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A stochastic dynamic program incurs two types of castervice cost and a qual-
ity of service (delay cost The objective is to minimize the expected average
service costsubject to a constraint on the average quality of service ¥dken
the state spac8 is finite, we show how to compute an optimal policy for the
general constrained problem under weak conditidiie development uses a La-
grange multiplier approach and value iteratitsvthen S is denumerably infinite
we give a method for computation of an optimal poliexsing a sequence of
approximating finite state problem¥he method is illustrated with two compu-
tational examples

1. INTRODUCTION

Consider astochastic dynamic prografalso known as &arkov decision chain
If the system is in stateand actioma is chosenthen cost<C(i,a) andD(i,a) are
incurred It is desired to minimize the expected averdgeost subject to a con-
straint on the expected averaDecost

To illustrate the theoryoptimal policies(rules for system operatiomwill be
computed in two example€onsider a discrete-time single-server queweving
Bernoulli arrivals and geometrically distributed service timesd for which the
action is to choose the probability that a customer completes service in a time slot
(i.e., the rate of the geometric distributiprin both exampleghe expected average
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cost of service is to be minimizeth the first examplgthis is subject to a constraint
on the expected number of customers in the sysiarthe second examplé is
subject to a quality of service constraint on the proportion of customers who wait at
leastL slots for servicewhereL is a fixed positive integer

Let us now define the problentime is discretdslotted. The state spacBis
countableand associated with eackE Sis a finite (nonempty setA; of allowable
actions If the process is in stateat the beginning of a slot and actienc A, is
chosenthen nonnegative cos@&(i,a) andD(i,a) are incurredand the state at the
beginning of the next slot iswith probability P; (a), whereX;csP;(a) = 1. This
specifies the stochastic dynamic program

A policy is a rule for system operation and it may be history dependent and
randomizedFor the precise definition of a policgee for example Putermarj16]
or Sennottf20]. We are particularly interested istationary policies(those that
make the same decision each time the process finds itself in a giveh Atata-
tionary policy may be identified with a functiohsuch thaf (i) € A; denotes the
unique action chosen in stateObserve that operating under a stationary policy
induces a Markov chaifMC) with costs onS

For an initial staté and policyd, define the long-run expected averageost
(averageC cost for shor) (respectivelyaverageD cos) as

l n—1
Gy(i) = lim SUDEEH{E C(Xt’At)|X0:i:|’ (1.1)
n—oo t=0
. . 1_ | .
K,(i) = lim sup EH{E D(Xt,A{)|X0=|}. (1.2)
n—oo t=0

Herg X; is the state of the system at the beginning of §l@nd A, is the action
chosenboth are random quantitiggquationg1.1) and(1.2) involve calculating the
expected average cost incurred ometots and then taking the limit supremugim
case the limit fails to existof the finite horizon averages to obtain the worst-case
expected average cost incurred per slot far into the future

Now, fix a positive constanK, the constraint. A policy @ is feasibleif
Ky(i) =K, for i € S Theconstrained optimization problef@COP) is to determine
a feasible policy satisfying

Gy(i)= inf Gu(i)<oo, IES (1.3)
i feasible
If there exists a feasible policthen COP is said to be feasibk feasible policy
realizing the minimum ir{1.3) is said tosolveCOP or to beconstrained optimal.
Sections 2 and 3 present a theory under weak assumpiibes the state space
Sis finite. Section 4the centerpiece of the artiglgives a method for computing a
constrained optimal policy wheBis denumerableOur approach utilizes the ap-
proximating sequence methodeveloped in Sennof@0], for the computation of
optimal policies in the unconstrained calfeA denotes the original stochastic dy-
namic program with denumerable state sp#ten arapproximating sequencé )
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of finite-state stochastic dynamic programs is defingath that the constrained
problem COR in Ay can be solved The reader may look briefly at the examples
in Sections 6 and 7 to get an idea of hosy, ) may be defined Section 4 presents
a set of assumptions under which the resulting sequence of policies converges to a
solution of COPThe approach uses a Lagrange multipl&zction 5 develops suf-
ficient conditions for the assumptions to hold

To set up the Lagrange multiplier notatidet A € [0,c0) and define a new cost
structure

F(i,aA) = C(i,a) + AD(i,a), i €S a€cA,. (1.4)

The average cost froifi.4) under a policyd is

1 n—1
3,(i,2) = lim sup — E, > FXo AL )Xo =i
n—oo t=0

=G,(i) + AK,(i), i €S (1.5)

Define
J(i,A) = ir;f J,(i,A), i €S (1.6)

DEerFINITION 1.1: The policyd is A-optimalif J,(i,A) = G,(i) + AK,(i) = (i, A), for
i€ES
Note that for a policy to be optimait must realize the infimum irf1.6) and

have an equality in the second line(@f5). The following well-known resulte.g.,
Beutler and RosF4]) gives a strategy for solving COP

ProrosiTION 1.2: If there existA > 0 and aA-optimal policyd such that G(i) < oo
and K,(i) = K, fori € S then6 sobes COP

There is a wealth of literature on COPerman[6] has an early treatment uti-
lizing linear programmingThis approach is further developed in Kallenbggg,
Hordijk and Kallenberd8], Spieksmd22], Putermar{16], and othersRoss[17]
and Beutler and Ro$4] present a Lagrange multiplier approashich is the grand-
parent of our approacfihe treatment if4] assumes the existence of a distinguished
state 0 such that every stationary policy induces a unichain MC with O positive
recurrentThis is stronger than our assumptiohsSection 2we show how far the
theory can be developed under the weak assumptiold {hat) is independent aif
In Section 3we impose the stronger condition that evarpptimal stationary pol-
icy induces a unichain MCSome results similar to those in Section 2 are obtained
in Makowski and Shwartz14] under a different framework and with different
assumptions

Sennotf 19] extends these ideas to the cas&afenumerably infiniteKoole
[10] and Rosg18] show that under certain conditionghere exists a solution to
CORP for a finite state space that involves randomization in at most one Atate

https://doi.org/10.1017/50269964801151089 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964801151089

106 L. . Sennott

advanced treatment is in Piunovskiys]. The work of Altman[1] is a recent treat-
ment it is assumed foBfinite, that every stationary policy induces a unichain MC

2. COP FOR FINITE STATE SPACES

Throughout this sectigrit is assumed that the state space is fin@er goal is to
develop the theory under a weak assumption and then add additional assumptions as
necessaryFor now we operate under the following assumptistere F stands for

finite (state space

AssumpTION (F): For A € (0,00), the quantity Ji,A) =J(A), fori € S

For a fixedA > 0, the Lagrange function is assumed constahts assumption
is in the spirit of[20, Sect 6.4], where the theory of unconstrained average cost
optimization is developed under the assumption that the average cost is constant
The next result deals with the functidiiA). Recall that aconcave functions
one that lies above the chord joining any two points on the gragnction is
concave if and only if its negative is convex

THEOREM 2.1: Assume that S is finite and that Assumpti{&n holds Then the
following is true

(i) I(AM)reqo.0) IS @an increasing continuous concave function consisting of
finitely many linear segmentsach with a nonnegaté intercept (For a
different view of this matter, see Figure 1.)

A

0=2g M Ay Ay - - - A

>Y

FiGure 1. Graph ofJ,.
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(i) The unique break pointd= Ay < A; < --- < A define the s+ Lintervals
[Ag,A1],...,[As 1, As], [ As,00), ON each of which (A) is linear. For com
pact notationwe may refer to the infinite inteal as[Ag, Ag,1].

(iii) Let J(A) = Gj + AK|, for A € [Aj,Aj41]. Then Ko > Ky > -.. > Kgand
Gy <G, < - <G

(iv) Assume that the stationary policy eXisoptimal for somer* € (A}, Aj41).
Then Ge(i) = Gy and K(i) = Kj, for all i € § and hence e is optimal for
A € [A}, Aj41]. In this casewe say that e igssentiabn[Aj, Aj,1].

(V) Gg is the minimum eerage C costlf e is essential oifiAg, A1], then e is
average C cost optimal

(vi) Kgis the minimum aerage D costlIf e is essential offiAg,c0), then e is
average D cost optimal

Proor: Let E be the set of stationary policieSince the state space and action sets
are finitg it follows thatE is a finite setRecall thae € E induces a MC oishaving

at least one positive recurrent cla¥se quantitieg1.1) and(1.2) are obtained as
limits so that

3G, 0) = Gu(i) + AKJ(i), iESA=0. (2.1)

It is well known (e.g., Derman[6], Putermarj16], or Sennot{20]) that there
exists ar-optimal stationary policyA = 0. Hence it follows that

J(@,A) = n’leiQ{Je(i,)\)} = r;ﬂeirlg{Ge(i) + MK ()}, TESA=0. (2.2)

Fix i € S It follows from (2.2) that the function](i, A), A = 0, is the minimum of
finitely many increasing linediin A) functions each with a nonnegative intercept
This gives the properties i) and(ii) for J(i, A), with i fixed. Under Assumption F
all these functions must coincider A > 0. Hencethey must coincide at = 0. This
yields (i) and(ii).

It follows from Webstef23, Cor. 5.1.4] or Denardd5, p. 201] that the right and
left derivatives of J(A) are both decreasing ofi0,00). However outside
the finite set of break points(A) is differentiable and its derivative is the slope
of the line segmenthis implies thak, = K; = --- = K. Itis clearly the case that
all the slopes are distincsince if this fails then the break points are not as(in.

It then follows from this fact and the fact thd{ ) is increasing that the inter-
cepts must be strictly increasinigence (iii) holds

To prove(iv), assume that the stationary polieyis A*-optimal for some
A" € (A}, Aj1). This means thal.(i, A*) = J(A*), fori € S Fix an initial state. It
follows from (2.2) that the linear functiod.(i, A) from (2.1) and the functior (A)
must coincide orf Aj, Aj,1]. Hence their slopes and intercepts must be equal
Thus Ke(i) = Kj andGg(i) = G;. Since this argument may be repeated for every
i € S the result follows

To prove(v), we setA = 0. It then follows from(1.5) and(1.6) thatJ(0) = Gy is
the minimum averag€ cost The second statement (m) then follows from(iv).
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It remains to provévi). Let f be an averagP® cost optimal stationary policy
We know from(iv) thatKsis the averag® cost under a policy that is essential on
[Ag,00), and hence it follows tha; (i) = K, for all i. Assume that there exists a
statei * such thai; (i *) < K..

From(2.2), it follows that

G+ AKs= G (i) + AK( (i), A E [Ag,00). (2.3)
Using our assumptigiwe see that

Gf(lA) - Gs
- -

V= ki AEDe. (2.4)

This yields a contradictiarHence we must haveK;(i) = K, for all i € S The
second statement iwi) then follows from(iv). u

CoroLLARY 2.2: If S is finite and AssumptiofF) holds then COP is feasible if
and only if K= K.

Proor: This follows immediately from Theorem.2(vi) and the definition of
feasibility. u

Consider the following exhaustive set of cases
Case 1:If K <K, then COP is infeasible

Case 2:If K = K|, for somej with 1 = j = s, then a stationary policy essential on
[Aj,Aj+1] solves COP

Case 3: If K = Ko, then a stationary policy essential pky, A4] solves COP

Case 4:Finally, if K; < K < Kj_;, for somej with 1 = j = s, then the situation is
more complicatedt is discussed fully below

The result under Case 1 follows from Corollar22Under Case 2it follows
from Theorem 2L(iv) and Proposition 2. Under Case 3t follows from Theorem
2.1(iv—v). Thus Case 4 remaingf K is chosen beforehanid COP is feasibleand
if no C cost optimal policy is feasiblehen the probability is essentially 1 that the
problem will fall under Case .4

The remainder of Section 2 discusses solutions to COP under Chstelbe
essential ofAj 4, Aj ], letf be essential ofn;, A; ;1 ], and lety be the break point;.
We will refer to(e, f) as anessential paiassociated with the break poipj. Both
eandf arey-optimal andK, > K > K;.

Two approaches utilizing nonstationary policies are possible whengaottf
induce irreducible MC os The first approach utilizestame-sharing policy TSP.
This concept was introduced in R448] and further studied in Altman and Shwartz
[2,3]. A cycleis a first passage to a distinguished stat&he TSP followse for a
certain number of cyclesnd then switches tofor a certain number of cycleand
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back and forthA TSP may be constructed to solve CORe details and proofs are
in [3]. Although this approach is appealirgg TSP is a nonstationary policy whose
practical implementation may be difficult

The second approach involves the notion sfeering polic STEP. The pos-
sibility that this type of policy might solve COP was presented as an adaptive scheme
in Shwartz and MakowsKi21], mentioned in RosgL8], and developed further in
Ma et al [11-13. A STEP operates similarly to a TSBut the decisiorionly made
in statex) of whether to run the system unde=or underf is made on the basis of the
current sample averadiecost This may be tracked recursively so thaten though
this policy is nonstationaryts implementation is easy

We will construct a partially randomized policy solving CORs well known
(e.0.,[20, Prop 6.2.3]) that for anyA = 0, there exists a stationary policy thatis both
A-optimal and expected discount optinfalr discount factors sufficiently close to 1
Such a policy is said to bi,-optimal Our solution is constructed under the follow-
ing assumptiolEP stands foessential paliy.

AssumpTION (F-EP): Assume that Assumpti¢iR ), Case 4holds with break point
v. Then there exist an essential pdg f) and ay.-optimal stationary policy g
such that the following hotd

(i) The Mark@ chains induced by e and f ha a common posite recurrent
state x Let R, (respectvely, R;) be the positie recurrent class associated
with e (respectiely, f) containing x Let R= R, U Ry.

(i) Every positve recurrent class under the MC induced by g intersects R

Let us now assume that AssumptidfEP) holds for e, f, andg. Forp € [0,1],
the partially randomized policys(p) = #(g, p, e, ) is defined by

g(i), i ¢R
el i €R.— Ry
P(p)(i) = i), i ER—R. (2.5)

choose®(i)w.p. 1 —pandf(i)wp.p, i €ER.NR;.

Forp € (0,1), it is easy to see that(p) induces a unichain MC o8 with positive
recurrent clas® Moreover /(0) (respectivelyy (1)) is unichain with positive re-
current clas®R. (respectivelyRy).

The following lemma is similar to results in the literatuince the proof is
short we give it here

LemMA 2.3: For each i€ S the steadystate probabilityr; (¢ (p)) is a continuous
function of p The quantities ¢z, and K, are continuous functions of. p

Proor: Fori & R, we haver;((p)) = 0, for all p, and hence the result holdsow,
focus onR, and letp,, — p. Fix a subsequence af We may find a subsequender
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notational easecontinue to denote it by) and nonnegative limit poind; such
thatsr;(n) =: 7; (¢ (p,y) — &, fori € R All summations are over € R Since
> (n) =1, it follows by taking limits and using the finiteness Bfthat X5, = 1.
Moreover we havem;(n) = 2P;((p,))mi(n), and again taking limits yields
8; = 2Py (¢ (p)) 8. Well-known MC theory then implies tha = 7; (¢ (p)). Since
given any subsequence nfthere exists a subsequence whose steady-state proba-
bilities converge to those faf ( p), the first statement follows

Observe thaG, =: 2C(i, % (p,)) 7 (n) = Z[(1— p,) C(i, ) + paC(i, f)]mi(n).
Taking limits yieldsG, — 2 C(i, s (p)) 7 (¢ (p)) = Gy (). The proof for theD costs
is similar u

Here is the approach to solving COP under AssumptieiEP).

ProPoSITION 2.4: Assume that Assumpti¢éR-EP) holds Then for some p= (0,1),
Y (p) as defined in (2.5) soes COR

ProoF: Let g, f, andg be as in AssumptioF-EP). We apply Sennotf20, Thm.
6.4.2] with distinguished state to obtain the optimality equation

J(y) + hi) = m{jn{F(i,a,y) +3 Pij(a)h(j)}, ics (2.6)

jes

For our purposeshe definition of the functiorh is not important By [20, Thm.
6.4.2(ii)], g (which is playing the role of in the theoremrealizes the minimum in
(2.6).

Recall thate andf arey-optimal It is the case thag realizes the minimum in
(2.6) onR.. To see thisnote that(2.6) yields

J(y) +h(i) =F(i,ey) + X Pi(®h(j), i€R.. (2.7)
jes
Assume that2.7) is a strict inequality for somg. Multiply both sides 0f(2.7) by
mi(e), and then sum ovare R, and cancel common terms to obtain a contradiction
A similar result holds fof.
Now, define the stationary policy by

g(i), 1€R
ei), TER—R
i)= 2.
YD), ier-R 29)
e(i), TER.NR;.
The stationary policyw is defined to equali except onR. N R;, where it will
follow f.

By [20, Thm. 6.4.2(iii )], any stationary policy realizing the minimum (8.6)
is average cost optimalThis is also true for randomized stationary polici&®oth
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u andw realize the minimum ancence are y-optimal The randomized policy
0 (p) that chooses with probability 1— pandw with probabilityp is alsoy-optimal
This may be seen by writing o®.6) for both u andw, then multiplying theu
equation by 1- p and thew equation byp and summing themThen 6(p) also
realizes the minimum i2.6) and henceis optimal However 6 ( p) coincides with
the policyy(p) and hence s (p) is y-optimal

We now apply Lemma.3 to obtain a value of such thak,, = K. By Prop-
osition 12, the policy ( p) then solves CQP u

The following queuing control problem illustrates the difficulties that can arise
if Assumption(F), Case 4 applies but AssumptiofF-EP fails. This example is
not a prerequisite to later material and may be omitted without loss of continuity

Example 2.5:Consider a queuing system with a single serserving stations Aand
B. Customers arrive at ArespectivelyB) according to a Bernoulli process with
probabilityp (respectivelyq), wherep,q € (0,1]. The service time at either station
follows a geometric distribution with fixed rafe€ (0,1). If the server is currently
serving a customer at a statidh continues until the service is finishddnd the
customer then departs the sysjedivhen the queue is emptihe server can choose
to remain at the current station or to switch statidhthe server switches stations
this happens immediatelipefore customers arriv&n arriving customer enters if
and only if the server is currently at that station and ,idhewhich case it enters
service immediatelyOtherwise the customer is lodtor a different view of this
matter see Figure 2

service
rate

n
Station Station
A B
Ber(p) Ber(g)
customer turped customer allowed
away to enter

FIGURE 2. Switching to station B
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Let us formalize this descriptioiThere are four system statés(the system is
empty and the server is ah 0" (the system is empty and the server is atB(the
server is serving a customer apAand I' (the server is serving a customer gt B
In state Qthere are decisions fstay at A and B(switch to B, and similarly for
state 0. The costs and transition probabilities are given in Tabléldre C (re-
spectively C*) is a cost for being at station AespectivelyB) andE is a cost
for switching stationsThe D cost is a lost opportunity cost associated with the
turned-away customers at the other statibime constant€, C*, H, andE are all
positive

There are four stationary policiea (always choose A b (always choose B
¢ (stay where you ajeandd (always switch. Information about the first three
policies is as follows

Policy Positive Recurrent Clagss J_(A)
a {0,1} C+ AHqg
b {0%1%} C*+ AHp (2.9)
c {0,1} C+ AHq
{0%,1%} C* + AHp

TAaBLE 1. Costs and Transition Probabilities for Examplg 2

State Decision C Cost D Cost Next State Probability
1 — C Hq 0 M
1 11—
1" — Ccr Hp 0~ i
1* 1-p
0 A C Hq 0 1-p+pu
1 pP(l—1
0 B C*+E Hp 0" 1-q+qu
1* ql-w
0" A C+E Hq 0 1-p+pu
1 p(L—p
0* B c* Hp 0* 1-q+qu
1" ql—w
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Policy d induces a positive recurrent class on the whole state spaté=p + q
andé = (1 — p)/p. The steady-state probabilities are easily seen to be

_ __ 1 _ P __w
mo(d) = mo-(d) =, md) =5 ()= (210)
Using(2.10), Table 1 and then(2.9), it follows after some algebra that
Je(A) = 2E +<1+p5>J /\)+<ﬂ6>\](/\ 2.11
iV =56 T 2r ) R 2515 ) P (2.11)

This completes the setup of the modeét us now assume thaf > p and
C*>C.Letw =:q—p,andU =: C* — C. It follows from (2.9) thatJ, (1) < Jy(A),
for A €[0,y), wherey = U/Hw. We claim that

C+ AHg, A €][0,y](ais essential

I = min{d (), (= { SITCP (2.12)

C*+ AHp, A € [y,o) (bis essential

Moreover cis optimal only aty andd is not optimal for any. The functionJ,(-, A)

is state dependent and is above the functio(2it2) for some state except at
where the two values coincidk follows from (2.11) thatJ;(A) exceeds a convex
combination ofl,(A) andJ,(A), and thusly(A) > min{J,(A), Jp(A)}.

This verifies thatl(A) is given by(2.12). Note that AssumptiofF) holds Let
the constrainK satisfyHp < K < Hg. Then we are under Case 4 with essential
pair (a, b), and AssumptioriF-EP) fails.

Let us determine the best we can do within the class of randomized stationary
policies with state-dependent randomization factd&hen in state Qrespectively
0*), choose A with probability - « and B with probabilityx (respectivelyB with
probability 1— 8 and A with probabilityg). Denote this policy by («, 8). Assume
at least one ofr and8 nonzerg and leto =: a(1 + g8) + B(1 + pd). An easy
calculation yields

B e
mo0(c ) = 2. o (0 p) = 2,
) agd
m(0@p) =22 mi0(ap) = 22 (2.13)
a ag

Note thate = 8 = 1 yields policyd and agreement witt2.10). If « = 0 andB > 0,
then we obtain policy, which is infeasibleHence we may assume that > 0. If
B =0 anda > 0, then we obtain policy, which is feasible withs, = C*. We will
see that we can do betfdrence let us assume thg@ > 0. Policy c need be of no
concernas it does not yield anything new
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Using(2.13), Table 1 and then(2.9) yields
Jo(a.py(N) = b | <B(1+ p6)>Ja(A) + <M)Jb(/\). (2.14)
g ag (oa

It follows from (2.14) and(2.12), with A = v, that

2Eap
o

Joapy(v) =I(y) + ; (2.15)
hencewe cannot use Proposition2lto construct a solution to COP

Now, letr =: (K — Hp)/(Hg — K), and note that > 0. Lets =: (1 + p§)/
(1+ gé) and note that 6< s < 1. Let = B/a. Using(2.14), it follows after some
manipulation that

(Hg—K)(r —ns)

K= Koap = 1+ns (2.16)
and
U 2BE
GH(‘LB) = C (217)

+ + .
1+ns (1+mns)(1+qd)

From(2.16), it follows thatf(«, B) is feasible if and only ify = r/s. It follows
from (2.17) that to minimizeG,, g, for a fixed value of, we should make) as
large as possible andencea as small as possihl€ombining this with the require-
ment thaty =< r/syieldsa = (s/r)B. (Choose8 = r/sto ensure tha = 1.)

Denote the resulting policy bg*(3). Substitutinga = (s/r) into (2.16) and
(2.17) yields Kz = K and

G =C+ v + 2PE (2.18)
B 1+r  (@A+r)1+0gd) '
We cannot se8 = 0. However we can realize withirz of
U
Guin=:C+ — (2.19)

1+r’

Note thatG,,, < C* so we are doing better than feasible polixy

[Here is how policyd relates to this solutianSubstitutingn = 1 into (2.16)
shows that any policy witlx = B8 (includingd for which both quantities equal) 1
is feasible if and only is = r. So let us assume that= r. Then substituting8 =
n =1into(2.17), one easily shows th&y > Gin. ]

It follows from (2.15) that

28E

1+nr@+agd)’ (2.20)

Jorpy(y) = J(y) +
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We may solveg2.18) for the last term on the right and substitute this if2®0) to
obtain

J(y) = Gmin + YK. (2.21)

If 4 is any nonstationary feasible polidyen it follows from(2.21) that G, =
G, (i), for alli. Hence a policy6*(B) that is withine of optimality within the class
of all feasible policies may be constructed

Remark 2.6:Here we discuss the example in Hayiv]. Clearly Assumption(F) is
not true for this exampld_et us consider the essential properties of the example

There is a stationary policy and states 0 and 1 such th&t(0) > K and
K.(1) = K. Moreoverthere is a feasible stationary polidguch thaG,(1) < G4(1).
This means that is infeasible hence the minimization in(1.3) will not includeu.

If the process is in state, the controller will operate undet (if it has the lowest
averageC cost among feasible policiesather than undeu, which makes more
sense

Given this setupassume that Assumptiaii) holds Under Case 1COP is
infeasible and policg cannot existThus assume that one of the other cases applies
If Case 2 appliesthen it is easy to see th&@ = G,(1). By Theorem 2i(iv), any
policy e essential on that interval satisfi€g(1) = G;. Hence G¢(1) = G,(1), and
there is no loss of generality in restricting attention to feasible poli¢igSase 3
appliesthen any policyeessential on the first interval is feasible and avei@gest
optimal and hence G¢(1) = G,(1).

Now, assume that Assumptiof-EP) holds and let/(p) be as in Propo-
sition 24. Sincey (p) is y-optimal with K, = K, for all initial states it again
follows thatG,,, = Gy(1).

Hence the essential properties of the examplédhcannot occur

3. VALUE ITERATION SOLUTION TO COP FOR FINITE STATE SPACES

In this section the state space continues to be fifite following stronger assump-
tion will enable us to construct a solution to COP using value iteration

AssumpTiON (F*): For A € (0,00), every A-optimal stationary policy induces a
unichain MC with aperiodic posite recurrent class

The aperiodicity assumption is not cruci#fl it does not hold then a trans-
formation may be effected so that it will hold in the transformed systéon ease
of presentationwe work under the aperiodicity assumptidh e is a A-optimal
stationary policythen the unique positive recurrent class of the associated MC is
denotedr..

LemMma 3.1: Assume that Assumptidir *) holds Then Assumption(F) holds
Moreawer, the following hold
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(i) If policies e and f are\-optimal stationary policiegshen R N R; # .
(i) If we are under Case 4, then Assumpti¢EP) holds for any essential
pair and anyy-optimal policy

Proor: There exists a-optimal stationary policySince it induces a unichain MC
it follows thatJ()) is constantand hence Assumptia(i) holds

Now, assume that andf are A-optimal but thatR, N Ry = J. Define the
stationary policyu by

ei), iES—-R
u(i) = { (3.1)

f(i), iE€R.

It is readily seen thati is A-optimal with two positive recurrent classegolating
Assumption(F*). Hence Re N R; # .

Now, assume we are under Casel 4t (e, f) be an essential pair associated
with break pointy, and letg bey-optimal Then eandf arey-optimat henceby (i),
it follows thatR, N R; # J and Assumption(F-EP (i) holds Again by (i), we
must haveR, N Ry # J. Thus Assumption(F-EP)(ii) and hence Assumption
(F-EP hold. [ ]

We wish to compute a-optimal stationary policy using the value iteration
algorithm(VIA). See Sennof20, Sect 6.6] or Puterma16]. Fix an arbitrary base
point x. For eachA € (0,00), Assumption(F*) guarantees that VIA will yield a
A-optimal stationary policyThis policy realizes the minimum in the VIA optimality
equation

I +r(i,A) = m;n{F(i,a,A) +> Pij(a)r(j,)\)}, ies (3.2)
]

wherer (i, A) = lim_, [ v(i, A) — v (X, A)]andJ(A) is obtained as lina, ., [ v (X, A) —
v_1(X, A)]. Here kis the horizon lengthv is thek horizon value functiopandr is
the associated relative value function

These computed policies may then be used in the construction of a solution to
COR The only interesting situation is Casgsh assume that this case holds

Let (e f) be an essential pair associated with break pginAssume thae
realizes the minimum i3.2) for some sequencg, — vy . (This must be true for
some stationary poligysince there are at most finitely many of thgrAssume a
similar result forf, for a sequence convergingfdrom the right Then we say that
(g, f)is aVlessential pairThe next result tells us that bogtandf will be obtained
using VIA for . This is acontinuityresult for VI essential pairs

LemMa 3.2: Assume that AssumptioR *), Case 4, holdsLet (g, f) be a VI essen
tial pair associated with break point Then e and f realize the minimum in the VIA
optimality equation

Iy) +r(i,y) = mejn{F(i,a,y) +2 Pij(a)r(j,v)}, €S (3.3)
]
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Proor: We prove the result fag as the proof fof is similar Let F,, denote th€1.4)
cost andr, the relative value function associated with, and letJ, be the corre-
sponding minimum average co8ty assumptione realizes the minimum in

3+ ()= min{Fn(i,a) +3 P (a)rn(j)}, icsalln. (3.4)
a i

For eachn, there exists a ,-optimal stationary policy, that is also discount
optimal for the discount factor sufficiently close ta As there are only finitely
many stationary policieshere must exist a stationary poliayand subsequence of
n (continue to call itn) such thau, = u for all members of the subsequence

By Lemma 31(i), there existy € R, N R,. Letw,, be the relative value function
calculated for the base poigtinstead ofx. Then we haver, = w, + r,(y). Sub-
tracting the constamt,(y) from both sides of3.4) will not affect its solutionsso that
erealizes the minimum in

o+ Wa(i) = min{Fn(i,a) +3 P (a)wn(j)}, iesalln (3.5)
a i

It follows from [20, Prop 6.5.1(iii ), with f = u, r = w, andx = y] that
W,(i) = cy(e) + A,dy(e) —J.my(e), iES (3.6)

Here m; (e) (respectivelyci,(e), di (e)) is the expected first passage tirfrespec-
tively, expected first passagk D cos fromi toy undere. Note that(3.6) also holds
fori =yandequals 0

If we defines(i) =: ¢y (e) + ydi,(e) — I(y)my(e), then by Theorem 2(i), it
follows thatw,, — s. Note thats(y) = 0. Taking the limit of both sides dB.5) yields

)+ s) = minfFG.ay) + IR @s()], e (3.7)
]

ande realizes the minimum

Recall that we wish to prove thatrealizes the minimum i%3.3). Two more
applications of*) [20, Prop 6.5.1(iii )] will yield the result To set this upletgbe a
v-optimal stationary policy that is also discount optimal for discount factor suffi-
ciently close to land lety* € R. N R,. Leth,- be the function in20, Thm. 6.4.2(i)]
with base poiny*. If we subtracis(y*) from both sides 03.7), thene still realizes
the minimumAn application of(*) (withf =g, r = s— s(y*), andx = y*) yieldss—
S(y*) = hy-.

Now, let g be a stationary policy realizing the minimum({@®3) and lety** &
Ry N Ry. An application of*) (withf =q,e=g,r=r(-,y) —r(y™ y),andx=y")
yieldsr(-,y) —r(y*,y) = hy-. Sincehy-- = hy« + hy--(y*), a bit of algebra shows
thatr(-,y) —s=r(y™,y) —s(y*) + hy~(y*); hencethese two functions differ by
a constantTherefore e must realize the minimum if8.3). |
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The following result strengthens Propositiod.2

ProprosiTiON 3.3: Assume that AssumptidR™*), Case 4 holds Let(e, f) be a VI
essential pair associated with break pointThen for some p= (0,1), the random
ized policyd( p) that chooses e with probability — p and f with probability p is
y-optimal with K, ;) = K, and hence soks COP

Proor: For p € (0,1), it is easy to see thad(p) induces a unichain MC with
Ro(p) 2 Re U R¢. Moreover 6(0) = eandd(1) = f.

The proof of Lemma 3 may be modified to show that the steady-state proba-
bilities 7; (0 (p)) as well asGy(,) andK,p, are continuous functions @k

We may then obtaip € (0,1) such tha® ( p) satisfiesK,, = K. It follows from
Lemma 32 that bothe andf realize the minimum ir{3.3). We may then write out
(3.3) for bothe andf, multiply the first equation by * p and the second equation
by p, and sum themThen 6 (p) also realizes the minimum i{8.3) and henceis
v-optimal It follows from Proposition 12 thaté ( p) solves COP u

The following situation arises in computatidret (e, f) be a VI essential pair
associated with break point= A;. Let§ € (Aj_, Aj) and letw € (A}, Aj;1). We
will have computeds, f, 8, w, J(8), Kj_1, J(w), K;, and the constrained optimal
policy 0(p). Itis desired to findy and the minimum constrained average @®gt;.

SinceJ(A) is a continuous function and linear on each of the segménhts)
and(y, w), we may set up simultaneous linear equations and solve fbhis yields

. G -G
Kj*l_ Kj,
J(Y) = Gj—l + ’)/Kj—l, (3-8)

Gop = I(y) — YKy(p = I(y) — yK.

4. COP FOR DENUMERABLE STATE SPACES

In this sectionA has a denumerably infinite state sp&and it is desired to com-
pute a solution to CQRSeveral state truncation and approximation schemes are
discussed in Altmafl, Chap 16]. His approaches for defining finite state approx-
imations are similar to ourdut the theory is developed under a strong contraction
condition Our approach is based on the technique developed in Sd20ptit is
more general and flexible than the approacflil but the rates of convergence for
the method have not been developed

Assume that an approximating sequeftg) has been defined as [20, Def.
2.5.2]. Informally, this consists of an increasing sequence of finite Sgtevhose
union isS. The C andD costs and actions are unchangednGiveni € S, and
actiona, there is a probability distributioR; (a; N) on Sy the converges pointwise
to the distributionP;(a) on S [At this point the reader may wish to refer to the
constructions in Sections 6 and| Let COR, refer to the constrained problem for
Ay, with the same positive constraildt
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AssuMPTION (C1): For every N Assumptior(F*) holds inAy.
AssumPTION (C2): For sufficiently large NCORy is feasible

These assumptions allow us to apply the theory in Sectiohie8will assume
that Case 4 applie@f not, this development may be modifiedVe may compute
a VI essential pair and then use Propositiod t® find a solution to COf. Quan-
tities occurring inAy will be indicated by appending the varialile

Let (e(N), f(N)) be a VI essential pair foAy, associated with break point
v(N), and letd (N) = 6(p(N), N) be the constrained optimal policy given by Prop-
osition 33. We assume that this setup holds as the background for the remaining
assumptions

We require the notion of a poligyfor A that is a limit point of the policieg(N).
This policy is our candidate to solve COP

DEFINITION 4.1: With the aboe setupassume that there exis&p[0,1], stationary
policies e and f fon\, and a subsequence, Buch that the following hotd

(1) p(No) — p.
(2) Foreachie S we hae e(N,)(i) = e(i)and f(N,) (i) = f(i), for sufficiently
large k(dependent on)i

Then the randomized stationary poligy= 6(p) that chooses e with probability
1 — p and chooses f with probability p islamit point of 6(N) (associated with
the subsequencg N

Lemma 4.2: The sequencé(N) has at least one limit point

Proor: The proof follows that of 20, Prop B.3]. By defining e(N) andf(N)
arbitrarily outside ofSy, we may assume th#(N) is defined onS Then 6(N)
may be identified with a sequence in the compact metric sgateXx (IliesAi) X
(ILesAi). The proof proceeds as ¢80, p. 289]. |

The remaining assumptions are as follows

AssuMPTION (C3): There exist$ such thaty(N) = 6 < oo and J(i,5) < oo, for
ieS

AssumPTION (C4): If Ny is a subsequence of N such thatN,) — v, then
liminf, ., J(y(No),N) = J(i,vy), fori €8S

AssuMPTION (C5): If 6 is a limit point ofd (N) associated with the subsequenge N
thenliminf,_,., Gy(n,) (Nk) = Gy(i) andliminf,_, . Kon,) (Ne) = Ky (i), fori € S

The interpretation of these conditions is simpdssumption(C3) states that
the sequence of break points is bounded and the Lagrange functhois fimite at
some upper boundssumption(C4) states that if a subsequence of break points
converges to a numbey, then the limit infimum of the corresponding Lagrange
values is bounded above by the Lagrange functioniatA. Assumption(C5) states
that the limit infimum of the averag€ (respectivelyD) cost associated with solu-
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tions in Ay that converge to a limit point is bounded below by the avei@dee-
spectively D) cost inA under the limit point
Here is the major result of the paper

THEOREM 4.3: Assume that Assumptions (C1)—(C5) hdlden any limit point of
the constrained optimal policies iky is y-optimal inA, for somey & [0,c0). More-
over, Gy(i) < ooand Ky(i) = K, fori € S and hence sobes COP

Proor: By Assumptions(C1) and(C2), the above setupand Proposition 3, it
follows that

J(y(N),N) = Gyn)(N) + ¥ (N)Kyn)(N). (4.1)

Let 6 be a limit point associated with the subsequeNgeBy Assumption(C3), it
follows that there is a subsequenceNyf(to avoid double subscriptdenote itN;)
and a numbey such thaty(N,) — 7.

Take the limit infimum of both sides @#.1) through values of the subsequence
N; to obtain

J(i,y) = “llffl)L?f{Go(Nj)(Nj) + ’Y(Nj)Ke(Nj)(Nj)}
= IIII‘ILLI;]f G()(Nj)(Nj) + y{llt]fl)g\f KB(Nj)(Nj )}
= ”T_}L‘;‘f Go(np (Ni) + ‘Y{HT_)L';” Kono (N}

= G,(i) +yK,(i), i€S (4.2)

The first line follows from AssumptiorfC4). The second and third lines follow
from properties of the limit infimumiThe last line follows from AssumptiofC5). It
then follows from(1.5) and(1.6) and Definition 11 thaté is y-optimal

It follows from Assumption(C3) and the fact thal (i, A) is increasing im that
J(i,y) (hence Gy(i)) is finite. SinceKy ), = K, for all N sufficiently large it fol-
lows from Assumption(C5) thatK,(i) = K, for all i, so thaté is feasible Let us
consider two casegirst, assume thay = 0. Then 6 is a feasibleC cost optimal
policy and henceit solves COPNow, assume thay > 0. Suppose for the moment
thatKy(i) < K, for somei. This implies thatl(i,y) < Gy(i) + yK. However it
follows from (4.2) thatJ(i,y) = G,(i) + yK, which yields a contradictiarHence
Ky(i) =K, fori € S and Proposition 2 shows that solves COP u

5. VERIFICATION OF ASSUMPTIONS (C1)-(C5)

Usually Assumption(C1) may be easily verifiedHowever direct verification of
the other assumptions is typically difficulGeneral techniques developed[R0]
allow us to give sufficient conditions for Assumptiof$2)—(C5), which are quite
weak and will hold in numerous systems

We first discuss an important type of polidyet z be a distinguished state &
Assume thag is a(randomized stationary policy forA such that the MC induced
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by g satisfiesm;,(g) < oo, Ci,(g) < oo, andd;,(g) < oo, for all i € S This implies
that the induced MC has a single positive recurrent cRyssontainingz and that
the averageC cost(respectivelyD cosb is a finite constanG, (respectivelyKy),

fori € S The policyg (as well as the induced Mds said to bez-standard 20,

pp. 143 301].

If gis any(randomizedistationary policy fon\, then making the same decisions
in Ay will create a(randomizedstationary policyg|Nfor Ay. If gis z-standardthen
the conformityof (Ay) with respect tay is defined in[20, Def. C.4.8]. This defini-
tion must be extended in an obvious way to cove@eosts The definition implies
that the MC induced byg| N is unichain for sufficiently larg®\, with zan element of
the positive recurrent clas addition the steady-state probabilities converge cor-
rectly, as do the averageé andD costs For details see[20, Prop C.4.9].

ProrosiTION 5.1: Assume that Assumption (C1) haltfshere exists a-standard
(randomized stationary policy g such that &< K and (Ay) is conforming with
respect to gthen Assumptions (C2) and (C3) hold

Proor: Lete =: K — Ky > 0. SinceG; is finite, we may choose and fix a positive
multiplier § such tha(Gy + 1)~ < £/4.
It follows from conformity that forlN exceeding somBl;, we have

Ggn(N) <Gy+1 and Ky n(N) <Kg+e/4 (5.1)

By Assumption(C1), it is the case that the Lagrange functiomig is independent
of the stateFor N > N;, we then have

J(8,N) = Gy (N) + 8Kgn (N)
=Gy +1+5(Ky+ /). (5.2)

If 5is not a break point of the piecewise linear functlqm, N ), then letKs(N)
be the slope of the corresponding linear segméng is a break pointthen it is
associated with two slopeket K;(N) be the larger oneTheorem 21 implies that
Ks(N) is a decreasing function éf Clearly, we havel (5, N) = 6Ks(N). Combining
this with (5.2) yields

Ks(N) = (Gy +1)/6 + Ky + &/4
=Ky+e/2
<K. (5.3)

It then follows from Corollary 2 that COR, is feasible byN > N,. Hencge Assump-
tion (C2) holds

Moreover it is the case thay(N) = 6. Note thatJ(i,A) = Jy(i,A) = Gy +
AKy < oo, for all A andi. Hence Assumption(C3) holds u
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We now give two methods for verifying Assumptio@4).

ProposITION 5.2: Assume that Assumptions (C1)—(C3) halad that for each\ €
(0,00), there exists a-standardA-optimal stationary policy g\) such that(Ay) is
conforming with respect to(d). Then Assumption (C4) holds

Proor: Let Ny be a subsequence such thdlN,) — vy, and letg be az-standard
v-optimal policy such thatAy) is conforming with respect tg. Lete > 0.
For sufficiently largek, it follows that

J(y(N),No) = JI(y + &,Ny)
= Jg\Nk(y + €, Nk)
= Ggn (NW) + (¥ + &) Kg n, (N). (5.4)

Now take the limit infimum of both sides db.4). By conformity, the limit of the
right side exists and yields

lim inf 3(y(NQ, N = G+ (7 + &)K. (5.5)

Sincee is arbitrary andj is y-optimal we have

Iirp inf J(y(Ne), Ny) = Gy + yKg = J(y) (5.6)

and AssumptiorfC4) holds u

ProposITION 5.3: Assume that Assumptions (C1)—(C3) htfiéor eachA € (0,c0),
we hae

va(i, ALN) = w,(i,4), n=1i€S,, (5.7)

then Assumption (C4) holds.

Proor: The condition in(5.7) is that the expected..4) cost for operating optimally
in Ay for n steps cannot be larger than the same co4t in

Let N, be a subsequence such thdtN,) — vy, and lete > 0. Fix an initial
statel and letk be so large thate S, . Then for sufficiently largek and an arbitrary
policy , it follows that

J(y(N),No) = I(y + &,Ny)
. Vn(i7y + €, Nk)
= lim ——————

n—oo

v(i,y+ e
slimsupM

n—oo

1 n—1
= lim sup E, EO F(Xi, A,y + )| Xo=1i
t=

n—oo

=J,(i,y + ¢). (5.8)
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The second line follows frorf20, Thm. 6.4.2(v)]. The third line follows from5.7),
and the fifth line from(1.5).
Sincee andy are arbitraryAssumption(C4) must hold u

Finally, we develop a sufficient condition for Assumpti¢@5). The following
lemma sets the stage

LemMA 5.4: Assume that Assumptions (C1) and (C2) hokt6 = 6(p) be a limit
point of 8(N) associated with the subsequengg &hd letl" be the Marko chain
induced byd. Then the following hold

(i) Foritransient or null recurrent i, we hae 7;(6(Ny)) — O.
(i) Given a positie recurrent class R iii and a subsequence of Nhere exist
a subsequence;lnd be [0,1] such thatr; (6(N,)) — b (6), fori € R
(iii) Assume tha# is zstandard and thatr; (6(N,)) — 7(#). Then Assump
tion (C5) holds

Proor: A result from[20] will be brought to bear to give a short proaf/e first
construct an approximating sequeri€g ) for I following [20, Def. C.4.1]. (Since
this construction is solely for the purpose of apply{2, Prop C.4.3], we may
ignore the cost$

The state space df, is S,,. Associated with statg define the probability
distribution

Pi(Ny) = (1—-p(Ny) Pi (e(Ny)) + p(Ny) P; (f(No), € SNk- (5.9)

Note that this is the distribution associated wittN,). Since the quantity ir5.9)
converges t®; (0), this forms an approximating sequence FfoAn application of
[20, Prop C.4.3], with N replaced byN,, immediately yieldgi) and(ii).

To prove(iii ), note that

GG(Nk)(Nk) = 2 [(1— p(Ne)C(i,e(Ny)) + p(N) C(i, f(N))]7r; (6 (Ny)).

€Sy,
(5.10)
Then assuming the hypotheses(@f), it follows that
lim inf Gy ) (Ne) = > [(1-pC(i,e) + pC(i, f)]m (6)
—® iES

=Gy(i), €S (5.11)
The first line follows from[20, Prop A.2.5], and the last line follows from the
delayed renewal reward theoreihe proof for theD costs is similar u

The essence of this result is that Assumpti@5) will hold if the steady-state
probabilities converge correctlyhe next result shows that this holds when Ehe
costs are unbounded outside finite sets
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ProrosiTiON 5.5: Assume that Assumptions (C1) and (C2) hold and, thvatall
U > 0,thesetBU) = {i € S|D(i,a) = U for some 4 is finite. Then the following
hold:

(i) The MC induced by a limit poin® has at least one posite recurrent
state z
(ii) If 6 is zstandard then Assumption (C5) holds.

Proor: LetB =: B(2K) and assume thatis so large thag, D B. Fori € § — B,
it is the case thab(i,a) > 2K, for all a.
Let the limit pointd be associated with the subsequeNgeThen

K= ESN [(1 = p(N))D(i,e(N)) + p(N)D (i, f(N))] i (6 (Ny))

= > [(1-p(NJ))D(i,e(N)) + p(NJD(i, f(N)]m; (6(Ny))

ies, B

= 2K< > m(@(Nk)))

i€, —B
- 2K <1— S m(e(m))). (5.12)
ieB
Let us assume that all the statesdBadre transient or null recurrenfaking the limit
of both sides ak — oo, it follows from Lemma 54(i) that K = 2K, which is a
contradiction(sinceK > 0). This proves(i).
Note that(ii) will follow from Lemma 54(iii) if we can show thab from
Lemma 54(ii) always equals.]Assume thab < 1 and letB =: B[2K/(1 — b)].
Repeating the argument {6.12) yields

2
K= (—K)<1— Em(a(Nj))>. (5.13)

1-b ieB

Taking the limit of both sides gs— oo and using Lemma.B(i—ii) yields

2K
<= (:5)(e, 2, m)

><A>1—b 5.14
= (= )a-b. (5.14)

which is a contradictiorHence b = 1 and this completes the proof 6f). |

6. EXAMPLE WITH AVERAGE NUMBER OF CUSTOMERS CONSTRAINT

In this sectionwe illustrate the theory by computing constrained optimal policies
for a single-server queueing systefnrivals follow a Bernoulli processwith prob-
ability p € (0,1) of a customer arriving at the beginning of a slanh arrival is
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registered during that slot and joins the buffer at the end of thafldietservice time
of a customer follows a geometric distributidrhe state = 0,1,2,... is the number
of customers in the queu@cluding the one being servgdt the beginning of a
slot If i = 1, then the server chooses acti@« {a,, a,,...,ay}, where the actions
are the allowable rates of the service time distribution and satisfya < --- <
ay < 1. Anew rate may be chosen in each slot for which the buffer is nonempty
SettingD (i) =i andC(i,a) = C(a) > 0, fori = 1, completes the specification
of A. Then COP requires us to minimize the average cost of service subject to a
constraint on the average number of customers in the system
To define(Ay), let Sy = {0,1,...,N}. The system can escajgR only if it is
in stateN, there is no service completipand a customer arrive3his happens
with probability (1 — a)p. This excess probabilitys given toN, and all other prob-
abilities are unchangedhis construction defines aamugmentation-type approxi-
mating sequencwith excess probability given tdl. See[20, pp. 29-30. Note
thatPyn-1(a;N) = a(1l — p) andPyv(asN) =ap+ (1-a)(l-p + (1—-a)p=
1 —a(l— p). This is not the same as assuming that a customer who arrives when
the buffer contain§\ is lost

ProposITION 6.1: If p < ay and p(1— p)(ay — p)~* < K, then Assumptions (C1)-
(C5) hold.

ProoF: It is easy to see that every stationary policy &gy induces an irreducible
aperiodic MC orS, and hence (C1) holds

Let a be a service rate exceeding the arrival rptend letg = g(a) be the
stationary policy forA that always serves at ragelt follows from [20, Prop 8.5.1]
thatg induces a positive recurrent MC @& with

p(l—p) pC(a)

Kga) = a—p’ Gy =~ a>P. (6.1)

The conformity follows from 20, Cor. C.5.4]. Hence it follows from the hypoth-
eses and Propositionbapplied tog(ay ) that Assumption$C2) and(C3) hold.

We may give an informal argument th&t7) holds since it is clear that the cost
of an optimaln-step operation i\ cannot exceed the analogous cosijifior any
initial state Alternatively we may apply{20, Prop 3.3.4]. Thus it follows from
Proposition 53 that AssumptiofC4) holds

It follows from Proposition 5(i) that a limit pointd has at least one positive
recurrent stateSinced induces an irreducible MC o8 the validity of Assumption
(C5) follows from Proposition 5(ii). u

The computation takes place i and we temporarily omit mention dfl.
Version 1 of the VIA[20, p. 119] is employed to compute &optimal stationary
policy. The VIA equations are given ir20, Eq. (8.11)] with Lagrange multiplieH.

The discussion in Denardb] presages the approach we LiEke program first
computes an interval containing the break painThis is done by prompting the
user for values o, starting withA = 1. The slope ofl(1) is computedIf it is less
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than or equal t&, theny €[0,1], whereas if itis greater thaf, theny € (1,00). The
user is prompted for another value afand the process continues until an interval
(left, right) containingy has been foundsuch thatleft # 0. The optimal policies
leftoptandrightoptare computed

Then bisection is employed on this interval to narrow it furtiEmne bisection
terminates whenight — left = 0.005 or when the policieleftoptandrightoptdiffer
on a single stateUsing leftopt and rightopt as the policies forming an essential
pair, bisection is then employed d®,1] to find a valueu for which Ky, = K.
The resulting policy solves CQPThe program also usé3.8) to calculatey, J(vy),
anng(u).

One may then recompute for larger valuesNofintil the resulting policy is
unchanged Since we already know the valuepfrom the previous calculatigmwe
can hone in on it much more rapidly than in the initial nufheorem 43 then gives
us confidence that a solution to COP has been folihé optimal policy will typi-
cally be determined for smal, but obtaining the associated quantities accurate to
three decimal places requires largeéer

Keep in mind the assumption that we are always in Cas®dexamplesup-
pose we sep = 0.4, a; = 0.6, a, = 0.8, az = 0.9, andC(a;) = 1, C(ay) = 5,
C(ag) = 10. Forg = g(ay), it follows from (6.1) thatKy = 0.48. If we setK = 1.5
and run the programt will not work. This is because the poligy(a;) minimizes
the average cost of service and also meets the constaidithence we are not in
Case 4

The results of various scenarios are displayed in Tabke @ash in any cell
indicates that that entry is the same as in the previous scefarn&cenario ]lthe
computations were performed fok= 30 andN = 50. The system is stable under
all three constant rate policigsand the entries in rows 4 and 5 come frgénl).
The constraint is met bg(0.8) andg(0.9), but not byg(0.6). Note that the value of
G, makes sense

Let us describe the optimal polichhe buffer contentis given in square brackets
and the corresponding service rate in parenth@sesoptimal policy randomizes in
state 1choosing rate 10.6) with probability 0699, and rate 20.8) with probability
0.3001 This is an effective service rate of6®02 To realize this policya random-
izing device can be employedr the sole customer can be served at ra®02 if
this option is availableWhen there are from two to six customers in the system
service should occur at rate8)and when there are seven or more customers in the
system service should occur at rate90Note that the buffer occupancy for service
at maximum rate is to be inferred from the other entridg row labeledP(0) gives
the probability that the system is empty under the optimal ppdicg the row labeled
P(ran) gives the proportion of time the system must randomize

Under Scenario,2he computations were performed fér= 30, 50, and 60 The
only difference betweeN = 30 and 50 is that foN = 30, the value of the random-
izing constant is accurate only to two decimal plade$®¥oth casesve do not locate
the buffer content for switching to highest service ré&ter N = 60, we pick this up
as occurring at buffer content of 2&his is not of much practical importance
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TABLE 2. Results for Section 6

Scenario
1 2 3 4 5 6 7 8
p 0.4 — — 0.7 0.8 — 0.85 09
Service 06 0.7 0.75 088 091
rates 08 — — 0.8 09 — 0.95 095
0.9 0.95 095 098 098
Costs 1 1 1 1 1 1 1
5 — 7 10 15 15 5 15
15 15 30 30 45 25 30
Kqg 1.2 NA NA 4.25 90
0.6 — — 21 16 — 1275 18
0.48 084 1067 Q981 1125
Gy 0.667 Q667 10 1.0 10 0.966 Q989
25 — 35 875 13333 13333 4474 14211
6.667 6667 22105 25263 37895 21684 27551
K 0.75 10 — 15 20 — 15 2.0
y 5.500 1495 2310 10163 6166 7674 5188 7723
Optimal [1] (1, 2] (1) [1,2] () [1](2) (1) (1] (1] (1)
policy (0.6991,2) [3] [3] [2] [2,4] (2 (0.801, 1, 2) (0.630 1, 2) [2]
[2.6](2) (0.309 1, 2) (0.309 1, 2) (0.627,2,3) [5] [2,8](2) [2,13] (2 (0.377, 1, 2)
[4, 25] (2) [4,11] (2 (0.467, 2, 3) [3]1(2
Ky 0.750 1000 1000 1500 2000 2000 1500 2000
Gy 1.675 Q887 1007 10284 10070 10255 3306 9440
P(0) 0.425 Q353 — Q123 Q060 Q067 Q082 Q036
P(ran 0.429 Q063 — Q0334 Q030 Q339 Q510 Q309
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since the probability of this many customers in the system under the optimal policy
is exceedingly smalland in fact, the probability of three or less in the system is
0.983 Scenario 3 is a slight modification of Scenaripi2 which the cost of the
middle rate is increase@his computation was performed fidr= 60.

Scenario 4 has an inexpensive lowest rate equal to the arrivalTtaigecom-
putation was performed fa¥ = 50 and 60 The crucial features of the model are
obtained foN = 30, but the higher values i are necessary to obtain the values of
Ky andG, accurate to three decimal plac&®r this scenarigthe system will be in
state 1(and using the unstable rateith probability Q409

Scenario 5 has an inexpensive lowest rate less than the arrival asecom-
putation was performed fod = 50 and 60The system will be in state (and using
the unstable rajewith probability Q318 Scenario 6 increases the cost of fastest
service Note that the optimal policy changes quite g lntlicating that optimality is
sensitive to changes in the paramet&isw, the system randomizes when there is a
single customer preserih order to lessen the probability of moving to a state in
which the expensive rate must be employElde buffer content for this has moved
from 6 to Q Note thatG, has only increased by8%, even though the cost of fastest
service has increased by 50%

The last two runs were made fbir= 60.

7. EXAMPLE WITH QUALITY OF SERVICE CONSTRAINT

The system in this section is the same as in SectidAdivever the quantity we
constrain is the proportion of customers who wadr more slots before receiving
service whereL is a fixed positive integer

The assumption that a customer is registered during its arrival slot and joins the
queue at the end of that slot still hold§ the customer enters service in the slot
following its arrival slot it has suffered no waitOtherwise the “wait clock” will
register 1 at the beginning of the slot following the arrival slot and will continue to
increase by 1 each slot until the customer enters service

The program is written fok = 3 and we discuss the notation for this caBee
general case will be cleafhe state space consists of 4-tupl&s x,, X3, y) plus a
distinguished stat& which indicates that the system is emgtya tuple statethe
server is busyThe quantityx;, i =1,2,3, equals 1 if there is a customer who has been
waiting exactlyi slots and 0 otherwiseThe quantityy € {0,1,2,...} is the number
of customers that have been waiting four or more slots

TheD cost isD(x4, X», X3, Y) = X3. Note that a cost of 1 is incurred if and only
if a customer has been waiting exactly three slbtg no further cost is incurred on
this customefThen COP requires us to minimize the average cost of service subject
to a constraint on the proportion of customers who wait three or more slots for
service

Letg=1— p. We haveP,.. = g andP, g9 = p. Some examples of the other
transition probabilities are as followl the system is currently in staté 003 and
actiona is chosenthen the next state will b€102 (respectively(1102, (0103,
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(1103) with probabilityaq (respectivelyap, (1 — a)q, (1 — a)p). If the system is
currently in statg1010, then the next state will b€0100 (respectively (1100,
(0102, (1101) with the same probabilities

To define(Ay), let Sy be * together with the tuple states for whigh= N. The
system can escag®, only if it is in a state(xq, X»,1, N) and there is no service
completion The system would transition t@, X;, X,, N + 1) with probability
(1 — a)g, and this excess probability is given to stéfex,, x,, N). This is equiv-
alent to assuming that one of the “old” customers is ejected from the sySiem
ilarly, the excess probabilityl — a)p is given to statél, X, X,, N).

ProrosiTioN 7.1: Let a> p and let g= g(a) be the stationary policy foA that
always sewves at rate aThen the probability that a customer waits at least L slots
for sewice is

b _p(l-a\
g(WEL)—a rp , L=1 (7.2)

where W is the wait incurred

Proor: We outline the progfwhich is a straightforwardut tediousexerciseThe
steady-state probability; of i customers present in the system is giveri20,
p. 182]. Let§; be the probability that an arriving customer firidis the system at the
beginning of the slot following its arrival slpgand letW, be the wait of this customer
conditioned on finding. Then

Py(W = K) = > P,(W =Kk)§;, k=0. (7.2)
i=0
Clearly, Wy, = 0. Fori = 1, the distribution ol is a negative binomial with param-

eters(i,a). Moreover §; = (1 — a)m; + arj, ;. Substituting these quantities into
(7.2) and simplifying yields

p(a—p <1—a>k
PW=k=——-—7|— k=1 7.
W=k =i (1) k= (73)
Then an easy calculation give3.1). u

ProposITION 7.2: If p < ay and (p/ay)[(1 — ay)/(1 — p)]* < K, then Assump
tions (C1)—(C5) hold.

Proor: The proof is similar to that of Propositionl6and is omitted u

The program design is the same as in Section 6 with the content of the proce-
dures changed to reflect the new constraigipically, v is much larger and an initial
guess of about = 15 is appropriate

To understand the behavior of the optimal palicgnsider the 16 states of the
form (x4, X5, X3, ¥), with y = 1. Assume that no new customers enter the system and
that service is at constant raeFor each stateonsider the difference between the
average costincurred to clear the system and the smallest adsth occurs when
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TaBLE 3. Difference Reasoning

State Average Penalty Smallest Penalty Difference
(1100 1-a)(2+a) 0 (1—a)+ (1—a?)
(1001 1-a? 0 1-a?

(1010 2—a? 1 1-a?
(0100 1-a 0 1-a
(1000 (1—a)? 0 (1—a)?

each service lasts exactly one slStates with a positive difference are ranked in
descending order of the magnitude of the difference in Tabléh® controller can
make an immediate difference in incurred penalty cost by serving faster in these
statesand this is typically what occurén the rest of the 16 statgthe difference is
0. For examplefor state(0,1,1,0), the penalty cost is 2 in each casethese states
the controller can make no immediate difference by serving fdétie controller
is serving fastwe will see a tendency to back off in some of the 0 difference states
The insights gained from this discussion are referred to aditfe¥ence reasoning.

The results of various scenarios are displayed in Tabléhé entries in row 4
come from(7.1) with L = 3. Denote the three service rat@s increasing orderby
1, 2, and 3 All calculations except Scenario 3 were performedNer 50 and 60In
all scenarios except ScenariptBe system is stable under all three rates

Scenario 1 is a lightly loaded systeieither policyg(1) nor g(2) meets the
constraint Note that the value o6, seems reasonabl&he optimal policy always
serves at the middle ratendicated by(2)) with the exceptions listed under Each
exception can be explained using the difference reasohirggate(0100, the con-
troller randomizes between®and 09, for an effective rate of 813 The entries in
row 11 are the probabilities undéthat the system is emptyontains one customer
(being servey or contains a total of no more than five customdaise entry in row
12 isthe probability that the system is in the state in which randomization of the rates
must occurScenario 2 modifies Scenario 1 by weakening the consti@imly g(1)
fails to meet the constrainthe optimal policy serves at rate 1 with the exceptions
listed these can be explained using the difference reasoning

We discuss Scenario 3 in a momeatenario 4 is a moderately heavily loaded
system in which onlg(3) meets the constrainthe optimal policy always serves at
rate 3 with the exceptions listeBach exception exceft000 has a difference of,0
as explained in the difference reasonintpking it reasonable to back off in these
casesState(1000 has the smallest positive difference and this is the state in which
randomization occur®8y addingP(0) + P(1) + P(ran), we see that 98% of the
time, the system is either emptgerving a single customer with empty buffer
serving a customer with one customer waiting one. skatenario 5 is similar to
Scenario 4

https://doi.org/10.1017/50269964801151089 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964801151089

ssald AusiaAun aBpuguied Ag auluo paysiiand 680151 10879669205/ L0L 01/610"10p//:sdny

LEL

TABLE 4. Results for Section 7

Scenario
1 2 3 4 5
p 0.4 — 0.7 0.75 085
Service rates 6 0.65 08 0.9
0.8 — 0.8 09 0.95
0.9 0.95 095 098
Costs 1 1 1 1
5 — 5 5 10
15 20 15 30
Kqg 0.198 10 0.48 0280
0.019 — Q259 Q053 Q033
0.002 Q003 Q006 Q002
Gy 0.667 10 0.938 Q944
25 — 4.375 4167 8947
6.667 14737 11842 26020
K 0.01 005 — 001 001
y 66.203 8538 21673 172723 547030
Optimal policy 2 (D) 3 3 3
E: (0000 (1) E: (0100 (0.844 1, 2) E: (0000 (0.834 1, 2) E: (0000 (2) E: (0000 (1)
(0100 (0.868 2, 3) (1001 (2) (0001 (2) (000)) (2) (0001 (2)
(100D (3) (1010 (2 (0010 (2 (0010 (2) (0010 (2
(1010 (3) (1100 (2) (0100 (2) (1000 (0.183 2, 3) (1000 (0.427,2,3)
(1100 (3) (1000 (2)
Ky 0.010 Q050 Q050 Q010 Q010
Go 1.507 Q856 6150 6085 Q9338
P(0) 0.393 Q351 Q104 Q178 Q085
P(1) 0.437 Q390 Q361 Q0592 Q0535
P(=5) 0.9999 09941 09996 09998 09999
P(ran) 0.024 Q046 Q361 Q178 Q303
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The program exhibitspurious tail behavigrthat is the computed policy tends
to be incorrect for states with larger valuesyoGiven a fixed finite set of stateas
N increasesthe computed decisions in those states are guaranteed by The@em 4
to converge to optimal decisionshus we need not be concerned with these spu-
rious valuesTo eliminate them for a fixed finite set of staj@ge may both increase
N and decrease the tolerance within whildhi\) is computed

This tail behavior is particularly evident in Scenarioahich is unstable under
g(1). The constraint is only met bg(3), but rate 3 is expensive compared to the
others When the system is in sta(@000 (i.e., serving a customer with none wait-
ing), then service occurs at effective raté D5 an unstable ratén all other cases
service utilizes a stable rat€he back-off states can be explained using the differ-
ence reasoningn any example with an unstable ratee need to be alert to the
spurious tail behavior and take steps to compensate appropriagahcreasing\
and decreasing the tolerance

We mention a possibility for easing the computational burdesmaller value
of N and looser tolerance can be used to obtain an initial valug.féhe program
may then utilize largeN and smaller tolerance to hone in on the optimal pol@yr
major purpose has been to prove Theorefahd to confirm the computational
feasibility of this methodMuch work remains to be done to reduce the computa-
tional effort required to solve CQBspecially in networks
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