6

Jet properties beyond fixed order

We illustrated in Chapter 3 the use of perturbation theory to calculate
‘infra-red safe’ quantities such as the ete~ total cross section and thrust
distribution. There are in addition predictions that can be made concern-
ing some quantities that are ‘infra-red sensitive’, i.e. that have infra-red
and collinear singularities in perturbation theory. Such quantities can
still be handled provided the singularities can be collected into an over-
all factor which describes the sensitivity of the quantity to long-distance
physics. The divergence of this factor corresponds to the fact that long-
distance phenomena are not reliably predicted by perturbation theory.
For example, quarks and gluons are free to propagate over macroscopic
distances in perturbation theory, whereas in reality they are confined in-
side hadrons. Therefore the divergent factor should be replaced by a finite
factor determined experimentally by measurements at a relatively short
distance scale. Once this is done, perturbation theory can be used to
predict the scale dependence of the quantity.

The best known example of a perturbative prediction of a factorizable
infra-red-sensitive quantity is the phenomenon of scaling violation, dis-
cussed in Chapter 4. There we studied the parton distributions inside a
hadron, probed by deep inelastic lepton scattering. Here we consider the
related phenomenon for the fragmentation of a jet, produced for example
in ete~ annihilation, into hadrons of a given type h.

6.1 Jet fragmentation

We start by defining fragmentation functions, which are dimensionless
functions that describe single particle distributions in the final state. The
total fragmentation function for hadrons of type h in e*e~ annihilation
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194 6 Jet properties beyond fized order

at c.m. energy +/s is defined as

! (—ig(eJ'e' — hX) (6.1)

Otot AT

Fh(z,s) =

where z = 2E}/\/s < 1 is the scaled hadron energy (in practice, the
approximation ¢ = z, = 2p,/+/s is often used). Since each hadron of
type h contributes to the fragmentation function (6.1), its integral with
respect to = gives the average multiplicity of those hadrons:

(ni(s)) = /01 dz F*(z,s) . (6.2)

Similarly, the integral of z F*(z,s) gives the total scaled energy carried
by hadrons of that type, which implies the sum rule

Z'/Olda:zF"(:l:,s)=2. (6.3)

The fragmentation function (6.1) can be represented as a sum of con-
tributions from the different primary partons ¢ = u,d,...,g:

Fh(z,s) = Z/: %C,-(s;z, as)D(z/z,s) . (6.4)

In lowest order the coefficient function C, for gluons is zero, while for
quarks C; = g;(s)d(1 — z) where g;(s) is the appropriate electroweak
coupling. In particular, g;(s) is proportional to the charge-squared of
parton 7 at s < M2, when weak effects can be neglected.

We cannot compute the fragmentation functions D} from perturbation
theory, since the production of hadrons is not a perturbative process.
We might consider trying to compute functions D! that would describe
the fragmentation of partons of type i into partons of type j. However,
they would be infinite, since the probability of emitting a collinear gluon
or light quark is divergent. Nevertheless, as for the parton distribution
functions f;(z,t) in deep inelastic scattering, one can show [1] that at high
values of the energy-squared scale t all such divergences are factorizable,
in the sense that we can write

Di(,t)=3" / dz K* (2,1, 1) Di(a/ 2, ) (6.5)

where the kernel function K} is perturbatively calculable and at t, = ¢
we have K¥(z,t,t) = 0 6(1 — 2).

In the real world, hadrons are formed and fragmentation functions are
not divergent. As long as the scales t and ¢, are large, we would not
expect the form of Eq. (6.5) to be affected by such long-distance phe-
nomena. Therefore we replace j by h and apply the equation to hadronic
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6.1 Jet fragmentation 195

fragmentation functions. After measuring these functions at some scale
to, we can use the equation to predict their form at any other scale ¢,
as long as both t and t, are large enough for perturbation theory to be
applicable in the calculation of the kernel K.

6.1.1 Scaling violation

The approach outlined above is very close to that adopted for the analysis
of the scale dependence of parton distribution functions in Chapter 4. In
a fragmentation function z represents the fraction of a parton’s momen-
tum carried by a produced hadron, whereas in a parton distribution it
represents the fraction of a hadron’s momentum carried by a constituent
parton. In both cases, the simplest parton-model approach, represented
by the independent fragmentation model (Section 5.6.1) in the case of
fragmentation, would predict a scale-independent z distribution. Fur-
thermore we obtain similar violations of this scaling behaviour when QCD
corrections are taken into account.

Consider the change in a fragmentation function D;(z,t) or a parton
distribution function f;(z,t) when the scale is increased from ¢ to ¢ + dt.
As discussed in Section 5.2, such a change can only occur via the splitting
of a parton of type ¢ in this scale interval. Hence the fragmentation
functions satisfy evolution equations like those for parton distributions:

tg (2,1) Z/ dZO’SP],(z as)D;(z/z,t) . (6.6)

Notice that the splitting function is now P;; rather than P;; since here D;
represents the fragmentation of the final parton, whereas f; in Eq. (5.37)
represented the distribution of the initial parton. The splitting functions
again have perturbative expansions of the form
Pi(z,05) = P (2) + 5P (2) + - (6.7)

where the lowest-order functions Pj(? )(z) are the same as those in deep
inelastic scattering but the higher-order terms are different. The effect of
splitting is, however, the same in both cases: as the scale increases, one
observes a scaling violation in which the z distribution is shifted towards
lower values.

As in the case of the parton distribution functions, the most com-
mon strategy for solving the evolution equations (6.6) is to take moments
(Mellin transforms) with respect to z:

DG, ¢ = /01 dz o/~ D(z,1) (6.8)
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196 6 Jet properties beyond fized order

the inverse Mellin transformation being
1 .~
= — jx ™ b 6.9
D(a,t) = 5 [ di=™ DGit), (6.9)

where the integration contour C in the complex j plane is parallel to
the imaginary axis and to the right of all singularities of the integrand.
Again we can consider fragmentation function combinations which are
non-singlet (in flavour space) such as Dy = Dy, — Dg, or Dy, — Dg;. In
these combinations the mixing with the flavour singlet gluons drops out
and for a fixed value of as the solution is simply

. . . . t Yeq(d,xs)
Dy (3,t) = Dy (j,to) (;) ,

where the quantity v, is the Mellin transform of as Py /27. The resulting
dependence on t violates scaling rules based on naive dimensional analysis,
and therefore the power 7, is called an anomalous dimension. For a
running coupling as(t), however, the scaling violation is no longer power-
behaved. Inserting the lowest-order form (2.42) for the running coupling,
we find the solution

(6.10)

9q(7) (0)(5
~ . ~ . as(to))d . 7qq (])
= t = = .
DV(J, t) DV(]? 0) (as(t) L) dqq(]) 27rb L] (6 11)
which varies like a power of In ¢.
For the singlet fragmentation function
Ds = E (Dg; + Dg,) (6.12)

1

we have mixing with the fragmentation of the gluon and the evolution
equation becomes a matrix relation as in the deep inelastic scattering

case:
O ( Ds ) 2 < Yog 271 %gq ) Ds ) (6.13)
ot \ D, Yoo Vag D,
The anomalous dimension matrix in this equation has two real eigenvalues
given by Eq. (4.140). Expressing Ds and D, as linear combinations of
the corresponding eigenvectors D, and D_, we find that they evolve as
superpositions of terms of the form (6.11) with v, and ~_ in the place of
Yaq-

At small z, corresponding to j — 1, the ¢ — g anomalous dimension
becomes dominant and we find v4 — 75 — 00, Y- = Yg¢ — 0. This
region requires special treatment, which will be presented in the next
subsection.

As mentioned earlier, the splitting functions and anomalous dimen-
sions for fragmentation (timelike branching) are the same as those for
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6.1 Jet fragmentation 197
deep inelastic scattering (spacelike branching) in lowest order, as given by
Eq. (4.129), but they differ in higher orders. Corresponding to Eqgs. (4.107)
- (4.112), in the MS factorization/renormalization scheme the non-singlet
timelike splitting functions (for  # 1) are [2]

Pq‘;(l) = C:i { [2 Inzln(l -2)+ £;—lna: —2In® :1:] Pgq ()
- (;+ §x) Inz + 1(1+w)lnzar: -5(1 —a:)}
67 w?
+CrCy {[ In*z + —6—ln T+ i ?] Pgq (T)
+(1+z)lnz+ ?(1 - x)}
2 10 4
+CFTf - [§ lnz + ?jl pqq(l‘) - §(1 - (L‘)} (614)
C
PR = Cr(Cr—22) {2pu(-2)S:(2)
+2(1+2)nz+4(1-2)}. (6.15)

Note that Pq‘;(l) is the same as in the spacelike case. The singlet functions
are [3]!

Py = Cz{ 1+z+< w-§>lnw+ s(1+2)In’z
+[g—lnm-—2ln2z+2lnxln(1—z)]pqq(a:)

+2pgg (—2)$:(2) }

+CFCA{ (1-2) +[——ln:c+—ln +-6———-7i]p (z)
2 18 6]°%
—pqq(—:v)Sz(w)}
52 28 16 12 ,
—3—0+2(1+ z)In’z — [%9+§-lnw] pqq(:c)} (6.16)

8 16 8 8
Py = Ti{-5- |G Hghet -]

1 Note that the published version of ref. [3] contains some misprints.
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198 6 Jet properties beyond fized order

+CFTf{—2+ 3r+ (—-7+8z)lnz —4In(1l — 2)

+(1-2z) Iz + [—2ln2 (z(1-2)) - 2In (1 ; ”’)

+165; (z) + 272 — 10Jpqg(:c)}

—— - =z

152 166 40 ( 4 76)
Inz
3 3

+CATf{"§‘ T %

+4In(1 - z) + (24 8z)In’z + [SInwln(l—x) —In*z

4 10
—gll’liz-l- ?ln(l - (L‘)
2
+21n*(1 - z) - 165, (z) — 7% + 1—?] Pog ()

99

1 9 1
P = Cﬁ.{—§+§q;+(_8+5x)lnz+2xln(l—$)

+ (1 - %x) In*z + lan(l —z)+4lnzin(l - 2)

+CpCu — — —z — —z? + (2+ 12z + §x2) Inz
18 3
—2zIn(1 - z) — (4+ z)In’ 2 + pyy(—2)Sa(z)

+[—2lnxln(1—x) —3lnz - glnzz—ln"’(l——z)

n? 17
+851(2) + —— + — | pye() (6.18)
6 18
164 16 1
P = CrTy {—4 +12z - =2’ + <10 +ldz+ o’ + 3-2) Inz

+§—z +2(1+4=2) In? a:}
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6.1 Jet fragmentation 199

+CATy {2—2:6—{—%6- (:c2 — :—1-) - %(l-l-z)lnz‘ '

(2 Bt}

27 67 1 11 25 44
202 (1= g2 = iy S |
+C’A{2(1 x)+9(:1: $>+(3 3% Sz) nz

—4(1 + z) In® 2 + 2pyy () S (z) + [4 Inzln(l - z)

22 67
_31n21:+ ?lnz — ?-}- ?jlpgg(d,‘)} (6.19)
where Sy(z) is given in Eq. (4.113) and
l-z d
Sy (z) = / Zin(i-2). (6.20)
0

In terms of the dilogarithm function defined in Eq. (3.36), S;(z) is given
by Eq. (4.114) and

Si(z) = =Liy(1 — z) = Lis(z) + InzIn(1 — z) — %2 . (6.21)

Endpoint contributions at z = 1 may again be evaluated using the sum
rules (4.115) and (4.116). They are found to be the same as those in
Eqgs. (4.118)-(4.120).

The small-z limits of the splitting functions are now

p _a_s40Cpr
i 2r 9z
Qg 4OCATf
Fog = Tor Oz
Py — 2§F —g—;—4CFCA Inz
z
2C 4C?
P, - T"—g—;—zéln%. (6.22)

Note that the higher-order terms in P,y and P,, are more singular as
x — 0 than those for deep inelastic scattering, Eq. (4.122). As a result,
the resummation of enhanced terms in the fragmentation functions at
small z yields a completely different behaviour from that of the small-z
structure functions discussed in Section 4.6. This will be studied in detail
in the following two subsections.

There are several complications in the experimental study of scaling
violation in jet fragmentation functions [4]. First, the energy dependence
of the electroweak couplings g;(s) that enter into Eq. (6.4) is especially
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200 6 Jet properties beyond fized order

strong in the energy region presently under study (y/s = 20 — 90 GeV).
In particular, the b-quark contribution more than doubles in this range.
The fragmentation of the b quark into charged hadrons, including the weak
decay products of the b-flavoured hadron, is expected to be substantially
softer than that of the other quarks, so its increased contribution can give
rise to a ‘fake’ scaling violation. A smaller, partially compensating effect
is expected in charm fragmentation. These effects can be eliminated by
extracting the b and c fragmentation functions at /s = M from tagged
heavy quark events, and evolving them separately to other energies.

Secondly, one requires the gluon fragmentation function Dy(z, s) in ad-
dition to those of the quarks. Although the gluon does not couple directly
to the electroweak current, it contributes in higher order, and mixes with
the quarks through evolution. Its fragmentation can be studied in tagged
heavy-quark three-jet (QQg) events, or via the longitudinal fragmentation
function (to be discussed below).

A final complication is that power corrections to fragmentation func-
tions, of the form f(z)/QP, are not well understood. As in the case of
event shapes, Monte Carlo studies [4] suggest that hadronization can lead
to 1/Q corrections. Therefore, possible contributions of this form should
be included in the parametrization when fitting the scaling violation.

The results of an analysis of scaling violation in the charged hadron
spectrum by the ALEPH collaboration [5], based on a comparison of LEP
data with those from lower-energy experiments, are shown in Fig. 6.1. An
overall fit in the range 22 < /s < 91.2 GeV, 0.1 < z < 0.8, incorporating
full next-to-leading-order evolution and a simple parametrization of 1/Q
power corrections, gives a good description of the data in the fitted region,
as shown by the curves.? The fitted power corrections are small and the
value obtained for as(M2) (0.126 + 0.009) is not highly sensitive to the
form assumed for them. Indeed, a leading 1/Q? dependence is not ruled
out, and it may be that in this case the Monte Carlo models are misleading
and 1/Q corrections are in fact absent. An operator-product approach
to fragmentation, developed in ref. [6], does indeed suggest that 1/Q
corrections are absent.

6.1.2 Average multiplicity

The average number of hadrons of type h in a jet initiated by a parton
i at scale ¢, (n4(t));, is just the integral of the fragmentation function,

1)

2 The fitted curves do not extrapolate well into the small-z region, but a next-to-leading-
order treatment would not be expected to be reliable there: see the next section.
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Fig. 6.1. Scaling violation in et e~ fragmentation functions. Figure from ref. [5].

which is the j = 1 moment in the notation of Eq. (6.8):

(na(2)), = /01 dz DMz, t) = D*(1,1). (6.23)

If we try to compute the ¢t dependence of this quantity, we immediately en-
counter the problem that the lowest-order expressions for the anomalous
dimensions vy, and 7,4, in Eq. (4.129) are divergent at j = 1. The reason
is that for § < 1 the moments of the splitting functions in Eq. (4.94)
are dominated by the region of small 2z, where P,;(z) has a divergence
associated with soft gluon emission.

In fact, however, we can still solve the evolution equation for the average
multiplicity provided we take into account the suppression of soft gluon
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202 6 Jet properties beyond fized order

emission due to coherence, as discussed in Chapter 5. We saw there
that the leading effect of coherence is obtained simply by changing the
evolution variable from virtual mass-squared to the quantity t = E?(1 —
cos §), for which the ordering condition is (5.98). Thus, after redefining ¢
as t, Eq. (6.6) may be written in integrated form as

22t dtl
Diet) =Dt + 3 [ [T R RaD /) 020
or in differential form
(z,t) Z / 4205 b (2, a5)Ds(3)2, ) . (6.25)

Notice that this differs from the conventional evolution equation (6.6) only
in the 2-dependent change of scale on the right-hand side. This change is
not important for most values of ¢ but we shall see that it is crucial at
small .

For simplicity, consider first the solution of Eq. (6.25) taking as fixed
and neglecting the sum over different branchings. Then taking moments
as usual we have

t%f)(j, t) = -gff;/: dz 277 P(2)D(j, 2*t) . (6.26)
Now if we try a solution of the form
D(j,t) o tYGes) (6.27)
we find that the anomalous dimension v(j, @s) must satisfy the implicit
equation
(4, as) = g—;/ﬂl dz 22~ 1*10es) p(z) | (6.28)

When j—1is not small, we may neglect the 2vy(j, as) in the exponent of
Eq. (6.28) and then we obtain the usual explicit formula for the anomalous
dimension. For j ~ 1, the region we are interested in, the 2 — 0 behaviour
of P(z) dominates and we may as a first approximation keep only those
terms that are singular at 2 = 0. The most important such term appears
in the gluon-gluon splitting function: P,y (2) — 2C4/z as z — 0, which
implies that near j =1

. Caas 1
, _ ' ' 6.29
799(] 05) T J—1+ 27gg(.7’ aS) ( )
and hence
_ 1| /. 8Ca0s _
Yog(Jr s) = 4 [\/U -1+ ——741:_—5 ~U-1
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6.1 Jet fragmentation 203

_ ’CACVS l . 1 2T _

Thus for j — 1 the gluon-gluon anomalous dimension is proportional to
the square root of @s. How can this behaviour emerge from perturbation
theory, which deals only in integer powers of as? The answer is that at
any fixed j # 1 we can expand Eq. (6.30) in a different way for sufficiently
small ag:

. _ CAQS 1 _ C’Aa3>2 1
Yoo (4 0s) = — 70D 2( ) GooE T (6.31)

This series displays the terms that are most singular as j — 1 in each
order. The first term, for example, corresponds to the fact that

Taa @) = 2275 (3) + O(3) , (6-32)

where we see from Eq. (4.129) that

2C
75 () = ~T

(6.33)

the dots representing terms that are not singular as j — 1. The terms dis-
played in Eq. (6.31) just correspond to the Mellin transform of the small-z
behaviour of the gluon splitting function P, (z) given in Eq. (6.22). The
most singular terms as j — 1 (z — 0) have been resummed in the expres-
sion (6.30), allowing the perturbation series to be analytically continued
outside its circle of convergence |as| < (7/8C4)|j — 1|*>. By definition,
the behaviour outside this circle (in particular, at j = 1) cannot be rep-
resented by the series Eq. (6.31) any more, even though it is fully implied
by it.

At sufficiently small z, the ;7 — 1 singularity of the gluon-gluon anoma-
lous dimension dominates in all fragmentation functions, and this in turn
determines the asymptotic behaviour of their first moments, i.e. of av-
erage multiplicities. To predict this behaviour quantitatively we need to
take account of the running of a5, which can be done in the same way as
for the other moments. Writing Eq. (6.27) in the form

D(j,t) ~ exp [ / tvgg(j, as)‘—if—’] , (6.34)

we have only to replace v4,(j, @s) in the integrand by v, (j, as(t’)). We
then use Eq. (2.5)

/ as(t) i
[ mtiasen = [ S das, e39)
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204 6 Jet properties beyond fized order

where 8(as) = —baZ + ..., to find

26, 1 .
D(j,t) ~ exp[ — 4,)015(1—1)

48b‘/ (] -1)? ]aqzas(t) . (6.36)

In e*te™ annihilation the scale ¢t (the upper limit on E?(1 — cos#) for
any branching) is of the order of the centre-of-mass energy-squared s,
and so the average multiplicity of any hadron species has the asymptotic
behaviour

(n(s)) = D(1, s) x exp %‘ / ;a_f(sj ‘/ ln A2 (6.37)

If the next-to-leading singularities of the anomalous dimensions, i.e. the
terms with one less power of 1/(j — 1), are also resummed, the expression
(6.37) is multiplied by a power of as(s) [7]:

(n(s)) o exp [11)‘ / EST) + (% + ;:be) In as(s)] . (6.38)

The resulting prediction, shown by the curve in the upper part of Fig. 6.2,
is in very good agreement with experiment. In this comparison there are
two free parameters: the constant of proportionality in Eq. (6.38) and
the scale parameter Apy; in ag(s). Apyy is not necessarily equal to Agis
because the renormalization scheme dependence of (n(s)) only appears at
next-to-next-to-leading order, and corrections to Eq. (6.38) of this order
have not yet been calculated. In fact, however, the value used in Fig. 6.2,
Anue = 226 MeV, corresponding to as(M2) = 0.118, is rather close to
Asfs, indicating that further higher-order corrections should be small.

We postpone discussion of the second multiplicity moment, shown in
the lower part of Fig. 6.2, until Section 6.3.

6.1.3 Small-z fragmentation

The behaviour of D(j, s) away from j = 1 determines the form of small-
z fragmentation functions via the inverse Mellin transformation (6.9).
Keeping the first three terms in the Taylor expansion of the exponent,
as displayed in Eq. (6.36), gives a simple Gaussian function of j which
transforms into a Gaussian in the variable £ = In(1/z):

zD(z,s) o exp [——2%(5 - §p)2} , (6.39)
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Fig. 6.2. Mean and second moment of charged hadron multiplicity in ete”
annihilation. Figure from ref. [8].

where the peak position is

1 1 S
&= m o~ Zln (F) (6.40)

and the width of the distribution of  is

o= (ﬁ”@% '5 « [ln (7\8—2)}% . (6.41)

Again, one can compute next-to-leading corrections to these predictions.
In the method of ref. [9], the corrections are included in an analytical
form known as the ‘modified leading logarithmic approximation’ (MLLA),
while in ref. [10] they are used to compute the higher moment corrections
to the Gaussian form (6.39). The results of the two calculations are
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Fig. 6.3. Distribution of £ = In(1/z) in ete~ annihilation, with data from
refs. [11,12]. Figure from ref. [12].

shown by the solid and broken sets of curves, respectively, in Fig. 6.3.
At small z (large £), where they should be valid, both calculations agree
well with the form and energy dependence of the measured fragmenta-
tion functions. The MLLA calculation includes some terms that become
important at large z (small £) and therefore agrees with the data in that
region as well. As in the case of the average multiplicity, the parameter
A in Egs. (6.40) and (6.41) should be treated as a free parameter, be-
cause the renormalization scheme sensitivity is beyond the accuracy of
the present calculations. In the fits shown in Fig. 6.3, the values of A are
253130 MeV for the MLLA and 255+26 MeV for the modified Gaussian
parametrization respectively.

The predicted energy dependence (6.40) of the peak in the £ distribution
is a striking illustration of soft gluon coherence, which is the origin of the
suppression of hadron production at small z. Of course, a decrease at
very small z is expected on purely kinematical grounds, but this would
occur at particle energies proportional to their masses, i.e. at ¢ x m/./s
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Fig. 6.4. Position of the peak in the £-distribution. Figure from ref. [13].

and hence £ ~ -;—ln s. Thus if the suppression were purely kinematic the
peak position £, would vary twice as rapidly with energy, which is ruled
out by the data (see Fig. 6.4).

6.1.4 Longitudinal fragmentation

The ALEPH [5] and OPAL [14] collaborations at LEP have presented
results of analyses of the longitudinal fragmentation function in e*te~
annihilation. This is defined in terms of the joint distribution in the
energy fraction z and the angle 6 between the observed hadron and the
incoming electron beam [4]:

1 d&¢ 3 \ 3 ., 3
o dodeosd — §(1 + cos® 0) Fr(z) + 7 5in 0 Fi(z) + ZcosOFA(w) ,
(6.42)

where Fr, F;, and F, are respectively the transverse, longitudinal and
asymmetric fragmentation functions.® As their names imply, Fr and Fj,
represent the contributions from virtual bosons polarized transversely or
longitudinally with respect to the direction of motion of the hadron h.

3 All these functions also depend on the c.m. energy /s, which we take to be fixed here.
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208 6 Jet properties beyond fized order

F, is a parity-violating contribution which comes from the interference
between the Z° and photon contributions. Integrating over all angles,
we obtain the total fragmentation function, F' = Fr + Fy,. Each of these
functions can be represented as a convolution of the parton fragmentation
functions D; with appropriate coefficient functions C;"* as in Eq. (6.4).
The transverse and longitudinal coefficient functions are [2,15]

CY(z) = 6&(1-2)+0O(as)
Cr(z) = Of(as)
Ci(z) = Cro>+0(a})

Cl(z) = 4(,‘F‘2"—75r (% - 1) +0(a?), (6.43)

which implies that

ld
Fi(z) = cpoﬁ/ f[FT(z) +4 (g - 1) Dy(2)| +0(e2) . (6.44)
Thus the gluon fragmentation function Dy can be extracted to leading

order from measurements of Fr and Ff.

Fig. 6.5 shows the OPAL data [14] on the transverse and longitudinal
fragmentation functions for charged particles. Note from Eq. (6.44) that
F, is O(ag) relative to Fr; it also falls more steeply with 2. Therefore
even with LEP statistics the errors are large for ¢ > 0.3. However, one
still obtains useful information on the gluon fragmentation function over
the full range of z, as shown in Fig. 6.6. Because the relation (6.44) is
known only to leading order, there is an ambiguity about the energy scale
at which D, is measured. Since the gluon contribution comes from three-
jet events, one might expect the appropriate scale to be about one third
of the centre-of-mass energy. Comparisons with JETSET Monte Carlo
predictions at scales straddling this value are shown. In Section 6.4 we
shall discuss data on gluon jet fragmentation obtained more directly from
three-jet events.

Similar results on the longitudinal fragmentation function have been
obtained by the ALEPH collaboration [5], who include this information
as a constraint on the gluon fragmentation function in their fit to scaling
violation shown in Fig. 6.1.

Summed over all particle types, the total fragmentation function satis-
fies the energy sum rule (6.3), which we may write as

1 1
5/0 dzzF(z)=1. (6.45)
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Fig. 6.5. Transverse and longitudinal fragmentation functions in Z 0 — hadrons.
Figure from ref. [14].

Similarly the integrals

1 1 oTL
5/ dz zFr(z) = — (6.46)
0

Otot

give the transverse and longitudinal fractions of the total cross section.
The perturbative prediction is [16]

oo _ as (601 6 37 )(a_5)2 3
Ge T +(40 5$B) - 557 ) (7)) +O(s)
Qg Qg 2
~ %% 1 (13.583 - 1.028ny) (7> (6.47)

where the ¢ function is given in Eq. (3.19). Comparing with Eq. (3.17),
we see that the whole of the O(as) correction to oy, comes from the
longitudinal part, while the O(a%) correction receives both longitudinal
and transverse contributions.

The OPAL data point for op /0. is shown, together with the per-
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Fig. 6.6. Gluon fragmentation function extracted from Frp. Figure from
ref. [14].

turbative predictions, in Fig. 6.7. The data lie somewhat above the
next-to-leading-order prediction (dashed), which suggests that higher-
order and/or non-perturbative corrections are significant. An estimate
of the latter is provided by the difference between the JETSET Monte
Carlo hadron-level prediction (dot-dashed) and the perturbative result.
This difference shows a clear 1/Q behaviour, with a coefficient of about
1 GeV, illustrating once again the characteristic energy dependence of
hadronization effects.

In fact, using the simple ‘tube’ model of hadronization discussed in
Section 5.6, the correction to the longitudinal cross is found to be

<50L> _mA _0.8GeV

haa 2@ Q
Adding this to the next-to-leading-order prediction gives the solid curve
in Fig. 6.7, which agrees well with the JETSET prediction. The correc-

tion arises from mixing between the transverse and longitudinal angular
dependences in Eq. (6.42) due to hadronization. The transverse cross

(6.48)

Otot
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Fig. 6.7. Longitudinal fraction of the et e~ hadronic cross section.

section receives an equal and opposite correction, and so there is no 1/Q
term in the total cross section.

6.1.5 Fragmentation in deep inelastic scattering

Jet physics in ep collisions promises to be a rich field of study for the new
HERA collider at DESY. One can, for example, compare the properties
of jets in ete~ and ep collisions, which is a good test of the factorizability
of jet fragmentation functions discussed above.

The most direct comparison is between one hemisphere of an ete~
event, defined with respect to the thrust axis, and the ‘current jet hemi-
sphere’ of deep inelastic scattering in the Breit frame [17,18]. The Breit
frame is the one in which the momentum transfer from the lepton, ¢#, has
only a z-component: ¢* = (0,0,0,Q). In the parton model, in this frame
the struck quark enters from the right with z-momentum p, = —%Q and
sees the exchanged virtual boson as a ‘brick wall’, from which it simply
rebounds with p, = +%Q. Thus the right-hand hemisphere of the final
state should look like one hemisphere of an e*e~ annihilation event at
Ec = Q. The left-hand (‘beam jet’) hemisphere, on the other hand, is
different from e*e~ because it contains the proton remnant, moving with
momentum p, = —(1 — )@ /2z in this frame.
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Fig. 6.8. Mean charged multiplicity in e*e™ and ep current jet fragmentation.
Adapted from ref. [19].

Fig. 6.8 shows the results of such a comparison by the ZEUS collabo-
ration [19], in this case comparing twice the charged multiplicity in the
Breit frame current hemisphere with that observed in ete~ annihilation
(corrected for Ks and A° decays and therefore differing slightly from
Fig. 6.2). The e*e™ results are shown by the open symbols. We see
that the ete™ and ep data are consistent. On a more detailed level, one
would expect small differences, due to the different mixtures of quark
flavours and higher-order corrections in the two processes. The curve
shows Eq. (6.38), this time with scale parameter Ay = 1 GeV, corre-
sponding to the slightly more rapid increase in the ep data at low scales.

A more elaborate comparison is shown in Fig. 6.9. Here the position
of the peak in the distribution of In(1/z,), where z, = 2p/Q in the Breit
frame, is compared with that found in ete~ annihilation (Fig. 6.4). We
see again that the HERA data exhibit the same @-dependence as the
ete~ data, in remarkable agreement with the theoretical predictions.
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Fig. 6.9. Position of the peak in In(1/z,) in e*e™ and ep current jet fragmen-
tation. Adapted from ref. [19].

6.2 Generating function method

A useful calculational technique based on the parton branching formalism
involves the use of generating functions or, more powerfully, generating
functionals [9,18]. We concentrate here on the former, which are mathe-
matically simpler. Let P,(n) represent the probability of finding n objects
of a particular type in the final state of a given process p, where for exam-
ple the objects could be charged hadrons and the process could be ete~
annihilation at a given centre-of-mass energy. Alternatively, the objects
could be jets, defined by a given jet algorithm with a certain resolution
Yeut, See Section 3.3. The corresponding generating function is defined as

¢p(u) = i u" Py(n) . (6.49)

We can recover the probability distribution P,(n) itself by successive dif-
ferentiation at u = 0:

1 d*¢,
n! dun

By(n) = (6.50)

u=0
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214 6 Jet properties beyond fired order

On the other hand the binomial moments of the distribution are obtained
by differentiating at v =1

W, = Lok = |
(n(n—=1)...(n—k+1)), ﬁj@p (6.51)

Consider specifically the case of ete~ annihilation. To leading order
the final state is quark-antiquark and therefore the generating function is
simply

Pete- (u) = ¢q(u) Pg(u) (6.52)

where ¢, (¢7) represents the generating function for the fragmentation of
a quark (antiquark) into objects of the required type. In general there
should be a sum over flavours on the right-hand side, with appropriate
relative probabilities, but we shall assume flavour independence, which is
a reasonable first approximation when the detected objects are charged
particles or jets. In these cases the objects also form a charge-conjugation
invariant set, and so ¢, = ¢;. Then Eq. (6.52) becomes simply

Peve- (1) = [y (w)]* - (6.53)

Now we derive an equation for ¢4, the generating function for quark
fragmentation. This will depend on the scale of the hard process in which
the jet is produced, which in ete~ annihilation is the centre-of-mass en-
ergy squared, s. As discussed in Section 5.5, to take account of coherence
in jet evolution we use the scale variable ¢ defined by Egs. (5.93) and
(5.97), which we denote in what follows by t. Thus we write Eq. (6.53) as

Pete- (U, 8) = [(u, )i, - (6.54)

The scale dependence of the generating function may be found using
the parton branching formalism of Chapter 5. When a parton of type
a branches into b and ¢, the generating function ¢, is replaced by ¢,¢..
Following the steps that led to Eq. (5.49) for the parton distribution, and
taking coherence into account according to Egs. (5.98) and (5.100), we

obtain
t / 2 _ ,
X Pg(2) g (1, 224 by (1, (1= 2)7F) . (6.55)

This equation is valid in the next-to-leading logarithmic approximation,
that is, it takes account of the double logarithmic singularities generated
by collinear soft gluon emission to all orders, and also the terms with
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6.2 Generating function method 215

one less logarithm due to emission that is collinear but not soft. In this
approximation we can simplify the integrand considerably. The ¢ — ¢
splitting function is

. 1+ 2 2 2 3
qu(z)=CF1 z :CF<:_1_Z):CF(:"§>7 (656)

where in the last expression we have replaced the non-singular part by
its average with respect to z, since all the other terms in the integrand
depend on z only logarithmically. For the same reason we may replace z
by 1 in all the argument factors except for (1 — 2) in the singular part.
Writing (1 — 2)%' = t”, Eq. (6.55) becomes

6w = dufmt)At)+ 5E [ 42051

2m Jg,

>< [ [ )64, - %asa'm(u,t')] , (657)

which has the solution
ba(w) = byt exp | [ T, 000 00)] (659

where

T,(t,t) = C: astgt,) (ln == -2—) . (6.59)

Note that the Sudakov form factor (5.101) may be written in terms of the
branching function (6.59) as

A(t) = exp [- [ d' T, (¢, t’)] . (6.60)

Thus Eq. (6.58) satisfies the unitarity constraint ¢,(1,t) = ¢,(1,t) = 1,
which follows from the definition (6.49).

The solution (6.58) is expressed in terms of the gluon jet generating
function @y, which satisfies a branching equation analogous to (6.55).

Making the same next-to-leading logarithmic approximations that led to
Eq. (6.57), we obtain

bownt) = Goluto) (1) + [ LA {¢q

to 2 A (t’
X %;1 [/to %,”as(tu)%(u,t'l) - %as(t')%(u,t')]
+ gLas(t) ¢ (u, )]} (6.61)

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 15 Nov 2026 at 13:15:21, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/CB0O9780511628788.007


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511628788.007
https://www.cambridge.org/core

216 6 Jet properties beyond fized order

where the last term on the right-hand side comes from the splitting g —
qq. Introducing the functions

Cyag(t t 11
T,(t,t) = 2_7':——-5t(, ) (lnt—,-?)
, ny ag(t’
Lt = g,f;——stﬁ ) (6.62)

we may write this in a form similar to Eq. (6.58):

¢g(u,t) = ¢g(u,t0)Ag(t)exp[ttdt'{[‘g(t,t')(bg(u,t/)

+ Ty () [bg(u, )] /¢ (u, t')}] (6.63)
where
A,(t) = exp [— /t t dt'{l"g(t,t')+Ff(t’)}] . (6.64)

In the following sections we shall use these results to calculate properties
of the multiplicity distributions of hadrons and sub-jets within jets.

6.3 Multiplicity distributions

In principle we can compute the energy scale dependence of the cross
section for any fixed multiplicity n from the generating function equations
(6.58) and (6.63). Consider, for example, the probability of producing no
objects of the prescribed type (for example, no charged particles, only
neutrals) in ete~ annihilation at c.m. energy /s. This is given by

Pe'*e‘(O’s) = ¢e+e‘(013) = [¢q(0’5)]2
= Prves (0, 0)[Ag(s)]2 exp [2 [ thq(s,t)¢g(0,t)] . (6.65)

where ¢,(0,¢) is to be obtained by solving the implicit equation (6.63).
We can see that it must behave roughly like A4 (t), which vanishes faster
than any inverse power at large t. Therefore the exponent in Eq. (6.65)
is asymptotically negligible and we find at high energy

Pete-(0,8) ~ Pete- (0, tO)[Aq(S)]2 (6.66)

which again vanishes faster than any power of s. In general the cross sec-
tion for any fixed multiplicity may rise at low energy but must eventually
become dominated by the Sudakov factor and decrease rapidly.

Another application of the generating function method is the calcu-
lation of multiplicity moments according to Eq. (6.51). For brevity, we
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6.3 Multiplicity distributions 217

introduce the following notation for the mean and first binomial moment
in process p:

(")p = N,
(n(n-1)), = M,. (6.67)

Eq. (6.53) is valid to next-to-leading logarithmic accuracy, and so to this
precision the e*e~ moments are related to those of a quark jet as follows:

Nete- = 2N,
Meto- = 2(M,+N2). (6.68)

We check first that the average multiplicity is consistent with that ob-
tained in Section 6.1.2. From Egs. (6.58) and (6.63) we obtain the coupled
integral equations

No(®) = Nylto)+ [ Ty 00N(0)
Ny(®) = Nytto)+ [ de{r, e)N,()

+ Ty (¢)[2N(¢) = Ny(#)]} - (6.69)

By successive differentiation with respect to t we find

(AN 2 D (v, 2

dt \' dt 2 2 dt
d (AN, _ C, 11 dN,
v ( 7) = pos(t) (Ng S a )
n d
+ 6iozs(t) t==(2Ny = N,) . (6.70)

The asymptotic behaviour is dominated by the first term on the right-
hand side in each of these equations, which gives

C 1/ 2C
Ny(t) ~ 5:1Ng(t) o exp o ﬁas?t)

, (6.71)
in agreement with Eq. (6.37).
Now we turn to the calculation of the second moment. By differentiat-
ing Egs. (6.58) and (6.63) twice at u = 1 we obtain
t
Myft) = My(to) = INy(to)] + [Ny OF + [ dt'Ty(t,6)My (¢)
to
t
My(t) = My(to) = IV, (to)]* + NG00 + | a {06, 2) 4 (0)

+ Ty (E)[2M,() = My(t) + 2{No(t') - No(#)}]} . (6.72)
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218 6 Jet properties beyond fized order

Again retaining only the dominant term on the right-hand side, we see
that M, , should be asymptotically proportional to Ngz. Substituting this
form and using Eq. (6.71), we find
CF 2 4 2
M, ~ (1 + W) N, M, ~ §Ng . (6.73)
A quantity that is convenient experimentally is the relative size of the
second multiplicity moment, measured by the ratio

R2, = (674)
’ (n), Ny
From Eqgs. (6.68) and (6.73), we obtain the prediction
M, + N? C 11
Ry ete- = Pt = (6.75)

2N? +6CF 8

q

Eq. (6.75) implies that asymptotically the width of the multiplicity
distribution should grow in proportion to its mean value, which is qual-
itatively in agreement with experlment Similarly, the higher moments
(n*) are predicted to grow like (n)*. This means that the asymptotic
multiplicity distribution can be represented by a scale-invariant function

of n/ (n),
1 n

a property known as Koba-Nielsen-Olesen (KNO) scaling [20].

In quantitative terms, the asymptotic QCD prediction of the form of
the KNO function ¥ is rather different from that observed experimentally.
For example, the measured value of R, for charged particles in ete~
annihilation is about 1 instead of 11/8. The next-to-leading correction to
Eq. (6.75) is in fact of order ,/arg with a negative coefficient [21]

CA 55 CA ( CAaS
e~ 1A |22 x4 i
Boer * 6Cy [wscp 6 54CA
11

As shown in the lower plot of Fig. 6.2, the effect of the next-to-leading
correction (6.77) is to bring the prediction for R; .+.- much closer to the
measured value. The good agreement of the Lund (JETSET) prediction
with the data suggests that hadronization and higher-order perturbative
corrections can account for the remaining difference. The higher moments
ratios Ry, defined by

Ri=(nn-1)...(n—k+1))/(n)*, (6.78)
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6.4 Quark and gluon jet differences 219

have similar corrections with coefficients that grow with k, making the
next-to-leading-order predictions progressively less reliable for higher mo-
ments [21].

6.4 Quark and gluon jet differences

The results of the previous section suggest that there should be character-
istic differences between jets initiated by quarks and gluons. For example,
Eq. (6.71) predicts that the average multiplicity of any type of object in
a gluon jet should become C4/Cr = 9/4 times greater than that in a
quark jet asymptotically, while Eq. (6.73) predicts that the asymptotic
multiplicity distribution should also become wider for a gluon jet, by the
square root of C4/CF.

These differences arise from the greater effective colour charge-squared
of the gluon, which is proportional to C4 as opposed to CF for the quark.
The dominant asymptotic contribution to the multiplicity from a quark
jet comes from the emission by the initial quark of a highly virtual gluon,
which then generates a gluon jet. Thus one factor of Cy in the cascade
is replaced by CF, leading to a reduction in the average multiplicity by a
factor of Cr/C4. The second moment is reduced by the same factor, and
so the width of the multiplicity distribution is also decreased.

As a consequence of the higher multiplicity, the fragmentation function
of a gluon jet would be expected to be softer, i.e. more concentrated
at low values of the momentum fraction z, than that of a quark jet.
Actually, the treatment in Section 6.1.3 shows that the shape of the low-
¢ fragmentation function — the Gaussian peak in In(1/z) - is the same
for quark and gluon jets in leading (and in fact also next-to-leading)
logarithmic approximation. What is different is the height of the peak,
which should again be in the ratio Cr : C4 for quarks versus gluons
asymptotically. To conserve momentum, this implies a relative reduction
in the gluon fragmentation function at higher z.

Another characteristic difference is that gluon jets should be broader
than quark jets. We saw in Section 3.3 that the Sterman-Weinberg two-
jet fraction for ete~ annihilation takes the form (3.32) in lowest order,
which means that the angular size 4, of the quark jets for a given small
energy fraction ¢ is

71'(]. - f2) ]
8y ~ — . .79

g ™ OXP [4C’Fa5(s) Ine (6.79)
Since 1/as(s) increases logarithmically with energy, this means that the
angular jet width, for a fixed Sterman-Weinberg fraction f,, decreases like
a negative power of s. For a final state consisting of two gluon jets, as
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220 6 Jet properties beyond fized order

would be seen in the decay of a 1S, heavy quark-antiquark bound state,
for example, the analogous calculation gives a factor of C4 in place of Cp
and therefore

8y~ 6TF/Ca (6.80)

Thus the power decrease of the angular width is less rapid for gluon jets.

The experimental data on gluon jet properties show the predicted qual-
itative differences from quark jets, although at present energy scales the
differences are less marked than those expected asymptotically [22,23].
For example, Fig. 6.10 shows the data of the OPAL collaboration on the
fragmentation function for gluon jets produced in three-jet decays of Z°
bosons into b quarks, Z° — bbg. The label ‘k, definition: yc, = 0.02’
indicates that the kr or Durham jet algorithm (3.33), with y = 0.02, was
used to obtain the three-jet sample. The gluon jets were selected in the
following way. The most energetic jet was assumed to be a quark jet,
which is true in about 97% of events. Of the two remaining jets, one
was ‘tagged’ as a b- or b-quark jet by the presence of a secondary vertex
due to the decay of a b-flavoured hadron. With about 93% probability,
the remaining jet is then a gluon jet. The comparative points for light
(uds) quark jets were obtained by a combination of anti-tagging secondary
vertices and selecting jets that have a charged track with z > 0.45. In
heavy-quark jets, this is less likely because of the weak decay of the heavy
hadron. The data are corrected for the selection and detector effects; the
correction factors are shown in the upper plot.

We see that the gluon fragmentation function is indeed softer than that
for light quarks, with a higher peak at small z. A direct comparison with
the b quark jets does not show such clear differences, because the b jets
contain the products of the weak decay of the b-flavoured hadron, which
also tend to be soft.

Notice that the gluon fragmentation function obtained from this anal-
ysis is consistent with that deduced from the longitudinal fragmentation
function, Fig. 6.6.

6.5 Resummation of event shapes

As we discussed in Section 3.4, event shape variable distributions in ete~
annihilation provide some of the cleanest tests of QCD and a powerful
way of determining the strong coupling as. The perturbative prediction
of the thrust distribution, for example, has the form

%3_; = as(u)A(T) + [os(n*)]A2(T, /1)
+os (WP As(T, s/p?) + - -- (6.81)
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Fig. 6.10. Comparison between light (uds) quark and gluon jet fragmentation
functions, and the predictions of various event generators. Figure from ref. [23].

where we know A;(T) and A,(T,s/p?) in full. Thus a fit to the data
neglecting the unknown higher-order terms yields a measured value of
as(p?). Assuming that Aj is of order unity, we would expect a relative
precision of the order of a% (~ 2% at Z° energies).

In addition to the fact that we do not yet know the full form of Az, a
number of factors limit the reliability of the perturbative prediction.

1. Large logarithms. These enhance higher-order terms and limit the
range of thrust that can be used for determining as. Near the two-
jet configuration (¢.e. at high thrust) the perturbative coefficients
become very large:

In**"'(1-7)
A (T) ~ ————=. .82
() o, (6:82)

Thus for the higher orders to be negligible it is not sufficient to have

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 15 Nov 2026 at 13:15:21, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/CB0O9780511628788.007


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511628788.007
https://www.cambridge.org/core

222 6 Jet properties beyond fized order

as < 1; we need in fact asln®(1 — T) < 1. This is a significant
limitation, since most of the data are at high T, where a5 ln2(1 -
T) ~ 1 even at the highest available energies.

2. Renormalization scale dependence. The coefficients beyond the first
depend on the arbitrary renormalization scale p? used in calculating
them. For the second term we have explicitly

Ao(T,s/p?) = Ay(T,1) - bA,(T) In(s/u?),  (6.83)

where b is the first coefficient of the QCD S function, defined in
Eq. (2.8). The scale dependence of A, is necessary in order to cancel
that of the running coupling to the same order, see Eq. (3.21):

as(4?) = as(s) + badIn(s/u?) + - -, (6.84)

but a residual scale dependence is left in order . It is particularly
worrying that the data are fitted best by using a small scale [24],
p? < s, which generates large higher-order terms when expressed
in terms of ag(s). It might be argued that this corresponds to the
fact that a physical scale much smaller than s, for example the typ-
ical transverse momentum of an emitted gluon p? ~ (1 — T)s, is
controlling the dynamics. However, physics should be independent
of u, which is just an artifact of our method of calculation. In any
case, a change of scale cannot be the whole story, because this pro-
duces only one logarithmic factor for each power of g, whereas the
coefficients (6.82) contain two such factors.

3. Hadronization corrections. As discussed in Section 5.6, hadroniza-
tion is outside the domain of perturbation theory and its effects can
only be estimated at present through the use of models, of which the
most successful are those built into parton shower simulation pro-
grams [25,26]. In the programs, one can easily turn off the hadroniza-
tion phase of the simulation and compare the distributions generated
at the parton and hadron levels. However, modern shower simula-
tions operate not by performing an exact perturbative calculation
up to a fixed order, but rather by treating enhanced terms, such as
the explicit logarithms described above, to all orders. They there-
fore generate parton configurations of arbitrarily high multiplicity,
typically much larger than the maximum of four partons generated
at order a%, and are not well suited to estimating the hadronization
corrections for fixed-order calculations.

The above difficulties can be alleviated by identifying the explicit large
logarithms in each order of perturbation theory and resumming them to
all orders. The resummation is most effective when the logarithmic terms
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6.5 Resummation of event shapes 223

ezponentiate, i.e. when they combine in such a way that the logarithm of
the cross section is less divergent in the two-jet limit. This is made more
precise in the following subsection.

6.5.1 FEzponentiation and resummation

Instead of working with the event shape distribution directly, it is conve-
nient to introduce the event shape fraction, which for the thrust distribu-
tion is
1 1do
= dT —— . 6.85
)= [ a2 (6.85)
This quantity is somewhat analogous to the two-jet fraction f,, with 7 =
1 — T playing the role of the jet resolution y. By exponentiation of such
a quantity, we mean more precisely that at small 7 (high thrust)

f(r) = C(as) exp Glas, In(1/7)] + D(as, ) (6.86)
where, writing the large logarithm as L = In(1/7),

C(aS) = 1+ ZCnaﬂ )
n=1

oo n+1l
Glas,L) = > Guma"L™ (6.87)
n=1m=1

= Lgi(asL)+ gs(asl) + asgs(asL)+---

and the remainder D(ag,7) vanishes as 7 — 0. For later convenience
we have defined a = as/27 in the expansions, and have suppressed the
dependence on the renormalization scale u? for the moment. The func-
tion g; resums all the leading logarithms o2 L"*!, while g, contains the
nezt-to-leading logarithmic (NLL) terms a2 L™, and g3 etc. represent the
remaining subdominant logarithmic corrections o2 L™ with 0 < m < n.
The important point is that, whereas the event fraction itself has up to
two factors of L for each power of ag, its logarithm has only one extra L
for each as. The double logarithms come purely from the expansion of
the exponential function.

If exponentiation takes place and we know the leading and next-to-
leading functions g, (%) and g,(u) of Eq. (6.87) in the region u < 1, then,
provided the subdominant contributions g3(u) etc. behave reasonably in
this region, we can predict In f reliably for agL < 1. This is a much
larger region than the one asL? < 1 in which the original perturbative
expansion was applicable.

A knowledge of both g;(u) and g,(u) is necessary not only to extend the
region of validity consistently to asL < 1 but also to gain some control of
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224 6 Jet properties beyond fized order

the renormalization scale dependence of the prediction. This is because
the scale dependence of the leading function g;(u) has to be cancelled
order-by-order by contributions from g;(u). Thus g»(«) has a dependence
on the renormalization scale u?, of the form

ga(u, p?) = g2(u, s) — buz%ln (55) , (6.88)
which is the analogue of Eq. (6.83) for exponentiated quantities. Asin the
case of a fixed-order prediction, if the resulting resummed expression still
shows a strong residual scale dependence, this can be taken as a warning
that neglected higher-order terms may be anomalously large, since they
have to cancel this dependence. Furthermore, since as itself is not defined
until the scale is specified, the calculation of g,(u) is essential if one wishes
to use resummation to improve the determination of as.

The exponentiation of event shapes follows primarily from the corre-
sponding property of QCD matrix elements in the soft and collinear re-
gions [27]. In addition, however, one must establish that the phase space
defining the event fraction for a particular shape variable does not spoil
this property near the two-jet limit. Schematically we have

f(r) = %E / |M,.[2d®,(7) (6.89)

where ®,(7) defines the n-parton phase space for shape values bounded
by 7. One has to show essentially that each term in the sum factorizes at
small 7, possibly after some suitable integral transformation of Eq. (6.89),
in such a way that successive terms form an exponential series. The
coherent branching formalism developed in the previous chapter is very
useful for this purpose [28]. Usually the problem can be recast in the
form of an integral equation, whose solution gives the exponent function
G(as, L) directly. It should be emphasized that the exponentiation of
the event fraction has only been established for a limited number of event
shape variables, and for some variables it is known that exponentiation
does not occur.

In the case of the thrust and some related event shapes, exponentiation
may be established through a connection with the jet mass distribution.
Each event can be divided into two jet hemispheres by the plane orthog-
onal to the thrust axis. Suppose that the invariant masses-squared of
the multiparticle systems in the two hemispheres are k? and k2. Then
since the thrust is simply proportional to the resultant three-momentum
in each hemisphere, it is related to k? and k2 by elementary two-body
kinematics. At high thrust we have explicitly

T=1-k¥s—k*s—2kk*/s* +... . (6.90)
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6.5 Resummation of event shapes 225

The last term shown is of order 72 and so it and higher terms contribute
only to the remainder function D(ws,7) in Eq. (6.86). Hence to logarith-
mic accuracy we can write schematically

O, (1) =@, (k2 + k%< s). (6.91)

Thus to the required accuracy the event fraction can be written in terms
of J(k?,s), the jet mass distribution measured at scale s, as

TS Ts—k?
f(r) = / di? / dR2J (K, 5)J (R, s) . (6.92)
0 0
This expression can be factorized in terms of the Laplace transform
L@:/ Ak~ J (K2, s) . (6.93)
0
One finds that
1 dv vTs[ T 2
1) = 35 [ e uto) (6.94)

where the inverse transform contour C lies to the right of all singulari-
ties of the integrand. A derivation of the Laplace-transformed jet mass
distribution J,,(s) to NLL accuracy may be found in ref. [29].

In this way one finds that the function g, (v = asL) which resums the
leading logarithms is [30,31]

Cr

mb2u

g1(u) = [(1 = 2bu)In(1 — 2bu) — 2(1 — bu) In(1 — bu)] . (6.95)

At small u, g;(u) ~ —Cpu/7, giving
f(r) ~ exp(=2aCrpL?) (6.96)

in the limit agL <« 1. We see that the dominant effect of resumma-
tion is to suppress the event fraction at small 7, leading to a turn-over
instead of a divergence in the distribution at high thrust. This is a Su-
dakov form factor effect: in order for an event to have very high thrust,
the produced quark and antiquark must have emitted very little gluon
bremsstrahlung, which is very improbable. Note however that the dou-
ble logarithmic approximation (6.96) is not reliable in the vicinity of the
turn-over, since it predicts that the latter occurs at asL = 7/2Cr = 1.2,
which is inconsistent with the assumption that asL < 1. Using the
full leading-logarithmic result (6.95) gives a turn-over at lower thrust,

asL ~ 0.5.
The next-to-leading function g, is found to be [28]
CFK,
g(u)= - 3o [21n(1 = bu) - In(1 - 2bu)
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226 6 Jet properties beyond fized order

3CF 2veCFr

- mln(l—bu) -0 [ln(l—bu)—ln(l—?bu)]
Crpb’

- ,:;,2 [ln(l — 2bu) — 2In(1 - bu)

+  +In*(1 - 2bu) — In*(1 - bu)]

— InT'(1 - gi(u) — ugi(u)), (6.97)

where k = (201 — 972 — 10m;)/18, vg = 0.5772... is the Euler constant,
and b’ is the second 3 function coefficient defined in Eq. (2.8). If we
renormalize at a scale u? # s, g, receives an extra contribution as specified
in Eq. (6.88).

The same approach yields a very similar formula [32] for the distribution
of the ‘heavy jet mass’ p = Max{k? k?}/s. Other quantities that have
been fully resummed to NLL accuracy after being shown to exponentiate
include the energy-energy correlation [33] and an shape variable called
the ‘jet broadening’, which measures the transverse energy relative to the
thrust axis [34].

6.5.2 Combining with fized-order predictions

To obtain an improved prediction throughout the whole of phase space
we should combine the resummed expression, valid at small 7, with the
full second-order result, valid elsewhere. This is equivalent to evaluating
the remainder function D(as,7) in Eq. (6.86).

The simplest procedure is the so-called ‘log matching’ scheme, in which
one recasts Eq. (6.86) in the form

In f(7) = K(os) + G(as, L) + H(as, T) (6.98)

where again K (ag) represents a power series in as and H(ag,T) is a re-
mainder that vanishes as 7 — 0. Writing the full second-order prediction
as

f(r) =14 aA(r) + a®B(1) + O(a3) (6.99)
we have
In () = aA(r) + *{B(r) ~ AP} +0(ed).  (6100)

The functions A(7) and B(T) are conveniently tabulated in ref. [35].

To resum logarithmic terms of order o and beyond, we should add
G(as, L) to this expression after subtracting its first- and second-order
parts, which are already included in A(7) and B(7). Hence the resummed
prediction with K(as) and H(as, T) evaluated to second order is

Inf(r) = Lgi(asL)+ ga(asL) + a(A(r) — GuiL — G12L?)
+ a*(B(r) — YA(T)]? = Go2L? — Go3L?) (6.101)
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6.5 Resummation of event shapes 227

where the functions g, and g, are given in Eqgs. (6.95) and (6.97) respec-
tively, and the coefficients G,,,, are obtained by expanding them to second

order:
Gn = +3Cr
Gz = —-2Cf
Gy = - %71’20}2, + ( %7{'2 - %) CrCy + %Cpnf (6102)
G23 = - %CFCA + %Cpnf .

Notice that in this matching scheme the subdominant term a*G», L, rep-
resenting the first contribution from asgs(asL) in Eq. (6.87), is implicitly
included and exponentiated as a part of B(7). Thus the largest missing
subdominant contribution is of order a3 L?, which is suppressed by four
large logarithms relative to the leading term in f(7) of this order. Other
matching procedures can be defined, which differ by subdominant terms
of the same order and thus are equally valid, but in general they require
more care to ensure the exponentiation of subdominant logarithms [28].

The resummation and matching procedure described above yields the
results shown in Fig. 6.11. The effects of resummation become large
for T > 0.9. At lower thrust the effect is still appreciable but can be
compensated by a change of renormalization scale. In fact, the resummed
curve is fortuitously reproduced quite well by the fixed-order formula if
one uses a very low scale (u? ~ 0.001s), combined with a smaller value of
as(M%). This explains the empirical preference for low scales remarked
on earlier.

Several experimental studies have been performed comparing resummed
event shape predictions with data [36-40]. An example is shown in Fig. 6.12.
We see that after hadronization corrections the prediction compares well
with the data over a wide range of thrust, although the corrections be-
come large and rapidly-varying outside the fitted region. The label f =1
indicates the scale choice u? = s. The error shown for ag is the statis-
tical error of the fitting procedure only. The total experimental error of
+0.002 is small compared to the theoretical uncertainties coming from
scale dependence and hadronization, estimated at around £0.005.

The results of resummed determinations of ags will be summarized in
Chapter 12. The most important general feature of these analyses is that
they no longer show a preference for small values of the renormalization
scale u?: indeed a fit usually cannot be obtained for u? <« s. Since
the principal large logarithms have been explicitly resummed, there is no
dynamical argument for using a scale much different from s, and most
resummed analyses quote a theoretical uncertainty corresponding to a
rather small range of scales around u? ~ s. This, combined with a some-
what reduced scale dependence in the region u? ~ s, leads to a reduction
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Fig. 6.11. Fixed-order and resummed predictions for the thrust distribution
in Z° — hadrons, for five-flavour Agg = 250 MeV [as(M2) = 0.120], without
hadronization corrections. Adapted from ref. [28].

in the quoted uncertainties in as due to scale dependence. The central
values of a5 are slightly larger than those obtained from fixed-order anal-
yses, since the small scales preferred by the latter tend to be correlated
with smaller values of ag.

6.6 Resummation of jet rates

The large logarithms that occur in the ete~ n-jet fractions f, at small
values of the jet resolution parameter y (y.,:) can also be resummed using
the coherent branching formalism [41], provided the jets are defined using
the kr (Durham) jet clustering algorithm described in Section 3.3. By
comparing the definition Eq. (3.38) of the jet resolution with Eq. (5.97)
for the coherent evolution variable (called ¢ in this chapter), we see that
in order for the two final-state jets from a branching to be resolvable we
require that

min[z?, (1 - 2)%]t > sy, (6.103)
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Fig. 6.12. Resummed prediction for the thrust distribution in Z° — hadrons,
corrected for hadronization, fitted to data of the DELPHI collaboration. The
lower curves show the detector and hadronization correction factors. Figure from

ref. [39].
i.e. that
where

to = sy . (6.105)

The boundary condition (6.104) is precisely equivalent to the infra-red
cut-off condition (5.99), with the reinterpretation (6.105) of the cut-off in
terms of the jet resolution. It means that exactly one jet can be resolved
in a quark or gluon jet at scale t = t,, and hence that

Gqq(u,t0) = u (6.106)
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230 6 Jet properties beyond fized order

in the generating function formalism of Section 6.2.

Inserting the boundary values (6.106) in Eqgs. (6.58) and (6.63), we
obtain equations for the absolutely normalized jet generating functions in
next-to-leading logarithmic approximation, which can be used to predict
the jet rates at small values of y by repeated differentiation at v = 0. In
terms of the Sudakov form factors (6.60,6.64), defining

Ay(t) =[Ag(O/Ag(1) (6-107)

one finds

fi(sy) = [Bq(9)),
fa(s,y) = 2[Aq( )] th( t)Ag(¢)

filsy) = {[/ Ty (s, )A ()]
HA

+ dtr( ()/ [(tt)A(t)

+ T, ()4, (t')] } . (6.108)

We see that a simple exponentiation of In y terms is valid for the two-jet
fraction f,, whereas the higher multijet rates satisfy a form of exponenti-
ation only in the pseudo-Abelian limit I'y,I'; — 0:

Fera(s,y) = [ / dtT, st)] [A,(s)+(T, and T, terms) . (6.109)

Data on the y (ycu;) dependence of the jet fractions at LEP are shown
in Fig. 6.13. The curves are from the JETSET event generator, which
includes the above physics in its parton shower simulation, together with
a string hadronization model, as discussed in Section 5.7. All the multijet
fractions have the same qualitative behaviour: they rise rapidly with de-
creasing y reach a maximum and then fall off again at very small y. The
fall-off comes from the Sudakov form factor, which appears as an overall
factor expressing the fact that it becomes increasingly difficult to keep the
jet multiplicity fixed as the k7 resolution becomes very fine. Notice that
the effect of hadronization, shown by the difference between the dashed
and solid curves, is to increase the number of jets resolved at the smallest
values of y.
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Fig. 6.13. OPAL data and JETSET predictions for multijet rates in ete~
annihilation at 91 GeV. Figure from ref. [42].

6.7 Average jet multiplicity

A study of the mean multiplicity of jets rather than hadrons in ete~ an-
nihilation offers many experimental and theoretical advantages [43]. On
the experimental side, the dependence of this quantity on jet resolution
tests the same kind of physics as the energy dependence and can be stud-
ied in a single experiment at fixed energy. Furthermore, every hadronic
event contributes at every value of the resolution, so the statistical and
systematic errors are greatly reduced.

From the theoretical viewpoint, the jet multiplicity has the advantage
of being fully computable in perturbation theory. There is no arbitrary
normalization parameter, and the specified kr-resolution scale t; = sy
(¥ = Yeus) takes the place of the infra-red cut-off parameter in the hadron
multiplicity calculation. At large values of y the jet multiplicity is reliably
predicted by fixed-order perturbation theory, while at small values, for
the kr algorithm, large logarithms can be resummed using the generating
function formalism. Finally at very small y, where ¢, is of the order of the
hadronization scale, we can hope to learn about the hadronization process
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Fig. 6.14. Fixed-order and resummed predictions for the mean jet multiplicity
in Z° — hadrons, for Ay = 250 MeV, without hadronization corrections.

by comparing the extrapolated perturbative prediction with experimental
data.

To any fixed order af, the mean jet multiplicity (nje;) is given by the
multijet fractions computed to the same order. The O(a%) predictions
at s = M} for different values of the renormalization scale u? are shown
in Fig. 6.14. The dependence on the renormalization scale is seen to be
fairly weak, making the mean jet multiplicity a good quantity for the
determination of ag.

Like the multijet rates, the mean jet multiplicity contains double loga-
rithms that dominate at small values of y. But whereas in the exclusive
rates these logarithms sum up mainly to provide a universal Sudakov
suppression, in the inclusive multiplicity they generate a rapidly rising
behaviour, with a rate of increase greater than any power of L = In(1/y).
Keeping only the double-logarithmic terms, one finds explicitly that

(njer) = 2+ GCFL2 + La’CpCuL* + 355a°CrC3LE + ...

24 2CT (coshvaC4L? - 1) (6.110)
A
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Fig. 6.15. Resummed prediction for the mean jet multiplicity in Z° — hadrons,
corrected for hadronization, fitted to data of the L3 collaboration. Figure from
ref. [37].

~ %‘i expvaCyL?.
A

This is the analogue of the exp v/In s behaviour of the hadron multiplicity,
Eq. (6.37). In fact, recalling that a = as(s)/2r = 1/27bIn(s/A) and
y = to/s, we have

VaCoL? ~ \/% [\/ln (%) - \/ln (%)] , (6.111)

as long as asL < 1 (even if asL? > 1).

Notice that in the double-logarithmic approximation the nth order term
in Eq. (6.110) has colour factor CrC%~'. This means that the dominant
contribution comes from emission of a single gluon from the quark or
antiquark, followed by multiple branching within the gluon jet. We also
see how an asymptotic dependence on y/ay is obtained from a power series
in ag when one drops the exponentially decreasing part of the sum.

The prediction can again be extended to next-to-leading logarithmic
accuracy by means of the coherent branching formalism. The jet multi-
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234 6 Jet properties beyond fized order

plicities satisfy the coupled integral equations (6.69) with the inhomoge-
neous terms Ny 4(¢o) = 1. Solutions to these equations can be obtained
in closed form in terms of modified Bessel functions [9,43].

As in the case of event shape distributions, the NLL prediction can
be improved further by matching with the exact two-loop result, after
subtraction of the logarithmic terms that have been resummed. The
resulting prediction for ete~ annihilation is shown in Fig. 6.14.

We should note that, since (nje;) does not have the simple exponen-
tiating form (6.86), the resummation of leading (o2L?") and next-to-
leading (a2 L?"~!) logarithms does not fully include the renormalization
scale dependence of even the leading terms, which is of order ag*'L?" =
a2t L2 +1)=2 e, next-to-next-to-leading. Therefore the determination
of ag from jet multiplicity is only strictly reliable at larger y. As illus-
trated in Fig. 6.15, the prediction is in very good agreement with experi-
ment for a value of ag(M}%) consistent with that found from event shape
analyses.

Although we have considered here the mean jet multiplicity in ete”
annihilation, similar arguments can be applied to other hard processes,
such as d¢~p inelastic scattering (DIS) [44]. In such cases we also have to
deal wit* “initial-state’ jets, i.e. those associated with incoming coloured
partons. ['he multiplicity of initial-state jets depends not only on the
momentum transfer-squared of the hard process (Q? in DIS) but also on
the momentum fraction carried by the incoming struck parton (Bjorken
z in DIS). If the struck parton has high z, it is less likely to have emitted
initial-state jets, and so the jet multiplicity is reduced. Conversely an
incoming parton at small z is more likely to have emitted jets, and so
the multiplicity is enhanced at small z. The momentum not carried by
emitted jets is carried by the ‘beam jet(s)’, which consists of unresolvable
collinear and/or soft initial-state emission, together with the remnant
partons of the incoming hadron(s) and any further hadrons produced in
soft interactions of the remnants.
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