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Abstract. We extend the weakly mixing PET (polynomial ergodic theorem) obtained in
Bergelson [Weakly mixing PET. Ergod. Th. & Dynam. Sys. 7 (1987), 337-349] to much
wider families of functions. Besides throwing new light on the question of ‘how much
higher-degree mixing is hidden in weak mixing’, the obtained results also show the way to
possible new extensions of the polynomial Szemerédi theorem obtained in Bergelson and
Leibman [Polynomial extensions of van der Waerden’s and Szemerédi’s theorems. J. Amer.
Math. Soc. 9 (1996), 725-753].

1. Introduction
A measure-preserving system (X, B, u, T) (in this paper we will always assume that
(X, B, ) is a probability space) is called weakly mixing if for any A, B € I3 one has

1 N
li — ANT™™B) — u(A B)|=0.
NEHOON,;"”‘( ) — u(A)u(B)|

The notion of weak mixing has many equivalent forms and plays an important role in
the study and applications of dynamical systems. In particular, weak mixing and, more
generally, relative weak mixing play a crucial role in the analysis of general measure-
preserving systems which is behind Furstenberg’s ergodic approach to Szemerédi’s
theorem (see [13]). In particular, Furstenberg proves in [13] the following theorem.

THEOREM 1.1. Ifan invertible measure-preserving system (X, B, p, T) is weakly mixing

then for any k € N and for any Ao, . . ., Ax € B one has
N
. 1 n kn
lim — E Ao NT"AyN---NT"AL) = u(Ag)u(Ar) - - - n(Ag). (1
N—oo N —
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Theorem 1.1 can be given the following equivalent form. (In accordance with the well
established tradition, we write T f for f(Tx).)

THEOREM 1.2. If (X, B, u, T) is an invertible weakly mixing system, then for any k € N
and any fi, fa, ..., fik € L¥(X, B, w)

=0.

N—o0 2

1 N k
l' _ Tn T2n . Tkn _ / : d
im H v ; AT f fe 11 fidu

The following extension of Theorem 1.2 which was proved in [2] shows that weak
mixing implies weak mixing of higher orders along polynomials.

THEOREM 1.3. Suppose that (X, B, u, T) is an invertible weakly mixing system and let

D1 - - -, Dk be pairwise essentially distinct polynomials (i.e. p; — pj # constant for all
i # j) with rational coefficients and taking on integer values on the integers. Then for any
f1, ..., fk € L*(X, B, ) one has

1 N k
lim | S e e g e g / il —o. )
lmHN; i f2 Ji E fzuz 2

N—o00

The goal of this paper is extending Theorem 1.3 to classes of sequences which are
more general than those of the form p(n), where p is a polynomial satisfying p(Z) C Z.
While there are relatively few candidates among sufficiently regular functions which have
the property that they take integer values at integersf, one may try to introduce into
the picture sequences of the form [g(n)], where g is a continuous eventually monotone
function which is not too slow and not too fastf, and satisfies some natural regularity
conditions. As we will show, functions which ‘fit the profile’ can be found in the family
of the so called tempered functions which we will presently define. Before starting with
technicalities (which are needed in order to give precise formulations) we want to note that
our typical theorems will look very much like (2) with p; (n) replaced by [g; (n)], where the
gi will be coming from quite wide families of functions which include the integer-valued
polynomials as a rather small subfamily. The obtained results not only throw new light on
the old question of ‘how much higher degree mixing is hidden in weak mixing’, but also
will, hopefully, be useful for further extensions of Szemerédi’s theorem (cf. [6]).

Definition 1.4. (Cf. [11]) Let i be a non-negative integer. A real-valued function g which
is (i 4+ 1)-times continuously differentiable on [xg, 00), where xg > 0, is called a tempered
function of order i if the following hold.

(a) g(”])(x) tends monotonically to zero as x — oo.

()  limy o0 x|g"FV (1) = 0o

Tempered functions of order O are called Fejér functions.

+ One can show, for example, that if f is an entire function such that f(Z) C Z, then it is either a polynomial or
has exponential growth. (See the next footnote with regards to the exponential growth.)

1 We have to eliminate too slow (say, like log n) and too fast (say, a”, where a > 1) functions since, for these
functions, the Cesaro averages (1/N) Z,ZL 1 T8 f may fail to converge.
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We note that the conditions (a) and (b) imply that tempered functions are eventually
monotone, and that positive tempered functions of order i increase at least as fast as
x' log x increasest, but they are slower than x’*1.

The following theorem explains the role of Fejér functions in the theory of uniform
distribution (see [19, Corollary 2.1]).

THEOREM 1.5. (Fejér) Let g(x) be a differentiable function for x > xo, where xo > 0. If
g’ (x) tends monotonically to 0 as x — 00 and if lim,_, o x|g'(x)| = 00, then the sequence
gn),n=1,2,...,isuniformly distributed modulo 1.

Remark. By using van der Corput’s difference theorem (which states that if the sequence
Xpn+h — Xp, n=1,2, ..., 1s uniformly distributed (mod 1) for any % € N, then x,, n =
1,2, ..., is uniformly distributed (mod 1)), together with Fejér’s theorem, one can easily
see that g(n), n =1, 2, .. ., is uniformly distributed (mod 1) if g is a tempered function.
(See [21, pp. 381-383])%.

The following classes of functions will be instrumental for our work. Note that the first
class is a subset of the set of Fejér functions.

Definition 1.6.

F = {g e C®[@R")

g is Fejér and o € (0, 1] such that lim =«
xX—00 g’(x)

xg"(x) 1}

L= {g e C®[R")

Jy #0suchthat lim g'(x) = y}.
X—> 00

Remark. 1If g € F then it follows by I’'Hopital’s rule that lim,_ o0 (xg’(x)/g(x)) = a. Also,
if g € C®(R") and 0 < o < 1 such that lim,_, o (xg”(x)/g’(x)) = a — 1 then g is a Fejér
function, see Lemma 2.2 below. However, too slow Fejér functions are not members of
F, see examples below. The class £ consists of all functions g such that g(x) — oo and
lim,— 5 (g(x)/x) € R\ {0}, see examples below.

We remark that all the theorems in this paper remain true if we only demand that all the
functions involved have sufficiently many derivatives.

Examples.

(1)  The following function is Fejér but is not in the class F:
° g1(x) = logﬂ x, B> 1 (indeed, lim, _, oo (xg] (x)/g1(x)) = 0).
(2) The following are functions from F:
. gg(x)=25~‘:1 cix¥,ci €R,cr #0, 0 e R,y <ap <+ - <o, 0 <ap < 1
e Hx)=x%logf x,0<a<1,BeR;
o gi(x)=(x/loghx), B> 0;

 Indeed, if g is an increasing Fejér function and a > 0, then there exists M such that for t > M, tg’(t) > a,
which implies that g(x) — g(M) = [, &'(t) dt > [3;(a/1t) dt = a log(x/M). Moreover, it follows by induction
on i that if g is a tempered function of order i, then for given ¢ > 0, there exists M so that for x > M,
(18(x)l/x" logx) > c.

i This result implies, via the spectral theorem, that if (X, 3, u, T') is an ergodic system, and g is a
tempered function, then for all f € L2(X, B, ;1) one has limy_, oo [|(1/N) XN T8I f — [ ], =0. See
Theorem 7.1 below.
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e g5(x)=x%Ccos(log? x)+2),0<a<1,B<1;
° g6(x) =x*(1 + (sin(log x)/log x)), 0 <&@ < 1;
o g7(x)=x%(1+(cosx/x"),0<a<1,1>3.
(3) The following are functions from L:
° gs(x) = Zle cix¥,cieR, e 0,0 eR oy <ap <---<ap=1;
o 2o(x)=x(I + (sin(log x)/log x));
e gio(x)=x(1+ (cosx/xH)), 1> 1.

As we will see (cf. Theorem 4.3), the analogue of Theorem 1.3 holds true for functions
from F U L. An inductive scheme which is similar to that utilized in [2] allows one to
extend Theorem 4.3 to wider classes of functions which have the property that after taking
enough derivatives they ‘fall’ into the class F U L. This roughly describes one of our major
results, Theorem A below, for which the family of functions is a subset of the Hardy field
of logarithmico-exponential functions (see Definition 1.7 below). Our other main result,
Theorem B, while similar in nature, differs from Theorem A in that the family of functions
involved includes functions with ‘oscillation’, namely functions of the form n“ f (n), where
f can have infinitely many changes of the sign of the derivative. The functions themselves
are eventually monotone but the ratio of two functions from this family does not even need
to converge. This widening of the class of functions comes at the price of imposing a
certain regularity condition which we call the R-property (see Definition 1.10 below).

We will proceed now to give precise formulations.

Definition 1.7. We will use the following classes of functions:

‘H = the Hardy field of logarithmico-exponential functions, i.e., real-valued functions
defined for all x > a for some a € R, by a finite combination of symbols

+, = X, L log, exp, acting on the real variable x and on real constants, see
[15, 10];
(+D
R=1geC®®R")| lim al:i x) exists and is finite for all j > 0¢;
X—00 g(])(x)
/
T=leerizica<i+1, tim 9 _4 lim g““)(x):o}, i=0,1,2,...;
X— 00 g(x) X— 00

P =18 €CORY) | Iy R\ {0}, lim g™V (0)=y, lim xf'g"'*"*”(x):o,jeN},
X—> xX—>

i=01,2...;
P=JP: T=JT: G=TUP.
i>0 i>0
Remarks.

(i) The class R is only used to define the classes 7; and will not be used by itself.
We remark that all the theorems involving functions from 7" remain true if we only
demand that sufficiently many of the ratios (xgU+ 1 (x)/g"(x)) converge.

(i) Here is a summary of some properties of the class 7.

(1)  All functions in 7; are tempered of orderi,i =0, 1, 2, . . ., see Proposition 5.2
below. Also, 7o C F. For example, x“(1 + (cos x/x1)) e F\ Ty when
O<a<l1,l>3.
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(2) If ge7; then there exist i <a<i+1 and fe C®(R") such that
limy 00 (x4 f(x)/f(x)) =0 forall j € Nand g =x®f, see Proposition 5.4
below.

B3) geTioxgeTiy,i=0,1,....

(iii) Here is a summary of properties of the class P.

(1) The set Py consists of all the functions g € £ which satisfy the regularity
condition that limy_, o x/g@+/*D(x) =0, j eN.  Since, for example,
x(1 4 (cos x/x')) € L\ Py when [ > 2, Py C L. The set P; contains, among
other functions, all the polynomials of degree i + 1. Note that P does not
contain constants.

(2) If geP; then there exist y € R\ {0} and feC>®@RT) such that
im0 f(X) =y, limy oo x/ fP(x) =0 forall j e Nand g =x"t!f, see
Proposition 5.4 below.

B) gePieoxgePiy,i=0,1,....

(iv) To get examples of functions from 7; and P; one can just multiply the functions

g2, ..., 86 g8, go in the examples following Definition 1.6 above by x'.

(v) Leta>O0and 8 €R, and let g(x) = x% log? x. Then g € H. If « ¢ N then g € Tial>
and hence, g € 7. However, if « =1 € N, then g is a tempered function only for

B >1and g <0. Table 1 summarizes the data about the dependence of g on the

parameter 8 when o =1 € N.

TABLE 1. The dependence of g = x! logﬂ x on the parameter 8 when / € N.

B#0: geR

B > 1: gistempered of order [ but is not in the class 7
0<pB <1: gisnottempered and is not in the class G

B =0: gisapolynomial

B<0: geT_,.

Hardy’s logarithmico-exponential functions have the property that they are eventually
monotone. This fact is conveniently utilized in the proofs of theorems which involve H
and also leads to more streamlined formulations. Here is the formulation of one of the
extensions of Theorem 1.3 to be proved in this paper.

THEOREM A. Let g1, ..., 8 € G N'H be such that g; — g;j € G for i # j. Then for any
invertible weakly mixing system (X, B, u, T) and any f1, ..., fr € L*(X, B, ),
=0.

1 N k
‘N Z T[gl(n)]fl . T[gk(n)]fk - 1_[[ i
n=1 i=1 2

COROLLARY 1.8. Let g1, ..., gk € G N'H be such that g; — gj € G for i # j. Then for
any invertible weakly mixing system (X, B, u, T), any ¢ > 0 and any A € B,

neN||wANTE®AN. . ATEBOMIA) (AN < e
has densityT 1.

lim
N—o0

+ The density of a subset E C N is defined by d(E) = limN%og(lE N [1, N]|/N) when this limit exists. Below
we will also use the upper density of a subset E C N defined by d(E) =limsupy_, o (|EN{L, ..., N}|/N) and
the lower density d(E) which is defined similarly but with lim inf instead of lim sup.
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Remarks.
(1) We have GNH={geH|Ja>0,lim_o(xg'(x)/g(x)) =a, if o € N then

2

3)

lim,_, o g® (x) € R}, see Proposition 5.1 below. Note that G ¢ H. For example,
ifa >0, 0 &N, then g(x) =x%(2 + cos /log x) € G\ 'H. Note also that g cannot
be a member of a Hardy field since the derivative of g2 is not eventually monotone.
Hardy fields also appear in [9] where the authors study the generalizations of the
classical von Neumann and Birkhoff ergodic theorems. While there is practically no
overlap between our paper and [9], the two papers demonstrate, each in its own way,
that Hardy fields provide a natural framework for extensions of some of the familiar
ergodic results.

For a measure preserving system with continuous time, Theorem A, as
well as Theorem B below and many other theorems in this paper, admits
two additional versions dealing with the discrete averages of the form
(/NN 1810 f7000 £ - T80 £ or continuous averages of the form
(1/T) fOT T8O ... T8O £ dr. All three versions have essentially the same
proofs. A similar phenomenon was observed (with regards to mean convergence)
in the paper [9] alluded to above.

In order to formulate our second main theorem, we need a further refinement of our

classes.

Definition 1.9. Let « > 0. Then

T(x) = {g €7 | lim x8 (1) :a},
X—>00 g(x)

g(a)={geg lim X80 _ }
x—o00 g(x)

Note that 7 (/) C 7;_; and that G(I) =7 (I) U P;_1 when[ € N.
To formulate our next definition we need the following notation.

FG={g1,....,g}then Gaurr=1{gi — g |i #j}
Ifa >0and G C G, then G(a) = G NG(x).

Definition 1.10. A finite set G C G for which G C G has the R-property (R for
regularity) if for all « > 0 and all pairs ¥, ¥» € G(a) U G(@)gir such that if [ € N U {0}
and B < with ¥", ¥ € T(B), then

I+1
1pl([ﬂ]+ + )(x)

A0, 7 < RO ®)

Remarks.

The R-property regulates the relations between those functions in G which have
similar rates, since if lim, oo (xg’(x)/g(x)) = a then g(x) = x f(x), where f is
either bounded or grows slower than any function in 7y. (See Proposition 5.4.)

By Lemma 5.8 below, if ¥\, y» € T (B) satisfy (3) above, then

dim g9 0 e R\ (0)
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for all i > 0. If B ¢ N then (3) may be replaced by the equivalent condition that
limy 0 (1 (1) /Y2(x)) € R\ {0},

THEOREM B. Let g1, ..., gk €G be such that g; — g; € G for i # j and such that the
family {g1, ..., gk} has the R-property. Then for any invertible weakly mixing system
(X, B, u, T)and any fi, ..., fr € L°(X, B, u),

1 N k
lim HN Z T[gl(ﬂ)]fl . T[gk(n)]fk - Hf /i
n=1 i=1

N—o0

=0.
2

Examples. The following sets of functions, which are subsets of G but not of H, have the
R-property and hence satisfy Theorem B:
° {x®1, 2x% x¥1(3 4 (sin(log x)/ log x)), x*2(2 4 cos /log x)} C G, where 0 < | <

a0 ¢ N;

o {Ix(1+ (1/logx)), Ix(3 + (sin(log x)/ log x)), vx3 — x,Vx3(2 + cos /log x)}
CTyUT;

. {(x/log x), x, x(2 + (sin(log x)//x))} C Ty U Py.

COROLLARY 1.11. LetO <o) <---<aqandlet y; € G(oy), i=1,...,1L

° Then {1, ..., Y} satisfies Theorem B.

° Suppose that o; —a; €7 for all i#j, and let V= {Zézl aii | a; €R,
i=1,...,00\{0}. Ifgi,...,g €V such that g; — g; €V for all i # j, then
{g1, ..., gk} satisfies Theorem B.

Examples. The following sets of functions do not have the R-property and we do not know

if Theorem B holds true for these sets:

() {/x, /x(3 +cos /log x)} C T(%) C 7y (the ratio of these two functions does not
have a limit);

2) (%32, x32 = x12(3 + cos \/log x)} C T(3) C T (the ratio of the derivative of the
first function and the difference of the functions does not have a limit);

3) {g1(x) =/xlogx, g2(x) = /x(2+cos \/logx)} CT(3) C Ty (the ratio g(x)/
g1(x) goes to 0).

The following brief comment is intended to explain the reader why our methods are
not sufficient for verifying whether the functions in the above examples are ‘good’ for
Theorem B. We will focus on Example (1); analysis of the other two examples reveals
similar troubles with the proof. Consider the expression

1 N

ﬁ Z T[ﬁ] flT[«/fl(3+cos4/10g n)]fZ- 4)
n=1

Since both [+/n] and [/n(3 + cos y/logn)] are of sublinear growth, the only method

available to us of starting the verification of the convergence of (4) is to perform first

the change of variables m = [/n] which leads to a new expression containing a linear

function. This change of variables in (4) gives

N
% Z T"f] T[n(3+cos +/log nZ)]fZ-
n=1
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But, unfortunately, the function x (3 + cos v/log x2) does not belong to G and it is not clear
how to proceed further.

Note that class 7 does not contain the ‘slow’ Fejér functions, such as, say, log2 x (nor
does it contain functions which after finitely many differentiations reduce to the ‘slow’
Fejér functions). It would be certainly of interest to extend Theorem B to a class of
functions more general than 7 and get rid of (or relax) condition R. This, however, would
require introduction of new methods and ideast. Nevertheless, we do obtain in §5 the
following result which deals with general tempered functions.

COROLLARY 5.14. Let g1, ..., gk be tempered functions and assume that they satisfy

one of the following four conditions.

(@ gi=ajg i=1,...,k whereg isatempered functionand a; <ar < - - - < a.

b gix)=gx+4ai), i=1,...,k where g is tempered of order at least one and
O<ar<ay <---<a.

(c) giistempered of orderi,i =1, ..., k.

(d) Ifl eN and ¢ is tempered of order [, let Q = {Zﬁzo aip® | a; e R} \ {0}, and let
81, ..., 8 €Rbesuchthat g; — gj € Q foralli # j.

Then for any invertible weakly mixing system (X,B, u,T) and any fi,..., fr €

L*>(X, B, ),

=0.
2

1 N k
lim Hﬁ S rlatyy L plaol g T / i
n=1 i=1

N—o0

Theorems A and B (as well as Theorem 5.13 in §5) are proved by PET-induction
(Polynomial Exhaustion Technique) which was used in [2] to prove Theorem 1.3 and
which is based on the repeated application of a Hilbert-space version of the van der Corput
difference theorem. (See the remark after Theorem 1.5 above and Theorem 4.1 below.)
However, due to the fact that Theorems A and B deal with much more general classes
of functions than Theorem 1.3, there arise many technical difficulties in the course of
the implementation of PET-induction. Some of these difficulties are related to the fact
that the family {[g(n)] | g € G} is not closed with respect to taking differences, and in order
to deal with the naturally appearing differences of the form [g(n + h)] — [g(n)] one has to
modify the van der Corput difference theorem so that it may be applicable to piecewise
versions of functions from G. Another natural difficulty is related to the fact that the
Fejér functions constituting the family F are, in a way, too slow, and in order to treat, for
example, averages of the form (1/N) YN Tla100l g .. Tlac] g where g; € F, one
has to introduce a change of variables which works only under the additional assumption
that certain ratios of functions we deal with have good behavior (see the M-property,
Definition 2.8 below). Finally, one more difficulty which one has to overcome has to
do with the fact that not only the functions g; appearing in the formulations of Theorems A
and B, but also various additional families of functions which emerge at various stages
of the inductive procedure, have to have different rates of growth. (This condition cannot
be avoided since otherwise one would not get the limit of the averages in question to be that
of the form ]_[f:1 [ fi.) While in Theorem 1.3 the distinct growth rates are guaranteed by

T See Conjecture 8.1 below.
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the condition p;(n) — p;(n) # const for i # j, the situation with the class G is much more
delicate and in order to make the induction work one has to do quite a bit of preliminary
technical work.

It is of interest to know under which (additional) conditions Theorems A and B can be
extended to general ergodic (rather than weakly mixing) measure-preserving systems. One
of the reasons to care about this issue is the fact that it would open interesting possibilities
of applications to combinatorial number theory. A partial result in this direction is obtained

in §7.
THEOREM 7.3. Let gy, g2, ..., 8k € F be such that limy_, 5 (gi+1(x)/gi (x)) = 0 and the
ratio (glf+] (x)/g/(x)) is eventually monotone, i =1, ...,k — 1. Then for any invertible
ergodic system (X, B, u, T) and any f1, ..., fr € L*(X, B, n),
1 N k
lim (= S 7letol ¢ pleeml ¢ _ )
dnfy reencereens 11 f 4],
n=1 i=1
One of the corollaries of Theorem 7.3 which are obtained is the following result.
COROLLARY 7.6. Let E C N be a subset with c?(E) >0, and let g1, g2, ..., g € F.
Under the same assumptions on g1, g2, . . . , 8 as in Theorem 7.3 one has

d(ineN|d(ENE —[gimDN---N(E - [gm]) > @d(E)T} > 0.

The following examples indicate the diversity of possible choices for functions g which
satisfy Theorem 7.3 and Corollary 7.6.

o S0 =2 4+22, g(x)=xQ2+cos /logx), g3(x)=x%logx, gi(x)=
x%(1 + (cos x/x3)), where | > ] > a2 > &3 > g > 0.
o g1(x)=xlog’x, g2(x) = VX log x, g3(x) = V/X, g4(x) = (/x/log x).

The above corollary leads to a natural and rather general conjecture involving functions
from the family 7 N H. (See Conjecture 8.2 in §8.)

The paper is organized as follows.

In §2 we prepare the ground for the proof of Theorem 4.3 in §4 which is the base of the
induction procedure in the proofs of Theorems A and B. In particular, we establish some
basic properties of functions in class F which will be needed later in §4.

In §3 we prove an analogue of Theorem 1.3 for a certain class of piecewise defined
functions. This is needed for the proofs of Theorems 4.3, A and B. We also show that
the summation method we arrive at after making change of variables is equivalent to
the method of Cesaro means. This is needed for the proofs of Theorem 4.3 in §4 and
Theorem 7.3 in §7.

In §4 we prove Theorem 4.3.

In §5 we take a closer look at the class 7 and establish some auxiliary facts to be used
in the proofs of Theorems A and B in §6. We also prove a convergence theorem for general
tempered functions.

In §6 we prove Theorems A and B.

In §7 we prove, among other things, the aforementioned Theorem 7.3 and Corollary 7.6.

In §8 we formulate two natural conjectures which, if true, extend Theorems A, B
and 7.3.
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2. Fejér functions
In this section we establish some results about Fejér functions and functions g for which
limy 00 (xg’(x)/g(x)) is finite. In particular, we show that functions in F have the
necessary properties for the proof of Theorem 4.3 in §4 to go through.

In addition to the classes F and L (see Definition 1.6), we will use, for 0 < «a < 1, the

class
i xg'(x) }
im =wuy.

X—>00 g(x)

f(a):{gef

LEMMA 2.1. Let o e R\ {0}, g € C®R™Y), and suppose that lim,_, 5o (xg'(x)/g(x)) =
o. If o >0, then limy— o |g(x)| =00, and if « < 0 then limy 00 g(x) =0. If 0 <a <1
then limy_, », g'(x) = 0.

Proof. Suppose first that @ > 0. Let 0 < € < o and let M = M (¢) so that for x > M,

/
a—e<x‘g(x)<a+6. ®))
g(x)
Then X X !/ X
— t
/ a 6dt</ g()dt</ LAULI
M 1 m &) Mt
which implies that
lg(M)| lg(M)]|
= X7 < |g(x)| < Wx‘”f. (6)

This shows that |g(x)| — 0o as x - oco. Let now o <0, and let gy =1/g. Then
limy 00 (xg (x)/81(x)) = —limy— 0 (xg'(x)/g(x)) = —a > 0. Hence, limy_, o |g1(x)| =
oo such that limy_, o, g(x) = 0.

IfO0<a<l, let 0 <e <min{o, 1 — ¢} such that o« + € < 1 and therefore by (6),
limy— o0 (g(x)/x) = 0. Hence, by (5), [g'(x)| < (« + €)(Ig(x)[/x) — 0. o

LEMMA 2.2. Leta > 0, g € C°R™"), g > 0, and suppose that lim,_, o (xg" (x) /g’ (x)) =
a— 1. Then limy_,00(xg’ (x)/g(x)) =a and limy_, oo g(x) =00. If O<a<lora=1
and g'(x) goes monotonically to 0, then g € F(a).

Proof. Let0 <€ <o and let M = M (¢) so that for x > M,

xg"(x)
g'(x)

Y y—1— X ol (4 Y y—1
/udt</ g/—()dt</ X te
M t m &) M t

which implies that

a—1—€e< <oa—1+4e.

Then

Ig' DI oy

18 M) 14
Me—1-¢€ X :

C< 8@ < 3o

(7
This shows that lim,_, o x|g’(x)| = o00. Let ¢ = (g (M)|/M* =€) and ¢, =
(|g'(M)|/M*~1%€). By integrating one more time from M to x > M, we have, if g’ > 0,
that

€1 (xot—€ _ Ma—e) < g(x) _g(M) < C_Z(x(l+€ _M()t-‘re)
o —€ o+e€
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which shows that lim,_, o g(x) = co. Similarly, if g’ <0, then g < 0, contradicting our
assumptions. Now, by I’Hopital’s rule, we have
/ 4
lim Y8 + lim X8 « _,
X—>00 g(x) X—>00 g’(x)

Hence, if « = 1 and g’(x) goes monotonically to 0, then g € F(1).

Suppose now that 0 <a < 1. Let 0 < € < min{a, 1 — a}. Then by (7), limy_, », g’'(x)
=0 and since limy_ oo (xg”"(x)/g’(x))=a —1<0 it follows that g”"(x) <0 for
sufficiently large x. Hence g’(x) goes monotonically to 0. This shows that g € F(a). O

LEMMA 2.3. Let g € C®°(R") and a € R such that lim,_, oo (xg’ (x)/g(x)) =a. Let
c eR. Thenlimy_,(g(x +¢)/g(x)) = 1.

Proof. Let first 0 <« < 1. By Lemma 2.1, limy o |g(x)| = 00 and limy_.« g’(x) = 0.
Hence, by the mean value theorem, there exists z, € (x, x 4+ ¢) such that
i SE T 800+ 8/ @e
im —— = lim ———— =
X—00 g(x) X—00 g(x)
If o &(0,1) then let B €R be such that 0 <o — B <1 and let gy = g/xP. Then
lim,_, 00 (xg](x)/g1(x)) = @ — B and hence

grto _ L oab+o @t+of .

1.

lim =
X— 00 g(x) x—o0  g1(x) xB

If g € C®°(R™) is a positive function such that g’ > 0 and g’ decreases to 0, let
n
¢(n)={meN|n=[g(m)]}| and <I>(n)=2¢>(k)- ®)
k=0

When we make a change of variables m = [g(n)] in the expression

N
(i) Sl Ll g
v :
n=1

where g; € F and g = g1, ¢ (m) will be the weights one gets in the new expression. Since
g (x) > 0asx — 00, ¢p(m) — oo as m — oco. However, if g is not sufficiently slow, ¢ (m)
does not need to be an increasing function. This is the case when g(x) = x3/4 since then
there are infinitely many k for which ¢ (k + 1) = ¢ (k) — 1.

When f is areal-valued function on R we will use the notation Af (x) = f(x + 1) — f(x).

LEMMA 2.4. Let g € C®°(R™) be positive such that g’ > 0 and g' decreases to 0, and
let ¢ be defined by (8). Then for n €N, ¢(n) = Ag~'(n) + a,, where a, € (=1, 1) and
Ag~l(n) increases to infinity as n — oo.

Proof. Since ¢ (n) is the number of positive integers in the interval [¢g~(n), g7'(n + 1)),
the first statement follows. Let f(x) = g_l(x). By the mean value theorem, Ajf(x)
= f'(zx), where x < zx < x + 1. Since f'(x) = (1/g'(f(x))) increases to 0o as x — 00,
Af(n)<Af(n+1)and Af(n) - coasn — oo. O

LEMMA 2.5. Let g be a positive Fejér function and let ¢ and ® be defined by (8). Then
lim,— o (@(n)/ (1)) =0. If0 <a <1 and g € F(a) then lim,_, o ¢(n)g’(g_l(n)) =1
and lim, oo (np(n)/ ®(n)) = 1/c.

https://doi.org/10.1017/50143385708000862 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385708000862

1386 V. Bergelson and I. J. Haland Knutson

Proof. Let first g be any positive Fejér function, and let f(x) = g~ '(x). By Lemma 2.4
and the mean value theorem,

pm)=fn+1)— fm)+an=f'z) +an < ffn+1)+1,
where a, € (—1, 1) andn <z, <n + 1. Also,

O(n) =Y k) =1{m|0=[gm)] <n}|=1|{m|0<gm)<n+1)|
k=0
:f(n+1)_bn7 0<b, <2.
Hence,
/
0< tim 2% < jiyy LD+
n=%0 ®(n) ~n=co f(n+1) = by
1
= lim =0.
n—>oo f(n+1)g'(f(n+1))
Suppose now that for some 0 < o < 1, g € F(«). Since

' g 1 xffx) 1
im = lim = —, lim =——1,
x=oo f(x)  y=fn—oco yg'(y) a x—o fi(x) o«

and

lim ' lim ¢ (f(n) =0,

im
n—00 f(n) n—00 f/(n) n— 00

we have, by Lemma 2.3,

S@) +an
1)

pone) L on( G ta) a1

im = lim ———= lim — = —. O
n—oo ®(n) n— 00 f(n +1)—b, n—00 f(n) o

Remark. If p, is an increasing sequence of positive real numbers and P, = Y ;_ pk, then

the property that the sequence (np,)/P, is bounded is the criterion for the summation

method of weighted means, also called a Riesz method (R, p,), to be equivalent

to the Cesaro method, see Theorem 3.5 below. Note that if g is a Fejér function

with limy_, oo (xg’'(x)/g(x)) =0 so that g & F, then lim,_, o (n¢(n)/®(n)) = oo but

limy,— oo (¢ (n)/ P (n)) = 0. This is the case for g(x) = log2 x for which f(x) =g '(x)

= V¥,

Jim ¢()g' (g™ (m) = lim_

and

LEMMA 2.6. Let g1, g€ C®°R"), g1,8>0 and ai,ar eR. Suppose that
limxﬁoo(xglf(x)/gi(x)) =« i=1,2. If (g2(x)/g1(x)) is bounded, then o > as.
Conversely, if oy > oz and lim, _, 5o (xg] (x)/ g/ (x)) exists, i =1, 2, then
W) _ 8w
x—o00 g1(x)  x—00 g)(x)

and (g2(x)/g1(x)) and (gé (x)/g/1 (x)) are eventually monotone.

Proof. Let g = g2/g1. Then
xg'0) L x((g1gh —glg)/eD) . (X8  xg]
m = lim =lm|—=—-——)=ay —
x=00 g(x)  xmo0 82/81 oo\ g gl
Suppose that g(x) is bounded. Then oy <y by Lemma 2.1.
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Suppose now that «y >ap and that lim, o (xg/(x)/g;(x)) exists such that
lim, oo (xg] (x)/g/(x)) =a; — 1, i =1, 2. Then by Lemma 2.1, lim, , o g(x) =0 and
if g = (g5/g}) so that

~/ X 1 X 1
m xig(x)zlim g,z— g,l =ay—a; <0,
X—>00 g(x) x=00\ g, 81
then lim, _, o g(x) = 0. Also, this shows that g’ < 0 and g’ < 0 so that (g»(x)/g1(x)) and
(g5(x)/ g} (x)) are eventually monotone. O

LEMMA 2.7. Let g1, g2 be positive Fejér functions such that there exists y € R with
limy 00 (g2(x)/g1(x)) = lim, 00 (g5(x) /g (x)) =y. Let g =gz 0 gl_l. Then there exist
a finite subset C C 7 and a sequence ¢, € C,n =1, 2, ..., such that

[g2m)] = [&2(g1(M)D] +cn, neN.

Ify #20then g, € L. If y =0 and for some 1 > a1 > ay > 0, g1 € F(ay), &2 € F(ay) are
such that (gé (x)/g'1 (x)) is eventually monotone, then g, € F(ay/ay), and ¢, = 0 for a set
of n of density 1.

Proof. Suppose that lim, (g5 (x)/g](x)) =y € R. By the mean value theorem there
exists z,, where [g1(n)] < z, < g1(n), such that
2(n) — &2([g1(m)]) = g2(g1(n)) — &2([g1(M)]) = & (zn){g1 (M)} )

Since lim, o0 &5 (x) =lim, 0 (g5(g7 " ())/&1 (g7 D) =7 , g2(n) — a[g1(M)) is
bounded and, hence, there exists a finite set C C Z such that [g2(n)] — [g2([g1(n)])]
=cy,eCforalln eN.

If y # 0 then & € £ since lim, o0 &5(x) #0.

Suppose now that y = 0 and that for some 1 > o1 > ar >0, g1 € F(a1), g2 € F(an).
Since we assume that both gl_1 (x) and (gé (x)/ gi (x)) are eventually monotone functions,
gh(x) = (g (gl_1 (x))/g} (gl_1 (x))) goes monotonically to 0. We also have that

o/ -1 7o —1 ,
im 2829 _ i gl(g[](x)) gz(gll(x)) _ gim 8OO _w
x—>00 g7(x) X0 oo (gy (X)) gi(g1 () y=¢ oo vg[ () g2(») a
and that

lim 2829 _ gy g-{(ﬁ - ﬁ) =2
x—00 go(x)  yooyg\ g &) o
Hence, by Lemma 2.2, g, € F(az/ay).
Since &) is decreasing to 0, it follows from (9) that 0 < g>(n) — &2([g1(n)]) — O.
Hence, C = {0, 1}. Let

A={neN|e=1)={neN|lgnml=[gog IgmD+1).
We will show that A has density 0. For i =1,2 and m e N let I;(m) = [gi_l(m),
gi_l(m 4+ 1)). Since x € [;(m) if and only if [gi(x)] =m, we have n € I1([g1(n)])
N I([g2(n)]) and gl_l([gl(n)]) € I1([g1(n)]) for all n € N. Furthermore, n € A if and
only if gl_l([g1(n)]) € b([g2(n)] — 1). Hence, n € A if and only if g;l([gg(n)]) is in
the interior of the interval I1([g1(n)]) since if n € A then I1([g1(n)]) has non-empty
intersection with both I>([g2(n)] — 1) and Ir([g2(n)]). So any n € A is an element
of an interval I;(k) (where k =[g1(n)]) which also contains an element g, 1(m) <n,
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where m € N.  The number of such intervals /j(k) containing some n € AN[l, N]
equals the number of m for which g, '(m) < N. Hence, the number of such intervals
is [g2(N)]. The length of the interval I1([g1(n)]), n < N, is less than or equal to
o1([g1(N)]) + 1, where ¢ (k) = [{m € N | [g1(m)] = k}|, by Lemma 2.4. By Lemma 2.5,
limy— o0 ¢1(n)g} (g7 (n)) = 1. Thus,

1 1
d(4) = lim ﬁ'A AL N]| = lim N[gz(N)](¢1([g1(N)]) +1)

im &(N) 1
N—oo N gi (N)

L s o)
N—oco Ng|(N) g1(N)

The following definition of M-property of a set will be needed for Theorem 4.3
below. Since Theorem 4.3 is the base of induction of the proofs of the Theorems A
and B, this M-property gives restrictions on the functions of higher orders in Theorem B.
Note that any finite subset of Gy which has the R-property also has the M-property (see
Proposition 5.11 below). Recall that when G is a finite set of functions, we use the notation
Gaitr = {82 — g1 181, 82 € G, &1 # &2}

Definition 2.8. Let G C F U L be a finite set for which Ggig CFUL. I[f 0<a <1,
let G(a) =G N F(a). G is said to have the M-property (M for monotonicity) if for all
O0<a <1 and all pairs ¥, ¥ € (G U Ggifr) N F such that either ¥, ¥» € G(a) U
G (@) giff or ¥, Y2 € (G N L)gisr, we have the following.
(@) L =1lim, (Y] (x)/¥5(x)) exists in R U {Z00}.
(b) If Le{0,£o0} and f=(y)/y¥;) then f is eventually monotone and if
lim, o0 (xf'(x)/f (x)) = 0 then lim, _, oo (x " (x)/f" (x)) exists.
Remark. Tt is not clear if the condition limy_ oo (xf” (x)/f’(x)) exists is automatically

satisfied when the other conditions are satisfied. However, if the limit exists then the value
is —1 according to the following lemma.

O

LEMMA 2.9. Let f € C®MRT) such that limy_ oo(xf' (x)/f(x)) =0, limy_ oo f(x)
€ {0, doo} and limy_s oo (xf” (x)/f'(x)) exists. Then limy_, oo (xf"(x)/f'(x)) = —1.
Proof. Suppose first that limy_. f(x)=0. Since limy_,oo(xf'(x)/f(x)) =0,
limy _, o0 xf”(x) = 0 such that, by I’'Hopital’s rule,
W
= lim = 11 .

X—00 f(x) X—00 f’(x)
Hence, limy oo (xf"(x)/f'(x)) = —1.

Suppose now that limy_, «, f(x) =00, and let f; = 1/f. Since

xfix) im X

0

im = — lim =
x—>00 f1(x) x—oo f(x)
and
xf{(x) i <Xf”(x) Xf’(x)>
: = lim -2 =-1,
x—=oo fi(x)  x—=oo\ f'(x) fx)
we are done. O
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LEMMA 2.10. Let A <0 and let fi, f» € C°RY) such that limy_ oo f1(x) =0,
fi <0 and such that lim,_o(xf](x)/f1(x)) =1lim, o (xfy(x)/f2(x)) =0 and
limy oo (] ()/£{(x)) = —1. Let ¢ = fi + x* fo. Then ¢/ < 0.

Proof. We have

¢’=f{+x*—1f2<,\+ﬁ) =f{(1+ : (A+ﬁ)).

f x1=2fl f

Let  =x'=*f{ f;'. Then (x0'/6) =1 — A+ (xf]'/f]) — (xf3/f>) = —1 > 0. Hence,
by Lemma 2.1, lim, .o |6 (x)| = 00, and therefore ¢ has the same sign as fl’. O
PROPOSITION 2.11. Let g1, ..., g € F be such that for i #j, g —g;j€F, and
such that {gi1, ..., gk} has the M-property (Definition 2.8). Suppose that for each
i, (8i(0)/g1(x)) is bounded. Let §(x)=giogy'(x) if g1 >0 and let §(x)=g
o(—g1)~'(x)ifg1 <0. Then foreachi and j #1i, §i, gi—geFULandi{g, ..., &
C F U L has the M-property.

Proof. Suppose that 0 <o; <1,i =1, ..., k, are such that limy_, o (xg//gi) = ;. Since

(gi/g1) is bounded, o; <« for all i by Lemma 2.6. Suppose that g1 > 0. If o; <
then by Lemma 2.6 the pair g1, g; satisfies the conditions in Lemma 2.7 in order that
8i € F(a;/ay). If o = «p then the M-property and 1’Hopital’s rule assure that the same
conditions are satisfied. Hence, g; € F(a;/a1) U L for all i. Similarly, by Lemma 2.6,
the M-property and Lemma 2.7, g; —g; e FUL if i # j and g; — g; € F(B), where
B <ay,org;, g; € F(ay). Suppose now that g; € F(a1) and g; € F(B) for some B < a;
and that g//g| goes monotonically to 0. We need to show that also (g/ — g}) /8| goes
monotonically to 0. Let f; =(g//g}) and f; = (g}/g/l)xo“_ﬂ. Then lim, oo (xf// fi)
= limx_)oo(xf]f/fj) = 0. Since f; goes to 0, it follows by the M-property and Lemma 2.9
that lim,_, oo (xf;"/f/) = —1. Hence, by Lemma 2.10, (g; — g})/g/l = f; — xP~% f; goes
monotonically to 0, and by Lemma 2.7, &; — g; € F(1).

It is left to prove that G has the M-property. Let 0 <o <1, G(x) ={g1, ..., 8}
NF(@) and Glafoa) ={81, ..., &) NF(afor), and let i1, ¥ e Gla/ar)
UG(a/ar)gie. Then there exist ¢1, ¢o € G(a) U G()gifs such that y; = ¢; o gl_l,
i=1,2, and (Y1/¥2) and (¥|/¥5) = (] og;")/(#,0g; ") have the same asymp-
totic behavior as the ratios coming from the original functions since g; is mono-
tone. However, we need to prove that if 6 = (y{/v3) and lim,_, « 6(x) € {0, 00},
then lim, 00 (x0”(x)/60'(x)) =—1. Let r =(¢]/¢) such that 6(x) =r(y), where
y =gy (x). We have y' = (1/g}(»)), y" = —(g](»)/(g;()?)y’ and by the M-property

of G, limy_, o0 (xr”/r") = —1 so that
x0"(x) . x(" MO+ ()Y
im = lim
x—00 9/(x) xX—00 r/(y)y/
— tm <yr”(y) gi(y) g1y ygi’(y)>
y=oo\ r(y) ygi(»)  ygi(») &1 ()

1 1
(-)— — —(a; — 1) =—1. O
o] o1
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LEMMA 2.12. Letg € C®(R*") and y € R be suchthat g’ (x) — y as x — oco. Let h € N.
Then

[g(n+ M) —[gm)]=[g(n+h) —gn)] + bu(n) =[yhl + an(n)
where by, (n) € {0, 1} and there exists My, such that for n > My, ap(n) € {0, £1}. If y =0
and g is monotone then ay(n) = 0 for a set of n of density 1.

Proof. Since [x —y]=[x]—[y]—6, where §=0 if {x}>{y} and 1 otherwise,
by(n) €10, 1}.

If yhdZ let 0 <e < (1/h) min{{yh}, 1 —{yh}}, and if yheZ let 0 <e < (1/h).
Since g’(x) — y, there exists M}, such that for x > Mj, |g'(x) — y| <e. Let n > M.
Then by the mean value theorem there exists z,,, n < z, <n + h, such that [g(n + h) —
gm)1=1[g'(zn)h] =[yh + (g'(z4) — y)h] which equals [y h] if yh & Z, or if yh € Z and
g'(zy) = y. Otherwise, if yh € Z and g’'(z,) <y then [g(n +h) — g(n)] =[yh] — 1.
This shows that ay (n) € {0, +1}.

Suppose that y =0 and that g > 0. If {(n e N |[g(n)] <[g(n + D]} ={n1 <ny <nj3
< -.-}then g(ngy1 + 1) — g(ng) > 1 and by the mean value theorem there exists ny < zi
<ngy1 + 1 such that g(ngy1 + 1) — g(ni) = &' (zx) (ng41 + 1 — ny). Hence, ngy 1 — ny
— 00 as k — oo. Thus the set {n € N | 3k, n <ny <n + h} has zero density. The proof
for the case g < 0 is similar. O

3.  Weakly mixing systems and summation methods
In this section we collect some results which will be needed in the next sections. These
include some basic facts on weakly mixing systems as well as a result on summation
methods in normed linear spaces. From now on we will be assuming that all the vector
spaces we work with are over the real scalars. (It is not hard to see that this assumption can
be made without loss of generality.)

In the following theorem, the equivalence of the first three conditions is well known
and can be found in any basic text on ergodic theory. As for the condition (iv), see [18],
[14, p. 96], and [1].

THEOREM 3.1. Let (X, B, u, T) be an invertible measure-preserving system. Then the
following are equivalent.
(1) T is weakly mixing, i.e. for any A, B € B one has

1

N
lim — Z IW(ANT"B) — n(A)u(B)| = 0.
n=1
(i) Forall f, g€ L*(X,B, ),
1 N
lim —
N1—1>noo N ;

N—oo N
[rrrean= [ ran [ ean| o
(i) T x T is weakly mixing.
(iv) Forall f € L*(X, B, u) with [ f =0and any sequence ny, of positive lower density,

1 &
1' _ Tnk
im H N ,; f

N—o0

=0.
2
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LEMMA 3.2. Let a;(n),i =1, ..., k, be k integer-valued sequences. Suppose that for
any weakly mixing system (X, B, u, T) and any f; € L°(X, B, n), i =1, ..., k, with
f f1du =0, we have

=0.
2

N—o00

1 N
lim H N Z T“l(") fi Taz(n)f2 . Tak(n)fk
n=1

Then, for any bounded sequence u, of real numbers, for any weakly mixing system
(X,B, n, Tyand any f; € L°(X, B, w), i =1, ...,k with [ fidn=0,

=0.

|
lim || — w, TOW gopa®m ¢ pa®)
HN ,;21 n f 12 Ji )

N—o00

Proof. Suppose that |u,| < ¢ for all n. Let F,, = T4 fi7%W £, ... 7%® £ Then

1 & 2 1 & 2 2
|7 2l = [l 2] a2 5 T [ oo
n=1 n=1 n,m
and
1 2 1 N 2
i 2| Fbwan| = [ f‘ﬁ 3 B F)| dut) dut)
n,m n=1
which goes to zero when N tends to infinity, since 7 x T is weakly mixing. O
PROPOSITION 3.3. Let 6;;(n), neN, j=1,...,1, i=1,...,k be integer-valued
sequences such that for any weakly mixing system (X, B, u, T), any f; € L*(X, B, ),
i=1,...,k andany j€{l,...,1}one has
LS 6, n) 7. ) Ok (n) :
li — 7o £ o2 fy o TR £ — ) =0.
NI_I)nOOHNrg f 12 Jk H-/ﬁ M2
Let Ulj=1 C;j be a partition of N and let 6;(n) =0;;(n) if and only if ne Cj, j=
1,...,1l. Then for any weakly mixing system (X, B, u, T) and any f; € L*°(X, B, ),
i=1,...,k, one has

=0.
2

1 N k
tim 1L S™ 70 g poam o  pam / »
Nl_f)HOOHN; N 12 Jk E fidu

Proof. Let uj(n)=1if n € C; and 0 otherwise. Then 7O 7020 f o TOM £
= Z];':I uj(n)T‘)U(”) FiT%i™ £y ... T% @ £ The result now follows from the previous

lemma. O
Note that if for some g; € G,i =1, ..., k, one already knows that
1 & k
D SE LV R L 1—[/ i
n=1 i=1
for any weakly mixing system and any fi, ..., fi € L°°(X), then the same result holds
for [gi(n)] + ¢; (n) if ¢;(n) takes on only finitely many values, i =1, .. ., k.
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The following simple lemma will be utilized in the proof of Theorem 4.3 in the next
section.

Let y =y(n, h), n, h > 1, be a bounded family of positive numbers. We say that y
satisfies the condition (C) if

1 & 1
lim — li — ,h)=0.
LEMMA 3.4. Let yi, ..., y; be bounded families of positive numbers which satisfy the
condition (C). Suppose y is a family such that for all h, for all large enough n, y(n, h) €
{yitn,h) |i=1,...,1}. Then y satisfies (C).

Proof. 1t is clear that the following hold.

()  YI_, yi satisfies the condition (C).

(i) If y is a family that satisfies (C) and if y is another family such that, for all 4, for all
large enough n, y(n, h) < y(n, h), then y satisfies (C).

Let y = Zé:l vi. Then for all A, y(n, h) < y(n, h) for large enough n, and hence, y

satisfies (C). O

The next theorem is an extension of one of the classical results on summation methods
for real-valued sequences, (see [16, Theorem 14]), to sequences in normed linear spaces;
it will be used in the proofs of Theorems 4.3 and 7.3 below.

THEOREM 3.5. Let p,, n=1,2,..., be a sequence of positive numbers such that
lim;,_, 5 pn = 00 and such that there exists an increasing sequence g, with p, — qn
bounded. Suppose also that (np,/P,) < ¢ for some ¢ > 0, where P, =Y _, pi. Let xp,

n=1,2,..., be a bounded sequence in a normed linear space. Then
1 N
Jim | | =0
if and only if

1 N
lim | — x|l =0.
Hl,zp

N—o0

Proof. Leta, = p, — qn and let d > 0 such that |a,| < d for all n. If

n
On= Z 9k
k=1

then
P n
lim -2 = lim Ont 21 & Lkt G -

n—oo Q, n—00 O

1

since lim,_, o g, = 00 so that

1 n
_ ax
o2

=1

n
<d——0.
n
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Hence, there exists ¢; > ¢ such that

ngn Py npy nan

= + =c
Ql’l Qn Pl’l Qn
for all sufficiently large n.
Since x;, is bounded,
1 &
lim |— a,x,| =0.
N—ool|| Py = e
We therefore have that
1 &

dn g L] =0

if and only if

li — =0.
N1—r>noo' On anxn 0

Suppose that limy_, o ||(1/N) Z;]qul Xu |l = 0. Let € > 0. There exists Ny such that for
N > Ny, || Zflv:l xn|l < Ne. Let s, = Z,](V:n xi. For Ng <m < N, we have ||s,,|| <2Ne.

We have
ES L(x
e gnXn| = H_< Gn(Sn — Sp+1) +CINSN> '
Q n=Ny QN n=Ny
1 N
= Z (Gn — qn-1)sn + 4NySNy
On n=No+1
1 N
< —( > @ —gu-Dllsall +qNo||sNo||>
QN n=No+1

IA

L(2N6)(2q1\/) <4cie.
ON

Hence, lim supy_, , |(1/0On) Z,]lvzl Gnxn |l <4cre.
The other direction is true for any increasing g, and can be proved similarly. O

In order to prove a theorem for Fejér functions which are slower than those in 7y
(see Theorem 5.13 below), we need the following theorem which is proved by Lorentz
[20, Theorem 7] for real valued sequences x,,, see also [8, Theorem 2.4.9]. The same proof
works for sequences in any normed linear spaces and we include it here to make the paper
self-contained.

THEOREM 3.6. Let p, be an increasing sequence of real numbers such that p, — oo, and
such that if P, = ZZ:O Pr then limy, oo (pn/ Pn) = 0. If x,, is a bounded sequence in a
normed linear space such that

1

N
I\Jiinw“ NI ,12:(:) Xphtn | = O uniformly in h, (10)
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then

1 N
lim e X =
H Py ,?ZO PnXn

N—o0

Proof. Suppose that ¢ € R™ is such that ||x;|| < ¢ for all k. Let € > 0 and let Ny € N such

that
1 h+Ny
X,|| <€/4 forallheN 11
H N Zjh n|| <e/ (11
and let ng = ng(Nog) such that
Py < € for all N > ny. (12)
PN 4N()C

Let N > ng, and for this N let p, = p, if 0 <n < N and let p, = 0 otherwise. We have

ESS T S
- PnXn|| = |5 PnXn — Xn—— Dk
Py =% Py 1= No + 1 n=No Py k=n—Ny
B
e PR ST DS
+ Dk — — Pk Xn
NO+1 n= k n—Ny n=k
Y
1 | & k+No
- Pk X
B
where § < €/4 by (11),
Yy = Xn—— Dk — Xn—— Dk
N0+1 n=Ny Py k=n—Ny PN k=n—N
No—1
1 0 1 “ - PN €
LYl S ] eem <
No+1 = Py K No Py 4
by (12), and
.3 = H_ ﬁnxn - xn_< ka - ﬁn(NO + 1)) H
Py n=0 N0+1 n:N() PN k=n—N
N+Ny
< cNyg— —
<c 0P +N0+1n21\;0 Z 1ok = Pn]
7Zr —n—k |Pr—pr+1l
< e/4 i — k
<e€/ +N+1n20 | Pn pn+l|Z
¢ No(No+1) 1
€/4 —2py — €/2
_/JrN0+1 > PN(pN po) <€/
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by (12). Hence,

— > puxn| S€/dt+e/d+e/2=e. O
Py —~
Remark. As in Theorem 3.5, it is easy to see that the same conclusion is true if p, itself
is not increasing but there exist some increasing sequence ¢, and a bounded sequence a;,
with p, = g, + a,. We will call such a sequence almost increasing.

4. Convergence theorem for functions from F U L

Theorem 4.3 below will be used as a base of induction in the proofs of Theorems A and B.
We will use the following version of van der Corput’s difference theorem which follows
from the proof of [2, Theorem 1.5].

THEOREM 4.1. (Van der Corput trick) Suppose that x,,n=1,2,..., is a bounded
sequence of elements in a real Hilbert space. If

lim — Z lim sup — Z(xn, Xnth) =0,
H—oo H N—oo
h=1 n=1
then

1 N
lim HNZX,,

N—o00
n=1

LEMMA 4.2. Suppose that (X, B, u, T) is a weakly mixing system and let q;(x) =
[aix]+ci, o €eRN\{0}, cieZ i=1,...,k Then for any f1, f2,..., fx €
L>®(X, B, ) one has

lim —
N—oo N

—11(/ )

Proof. Since {[a;n] + ¢; | n € N} has positive density, we have by Theorem 3.1 that

/fqu'(")fl dufsz‘“(")fsz /fkT‘“(")fk dp

=0. (13)

hm— fTa"H“fd/L (/f,du) =0,i=1,...,k.

N—soco N
Formula (13) now follows from the fact that if uj, ..., ux are bounded sequences
and [,...,lp e R with limy_c(1/N) Zf,v:l luj(n) —1;|=0, i=1,...,k, then
limy oo (1/N) Son_y 1 TT; i) = T1; il = 0. D
THEOREM 4.3. Let g1, ..., 8 € FUL be such that g; —g; € FUL for i # j and
assume that {g1, ..., gk} has the M-property. Then for any invertible weakly mixing
system (X, B, w, T) and any f, ..., fx € L*(X, B, ),

=0. (14)

k
Jim H_ZTm(n)] fioo T G T / P
i=1 2
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Proof. We use induction on k. Let k = 1. We have to show that for g € F U L

Jim H ZT[g(”)'f /fH =0. (15)
2

If ¢/(x) >y #0 as x — oo then {[g(n)] | n € N} has positive lower density and (15)
follows from Theorem 3.1 (iv).

If g’(x) — 0 then (15) can be proved in two different ways. One of the proofs works
for any Fejér function and is a special case of the proof of Theorem 7.1 below. The other
proof, which we will present here, is via the method of passing to an equivalent method of
summation and uses the assumption that for some 0 < o < 1, limy_ oo (xg’(x)/g(x)) = .
We remark that this method will be utilized later in the proof of the inductive step.

Replacing, if needed, f by f — [ f, we may and will assume that [ f = 0.

If g is positive, let ¢(n) =|{m e N|[g(m)]=n}|. By Lemmas 2.4, 2.5 and
Theorem 3.5, we have

[g(N)]

lim —ZTg(”)]f— lim — Z d)T" f

N—ooo N
lim d(M)T" f = hm — T" f = f f
T N Z —oP(n) 5 Z Z

Now if g takes negative values, then [g(n)] = —[—g(n)] — a,, a, € {0, 1} and we let
¢(m) = |{n | [—g(n)] = m}]| so that T8I = T=m=ax £ Since T is invertible and weakly
mixing we get the limit (15) in the same way as for positive g by using Proposition 3.3.

Suppose that the theorem is true for k — 1, and let g1, g2, ..., gk € F U L such that
they satisfy the conditions of the theorem. Let (X, B, u, T) be a weakly mixing system
and fi, ..., fr € L®°(X, B, n). We will show (14) for this system. We may assume that
[ fi=

By the M-property and I’Hopital’s rule, lim,_, o (g;(n)/g;(n)) exists in R U {£o0}
for any i, j. By possibly reordering the g;’s, we have that lim,_, 5 (g; (n)/g1(n)) = ¥,

where |y;| < oo for all i. Consider first the case where g;(n) — A; #0,i=1,...,r and
gi(n)—>0,i=r+1,..., k where | <r <k.Letx, =TEWIf ... Tl g Then
(Xp, Xnah) = / Tl81(m] fi- 7 lekm)] fi T[gl(n+h)]f1 . T[gk(n+h)]fk m

— / T[gl(ﬂ)](flT[gl(ﬂ-i-h)]—[gl(ﬂ)]fl) . T[gk(")](fkT[gk(n+h)]—[gk(ﬂ)]fk) du

= / f:lT[gZ(n)igl(n)]+c2 f~2 P T[gr(n)fgl(l’l)]‘l’c'rﬁ_

x T[gr+1(n)—g1(n)]+cr+1fr+l . T[gk(")—gl(n)]+ckfk du

where  fi = fTI80I-la] f, — prlahlaem ¢ i1y and [ =
FiTlsitm=—lsim] g — gpaiuh) £ G —p 4 1k, and by Lemma 2.12, ¢; = c¢;j(n) €
{0, 1} and a;(n, h) € {0, 1} for sufficiently large n. For each h and j =1, ..., k, let
aﬁ-’,w cjieR,i=1,...,1[, be such that

(@i(n, h), .o ax(n, ), 2, ) € (@l oy e o) =1
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Let fj; = ij[)‘th“?ifj, j=1,...,r, fji = ijaj'lifj, j=r+1,..., k,and define
yi(n. ) = ‘ / FTlem—sioen £ plam—simes £ g,
foreachn, h,i=1,...,l. Now,g; —g1€e FUL, j=2,...,k,and these new functions

satisfy the conditions of the theorem. Since strong convergence implies weak convergence,
and since T is weakly mixing, we have, by the induction hypothesis,

yi(h) = lim —Zy,m h)

N—oo N
h h v v
- ‘ [ s [ gt [ [l
Let bs,'j € R be such that (aili, e, afl.) € {(blij’ Ce, bk,'j) |j=1,...,u;}. Let ]Zsij

= f,Tii f,,s=r+1, ..., k, and define

zij(h) = '/ [T fy / [ T f, / frvvij - | fuj

for each A. It follows now from Lemma 4.2 that

| A 2 2 . .
dm =) (o) [ [ =0

for each i, j since [ fi =0, so that

It follows from Lemma 3.4 that

lim — thsup— Z [{(Xn, Xntn)| =0

H—oo H —| N—ooo

and so by Theorem 4.1 we have proved (14) for the case where glf (n) = A; # 0 for some i.
Suppose now that g/ (n) — 0 for all i and that

. [ &i(x) (&)
lim ( £ ) = lim : =VYi, Vs Vs Z0, Yr1=-- =y =0,
x—00\ g1(x) x—oo\ g} (x)
1 <s<k.

Introduce the new variable m, m = [g1(n)] (or m =[—g1(n)] if g1 <0). Let g;(m) =
gi(g7(m)). Then by Lemma 2.7, §; € F U £ and [g;(m)] = [&: ([g1 (D] + ¢ (n), ci(n) €
C CZ,|C| < oo, and by Proposition 2.11, {g1, &2, ..., g} has the M-property. Let
Ulj:l C; be a partition of N and b;; € R such that ¢;(n) =b;; if neCj,i=1,..., k.
For n € Cj, we then have

T[gl(”)]fl Tlekm] fi= Tl81(m] flT[gz( g1(mDI+by; fa - [gk([gk(n) )1 +by fe,
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and by Proposition 3.3 it suffices to prove that

N
%ZT[gl(nn AT D +by o plasmD by f / fee f fi=0

n=1

for j=1,...,1. By changing the index of summation, m =[g;(n)], and letting
¢(m) = |{n e N|[g1(n)] = m}|, we have by Lemmas 2.4, 2.5 and Theorem 3.5

N

1 . R
lim — Tle1m] £ Tle2ermDI+b2; £ 7ler gk (DDI+by;
N—oo N r; i f2 Je
R [&2(m)]+D [8k (m)]+D
= lim — 2 m)T™ f71820m02) £, lactm)]+0i
VRN L d(m)T™ fi P Ji

1 & . .
= lim — T T[gz(Wl)Hsz L. T[gk(m)]+bkj )
m - §=1 il ) Sk

We are now back to our previous situation. Hence, (14) is proved. a

Note that in the special case when g1, . . ., g € £, Theorem 4.3 also admits the uniform
version which corresponds to replacing the expressions

N—o00

1 N
lim — S 7lerl g plem]
N 2:1 Si fr

by

1
lim
N-M—oo N — M

N
Z T[gl(n)]fl . T[gk(n)]fk.

n=M+1

The proof follows by invoking the uniform version of Theorem 4.1 (see [2, Theorem 3.2])
and is left to the reader. In particular, we have the following result which will be used in
the proof of Theorem 5.13.

PROPOSITION 4.4. Letcy, ..., ck € R\ {0} and assume that c; # cj for i # j. Then for
any invertible weakly mixing system (X, B, u, T) and any fi, ..., fr € L®(X, B, ),
1 m+N k
i [ein] [eknl ¢ A . .
Nh_I)nooHNn;;HT Py T f E/ﬁ 2—O uniformly in m.

5. Tempered functions

In this section we take a closer look at the various classes of tempered functions which
were defined in the Introduction. The results obtained in this section will be used in the
next section in the proofs of Theorems A and B.

PROPOSITION 5.1. Let Gy = {g € H | Ja > 0, limy— 00 (xg'(x)/g(x)) =@, if ¢ € N then
limy— 00 g (x) € R}. Then Gy = G N'H.

Proof. In order to use I’Hopital’s rule when the functions involved are members of a Hardy
field, we only need to check that both numerator and denominator either tend to O or
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to oo. We leave it to the reader to justify the use of I’Hopital’s rule below, but remark
that Lemma 2.1 is often useful.

We first prove that GNH C Gy. Clearly TNH CGy. Let gePrN'H. Then
limy o0 (xg 12 /g*+ D) = (0/y) =0. By I'Hopital’s rule we have lim,_, o (xg’/g) =
[ + 1. Hence, g € Gy.

Now we prove that Gy CGNH. Let g€ Gy, [ eNU{0} and / <« <[+ 1 such
that limy_, oo (xg’/g) =a. If a#[4+1 or a=I[+1 and lim;_, o g/ (x) =0 then
it follows by I’Hopital’s rule that limy—s 00 (xg TV (x) /gD (x)) = — i for all i €N,
and hence, g € 7. If @ =+ 1 then by I’'Hopital’s rule lim,_, o (xg**t? (x)/g"*+D (x))
=0 so that if limy_ e gV (x) =y #0, then lim,_, o xg¢*t? (x) =0. In particular,

limy— 00 g2 (x) = 0. So by I'Hopital’s rule again, 0=lim,_ o xg"*?(x)
=lim, 0o (g2 () /(1/x)) = —lim, .00 (¢ (x)/(1/x2)) = —lim, . 0ox?g ) (x).
By induction, lim,_, o, x'g¢++1 (x) = 0 for all i € N. Hence, g € P. O

PROPOSITION 5.2. If g € 7T then g is a tempered function.

Proof. Suppose that [ >0, g € 7; and that 0 < A < 1 such that lim, 0 (xg’/g) =1 + 1.
Since 7 C R, all the derivatives g@) have eventually constant sign. Also, by 1"Hopital’s
rule, limy_, oo (xg*V/g®)=21. Hence, by Lemma 2.2, g is a Fejér function and
therefore g is a tempered function of order /. O

Definition 5.3. Let

O
lim —————
X—> 00 f(x)
Examples. The following functions belong to S.
. )/—1—25-{:1 cixPi wherey e R\0,c;i eR, Bi <0,i=1,...,k.
° y+cos(logﬁx),where|y|>1,0</3<10r7/eRandﬂ<O.
o y+logfx, wherey eR,BeR, (v, B)#(—1,0).
° y + (sin(log x)/log x), where y € R\ 0.

S= {f e C®(R™M)

:OforallieN}.

PROPOSITION 5.4. Letl € NU {0}.

(1) LetO< X <1. Then g € T; with limy_, 5 (xg'(x)/g'(x)) = A + [ if and only if there
exists f € S such that g(x) = x*** f (x).

(i) If geT; with limy ,o0(xg’ (x)/g' (x)) =141 then there exists f €8 with
limy_, 00 f(x) = O such that g(x) = x'*1 f(x).

(iii) Lety € R\ {0}. Then g € P; with lim,_, o g™V (x) =y if and only if there exists
feSwithlimy_ o f(x)=(y/( + 1)) and such that g(x) = x'*1 f(x).

Proof. (i) (=) and (ii). Let O<A<I. Suppose that ge€7; and that
limy 00 (xg’(x)/g(x)) = A + [. By I’'Hopital’s rule,
@i+
fim Y9 5y (16)
xX—00 g(l)(x)

fori =0,1,2,....Leta = A+ andlet f(x) = (g(x)/x%*). Then

1
gD =) a7 ), i=0,1,... (17)
s=0
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where a;o =1 for all i and a;; = (;) ]_[‘;;})(oc —j)yfors=1,...,i,i > 1. Hence ajs # 0
fors =0,...,iandforalliif A < 1andfori <[+ 2if A =1 so that
xg D) (0= i) + T bis T I () £ () as)
gD () L+ 020 cis (s fE9 () / £ (x))
fori =0,1,2,...whenA <landfori =0,1,...,/+ 1 when A =1, where
aj+1,s dis
is Cis

Tala—1-a—it) T al@a—D--(@a—it+1)

When A =1andi >1[ + 2, then

xg D (x) _ G FED )/ F(x0) + Zéill 1,5 (TS FUFIZD () / £ (x))
gD (x) S s (xS =9 (x) / f (1))

Since a = lim,— o (xg’(x)/g(x)), we get from (18), i =0, that lim,— oo (xf'(x)/f (x))
=0, and by induction on i, using (16) and (18) when A < 1 and using (16), (18) and (19)
when A = 1, we get lime oo (x! fO(x)/f(x))=0,i=1,2,.... Hence, g(x) = x* f(x)
where f € S. Itis left to prove that lim,_, o, f(x) =0 when A = 1. But this follows from
the facts that g € 7 so that lim,_, o, g*" (x) =0, and that

l I+1—s p(+1-s)
U+1) oy X f (x))
8 (x) = f(X)<(l + D!+ s§=0 Al+l,s R .

19)

(20)

(i) (<) Suppose now that 0 < A < 1 and that g = x**' £, f € S. It follows from (18)
that lim,_, oo (xg" D (x)/g@(x)) =A +1 —ifori=0,1,2,...,and hence, g € 7;.

(iii) Let y € R\ {0} and g € C®(R") such that lim,_o gtV (x) =y. Let also
g1=g¢"® and f; =gi/x. By I'Hopital’s rule, lim,_, o fi(x)=1lim;_ o g x)=v.
Furthermore, we have gii) = ifl(i_l) +xf1(i) for i e N. By letting i =1 we get that
limy 00 X fl’ (x) = 0. Hence, by induction on i, we have

lim x'g! ™) =0« lim x' ;P x)=0, ieN. 1)
X—> 00 X—>0
(=) Let g, y and f be as above and assume that g € P;. Let f> = (g/x'*1). Then, by
I"Hopital’s rule, limy_, o f5>(x) = limy_ 0o (gt (x) /(I + D) = (y /(I + D). Tt is left to
prove that f» € S. Since (xgtD /g®) = (g+D/f) so that lim,_, o (xg!TP/g?D) =1,
we obtain (16) for A.=1and i =0,...,[, by l’Hopital’s_ rule. We also have (18) for
f=fori=landi=0,...,1+ 1. Hence, lim,_ o x' fi’(x)=0fori=1,...,142.
Since g = (1 + Dlxfo + Y 2b apx™1 =5 £179 (see (17)),

-1
A=A+ D+ > a0 (22)
s=0

so that for some b;; € R,

-1 i
s=0 j=0
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Since lim,—, o0 x £\ (x) = 0 by (21), it follows by induction on i that lim,_, » x £ (x) =
0 for all i. Hence, f> € S.

(<) Suppose that g =x'T1 5, fr € S, limy_ o0 fo(x) =2 € R\ {0}. In the same way
as we obtained (22) we now get that g) = xf; where fj is given by (22). It follows that
limy f1(x) = ({ + 1)!y, and that f; € S. Hence, g € P; by (21). O

LEMMA 5.5. If f1, f» € S and c € R\ {0} then the following hold.

i Nifes

i) 1/f1€8.

(i) cfi +xf{ €S.

iv) fi+x*freSifa<O.

V) fi+ L eSfL=limg(f1(x)/f2(x)) exists in RU {00} and L # —1.

Proof. (i) Let f = fi fo. Since f@ =3"_, (i)fl(i_s)f(s), we have

0 i\ vies pli—) (s)
lim RGO lim Z <l>x fi T X7 _
x—oo  f(x) x—00 s fi(x) Hx)

s=0

fori e N.

(ii) Let f =1/f1. We show by induction on i that (x! f%)/f) is a linear combination
of terms of form HZJ = xff] /fl) When i =1 then (xf'/f) = —(xf{/f1) which is

of the right form. Suppose (x' f®/f) = Yad, o= HZ; lj:l.(xj ](Z’)/fl) so that
FO =% af Ty, 1= (A" /f) and f' == F(f{/f)- Then

)

Us+1) _ £r ¢Us) @
gl L S )

] Y =i 1 14

so that

i gy
B i fl fl

Zj lj=i

z+]f(l+l)

xls-‘rlfl(ls""l) xfl/ xls fl(ls) f(l )
+Xs:< S A f ),g f1 )

which is of the right form. Hence, lim, _, oo (x' £ (x)/f (x)) =0 fori € N so that f € S.
(i) Let £ = cfy + xf{. Then fO = (c + i) £\ + xf"*" so that for i € N,

A0 e DO @A) + 6 AT/ f10)

= =0.
x—oo  f(x) x—00 c+ (Xfl(x)/fl(x))
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(iv) Let f = f1 + x¥ fa. It follows by induction on i that f@ = £ 4 x*~(a(a — 1)
=i+ DAY cjxjfzm) for some ¢; € R so that

X fO)
lim ————=
r=o0 f(x)
FR0 o ) SO 0
%“30{[ A A (“ SRS P e
o« (%) ‘1}
1 —_ =0
X[ i fl(x):|
for i €N, since by (i) and (ii), (f2/f1) € S and limy_ o x*(f2(x)/f1(x)) =0 by

Lemma 2.1.
(v) Let f = f1 + f2. Suppose that lim,_, o |(f2/f1)] < 0o. Then for alli € N,

0w {[x" MOIWAOES ;”<x>][1 N fz(X)}l}zo' o
AT A 00 f1(0)

lim =
xX—>00 f(x) X—00

Remark. If ¢ =0 then Lemma 5.5 (iii) is true only for some f; €S. For example,
if fi(x)=logx then xfl’ =1 which is in S, while if fi(x)=1+ (1/x) then
xfl’(x) =—(1/x)¢S. Note also that Lemma 5.5 (iv) is not true for o > 0. For
f1+x%fo=x%(fr +x7%f1) so thatif x* f, € G, then also f] + x* f» € G and therefore
H+x*fHregS.

LEMMA 5.6. Let 0 < a1 < oy and suppose that

greG(), g egla), gk)=gix)+gx).
Then g € G(an) and g € P if and only if g» € P.

Proof. By Proposition 5.4, there exist f1, fo € S such that g; = x*! f] and gp = x“2 f,. We
have g = g1 + g2 =x2x* ™% f)1 4+ f,) and f =x“"*2f] + f, € S by Lemma 5.5(iv).
Hence, if oy ¢ N, then g € 7 («a2) by Proposition 5.4.

Ifap =1 e Nand limy_, o f2(x) =y, then

Jim £ = lim (710 + o) =

Hence, g € P;—1 if y # 0 by Proposition 5.4(iii).
Let ap=1/€N and y=0. If g1, g2€7 then it follows from Lemma 2.6 that
lim, o0 (2" (x)/g4” (x)) = 0 for all i € N such that

gy (Txed TP xg P gV g1
@ = lim 5) 5) @ I+-5
x=oo gl(x)  x=oolL e (x) g &) g (x)

+1
. xgd T
= lim 0
X—>00 2 (x)

=apy—1i

which shows that g € 7 («z). Suppose now that g; € P and g € 7. We have

g =gz<1 + &> =gz<1 +x°‘]‘lﬁ).
82 12
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Let ¢ =14+ x47I(f1/f). By Lemma 5.5, ¢eS. For any jeN, g =
J () =) %) and for i € N,

s=0
xg(i'H)(x) szJrl (1+1) (i+1 s)q)(j)
gD Y ()l

(i+1) i+l (i+1—s) () (’ =) 4 (s)
xgy (%) <z + 1) gz (x) x¢ (x)}[ < ) ¢ }
_ Y _ 2 .3
[ 2)(X) § gél)(x) ¢ (x) =1 (l) =

s=1

Since ¢ € S such that (x*¢®) /¢) — 0,

g(i+1_s) xp® - g;i—l) g;i—Z) g§i+l—s) xSg®
gél) ¢ ng) xgét—l) xg§l+2—s) ¢
goesto Oifl&{i—1,...,i+1—s}. Supposethatle{i—1,...,i~|—1—s},andlet

F=@d xgl ™). Then limy— o0 (x f// f) = 0. We will show that limy_, oo fx5¢®
=0fors eN. LetA=a; — Il and ¢ = f1/f> € S such that ¢ = 1 + x*. Then

#) = x5y, <H(A_J)+Zasj A A ”)7

where a;; € R. Hence, limy oo fx°¢®) = 0if limy_, 00 x*¢ f = 0. Let § = x*v f. Then
lim, 50 (x8'/8) = A < 0. Hence, by Lemma 2.1, lim,_, o fx*¢®) = 0. It follows that

Y (x0) x @ (x)

) =0 foralls eN.
X—00 gzl (x) ¢(x)

In the same way,
g5 () gV ()

im ———— =0 foralls eN.
X—00 g;l)(X) ¢(x)

Hence, by (23),

T ARG NI R C)
im _

) = ) foralli e N,
x—>o00 g (x) X—>00 g2 (x)
and therefore g € 7. O

If g € G and h € N, we will use the notation
Apg(x) =g(x +h) — g(x).

It is not hard to show that if g is a tempered function of order i and S8 > O then
g(x + B) — g(x) is tempered of order i — 1 (see for example [17, p. 36]). We have the
following generalization of this fact.

LEMMA 5.7. Let « > 1 and g € G(o). Then Apg € Glo — 1) and g € T if and only if
AgeT.
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Proof. Ifl > 1 and g € P; such that lim,_, oo ¢tV (x) =y %0, and lim,_, o0 x7 gD (x)
=0 for all ieN, then by the mean value theorem there exists z; =z;(x),
x<zi<x+h, such that limy_so(ARg)P(x)=1limeo gtV (z0)h=yh and
limy—s 00 X (AR2) D (x) = limys oo x gD (z;) =0 for all ieN. Hence,
Apg € Pr-1.

Let g € 7 and i > 1. Then for some 0 < ¢y, d; < h and by Lemma 2.3,

(AP o xg D eoh | xgi D) .
—_— Y = m n = lm n = —1.
X—00 (Ahg)(l—l)(x) X— 00 g(’)(x +d)h X—00 g(l)(x)

Also, if @ =1 €N then limy_o0(Arg) "V (x) =h limy_ oo g (x) =0. Hence, Ajg
€T (x—1)forall ¢ > 0. O

LEMMA 5.8. Let a >0, [=[a] and let gi,g>€ 7T (@) be such that either
limy o0 ¢ (1) /8P (0) exists in RU {00} or if a ¢ N, lim,o(g1(x)/g2(x))
exists in RU{£oo}. Then limx%oo(ggl)(x)/gél)(x)) =limy_00(g1(x)/g2(x)) for all
ielN

Proof. Sinceif g € T (), then limy_, oo (xg TV (x) /g (x)) = — i forall i € N, we have
that
' ' i—1 i—1 ; i—1
e g0 TPy e TP a—it1 g W)
lim =& — = lm —5 F) D, 1 o TGD
e g (x) e (xg, (x)/gz (x)) 1) (x) -1+ lameo 8 (x)

(24)

for all i e N for which a#i—1. If o« ¢N and limy_ (g1(x)/g2(x)) exists,

the conclusion follows by induction on i. Suppose that o € R and that

limx_mo(ggH'l) x)/ ggH)(x)) exists. Then by induction and (24),

. 1+ I1+i . [+1 [+1
lim g0/ ¢80 @) = 1im ¢V @) /6P (x))
X—=>00 X—=>00

for all i € N. Furthermore,
lim (g{”(x)/g3 () = lim (g{ " (x0)/gd "))
X— 00 X—>00

for all 0 <i < by I’Hopital’s rule. O

LEMMA 5.9. Let 0 < a1 < ay, az > 1. Suppose that g1 € G(a1) and g € G(ap) are such
that g» — g1 € G and such that if [ap]l =1 and go — g1 € T(ax — 1), g2 € T (a2), then
limx_>oo(g§[+1)(x)/(g2 — g1V (x)) exists in R U {£o0}. Let h € N, and let

g(x) =g (x +h) — g1 (x).
Then for sufficiently large h,

o ifor > ay,

geg), Where)h:{ max{ay — 1, B}  ifar=a1, 8 —g1€G(B), p <.

Ifap e Nand g0 — g1 € G(ap — 1) then g € P if either gy — g1 or gy is in P.
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Proof. If o) <ap, then g — g1 € G(ap) by Lemma 5.6 and Apgr € G(ap — 1) by
Lemma 5.7 so that g = g2 — g1 + Ang2 € G(az) by Lemma 5.6.

Suppose that &y = ap = « and that g — g1 € G(B8), where B <«. If 8 # o — 1, then
g=g2— 81+ Angr € G(\), where A = max{8, « — 1}, by Lemma 5.6.

Suppose that 8 = o — 1. Since g» — g1, Ang2 € G(o — 1), it follows by Proposition 5.4
that there exist f>p, fz € S such that gy — g :x“_lfgl and Apgo :x"_lfz. Let
f=fo+ f> so0 that g =x%"' f. By Lemma 5.5(v), f €S if limy_ 00 (f2(x)/f21(x))
exists in R U {00} and does not equal —1. If « € N then there exist y»1, > € R such that
limy_ o0 f21(x) = 21 and limy_, o fz(x) =9yoh. Hence, f € S and limy_ o f(x) #O0 if
either go — g1 € P or g» € P so that g € P in these cases by Proposition 5.4.

Suppose now that g, g, — g1 €7. We have for some x <zy <x+h and by
Lemma 2.3 that

Y 1C I VY (GO N ghzh gh()h
im = lim ——————=lim ———— = lim ——————,
x—oo frr(x) x—00 go(x) —g1(x)  x—o0 go(x) — g1(x)  x—o0 gr(x) — g1(x)

(25)

which exists since by our assumption and Lemma 5.8 limx%oo(géﬂrl)(x) /(g2 — g1) P (x))

exists in R U {£o00} for all i > 0, and is different from —1 for sufficiently large /. Hence,

if « ¢ Nthen g € 7 (o — 1) by Proposition 5.4. It is left to prove that g € R if o« € N.
Leti € N. If limy 00 (g3 T () /(22 — £)? (x)) € R then

xgw) L [[xe g™V a6 W)
lim ————=1i . T .
x=oo g(x)  xmool[ (82— 8P () ) (82— 80P )

i+1) —1
X
« [1 + hgz—“} }
(g2 — gD (x)
exists since the limits of all the smaller fractions exist. Hence, g € R and therefore

g € T(a — 1). The case where limx%oo(gé'url)(x)/(gz — gD (x)) € {£o0}, is similar. O

The following corollary now follows from Lemmas 5.7 and 5.9 and easy checking.
Recall thatif G = {g1, ..., g«} then Gair={g; — g | i # j}.

COROLLARY 5.10. Let G C ;1 Gi be such that Gagr CG.  Suppose that if
a>0, [al=1 and g1,82€GNT(x) are such that g —g1 €7 (ax — 1), then
limx_mo(gélﬂ)(x)/(gg — gl)(l)(x)) exists in RU {xo00}. Then for any g € G and for

all sufficiently large h € N, the set
G={s—g118€G. g#81}U{g]8(x)=g(x +h) —gi(x), g € G}
is contained in G and édiff cg.

PROPOSITION 5.11. Let G C G be a finite subset such that G gg C G and suppose that G

has the R-property.

(1) If G C Go then G has the M-property.

(i) Suppose that G C | J;» Gi- If g1 € G is such that (g1/g) is bounded for all g € G,
andifh € N, let -

G={g—8118€G g#g}U{Z140) =g +h) —g(x). g €G).
Then for sufficiently large h, G U Gaitt C G and G has the R-property.
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Proof. (i) Let G C Gy, 0 < <1, G(e) =G NG(x) and let ¥, Y2 € (G(x) U G () gisr)
NT. Suppose that ¥; € T(B1) and Y2 € T(B2). If B1 > B2 and f = (¥}/¥|), then by
Lemma 2.6, f goes monotonically to 0, and limy_ oo (xf'/f) = B2 — B1 #0. If B1 = B>
then by the R-property, lim, . o (¥{/v¥3) € R\ {0}. Hence, G has the M-property.

(ii) Since G has the R- -property, G satisfies the conditions of Corollary 5.10 such that
for sufficiently large £, G U G C G. Ttis left to prove that G has the R- -property.

Let g1 € G N G(a1), where o] > 0, and let « > 0. Any function in G(a) is of the form
g2 —g1orgy — g1+ Apga, where g2 € G N G(ay), and since o) < ap, eithera; < o = ay
or o] = ap > «. Therefore, any function in G (o) U G (a)gisr is of one of the forms

g2 —81, 8 —& +Ang, g4—8s5 8 — & +Ang. g8 — 8 + An(gs — g9)
(26)
where g € GNG(w;), i=2,...,9 and either o) <oy =---=ag=0a or a] =0y =

-=a9 > . If o1 < « then the ratios under study have good behavior by the R-property
of G. Suppose now that @; > «. Let us for now say that a function g has the rate g if
geg(p.

For each i € {1, 2}, let y; € 7 (B;) be a function of one of the forms (26), and suppose
that 81 — B2 =1 € NU {0} and that l/f([+k) and w(k) have the same rate 8, where k = [B2].
Then (W{Hk) / wz(")) may be written as a ratio of sums of partial fractions where the
common denominator of each partial fraction has the rate 8, as in the following example,

Y (s —g) ™R (g — g0 /gt
lim = lim 1 ,
X— 00 lﬂ(k) X— 00 (g6 —g7+ Ahg6)(k) X— 00 ((86 _ g7)(k)/g(k+1)) +h

where (g3 — ¢1)1, g "V e T(B) and (g6 — g1)® € G(2), 2 <B. Note that Ang
has the same asymptotic behavior as hg’. If the numerator of the partial fraction has
lower rate than B then this partial fraction tends to 0. Otherwise, it tends to a non-
zero number by the R-property of G. It follows that by letting & be sufficiently large,
limy oo (¥rf ™ /93) € R {0). D

The following lemma will be used in §7. Recall the definition of tempered functions,
Definition 1.4.

LEMMA 5.12. If g(x) is a tempered function then [g(n)]y, n=1, 2, ..., is uniformly
distributed (mod 1) if and only if y is irrational.

Proof. By Fejér’s theorem, Theorem 1.5, and the remark following it, g(n)A,
n=1,2,...,1is uniformly distributed (mod 1) for any A € R\ {0}. Let h € Z \ {0}. Then

lim — ZeZHIh[g(n)]V — lim — Z 2 ih(g(n)y —{g(m}y)

N—oo N N—oo N
n=1

1 N
= lim ; gy, gn)),
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where f(x, y) = >""*=17) i a Riemann-integrable periodic mod 1 function on R?. So
if (g(n)y, g(n)) is uniformly distributed (mod 1) in R? then

li 2mih[g(n)]y f/ dx d 0
Jim Ze fx,y)dxdy =

and by the Weyl criterion (see [19, p. 7]), [g(n)]y,n =1, 2, .. ., is uniformly distributed
(mod 1). Now, (g(n)y, g(n)) is uniformly distributed (mod 1) in R? if and only
if ag(n)y + bg(n) = (ay + b)g(n) is uniformly distributed (mod 1) for all a, b € Z,
(a, b) # (0, 0), which is true if and only if y is irrational. ]

We will end this section by proving a convergence theorem for tempered functions (and
not just for functions in the class 7).
Let! e NU {0} and for 0 <i <1, let ¥; be a tempered function of order i, and let

EWo, -, ) =spanfy) [0 < j<i,i=0,...,1}\ {0}, 27)

where the linear span is taken over R. We will say that g € E(Wo, . . ., ¥;) has order i if
g= Z;'=1 gj» where g; € E(Yo, . .., Y) is tempered, and max ;{order(g;)} =1i.
A subset {g1, ..., g} CEWo, ..., ¥y is said to be admissible if for any 1 <i < j

< k one of the following (mutually exclusive) conditions holds.

(i)  The order of g; is less than the order of g;.

(i) There exists c € R\ {0} and 1 <r <order(g;) such that g; — g; = cg;.r) + p1,
g, preEWo, ...y U0t and (p1/g") — 0.

(iii) Thereexistsd € R\ {0, 1} suchthatg; — g; =dg; + p2, po € EWo, - . ., Y1) U {0}
and (p2/g;) — 0.

Example. The set {10g3/2 x,2 10g3/2 X, X 10g3/2 x, x/2 log x, x™ (2 + cos \/log x)} is
admissible. See also additional examples of admissible sets in the formulation of
Corollary 5.14 below.

THEOREM 5.13. Let 1 e NU {0}, and let Y, ..., Y¥; and EWo, .. ., Y;) be defined as

in (27) above. Let k € N, and suppose that {g1, . .., g} CEWo, - .., Y1) is admissible.
Then for any invertible weakly mixing system (X,B, u,T) and any fi,..., fr €
LOO(Xv Bs :u’))

1 N k
lim L S plaen s plae g / 4
NgnooH v ; h fi l]} fi,

Proof. Let first [ =0 and let ¢ be a Fejér function. Then £(¢¥) = {cy | ¢ # 0} and
gi=cy,i=1,..., k,suchthat ¢; #c; wheni # j. Consider

Z T[CH//(”) ckW(ﬂ)]fk

nl

where we may assume that [ fj =0. By making a change of variables, m = [y/(n)],
we have [c;{(n)] = [cijm] + d;(n), where d;(n) takes only finitely many values. Let
¢(n) =|{k e N|[yr(k)] =n}| such that by the Lemmas 2.4 and 2.5, ¢(n) is almost
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increasing (see remark after Theorem 3.6) and lim,_ oo (¢p(n)/P(n)) =0, where
®(n) =) y_o (k). Then by Theorem 3.6 and Proposition 4.4,

1L ‘
lim HN Z T[cll”(n)]f1 . T[ckw(n)]fk
n=1

N—oo 2

| — . .
— lim qﬁ(n)T[”"Hd‘ fi--- T[ckﬂ]+dkfk
in | s 2

2

=0.

N—o0 2

1 N
= lim |[|—= ) 7lantdi g planltd
HN;1 /i Ji

The rest of the proof, when [/ > 0, goes along the same lines as the proof of Theorem B
in §6 below and the details are left to the reader. However, we will here check that
when using the van der Corput trick, we get a new set of functions which also is
admissible. First, notice that if 61, 6, are two functions and 6, — 0 then [0 (n) + 62(n)]
=[61(n)] +d,, where d, takes only finitely many values, and therefore 6, may be
neglected. Hence, if g has order i and Ay g — (hg' + Zj‘:z ang) — 0 then we can use

Ang =hg + 2322 ang'? instead of Aj,g. Assume that g1 has order at least one, and that

order(g;) > order(g1),i =2, ..., k. We will show that the set
G={Ang1 g — 81,8 — 8 +Apgili=2,... k)
which is a subset of £(Yry, . .., ¥;), is admissible. We have the following.

° The pair g; — g1 + A gi and g; — g1 satisfies condition (ii) of the definition of
admissible sets (see above) with r =1 if the pair g1, g; satisfies the condition (i)
or (iii), and it satisfies the condition (iii) if the pair g1, g; satisfies the condition (ii)
with » = 1, and (i) if g, g; satisfies (ii) with » > 1.

) The pair g; — g1 and Ajg; satisfies the condition (i) if g; — g; has the same order
as g; or has smaller order than glf , and the condition (iii) if g;, g1 satisfies (ii) with
r=1.

° The pair g; — g1 + Ahgi and Ah g1 satisfies the condition (i) if g; — g1 has the same
order as g;, and the condition (iii) if g;, g1 satisfies (ii).

° If i>j, €,€¢;€{0,1} and w; =gs; — g1 —i—esﬁhgs, s =i, j, the pair w;, w;
satisfies the same condition as g;, g; does if order(g1) < order(g;) < order(g;) or
order(g;j) < order(g;). Suppose that order(g1) = order(g;) = order(g;). Then
fors =i, j, gs =81 + cng“) + ps, where g > 0 and (ps/gfr“)) — 0. Hence, since
w; — w; has at least order 0, the pair w;, w; satisfies (i), (ii) or (iii).

Hence, G is admissible. O

COROLLARY 5.14. Let g1, ..., gk be tempered functions and assume that they satisfy

one of the following four conditions.

(@ gi=ajg i=1,...,k wheregisatempered functionanda; <ar < - - - < a.

® gix)=gx+4ai), i=1,...,k where g is tempered of order at least one and
O<ar<ay <---<a.

(c) giistemperedoforderi,i=1,..., k.

(d) Ifl eN and ¢ is tempered of order I, let Q = {25:0 a;d® | a; e R} \ {0}, and let
81, ..., 8 €Rbesuchthat g; — gj € Q foralli # j.
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Then for any invertible weakly mixing system (X, B, u,T) and any fi,..., fr
€ L¥(X, B, ),

=0.
2

1 N k
lim Hﬁ Z T[gl(n)]f1 . T[gk(ﬂ)]fk - l—[/ /i
n=1 i=1

N—o0

Remark. A natural extension of (a) could possibly involve powers of a tempered function
g. However, a power of a tempered function does not need to be tempered and may not be
an element of G even if g € 7. For example, if g(x) = /x(2 + cos /log x) then g € 7
but g2(x) = x(2 + cos /log x)?> €G.

6. Proofs of Theorem A and Theorem B

The proofs of Theorems A and B are similar and go along the lines of the proof of the
weakly mixing PET in [2]. We will sketch here the proof of Theorem B; the reader should
have no problem to check that an almost identical argument gives a proof of Theorem A.

Let G ={g1, ..., g} be a finite subset of G such that g; — g; € G for i # j and such
that G has the R-property.
Suppose that d =max{i |GNG; #0}. Let Gi=GNG;, i=0,1,...,d, so that

G = U?:o Gi, where G4 # (. Each G; can be further decomposed into the disjoint union
n; .
Gi — U G(l),
j=1

where Gg.i), Jj=1,..., n;, have the following property: if g, € Gﬁi) and gy, € Ggi) then
r =s if and only if g, — g5, & Gi. So we have

d n; )
a=UUe?.
i=0 j=1

We say that G has the characteristic vector (ng, ni, ..., ng), where n; is the number of
different groups of functions in G;.

Example. The functions g;=x>?, g =x%?(3+cos /logx), g3=x3?4x4,
g4 =x3? 4+ x!/2 are in G and are divided into the three groups {g1, g4}, {2} and {g3}.
Hence, n1 = 3.

Let F(ng, ny, . . ., ng) be the family of all finite subsets G C G with the following two
properties.
(i) G has the characteristic vector (ng, ny, ..., ng).

(i) G satisfies the conditions of Theorem B.
Consider the following two statements.

T (ng, ni, ..., ng): ‘Theorem B is valid for any G € F(ng, ni, ..., ng).
T (no, - - ., 1, njix1, ..., ng): ‘T(ng, ny, ...,ng) is valid for any (ng, ny, ..., n;).
Note that Theorem B is equivalent to the statement: ‘T (ng, 11, . . ., 17g) is valid for any

d’. It is enough (see the proof of [2, Theorem 1.2]) to prove the case d = 0 and ng = 1 and
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the following implications.

Tmo,ny,...,ng)=>Tmo+1,ny,...,nq9),
ng,...,ng—1=20,ng>1,d>0. (28)
T(”O’"'7ni—17ni7--"nd)éT(()’"-aoani+1’ni+la"'5nd)7
—_——
i zeros
Niy....ng—1>0,ng>1,d>i>0. 29)
T(o i, )= T0O,...,0,1), d>1. (30)
——
d+1 zeros

The case d = 0 and nop = 1 and the implication (28) for d = 0 is done in Theorem 4.3.
The proof of (28) for d > 0 can be done similarly. The proof of (30) is the same as that
of (29). Thus we will finish the proof by proving (29).

Suppose that G is a finite set of functions from G such that also the difference of any pair
of them is in G, and such that G has the R-property, and assume that G has the characteristic

vector (0,...,0,n; +1,nj4+1,...,ng), where i > 0. Fix one of the n; + 1 groups of
functions from G; such that if g1, ..., g1k are its functions and the rest of the functions
in G are denoted by g»1, . . ., g2, then (g11/g2;) is bounded for each j. Let

Xp = T[gn(n)]f“ . T[glk(”)]flkT[gZI(”)]fZI . T[gzl(n)]le7

where fi; € L®°(X, B, u). Without loss of generality we may assume that one of
the functions f;; has zero integral. ~With this assumption we have to show that
limy 00 [[(1/N) fo:l Xn|l2 = 0. By Theorem 4.1 it is enough to prove that

1 N
lim supNZ(anrh,xn) =0 (31)

N—o0 n=1

for all sufficiently large 2. We have

/

k k I
(Xnths Xn) = /H Tlglj(n+h)]flj 1_[ T[82j(n+h)lf2j 1_[ T[glj(rl)]flj 1_[ Tngj(n)lfzj du
Jj=1

j=1 j=1 j=1

k ]
— / Tl811(m)] <f11 1_[ T[glj("-i-h)]—[gu(n)]flj l_[ T[gzj("+h)]—[gu(n)]f2j

j=1 j=1

k ]
x 1_[ T[glj(")]—[gll(n)]flj 1_[ T[gZ.i(n)]—[gll(")]fzj) du

j=2 j=1
ko I k
— / fin l_[ Tl81jm]+ey; fij l_[ Tl82j(m]+c2; frj l_[ T181j(m)]+cs; fij
j=1 j=1 j=2
l A
x T182j (M)]+ca; f2j m
j=1
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where ¢;; € {0, 1} and

g1jm)y=g1;(n) —gum), j=2,...,k,

&jn)=g;m)—gnm), j=1,2,...,1,
gqiim=gijn+h) —gum), j=1,2,...k
Qi) =gjm+h —gum, j=12,...,1

By Lemma 3.4 we may treat the ¢;; as constants. By Proposition 5.11 the set

G=1{81;1j=2,....k§U{&,lj=1,....0U{gi;lj=1,..., k)
U{gjlj=1.....13Cg

and is such that any pairwise differences of functions from G are in G for all sufficiently
large A, and G has the R-property. By Lemma 5.9, the characteristic vector of the set

{812n). ..., gu(m), gum), ..., gue(n), g2a1(n), ..., gu(n), u(n), ..., gu(n)} has
the form (ag, ay, ..., ai—1, nj, ni+1, ..., ng). Applying T (ng, ..., ni—1, i, ..., ng)
(weak convergence) and using the fact that one of the functions f;; has zero integral, we
get
1 N k 1 k i
ngnooﬁZ(xn+h,xn>=l_[/f1jdul_[/fzjdunffudul—[ffzjdu=0-
n=1 j=1 j=1 j=1 j=1 -

7. Ergodicity of higher orders for Fejér functions

We start this section by proving a result which is an extension of the case k =1 of
Theorems A, B and 4.3, in two directions. First, it holds for all tempered functions and not
just for some subclass thereof. Second, it holds for any ergodic system.

THEOREM 7.1. If g is a tempered function, (X, B, i, T) is an invertible ergodic system
and f € L2(X, B, ), then

N—oo

1 N
im L S plsmn o /
im H ~ 2 f f

=0.
2

Proof. We may assume that f f =0. According to Lemma 5.12, [g(n)]y,n=1,2, ...,
is uniformly distributed (mod 1) for any irrational . Hence, since

N
lim — 2rileMmly — 32
Ngnoo N Ze (32)
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for any y € Q\ Z by [19, Theorem 1.4, p. 307], (32) is true for any y € (0, 1). By using
the spectral theorem, we have

1 g 2
HNZT[g(n)]fH - Z /Tlg(n)]leg(m)lfdM
n=1 2

n,m=1

1
= /fT[gm) ~Lsm] £ 4,
n,m=1
1
== Zl / i8-8y gy (1)
n,m

s 5 (33)

f'_ Z 2ilg(m)ly

where vy is the spectral measure with v¢({0}) =0 since T is ergodic and [ f =0.
Hence, (33) converges to 0 as N — oo. O

COROLLARY 7.2. If g is a tempered function, (X, B, u, T) an invertible measure-
preserving system and A € B with u(A) > 0, then

lim — Z w(ANTEDIAY > (u(A)>. (34)

N—soco N

Proof. By using weak convergence in the above theorem we get that for any ergodic system
(X’Bvl’(/y T),AGB,ade:lA’

2
lim —ZM(AOT[g(”) A)= lim —Z/fT et £ gy = (/ f) = (u(A))>.

N—soco N

If (X,B,u,T) is not ergodic the inequality (34) follows by utilizing the ergodic

decomposition of u (see for example [3, §5]). O
THEOREM 7.3. Let g1, g2, - .., 8k € F be such that limy_, 55(gi+1(x)/gi (x)) = 0 and the
ratio (gl{Jrl (x)/g/(x)) is eventually monotone, i =1, ...,k — 1. Then for any invertible
ergodic system (X, B, u, T) and any f1, ..., fr € L*(X, B, ),
LS o) ) ‘
tim 1L S™ plail o plal / | _
a1 faf,
n=1 i=1
Theorem 7.3 is a corollary of the following more general result.
LEMMA 7.4. Let either g1(x)=x or g1€F, and let g,...,8c€F, gk+1 €F
U {0}, so that limy_ oo (gi+1(x)/gi(x)) =0, and such that the ratio (glf_i_l(x)/g;(x)) is
eventually monotone, i =1, ..., k. Letalso forl>0andi=1,...,1, g1; € F, so that

limy 00 (g1: (x) /g (x)) = 0, and such that the ratios (g1i(x)/gk(x)) and (g};(x)/g;(x))
are eventually monotone. Then for any invertible ergodic system (X, B, u, T) and any
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fla LECIEI ) fk ELOO(X7 Ba M))

fim H_ZTlgmm Tiilenm] , 7leai-leea o] 4,

N—o00

Tl lg ] l—[ / p

Proof. In the proof we will use the following facts repeatedly. First, if g € F and h € N,
then [g(n + h)] — [g(n)] =0 for a set of n of density 1, by Lemma 2.12. Second, if
g1, &2 € F, limy_, 50(g2(x)/g1(x)) =0 and (g5(x)/g}(x)) is eventually monotone, then
£2(x) = g2(g7 '(x)) € F and [g2(n)] =[£2([g1(m)])] on a set of n of density 1, by
Lemma 2.7.

The proof is by induction on k. To prove the base of induction, k = 1, we have two
cases to check.

Case 1: g1(n) =n. If x, = T”‘ﬂ:ﬂgli(”)]f’ f f =0, then (x,, x;45) = f fThf du
on a set of n of density 1. So

1 H 1 N 2
lim — Y lim — : = —0
AT 2 nZ(xn Xnih) (/ f)

=1

by ergodicity of 7. Hence, by van der Corput’s theorem, limy_ oo [[(1/N) Z —1 Xnll2
= 0. Note that this result would not be true for all ergodic T if g1 (n) =an,a > 1.

Case 2: g1 eF. Let m=[gim)], ¢(m)=|{n|m=[g1(m]}| and g1;(x) =
g1i(gy (), i=1,...,1. Then

(g1 (V)]

_ hm H_ Z ¢(m)Tm 1[§1i(m)lf

1 TR
— gim | LS Tt
i

N—o0

lim H_ZTlgl(n)l Sl

2

N—o0

according to Lemmas 2.4, 2.5, 2.7 and Theorem 3.5. We are back to Case 1.
Suppose now that the k — 1 case is proved. Let

X = TEOOI=Ein 800 f pleal=lgen ] g, L =g ] g

where we may assume that [ fj = 0. Again, if g;(n) = n, then
lim liu Xpan) = lim —Z/T” Tiaileul( 7k f)
N N Lo no Xnth) = M o 1 1
x Tle2m]- gk+1(n)]f ... rlekm]= gk+l(")]f2 du
— lim L / R IOI AV OIS D)

N—oo N

T[gk 1(m)]— [gk(n)]f fk du

fflThfl du/fz /fk
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by the induction hypothesis, where g(n) = Zizl[gli(n)] — [gk(n)] + [gk+1(n)]. Hence,
by ergodicity of T,

i 1 H i 1 N B 2 5 2_0
oy = (f ) [ [ -

If g1 € F then let, as in the case k = 1, m = [g1(n)] so that

| N [g1 (V)] . .
lim [ — = Jim |~ =i [@uel ¢ placm—[a (m)]
N?@”N’;xn ) im H Z ¢ (m) Ji- Jk .
- i _ 7= 2i=1181i ()] .. T L8k m]=[8kr1 ()]
Jn s 3 A,

by Theorem 3.5. We are now back to the previous situation. o

For example, Theorem 7.3 is true for:
° gix)y=x%¢j(x),i=1,...,k,wherel >a; >ay>--->ar>0and ¢y, ..., ¢

eS;

° gi(x)zxo‘logﬂ" x,i=1,...,k,where0<a<land ;> B2 >---> B.

In a similar way as we got Corollary 7.2 we now have the following.
COROLLARY 7.5. (Cf. [5, Corollary, p. 2]) Let g1, g2, - - ., gk € F satisfy the assumptions
of Theorem 7.3. Then for any invertible measure-preserving system (X, B, u, T) and any
AeB, u(A) >0,

lim — Z pw(ANTE®IA N oA T4y > (A (35)
N—oo N

The equality in formula (35) holds for all A € B if and only if T is ergodic.

Corollary 7.5, being a result about an arbitrary probability measure-preserving system
has an interesting application to combinatorial number theory.

By Furstenberg’s correspondence principle (see [7, Proposition 7.2], [4, pp. 755-756]),
given a set E C N with d(E) > 0 (see definition of d(E) in the footnote to Corollary 1.8)
one can find an invertible probability measure-preserving system (X, B, u, T') and a set
A € Bwith u(A) = d(E), such that for any k € Nand any ny, na, ..., nx € Z, one has

WANT™MAN--.NT™A)<d(EN(E —n))N---N(E —nyg)).
We see now that Corollary 7.5 implies the following result.

COROLLARY 7.6. Let E C N be a subset with d(E) > 0. If g1, &2, ..., gk € F satisfy
the assumptions of Theorem 7.3 then one has

d(ineN|d(ENE —[gimD N---N(E - [gm]) > d(E)}) > 0.

Remark. For a Szemerédi-type result involving multiples of a tempered Hardy function
see [12].
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8. Some conjectures
In this short final section we formulate two natural conjectures.

CONJECTURE 8.1. Let each of g1, ..., g and g; — gj, i # j, 1 <i, j <k, be either a
tempered function or a non-constant polynomial. Then for any invertible weakly mixing

system (X, B, u, T),i=1, ...,k one has
lim Hl ﬁ: Tl g pleam] g, L plee] g ﬁf frdu| =o.
N=oo| N 1= i=1 2
The following conjecture is motivated by Corollary 7.5.
CONJECTURE 8.2. Letgy, g2, ..., g €7 N'H be such that limy_, oo (g;+1(x)/gi (x)) =0,
i=1,...,k— 1. Then for any invertible measure-preserving system (X, B, u, T) and

any A € B, u(A) > 0,

1 N
lim — ANTBOIAN ... AT 4y > ANt
Jim g 2 )= (u(A)

Acknowledgement. We would like to express our gratitude to the anonymous referee
whose thoughtful remarks and constructive criticism were taken into account in the
preparation of the revised version. In particular, we owe to the referee the simplified proof
of Lemma 2.12 and the presentation of major portion of §3.

The first author is supported by NSF grants DMS-0345350 and DMS-0600042.

REFERENCES

[1] D. Berend and V. Bergelson. Mixing sequences in Hilbert spaces. Proc. Amer. Math. Soc. 98 (1986),

239-246.
[2] V. Bergelson. Weakly mixing PET. Ergod. Th. & Dynam. Sys. 7 (1987), 337-349.
[3] V. Bergelson. The multifarious Poincaré recurrence theorem. Descriptive Set Theory and

Dynamical Systems (London Mathematical Society Lecture Note Series, 277). Eds. M. Foreman,
A. Kechris, A. Louveau and B. Weiss. Cambridge University Press, Cambridge, 2000, pp. 31-57.

[4] V. Bergelson. Combinatorial and Diophantine applications of ergodic theory. Appendix A by A. Leibman
and Appendix B by Anthony Quas and Mdté Wierdl (Handbook of Dynamical Systems, Vol. 1B). Eds.
B. Hasselblatt and A. Katok. Elsevier B. V, Amsterdam, 2006, pp. 745-869.

[5] V. Bergelson, M. Boshernitzan and J. Bourgain. Some results on nonlinear recurrence. J. Anal. Math. 62
(1994), 29-46.
[6] V. Bergelson and A. Leibman. Polynomial extensions of van der Waerden’s and Szemerédi’s theorems.

J. Amer. Math. Soc. 9 (1996), 725-753.

[7] V. Bergelson and R. McCutcheon. An ergodic IP polynomial Szemerédi theorem. Mem. Amer. Math. Soc.
146(695) (2000), viii+106 pp.

[8] J. Boos. Classical and Modern Methods in Summability. Oxford University Press, Oxford, 2000.

[9] M. Boshernitzan, G. Kolesnik, A. Quas and M. Wierdl. Ergodic averaging sequences. J. D’Analyse Math.
95 (2005), 63-103.

[10] N. Bourbaki. Fonctions d’une variable réele. Etude Locale des Fonctions, 2nd edn. Herman, Paris, 1961,
Ch. 5.

[11]  J. Cigler. Some remarks on the distribution mod 1 of tempered sequences. Nieuw Arch. Wisk. (3) 16
(1968), 194-196.

https://doi.org/10.1017/50143385708000862 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385708000862

1416

[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]

[20]
[21]

V. Bergelson and I. J. Haland Knutson

N. Frantzikinakis and M. Wierdl. A Hardy field extension of Szemerédi’s theorem. Preprint. Available at
http://arxiv.org/abs/0802.2734.

H. Furstenberg. Ergodic behavior of diagonal measures and a theorem of Szemerédi on arithmetic
progressions. J. d’Analyse Math. 31 (1977), 204-256.

H. Furstenberg. Recurrence in Ergodic Theory and Combinatorial Number Theory. Princeton University
Press, Princeton, NJ, 1981.

G. H. Hardy. Orders of Infinity: The ‘Infinitircalciil’ of Paul du Bois-Reymond (Cambridge Tracts in
Mathematics and Mathematical Physics, 12). Hafner, New York, 1971.

G. H. Hardy. Divergent Series. Chelsea House, New York, 1991.

E. Hlawka. The Theory of Uniform Distribution. AB Academic Publishers, Berkhamsted, UK, 1984.

L. K. Jones and M. Lin. Ergodic theorems for weak mixing type. Proc. Amer. Math. Soc. 57 (1976),
50-52.

L. Kuipers and H. Niederreiter. Uniform Distribution of Sequences. Dover Publications, Inc., New York,
2006.

G. G. Lorentz. A contribution to the theory of divergent sequences. Acta Math. 80 (1948), 167-190.

J. G. van der Corput. Diophantische Ungleichungen I. Zur Gleichverteilung modulo Eins. Acta Math. 56
(1931), 373-456.

https://doi.org/10.1017/50143385708000862 Published online by Cambridge University Press


http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
http://arxiv.org/abs/0802.2734
https://doi.org/10.1017/S0143385708000862

