017/prm.2025.10049 Published online by Cambridge University Press

https://doi.org/10.1017/prm.2025.10049


Pullback measure attractors for stochastic p-Laplacian parabolic equations 7

Gε(t, y
∗, yn+1, s) = G(y∗, εg(y∗)yn+1, s), G0(t, y

∗, s) = f(y∗, 0, s),

σk,ε(y
∗, yn+1) = σk(y

∗, εg(y∗)yn+1), σk,0(y
∗) = σk(y

∗, 0).

Then the system (1.1) is equivalent to:
duε − ( 1gdivy

(
|Rεu (y)|p−2

Pεu (y)
)
− λuε)dt = (fε (t, y, u

ε) +Gε (t, y)) dt

+
∞∑
k=1

(σk,ε(y) + ρk(u
ε(t)))dWk(t), t > 0,

Pεu
ε · ν = 0, y ∈ ∂O,

(3.14)

with initial condition

uε(τ, y) = uετ (y) = ûετ (T
−1
ε (y)), y ∈ O, (3.15)

where ν is the unit outward normal vector to ∂O.
We define the inner product (·, ·)L2

g(O) on L
2(O)

(u, v)L2
g(O) =

∫
O
guvdy, for all u, v ∈ L2(O)

and denote by L2
g(O) the space equipped with this inner product. It is obvious that

L2
g(O) is a Hilbert space with norm equivalent to the natural norm of L2(O) by

the continuity of g and (3.1).
We introduce equivalent norms in Lr(O), r ≥ 2, and in W 1,r(O) denoted by

‖u‖Lr
g(O) =

(∫
O
g |u|r dy

) 1
r

and

‖u‖Hr
ε (O) =

(∫
O
g

(
|∇y∗u|r + 1

εr
|uy+1|r + |u|r

)
dy

) 1
r

,

respectively.

Let ‖u‖Ḣr
ε (O) =

(∫
O g

(
|∇y∗u|r + 1

εr |uy+1|r
)
dy

) 1
r . Then there exist positive

constants ɛ0, η1 and η2, for any 0 < ε < ε0 and u ∈W 1,r(O),

η1 ‖u‖rḢr
ε (O) ≤ ‖Rεu‖rLr

g(O) ≤ η2 ‖u‖rḢr
ε (O) (3.16)

and

η1 ‖u‖rHr
ε (O) ≤ ‖Rεu‖rLr

g(O) + ‖u‖rLr(O) ≤ η2 ‖u‖rHr
ε (O) . (3.17)

Let Aɛ be unbounded operator on L2
g(O) with

D (Aε) =
{
u ∈W 1,p (O) , Pεu · ν = 0 on ∂O

}
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8 Z. Pu

denoted by

Aεu = −1

g
divy

(
|Rεu|p−2

Pεu
)
.

Then we have(
|Rεu|p−2 Rεu,Rεv

)
L2

g(O)
= (Aεu, v)L2

g(O) , ∀ u ∈ D (Aε) , ∀ v ∈ H1(O).

(3.18)

The system (3.14) and (3.15) is equivalent to
duε +Aεu

εdt+ λuεdt = fε (t, y, u
ε) dt+Gε (t, y)dt

+
∞∑
k=1

(σk,ε(y) + ρk(u
ε(t)))dWk(t), y ∈ O, t > τ,

uε (τ) = uετ .

(3.19)

To reformulate system (1.3) and (1.4), we introduce an inner product (·, ·)L2
g(Q) on

L2(Q) given by

(u, v)L2
g(Q) =

∫
Q
guvdy∗, for all u, v ∈ L2(Q),

and denote by L2
g(Q) the space equipped with this inner product.

Let A0 be unbounded operator on L2
g(Q) with

D (A0) =

{
u ∈W 1,p (Q) ,

∂u

∂ν0
= 0 on ∂Q

}
given by

A0u = −1

g
divy∗(g|∇u|p−2∇u).

Then we have

(|∇u|p−2∇u,∇v)L2
g(Q) = (A0u, v)L2

g(Q) , ∀ u ∈ D (A0) , ∀ v ∈ H1(Q).

The system (1.3) and (1.4) can be written as
du0 +A0u

0dt+ λu0dt = f0
(
t, y∗, u0

)
dt+G0 (t, y

∗) dt

+
∞∑
k=1

(σk,0(y
∗) + ρk(u

0(t)))dWk(t), y
∗ ∈ Q, t > τ,

u0 (τ) = u0τ .

(3.20)

Given τ ∈ R, we use L2
Fτ

(Ω, L2(O)) to denote the space of all Fτ -measurable,
L2(O)-valued random variables ϕ with E(||ϕ||2L2(O)) < ∞. By theorem 2.4 in [29],

one can verify that if (3.2) and (3.11) hold, then for every uετ ∈ L2
Fτ

(Ω, L2(O)),
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system (3.19) has a unique solution uε(t, τ, uετ ) in the sense of Definition 2.3 in
[29]. In particular, uε(t, τ, uετ ), t > τ , is a continuous L2(O)-valued Fτ -adapted
stochastic process, then for every T > 0,

uε ∈L2(Ω, C([τ, τ + T ], L2(O)))
⋂
Lq(Ω, Lq(τ, τ + T ;Lq(O)))⋂

Lp(Ω, Lp(τ, τ + T ;W 1,p(O))).

Similarly, for every u0τ ∈ L2
Fτ

(Ω, L2(Q)), system (3.20) has a unique solution
u0(t, τ, u0τ ) which is a continuous L2(Q)-valued Fτ -adapted stochastic process, for
every T > 0,

u0 ∈L2(Ω, C([τ, τ + T ], L2(Q)))
⋂
Lq(Ω, Lq(τ, τ + T ;Lq(Q)))⋂

L2(Ω, L2(τ, τ + T ;W 1,p(Q))).

4. Uniform estimates

In this section, in order to present the existence and convergence of pullback mea-
sure attractors, we first give some essential uniform estimates of solutions of (3.19)
and (3.20). Here, we define L(ξ) as the distribution law of a random variable ξ.

Lemma 4.1. Assume that (3.2)-(3.11) and (3.13) hold. Then for every τ ∈ R and
D1 = {D1(t) : t ∈ R} ∈ D1, there exists T = T (τ,D1) > 0, independent of ɛ, such
that for all t ≥ T and 0 < ε < ε0, the solution uɛ of (3.19) satisfies

E
(
‖uε(τ, τ − t, uετ )‖

2
L2

g(O)

)
≤M1(1 +

∫ τ

−∞
e−γ(τ−s)(‖ψ1(s, ·)‖L∞(Õ) + ‖G(s, ·)‖2

L∞(Õ)
)ds)

(4.1)

and ∫ τ

τ−t

e−γ(τ−s)E
(
||Rεu

ε(s, τ − t, uετ )||
p
Lp

g(O)

)
ds

+

∫ τ

τ−t

e−γ(τ−s)E
(
||uε(s, τ − t, uετ )||

q
Lq

g(O)

)
ds

≤M1(1 +

∫ τ

−∞
e−γ(τ−s)(‖ψ1(s, ·)‖L∞(Õ) + ‖G(s, ·)‖2

L∞(Õ)
)ds),

(4.2)

where uετ ∈ L2
Fτ−t

(Ω, L2(O)) with L(uετ ) ∈ D1(τ − t), M1 is a positive constant
independent of τ , ɛ and D1.

Proof. By (3.19) and Ito’s formula, for t > τ
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‖uε(t)‖2L2
g(O) + 2

∫ t

τ

||Rεu
ε(s)||p

Lp
g(O)

ds+ 2λ

∫ t

τ

‖uε(s)‖2L2
g(O)ds

= ‖uετ‖
2
L2

g(O) + 2

∫ t

τ

(fε (t, y, u
ε(s)) , uε(s))L2

g(O) ds+ 2

∫ t

τ

(Gε, u
ε(s))L2

g(O) ds

+
∞∑
k=1

∫ t

τ

||σk,ε + ρk(u
ε(s))||2L2

g(O)ds+ 2
∞∑
k=1

∫ t

τ

(σk,ε + ρk(u
ε(s)), uε(s))L2

g(O)dWk(s),

(4.3)

and we further have

d

dt
E
(
‖uε(t)‖2L2

g(O)

)
+ 2E

(
||Rεu

ε(t)||p
Lp

g(O)

)
+ 2λE

(
‖uε(t)‖2L2

g(O)

)
= 2E

(
(fε (t, y, u

ε(t)) , uε(t))L2
g(O)

)
+ 2E

(
(Gε, u

ε(t))L2
g(O)

)
+

∞∑
k=1

E
(
||σk,ε + ρk(u

ε(t))||2L2
g(O)

)
.

(4.4)

For the nonlinear term, by (3.2), we obtain

(fε (y, u
ε(t)) , uε(t))L2

g(O)

=

∫
O
gf (t, y∗, εg(y∗)yn+1, u

ε(t))uε(t)dy

6 −α1

∫
O
g |uε(t)|qdy +

∫
O
gψ1 (t, y

∗, εg(y∗)yn+1)dy

6 −α1

∫
O
g |uε(t)|qdy + g2|O|‖ψ1(t, ·)‖L∞(Õ),

(4.5)

where |O| is the Lebesgue measure of O. By Young’s inequality,

(Gε, u
ε(t))L2

g(O)

6 ||Gε||L2
g(O)||uε(t)||L2

g(O)

6
λ

4
‖uε(t)‖2L2

g(O) +
g2
λ
|O|‖G(t, ·)‖2

L∞(Õ)
. (4.6)

By (3.7) and (3.11) we obtain

∞∑
k=1

||σk,ε + ρk(u
ε(t))||2L2

g(O)

6 2
∞∑
k=1

||σk,ε||2L2
g(O) + 2

∞∑
k=1

‖|βk(·) + γk|uε(t)|||2L2
g(O)

6 2g2|O|
∞∑
k=1

||σk||2L∞(Õ)
+ 4g2|O|

∞∑
k=1

β2
k + 4||uε(t)||2L2

g(O)

∞∑
k=1

γ2k. (4.7)

Then it follows from (4.4) and (4.7) that
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d

dt
E
(
‖uε(t)‖2L2

g(O)

)
+ 2E

(
||Rεu

ε(t)||p
Lp

g(O)

)
+ (λ− 4

∞∑
k=1

γ2k)E
(
‖uε(t)‖2L2

g(O)

)
+ 2α1g1E

(
||uε(t)||q

Lq
g(O)

)
6 2g2|O|‖ψ1(t, ·)‖L∞(Õ) +

2g2
λ

|O|‖G(t, ·)‖2
L∞(Õ)

+ 2g2|O|
∞∑
k=1

||σk||2L∞(Õ)

+ 4g2|O|
∞∑
k=1

β2
k. (4.8)

Multiplying (4.8) by eγt and then integrating on (τ − t, τ), we get

E
(
‖uε(τ, τ − t, uετ )‖

2
L2

g(O)

)
+ 2

∫ τ

τ−t

e−γ(τ−s)E
(
||Rεu

ε(s, τ − t, uετ )||
p
Lp

g(O)

)
ds

+ 2α1g1

∫ τ

τ−t

e−γ(τ−s)E
(
||uε(s, τ − t, uετ )||

q
Lq

g(O)

)
ds

6 e−γtE
(
||uετ ||2L2

g(O)

)
+ 2g2|O|

∫ τ

τ−t

e−γ(τ−s)‖ψ1(s, ·)‖L∞(Õ)ds

+
2g2
λ

|O|
∫ τ

τ−t

e−γ(τ−s)‖G(s, ·)‖2
L∞(Õ)

ds

+
1

γ

(
2g2|O|

∞∑
k=1

||σk||2L∞(Õ)
+ 4g2|O|

∞∑
k=1

β2
k

)
6 e−γtE

(
||uετ ||2L2

g(O)

)
+ 2g2|O|

∫ τ

−∞
e−γ(τ−s)‖ψ1(s, ·)‖L∞(Õ)ds

+
2g2
λ

|O|
∫ τ

−∞
e−γ(τ−s)‖G(s, ·)‖2

L∞(Õ)
ds

+
1

γ

(
2g2|O|

∞∑
k=1

||σk||2L∞(Õ)
+ 4g2|O|

∞∑
k=1

β2
k

)
, (4.9)

where γ = λ− 4
∞∑
k=1

γ2k. Since L(uετ ) ∈ D1(τ − t) we have

e−γtE
(
||uετ ||2L2

g(O)

)
6 g2e

−γtE
(
||uετ ||2L2(O)

)
6 g2e

−γt||D1(τ − t)||2L2(O) → 0, as t→ 0,

then there exists T = T (τ,D1) > 0, for all t ≥ T,

e−γtE
(
||uετ ||2L2

g(O)

)
6

1

γ
(2g2|O|

∞∑
k=1

||σk||2L∞(Õ)
+ 4g2|O|

∞∑
k=1

β2
k).
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This proof is completed. �

By lemma 4.1, we have the following result.

Lemma 4.2. Assume that (3.2)-(3.11) and (3.13) hold. Then for every τ ∈ R and
D1 = {D1(t) : t ∈ R} ∈ D1, there exists T = T (τ,D1) > 1, independent of ɛ, such
that for all t ≥ T and 0 < ε < ε0, the solution uɛ of (3.19) satisfies

∫ τ

τ−1

E
(
||Rεu

ε(s, τ − t, uετ )||
p
Lp

g(O)

)
ds

6M2(1 +

∫ τ

−∞
e−γ(τ−s)(‖ψ1(s, ·)‖L∞(Õ) + ‖G(s, ·)‖2

L∞(Õ)
)ds), (4.10)

∫ τ

τ−1

E
(
||uε(s, τ − t, uετ )||

q
Lq

g(O)

)
ds

6M2(1 +

∫ τ

−∞
e−γ(τ−s)(‖ψ1(s, ·)‖L∞(Õ) + ‖G(s, ·)‖2

L∞(Õ)
)ds), (4.11)

where uετ ∈ L2
Fτ−t

(Ω, L2(O)) with L(uετ ) ∈ D1(τ − t), M2 is a positive constant
independent of τ , ɛ and D1.

Lemma 4.3. Assume that (3.2)-(3.11) and (3.13) hold. Then for every τ ∈ R,
T> 0, uετ ∈ L2

Fτ
(Ω, L2(O)) and 0 < ε < ε0, for all t ∈ [τ, τ + T ], the solution uɛ of

(3.19) satisfies

∫ t

τ

E
(
||Rεu

ε(s, τ − t, uετ )||
p
Lp

g(O)

)
ds

6M3(1 + E
(
||uετ ||2L2

g(O)

)
+

∫ τ+T

τ

(‖ψ1(s, ·)‖L∞(Õ) + ‖G(s, ·)‖2
L∞(Õ)

)ds), (4.12)

∫ t

τ

E
(
||uε(s, τ − t, uετ )||

q
Lq

g(O)

)
ds

6M3(1 + E
(
||uετ ||2L2

g(O)

)
+

∫ τ+T

τ

(‖ψ1(s, ·)‖L∞(Õ) + ‖G(s, ·)‖2
L∞(Õ)

)ds), (4.13)

where M3 is a positive constant independent of τ , T and ɛ.

Similar to lemma 4.3, we have the following uniform estimates of solutions of
(3.20).

Lemma 4.4. Assume that (3.2)-(3.11) and (3.13) hold. Then for every τ ∈ R,
T> 0, u0τ ∈ L2

Fτ
(Ω, L2(Q)), for all t ∈ [τ, τ +T ], the solution u0 of (3.20) satisfies
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τ

E
(
||∇y∗u0(s, τ − t, u0τ )||

p
Lp

g(Q)
+ ||u0(s, τ − t, u0τ )||

p
Lp

g(Q)

)
ds

6M4(1 + E
(
||u0τ ||2L2

g(Q)

)
+

∫ τ+T

τ

(‖ψ1(s, ·)‖L∞(Õ) + ‖G(s, ·)‖2
L∞(Õ)

)ds), (4.14)

∫ t

τ

E
(
||u0(s, τ − t, u0τ )||

q
Lq

g(Q)

)
ds

6M4(1 + E
(
||u0τ ||2L2

g(Q)

)
+

∫ τ+T

τ

(‖ψ1(s, ·)‖L∞(Õ) + ‖G(s, ·)‖2
L∞(Õ)

)ds), (4.15)

where M4 is a positive constants independent of τ , T and ɛ.

In order to derive the uniform estimates of solutions in Hp
ε (O), we need the

following conclusion.

Lemma 4.5. Assume that (3.2)-(3.11) and (3.13) hold. Then for every τ ∈ R and
D1 = {D1(t) : t ∈ R} ∈ D1, there exists T = T (τ,D1) > 1, independent of ɛ, such
that for all t ≥ T and 0 < ε < ε0, the solution uɛ of (3.19) satisfies

E
(
||uε(τ, τ − t, uετ )||

q
Lq

g(O)

)
6M5(1 +

∫ τ

−∞
e−γ(τ−s)(‖ψ1(s, ·)‖

q
2

L∞(Õ)
+ ‖ψ1(s, ·)‖L∞(Õ) + ‖G(s, ·)‖2

L∞(Õ)
)ds),

(4.16)

and

∫ τ

τ−1

E
(
‖uε(s, τ − t, uετ )‖

2q−2
L2q−2(O)

)
ds

6M5(1 +

∫ τ

−∞
e−γ(τ−s)(‖ψ1(s, ·)‖

q
2

L∞(Õ)
+ ‖ψ1(s, ·)‖L∞(Õ) + ‖G(s, ·)‖2

L∞(Õ)
)ds),

(4.17)

where M5 is a positive constant independent of τ , D1 and ɛ.

Proof. By Ito’s formula, for t > 1 and σ ∈ (τ − 1, τ),
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14 Z. Pu∫
O
g|(uε(τ, τ − t, uετ ))

2|
q
2 dy + λq

∫ τ

σ

||uε(s, τ − t, uετ )||
q
Lq

g(O)
ds

+ q

∫ τ

σ

(Aεu
ε(s, τ − t, uετ ), |uε(s, τ − t, uετ )|

q−2
uε(s, τ − t, uετ ))L2

g(O)ds

=

∫
O
g|(uε(σ))2|

q
2 dy + q

∫ τ

σ

(
fε (s, ·, uε(s, τ − t, uετ )) , |uε(s, τ − t, uετ )|q−2

× uε(s, τ − t, uετ )
)
L2

g(O)
ds

+ q

∫ τ

σ

(
Gε(s, ·), |uε(s, τ − t, uετ )|q−2uε(s, τ − t, uετ )

)
L2

g(O)
ds

+
q(q − 1)

2

∞∑
k=1

∫ τ

σ

(|σk,ε + ρk(u
ε(s, τ − t, uετ ))|2, |uε(s, τ − t, uετ )|q−2)L2

g(O)ds

+ q
∞∑
k=1

∫ τ

σ

(σk,ε + ρk(u
ε(s, τ − t, uετ )), |uε(s, τ − t, uετ )|q−2uε(s, τ − t, uετ ))L2

g(O)

× dWk(s).

(4.18)

Note that

∫ τ

σ

(Aεu
ε(s, τ − t, uετ ), |uε(s, τ − t, uετ )|

q−2
uε(s, τ − t, uετ ))L2

g(O)ds

= (q − 1)

∫ τ

σ

(
|Rεu

ε(s, τ − t, uετ )|
p−2 Rεu

ε(s, τ − t, uετ ), |uε(s, τ − t, uετ )|
q−2

×Rεu
ε(s, τ − t, uετ )

)
L2

g(O)
ds

> 0.

(4.19)

By (3.2) and Young’s inequality,

q

∫ τ

σ

(fε(t, ·, uε(s, τ − t, uετ )), |uε(s, τ − t, uετ )|
q−2

uε(s, τ − t, uετ ))L2
g(O)ds

≤ −qα1g1

∫ τ

σ

‖uε(s, τ − t, uετ )‖
2q−2

L2q−2(O)
ds+

3

8
λq

∫ τ

σ

‖uε(s, τ − t, uετ )‖
q
Lq

g(O)
ds

+
( 3λq
4(q−2) )

q−2
2

q
g2|O|

∫ τ

σ

‖ψ1(s, ·)‖
q
2

L∞(Õ)
ds.

(4.20)

Similarly, the last two terms are bounded by
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q(q − 1)

2

∫ τ

σ

∞∑
k=1

(|σk,ε + ρk(u
ε(s))|2, |uε(s)|q−2)L2

g(O)ds

6
q(q − 1)

2

∫ τ

σ

( λ

8(q − 1)
||uε(s)||q

Lq
g(O)

+
2( λq

8(q−1)(q−2) )
q−2
2

q

×
( ∞∑

k=1

(||σk,ε + ρk(u
ε(s))||2L2

g(O))
q
2

)
ds

6
q(q − 1)

2

∫ τ

σ

(
λ

8(q − 1)
||uε(s)||q

Lq
g(O)

+
2q( λq

8(q−1)(q−2) )
q−2
2

q

( ∞∑
k=1

||σk,ε||2L2
g(O)

) q
2

+
2q( λq

8(q−1)(q−2) )
q−2
2

q

( ∞∑
k=1

||βk + γk|uε(s)|||2L2
g(O)

) q
2
)
ds

6
q(q − 1)

2

∫ τ

σ

( λ

8(q − 1)
||uε(s)||q

Lq
g(O)

+
2q( λq

8(q−1)(q−2) )
q−2
2

q

( ∞∑
k=1

||σk,ε||2L2
g(O)

) q
2

+
22q−1( λq

8(q−1)(q−2) )
q−2
2

q

[(
g2|O|

∞∑
k=1

β2
k

) q
2

+ ||uε(s)||q
Lq

g(O)

( ∞∑
k=1

γ2k

) q
2
])
ds

6
1

16
λq

∫ τ

σ

||uε(s)||q
Lq

g(O)
ds+

2q−1q(q− 1)( λq
8(q−1)(q−2) )

q−2
2

q

(
g2|O|

∞∑
k=1

||σk||2L∞(Õ)

) q
2

× (τ − σ) +
22q−2q(q − 1)( λq

8(q−1)(q−2) )
q−2
2

q

(
g2|O|

∞∑
k=1

β2
k

) q
2

(τ − σ)

+
22q−2q(q − 1)( λq

8(q−1)(q−2) )
q−2
2

q

( ∞∑
k=1

γ2k

) q
2
∫ τ

σ

||uε(s)||q
Lq

g(O)
ds

(4.21)

and

q

∫ τ

σ

(Gε(s, ·), |uε(s, τ − t, uετ )|q−2uε(s, τ − t, uετ ))L2
g(O)ds

6
qα1g1
2

∫ τ

σ

‖uε(s, τ − t, uετ )‖
2q−2
L2q−2(O) ds+

qg2
2α1

|O|
∫ τ

σ

‖G (s, ·)‖2
L∞(Õ)

ds.

(4.22)

Combining (4.18) and (4.22), we get
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E
(
||uε(τ, τ − t, uετ )||

q
Lq

g(O)

)
+ qα1g1

∫ τ

σ

E
(
‖uε(s, τ − t, uετ )‖

2q−2
L2q−2(O)

)
ds

6 E
(
||uε(σ)||q

Lq
g(O)

)
+ C1

(∫ τ

σ

E
(
||uε(s, τ − t, uετ )||

q
Lq

g(O)

)
ds

+ g2|O|
∫ τ

σ

‖ψ1(s, ·)‖
q
2

L∞(Õ)
ds+ g2|O|

∫ τ

σ

‖G (s, ·)‖2
L∞(Õ)

ds

+
(
g2|O|

∞∑
k=1

||σk||2L∞(Õ)

) q
2

(τ − σ) +
(
g2|O|

∞∑
k=1

β2
k

) q
2

(τ − σ)
)
.

(4.23)

Now integrating the above with respect to σ over (τ − 1, τ),

E
(
||uε(τ, τ − t, uετ )||

q
Lq

g(O)

)
+ qα1g1

∫ τ

τ−1

E
(
‖uε(s, τ − t, uετ )‖

2q−2
L2q−2(O)

)
ds

6 (1 + C1)

∫ τ

τ−1

E
(
||uε(s, τ − t, uετ )||

q
Lq

g(O)

)
ds+ C1

(
g2|O|

∫ τ

τ−1

‖ψ1(s, ·)‖
q
2

L∞(Õ)
ds

+ (g2|O|
∞∑
k=1

||σk||2L∞(Õ)
)

q
2 (τ − σ) + (g2|O|

∞∑
k=1

β2
k)

q
2 (τ − σ)

)
≤ (1 + C1)

∫ τ

τ−1

e−γ(τ−s)E
(
||uε(s, τ − t, uετ )||

q
Lq

g(O)

)
ds

+ C1

(
g2|O|

∫ τ

τ−1

e−γ(τ−s)‖ψ1(s, ·)‖
q
2

L∞(Õ)
ds+ g2|O|

∫ τ

τ−1

e−γ(τ−s)‖G (s, ·)‖2
L∞(Õ)

ds

+
(
g2|O|

∞∑
k=1

||σk||2L∞(Õ)
)

q
2 (τ − σ) + (g2|O|

∞∑
k=1

β2
k)

q
2

)
.

(4.24)

which together with lemma 4.2 completes the proof. �

Lemma 4.6. Assume that (3.2)-(3.11) and (3.13) hold. Then for every τ ∈ R and
D1 = {D1(t) : t ∈ R} ∈ D1, there exists T = T (τ,D1) > 1, independent of ɛ, such
that for all t ≥ T and 0 < ε < ε0, the solution uɛ of (3.19) satisfies

E
(
‖uε(τ, τ − t, uετ )‖

p
Hp

ε (O)

)
6M6

(
1 +

∫ τ

−∞
e−γ(τ−s)(‖ψ1(s, ·)‖

q
2

L∞(Õ)
+ ‖ψ1(s, ·)‖L∞(Õ)

+ ‖ψ2(s, ·)‖2L∞(Õ)
+ ‖G(s, ·)‖2

L∞(Õ)
)ds

)
,

(4.25)
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where M6 is a positive constant independent of τ , D1 and ɛ.

Proof. From (3.19) and Ito’s formula, for t > 1 and σ ∈ (τ − 1, τ),

∫
O
g|(Rεu

ε(τ, τ − t, uετ ))
2|

p
2 dy + p

∫ τ

σ

||Aεu
ε(s, τ − t, uετ )||2L2

g(O)ds

+ λp

∫ τ

σ

||Rεu
ε(s, τ − t, uετ )||

p
Lp

g(O)
ds

6
∫
O
g|(Rεu

ε(σ))2|
p
2 dy + p

∫ τ

σ

(fε (s, ·, uε(s, τ − t, uετ )) , Aεu
ε(s, τ − t, uετ ))L2

g(O)

× ds

+
p(p− 1)

2

∞∑
k=1

∫ τ

σ

(
Rε(σk,ε + ρk(u

ε(s, τ − t, uετ ))), |Rεu
ε(s, τ − t, uετ )|p−2

×Rε(σk,ε + ρk(u
ε(s, τ − t, uετ )))

)
L2

g(O)
ds

+ p

∫ τ

σ

(Gε(s, ·), Aεu
ε(s, τ − t, uετ ))L2

g(O) ds

+ p
∞∑
k=1

∫ τ

σ

(σk,ε + ρk(u
ε(s, τ − t, uετ )), Aεu

ε(s, τ − t, uετ ))L2
g(O)dWk(s).

(4.26)

For the second term on the right-hand side of (4.26), by (3.3), we have

p

∫ τ

σ

(fε (s, ·, uε(s, τ − t, uετ )) , Aεu
ε(s, τ − t, uετ ))L2

g(O) ds

6 pg2α
2
2

∫ τ

σ

||uε(s, τ − t, uετ )||
2q−2
L2q−2(O)ds+ p|O|

∫ τ

σ

‖ψ2(s, ·)‖2L∞(Õ)
ds (4.27)

+
p

2

∫ τ

σ

||Aεu
ε(s, τ − t, uετ )||2L2

g(O)ds. (4.28)

The third term on the right-hand side of (4.26) is bounded by

https://doi.org/10.1017/prm.2025.10049 Published online by Cambridge University Press

https://doi.org/10.1017/prm.2025.10049


18 Z. Pu

p(p− 1)

2

∞∑
k=1

∫ τ

σ

(
Rε(σk,ε + ρk(u

ε(s))), |Rεu
ε(s)|p−2Rε(σk,ε + ρk(u

ε(s)))
)
L2

g(O)
ds

6
∫ τ

σ

(λp
16

||Rεu
ε(s)||p

Lp
g(O)

+
p(p− 1)( λp

8(p−1)(p−2) )
p−2
2

q

×
( ∞∑

k=1

(||Rε(σk,ε + ρk(u
ε(s)))||2L2

g(O))
p
2

)
ds

6
∫ τ

σ

(λp
16

||Rεu
ε(s)||p

Lp
g(O)

+
2p−1p(p− 1)( λp

8(p−1)(p−2) )
p−2
2

p

( ∞∑
k=1

||σ∗
k,ε||2L2

g(O)

) p
2

+
2p−1p(p− 1)( λp

8(p−1)(p−2) )
p−2
2

p

( ∞∑
k=1

L2
k

) p
2

∫ τ

σ

||Rεu
ε(s)||p

Lp
g(O)

ds

+
2p−1p(p− 1)( λp

8(p−1)(p−2) )
p−2
2

p

( ∞∑
k=1

L2
k||Rε|uε(s)|||2L2

g(O))
p
2

)
ds

6
∫ τ

σ

(λp
16

||Rεu
ε(s)||p

Lp
g(O)

+
2p−1p(p− 1)( λp

8(p−1)(p−2) )
p−2
2

p

( ∞∑
k=1

||σ∗
k,ε||2L2

g(O)

) p
2

+
2p−1p(p− 1)( λp

8(p−1)(p−2) )
p−2
2

p
||Rεu

ε(s)||p
Lp

g(O)

( ∞∑
k=1

L2
k)

p
2

)
ds

6
1

16
λp

∫ t+1

τ

||Rεu
ε(s)||p

Lp
g(O)

ds

+
2p−1p(p− 1)( λp

8(p−1)(p−2) )
p−2
2

p

(
g2|O|

∞∑
k=1

||σ∗
k||2L∞(Õ)

) p
2

(τ − σ)

+
2p−1p(p− 1)( λp

8(p−1)(p−2) )
p−2
2

p

( ∞∑
k=1

L2
k

) p
2

∫ τ

σ

||Rεu
ε(s)||p

Lp
g(O)

ds. (4.29)

For the fourth term on the right-hand side of (4.26),

2p

∫ τ

σ

(Gε(s, ·), Aεu
ε(s, τ − t, uετ ))L2

g(O) ds

6 p

∫ τ

σ

||Aεu
ε(s, τ − t, uετ )||2L2

g(O)ds+ pg2|O|
∫ τ

σ

|G(s, ·)||2
L∞(Õ)

ds. (4.30)

By (4.23) and (4.26)-(4.29),
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E
(
||Rεu

ε(τ, τ − t, uετ )||
p
Lp

g(O)

)
≤ E

(
||Rεu

ε(σ)||p
Lp

g(O)

)
+ C2

(∫ τ

σ

E
(
||uε(s, τ − t, uετ )||

2q−2
L2q−2(O)

)
ds

+

∫ τ

σ

E
(
Rε||uε(s, τ − t, uετ )||

p
Lp

g(O)
+

∫ τ

σ

|G(s, ·)||2
L∞(Õ)

ds
)

+

∫ τ

σ

‖ψ2(s, ·)‖2L∞(Õ)
ds+

( ∞∑
k=1

||σ∗
k||2L∞(Õ)

) p
2

(τ − σ)
)
.

(4.31)

Integrating (4.31) with respect to σ over (τ − 1, τ),

E
(
||Rεu

ε(τ, τ − t, uετ )||
p
Lp

g(O)

)
6 (1 + C2)

(∫ τ

τ−1

E
(
Rε||uε(s, τ − t, uετ )||

p
Lp

g(O)

)
+ C2

(∫ τ

τ−1

E
(
||uε(s, τ − t, uετ )||

2q−2
L2q−2(O)

)
ds+

∫ τ

τ−1

|G(s, ·)||2
L∞(Õ)

ds
)

+

∫ τ

τ−1

‖ψ2(s, ·)‖2L∞(Õ)
ds+

( ∞∑
k=1

||σ∗
k||2L∞(Õ)

) p
2
)

≤ (1 + C2)
(∫ τ

τ−1

E
(
Rε||uε(s, τ − t, uετ )||

p
Lp

g(O)

)
+ C2

(∫ τ

τ−1

E
(
||uε(s, τ − t, uετ )||

2q−2
L2q−2(O)

)
ds+

∫ τ

τ−1

e−γ(τ−s)|G(s, ·)||2
L∞(Õ)

ds
)

+

∫ τ

τ−1

e−γ(τ−s)‖ψ2(s, ·)‖2L∞(Õ)
ds+

( ∞∑
k=1

||σ∗
k||2L∞(Õ)

) p
2
)

(4.32)

where C 2 is a positive constant. It remains to give the bound of E(||uε||pLp(O)).

Note that (3.12), lemmas 4.1 and 4.5, we see that

E
(
||uε(t)||p

Lp
g(O)

)
6M6(1 +

∫ τ

−∞
e−γ(τ−s)(‖ψ1(s, ·)‖

q
2

L∞(Õ)
+ ‖ψ1(s, ·)‖L∞(Õ) + ‖G(s, ·)‖2

L∞(Õ)
)ds),

(4.33)

which along with (3.17), (4.32), lemmas 4.2 and 4.5 completes the proof. �

5. Existence of pullback measure attractors

In this section, we present the existence and uniqueness of D1-pullback measure
attractors of (3.19) and D0-pullback measure attractors of (3.20).
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As usual, if φ : L2(O) → R is a bounded Borel function, then for s ≤ t and
uε0 ∈ L2(O), we set

(pεs,tφ)(u
ε
0) = E

(
φ(uε(t, s, uε0))

)
.

As usual, for Γ ∈ B(L2(O)), 0 ≤ s ≤ t and uε0 ∈ L2(O), we set

pε(s, uε0; t,Γ) = (pεs,t1Γ)(u
ε
0) = P{ω ∈ Ω : uε(t, s, uε0) ∈ Γ},

where 1Γ denotes the characteristic function of Γ.
Under (3.2) and (3.11), the Feller property of ps,t are verified for 0 ≤ s ≤ t:

if φ : L2(O) → R is bounded and continuous, the function pεs,tφ : L2(O) → R is
also bounded and continuous. According to the result in ([19], p.250), the solution
uε(t, s, uε0) of the problem (3.19) is a L2(O)-valued Markov process: if φ : L2(O) →
R is a bounded Borel function, then for any 0 ≤ s ≤ t, P − a.s.,

(pεs,tφ)(u
ε
0) = pεs,r(p

ε
r,tφ)(u

ε
0).

Given t ≥ s and µ ∈ P2(L
2(O)), define

pε∗(t, s)µ(·) =
∫
L2(O)

P ε(s, ξ; t, ·)µ(dξ),

thus, the operator pε∗(t, s) : P2(L
2(O)) → P2(L

2(O)) is the dual operator of pε(t, s).
Similarly, we can define the operator pε0(t, s) : P2(L

2(Q)) → P2(L
2(Q)) associated

with (3.20).
For t ∈ R+, τ ∈ R and 0 < ε < ε0, denote S

ε(t, τ) : P2(L
2(O)) → P2(L

2(O)) by

Sε(t, τ)µ = pε∗(τ + t, τ)µ, µ ∈ P2(L
2(O)), t ≥ τ.

Similarly, For t ∈ R+, τ ∈ R and 0 < ε < ε0, denote S
0(t, τ) : P2(L

2(Q)) →
P2(L

2(Q)) by

S0(t, τ)µ = p0∗(τ + t, τ)µ, µ ∈ P2(L
2(Q)), t ≥ τ.

By lemma 4.1, the D1-pullback absorbing set for S ɛ can be obtained below.

Lemma 5.1. Assume that (3.2)-(3.11) and (3.13) hold. For τ ∈ R, 0 < ε < ε0,
define by

K(τ) = BP2(L2(O))

(
L

1
2
ε (τ)

)
, (5.1)

where

Lε =
M1

g1

(
1 +

∫ τ

−∞
e−γ(τ−s)(‖ψ1(s, ·)‖L∞(Õ) + ‖G(s, ·)‖2

L∞(Õ)
)ds

)
. (5.2)

Then K = {K(τ) : τ ∈ R} ∈ D1 is a closed D1-pullback absorbing set of Sɛ.
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Proof. According to lemma 4.1 and (5.1), we have

Sε(t, τ − t)D1(τ − t) ⊆ K(τ). (5.3)

By (5.1)-(5.2) and (3.13),

eγτ ||K(τ)||2P2(L2(O)) = eγτLε(τ)

=
M1

g1

(
eγτ +

∫ τ

−∞
eγs(‖ψ1(s, ·)‖L∞(Õ) + ‖G(s, ·)‖2

L∞(Õ)
)ds

)
→ 0 as τ → −∞,

then K = {K(τ) : τ ∈ R} ∈ D1, which together with (5.3) completes the proof. �

We now establish the existence and uniqueness of D1-pullback measure attractors
of (3.19) in P2(L

2(O)).

Theorem 5.2. Assume that (3.2)-(3.11) and (3.13) hold. Then the dynamical sys-
tem Sɛ has a unique D1-pullback measure attractor Aε = {Aε(τ) : τ ∈ R} ∈ D1 in
P2(L

2(O)), that is for each τ ∈ R,

Aε(τ) = ω(K, τ) = {ψ(0, τ) : ψ is a D1 − complete orbit of Sε}
= {uε(τ) : uε is a D1 − complete solution of Sε},

where K = {K(τ) : τ ∈ R} is the D1-pullback absorbing set defined in lemma 5.1.

Proof. By [14] and Proposition 3.6 in [27], the system (3.19) generated a continuous
non-autonomous dynamical system. From lemma 4.6, the tightness of the distribu-
tions of {uε(τ, τ − t, uετ ) : L(uετ ) ∈ D1(τ − t)}t≥T on L2(O) can be verified by the
compactness of the embedding H1,p(O) ↪→ L2(O), which along with lemma 5.1,
Proposition 3.6 in [27] and Proposition 2.10 in [14] completes the proof. �

A similar result also holds for the solutions to the problem (3.20).

Theorem 5.3. Assume that (3.2)-(3.11) and (3.13) hold. Then the dynamical sys-
tem S0 has a unique D0-pullback measure attractor A0 = {A0(τ) : τ ∈ R} ∈ D0 in
P2(L

2(Q)), that is for each τ ∈ R,

A0(τ) = ω(K0, τ) = {ψ(0, τ) : ψ is a D0 − complete orbit of S0}
= {u0(τ) : u0 is a D0 − complete solution of S0},

where K0 = {K0(τ) : τ ∈ R} is the D0-pullback absorbing set of S0.

6. Limits of pullback measure attractors

In this section, we discuss the limiting behaviour of pullback measure attractors
of the problem (3.19) as ε → 0. We first give some abstract Lemmas, and then
we apply the abstract results to discuss the limiting behaviours of the stochastic
system (3.19).
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Define the average function M : L2(O) → L2(Q) by:

Mϕ(y∗) =

∫ 1

0

ϕ (y∗, yn+1)dyn+1 for ϕ ∈ L2(O), y∗ ∈ Q.

Let I : L2(Q) → L2(O) be the operator, for every ϕ ∈ L2(Q), define

Iϕ(y) = ϕ(y∗), y = (y∗, yn+1) ∈ O.

The following Lemma on the average function can be found in [9].

Lemma 6.1. If u ∈ H1(O), then Mu ∈ H1(Q) and

||u−Mu||L2
g(O) ≤ cε||u||H2

ε (O),

where c is a constant, independent of ɛ.

We assume that there exist κ1, κ2 ∈ L2
loc(R) and %k ∈ N such that for all s, t ∈ R,

||fε(t, ·, s)− f0(t, ·, s)||L2(O) ≤ εκ1(t), (6.1)

||Gε(t, ·)−G0(t, ·)||L2(O) ≤ εκ2(t), (6.2)

||σk,ε(·)− σk,0(·)||L2(O) ≤ ε%k, (6.3)

where
∞∑
k=1

%2k <∞.

Lemma 6.2. Assume that (3.2)-(3.11), (3.13) and (6.1)-(6.3) hold. Given τ ∈ R,
R> 0, for all t ≥ 0,

lim
ε→0

sup
µε∈Bε(R)

dP2(L2(O))

(
Sε(t, τ)µε, (S0(t, τ)(µε ◦M−1)) ◦ I−1

)
= 0,

where Bε(R) = {µ ∈ P2(L
2(O)) :

∫
H2

ε (O)
||ξ||2H2

ε (O)µ(dξ) ≤ R}.

Proof. Denote uε(t) = uε(t, τ, uετ ) and u0(t) = u0(t, τ,Muετ ). From (3.19)-(3.20),
for all t ≥ 0,

d(uε(t)− u0(t)) + (Aεu
ε(t)−A0u

0(t))dt+ λ(uε(t)− u0(t))dt

= (fε(t, y, u
ε(t))− f0(t, y

∗, u0(t)))dt+ (Gε(t, y)−G0(t, y
∗))dt

+
∞∑
k=1

(σk,ε(y)− σk,0(y
∗) + ρk(u

ε(t))− ρk(u
0(t)))dWk(t).

By Ito’s formula, for t ≥ τ ,

||uε(t)− u0(t)||2L2
g(O) + 2λ

∫ t

τ

||uε(t)− u0(t)||2L2
g(O)ds
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= ||uετ − u0τ ||2L2
g(O) − 2

∫ t

τ

(Aεu
ε(s)−A0u

0(s), uε(s)− u0(s))L2
g(O)ds

+ 2

∫ t

τ

(fε(s, ·, uε(s))− f0(s, ·, u0(s)), uε(s)− u0(s))L2
g(O)ds

+ 2

∫ t

τ

(Gε(s, ·)−G0(s, ·), uε(s)− u0(s))L2
g(O)ds

+
∞∑
k=1

∫ t

τ

||σk,ε(·)− σk,0(·) + ρk(u
ε(s))− ρk(u

0(s))||2L2
g(O)ds

+ 2
∞∑
k=1

∫ t

τ

(σk,ε(·)− σk,0(·), uε(s)− u0(s))L2
g(O)dWk(s)

+ 2
∞∑
k=1

∫ t

τ

(ρk(u
ε(s))− ρk(u

0(s)), uε(s)− u0(s))L2
g(O)dWk(s). (6.4)

For the second term on the right-hand side of (6.4),

− 2

∫ t

τ

(Aεu
ε(s)−A0u

0(s), uε(s)− u0(s))L2
g(O)ds

= −2

∫ t

τ

(Aεu
ε(s), uε(s)− u0(s))L2

g(O)ds+ 2

∫ t

τ

(A0u
0(s), uε(s)− u0(s))L2

g(O)ds

= −2

∫ t

τ

(|Rεu
ε(s)|p−2Rεu

ε(s),Rεu
ε(s)−Rεu

0(s))L2
g(O)ds

+ 2
n∑

k=1

∫ t

0

(|u0yi
(s)|p−2u0yi

(s), (uε(s)− u0(s))yi
)L2

g(O)ds

= −2

∫ t

τ

(|Rεu
ε(s)|p−2Rεu

ε(s),Rεu
ε(s)−Rεu

0(s))L2
g(O)ds

+ 2

∫ t

τ

(|Rεu
0(s)|p−2Rεu

0(s),Lεu
ε(s)−Rεu

0(s))L2
g(O)ds

+ 2
n∑

k=1

∫ t

0

(gyi

g
|Rεu

0
yi
(s)|p−2u0yi

(s), yn+1

(
uεyn+1

(s)− u0yn+1
(s)

))
L2

g(O)
ds

= −2

∫ t

τ

(|Rεu
ε(s)|p−2Rεu

ε(s)− |Rεu
0(s)|p−2Rεu

0(s),Rεu
ε(s)−Rεu

0(s))L2
g(O)ds

+ 2
n∑

k=1

∫ t

0

(gyi

g
|Rεu

0(s)|p−2u0yi
(s), yn+1

(
uεyn+1

(s)− u0yn+1
(s)

))
L2

g(O)
ds. (6.5)

By (3.4) and (6.1),

2

∫ t

τ

(fε(s, ·, uε(s))− f0(s, ·, u0(s)), uε(s)− u0(s))L2
g(O)ds

= 2

∫ t

τ

(f(s, y∗, εg(y∗)yn+1, u
ε(s))− f(s, y∗, 0, u0(s)), uε(s)− u0(s))L2

g(O)ds
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= 2

∫ t

τ

(f(s, y∗, εg(y∗)yn+1, u
ε(s))− f(s, y∗, εg(y∗)yn+1, u

0(s)), uε(s)−u0(s))L2
g(O)

× ds

+ 2

∫ t

τ

(f(s, y∗, εg(y∗)yn+1, u
0(s))− f(s, y∗, 0, u0(s)), uε(s)− u0(s))L2

g(O)ds

6 2α3

∫ t

0

||uε(s)− u0(s)||2L2
g(O)ds

+ 2

∫ t

τ

||f(s, y∗, εg(y∗)yn+1, u
0(s))− f(s, y∗, 0, u0(s))||L2

g(O)||uε(s)−u0(s)||L2
g(O)ds

6 2α3

∫ t

τ

||uε(s)− u0(s)||2L2
g(O)ds+ 2εg2

∫ t

τ

κ1(s)||uε(s)− u0(s)||L2
g(O)ds

6 2α3

∫ t

τ

||uε(s)− u0(s)||2L2
g(O)ds+ εg2

∫ t

τ

κ21(s) + ||uε(s)− u0(s)||L2
g(O)ds

2ds.

(6.6)

By (6.2),

2

∫ t

τ

(Gε(s, ·)−G0(s, ·), uε(s)− u0(s))L2
g(O)ds

6 2

∫ t

τ

||Gε(s, ·)−G0(s, ·)||2L2
g(O)||u

ε(s)− u0(s)||2L2
g(O)ds

6 g2ε

∫ t

τ

κ22(t) + ||uε(s)− u0(s)||2L2
g(O)ds. (6.7)

It follows from (3.8) and (6.3), we have

∞∑
k=1

∫ t

τ

||σk,ε(·)− σk,0(·) + ρk(u
ε(s))− ρk(u

0(s))||2L2
g(O)ds

6 2
∞∑
k=1

∫ t

τ

||σk,ε − σk,0||2L2
g(O) + 2

∞∑
k=1

∫ t

τ

||ρk(uε(s))− ρk(u
0(s))||2L2

g(O)

6 2ε2(t− τ)
∞∑
k=1

%k + 2
∞∑
k=1

L2
k

∫ t

τ

||uε(s)− u0(s)||2L2
g(O)ds. (6.8)

Finally, by (3.17), we obtain

2
n∑

k=1

∫ t

τ

(gyi

g
|Rεu

0(s)|p−2u0yi
(s), yn+1

(
uεyn+1

(s)− u0yn+1
(s)

))
L2

g(O)
ds

= 2
n∑

i=1

∫ t

τ

(
gyi

∣∣∇u0(s)∣∣p−2
v0yi
, yn+1

(
uεyn+1

(s)− u0yn+1
(s)

))
L2(O)

ds
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6 c2

n∑
i=1

∫ t

τ

(∣∣∇u0∣∣p−2
u0yi

,
(
uεyn+1

(s)− u0yn+1
(s)

))
L2(O)

ds

6 c3

∫ t

τ

∥∥∇v0∥∥p−1

Lp(Q)
‖uεyn+1

− u0yn+1
‖Lp(O)ds

6 c4ε

∫ t

τ

∥∥∇u0∥∥p−1

Lp(Q)

∥∥uε(s)− u0(s)
∥∥
Hp

ε (O)
ds

6 c5ε

∫ t

τ

(
‖uε(s)‖pHp

ε (O) +
∥∥∇u0(s)∥∥p

Lp(Q)

)
ds. (6.9)

Taking the expectation of (6.4) and by (6.5)-(6.9), then for all t ≥ τ ,

E
(
||uε(t)− u0(t)||2L2

g(O)

)
≤ ||uετ −Muετ ||2L2

g(O) + c6

(∫ t

τ

E
(
||uε(s)− u0(s)||2L2

g(O)

)
+ ε

∫ t

τ

E
(
‖uε(s)‖pHp

ε (O) +
∥∥∇u0(s)∥∥p

Lp(Q)

)
ds+ ε

∫ t

τ

(k21(s) + k22(s))ds+ ε2(t− τ)
)
.

(6.10)

By lemmas 4.4 and 4.6 and (6.10), for every T > 0, τ ≤ t ≤ τ + T , ε ∈ (0, ε0) and
uετ ∈ L2

Fτ
(Ω, L2(Ω)) with E(||uετ ||H2

ε (O)) ≤ R,

E
(
||uε(t)− u0(t)||2L2

g(O)

)
≤ ||uετ −Muετ ||2L2

g(O) + c7(

∫ t

τ

E
(
||uε(s)− u0(s)||2L2

g(O)

)
+ ε+ ε2T ). (6.11)

By Gronwall’s inequality and lemma 6.1, for every T > 0 and t ∈ [τ, τ + T ],

E
(
||uε(t)− u0(t)||2L2

g(O)

)
6 (E(||uετ −Muετ ||2L2

g(O)) + c8(ε+ ε2T ))ec7(t−τ)

6 (c9εE(||uετ ||2H2
ε (O)) + c8(ε+ ε2T ))ec7T

6 (c9εR+ c8(ε+ ε2T ))ec7T (6.12)

By simple computations, we have

lim
ε→0

sup
E(||uε

τ ||H2
ε (O))6R

E
(
||uε(t, τ, uετ )− u0(t, τ,Muετ )||2L2(O)

)
= 0 (6.13)

Notice that

sup
E(||uε

τ ||H2
ε (O))≤R

sup
ϕ∈Lb(L2(O)),||ϕ||L≤1

∣∣∣E(ϕ(uε(t, τ, uετ )))− E
(
ϕ(u0(t, τ,Muετ ))

)∣∣∣
6 sup

E(||uε
τ ||H2

ε (O))≤R

sup
ϕ∈Lb(L2(O)),||ϕ||L≤1

E
(∣∣∣ϕ(uε(t, τ, uετ ))− ϕ(u0(t, τ,Muετ ))

∣∣∣)
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6
(

sup
E(||uε

τ ||H2
ε (O))≤R

E
(
||uε(t, τ, uετ )− u0(t, τ,Muετ )||2L2(O)

)) 1
2

,

then we have

lim
ε→0

sup
E(||uε

τ ||H2
ε (O))≤R

sup
ϕ∈Lb(L2(O)),||ϕ||L≤1

∣∣∣E(ϕ(uε(t, τ, uετ )))− E
(
ϕ(u0(t, τ,Muετ ))

)∣∣∣
= 0.

�

Finally, we present the main result of this section.

Lemma 6.3. Assume that (3.2)-(3.11), (3.13) and (6.1)-(6.3) hold. Then the D1-
pullback measure attractors Aε are upper semi-continuous as ε → 0, that is , for
every τ ∈ R,

lim
ε→0

dP2(L2(O))

(
Aε(τ),A0(τ) ◦ I−1

)
= 0.

Proof. By lemma 4.6, one can verify that for all ε ∈ (0, ε0), there exists C2 =
C2(τ) > 0, ∫

H2
ε (O)

||ξ||2H2
ε (O)µ(dξ) ≤ C2(τ). (6.14)

Let K = {K(τ) : τ ∈ R} be the D1-pullback absorbing set of S ɛ defined in
lemma 5.1. Denote K0 = {K0(τ) : τ ∈ R} with K0(τ) = {µ ◦ M−1 : µ ∈ K(τ)}.
Then K0 ∈ D0. Let δ > 0, then there exists T = T (δ, τ) ≥ 1,

dP2(L2(Q))

(
S0(T, τ − T )K0(τ − T ),A0(τ)

)
≤ 1

2
δ. (6.15)

In addition, by lemma 6.2 and (6.14),

lim
ε→0

sup
η∈Aε(τ−T )

dP2(L2(O))

(
Sε(T, τ − T )η, (S0(T, τ − T )(η ◦M−1)) ◦ I−1

)
= 0.

Then there exists ε1 ∈ (0, ε0), for all 0 < ε < ε1,

sup
η∈Aε(τ−T )

dP2(L2(O))

(
Sε(T, τ − T )η, (S0(T, τ − T )(η ◦M−1)) ◦ I−1

)
<

1

2
δ.

(6.16)

Let η ∈ Aε(τ − T ), since Aε(τ − T ) ⊆ K(τ − T ), note that η ◦M−1 ∈ K0(τ − T ),
by (6.15),

sup
η∈Aε(τ−T )

dP2(L2(O))

(
S0(T, τ − T )(η ◦M−1),A0(τ)

)
<

1

2
δ,
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and we further have

sup
η∈Aε(τ−T )

dP2(L2(O))

(
(S0(T, τ − T )(η ◦M−1)) ◦ I−1,A0(τ) ◦ I−1

)
<

1

2
δ,

then we get

sup
η∈Aε(τ−T )

dP2(L2(O))

(
Sε(τ, τ − T )η,A0(τ) ◦ I−1

)
< δ, (6.17)

By the invariance of Aε, for any µε ∈ Aε(τ), there exists η ∈ Aε(τ − T ) such that

µε = Sε(T, τ − T )η. (6.18)

By (6.17) and (6.18), for ε ∈ (0, ε1),

sup
µε∈Aε(τ)

dP2(L2(O))

(
µε,A0(τ) ◦ I−1

)
< δ,

thus, we have that

dP2(L2(O))

(
Aε(τ),A0(τ) ◦ I−1

)
< δ.

The proof is completed. �
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