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Abstract. Beam–plasma interaction is investigated in a model of plasma microwave
oscillator: waveguide with spatially separated plasma and beam layers of finite
thicknesses. Investigation is carried out in general form without specifying shape of
the waveguide in cross section. Approach is based on perturbation theory over wave
coupling. Spatial separation implies weak beam–plasma interaction that exhibits
many specific features. Developing instability is caused by the growth of the negative
energy beam wave. It is shown that upon weak coupling presence, dissipation leads
to a new type of dissipative beam instability. Its maximal growth rate is inversely
proportional to collision frequency in plasma. The growth rate of this instability is
obtained for an arbitrary level of dissipation. Basic parameters of instability show
that its properties cannot be neglected upon design of high-power, high-frequency
plasma-filled generators/amplifiers based on relativistic e-beams.

1. Introduction

The use of plasma pre-fill in microwave devices allows
their operation at higher beam currents and leads to
the ability to gradually change the frequency of output
radiation. In addition, plasma mitigates voltage depres-
sion and improves the characteristics of output radi-
ation. These and some other principal advantages make
plasma-filled sources of microwave radiation based on
relativistic electron beams very promising (see [1–9] and
citations therein). The development of the theory of
plasma-filled microwave devices considers a cylindrical
waveguide with a thin annular electron beam and coaxial
thin annular plasma spatially separated from the beam
(no overlap) [2–3].

Interaction of an electron beam with plasma in a
waveguide has been widely investigated. However,
primary attention has been paid to the case that corres-
ponds to full overlap of beam and plasma fields (strong
beam–plasma coupling). In this case, physical nature of
developing instability is due to the induced radiation of
the system’s normal mode oscillations by beam electrons.
They are determined by plasma alone, as its density is
assumed much higher than the beam density. The beam
oscillations are actually suppressed and do not reveal
themselves. The fields are actually detached from the
beam in that they exist in the absence of beam.

The opposite case when the beam and plasma fields
are slightly overlapped is the case of weak beam–plasma
coupling. It may be realized, for instance, if the beam and
the plasma in a waveguide are spatially separated. This
transverse profile is of considerable interest to plasma
microwave electronics but has not been actively studied.
Along the advantages of plasma filling, this transverse

geometry provides conditions for increasing the influence
of the beam’s normal mode oscillations.

Weak coupling changes the physical nature of the
beam–plasma interaction. Electron beam is actually left
to its own. Its oscillations come into play. Account of the
beam’s normal mode oscillation leads to substantially
new effects. Moreover, there is negative energy beam
wave (NEBW) among beam proper waves. Its growth
causes instability due to the sign of its energy. The
growth rate of this instability attains maximum in the
resonance of plasma wave with NEBW. Resonance of
this (wave–wave) type comes instead of wave–particle
resonance (the usual Cherenkov Effect). This interaction
was named the “Collective Cherenkov Effect” [3]. The
transformation of the single particle Cherenkov Effect
to that of collective type takes place in case of weak
coupling as well as in very high beam currents when
it exceeds limiting current in a vacuum waveguide. The
oscillations of over-limiting electron beams reveal them-
selves significantly for both weak and strong coupling,
and the beam–plasma instability is due to the growth of
NEBW [2–3, 9–11]. The only condition for this is that
the beam–plasma waveguide should be non-uniform in
its cross section.

There is another factor that also leads to beam in-
stability caused by the growth of NEBW. This is dis-
sipation. It serves as a channel for energy removal for
the growth of NEBW. This shows that dissipation is
actually coupled with space charge phenomena and its
effect also should be taken into account. In a system
with electron beam, dissipation becomes a factor that
not only limits growth of the fields but also influences
the mode structure of instability and reduces the growth
rate. Along with these properties of common application,
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dissipation plays a unique role. Regardless of its level,
it never suppresses beam instability completely. With
increase in the level of dissipation, conventional beam–
plasma instability is transformed to dissipative beam–
plasma instability (DBI). Actually, dissipation causes
instability. Herewith all types of beam–plasma instabil-
ities (Cherenkov, cyclotron, etc) are transformed to the
same type of DBI. Its maximal growth rate depends
on parameter characterizing dissipation as ∼1/

√
ν (ν

is the effective frequency of collisions in plasma). Up
to recently, this was the single known type of DBI. It
differs from conventional beam–plasma instabilities, in
particular, by low growth rate as well as by relatively
low energy of excited oscillations.

Some more reasoning should be mentioned that evid-
ently shows that dissipation must be taken into account.
One of the basic trends of microwave electronics is
increasing frequency of output radiation. The trend
leads to a decrease in skin depth in the walls of res-
onators. Their Q-quality decreases. Actually, dissipation
increases. One more basic trend of plasma microwave
electronics is increasing of output power. The second
trend leads to increasing of beam current along with
the role of beam space charge oscillations. Dissipation
is actually coupled with space charge oscillations and
its role increases also. With increase in beam current,
return current, which flows mainly via metallic surfaces,
increases as well. Finite conductivity of metallic surfaces
and decrease of the skin depth lead to significant increase
of dissipation level. Here it is pertinent to note that
dissipation of return current in metallic walls leads
to the so-called resistive wall instability. This is an
important special case of dissipative beam instabilities.
The importance is due to its important role in particle
accelerators [13].

From all this, it follows that the theory of future
high-power, high-frequency microwave devices should
be constructed with account of dissipation. Dissipative
phenomena in the physics of beam–plasma interac-
tion have been treated mainly for strong beam–plasma
coupling, and only for particular cases of unbound
beam–plasma systems with underlimiting electron beams
(e.g. see [14]). Influence of dissipation on weak beam–
plasma interaction is studied much less. This is due to
complicated mathematical tool for correct and adequate
consideration of non-uniform cross-section waveguide.
First the problem was considered in [12], where the
beam and plasma pipes in cylindrical waveguide were
assumed to be infinitesimal thin. It was shown that
dissipation leads to a new type of dissipative beam
instability, whose growth rate had more critical, inverse
proportional dependence on dissipation. More critical
(as compared to conventional) dependence is the result
of superposition of dissipation on instability that already
is caused by the NEBW excitation.

There is no doubt that the assumption of infinitesimal
thinness of beam and plasma layers imposes restrictions
on the generality of considerations. Actually, there is

a need to link to real systems. In other words, weak
beam–plasma interaction should be considered in much
more general form, without the assumption. Present
investigation makes up the deficiency. It considers weak
interaction of beam and plasma layers of finite thick-
nesses in presence of dissipation.

One more deficiency is made up in the present paper.
Usually beam–plasma interaction theory treats dissipa-
tion in two limits: ν → 0, when no dissipative instability
develops, and ν � δ (δ is the growth rate of no
dissipative instability). The last case corresponds to
dissipative instability. Consideration of these extreme
cases does not allow taking into account dissipation of
an arbitrary level, as well as makes impossible to trace
in detail the transition of no dissipative instability to
dissipative with increase in dissipation level. Present
paper considers influence of dissipation of arbitrary
level on weak beam–plasma interaction. The growth
rate is obtained for an arbitrary value of ν/δ ratio. This
actually presents dynamics of gradual transition of no
dissipative instability to that of dissipative type with
increase in dissipation level. Consideration is carried
out without preliminarily specifying the shape of the
waveguide’s cross section.

2. Statement of the problem
Consider interaction of monoenergetic electron beam
and plasma in a waveguide in general form. The only
assumption that we comply is as follows: The beam
and plasma are separated spatially, which implies weak
coupling. For a start, we do not particularize shape of
the waveguide in its cross section. The beam current is
assumed to be less than the limiting vacuum current.
Dissipation in the system is taken into account by
accounting collisions in plasma. We restrict ourselves by
a case of a strong external longitudinal magnetic field
that prevents transverse motion of beam and plasma
particles.

In general, the treatment of the problem may be
developed in different ways. The traditional way is to
consider a multi-layer structure of a given geometry.
This leads to a very cumbersome dispersion relation.
But in the case of weak coupling (namely, when the
integral describing the overlap of the beam and the
plasma fields is small), the interaction of beam with
plasma may be considered by using another approach
– perturbation theory over wave coupling. Parameter of
weak beam–plasma coupling serves as small parameter
that underlies this approach. It leads to a dispersion
relation of much simpler form, which, in addition, clearly
shows the interaction of the beam and plasma waves.
Also, the procedure is not associated with a specific
shape of the waveguide, i.e. obtained results may be
easily adapted to waveguide of any cross section. The
approach proceeds from an assumption of independence
of beam and plasma in the zero-order approximation.
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In strong external magnetic field, perturbations in
plasma and beam have longitudinal component only. In
such a system it is expedient to describe perturbations by
using polarization potential ψ. This actually is a single
non-zero component of well-known Hertz vector. Lon-
gitudinal component of the electric field Ez is expressed
as

Ez =

(
∂2

∂z2
− 1

c2
∂2

∂t2

)
ψ, (1)

where z is a longitudinal coordinate, t is the time
and c is the speed of light. For the problem stated
above, the initial equations for polarization potential
ψ, perturbations of the beam jbz and the plasma jpz
currents are as follows:

∂

∂t

(
Δ⊥ +

∂2

∂z2
− 1

c2
∂

∂t2

)
ψ = −4πjpz − 4πjbz,

(
∂

∂t
+ ν

)
jp =

ω2
p

4π
Ez, (2)

(
∂

∂t
+ u

∂

∂z

)
jb =

ω2
bγ

−3

4π

∂

∂t
Ez,

where Δ⊥ is the Laplace operator over transverse co-
ordinates, ωp,b are the Langmuir frequencies for plasma
and beam, respectively, ν is the effective collision fre-

quency in plasma, γ = (1 − u2/c2)−1/
2 and u is the

velocity of beam electrons. Transversal profiles of per-
turbations are given by functions Pp,b(r⊥), i.e. jpz(z, r⊥) =
jp (z)Pp (r⊥) and jbz(z, r⊥) = jb(z)Pb(r⊥) (e.g. for homo-
geneous beam–plasma, Pb,p ≡ 1).

The set of (2) reduces to the following eigenvalue
problem:

Δ⊥ψ − κ2[1 − Pp(r⊥)δεp − Pb(r⊥)δεb]ψ = 0, ψ|Σ = 0,

(3)

where ψ is the proper function of the problem, Σ means
the surface of the waveguide (it is not specified yet) κ2 =

k2 − ω2

c2
, δεp =

ω2
p

ω(ω+iν)
and δεb =

ω2
b

γ3(ω−ku)2 . As we have
mentioned above, direct solution of problem (3) presents
considerable difficulties. In case of spatially separated
beam and plasma, i.e. when Pb(r⊥)Pp(r⊥) = 0, and the
integral describing of the overlap of the fields (see below)
is small, it is possible to apply the perturbation theory.
In zero-order approximation, the beam and plasma are
considered as independent and they may be described
by two independent eigenvalue problems for plasma and
beam, respectively:

Δ⊥ψα − κ2 [1 − Pα(r⊥)δεα]ψα = 0, ψα|Σ = 0, α = p, b.

(4)

Proper functions ψp and ψb of these zero-order problems,
as well as the zero-order dispersion relations,

Dp,b(ω, k) = k2
⊥p,b − κ2δεp,b = 0, (5)

are assumed to be known, where

k2
⊥α =

( ∫
Sw

∫ (
(∇⊥ψα)

2 + κ2ψ2
α

)
dr⊥

)
( ∫
Sw

∫
Pα(r⊥)ψ2

αdr⊥

) , (6)

where Sw is the transverse cross-section area of the
waveguide. If one applies perturbation theory to the
zero-order problems that are described by

Dp(ω = ω0, k = k0) = Db(ω = ω0, k = k0) = 0, (7)

(the point {ω0, k0} is the intersection point of the plasma
and beam curves) and search solution for (3) in the form
ψ = Aψp + Bψb, A,B = const, one can obtain in first-
order approximation the following dispersion relation:

Dp(ω, k)Db(ω, k) = G
(
κ4δεpδεb

)
ω=ω0 , k=k0

, (8)

where

G =

(∫
Sw

∫
Ppψpψbdr⊥

)(∫
Sw

∫
Pbψpψbdr⊥

)
(∫
Sw

∫
Ppψ2

pdr⊥

)(∫
Sw

∫
Pbψ

2
bdr⊥

) > 0. (9)

Actually, G is the coupling coefficient. It shows the effi-
ciency of beam–plasma interaction. Mathematically it is
expressed through integrals that represent the overlap of
beam–plasma fields. Physically it determines how far the
field of plasma wave penetrates into beam and vice versa.
According to the conditions of our consideration, G is
small, i.e. G � 1. Another condition for the applicability
of the presented approach is homogeneity of beam and
plasma inside layers.

Expressions (5) are the dispersion relations for indi-
vidual magnetized plasma and beam in waveguide. Their
solutions give the spectra of normal mode oscillations in
the zero-order approximation. The spectra of the beam
waves are given by

k2
⊥b − κ2 ω2

b/γ
3

(ω − ku)2
= 0, (10)

and have the following form:

ω± = ku(1 + x±); x± =

√
α

γ
(±

√
β4γ2α+ 1 − β2γ

√
α),

(11)

where α = ω2
b/k

2
⊥bu

2γ3 and β = u/c. The parameter α
actually determines the beam current as it corresponds
(correct to the factor γ−2) to the ratio of the beam
current Ib to the limiting current in vacuum waveguide
I0. The order of I0 is determined by ω2

b lim∼ u2

S
γ ∼ k2

⊥bu
2γ,

and α = Ib
γ2I0

. In the limit of underlimiting beams, Ib � I0

(or α� 1/γ2), expressions for beam waves take the simple
form x± → ±

√
α/γ. The interaction of a negative energy

beam wave in this form (lower sign) with plasma in the
presence of dissipation is considered below.
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3. Growth rates
In the absence of dissipation, the conventional beam–
plasma interaction results in instability that is due to
the excitation of the system normal mode waves by
the beam. Its maximal growth rate depends on beam

density, ∼ n
1/

3

b . With increase in the level of dissipation,
the conventional beam instability is gradually converted
into that of dissipative-type. Its maximal growth rate

depends on dissipation as ∼ν−1/
2. For these instabilities

the normal mode oscillations of the beam are neglected.
The concept of negative energy wave is invoked to
explain the physical meaning of dissipative instability.
These results are only valid for the case of strong
beam–plasma coupling. The dispersion relation (8) is
obtained for the opposite case of weak beam–plasma
coupling. Decrease in beam–plasma coupling leads to
the exhibition of beam’s normal mode oscillation. In
this case the instability is caused by the excitation of
NEBW. Specific features of weak beam–plasma interac-
tion should appear in solutions of (8). If one looks these
in the form ω = ku(1 + x), then (8) becomes(

x+ q + i
ν

ku

)
(x− x+) (x− x−) = G

α

2γ4
, (12)

where q = 1
2γ2

( k2
⊥pu

2γ2

ω2
p

− 1
)
. The usual Cherenkov reson-

ance of beam electrons with plasma wave corresponds
to the condition q = 0; however, the resonance between
the beam slow wave and plasma wave (the collective
Cherenkov effect) corresponds to q = −x−.

Expression (8) obviously shows the interaction of
the beam and plasma waves. The interaction leads to
instability. Mathematically, it is due to corrections to the
expression for the slow wave (10). Using the condition
of the collective Cherenkov resonance, one can easily
obtain the following equation for the corrections x′ to
the expression of the slow wave x = −

√
α/γ + x′,(

x′ +
i

2γ2

ν

ku

)
x′ = −G

√
α

4γ3
. (13)

In the absence of dissipation, the growth rate of
instability caused by growth NEBW Im ω = ku Im x′ ≡
δ

(ν=0)
nebw is given by

δ
(ν=0)
nebw =

ku

2γ

(
G

√
α

γ

)1/2

, (14)

and depends on beam density, ∼n
1/

4

b . It should be men-
tioned that the system is stable under conventional Cher-
enkov resonance. Dissipation exhibits itself as additional
factor that intensifies growth of NEBW. Equation (13)
gives the following expression for growth rate in case of
arbitrary level dissipation:

Im ω ≡ δ(λ) = δ
(ν=0)
nebw

{√
1 +

λ2

4
− λ

2

}
, (15)

where λ = ν

δ
(ν=0)
nebw

1
2γ2 actually is the ratio of dissipation to

the growth rate of no dissipative instability. Expression

Figure 1. (Colour online) Dependence of the growth rate of
instability caused by growing of negative energy beam slow
wave on dissipation level. Curve 1 is plotted for γ = 1.67;
curve 2 for γ = 2.0; and curve 3 is plotted for γ = 2.5.

(15) shows gradual transition of no dissipative instability
to that of dissipative instability with increase in the
level of dissipation. Dependence of the growth rate on
dissipation level is depicted in Fig. 1. In the limit of
strong dissipation λ� 1, (15) becomes

δ
(
ν � δ

(ν=0)
nebw

)
= δ

(ν→∞)
nebw

[
1 − G

(ku)2

ν2
γ
√
α

]
, (16)

where the factor before the brackets

δ
(ν→∞)
nebw = 2γ2

(
δ

(ν=0)
nebw

)2

ν
=

(ku)2

ν

G

2γ

√
α (17)

presents the maximal growth rate of the new type
of dissipative instability, as shown up in [12]. It also
follows from (13) by neglecting first term in parentheses.
The new type of DBI is now substantiated for beam
and plasma layers of finite thicknesses in waveguide of
arbitrary cross section. It results from the superposition
of dissipation on the instability that is caused by the
growth of NEBW. The instability comes instead of the
conventional DBI (with growth rate ∼ 1/

√
ν) when

beam–plasma coupling becomes small. The dependence
of its maximal growth rate on dissipation becomes more
critical.

4. Conclusions
The interaction of e-beam and plasma under weak
coupling substantially differs from that of conventional
case of strong coupling. With decrease in the level
of coupling, normal mode oscillations of the beam
reveal themselves more significantly. The conventional
beam–plasma instability changes to that caused by the
growth of NEBW. Dissipation in the system exhibits
itself as a second factor that also contributes growth.
This superposition gives a new type of dissipative beam
instability. Its maximal growth rate has a more critical
(as compared to conventional) inversely proportional

dependence on dissipation, i.e. ν−1/
2 → ν−1. This dissip-

ative instability develops not only in the case of weak
beam–plasma coupling but also in other cases when
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dissipation superimposes on the instability caused by the
growth of NEBW, e.g. for the case of an overlimiting
electron beam interaction with plasma. Actually, this
is a generalization of the instability discovered in [12]
for the case of infinitesimal thin beam and plasma
pipes. Obtained result may be easily adapted to the real
geometry of plasma-filled microwave sources: cylindrical
waveguide with thin annular electron beam and coaxial
thin annular plasma. In this case the proper functions
of initial eigenvalue problems are modified Bessel func-
tions and the integrals in (6) and (9) may be easily
calculated.
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