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Abstract In this paper we will show that any number normal with respect taegalar
continued fractioRCF) is also normal with respect to thentinued fraction from below
(BCF) and thenearest integer continued fractigiNICF). Furthermore, we will show that

in case of the NICF a number is normal with respect to the RCF-expansion if and only
if it is NICF-normal. This can be generalized to a larger class of semi-regular continued
fraction expansions.

1. Introduction

A well-known result concerning the expansion of numbeiig the unit interval in any
integer basé (with b > 2) is that almost all numbensare normal to bask. That is, any
finite sequencesy, ..., a; witha; € {0, 1, ..., b — 1} occurs in theéb-adic expansion af

in the right frequency, vizb—*. A proof of this follows easily from applying the ergodic
theorem to the transformatidtx = bx mod 1 on[0, 1).

Given an integer bask, it is already very difficult—if not impossible by the present
methods—to determine whether a number is normal in that base or not. It is not
known whetherr, e or any irrational algebraic number (lik¢2) is normal to any base.
Furthermore, no numbers are known to be normal to two bases which are relatively prime.
For example, no number is known which is normal to both base 2 and 3. Of course, from
the above we know that almost every number (in the sense of Lebesgue) is normal to both
base 2 and 3.

Another, and in a way a more ‘geometric’ and ‘base-free’, expansion of numbars
the unit interval is the continued fraction expansion

1
x=———F— @eNnzl (1)

ai +

az—i—'

We denote (1) by = [0; 1/a1, 1/a2, ...].
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Again it follows from the ergodic theorem that almost all numbers are normal (now
for the continued fraction expansion), and AK[S] a Champernowne-type construction is
given to obtain a normal number for the continued fraction expansion, seePal&w p
different construction.

Every irrational real number has a unique continued fraction, which is of the form (1)
in the casex € [0, 1). This expansion is called tiregular continued fraction expansion
(RCF) ofx. Apart from the RCF there are very many other continued fraction expansions
of x. Here we mention:

(i) thecontinued fraction from beloBCF)

1

X=———— b>22,n>1

b 1
1—b2_.

(i) the nearest integer continued fractigMICF)
x=— Gz 2ee(-L1), eta>2 0> 1

&2
c1+
c2 +

The BCF has an underlying dynamical system which is ergodic, and whiclhohéinite
measure, see alsfj|[ The NICF is an example of a so-callegexpansioni], which itself
is contained in the much larger classSexpansionsK]. It has an underlying dynamical
system which is ergodic (even weakly Bernoulli), and which has a finite invariant measure.
Metrical properties have been studied by RiedRie], Rockett Roc| and by the second
author NJ.

As in the case of the RCF one can show that for almost@le BCF/NICFS-expansion
of x is normal with respect to the continued fraction under consideration (clearly the
definition of normality should be differentin the case of the BCF from the other mentioned
cases, see also §2). In particular, one has that the Adler—Keane—Smorodinsky number

x =1[0;1/2,1/3,1/1,1/2,1/4,1/2,1/1,1/3,1/5,...] = 0.4403388 . .,

obtained by concatenating the (finite) RCF expansions of the rationals
111312341512

2’34 4555566 707"
is normal with respect to the RCF, BCF and NICF expansions.

In this paper we will show that any number normal with respect to the RCF is also
normal with respect to the BCF and the NICF. In fact, we will show that in the case of the
NICF a number is normal with respect to the RCF expansibngrmal) if and only if it
is NICF-normal. The latter can be generalized taSaéixpansions, but we leave this to the
reader.

Our method is based on a construction of the natural extension of a continued
fraction transformation. For example, the NICF transformation is obtained from the
RCF transformation as an induced transformation of the natural extension of the RCF
transformation with bounded return time. This fact, essentially, implies the equivalence of
the normalities of the RCF and the NICF.
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2. Normal numbers for the continued fraction from below

In this section we consider a relation between the regular continued fraction (RCF) and
the continued fraction from beloBCF), see [] and [Z] (in particular,Aufgabe 3n [Z,
p. 131]). We start with some definitions.

Forx € [0, 1) \ Q, we define map#, andF_ as follows:

1 1
Fi(x) = T \\—J )

X

1 1

Here | £ | denotes thdloor (or entier) value of¢é and[£] theceiling of &, i.e. |&] is the
greatest integer not exceedihgnd[&] is |&£] + 1 in cas& ¢ Z (and equalg otherwise).
In the following we will always assume thatis irrational.

If x € (1/a,1/(a —1)),a > 2, then

—(a—1 1 -1
Fooy= =Dl g =&t
X X

and these maps correspond to the matrices

—(a-1 1 a -1
(o) e (3 o)
respectively, as linear fractional transformations. It is well known that Bgttand F_

have absolutely continuous invariant measures, given by

1 dx dx
= and
log21+ x 1—x

dpy

respectively. Notice that the latter measureiBnite, but infinite.

Setting
1
ap(x) = —1 s
Fy (x)

1
by(x) = ’77—‘ s
FZ (%)

forn > 1, then the RCF and BCF expansionscadre given by

1
X = - — [0; /ay, Laz, Las, ... ]

ai(x) +

az(x) + W
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and
1
X = =[0; 1/b1, —1/b2, —1/b3, ...],
bi(x) —
ba(x) — ————
b3(x) —
respectively.
For any given sequences, a, . . . ) of positive integers there exists a unique irrational

numberx in the unit interval, such thai1(x) = a1, a2(x) = ap,.... In the case of

the BCF, for any given sequenék, b», .. .) of positive integers greater than 1 such that
b, > 3 for infinitely manyrn, there exists a unique irrational numbein the unit interval,
such thaby(x) = b1, ba(x) = by, . ...

We denotdundamental interval§or cylinder setsby

(a1,a2,...,ay)+ ={x €[0,1) : a1(x) = a1, ..., an(x) = a},
(b1,b2,...,by)_ ={x €[0,1): b1(x) = b1, ..., by(x) = b,},

for any sequence®, ay, .. ., a,) and(b, bo, ..., b,). We note that
u-((2,2,...,2)-) = o0,
e e’
k
foranyk > 1.
Now we give the definition of a normal number associated with the RCF and BCF
expansions.

Definition 1. An irrational numberx € [0, 1) is said to be a normal number associated
with the RCF expansion (‘aR-normal number’) if

. 1
N|Im —#n:0<n<N-La1(x)=a,...,a,14(x) =a}
— 00
exists and equalg  ({(a1, . . ., ax)+), forany(az, . . ., ay).

Definition 2. An irrational numberc € [0, 1) is said to be a normal number associated
with the continued fraction expansion from below (‘fa BCF-normal number’) if
lim #n:0<n<N—-1bpp1(x) =b1, ..., by () = b} _ p—(b1, ..., b))
N—ooo #{n:0<n <N —1,byt1(x) =c1, ..., cnye(x) = cg} u—({c1,...,ce)—)
for any (b1,...,bx)— and {c1,...,c¢)— for which (b1,...,b) # (2,...,2) and
(c1,...,¢c0) #(2,...,2).
To discuss a relation between these notions of normality, we consider a relation between

the mapsF, and F_. For this purpose, we define a jump transformatignof F_ as
follows (see Schweige§Z, for the general definition of jump transformations):

bl

Fix) = F"9% %), xe[0,1\Q

with
n(x) =min{n > 0: F"(x) € [0, $)}.
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F; has an absolutely continuous invariant measure, which is finite. In order to find this
measure we consider a natural extension fiapf F_, defined or{0, 1) x [1, c0):

ﬁ_(x, y) = (—E + b, —E +b) if x € |:}, i) .
x y b b-1
The mapﬁ_ is one-to-one and onto (a.e.), and an absolutely continuous invariant measure
fu_ for F_ is given by
dp. = 4

(x — y)?
Then[%, 1) x [1, c0) is mapped tqg0, 1) x [1, 2) by F_. Thus it turns out that the induced
transformation off_ to A = [0, 1) x [2, o0) is a natural extension df;. Clearlydji_|a
is an invariant measure fdr—_|4 and we, moreover, have that its marginal distribution to
the first coordinate is an absolutely continuous invariant measure, which is finite. Indeed,
the marginal density is given by

/OO dy 1
2 (x—y2 2-x’

1 dx
~log22—x’
where Ylog 2 is a normalizing constant.

On the level of the continued fractions it is easy to understand the relation between the
RCF and the BCF. To this end, we define two operations on the partial quotients (i.e. digits)
of a (semi-regular) continued fraction expansion, see &s&§2 and 4].

(i) ‘Plug-in’of ¢ = —1,d> = 1. Letdy, d3 be two positive integers and lgte [0, 1).
Suppose, moreover, thét > 2, then

We denote it bylu ;:

djj

bt g1+ -1
1 d3+€:_l

14+ ——r—r
d3—1+§
(i) ‘Singularization’ of¢ = 1,d, = +1. Letds, d3 be two positive integers and let

& el0,1),then

1
dit ————=di+1+

1+

d3+1+¢’

d3+§
Given the RCF expansion of any irrational numbesay

x =1[0;1/a1,...,1ay,...1,

the BCF expansion of = [0; 1/d1, —1/d2, ..., —1/d,, ...] can be obtained from the
RCF expansion af in the following way.
(@ Letk = min{n > 2 : g,(x) = +1}, where[do; e1/d1, ..., en/dy, ...] IS SOMe

(semi-regular) continued fraction expansiorwofThen apply thelug-in operation
exactly before théth digit in the case when this digit is larger than 1. In the case
when thekth digit equals 1, apply theingularizationoperation to théth digit.
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In either way we will find a new (semi-regular) continued fraction expansion of
(b) Repeat (a) to this new (semi-regular) continued fraction expansion of

Example.Letx = [0; 1/2,1/3,1/7, ...]. To apply the above algorithm, we see that 2
and that we have tplug-injust before the second partial quotiept= 3. Doing so yields
the following continued fraction expansion of

x =[0;1/3,-1/1,1/2,1/7, ...,

and we see that for this new continued fraction expansionarie hasc = 3. Again we
must use th@lug-inoperation, which yields

x =1[0;1/3,-1/2, -1/1,1/1,1/7, ...].

For the latter continued fraction efone sees that = 4; however, since the fourth digit of
this continued fraction expansion ofequals 1 we must singularize this fourth digit, and
we find

x=1[0;1/3,-1/2,-1/2,-1/8, ...],

etc. Since the BCF expansion of any irrational numbér unique, we thus find the BCF
expansion ok from the RCF expansion af. Clearly a ‘converse’ algorithm also exists.

The above described algorithm can also be understood in terms of matrix
multiplications, see alsdq, §2]. We have the following proposition.

PrROPOSITIONL. The dynamical system(sz, w+) and (Fj, u;) are conjugate to each
other by the conjugaay : x — 1 — x for x € (0, 1).

Proof. It is easy to see that, is mapped tou; by x — 1 — x. We will show that
F2 0 ¢ = ¢ o F;. The following is easy.

LEMMA 1. Fora > 3andk > Owe have
-1 1\ /a -1\/2 -1 2 -1\/-1 1
0O 1)\1 ©O 1 0/7°'\1 O 0 1

k times

(~@-2 1\(-Gk+D 1
L1 o 1 o)

Supposex = [0; 1/b1, —1/b2, —1/b3, ...], thenx can be represented by an infinite
matrix product as follows:

te <—01 b11> <—01 blz) (—Ol bls)

Choosény, ny, ...) so that

b1=2,bp=2,...,by—1=2,by # 2(n1=1ispossibleg,

bnl-i-l =2, b/11+2 =2,..., b111+n2—1 =2, bnl—i—ng ?é 2.
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Then we have from the above lemma
_ -1 1\/-1 1 0O 1 0 1 -1 1\/-1 1
*“lo 1J\o 1)\-1 2)\-1 5,/ \0 1/\0 1)
-1 1\ /0 1 0 1 0 1 0 1
0 1)\1 ni)J\1 by, —2)\1 nx)J\1 byn,—-2)

1-x,

where
x =[0; 1/na, 1/(bnl —2),1/ny, 1/(b111+n2 -2),...1
From the definition of; we see

n 0 1 0 1\/0O 1
pw=ro=(% Y (% L1 )

np—1 times

On the other hand,
F2(%) = [0; 1/n2, 1/buyin, — 2, ... 1,

thus we have
F2odp=¢oF,

which completes the proof of the proposition. |

Definition 3. An irrational numbex € [0, 1) is said to be a jump BCF-normal number if
#{n:OSnSN—l,FJ'?(x)EI}

lim =),

N—oo N M'/( )
for any cylinder sef = (b1, ..., by)—.
Remark.Since i is a finite measure, it follows that the above equation holds for all
cylinder sets if it holds for all cylinders sets of the form I = (by,...,by)— #
2,2,...,2)_.

PROPOSITION2. An irrational numbere [0, 1) is jump BCF-normal if and only it — x
is F2-normal, that is, if

lim #Hn:0<n<N-1ayt+1(l—x)=ai,...,azm+r(1—x) = ai}
N—o0 N
= u+({as, az, ..., ax)+)
for all cylinder setslas1, az, ..., ai)+.

Proof. When 1— x is Ff-normal, it follows from the approximation method that

im #n:0<n<N-1F?1-x)el)
N—o0 N
for any intervall in [0, 1), which implies that

< u+(),

i #n:0<n<N-1F2(1-x)el)
N—oo N

= pu+(I),
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for any intervall in [0, 1). Also we see
#n:0<n<N—-1LF"(1-x)el}

lim =pun;i(),
Nesoo N ()
forany intervall in [0, 1) whenx is jump BCF-normal. Then the assertion of Proposition 2
is an easy consequence of Proposition 1. |

Next we claim the equivalence betweRmormality ande-normaIity.
THEOREM1. Anirrational numberx is R-normal if and only if is Ff—normal.

The proof of this theorem is essentially the same with the case of 2-adic and 4-adic
normality. However, the number of digits are infinite in the case of continued fractions and
the assertion of the theorem is a special case of a result by F. Schweiger, s&dJalso [

COROLLARY 1. An irrational numberx € [0, 1) is R-normal if and only if it is jump
BCF-normal.

Proof. Suppose 0< x < % then it is easy to see that(x) # 1, and ifx =
[0; 1/a1, 1/az, .. .], one has

1—x=1[0;1/1,1/(a1 — 1), Lao, ...].

Thus, theR-normality of x is equivalent to that of + x for anyx. The assertion of this
corollary now follows from Theorem 1 and Proposition 2. |

THEOREM?2. If an irrational numberx is jump normal, then it is BCF-normal.

Proof. Let x be a jump normal number, and consider the following two cylinder sets
(b1,...,b)— and{cy, ..., ce)— (both#£ (2,2,...,2)_). Since there exist and such

that
l1<s<k and 1<t <¢,
bi=---=bs_1=2,by>3 and c1=---=c¢;_1=2,¢; >3,
we see
#n:0<n<N-—1byp1(x) =b1,...,byyr(x) = by}
Nooo#{n:0<n <N —-1b,11(x) =c1,...,bpte(x) = c¢}
— im #Hn:1<n<N,by_s(x)=0b1,...,bp—s+k—1(x) = by}
Nooo#n:0<n<N—-Lby_+(x)=c1,...,bp—stye-1(x) = c¢}

— lim #n:1<n<N,by_s(x)=b1,...,bp_spk—1(x) =br}/Jy
- N—o0 #{n : O =n= N — 11 bnft(x) =C1,..., ban»Zfl(x) = CZ}/Jn '

(%)

whereJ, =#{n:1<n < N, b, > 3}, if the limit exists. From the assumption thats
BCF-normal it follows that/, — oo asn — oo. Now letm > 1 be the smallest positive
integer for whichb,, (x) > 3, and put

Yy =bp(x) —
bu—1—
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Then it turns out that
F™(x,00) = (F"(x),y) = (z,y) and y>2.

Soy € A, which is the domain of the natural extension®f. If b,(x) > 3, then
F'(x,0) = F;’ (z, y) for somep. Itis easy to see that

by—s(x) =b1,...,byp_six-1(x) = b

occurs if and only if
Fl(z,y) € (b1, ... bx) - x I

with

(=b1; —1/2, —1/2, ..., —1/2), [b1: =1/2, —1/2, ..., —1/2, —1/3]), ifm > 2,
I = m—1 m—2

(=(b1—1), —h1l, if m=1.

Thus, the numerator @) is
#Mp:0<p<P Fl@y) ebr....bi)- x1)

for someP, whereP depends oV andx. Itis easy to see that the SEF *((bu, . .., bi)—
x I) is a countable disjoint union of the form

(2,2,...,2,b1,...,br)_ x [2,00).
e e’
>0
It follows from the approximation method with the jump-normalityxgfthat
#p:0<p=<P.Fl@y) e br....b)- x1}
P

1
g lu’j(U<2721"'127b17"'1bk>7) = @H*((blv"'sbk>* X I)s

asP — oo. SinceF; preserves.; and F; preservesiji_|4, the right-hand expression
equals

M— I b1,....bp)_ x 1) = M- b1,...,b) ).
| 2 — 1, » Ok | 2 1, » Ok

In the same manner one finds that the denominato(«pfdivided by P tends to
(1092~ 1u_((c1,...,ce)-) asP — oo. Consequently, we have

im #Hn:0<n<N-—-Lby1(x) =b1,....bpsx(c) =bi}  p_(b1,....bK)-)
N—ooo #{n:0<n <N -1 byy1(x) =c1,...,byye(c) = cp} w_(c1,...,co))

This proves the assertion of this theorem. |

The following example shows that the converse of Theorem 2 does not hold in general.
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Example.Let
x =1[0;1/a1, 1/az, ...]

be R-normal. Suppose that,),>1 monotonically decreases to 0, i.e.

g1 >¢€2>--->¢, — 0.
For any sequencgl, . . ., d;) we have
#n:0<n<N-1a1=d1,...,an+k =dy}
~ o — (e, di) ).
We putk = n; = 2 and choosdj, ...,d;y < 2,1 <1i < 2. Then there exists a positive

integern; such that
#Hn:0<n<N-1a,11=d1,ant2 = do}
N
forany N > n3 and anydy, d> withd; € {1,2},i =1, 2.
Now definenz = (n1 +n3) v (n1+ 10). Next we findr for which

— p+((d1, do)4)| < €1,

#n:0<n<N-1ay1=4d1,...,a =dp,}

‘ S 2 02 (dhs . dey) )| < E2,
forany N > n3, and anyds, ..., dy,, With 1 < d; < n2, 1 < i < np. Now define
nz = (n2+n3) Vv (n2+10"2). In this way we can define a subsequence of positive integers
ni, na, ... inductively (we can choose them all as even integers). Finally, we put

X =1[0;1/a1,1/az,1/ny,...,1/n1, 1as, ..., 1/ay,, L/no, ..., 1/n2, 1/an,41, .. . 1.
— — — —
ny times ny times

Then it is possible to show thatis BCF-normal, but noR-normal. Indeed, it is clear that
X is not normal. The proof of BCF-normality is also easy. For fixed ..., b;)_ and
(c1,...,ce)— (both#£ (2,2,...,2)_), the inserted sequences ..., n; do not have any
effect on
lim #Hn:0<n<N-10by11(x) =b1,...,bpyr(x) = by}
Nooo#{n:0<n <N —1b,11(x) =c1,...,byre(x) = c¢}
if i is sufficiently large. So th&-normality of x shows the BCF-normality of.

Remark.The fact that jump-normality implies BCF-normality but not conversely has a
counterpart forg-adic expansions, see alsd).[ Let ¢ be a positive integelg > 2, and
supposer € [0, 1) has ag-adic expansion

xX=.a1a2...an..., a €{0,1,...,g—1},i>1,
where we demand that this representation is not of the foagas...a,g — 1.
Furthermore, leth € {0,1,...,¢ — 1}, then we define the jump-transformati@p :
[0,1) — [0, 1) by
Am+1m42 .-, fay=b,a; #bforl<i <m-—1,
0, if aj #bfori > 1.
In [J] the following result by Schweiger (for the special cgse 10) is proved.

Tp(x) := :

THEOREM. (F. Schweiger)A necessary and sufficient condition for the numbéo be
normal to base; is the uniform distribution of the sequences

{Tb(x)}nzl, b=0, 1,...,g—1_
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3. NICF normal numbers
The nearest integer continued fractiodNICF) was introduced by Hurwitz and
Minnegerode over a century ago. Roe [—%, %) \ Q we define the mapy/» as follows:

L1
2 9
and these maps correspond to the matrices
—(@-1 =+1
1 0)°

1

—1
Fijz

1

X

1
Fi2(x) = ‘;‘ - L

We define

gi(x) =sgnx), ¢ = \\

1
5|

fori > 1 and denote byeica, ..., erck) the cylinder set given byes, ..., ) and
(c1,...,cx). Moreover, if this set has positive Lebesgue measure, then we call the
sequencgeicy, . . ., grcx) an admissible sequence arglc, ..., erck) an admissible
cylinder.

In [K] it was shown that the NICF can be obtained from the RCF using the following
algorithm.

Algorithm. Letx = [ag; a1, a2, - .., a,, ...] be the RCF expansion ef Then singularize
in each block ofn partial quotient®,+1 = 1, a2, - .., @y4m = 1, witha, # 1 (orn =0
anda,+m+1 # 1 (orm = oo) the first, third,... partial quotient.

This algorithm can be reformulated in terms of ergodic theory, using induced
transformations and the natural extension of the RCF transformation. The key concept
in this reformulation is that of a ‘singularization ared; one induces the natural
transformation mag of the RCF transformation oS .

In this paper we will use a natural extension RCF transformation which is an isomorphic
copy of the natural extension of the RCF transformation as used]iarjd [K]. For our
present purposes this natural extension is easier to work with. Of course, all the results
obtained in N] and [K] can easily be reformulated in terms of this isomorphic copy; we
leave this to the reader. PKt = [0, 1) x [—o0, —1) and define a maﬁ+(x, y) on X1 by

Fi(x,y) = ! ! forx € t 1
+x,y—x a,y al, by axtial

As in the previous sectiorﬁ,Jr is one-to-one, onto (a.s.) and has an absolutely continuous
invariant measurg ., given by

Ji. — 1 dxdy
M+_|092(x—y)2'

On the other hand, we put

X12=1[-3.0) x [-00, =(G + 1)) U[0, 3) x [-00, —G),
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whereG = (v/5 + 1)/2 and we defing"1 2(x, y) on X1/2 by

Fio(x,y) = <@ PO 0) :
X y

whereg(x) = sgnx) andc = L|%| + %J. One easily sees th&/z is one-to-one and onto
(a.s.) onX1/2, and thatﬁl/z has an absolutely continuous invariant meagure on X1,
given by

1 dxdy
109G (x — )%’
The systems(X1, i), respectively(X1,2, f11/2), are natural extensions of the RCF,
respectively the NICF.

Let A = [0,1) x [—o0, —G), and consider the induced transformationlbf on A.
Then we see thaft, | 4 is isomorphic toFy 2 by the translatiorix, y) — (x — 1, y — 1) for
% < x < 1 and identity otherwise. Moreover, it is easy to see fhafty is mapped tqi1 /2
by this isomorphism. We also note tk[%: 1) x [—o0, —G) is the singularization area in
the sense of{]. Now we define normality with respect to the NICF.

dit12 =

Definition 4. An irrational number € [—3, 3) is said to be NICF-normal if

1
im —#0<n<N-1:

N—o0
En+1(X) = &1, Cu+1(x) = €1, - -+, Entk(X) = &k, Cntk (X) = ci}
equals
fl12(€1¢1, . . . €kci),
for every admissible sequenc¢eics, . .., sxcr), whereuy,, is the projection ofi1/2 on

the first coordinate.
The main theorem of this section is the following theorem.

THEOREM 3. Every irrational numben e [—%, %) is NICF-normal if and only ifc (or
x + 1) is R-normal.

For the proof of Theorem 3 we need a definition and some elementary lemmas.
Definition 5. We say thatx, y) € X1 (or € A, respectively) isﬁ+—normal (orA-normal,
respectively), if

. 1 A N
lim S#O<n<N—1:Fi(x,y) € la k..., a)l4} = fs(las, ..., a0)|p)

N—o0

for any cylinder set wittk, ¢ > 0, or

. 1 A ‘
Nli‘noo N#{OS n<N-1:Fl(x,y) € (@, ....ae)|_; NA}

= A (as -, a0l N A/ fi4 (A),
again for any cylinder set with, ¢ > 0, respectively. Here

¢ Fk+1
(@t a0’y = F{ak, ..., ap).
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LEMMA 2. If y < —2, thenF” (x, y) € A if and only if £7 (x, —00) € A.

LEMMA 3. Letx be an irrational number. Them is R-normal if and only if(x, —o0) is
F..-normal.

In the same way as for the RCF, we can deﬂﬁj@-normality. We have the following
lemma.

LEMMA 4. Letx be an irrational number. Ther is NICF-normal if and only i{x, —o0)
is Fy1/2-normal.

Due to the isomorphisrtx, y) — (x — 1, y — 1) for % < x < 1 and identity otherwise,
we have the following lemma.

LEMMA 5. (x, y)is A-normalif and only if(x, y) (or (x — 1,y — 1) When% <x<1)is
F1/2-normal.

Because of the above lemmas, our main theorem, Theorem 3, at once follows as soon
as the following proposition is proved.

PROPOSITIONS. (x, y)is 13+-normal if and only if(x, y) is A-normal.

Proof of Proposition 3.Suppose thatx, y) is ﬁ+—normal. First we will prove the following
lemma.

LEMMA 6. If (x, y) is F-normal, then

) 1 A N
lim N#{n :0<n<N-L1Fl(x,y) e A} =i (A).

N—o0o

Proof of Lemma 6We decomposd and A€ as follows:
A= UU 2p and A= UU |2pl
p=0b= p=0b=
To approximated by a finite union of cylinder sets, we define
AM=UU(b 1....1%, and BM_UU %t
p=0b=2 p=00b=
Then we have
AuC A\ JAu=A and AcC By, ()Bj =A.

Now fix somee > 0, then

#n:0<n<N-L1Fl(x,y)eA} #n:0<n<N-1F!x,y) e Ay)
> - @
N N
Notice that the right-hand side of (2) tendsiq (Ay) as N tends to infinity, and that
i+ (Ay) > 14 (A) — ¢ for sufficiently largeM . Furthermore, we also have that

#{n:OgngN—l,ﬁﬁ(x,y)eA} #n:0<n<N-—1 F'(x,y) e B }

N N 3)
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The right-hand side of (3) tends t@,(Aj) as N tends to infinity and, moreover,
4+ (Bjy) < 14 (A) + ¢ for sufficiently largeM. Thus, we find that

) 1 A A
lim ﬁ#{n :0<n<N-1Fl(x,y) e A} =i (A),

N—o00
which proves Lemma 6. |
In general, ifag # 1, then

(@k,...,ap)", c A fork,¢>0.

So we see
#n:0<n<N-—1 F'(x,y) € {ai,...,ar)", N A}
N
#n:0<n<N-—1 F\(x,y) € {ack,...,ae)l’,}
- N
N*#n:0<n<N-1F |y €lay....al)
- N N* ’

where we choos&'* so that
#n:0<n<N*"—1 Fl(x,y) e A} =N.
Due to the previous lemma, Lemma 6, one has that

#n:0<n<N-1, 1:"+|’Zx(x,y) € (a,k,...,ag)le_k}
N*

convergesto
1

4 (A)
asN* — oo, which also implies thav — oo.
If a_pp #1(0ra_z,—1 # 1), then

At (a—k, ... ae)p),

(a-2p,1,...,1az,a2, ..., ag)l{zp CcCA
(or (a—2p-1,1,..., 1 ag, az,...,ag)|€_2p_1 = (), respectively), and the same result
follows.
Thus we only need to check the cdde. .., 1, a1, a2, ..., ag)|{k.
If k =2p (p > 0),then
o0
1,...,1, ax, az,...,ag)lg_k = U(b, 1,...,1 a1, az,...,ag)|€2p71
b=1
and
o0
U(b, L....Layaz....a)l 5, 4 CA.
b=2
On the other hand, ¥ = 2p + 1 (p > 0), then
o0
(1,...,1,a1,a, ..., ag)llik = U(b, 1,...,1 a1,a, ...,ag)|€2p72
b=1
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and
o0
Ut 1. Lavaz ... a0y, 5 C A
b=2

Now using the same argument as in the proof of Lemma 6, it followgthaf) is A-normal
whenever it isF.-normal.

Now suppose thax, y) is A-normal. SinceF;*A¢ = AN {(x,y) € X1, 3 < x < 1},
the following lemma, similar to Lemma 6, will finish the proof of Proposition 3.

LEMMA 7. If (x, y) is A-normal, then

i #n:0<n<N-1Fl(xyeA}
N—o0 N B

iy (A).

Proof of Lemma 7PutN* =#{n:0<n < N — 1, ﬁjﬁ(x, y) € A}, then
N=N'+#n:0<n<N" -1 F | x v e F 1A},

and we see that{# : 0 <n < N — 1, F”(x, y) € A}/N equals

N*
N*+#n:0<n<N*—1 F.["(x,y) € FT1(A9)}) )
Since the fraction in (4) tends to
1 1 R
1+ fugla(F7tA0) T 14 [A (A (A)] A+(4),
asN* — oo, the lemma follows. m|

Due to Lemma 7, the rest of the proof of Proposition 3 is essentially similar to the first
part of the proof. We will only show that the limit

i #n:0<n<N-1F'(x,y)e(l,....,la1....a)l",}
m
N—oo N

equalsi+((1,...,1, a1, ..., ag)|{k). In order to show this, notice that
(1,...,La1,...,a))", = B1U By,
where
Bi={(1....,La1,...,a),NA and Bp=(1,...,1a1,...,a0)[",; NA".

Furthermore,
F71(Bp) = Ba,

and one finds that

#{n:Ofan—l,ﬁjZ(x,y)e(1,...,1,a1,...,ag)|£_k}
N
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equals

#n:0<n<N-L1F'(x,y)eBi)+#n:0<n<N—1 F!(x,y) € By}
N 9

which is in its turn equals

#n:0<n<N-LF'(x,y)eB}+#n:0<n<N-1 F"x,y) e F/'By)
N .
An easy calculation shows that this last fraction converges to

ﬁ“"r((l’ LI ] 17 (,Zl, LI ] a€>|£_k),

by A-normality of (x, y). This proves the proposition. |

4. a-expansions

The NICF is an example of aa-expansion (see alsd\]) or, more generally, arf-
expansion (seeK]]). Let o € [%, 1], then forx € [¢ — 1, @) we define the map
Fy:la—1a) > [0 —1,a) by

1 1
Fy(x) = ‘;‘ - H;‘ﬁ-l—o{J .

Clearly, fora = 1 we find the RCF and faz = 3 we find the NICF. For each € [3, 1)
one can find a suitable ‘induced area’, which linkexpansions t§-expansions; for more
details, seeK, §84 and 5]. In fact one has to discern betweea [%, glanda € (g, 1),
with ¢ = G~1, and one finds

[o, 2“—_1> X [—00, —2)

11—«
20—1 1—«
Ay = U , X [—o0, —G)
11—« o
1—
u[ a,l)x[—oo,—l), f<ac<g,
o

[o, 1_—“> x [—00, —2)
o

l-«
U , 1) x [—o00,—-1), g<a<l,
o

Ay =

and the corresponding singularization areas are

[a, 1_“) « [—00, —G) U [1_“,1) x [—00, —1),
SO(: o

Nl

=a=g,
o

[aa 1) X [_007 _1)5 g <ua< 1.

For both cases (i.ex € [%, gl anda € (g, 1)), the isomorphism between the natural
extensionF, of F, andF |, is given by(x,y) — (x — 1,y — 1) fora < x < 1 and
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identity, otherwise. Since the boundaries of the ggtsare rather ‘easy’, the method of
the previous section for the NICF can be carried over tocaeypansion. Obviously, for a
generalS-expansion the situation is more difficult, due to the fact that the bouridaof
the singularization are is, in general, more complicated thas, (fora € [%, 1)). For
example, if

Ap ={(x,y) € X1,y <x—2},

with singularization aredp given by

1
SD:{(x,y)GXLE <x<ly< 1—)62x}
and with the translatioix, y) — (x — 1, y — 1) on Sp, we find Minkowski'sdiagonal
continued fraction As before, we can define normality for this continued fraction and get
the equivalence to th®-normality. Clearly the method to do this is similar to that of §2,
but more complicated.
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